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The quantum scattering problem for three-particle systems with fixed total orbital angular
momentum is considered. Faddeev’s equations for the components of the T'matrix and the wave
functions are obtained, and the structure of the wave operators and the § matrix and the
asymptotic behavior of the wave functions are investigated. A series of spectral identities
(Levinson formulas) is proved for systems with a rapidly decreasing interaction.

INTRODUCTION

Quantum scattering theory for three-particle systems
was originally formulated in the momentum space.’ The so-
lution of problems with long-range potentials made it neces-
sary to investigate the properties of the wave functions and
kernel of the resolvent in the coordinate representation as
well.? As a result, not only Faddeev’s equations for the com-
ponents of the 7"matrix but also the equations for the compo-
nents of the wave functions in the configuration space have
been widely used.

These equations provided the basis for effective meth-
ods of calculating the properties of specific systems. They
have been most strongly developed in nuclear physics, main-
ly to describe three-nucleon systems (see, for example, the
reviews of Refs. 3and 4). These methods are based on expan-
sions of the components of the wave functions with respect
to particular angular bases (the most widely used expan-
sions are those with respect to bispherical’ and hyperspheri-
cal* harmonics).

The point is that in their original form the Faddeev
equations contain operators in a six-dimensional space. The
direct solution of such equations is beyond the scope of mod-
ern computers. In contrast, expansions with respect to basis
functions lead to infinite systems of two-dimensional or one-
dimensional equations. For their numerical solution, a finite
number of equations that make the main contribution to the
solution are retained. In the case of systems with short-range
potentials, their number is usually small, so that such meth-
ods are very effective. This is why significant successes have
been achieved by applying Faddeev’s equations in nuclear-
physics problems in which the so-called s states make the
main contribution.

A much more complicated situation arises in the case of
systems in which the Coulomb interaction is dominant. In
calculations of the properties of such systems, it is, as a rule,
necessary to take into account a very large number of basis
functions. For this reason, the Faddeev equations have not
been widely used in problems of atomic and gz-mesic molecu-
lar physics.

The main difficulties in the application of the tradition-
al methods of partial-wave expansions are due to the fact
that the basis functions do not take into account the symme-
try properties of the system’s Hamiltonian. Therefore, the
representations of the Hamiltonian in such bases are given
by infinite filled matrices. In the case of Coulomb systems,
the elements of these matrices decrease slowly with increas-
ing values of the quantum numbers that label them. As a
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result, the corresponding expansions for the wave functions
also converge slowly.

This difficulty disappears if the elements of invariant
subspaces of the Hamiltonian are taken as basis functions. In
this case, the energy operator decomposes into a direct sum
of operators acting on spaces of finite dimension. Therefore,
the solution of the scattering problem reduces to the solution
of a system of equations of finite rank.

For three-particle systems with central interactions, the
corresponding basis consists of Wigner functions—the ei-
genfunctions of the operators of the total orbital angular mo-
mentum and one of its projections. The Wigner functions
form invariant subspaces of the Hamiltonian that corre-
spond to states with fixed total orbital angular momentum.
Restriction of the Hamiltonian to these subspaces makes it
possible to separate three angular variables that describe the
rotation of the system as a whole. The technique of the corre-
sponding partial-wave analysis was already developed at the
dawn of quantum mechanics® and was then generalized to
systems with an arbitrary number of particles.®

As aresult of the separation of the rotational degrees of
freedom, the Schrodinger equation reduces to independent
finite systems of equations in the three-dimensional space of
“intrinsic” coordinates. These equations are well known.
They have been widely used in calculations of bound states
of atomic and molecular systems. However, there have been
practically no investigations of the problems of the scatter-
ing theory associated with such equations. These include
study of the structure of the wave operators and .S matrix,
analysis of the asymptotic behavior of the continuum wave
functions, formulation of Faddeev equations for their com-
ponents, etc. The aim of the present paper is to solve these
problems, i.e., to construct the scattering theory for three-
particle systems with fixed total orbital angular momentum.
This theory can serve as the mathematical basis for the cre-
ation of new powerful computational methods based on the
corresponding Faddeev equations in the three-dimensional
space of the intrinsic coordinates. Such equations admit di-
rect solution on modern supercomputers without any inter-
mediate approximations and simplifying assumptions about
the structure of the interaction.

New results are presented in the main body of the re-
view. Some of them were announced in the papers of Refs. 7—-
10.

The scattering theory for three-particle systems with
fixed total orbital angular momentum contains all the main
difficulties and specific features of the original scattering
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problem in the complete six-dimensional configuration
space. For brevity, we shall in what follows call this last
problem the complete three-body problem.

We make wide use of the general methodology of the
scattering theory developed in the complete problem.'?
When we refer to the corresponding results without specify-
ing the source, we shall have in mind the monograph of Ref.
11.

1. CONFIGURATION SPACE AND HAMILTONIAN OF A
THREE-PARTICLE SYSTEM WITH FIXED TOTAL ORBITAL
ANGULAR MOMENTUM

In this section, we reduce the Hamiltonian of the com-
plete three-body problem to the subspace of states corre-
sponding to a fixed total orbital angular momentum of the
system. The formal side of the matter reduces to separating
the rotational degrees of freedom describing the orientation
in space of the triangle formed by the particles. The three
remaining degrees of freedom determine the shape of this
triangle. We shall call them the intrinsic coordinates of the
system, and the collection of these coordinates will be called
the intrinsic space. This space is the configuration space of
the system for the fixed total orbital angular momentum.

The intrinsic space has a nontrivial geometrical struc-
ture—it is a three-dimensional Riemannian manifold with
non-Euclidean metric. A systematic study of the geometry
of the intrinsic space was made in Ref. 12, and it provides the
basis of our exposition of the corresponding questions. It
uses the standard formalism and terminology of differential
geometry."

Configuration space of the complete three-body problem

We consider a system of three spinless particles in the
space R . The particles are labeled by the index a = 1, 2, 3.
By the pair a we shall mean the system of the two particles
with labels B #a. Let r, and m, be the radius vectors and
masses of the particles. In the center-of-mass system, the
configuration of the system is specified by the set of reduced
Jacobi coordinates {x,, y,}. For @ = 1, these vectors are
defined by the equations

Xiz( 2mymg )11'2 (T5—1g),

my-+mg
[ 2(my+mg) my T1/2 _ _Mmgfaimgty
Y1M[ My~ my—+mg ] (rl my—-mg ) E (D

The expressions for the Jacobi vectors with @ = 2, 3 are
obtained from (1) by cyclic permutation of the indices. The
vectors with different indices are related by an orthogonal
transformation,

Xq ( Cap Saﬂ) (Kﬁ) L
= ) ¢ i su = 1, ( 2 )
(Yu.) —Sap Cap ¥p o A

whose coefficients depend on the masses of the particles:

e mgmg 1/2
Ay ——[(M—ma) MM —mpl M= 3] my,
[+

Sap=(—1)""*sign (B — ) (1 — cag)'/2.

Thus, in the center-of-mass system the configuration
space of the three particles is a Euclidean space
Q=~R°~R*®R* with elements X = {x_,y, }. The scalar

product, metric, and volume element in Q are defined in the
standard manner:
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(X1 XJ)=(xm x:z)+(yan Y&),
Ky=dX?=dxi+dys, dQ (X) = dx, A dya. )

The Hamiltonian of the complete three-body problem
in the center-of-mass system has the form

H=HD+V’V=2Va(]xa])a
Hy= — Ax= — Dyy — Ay, (4)

where ¥, are the central potentials of the two-body interac-
tions.

Intrinsic space

The orientation in space of the plane spanned by the
Jacobi vectors is specified by three Euler angles, which para-
metrize the elements g of the rotation group SO(3). We con-
sider the natural action of this group on the space Q:

X ={Xg, Yo} — 8X ={gX,, 8Ya)- (5)

If the vectors x, and y, are linearly independent, then
gX = X implies g = e [e is the identity element of SO(3)].
Therefore, the group SO(3) acts freely on the set
Q = Q — D, where D corresponds to configurations in which
all the particles lie on one straight line:

D = {X: axu+bya=0; aﬁ_%_ bz?":o}

Thus, Q is the space of the SO(3) orbits of the factor mani-
fold M = Q /SO(3). We call the manifold M the intrinsic
space of the three-particle system.

This structure, which relates Q, the intrinsic space M,
and the group SO(3), is the principal fiber bundle oM,
SO(3), 7) with fiber space @, base M, and structure group
S0O(3). The canonical projection 7 associates the points of 0
with elements of the base M, 7Q = M.

It is obvious that M is a three-dimensional manifold.
We shall show that it is topologically equivalent to the space

R?{.={]"=(Z&, z(zh Zg:); Z:,,_, z%c. E(_ooi OO), Z&E(O’ OQ)};

(6)

which consists of three-dimensional vectors with compo-
nents

ze=(Xe—Ya)/Pr 26=2(Xq, Ya)/P) 2a=2[Xs X ¥ollps (7)

where p is the hyperradius of the system:
p=(xi+y2)*=[ 2 (sa)?]"".

The mapping {x,,,y, } — r defines the canonical projection of

the fiber bundle Q(M, SO(3), 7).

Indeed, z, are invariant with respect to the action of
SO(3). The preimage 7~ '(r) is formed by the vectors x,
and y,, that satisfy the system of equations (7). They deter-
mine the lengths of the Jacobi vectors and the angle between
them, i.e., they specify a triangle formed by certain fixed
vectors X, (), ¥, (r) in R *. Therefore, the preimage 7~ ' (r)
is the SO(3) orbit of the vector X = {X, (»),¥, (»)}. There-
fore M = Q/SO(3)~R?>, .

Since the base M~R ", can be contracted to a point,
the fiber bundle Q(M, SO(3), =) is trivial, ie.,
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QzSO(3) ® M. In other words, every element XeQ can be
represented in the form

X = {g, r}ESO(S)@M;g:X:gXQ(r); r=nX,
(8)

The intrinsic space can be equipped with the natural struc-
ture of the vector space R *, with the scalar product

(r, V= )Y zizi. 9)

The connection between the parametrizations (6) and
the different indices « is specified by a rotation transforma-
tion in R *,_, which is generated by the analogous transfor-
mation (2) of the Jacobi vectors:

2z, cos 0, Sinwgy 0V /24
25 |=| —sinwgs coswogs 0| 2 |, (10)
2% 0 0 1/ \z

COS Wop == Cop— Sap,  SIN Wgp = 2¢4pSqa-

We shall call the coordinates (£ '€ %£ ), which parame-
trize the intrinsic space, the intrinsic coordinates of the
three-particle system. Besides the Cartesian coordinates
(7), we shall also use three sets of intrinsic coordinates:

1. Dragt’s coordinates'* (£'€%¢?) = (pyp, ):

r=(24 Zg Z2s)=(pcoscosp,, pcosyPsingy, ©sin),

$E(0, n/2), ¢, €E[0, 2x]. (11)
2. The hyperspherical coordinates (£'€%¢?)
= (PXaba):
r= (2%, 2% %%)=(pC0S Xy, psinXycosby, psinX,sinb,),
% €10, @], 04 €(0, 7). (12)

3. The Jacobi coordinates (£'£%67) = (x,,6.):
Lo = [Xq| = pcos (xm/z)v?

cos elz = (xw Sra) *

Yo = [Yal =psin (%,/2), (13)

In (12) and (10), the angles 6, are the same. The first two
sets of intrinsic coordinates are ordinary spherical coordi-
nates in R °, with the polar angles 7/2 — ¢ and @, defined
relative to different axes. The connection between the intrin-
sic coordinates with different indices is specified by the
transformation (10). It follows from it, in particular, that on
replacement of an index the angles ¢, are shifted by a con-
stant,

Pp= Qg+ W

while the coordinates p and ¢ are invariant with respect to
the index a.

This invariance has a simple physical origin—the co-
ordinates p and ¢ determine the principal moments of inertia
of the triangle formed by the three particles. To see this, let
the configuration of the system be described by a vector
XeQ. The corresponding inertia tensor 4 (X) has the form

[4 (X))i; = 80> —xixi —ylyi, (14)

o

where the indices 7, j = 1, 2, 3 label the Cartesian coordinates
of the Jacobi vectors. It is readily verified that the principal
axes of the tensor A(X) form the vectors e;, e,, and
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e; = e, Xe,, which are related to the Jacobi vectors by
X cos (P/2) e, cosp —sing
N
(ya) pR(94/2) (@) o

sin (P/2) e, sin @
The principal moments of inertia I, = [¢;,4(X)e; ] are
I, = p?sin ® (§/2), I, = p2cos® (P/2), 15 = p% (15)

Finally, we fix the parametrization of the structure
group SO(3). Let the rotation geSO(3) specify the orienta-
tion of the principal axies of inertia e; with respect to the
system of fixed unit vectors &;. We denote by (¢'¢’@’) the set
of corresponding Euler angles:

e; = ge;,
Ru Rz sin @2 cos o1
g= Ra1 FRoz sin ¢2 sin @1 | | (16)
— €08 @y 8in @2 sin @3 sin o2 cos @2

where PR, =cos ¢' cos ¢* cos ¢ — sin ¢' sin ¢°; Z,,
= —cos ¢' cos ¢* sin ¢° — sin @' cos ¢°;

R, =sin @' cos ¢ sin ¢ + cos @' sin &%

Ky = —sin @' cos ¢ sin ¢ + cos ¢' cos ¢*. By virtue of
(8), the following parametrization of SO(3) in Q corre-
sponds to such a set of Euler angles:

2

o o o o { h/2 p
X=gX, X={xm Yab (hoa)zpﬂ((pafZ) (COS (P )f!) 5
Ve sin (\/2) e,

(17)

Metric and volume element of the intrinsic space

The Euclidean metric (3) of the space Q induces a met-
ric structure of the fiber bundle Q(M, SO(3), 7). In particu-
lar, it determines the metric of the base M. In this subsection,
we calculate the metric tensor and the volume element of M.

We proceed as follows. The metric K, generates the
scalar product K % in the cotangent space TﬁQ to the mani-
fold Q at the point X. We separate in it two subspaces:
(T;Q) e and (Tj{iQ)m[, which correspond to the intrinsic
(int) and rotational (rot) degrees of freedom. These sub-
spaces are orthogonal in the scalar product K ¥. Therefore,
the metric tensor of the intrinsic space is determined by the
restriction of X % to the subspace (7% QLN g

We shall describe the structure of spaces T%Q,
(T}Q)-m, ,and (T'% 'Q)mt . The first of them is the standard
linear space of the 1-forms on Q with basis dx',, dy/, or d&’,
d¢’ (i,j=1, 2, 3), where £’ is an arbitrary set of intrinsic
coordinates, and ¢ are the Euler angles in (16). As the sub-
space (T%Q),,,, we take the linear hull of the basis 1-forms
dé' corresponding to the internal coordinates. Finally,
(T%Q),,. consists of 1-forms associated with rotations of
the three-particle system. These are described by the angu-
lar-velocity vector

o=I[4 (X)) (x, X dxz + ¥, X d¥,), (18)

where the matrix [4(X)] ' is the inverse of the matrix of
theinertia tensor (14). Asabasisin (T %Q),., we choose the
components of the vector 1-form w with respect to the prin-
cipal axes of inertia e;. They are calculated on the basis of the
representation (17) and a relation that follows from (16),
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de, ¥ =g ad —o?\ /e
dez)=(—03 0 ol (eg ), (19)
de, . 02 —ot 0/ \e

/

where o ‘ are 1-forms on the group SO(3):

o) —sin $2cos ¢3 sinpd O [do!
o, |= sin ¢2sin ¢3 cos ¢* 0) de¢? |,
03 cos ¢2 0 1/ \d¢*

As a result, we obtain the decomposition

(,)=Z ole;, ol= —dl, 0?= —d?
4

08 = — 0%+ - sin P de,. (20)
Thus, (T%0),,, is the linear hull of the 1-forms o',

It is obvious that the 1-forms d¢ "and «’ form a basis in
T%Q. Note that the part 1 sin ¢dp,, of the 1-form ®* cou-
ples the intrinsic and rotational degrees of freedom of the
system and represents the Coriolis interaction.

Using the expressions (17), (19), and (20), we now
rewrite the metric (3) in terms of the basis 1-forms of the
subspaces (T%Q),, and (T% Q)m

Ky = K, + 21, (0i), (21)

where I, are the principal moments of inertia (15). The first
term corresponds to the intrinsic coordinates:

K, = ) b;;dEi d’é"=dpz+"72 (A4* +cos? pdga), (22)
ij
where r = 7.X is a point of the base M in the fiber bundle
oM, S0(3), 7). The metric (21) defines a scalar product
K%inT%0:

X (A8, d§)=bY, K% (0%, oi)=28,I}",

K (o, d&)= ek

where (b7) = (b;) "~ !, In this scalar product, the subspaces
o XQ),,,, and (T *0).., are orthogonal. The restriction of
K * to (I'%Q),,, is determined by the metric (22). Thus, the
expression (22) defines a metric tensor of the intrinsic space.
It induces a scalar product in the cotangent space 7 *M to
the manifold M at the point r:

K* (d&i, dEf) = bii, (24)

We now calculate the volume element of the intrinsic
space. To this end, we express the measure (3) of the space Q
in terms of the 1-forms d¢ ' and «’ by means of the represen-
tation (21) for the metric of Q:

d (X)=o¢ (r)bl/2 (/i\m") A (/\ dEl) = 8 nidg N aM (r),
: (25)

where b = det(b;), o= (I,1,1;)"?, dg is the normalized
invariant measure on the group SO(3),

dg = oy sin $2 g, (26)
and dM is the volume element in the intrinsic space:
dM (r) = o (r) bY2 /i\ dEt. (27)

We give a list of formulas for o(r), the metric, and the
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volume element of the intrinsic space in the various coordi-
nates:
1. Dragt’s coordinates (11):

K,=dp*+ 8- @9+ oos y e,
dM (r) = -—sin 29 dp A dp A dp.

2. The hyperspherical coordinates (12):

a(r) =—p;—s1'n 1,
(28)

K, =dp*+ 5 (a1 +sin® %, d63), o (r) =5 sin L, sin ,,

: (29)
aM (r) 2-% sin? Xa, sin Bo', dp/\d%m/\dea'

3. The Jacobi coordinates (13):

K, =dag+ dys + E:yml B> 0 (1) =ZoYa 1/xa + yasin B,

(30)
dM (r) = 2%y sin 0, dx, A\ dy, /\dO,.

Contribution of intrinsic and rotational degrees of freedom to
the kinetic-energy operator

The kinetic-energy operator of the complete three-body
problem is given by the Laplacian (4) on the space Q. We
now express it in terms of vector fields on Q corresponding to
the intrinsic and rotational degrees of freedom.

The decomposition of the cotangent space T%Q con-
structed above into intrinsic and rotational subspaces in-
duces an analogous decomposition of the tangent space Ty 0
to the manifold Q at the point X into subspaces (T Q),,, and
(T4Q) o - The latter are the linear hulls of the vectors dual
to the basis 1-forms d¢ ‘and «/. We denote these vectors by
(8/0&")* and L;. They satisfy the duality relations

dEi ((9/0E7)%) = 84, o (L;) = 8y,

w! ((8/38))*) = 0, d& (L;) =0 (31)
By the definition of the subspaces, (7 Q);, and (TxQ),.,
are orthogonal in the scalar product (21), since

Kx ((0/08%)*, (0/087)*) = by,
Kx (Liy Lj) = 8,1, Ky (L, (8/6E})*) = 0.

We shall describe the explicit form of the vector fields
(8/3&"* and L,. In accordance with the definition (18),
(19) of the 1-forms @', the vectors L; dual to them are the
components of the operator

a a
X Bxy_ +YO:X

L=x, (32)

with respect to the principal axes of inertia. They can be
calculated on the basis of (17) and (19) and are the genera-
tors of the right action of the group SO(3) on Q:

L = — ZE,'L,',
1
L, cos ¢3sin ¢ —sing3 —cos ¢3ctg $2
Ly |=| —sin¢?/sin¢? —cosg®  sin ¢3ctg 2
L. 0 0 Lag

818!
X (5/3,52) :
2la¢3
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The vector fields (d /d€‘)* are fixed by the duality condi-
tions (31). For example, in Dragt’s coordinates they have
the form

) =4 (&)=

(7) =7

Note that, apart from a factor, the operator (32) is
identical to the operator L of the total orbital angular mo-
mentum of the three-particle system:

—-é—- sin $ L. (33)

(34)
Ly = — iLy.

The vector 1-form of the angular velocity (18) dual to this
operator can be interpreted as a connection on the principal
fiber bundle Q(M, SO(3), 7). The vector fields (9 /I )*
are the horizontal lifts of the fields d /J€ ' with respect to the
connection ®.

We now represent the Laplacian (4) on the space Q in
terms of the vector fields (3 /3£ )* and L,. To this end, we
consider the kinetic-energy functional corresponding to it:

{5 1]+ o 1]} d0 )= § K3 @F aryao ),
0 Q

(35)
where df is the gradient 1-form:

8
=3 (o drbt gy %)
We decompose it into components lying in the subspaces

(T3Q)ine and (T3Q) s
af =3 [ () 7] a6+ 2 (Laf) 0.

gt

Using this representation and the definition (23) of the sca-
lar product K %, we arrive at the following expression for the
kinetic-energy Lagrangian:

@, =30 (%) 1) ()7
+ 3 I LifP-

We substitute it in the functional (35) and integrate by
parts, using the factorization (25) of the measure Q. As a
result, we obtain the required representation for Hy:

T J 1

(36)

where f.,. are the components of the operator of the total
orbital angular momentum (34).

In this expression, the horizontal lifts of the vector
fields d /9& ' contain terms that couple the intrinsic and rota-
tional degrees of freedom. For example in Dragt’s coordi-
nates, the coupling is generated by the last term of the field
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(d/d¢,)* in (33). It describes the Coriolis interaction in
the three-particle system.

Hamiltonian of the three-particle system with fixed total
orbital angular momentum

We now define the rotational degrees of freedom and
reduce the Hamiltonian of the complete three-body problem
to the subspaces of states corresponding to fixed total orbital
angular momentum.

We consider the Hilbert space 7" = L 2(Q), in which
the Hamiltonian (4) acts. We recall that Q~S0(3) ® M: to
the vector XeQ there corresponds the point (8),
{g, 7}eS0O(3) ® M. The action (5) of the rotation group on Q
induces the representation 7(g) of it in the space
H =L*(S0(3)eM):

T ¥, ="V, n-

We shall decompose this representation into irreducible rep-
resentations and show that the spaces of the irreducible rep-
resentations are invariant subspaces of the Hamiltonian H.
The restriction of H to these subspaces determines the Ham-
iltonian of the three-particle system with fixed total orbital
angular momentum.

As is well known,'® the irreducible representations of
SO(3) are classified by theeigenvalues /(! + 1) (/=0, 1,...)
of the Laplace-Beltrami operator on the group SO(3). It is
identical to the square of the orbital angular momentum
(34), L>=L? 4+ L%+ L3. To each [ there correspond
2] +1 equivalent representations T'"(g), m= —|,
— I + 1,...,1. They are labeled by the eigenvalues of the pro-
jection L, of the angular-momentum operator L onto the
fixed axis é; in (16):

(37)

L,=(e, D)= —i (38)

o
ErS!

The irreducible representations T'™ are specified by
matrices D'(g) = [D mn (@] (m, n= —1..,I) formed
from the Wigner functions, These are the common eigen-
functions of the operators L2and L The definition of the
Wigner functions and some of their properties are described
in the Appendix.

We now realize the irreducible representations 7" in
the space . Let %" be the invariant subspaces in 7 of the
operators L?and L These are the linear hulls of the func-
tions D!, (g) with fixed / and m:

1
0 ={ 0" (g, )= 3 Dha(e) ¥ ()} (39)
We define the action of 7" in %™ in accordance with (37):
l

'™ () W (¢, 1)= X Dinn(88) ¥a" ().

Further, we consider the kinetic-energy operator (36).
On the basis of the canonical commutation relations for the
components of the angular-momentum operator L we can
readily show that H, commutes with L%and L This is also
true for the total Hamiltonian H, since the potentials depend
only on the intrinsic coordinates. Therefore, 7™ are invar-
iant subspaces of H.

It is obvious that " are isomorphic to the Hilbert
spaces #' = L*(M,C*" ', dM). The elements of %" are
complex (2/ + 1)-vector functions f() on the intrinsic

Kvitsinskil et a/. 557



space formed from the coefficients of the expansion (39):
flir)= [\Pf,'"(r),n =—1L..0]. Their components are la-
beled by the values of the projection L, = (e,,L) of the an-
gular momentum onto the principal axis e, of the inertia
tensor (14). The scalar product in #”, made consistent with
the standard scalar product in L *(Q), is determined by the

measure (27) of the intrinsic space:
L

3 (O M.

n=-1M

(f, Wt =y

(40)

We shall call #” the state space of the three-particle system
with fixed total orbital angular momentum /.
The restriction of the Hamiltonian H to 77" generates

the matrix operator H ', which acts in the state space #:
H' = D' (¢g7*) HD' (¢g). (41)

From the representation (36) we obtain for this operator the
expression

H =H +VQI, (42)
where I' is the unit matrix of rank 2/ + 1, and
Hy=— bmﬂamhw%wm%+Zh i
4§
(43)

Here, (d /3£ ") ¥ and ( I ;); are matrix operators that arise as

a result of the reduction (41) of the vector fields (9 /9 )*

and L,. The operators (L,), are specified by the constant

matrices described in the Appendix. Explicit expressions for

(8 /€ ") ¥ in Dragt’s coordinates follow from (33):
oI (35), =70

)= "
(m)I = —®I’—--—s1n1p( e

Thus, in Dragt’s coordinates the kinetic part of the Hamilto-
nian A ' has the form

g 4 ;
Hi= — {p 53ppaap+m6¢ sin 21]36¢} Q1

~wog LRl

" (Lo (L3 i
F U T e+ Gt}

(44)

where d.i = d /3¢ . The Coriolis term (i/2) sin ¢(f3 ), of
the operator (d /dg,, )} is a matrix gauge field in the intrin-
sic space, coupling the intrinsic and rotational degrees of
freedom.

The intrinsic space M, in which the Hamiltonian H'is
defined, has a boundary dM. It consists of the points with
zero coordinate z, in (6), i.e.,

OM ={r=(pYg,) iy =0} ={r= (pX0,,) : sin X, sin 6, = 0}.

(45)

For redM the centrifugal term (L 1 )7/sin*(14/2) of the oper-
ator (44) is singular. Therefore, H'is defined on the dense,
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in &, set of smooth vector functions that satisfy the condi-
tion (L) f(r)|eanr =0. It follows from the expression
(A.2) for

the matrix (f, ), that the solutions of this equation have the
form

f(?‘) |T€ﬂl¥f =L (P: (Pm)Y'i& (46)

where ¢ is an arbitrary function, and ¥' is a constant
(2! + 1)-vector. Its coordinates are equal to the values of the
spherical functions Y, (7/2,0) (m = —[,...,/). Equation
(46) gives the boundary condition for the eigenfunctions of
the Hamiltonian H ',

2.SCATTERING THEORY FOR THE HAMILTONIAN ~'.
RAPIDLY DECREASING POTENTIALS

In this section, we develop a general scheme of scatter-
ing theory for the Hamiltonian (42) with rapidly decreasing
two-body potentials

Vo(x) = O (z-1-8), e 0. (47)

We introduce the 7'matrix of the Hamiltonian H '/, construct
the Faddeev equations for its components, describe the sin-
gularities of their kernels, and calculate the kernels of the
wave operators and the § matrix.

These constructions are based on a special representa-
tion for the Hamiltonian H . It is specified by the unitary
transformation that diagonalizes its kinetic part H . In it,
H |, is a diagonal matrix operator of multiplication, while the
potentials are integral matrix operators. Thus, in this repre-
sentation the operator H ' has essentially the same structure
as the Hamiltonian of the complete three-particle problem in
the momentum representation. This makes it possible to in-
vestigate the Faddeev equations for H 'by the methods of the
theory of integral equations developed in the complete prob-
lem. The necessary modification of these methods due to the
matrix structure of the Hamiltonian H', the difference be-
tween the measures of the spaces, etc., are fairly trivial. We
shall not dwell on a detailed description of them and shall
give many results without proofs, since they largely repeat
the existing constructions of the scattering theory for the
complete three-body problem.

Diagonal representation for the kinetic-energy operator

As is well known, the kinetic-energy operator (4) of the
complete three-body problem can be diagonalized in the mo-
mentum representation. It is found by a Fourier transforma-
tion % in L*(Q):

(F ¥) (X) = (2n)2 S exp {i (X, P)} ¥ (P)dQ (P).
Q

(48)

Here, the vector P= {k_,p, } is composed of the momenta
conjugate to the Jacobi vectors x, and y,,. The transition to
the diagonal representation for H, is realized by the unitary
transformation H, — H, =.% *H,.5% , which carries it into
an operator of multiplication: H,¥(P) = P>V (P),
P =k +pl.

We now recall that the kinetic part of the Hamiltonian
(42) is obtained by the restriction (41) of the operator H,, to
the subspace %7 in (39). Therefore, the diagonal represen-
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tation for H must be determined by the restriction of the
Fourier transform (48) to %™,

Indeed, let {g(P), ¢} and {g(X), r} be the points of the
space SO(3) X M that correspond to the vectors P and X in
(48) in the trivial fiber bundle Q(M, SO(3), 7):

g=aP, r=nX,
P=gP)P(g), X=gX)ZX),
where the vectors P and X are defined by equations of the

type (17). Weexpand the kernel .% in a Fourier series on the
group SO(3):"?

exp (i (X, P)}=exp(i(¢™ (P)g (X)X, P)} (49)
=5 3 @I+0pIF 0, 9D (e (B g (D)

where 7' is the (2/ + 1) X (2] + 1) matrix
Firn == | exliX, eP}D'@dg.  (50)

§0(3)

(Here and everywhere below, the integral of a matrix is un-
derstood as the matrix of the integrals of the matrix ele-
ments.)

We consider further the action of .% in the subspace
'™ From its definition (39), the expansion (49), and the
factorization (25) of the measure dQ it follows that #°™ is
an invariant subspace of 7. The restriction of % to "
generates the matrix integral operator .7 ' with kernel (50)
acting in the state space # of the Hamiltonian H "

FHo={ Fe. ar@an@, ress.

M

It is readily verified that this representation is unitary in the
scalar product (40) of the space %~ "and defines a represen-
tation in which the Hamiltonian H j is an operator of multi-
plication by a diagonal matrix:

H —~ B =[F*HF' =@ I, (51)

where ¢* = (g,g) 5, is the square of the Euclidean length (9)
of the vector g in the realization of M as the vector space
R .

The potential part of the Hamiltonian (42) in the diag-
onal representation for H j, is equal to a sum of matrix inte-
gral operators

Va=[F'T* (Ve ® I') §". (52)
To calculate their kernel, we obtain an explicit expression for
the kernel of the transformation .7 .

In the integral (50), we parametrize the points » and g
by the intrinsic Jacobi coordinates (13),

r=(%a¥e9a); 9= (kaPaBa) (53)
and we rewrite the definition (17) of the vectors X and Pas
follows:
X =g, (1) {zafs yae (0a)},

e () = sin Be; + cos Be, (54)
P= 8a (Q') {kue (B:z)’ Paetx}-
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The rotations g, and g, can be calculated by comparing the
representations (17) and (54). They are defined by the
Euler angles

20 () =8(par /2, W/2), u(q)=g (g, /2, 3n/2),

which can be expressed in terms of the Dragt coordinates
(Y@, ) and ¥'p ', of the points r and ¢:

Po €L, 2n]:tg o= — 18 (¢o/2) tg (P/2),
P €10, 721U [3n/2, 2a]: tg o = ctg (9i/2) tg (}'/2).

We substitute (54) in the integral (50) and go over to
integration with respect to the mnew variable:
g—87 ' (r)g8, (q). As a result, for the kernel 7' we obtain
the representation

Fi(r, 9 =D'(ga () Fi(r, @) D' (& (), (55)
in which the matrix .7 ! has the form

Fi (r, g9)=n"t oxp {ik,z, (g"ic;zs, e (02)}
50(3)

X exp {iPaYq (€ (6:), g€3)) D' (g)dg. (56)

In this integral, we expand each of the exponentials in a se-
ries in spherical functions:
A

exp{iz (i, 7} =4n 3 2 (@) D Vam (1) Yim (2,

where j, are spherical Bessel functions.'® Further, we ex-

press the spherical functions ¥, of the arguments g~ 'é,

and gé, in terms of the Wigner functions by means of Eq.
(A.5). Then in (56) we obtain an integral of a product of
three Wigner functions, and it can be expressed in terms of
Clebsch-Gordan coefficients by Eq. (A.4). The upshot is
the following representation for the matrix 7 .:

Fotrn =2 3 i, (Pava) s (kuta)

11l2=0
x Q}; (cos 8,) Cl,1, O}, (cos 67), (57)

where C|, are the matrices of numbers
(Chidmn = (— 1)y™4n @1+ A) ittt

x [(21, + 1) (2L, -+ 1)]¥2
X {ly 0 lym |Im) {Inl,0 |In), (58)

and Q, are diagonal matrices of normalized associated Le-
gendre polynomials:'®

[Q}l\. (t)]mn ' 6i-rm W e

Note that these matrices satisfy the orthogonality rela-
tions

PM@. (59

i

{ 10k 01 @l (9 dt = Buynn Ty (60)

-1
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IE lcillg]* Iilcns.]li: 612!5152v (61)
1

where I are diagonal unit matrices for which only part of
the diagonal is nonzero for A < [:

6mm 7">£1
i lmn = { Ons A<<1, [m|<A, (62)
0, A<<l, |m|>A.

Equation (60) is trivial, and (61) follows from the orthogo-
nality properties of the Clebsch-Gordan coefficients (A.6).

Thus, the representations (55) and (57) describe the
explicit form of the kernel of the diagonalizing transforma-
tion 7. It is now easy to calculate the kernels of the opera-
tors of the two-body potentials (52), using the well-known
orthogonality conditions for the spherical Bessel functions
and the relations (60) and (61):

Va(@ ¢)=D" (2, @) Vi(a, ¢)D' @ (q)),

Lo § ‘S(Pm_p‘;)
Valg, ¢j=—20%

Pe
5 2 v (ky, kz) QL (cos 8,) QF (cos 02). (63)

The last equation is expressed in terms of the Jacobi coordi-
nates of the points ¢ and ¢’

q= (ka paeu&)r C]' = (k&p&ﬁ;). (64)

The coefficients v;, are the ordinary partial potentials of the
two-body interactions in the momentum representation:

vl (b, K) =2 1o (k0) Vi 2) 1 ('2) 22 .
0

Thus, the Hamiltonian of the three-particle system with
fixed total orbital angular momentum in the diagonal repre-
sentation for /) has the form

Hl i[ ;1]* lel

H4v, vi=Y v, (65)

o

In its structure, it is very similar to the Hamiltonian of the
complete three-body problem in the momentum representa-
tion—the kinetic part H | is the operator of multiplication
(51), while the two-body potentials are integral operators
whose kernels (63) contain 8-function singularities.

The Tmatrix and Faddeev’s equations

On the basis of the representation (65), we introduce
the 7"matrix of the Hamiltonian H / and formulate Faddeev
equations for its components. At the algebraic level, this can
be done in the same way as in the complete three-body prob-
lem.

We denote by R ‘(z) and R/ (z) the resolvents of the
Hamiltonian (65) and of its kinetic part:

R @)= ('~ Ri(@)=(H] -2 (66)
These are matrix integral operators in %" where R}, is a
diagonal operator of multiplication, [R{(z)f](q)

= (¢* —2) ~ 'f(g). We define the T matrix of the Hamilto-
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nian (65) and its Faddeev components
by the standard equations
T' (z) = V! — V' R! (2) V',
Mop(2) = 8oV, — VLR (z) VL.

Maﬁ (a’B= 15253)

It is obvious that the T matrix is equal to the sum of its
components:

T ()= 2 Map(2)- (67)

Repeating the calculations made in the complete three-parti-
cle problem, we obtain the Faddeev equations for the com-
ponents M |,

Mag (2)=0usTa (8) —Ta(a) Ry(2) 3 Mig(d).  (68)

Here, the operators T, are the T matrices of the Hamilto-
nians

H.=H 4V, (69)

We shall describe the structure of the kernels of the
operators 7', They satisfy the Lippmann—Schwinger equa-
tions

Th(2)=Vh—ViRL(2) T} (2), R (2)=(Hs—2).

By virtue of the representations (63), the variables in these
equations separate in the Jacobi coordinates (64). For the
kernels of the operators 7'/, we obtain explicit expressions of

the type (63):

Ta(g, ¢'s 2)=D'(@2, @) T: (g, ¢'s 3) D' (ga* (@),
ol ] —p
T% s 4% 2)=M

Py

X 21 t8 (kas ki z— ph) Ok (cos0,) Q% (cos03),  (70)
A=0

wherez V' is the 7'matrix of the radial Schrodinger operator
D= — 22052208 +-A (M + 1) 272V (2). (71)

Thus, on the diagonal (g = ¢') the kernels T, contain
d-function singularities. They also have pole singularities
with respect to the spectral parameter, which correspond to
the discrete spectra of the two-body potentials (71). To de-
scribe these singularities, we introduce some notation for the
characteristics of the bound states of these Hamiltonians.

We classify the discrete spectrum of the operators 4 &)
by the multiple index 4, = {4,/}, where i is the number of
bound states of the Hamiltonian # {*’ with fixed @ and 1. We
combine 4, and the pair number @ in the symbol
A=A{aA,}. Let — x be the binding energies, and @, (k)
be the form factors'' of the bound states # ‘*. We shall char-
acterize the bound states of pair 8 by an analogous index
B=18.B,}.

As is well known,'" at the points of the discrete spec-
trum the two-body 7' matrices have singularities of the form

P k
Z “Hi’;‘” LB E)

11

t™ (&, K

which generate analogous singularities of the kernels 7',
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1 ) 8 (P —Py)
Ta(a: ¢ =—"p— [E

23

@ (g) (DY (g))*
z___pa+ xi G Ty .
(72)

Here, @ are (21 + 1) X (2] + 1) matrices formed from
the form factors of the bound states of pair a:

D} (9) = @a (ka) D (g4 (1) Q4. (cos B,,).

Note that for A </ this matrix has 2(/ — A) zero columns.
They correspond to vanishing elements of the diagonal of the
matrix Q@ in (59):

(73)

g = 0 for A<l Im > (g hi

= {\, i})

Therefore, for the matrix form factors we have a normaliza-
tion condition of the type (60):

(@4, (@)1* © (2) : !
S WEpia) oy ke dka sin Bad%:a““"fﬁ’} (75)

IY = I} (Ag={], ).

Thus, we have described the kernels of the inhomogen-
eous terms of the Faddeev equations (68). On the basis of
these results, we can investigate (68) using the same scheme
as in the complete three-body problem, namely, it is neces-
sary to consider the iterations of (68) and to study the singu-
larities of their kernels. It is easy to show that the singulari-
ties of the kernels 7'/, of 8-function type disappear already in
the first iteration. At the same time, the kernel of each iter-
ation contains two-body pole singularities generated by the
singularities (72) of the inhomogeneous term. As a result,
for the components M,; we can prove the representation

Mg (2) = BapTa (2) + Wap (2), (76)
in which the structure of the kernels W . is described by the
expansion
Wi (@, ¢'s 2)=Fap (e, 45 2)

(a)
+2 pﬁ_‘;g_;?"AB(Pm q'; %)
Aﬂ:
[Dp(e))*
+ z s (0> D 3) %Jr
By
E ‘D (a) 0719‘43 (Pas Pg, z) [(DB (a")* (77)

P (p3, — %% —2) (P — % —2)

o’ BB
In it, we have separated all the two-body pole singularities of
these kernels. All the matrix coefficients of the type 7, ¢,
%, 77 are smooth functions of their variables.

In the complete three-body problem, the components of
the T'matrix are also described by representations analogous
to (76) and (77). However, there is a very important differ-
ence between them. The kernels of the Faddeev components
in the complete problem have, in addition to the two-body
singularities, additional so-called three-particle singulari-
ties. They are contained in the term of the type # of an
expansion analogous to (77). In our case, this is not so—the
kernel .7 |, ; does not contain any singularities.
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We shall clarify the reasons for this important result. In
the complete problem, the highest three-particle singularity
arises in the first iteration of the Faddeev equations. In our
case, the first iteration has the form

Qap (2) = — T, (2) B} (2) Th (2) (1 —Bsp). (78)

It is clear that for real z> 0 the kernel (¢> —z) '@ I'of the
operator R |, becomes singular, and its singularities do not
intersect the two-body singularities (72) of the kernels T°,.
In the complete three-body problem, the analogous singular-
ities of the kernel of the free resolvent also generate the three-
particle singularities of the Faddeev components. In our
case, the contribution of the singularities of the kernel R { to
(78) is given by the integral

~ 8 (Pa—Pa) 8 (Pg—Pp) o~
—{am@ = N rale i 8 (19
M g*—:z

in which T is a smooth function of all of its arguments
[since on the surface §* =z the kernels 7', (¢,;z) and
T, (4.q';z) do not have two-body singularities]. For a5,
we can take as the variables of integration in (79) the param-
eters p,,. g, and g°. The integrals over p, and pg can be
eliminated on account of the & functions. The remaining in-
tegral over §° contains the singular denominator (§* — z). In
the limit z—A + i0 (4 >0), this is an integral of Cauchy
type.'” Such integrals are smooth functions of A. Therefore,
the integral of the first iteration has no other singularities
apart from the two-body singularities. It is clear that this is
also true for any iteration of (68).

It is obvious from our arguments that the geometrical
reason for the absence of three-particle singularities in our
problem is the low codimensionality of the manifolds
Po = P and p; = pj; in the intrinsic space M. These are two-
dimensional surfaces in M that intersect along a one-dimen-
sional curve. It is the integral along this curve in (79) that
eliminates the singularity of the denominator. In the com-
plete problem, the analogous manifolds p, =p, and
Ps = b are three-dimensional hyperplanes in Q@ that do not
intersect at a single point.

Thus, we have described the structure of the 7' matrix of
the Hamiltonian H . We now turn to the construction of the
wave operators and the S matrix of the three-particle system
with fixed total orbital angular momentum.

Wave operators and S matrix

We first describe the spaces of the reaction channels of
the three-particle system with fixed total orbital angular mo-
mentum. They correspond to the possible asymptotic states
of the system. These can be divided into two classes: three-
particle and two-particle states. The three-particle states
correspond to three noninteracting particles and are de-
scribed by the Hamiltonian H . We identify the space of the
three-particle channel with the Hilbert space %, =#" of
states of the Hamiltonian H'. In the two-body asymptotic
states, there is a bound pair and a free third particle. The
dynamics of these states is determined by the operator H /,
(69). The spaces of the two-body channels are the subspaces
of " spanned by the eigenfunctions of the operators H,.
By virtue of the representation (63) for the potential V“
these eigenfunctions are the columns of the matrices
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8 (pa—py)
i

(80)
Pg,

Li(g, pa)= Wi (a),

where W), is the matrix of wave functions of the two-body
Hamiltonians (71). It is proportional to the matrix form
factor (73):

Wi (g) = (KL + %) @ (g).
Note that this matrix has zero columns under the condition

A={a, A}: A <<l (4, = {) i},

(81)

(82)

since the matrix form factor possesses the same property
(74). We denote by n(A) the number of nonzero columns of
the matrix ¥/, :

21"_11 }\:>lr

”(A)z{ M1, hel,

Let 2, be the subspace of #7, spanned by the nonzero
columns of the matrix (80). It is clear that it is isomorphic to
the subspace #°, = L*(R , ,C}* ";p2dp,) of the (2 + 1)-
vector functions f{p,, ) for which n(4) components are non-
Zero:

f(pa)z(or saey 0! f—?s.(Pa)»
S

I-A

o fa(pa)y 0, 0.0, 0) (83)
)

I W, .

(for A>1 all the components of fare nontrivial ).

The isomorphism is realized by an integral operator
from 77, to #°,:

(Laf) (@) ="T4 (@) f (pa)-

We call the space 57, the space of channel 4. The Ham-
iltonian of channel 4 is determined by the restriction of the
operator H |, to the subspace #°,, which generates a matrix
operator of multiplication in #°,:

Hly = (ph—4) @ Ik,

where the matrix I, is determined by Egs. (62) and (75).

We now determine the wave operators of the three-body
system with fixed total orbital angular momentum. They act
from the spaces of the three-body and two-body channels to
the state space #” of the Hamiltonian H' and are deter-
mined by the canonical limits of the corresponding evolution
operators:

UF? =s— lim exp (itH'} exp {—itH} (5, — 54",
- f11'? exp {itH'} L} exp {— itHA} (S, — ’%!)}
(84)

The existence of these limits for the rapidly decreasing po-
tentials (47) can be verified in the same way as in the com-
plete three-body problem.
The wave operators (84) possess the set of standard
properties:
1. Intertwining properties:
BUP <U0PR, U =UP R, (85)
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2. Partial isometry:

U UL =6,5idgp,, (86)

where 4 =0 or {@,4,}; B = 0 or {3,B,}; id are the identity
operators in the spaces of the corresponding channels.
3. Asymptotic completeness:

U [UF + 3 US U] = id g — Pl
A

where P, is the projection operator onto the subspace of the
discrete spectrum of the Hamiltonian H .

The intertwining property and the partial isometry of
the wave operators follow directly from the definitions (80),
(81), and (84) and the orthogonality (75) of the matrix
form factors. The asymptotic completeness can be proved by
the formalism of time-independent scattering theory. The
corresponding constructions effectively repeat the proof of
asymptotic completeness in the complete three-body prob-
lem.

We now express the kernels of the wave operators in
terms of the 7 matrix of the Hamiltonian H'. To this end, it
is convenient to go over from the dynamical definitions (84)
of these operators to the equivalent representations for their
kernels in terms of the resolvents of the operator H'. The
transition is made by means of the elementary transforma-
tion given in Ref. 11 (p. 45):

U$ (g, ¢')=lim (Fie) R'(q, ¢'; ¢'2 % ie),
gy 0
Ufgi) (q, p;;):}.im(:[:m) S RI (q, a'; péf—%ij:lg)
ey 0 5
X Ll (g, pa)dM (g).

It is clear that the nontrivial terms of these limits are genera-
ted by the singularities of the kernel R /(z) for real z. These
singularities are described by the standard expression for the
resolvent in terms of the 7" matrix,

R'(z)=R!(z) — R.(2) T' (2) R (2), (87)

and by the representations (67), (76), and (77) for the com-
ponents of the T matrix. It is easy to show that the kernels
Ug*’ are determined by the residues of the kernel
R '(g,9',z) at the poles of the type (¢'* — z) corresponding to
the kernels of the resolvents R | in (87). The kernels of the
wave operators U {*’ are generated by the residues of the
kernel R'(g,q'iz) at the two-body singularities
(z—p'% + %) ', which are contained in the components
of the T'matrix and are described by the representation (77).
Simple calculations lead to the following expressions for the
kernels of the wave operators:

() W - 1__ T!(g, ¢'; g2 £i0)
Uﬂ (9! Q)_ﬁ(q g)®l qg_q:giio ]
T} (@, Py P2 —x & 1i0) I}

U.Eé.i) (Q! pé&) = Lfd (g, pa) = qn_péé«!_;_”h Fi0 '

(88)

where the matrix 7/, is related to the coefficients of the type
& and 27 in the expansion (77):
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Tfil:%TéAs

+E

@k (q) 84 4 (Pp PLi 2)
PR—¥%p—z :

Toa (g, pa; 2)=5pa (4, Pas 2

(89)

Note that under the condition (82) the matrices U {*’ have
2/ + 1 — n(A) zero columns. They are generated by the zero
columns of the matrix L /, and the zero elements of the diag-
onal of the matrix I/,.

The S matrix

We now describe the structure of the § matrix of the
Hamiltonian H ', It consists of elements of four types: S 5z,
S 40> S04, and Sy These operators correspond to reactions
with different clustering of the particles in the initial and
final states. In accordance with the terminology of the com-
plete problem, we shall call them the S matrices of the scat-
tering processes (2—-2), (3-2), (2—3),2and (3—3). These
S matrices couple the spaces of the reaction channels and can
be expressed canonically in terms of the wave operators:

Spa=UFN* UL (H 4~ 5,

where the indices 4 and B take the same values as in (86).

On the basis of the representations (88), we can obtain
expressions for the kernels of these S matrices in terms of the
components of the T matrix:

8 (pp—pg)

Spa (Pﬂ: Pa)= 'SAB pB

® Iy

— 27ib (p} — xbk — pa + %4)
X I5585a (pp Pai PE— i +10) La,
S40(Par ') = —2nib (po— %l —q")
xIaT} (pas @'+ 4%+10),
Soa (¢ Pa) = — 2mib (¢ — pg + %)
XT% (¢, Pas pd— i +i0) Iy,
Soo (g, ¢")

x T'(q, q'; q'24i0).

=0(g—¢") ® I' - 2mid (2 —q'?)

Here, the matrices T"A are defined in (89), and Tf, are relat-
ed to the coefficients of the type ,# and 2 in the expansion
wERE

'E:'Jl'l = Zﬂ ff&ﬁ’

Tias (Pas 95 2)=¥ap (Par 05 2)-

Y% 5 (Par Di
43 Banle P59 g1 e

p'BS x% —z

The presence of the & functions in the kernels of the §
matrices reflects the energy conservation law. The coeffi-
cients of these § functions on the energy shell determine the §

563 Sov. J. Part. Nucl. 21 (6), Nov.-Dec. 1990

matrix of the system at fixed energy. The construction of this
S matrix is realized by an expansion into direct integrals'® of
the spaces of the reaction channels:
Ho= S ® L2 (M,C24; di) p, (E) dE,
0 (90)

= S ® C¥*'p, (E)dE

-y

with weights

po (E)=E2/16, py (E)=V EA/2; E,=E+«%. (91)

We recall that the space C * | consists of vectors of the type
(83). In the first expansion, M is the unit hemisphere in the
intrinsic space M, which is regarded as the vector space R T
with the scalar product (9). The elen;s:nts of M are unit
vectors § = g/|q|, geM. The measure dM is equal to the an-
gular part of the measure (27) of the intrinsic space:

am (q)—-r-sm 2 dp /\ dgg = sin® X, sin 8, dX, A dOg.
(92)

In accordance with the representations (90), the ele-
ments of the S matrix can be expanded into direct integrals of
the S matrices for fixed energy:

Sas= | @ Sus (B)dE,

haB

where the indices 4 and B are understood in the wider sense
as in (86). For the S matrices of the (2—2) processes
(A={a,4,}, B={B.B;}), 1,5 = max( — %, —x3). In
other cases, 4 ,, = 0.

The S matrices at fixed energy couple the fiber spaces of
the expansions (90) and are determined by the kernels

Spa (E)=08,pI4 —2mip, (E)
X Isckba (BY:, EY% E410) 14, (93)
So (¢: B)= —2mip, (E) Th (E*?q, EY* E+i0)I4,
(94)

Sa0(E; q)= — 2mipy (E) ILTY (EY?, EY?q; E+i0), (95)
Suo (q: é‘; E) =8 (q‘— q’)

® I'— 2xip, (E) T' (EV2q, EV%'; E +i0). (96)
The kernel S, isa (27 + 1) X (2 + 1) matrix. Its elements
are labeled by the values of the projection of the total orbital
angular momentum. The kernels of the other S matrices are
also (21 + 1) x (2! + 1) matrices. If the indices of the two-
body channels satisfy the condition (82), they contain zero
blocks, which are generated by the zero elements of the dia-
gonals of the matrices I'’;. The presence of such blocks has a
simple physical explanation—the modulus of the projection
of the angular momentum A of pair @ in channel 4 cannot be
greater than A, whereas the projection of the total angular
momentum varies from — / to /. Thus, physical meaning is
associated with only the nonvanishing elements of the matri-
ces Spq» So4» and S, ,, which form rectangular blocks mea-
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suringn(B) Xn(A4),(2] + 1) Xn(4),andn(4) X (2] + 1),
respectively.

Note that the S matrices S, and S,, are operators of
multiplication by a matrix in the vector space €3 ! with
values in the spaces G2 * ' and #° = L >(M,C* +" :dM). The
(3—-2) and (3-3) processes are described by the matrix
integral operators S,,: % —C%* ' and Sy, : 7 — 7.

The expressions obtained above for the wave operators
and . matrices have much in common with the correspond-
ing expressions of the complete three-body problem. How-
ever, there are important differences. They are due to the
fact that these operators act, in our case and in the complete
problem, in spaces with very different structures. For exam-
ple, in our case the S matrices of the (2—2) and (2—3)
processes at fixed energy are operators of multiplication in a
vector space, while in the complete problem they are integral
operators in Hilbert spaces.

3.SCATTERING PROBLEM IN THE CONFIGURATION SPACE.
RAPIDLY DECREASING POTENTIALS

In this section, we describe the formulation of the scat-
tering problem for the Hamiltonian H ' in the configuration
representation (42). We construct the continuum wave
functions of this Hamiltonian, investigate their asymptotic
behavior, and formulate differential Faddeev equations for
the components of the wave functions.

The main attention is devoted to studying the asympto-
tic behaviors of the wave functions. We show that they in-
clude standard spherical waves describing (2-2, 3) and
(3-2, 3) scattering processes. The amplitudes of these
waves are equal to the kernels of the S matrices for fixed
energy. The wave functions of the (32, 3) processes also
contain so-called single-rescattering terms, which also arise
in the complete three-body problem.

In the complete problem, the asymptotic behavior of
the (32, 3) wave functions also contains double-rescatter-
ing terms. They are generated by the three-particle singulari-
ties of the kernel of the 7" matrix. As was shown in the pre-
vious section, in our problem the T matrix does not have
three-particle singularities. Therefore, the wave functions
do not contain double-rescattering terms, and this greatly
simplifies their asymptotic structure.

Wave functions of (2 2, 3) processes

The wave functions of the Hamiltonian H ' are related
to the kernels of the wave operators by the transformation
(51), which diagonalizes the kinetic-energy operator HJ.In
this subsection, we study the wave functions corresponding
to the wave operators U {* -

Va0 )= F(r VUL (s p)AM (g). (97

M
Like the kernels US*’, the functions W, are
(27 + 1)X (2] + 1) matrices. They satisfy a matrix Schro-
dinger equation that follows from the intertwining property

of the wave operators (85):
H'—EQ@INY,(r, pe)=0, E=pi—u4. (98)

Each column of the matrix ¥, is also a solution of this equa-
tion and is one of the continuum eigenfunctions of the Ham-
iltonian A", They describe scattering of the third particle
with energy p? by the bound state 4 of pair & and are labeled
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by the values of the projection of the orbital angular momen-
tum of pair « in the initial state. Note that under the condi-
tion (82) the matrix W, has 2/ + 1 — n(A) zero columns.

We turn to the study of the asymptotic behavior of the
functions W,. Using the expression (88) for the kernel
U4™’, we represent them as the sum of components

Wa=1%a+t %‘PM- (99)

Here, v, is generated by the first term of (88), y, =% 'L/,
and the terms ¥, express the contribution of the compo-
nents of the 7" matrix (89):

pr, . Tpa(d’s po; E+i0) I ,
lIIﬁA(r? pcn): S g j'l(rv Q') q’Z:E—iO = dM(q )

M

(100)
By definition, the matrix y, satisfies the Schrodinger
equation

(Hy+ Vo @I' —E @I') 5,4 = 0.

Its columns are the wave functions of the initial state of the
system. The matrix y, can be readily calculated explicitly.
To this end, it is necessary to go over in (97) to an integra-
tion over the Jacobi coordinates of the point ¢’ and to use the
representations (55), (57), and (80) for the kernels .5, L /,
and the orthogonality relation (60). As a result, we obtain
the following expression for y,, in terms of the Jacobi coordi-
nates of the point :

1+A

Xa(rs P)=%a(@), 2 in(pab) 3D () (Aa = i),

(101)

Wherehifj 1 1s the normalized radial wave function of the two-
body Hamiltonian (71), and % are the
(21 +1)x (2] 4+ 1) matrices

Y% (1) = (2/m)2 D' (g, (r)) Q% (cos B,) Chall.

We now consider the integral (100). We recall that the
kernel 7', contains a smooth part and two-body singulari-
ties, which are reflected in the representation (89). These
singularities do not intersect the singularities of the denomi-
nator in (100). Thus, each singularity of the integrand
makes an additive contribution to the asymptotic behavior
of the component ¥, .

The contribution of the two-body singularities is readily
calculated. To this end, we must express the integral (100)
in terms of the Jacobi coordinates (k ;p;@ ) of the point ¢’
and replace the smooth coefficients of the two-body singu-
larities by their values on the surface p'} = E + x%. Then the
integral over 6 ; can be calculated by virtue of the orthogo-
nality condition (60), and the integral over k& » gives the
radial wave function of the bound pair 5. The asymptotic
behavior of the remaining integral over Pp is determined by
the representation

(102)

oo

S ix (PBYs)
0

Pﬁ) pg g

ila
__n\h 3’( e
—a-“-—'iO !fﬁ" (—i)* 5=

f(lﬂi)

(103)

We now describe the calculation of the contribution of
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the singular denominator (¢'> — E — i0) ~ . In the intrinsic
space, we introduce the vector structure (6) and denote by
g' = q'/|q'| the element of the unit hemisphere M C M [see
the representation (90)]. Since the singularity
(¢’* — E —i0) ' does not depend on &', its contribution to
the integral (100) can be expressed in the form

Lg lg’ |5drq| (104)

7 Bl u o 10,
0

where Uis expressed by an integral over M with the measure
(92):
Ur, y=— dl @) F' (. 1g)W (2.

5
M

(105)

Here W(q') = T}, (q',po;:E + i0). We shall show that the
asymptotic behavior of the last integral is given by the repre-
sentation

U(r, t) ~ i/2(2/tp)¥2 Y (2 1)
p-+00 =

x exp {= itp T in/4} IL W (tr), (106)

wherep = |r|,and ], arediagonal (2/ + 1) X (2/ + 1) ma-
trices:
(Ilﬂ:)mn = (-'-t 1)m+16mn- (107)

In (105) we substitute the integral representation (50)
for the kernel .7 . As aresult, we obtain an integral over the
manifold SO(3) X M=S°, where S is the sphere in Q. Its
elements are the umt vectors P = gP. By virtue of (25), the
standard measure dPon S is equal to the product of mea-
sures 7°dg \ dM. Thus, we can express (105) as an integral
over the sphere S with kernel exp{:t(X,gP)} As is well
known,'" for |X | = p— « such an exponential is a general-
ized function in L *(S *’;dP):

exp {it (X, P)} ~ (2n/tp)o2 3} (F i)o/2 exito§ (P = )?).
-

Thus, the asymptotic behavior of U is determined by the
values of the matrix D '(g) W(#§) at the points gP o X In
accordance with the definition (17) of the vectors P and X
at these points § =% g=g. =g(7/2F 7/2,0,0). Using
the identity D'(g, ) = + I', , we obtain the asymptotic
behavior (106).

We now substitute the representation (106) in the inte-
gral (104). In the limit p— oo, the term with the minus sign
gives an exponentially small contribution, while the contri-
bution of the term with the plus sign is equal to half the
residue of the integrand at the point |¢'| = VE . It determines
the term of the asymptotic behavior of ¥, generated by the
singularity (¢'> — E —i0) .

The calculations described above lead to an asymptotic
representation for the components Wy, in the form

¥pa ( Pa) ~ Z ¥ (Z5)
ﬂ

4 p~92exp (iE4/%) Aba (r, E),

EL2y,) .
_E‘BL”L % () fou (E)

(108)

where the energies E, are determined in (91), and the ma-
trix %, is equal to the sum of the matrices (102):
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gh()=—% X (—ref ().
' R

Contributions to the sum over B; are made by the open
channels of the (2—-2) reactions with E; > 0. The matrix
[ 54 consists of the target-rearrangement amplitudes, which
determine the S matrix (93) of the (2—2) processes:

fha(E)=155a (EY?, EY*; E+i0) I,

The final term of the asymptotic behavior (108) corre-
sponds to the (2—3) scattering process. In it, the coefficient
of the spherical wave is the part of the disintegration ampli-
tude that is contained in the given component of the wave
function:

Afa(ry E)=(ni/2)/2 EYAT} 4 (BY?r, po; E+i0) I

The sum of these amplitudes over all components is propor-

tional to the kernel of the corresponding S matrix (94).
Thus, the asymptotic behavior of the wave functions is

described by the representations (99), (101), and (108).

Wave functions of the (3— 2, 3) processes

These wave functions correspond to the wave operators
9 el

Yolre )= F'(r, VUV (¢, @M (o).
M

They satisfy a matrix Schrodinger equation equivalent to the
intertwining property (85):

(H —EQ®INY,(r, q) =0, E = ¢ (109)

Thus, the columns of the matrix W, are the wave functions of
the branch (0, « ) of the continuous spectrum of the Hamil-
tonian H '. They are labeled by the values of the projection of
the total orbital angular momentum /and describe scattering
processes with three free particles in the initial state (the
point g€M specifies the relative momenta of the particles).

In accordance with the representations (88) and (67)
for the kernel U§*’, the wave function ¥, is equal to the
sum

=F 42U+ 2 D, (110)
o o
where the terms % ' and U, are generated by the first terms
of Egs. (88) and (76),
Fl(r, o) Tk (¢, g E4i0)
q'2—E—i0

M (g')

Ua(r, q)=—S (111)
M

while @, express the contribution of the components of the
T matrix W,

1 ’ i s :
(Dm(r, q)=: _2' S F (r, ‘I)Wa.ﬂ(Qs q; E--i0) dM(q’)-

g2 —E—i0
B M

(112)

In accordance with the definition (51), the kernel 7'
satisfies the free Schrodinger equation
(H! — EeI")%'=0. Therefore, the columns of the ma-
trix .7 ' are the wave functions of the system of three nonin-
teracting particles with fixed total orbital angular momen-
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tum. By analogy with the usual terminology of scattering
theory, we shall in what follows refer to %' as a plane wave
in the intrinsic space. We recall that its explicit form is given
by the expressions (55) and (57).

Theterms U, in (110) take into account the §-function
singularities of the T'matrix that are contained in the kernels
T, [see (70)]. In the complete three-body problem, the
(3-2, 3) wave functions include terms of similar structure.
They describe the contribution to the asymptotic behavior of
the processes of single two-particle collisions. In our case,
the matrices U, express the contribution of the single two-
particle collisions at fixed total orbital angular momentum
of the system.

We now turn to the analysis of the asymptotic behavior
of the wave function ¥,. We first consider its component
P, . In the integral (112), the kernels W_; have two-body
singularities, which are reflected in the representation (77).
Thus, the integrand has essentially the same structure as in
theintegral (100), whose asymptotic behavior we have stud-
ied. Repeating the calculations made then, we obtain for @,
an asymptotic representation of the type (108):

exp {IEA ya]‘

o () ~ Zm( %a)

X eyh(hm (q)+ﬂ§;f’§+”mao  9)- (113)

Hikre, the matrices f', are the amplitudes of the (3—2)
processes with formation of bound pair a. They are propor-
tional to the kernels of the corresponding S matrices (95):

fao (@) =I4TY (BY?, ¢; E +i0).

The last term in (113) describes the (3 —3) processes. The
amplitudes /!, can be expressed in terms of the compo-
nents of the 7" matrix W/.:

Aso (Fy q)=(i/2)\2 B34 3} Wio (B2, g; E10).
B

Contribution of single two-particle collisions

The explicit form of the matrix U, is given by the fol-
lowing representation, which is a consequence of the defini-
tion (111) of the matrix and Egs. (55), (57), and (70) for
the kernels 7 /and T, :

o0

Uss =n D fus (Pae) U (% ko)
Iy, lg=0
X D' (g, (1)) Qf, (c05 8,) Cly1,0(cos 05) D (3 (4))-

(114)

It is expressed in terms of the Jacobi coordinates (53) of the
points  and g. The functions 1" can be expressed in terms
of the T'matrices of the partial two-body Hamiltonians (71):

o0

3 (k' k; k’+10)

ud (2, k)= — S o (') 2t K2 k.

Thus, the sum 5 (x,k) = j, (kx) + u'* (x,k) is a contin-
uum wave function of the Hamiltonian 4 {*’. In accordance
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with (103), the asymptotic behavior of the function 4" can
be expressed in terms of the phase shift (k) associated
with this Hamiltonian:

18(M 3 i
A exp [2i6;" ()] —1  exp (ikz—inA/2)
Ul )(x’ k) ~ 2?!«: = A

X—+00

(115)

We now describe the asymptotic behavior of the matrix
U, . In the limit y, — «, we can replace the spherical Bessel
functions in (114) by their asymptotic behavior.'® We then
obtain a sum over /; of products of associated Legendre
polynomials (59) and Clebsch-Gordan coefficients (58).
This sum can be calculated by means of Egs. (A.5) and
(A.3). As aresult, we obtain a representation that describes
the asymptotic behavior of U, in the region x, €y, — c:

U, 9) ~ (mpaya)“‘Z 0*PaVa Z U (2, k)

X i*D' (g (r)) Ikd' (+ c0s8,) @} (= cos6,,)

X 0} (cos ) D* (23 * (), (116)

where the matrices / ’i and d 'are defined by Eqgs. (107) and
(A.1). A

In the limit x,, — « we can replace the functions u*’ in
(116) by their asymptotic behavior (115):

U _F__Z U{ﬂ:)
(117)

U (r, ) ~ A (r, g)exp [i V EZLD).

This representation describes the asymptotic behavior of the
matrix U, in the region x, ~y, — o. The amplitudes 4 {*’
have the form

A (r, q)= (nipaxaym)-i D' (g, (r)) 14" (== cos 0,)

165 (ks 04y 85) D' (22 (q), (118)

where f,*’ are diagonal matrices that can be expressed in
terms of the two particle phase shifts:

$ (k, 0, 0') = (2ik) é‘,ﬂ {exp [2i6%” (k)] — 1)

X O3, (= cos 8) Qf (cos 0). (119)

The arguments of the exponentials in (117) are

Z52 (1, @) = EV2 (koo = Palle)- (120)

In the following section, we shall show that the func-
tions Z, satisfy an eikonal equation in the intrinsic space.
Thus, they are the eikonals of single two-particle collisions
in systems with fixed total orbital angular momentum.

Note that the amplitudes (119) are smooth functions of
all their variables for the rapidly decreasing two-body poten-
tials (47) with ¢> 2. For £<2, the amplitudes £+’ have
low-energy singularities as k-0 and angle singularities at
0'=6(f,"’) and 6=7—8'( f.). The singularities of
these amplitudes can be investigated by the methods devel-
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oped in the studies of Ref. 19.

Thus, we have described the asymptotic behavior of the
terms of the wave function W, that correspond to (32, 3)
scattering processes and single two-particle collisions. We
now study the asymptotic behavior of the plane wave .7 ". .
This problem is nontrivial, since the explicit expressions
(55) and (57) for the plane wave do not reflect its p— o
behavior. The problem is that in the sum (57) it is not possi-
ble to go to the limit p— co term by term, since the series
which then arises diverges.

Asymptotic behavior of the plane wave

We study this asymptotic behavior on the basis of the
integral representation (56) for the kernel % ! which is re-
lated to the plane wave by Eq. (55). We express the integral
(56) in terms of the Euler angles (¢'¢*¢#°), which give the
parametrization (16) of the elements of the group S0(3).
The integrals over the angles ¢' and ¢° that then arise can be
expressed in terms of Bessel functions. The remaining inte-
gral over ¢=¢* has the form

Fh(r, g)= g S d¢ sin ¢ exp {icos ¢ (
?

;
koo, €08 Bg,

+ Pola COS ea)}

X T (Dol 5in B, sin ¢) d' (cos ¢) ILT! (ky, sin By sin ¢),
(121)

where the matrices I’ and d' are defined in (107) and
(A.1), and J' are diagonal matrices of Bessel functions:
[T(%) Lun = Eimn"™T (X).

Suppose that sin 8, #0 and sin 8/, 0, i.e., the points r
and g are separated from the boundary (45) of the intrinsic
space M. Then in (121) it is possible to replace the Bessel
functions by their asymptotic behaviors as y,— o and
X, — . At the same time, the kernel .%/, can be decom-
posed into a sum of four integrals of rapidly oscillating ex-
ponentials. We represent the argument of each of them as the
product of a large ¢-independent parameter and the cosine
of a certain angle:

FL(r, g) ~ (1672, yq sin O ko py, sin 07)72 3 D) (£ i)**
k=1 =+

I

X S dg exp i V'E Zy cos (¢ == Ay)
0

X (8pil% +8yalY) dt (cos ¢) I (122)

Here
Zy(r, @)= E~V2[kgag - pays

+ Zkaponxo;yoc cos (Bm + ( o 1)h ﬂé)lifzv
cos A, = (k2 ¢08 05+ Dol €05 0,)/ (V' E Zy),
sin Ay, = (ko %, sin 0 — (— 1) poye sin0,)/V E Z,,.

(123)
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We now calculate the points of stationary phase ¢ *’ o
the integrals (122). We consider the case k = 1. It follows
from (123) that A,€[0,7], and therefore ¢{ "’ =7 — A,

{~) = A,. For k = 2, the positions of the points of station-
ary phase ¢{*’ depend on the sign of the parameter sin A,:

sin Ay > 0: ¢ =n — A,, ¢ = A2 (124a)

sin A, < 0: ¢ =2 — A,, ¢57 = A, — . (124Db)
Thus, the conditions sign(sin A, ) = T 1 divide the intrin-
sic space M into two regions I', and M /T, in which the
asymptotic behavior of the integrals (122) with k = 2 has
different forms. We find the region I',, which is distin-
guished by the inequality

FeoZq 8in By — poy,, sin B, < 0. (125)

To this end, we realize M as the vector space (6). Multiply-
ing the inequality (125) by x,,, we can express it in terms of
the scalar product (9):

(7, N (9)) 3 = 008 0 (),

where cosw, =k, sin 87 (p2 + k2% sin*6,) "% and
fi, (g) is the unit vector with coordinates ( — cos @,, 0,
sin @, ). Therefore, I',, is the interior of the cone with sym-
metry axis i, and opening angle 2o, (Fig. 1).

Thus, in the limit 7— o in ', the points of stationary
phase of the integrals (122) with k=2 are the angles
(124b), while outside T, they are the angles (124a).

The further calculation of the asymptotic behavior of
the integrals (122) is performed by the standard formulas of
the method of stationary phase'® and leads to the following
representation for the plane wave:

Feg 3o, |
’(r q) - [87% (1) o (g) cos (/212 i (126)

x 482 (r, q) exp {+iEY2Z, + (—1)* in/4}. |
We recall that the function o is defined in (28)-(30). It
specifies the determinant of the inertia tensor (14). The an-
gles 2, €[0,7] depend on the directions of the vectors rand g
in the realization of M as the vector space (6):

C0SQy = () Qar)s C€OSQ=—(rs Gu)ars

7

FIG. 1. Thecone I', in R ?, within which the inequality (92) holds. It is
tangent to the plane (Z \",Z (') along the ray ( — 1,0, 0). The surface of
T, contains the ray §, , the mirror reflection of the ray § from the plane
(Z(l)’zﬂ))_
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where g, is the reflection of the vector ¢ from the boundary
R’ (see Fig. 1), i.e., the hyperspherical coordinates
(y%0%) and (y,.0,) of the vectors §, and g are related by
the equations y* =7 — y, and ¥ =7 —4,.

The expressions (123) for the functions Z, can be re-
written in an elegant form in terms of the angles ,:

Zy (ry q) = p cos (Rp/2). (127)

In the following section, we show that the functions Z,
satisfy the eikonal equation in the intrinsic space. Thus, they
are the eikonals of the plane wave for systems with fixed
orbital angular momentum.

The amplitudes 4 | *’ depend on the angles (123) and
are given by the product of the matrices (105) and (A.1):

A2 (7, g)= D (g, () B (A) D' (32 (), (128)

where

B (A) = ILd' (& cos Ay IE,

BEY (A )—{ Iid! (£ cosAy) I%, reT,,
) =
Ikd! (& cos A,) Ik, reM/T,.

The amplitudes B § =’ have a discontinuity on the boundary
T, [on it, sin A, =0 and the points of stationary phase
(124) merge with the ends of the interval of integration in
(122)]. The transition regime of these amplitudes in the
neighborhood of the boundary T, is described by the Fres-
nel integrals @ | (1) = ( Ti/m)"*f=dx exp( + ix?):

= (F i/m)V? S dz exp (& iz?):

1

BS =3 @_(£ ) Iid' (cosA,) IL,
=+
B = @, (£ 8 I5 d'(—cos Ay) I,

where £ = (VE Z,/2)"? sin A,.

Note that the asymptotic behavior (126) is incorrect in
the singular direction # = §, , which lies on the surface of the
cone I', (see Fig. 1). The point is that Z, (r,g) =0 for
? = g, , and therefore in the integrals (122) with k = 2 it is
not possible to go to the limit Z, — e in the neighborhood of
this direction. As a result, for # = g, the terms of the plane
wave.7 § *’ decrease more slowly than in other directions of
the intrinsic space. We shall investigate this singular case in
the following section.

Faddeev equations for the components of the wave
functions

The asymptotic behaviors of the wave functions con-
structed in the previous subsections are boundary conditions
that fix the corresponding solutions of the Schrodinger equa-
tions (98) and (109). As in the complete three-body prob-
lem, these equations are equivalent to the system of Faddeev
equations for the components of the wave functions.

The components W, from (99) of the (22, 3) wave
functions satisfy the inhomogeneous system of Faddeev
equations
(Ho+ Ve @ I'—E @ I') ¥ = —Vp [Basla + 3 ¥yal,

(129)
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where the matrices y, are determined by the representation
(101). They describe the wave functions of the initial state.
The asymptotic boundary conditions (108) for the compo-
nents W, uniquely fix the solutions of (129).

The Faddeev equations for the components
¥, =U, + &, ofthe (32, 3) wave functions have a simi-
lar form [see (110)]:

(Hi+V,@I'—EQI'¥y= -V, {amfr*+3§ ¥,
{r3

where .7 is the plane wave (55). The boundary conditions
are specified by the asymptotic behaviors (113) and (114)
of the functions U, and ®,,.

Note that besides these asymptotic boundary condi-
tions the components of the wave functions must also satisfy
the boundary condition (46) on the boundary of the intrin-
sic space.

4.SYSTEMS WITH COULOMB INTERACTION

In this section, we investigate the scattering problem for
a Hamiltonian H 'in which the two-body potentials contain
a long-range Coulomb part,

Ve (o) = nglz, 4 Vg, ('rcx)’ (130)

while the rapidly decreasing corrections v, satisfy the condi-
tion (59). We describe the asymptotic behavior of the wave
functions and formulate boundary conditions that deter-
mine them on the basis of the Schrédinger equation and Fad-
deev equations. The main attention is devoted to a study of
the asymptotic behavior of the wave function ¥, corre-
sponding to (3—2, 3) processes. The investigation of the
functions W, is much simpler in the technical respect. As in
the complete three-body problem, the Coulomb interaction
leads to fairly obvious modifications in the asymptotic be-
havior of W, in relation to the case of rapidly decreasing
potentials. We describe these modifications without going
into trivial derivations.

We construct the asymptotic behavior of the functions
W, by the eikonal method, which was also used in the com-
plete problem. In the framework of the method, the asymp-
totic behaviors of the wave functions of Coulomb systems
are determined by the same set of asymptotic waves as in the
case of rapidly decreasing potentials. The Coulomb effects
are taken into account by additional phases, which distort
these waves. The phases can be calculated by solving the
eikonal equation associated with the kinetic-energy opera-
tor. In our case, this is the eikonal equation on the Rieman-
nian manifold M with metric (22).

Asymptotic behavior of the (2 2, 3) wave functions and
Faddeev equations for their components

Asymptotic behaviors

For Coulomb systems, the wave functions of (22, 3)
processes can be represented as sums of components analo-
gous to (99):

W, (ry pa)=%L () Pa) +§ WL (7) Do)

where the matrix ¥ is the incident Coulomb wave. It de-
scribes the motion of the third particle in the Coulomb field
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of the bound pair a and satisfies a Schrédinger equation with
the effective Hamiltonian

HP =H{+V,® f*+% ® I,
o

where n,, = Z5_.,1z/|Ss,| [the kinematic coefficients s4,
are defined in (2) ]. The operator H ' admits separation of
the variables, and therefore the matrix y{ can be calculated
explicitly:

I+A

XL P =alea) 2 Fu(las Pab) 39 ().

(131)

This representation is analogous to (101) and goes over into
it for 77, = 0. In it, 7, are standard Coulomb parameters,

Na =Nggq (2E”2)h1s

and F, are regular Coulomb wave functions,
Py (1, ) =[2%=2T (k41 4 in)/ (2 +1)!]
w zte=izD (k41 —in, 2k + 2, 2iz),

where @ is the confluent hypergeometric function.'®

The asymptotic behavior of the components W, con-

tains spherical waves from (108):

exp (iE} 2ys+iWn (vp)}

VL, Pa) ~ 21 ¥s (@) = b (r) fha (E)
” By
4R OE L WeO) ghy (7, ), (132)
which are distorted by the Coulomb phases:
Wa(yp) = —nz1n(2) Egyp),
Wo(r)=—_°_ X ~LIn(2) Ep). (133)
2VE v i

The final term in (132) describes the (2—3) breakup pro-
cesses, and the matrices /', determine the amplitudes of the
inelastic (2—2) processes. The elastic scattering (2—2)
amplitudes are equal to the sum

4 (BE)=7F4a(E)+fa,(E),

where f, . is the matrix of Coulomb amplitudes generated by

the function y{:

1F4s e (B)lmn =(— )™ " [in VE, 21+ 1)]7

1+A
x (2k+1)

k=] 1-A]

% exp [2i85 (4)] (AmkO | Im) (AnkO | In).

Here, 6)”(y) are the standard Coulomb phases:
8:9(n) =arg L'(k+ 1 + in).

Faddeev equations

The Faddeev equations for the components W) have
the same form as the corresponding equations in the com-
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plete problem of three charged particles:

H+v,er'+ 3 Wer—rery,
v

= FﬁA T I;ﬁ Z ]Fv.d.-

The functions ¥* and ¥, determine the standard'' split-
ting of the two-body potentials (130) into long- and short-
range parts: ¥, = ¥, + V. The inhomogeneous terms of
these equations can be expressed in terms of the wave func-
tion (131) of the initial state:

Foa={bup (2222 VD) + Bap—1) V) 12.
V=

Eikonal method

We describe the scheme of construction for the asymp-
totic behavior of the wave function W, based on the eikonal
equation in the intrinsic space.

We recall that the kinetic part of the Hamiltonian H 'is
specified by the differential operator (43) on the Rieman-
nian manifold M. We shall seek a solution of the Schrédinger
equation

(H +VQ@I'—-EQIHY =0 (134)
in the form
¥ = AeiS, (135)

where S is a real function, and A isa (2/ + 1) X (2] + 1)
matrix. Substituting this representation in (134), we obtain
the system of equations

(K} dS, dS) +V —E) ®I' = — A'HIA,  (136)

2 Z bt (@ ) (;ZT):A—AAMS=O.

(137)
Here, dSeT *M is the gradient 1-form, and K * is the scalar
product (24) in the cotangent space T *M. The matrix oper-
ators (d /9E7)} are defined in (43), and A,, is the differen-
tial operator

Ay = — [ab¥/2]! }_, (8/8EY) ab /2 bii (3/8E).

Note that it is identical to the kinetic-energy operator (43)
for/=0.

We now assume that at large distances the amplitude 4
varies fairly slowly:

TATHL Al |V () |

where || || is the ordinary matrix norm. Then in Eq. (136)
the right-hand side can be ignored. As a result, it takes the
form of the Hamilton-Jacobi equation on the Riemannian
manifold M:

K* (dS, d8) =E — V (). (138)
Equation (137) is the corresponding continuity equation.
In the limit #— o, the potential in the Hamilton-Jacobi

equation (138) is a small perturbation, and therefore asymp-
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totically its solution is equal to the sum

S =V EZF)+W(r), (139)
where the function Z satisfies the eikonal equation
K* (dZ, dZ) =1, (140)

and in the leading order the phase W is determined by the
equation

K¥(dZ, dW)= — 2V E)7" V (r). (141)

It is readily integrated. On the manifold M, we introduce the
vector field d /9Z. Let y, (¢) be the integral curve of this field
that for t = Z passes through the given point reM. Then
(141) can be rewritten in the form of an ordinary differential
equation on the curve y,:

WL — —QVEV (), (142)
whose solution has the form
z

Wn=—QVE [ v @ya+ce 8. (143

Here, Cis a constant of integration. It may depend on the
coordinates £ ;, orthogonal to the eikonal Z:

K* (dZ, d&) =0, K*(dE}, d&}) =08,;KF (d&y, dEp).  (144)

Itis clear that in the limit Z— « only the slowly decreasing
terms of the potential contribute to the phase (143).

Thus, to each solution of the eikonal equation (140)
there corresponds an asymptotic solution (135) of the
Schrodinger equation. Its amplitude is determined by the
continuity equation (137), while the phase is equal to the
sum (139) of the eikonal and the additional phase (143). We
now turn to the construction of asymptotic solutions asso-
ciated with the wave function ¥, of the Hamiltonian H .

Asymptotic behavior of the (3 - 2, 3) wave functions

In the previous section, we showed that in the case of
rapidly decreasing potentials the asymptotic behavior of the
wave functions ¥, is determined by the following set of ei-
konals: a) the plane-wave eikonals Z = + Z, (k=1,2);b)
the eikonals of single two-particle collisions, Z = Z (*; ¢)
the spherical eikonal Z = p. By direct calculation it can be

— sin ¥g 0

c0s g
g, (g) = sin %g cos O cos Xg, cos 07,

where (y.0.) are the hyperspherical coordinates of the
point g.

Note that the angles ¢ with different a differ by a
constant:

(
¢ = g 5,
sin 8p, = sin wg, sin 0;/sin x5,
cos 8y, = (cos wg, sin % — sin ©pg, €0S X cos Bg)/sin %,

(149)
where the angles g, are defined in (10).
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verified that all these eikonals satisfy the eikonal equation
(140), while the amplitudes corresponding to them in the
representations (113), (117), and (126) satisfy the continu-
ity equation (137). The problem thus reduces to the calcula-
tion of the phase corrections ( 143) to these eikonals that are
generated by the Coulomb potential

V.()=3 = (145)

Spherical eikonal Z=p

As the coordinates orthogonal to this eikonal, we can
take the hyperspherical coordinates (y,, 6, ) of the point r.
The integral curves of the vector field @ /dp are the rays
{X. = const, 8, = const}. The phase ( 143) is readily calcu-
lated and is described by (133). The corresponding asymp-
totic solution is identical to the final term of the asymptotic
behavior (132) of the wave functions ¥ .

Plane-wave eikonalsZ=+2, (k=1,2)

We first define intrinsic coordinates orthogonal to the
eikonals Z, in the sense of (144 ). Note that for these eikon-
als the expression (127) is very similar to the definition (13)
of the Jacobi coordinate x,, . They differ only in that the polar
angles of the point r are measured from different directions.
Let (02, @) be the spherical coordinates of the vector 7
relative to the axis §, (§, =§, §, = — §,,). It is clear that
(Z)., u, =psin(Q,/2), $;*) are the Jacobi coordinates of
the point » constructed relative to the axis g, . Since the met-
ric (22) of the intrinsic space is invariant with respect to
rotations, the coordinates (Z, u,¢;*’) are orthogonal,

Z3u}
zﬁlii (43P

K,=dZ: +dui + (146)

At the same time, the angles Q,, ¢\ are related to the hy-
perspherical coordinates (y,,) by a rotation transforma-
tionin R, :
(cos Ay, sin X, cos B, sin %, sin Bm)T o=
— g5 (g) (cos Qy, sin Q, cos $1P, sin Q, sin )7,  (147)

which carries the axis &, = (1,0,0) to §,. It is determined by
the matrix

(—1)*sin 6.;) . (148)
(—1)**!sin %G sin 0 (-—1)*+! cos X, sin 0, cos 6}

Using the relation (148), we now express the Jacobi

coordinates in terms of the orthogonal coordinates Z,, u,,
(a),
P

X L 0 P -
xm=[Zicos2T“—|—uism2%—Zkuk cos gbﬁf")smxa] =

WL o %o R V7
ya:[Zi smz-,)i-!—uicoszT“—l- Zyuy, cos ¢§?) sin X&J . ,

1 e .
Lol c0s 0, = 5 (Z% —u}) sin %y cos O,

+ Zyuy, (cos X, cos 05, cos ¢5™7) + (— 1)* sin 0, sin ¢5%).
(150)
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For fixed u;, ¢{* and Z, = te[0, ), these formulas para-
metrize the mtegral curves of the vector fields d /9Z, . Equa-
tion (150) determines the Coulomb potential (145) on these
curves. Calculation of the integral (143) leads to the follow-
ing expressions for the phases corresponding to the eikonals
+ Z.:

Wi (r, ) = 2 N In[2kaz, A F P (1 ) (151)
o
where
Na = No/(2ks),
c(h) - ko Zp — patn COS ¢§f‘) koo Paya €08 (B +(— 1)k eq)

VE Ta VE Zy

Such phases correspond to the choice of vanishing constants
of integration in (143), this being consistent with the analo-
gous choice in the complete problem of three charged parti-
cles.

The corresponding asymptotic solution of the Schro-
dinger equation is described by the representation (126), in
which the eikonals are distorted by the Coulomb phases:

2
Fi= E X FiE,
FEEL(r, 9) ~ 8% (r) 0 (g) cos (2/2)]/*
x AE) (r, q) exp {:t iV EZ,+iWs® & (— 1)k in/4).

(152)

This asymptotic behavior is incorrect in the neighborhood of
two singular directions:

i) r=gq (Q,=0); ii) r=g; (Q=rn). (153)
The first of them is the direction of forward scattering. In
this direction, £ =1 and W{*’ = «. A similar effect is
also well known in the complete three-body problem—the
Coulomb phases that distort the plane wave are singular in
the direction of forward scattering. The presence of the sin-
gular direction (ii) is not related to the long range of the
Coulomb potential. In the previous section, we saw that in
this direction the original asymptotic behavior (126) of the
plane wave is incorrect. For the time being, we postpone the
analysis of the asymptotic behavior of the function % in the
singular directions (153) and turn to the construction of the
asymptotic solutions generated by the eikonals Z {*°.

Eikonals of single two-particle collisions, Z=2%’

In this case, the set of suitable orthogonal coordinates is
formed by the variables (Z {*’u'*’8,), where

uSli) T (kaya + Pu.xuu) B4z,

Indeed, in accordance with the definition (120) of the eikon-
als Z | *’ the transition from the Jacobi coordinates (x,, y, )
to (Z'*’, u'*’) is realized by a rotation in the x_, y,, plane.
Since the radial part of the metric (30) is invariant with
respect to such rotations, the coordinates that we have intro-
duced satisfy the orthogonality criterion (144). The integral
curves of the vector fields d /dZ (*’ are determined by the
inverse rotation:
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= (ko 255 F pulth E-113,

Yo = (kottG” = pZ3) E-1/2
and by the conditions u*’ = const, 6, = const. At the
same time, it follows from the connection (10) between hy-

perspherical coordinates with different indices that on these
integral curves the coordinates x; with 8 #a are

2§ = [Z51 cos? thE) + [uSP P sin? 1§ + Z§FulE) cos o,

where
c0s 2ths’ = c0s Wy, €S Xg, &= sin g Sin Xg €08 0,;
cosofiy) = —cos g 8iN A, = sin @p, cos Xg, €05 0.

Calculating the integral (143) by means of these representa-
tions, we obtain the following expression for the correspond-
ing phases:

WS = —n, In (2kezy) — Z née In 2 {5z, + 5}

+C(m¢)(umv 0a)s (154)

where

k‘*) V E cos Tﬂa ' "’lfsim) =n /2"%5)'
g%) iy /‘E (OOSz T(:l:)z{(zﬂ:) + cos o.sh)u(ﬁ:)

and C | *’ are constants of integration. They can be fixed by
the comparison-equation method. (It is necessary to match
the eikonal approximation to the asymptotic solution of the
Schrédinger equation in the region x, €y, — «o; this con-
struction can be carried out explicitly by separation of the
variables.) The corresponding technique is described in de-
tail in Ref. 11 for the example of the complete three-body
problem. Therefore, we give only the result:

c= 3 npIn(VE 1 |42)

ngs’ In (VE | u§® | ui2), (155)

where the parameters v and z can be expressed in terms of
the coefficients of the transformation (2):

via) = ke (s | Spa | T Spa (SpaPa + Coake €0s B2)],
i =k ' [kbe | Saa | + Spa (& SpaPa +Caaki €08 O4)l.

The asymptotic solution of the Schrodinger equation
corresponding to the eikonals Z {*’ is described by the rep-
resentation (117), in which the eikonals are distorted by the
Coulomb phases (154):

v -3
D)~ A)exp (1 VB 2 1w, (150)
The matrices 4 =’ are determined by Eq. (118), in which

the amplitudes f f,i ) are redefined:
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fo (k, 0, 8")=(2ik)t Y exp{2i6P (k)}
A=0

X Q}, (== cos 0) Qf (cos 0'), (157)

where 8. are the phase shifts for scattering by the potential
(130). They are equal to the sum of the Coulomb phases
55" (7,.) and the phases 8 generated by the short-range
part of the potential (130).

The amplitudes f(*’ have singularities. They are con-
tained in their purely Coulomb part /%, which is given by
the series (157) with the Coulomb phases 8. This series
can be summed by means of the multiplication formula for
the associated Legendre polynomials:'®

(=) 2i"“ "
fa, e = — == Nq exp {2i6(" ()}
2n

X S {1 cos 0 cos B — sin B sin 0 cos ¢] "' "M E! (p) de,

0

where [E'(¢)],,, = 8,,,"¥. It follows from this represen-
tation that the amplitude £}’ is singular at 8 = 8', while

‘. issingularat @ =7 — 6"

() Yo o JlpE 2 10a)
fo, e (ky 0, 0 )= 2k (1—ing)
. —an—o=-1/2-in
¢ (2m sin 0 sin §)~ 12 HW+M] r

(158)

The constructed asymptotic solution (156) becomes
meaningless at u;,"*’ =0, since at such points the phase
W’ issingular [see (155)]. The set of these points forms
the conical surface =, CM shown in Fig. 2:

Ba={r=(p%8,) : X = X3} (159)

We now summarize some of our results.

Asymptotic behavior of the wave functions ¥,

The asymptotic behavior of the wave functions ¥, in
systems with Coulomb interaction is given by the sum of the
eikonal approximations constructed above:

Yo~ Fi+ 2 UQ+ 2 0P
o o

The first term is the distorted plane wave (152). The contri-

FIG. 2. Singular directions in R®_ of the asymptotic behavior of the
(32, 3) wave function of Coulomb systems. The rays g, and § are the
same as in Fig. 1. The surfaces =, are formed by rotating the ray § around

the axes " (@ = 1, 2, 3). One of them is shown in the figure.
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bution of the processes of single two-particle collisions is
described by the representation (156). The functions @'

‘contain the distorted spherical waves corresponding to the

(3-2, 3) processes. For them a representation analogous to
(132) is valid.

Figure 2 shows the set of singular points at which the
resulting asymptotic behaviors of the functions .7 | and U ©
become meaningless. We now turn to the investigation of the
structure of these functions in the neighborhoods of these
singularities.

Singular directions
Forward-scattering direction (xr=xq )

In this direction the asymptotic behavior (152) is not
valid for the function # ([, since W{"'’' = « for #=¢§
(the remaining three terms of the distorted plane wave do
not have singularities for # = §). We construct an asympto-
tic solution of the Schrodinger equation that remains
smooth for # = § and outside this direction is identical to the
eikonal approximation & {’. We shall find that the singu-
larity in the asymptotic behavior of 5 { "’ generates a singu-
larity of the (3— 3) scattering amplitude in the given direc-
tion.

To avoid distraction by secondary details, we describe
all the constructions for the example of systems with zero
total orbital angular momentum. In this case, 4 |*’ = 1in
the representation (152). In accordance with this represen-
tation, we shall seek the required solution in the form

FH) =[8n% (r) 0 (g) cos (Q,/2)] V. (160)

As a consequence, away from the singular direction the
asymptotic behavior of Uis described by the eikonal approx-
imation

U(r, g)~expliV E Z,+iW® —in/4). (161)

We shall obtain an equation for U. To this end, it is conven-
ient to express the Schrodinger equation (134) for .7 ¢+’ in
the spherical coordinates (pQ, #{*’) defined in (147). The
metric of the intrinsic space in these coordinates is analogous
to (29):

K, =dp?+ £ [dQ2 + sin? Q, (dp@)?),
and the kinetic-energy operator can be determined from it by

means of Eq. (43), in which (8/9&")¥ = 3 /3& " for 1 = 0.
As a result, we arrive at the equation
(— A+ V-8V —E)YU=0, (162)

where ¥, is the total Coulomb potential (145), and the cor-
rection 8V is

6V=—p-2(i+ b 1 )

sin? 1 & cos? (Q,/2)

(¢ is the Dragt coordinate of the point #). The differential
operator A, has the form

SIPE RN
sin? (@,/2) ¢

s {63+ﬁz—ap+%
4 5
+ < 9 sin (Q4/2) agl]}

1 2
T p2cos? (24/2) a‘#i‘”)'
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Note that the expression in the curly brackets is identical to
the Laplacian in Euclidean space:

Ri= {(x!, a2, 7P

(pcosg- psmgcos«;b(“),psin%lsinqﬁ@)}. (163)

We now construct an asymptotic solution of Eq. (162)
in the neighborhood of the ray # = g by Fock’s parabolic-
equation method. Suitable coordinates in our case are the
standard parabolic coordinates (££#{*’) in the space (163):

L=p (1+cos—) p+Z,

E=p (1-—00591) =p—2Z,.
In them, the operator A, is given by the expression

= L1+E)2 5
Av=ppg (00 + 0200+ (£5E) oy

As r— oo in the singular direction §—0, & = 0. There-
fore, up to terms ~¢£ /&%, we can replace the Coulomb po-
tential in (162) by the expression

. 2ny e i R

Ve(r) 5 VE ke
and ignore the correction 8§V [this last step is valid if the ray
is separated from the boundary (45) of the intrinsic space].
After these approximations, Eq. (162) admits separation of

the variables in the parabolic coordinates. We shall seek a
solution of it in the form

- i )
U—ewp (i VEC-92) 3 LI R 0.

m=-—co

(164)

With accuracy up to terms ~£& /¢ 2, the functions F,,
satisfy the equations

{g0t+(1—iVEY) o —nyf2—F} P

. 3 (165)
+{C6§+(1—iVEC)B;— ) Fn=0.

The asymptotic behavior of the required solutions to these
equations is determined by the condition of matching of the
expansion (164) to the eikonal approximation (161) in the
limit £— . It follows from the expression (151) for the
phase W {*’ thatin the leading order as £ /£ — 0 itis equal to

2 ng
W~ In (_PP_sin2g¢®E), ng=—r.
1 % Np (2"f§ ﬁbl Q) i 2k

Therefore, the asymptotic behavior of F,, is given by the
expansion of the exponential exp(iW {*’) in the Fourier
series (164):

Fn@ O ~ cn (VER'™, mo= (166)

Ry
2VE "

with coefficients
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2 H (p%f.?E)mﬁ
B

g o
en=(—5)

2
x| dp@exp(—imp) ] (sin? p(0)™.
0 B

In this integral, the angles #{* with different indices are
related by the shift (149).

Intheleading order as £ — oo, the solutions of Eq. (165)
with the asymptotic behavior (166) do not depend on § and
can be expressed in terms of the regular confluent hypergeo-
metric function:

T 241 ol 5
Fro (9 = TUPUZEALI0 ooy (/) im0

X @(|m|/2—ing, |m|+1, iVEE).  (167)

Thus, the asymptotic behavior of the function .% { [’ in
the neighborhood of the singular direction is described by
the representations (160), (164), and (167). In the limit
&— o0, it decomposes into a sum of the eikonal approxima-
tion (152) and a distorted spherical wave with amplitude
singular in the forward scattering direction:

Ay (r, ) ==alsin(Q (r, g)/2)]7*~ ",
- +00
E M
“==—E%:m 2 em(—1)

I (| m |/2414ino)

X T (Im172—iny)

exp {im¢{®}. (168)

This representation describes the main angular singularity
of the (3—3) scattering amplitude in Coulomb systems.
This singularity is weaker than the analogous singularity in
the complete three-body problem.

We considered above the case of zero total orbital angu-
lar momentum. For />1 all the expressions obtained for
% (¥ must be multiplied by the matrix amplitudes 4 | *’
from (152).

The singular directionr=q,

In this direction, the asymptotic behavior (152) for the
function.# { ;" is not valid, since Z, = Ofor # = §,, . We now
construct an asymptotic solution of the Schrodinger equa-
tion that away from the ray # = g, is equal to the sum of the
eikonal approximations # 5’ +.7(;’ and remains
smooth for # =g, .

In accordance with the representation (152), we shall
seek such a solution in the form

= FPet FEe == 8137 (r) o ()] 2D

i
=

(169)

Away from the singular direction, the asymptotic behavior

of @ is described by the eikonal approximation

D ~ D) A%xp (i VE Z,+ iW® = in/d)/ V' Z,,  (170)
+=

where 4 {*’ are the matrix amplitudes from (152). It is
clear from the functional form of the asymptotic behavior
(170) that it is convenient to construct the function & in
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cylindrical coordinates (Z,, u, =p sin(Q,/2), ¢:). In
them, the metric of the intrinsic space is given by the expres-
sion (146), and the Hamiltonian H ' can be determined from
this metric by Eq. (43). Substituting (169) in the Schro-
dinger equation (134), we obtain for ® a matrix equation of
the type (162). With accuracy up to terms ~Z, /u3, it has
the form

(-2 @1' 432
2
where i, = 3, n,E /p, and

®I’—E®I*)d)=0, (171)

Ay =04, + 5 Oz, + 3%, By + (25 +45?) Py
2 Ug 2

The variables in this equation separate. We shall establish
the asymptotic boundary conditions that fix the required
solution. To this end, we calculate the leading term of the
eikonal asymptotic behavior (170) in the neighborhood of
the singular direction.

In accordance with the definition (151), the phases
W%’ in the leading order as Z,/u, -0 are

Wi ~ Emsln { VEu

L sin % (1 == cos .;:(5))}

We consider further the amplitudes .«#{*’. From the
expressions (123) for the angle A, and the definition (124)
of the angles #5*’ we obtain the relation

cos A, = — cos (@ - 0g) = O (Z,/u,).

At the same time, the position of the point r relative to the
cone I', in Fig. 1 in the neighborhood of the singular direc-
tion is determined by the angle ¢5*:

rel,: @€ (0, n—0g) U (2m—0;, 2m),

. (172)
reEMIT, : 6@ € (nu—0g, 2m—0;).

Then near the ray # = §,, the representation (128) for the
amplitude 4 { =’ takes the form

A ($09) = D' (2, (4)) BE) ($) D' (22" (9)).
iu = @ 5 IE!—, raa
B;i) (sﬁ(a)):{ I—d (+ Cos (562 + BD:)) l_ T'E
T 144! (F cos (¢@ -+ 0)) IL, re MIT,,.

Therefore, the solution of Eq. (171) must have the following
asymptotic behavior for u,, Z, —

D ~c(g)uin 3 Z5 2 exp [+ iV E Z, + in/4) A2 (),

where 7, is determined in (166), and

c@=T[ (—}—/-zgsin xé)mﬂ,
B

(173)
A () =1[ (1 = cos $(P) "0 AE (3(2).
B
Such a solution is given by the series
D =c (g) uine E 4,7 (sz)M,
m=-—o0
(174)
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where J,, is a Bessel function,'® and 4,, are constant matri-
ces of rank 2/ + 1. They are the coefficients of the Fourier
expansion of the matrix amplitudes (173):

2n
3 m/2 ~
A =0 { g (39) exp (im (o).
/27
0

The right-hand side of this equation takes the same values
for both signs ( + ). This follows from the symmetry prop-
erties of the integrand with respect to the shift
#5* -3 + 7. [Under such a shift, the neighborhoods of
the singular direction inside and outside the cone I', are
interchanged [see (172)], and the angles ¢ with 8 #« are
also shifted by 7 by virtue of (149).]

Thus, the representations (169) and (174) describe the
asymptotic structure of the distorted plane wave in the
neighborhood of the singular direction 7 = g,, . They are also
valid for systems with rapidly decreasing potentials (in this
case, it is necessary to set 7; = 1, = 0 in them).

Neighborhood of the cone =,

We shall construct an asymptotic solution of the Schro-
dinger equation that outside the cone (159) is identical to
the eikonal approximation U .}’ from (156) and remains
smooth for reZ . We shall seek it in the form

Ugle = Ag)e exp
where F, is an unknown function, the matrix amplitudes

A7’ aredetermined in (156), and W, is the smooth part of
the phase (154) in the limit «{}’ —0:

W, =Wy — 2% (08,) In (V E u),
Ay (82) = 5 z {ms+ nu-) (0)}-

B~

(VEz +iW,) F (175)

The asymptotic behavior of F,, outside the cone Z,, is deter-
mined by the eikonal approximation (156):

F, ~ [V Eu]", (176)

We shall obtain an equation for F,. To this end, it is
convenient first to write down the Schrédinger equation for
ULt in the Jacobi coordinates (x,, y,, 8, ) and separate
the factor 4 (1. The radial part of the Hamiltonian H 'then
takes the form of the Laplacian on a plane (87 +d: ). The

angular part of H ', containing differentiation with respect to
0, and centrifugal terms, generates corrections ~p ~?,
which can be ignored. One should then go over to the coordi-
nates (Z " ’u’*’0,) and separate the exponential factor
from (175). (In these coordinates, the Laplacian is

3% ., + 32 .,.) Inthe resulting equation, the Coulomb po-

tential cancels, since the phase satisfies the relation (142).
With accuracy up to terms ~p, it has the form

{Br+ @+ 20V Ed,em

- W,
—I-Zill_ 2z z“’ + a (+)

>]}Fa:0.

We now introduce the parabolic coordinates

(177)
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:p‘l“Z&”, Ea,:P"_"Zt(xH

(asr—c0 on E, we have £, =0, {, — ). We rewrite Eq.
(177) in these coordinates and retain in it only the leading
terms as £,/{, —0. They are generated by the first three
terms in (177):

{Ea08 + Ladt + i VE (Lady, —Eals,)

g (0, + )} Fu =0,

In this equation, the variables separate, and the separation
constant can be an arbitrary function of the angle €,. The
required asymptotic solution with the boundary condition
(176) as £, — o can be expressed in terms of the confluent
hypergeometric function:

F = n-12%""al (1/2 1+ ia,)

X(VEL,) " *®(—ia,, 1/2, i VEE,). (178)

Thus, the asymptotic behavior of the function U}’ in
the neighborhood of the cone =, is described by the repre-
sentations (175) and (178). In the limit £, — o0, the func-
tion U’ is transformed into the sum of the eikonal ap-
proximation (156) and the distorted spherical wave with
amplitude

ALY = 24, L (1/2+iaq)
LB VET (—iaq)
-1/4 ib ; Yoo — %o ~1/2-iay
x E e ml:mnz( - a):l ! (179)

where

bg =1, In cos? (%‘)

+ 2 {ns Invid+na In [ 2u cos® (32) ]}

Ba

This amplitude is singular as r— =, (y, —y.). Therefore,
the (3-3) scattering amplitude in Coulomb systems has
angular singularities of the form (179) on the surfaces of the
threecones =, (@ = 1,2, 3). These cones intersect along the
ray ¥ = g, which specifies the forward-scattering direction.
On this ray, all three amplitudes 4 ¢ have additional singu-
larities with respect to the angle 8,. They are generated by
the factor p°’4 |7’ and are described by the representation
(158). Thus, in the forward-scattering direction the (3 -3)
scattering amplitude contains, in addition to the main singu-
larity (168), weaker singularities of the type

Z B, [smz ( % ZB& )]'”z‘i"a [sinz (xa;x;)-l—uz-iam

which correspond to processes of single two-particle colli-
sions.
5.LEVINSON’S FORMULA AND SPECTRAL IDENTITIES

In this section, we again consider rapidly decreasing
potentials of the type (47) with £ > 2. For a Hamiltonian H'
with such potentials, we obtain a complete series of spectral
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identities that relate the characteristics of the discrete spec-
trum and the § matrix. These results were proved for the first
time in Refs. 9 and 10 for the example of systems with zero
total orbital angular momentum. They are a direct general-
ization to the three-body problem of the trace formulas for
the two-particle Schrodinger operator,?' in particular, the
classical Levinson’s formula.?

The proof of the spectral identities is based on two for-
mulas that also have independent interest: 1) a trace formula
that expresses the trace of the connected part R (z) of the
resolvent of the Hamiltonian H 'in terms of the S matrix; 2)
an asymptotic expansion of Sp R . (z) in the limit |z| - .
Similar results have already been obtained in the complete
three-body problem.**** In the complete problem, the trace
formula contains complicated regularizing corrections,
which are generated by the three-particle singularities of the
T matrix discussed in Sec. 2. The presence of such correc-
tions makes it impossible to express the corresponding spec-
tralidentities® directly in terms of the S matrix. For systems
with fixed total orbital angular momentum, this difficulty is
absent, since the 7" matrix of the Hamiltonian H ' does not
have three-particle singularities.

Trace formula

This formula relates the trace of the connected part

R;(z)=R'(s) — Rl (3) + 2 R}(z) T4 (2) R (2) (180)

of the resolvent of the Hamiltonian H to its S matrix. It can
be derived in accordance with the usual scheme'"* by
transformations of the singularities of the kernel of the T
matrix. In our case, the T matrix has only two-body singu-
larities, which are reflected in the representation (77) for its
components. Therefore, in contrast to the complete three-
body problem, there is no need to introduce complicated
regularizations to take into account the three-particle singu-
larities. Otherwise, the technique for deriving the trace for-
mula for the operator (180) more or less repeats the corre-
sponding constructions in the complete problem.''?*?
Therefore, we give only the result:

2i Sp Im R} (E -+ i0) = Sp (§*dg ). (£). (181)

Here, the right-hand side is expressed in terms of the S ma-
trix of the Hamiltonian H 'at fixed energy:

Sp (S*955). (£)

EAE-B 0 (E -+ %) 0 (E + %) Sp {S%5 (E) 055 45 (E)}

+0(E) g {Sp (854 (E) 9584 (E)] +Sp [S*o (E) 858 40 (E)}
+0/(E) Sp {10 (E) 95Soo (E) —g 8&(E) 0584 (E)}

(182)

where S, are the S matrices of the Hamiltonians (69), and &
is the Heaviside function. The kernels of the remaining S
matrices are determined in (93)-(96). We emphasize that
in each term of Eqs. (181) and (182) the trace operation is
understood in the sense of the function space of vector func-
tions in which the corresponding matrix integral operator
acts.
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Asymptotic behavior of Sp A.(z)as |z| - =

We first obtain the asymptotic behavior of the connect-
ed part of the T matrix: T. = T'— 32, T.,. To this end, we
represent the operator R ) (z) in the Lippmann-Schwinger
equation T'(z) = V' — V'R (2) T'(z) as a formal series in
powers of z ~ ' [see (66)],

Rl(z)= — 20 (Hbyez=-1,
k=
and seek the T matrix in a similar form:

TI. (z) e ng l P

Equating the coefficients of z
tions for the operators T, :

(183)

", we obtain recursion rela-

o
Ti=V!y THL=T" kgo (HYRTs gy (n=1). (184)

For the operators 7'/, the expansion (183) with coefficients
T, holds. The coefficients are determined by the expres-
sions (184), in which ¥ 'is to be replaced by ¥/,. As a result,
we obtain an expansion for the connected part of the T ma-
trix:

1= 3 @y (The=Th—3 Thn

Note that the coefficients of this expansion can be represent-
ed in the form

(185)

(Tr)e = [FPWEF, (186)

where .# ' is the diagonalizing transformation (51). The
functions W ("’ can be expressed in terms of the two-body
potentials by the recursion relations (184) in the configura-
tion representation,

W~ W3 i,
@

WO () =V (r),
n—1
WEO=v ) 3 @YW (1),

while the W [ are determined by the same relations with the
substitution ¥— ¥V, so that

wh=0, wi’=73 2,VaVn

we ( ) VE) % V HiV
etc.

We now substitute the expansion (185) in the equation
R! = —RLTIR} and make a cyclic permutation of the

operators under the trace symbol. Then, using the expres-
sion (186), we arrive at the representation

Sp Re (3) = —ﬂE_li @ (187)

The coefficients of this series are given by the integrals

()= | o &) (188)
0

of the functions
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0= { M OW Y w(r, A,
M

(189)

and the weight y, is expressed by an integral over the unit
sphere in the intrinsic space with the measure (92):

(r. 3) = § ai @) Sp (5" (r, 2IF (r, A
wr (190)

We calculate the asymptotic behavior of the coefficients
in the series (187) as |z| - oo. By virtue of (188), it is deter-
mined by the behavior of the functions @ (" (1?) as A — eo.
In this limit, we can replace the kernels .7 in the integral
(190) by their asymptotic behaviors (126). We then obtain
the representation

&) ~

2 S aM (YW (r) o™t (7).

M

Making then in the integral (188) the scale transformation
A—|z|'”?A, we can readily show that the asymptotic behav-
ior of the coefficients £{" has the form

]z[r:oc 4n Yz (191)

Therefore, the series (187) is asymptotic as |z| — 0. It gives
the required expansion of the function Sp R ' (z).

SEE0 S dM (r) W (r) o=t (7).
M

Spectral identities

Suppose that the Hamiltonian H ' with rapidly decreas-
ing two-body potentials has N, bound states of multiplicity
m; with energies E; <0. We denote by £, the smallest of the
binding energies of all the two-body Hamiltonians (71):
£, =min, ( — %% ). If these Hamiltonians do not have
bound states, we set £, = 0.

We introduce the functions

hf; (Z)ZSPR£ (z) 1_ rw Z fu) z)zH” n 7'01 1...

They are analytic in the z plane with a cut (£,, « ) and have
simple poles with residues — m; at the points z = E,. As
|z| - ¢, we have, in accordance with (187) and (191),
hi(z)~|z| ~"~*% As follows from the trace formula
(181) and the representation (188), the discontinuities of
these functions across the cut are

D (5 )l

FH  Sp (§*95S). (E) -+ (1 —8,0) 0 (E)

X i 2 Etag (E2QP (B)],

h=1

E =g (192)

We now consider the integral of the function z"# { (z)
around a contour that surrounds the cut (&,, ¢ ). On the one
hand, the contour can be deformed to the cut, on which the
integrand can be expressed in terms of the § matrix by Eq.
(192). On the other hand, the contour can be closed by a
circle of large radius, and the integral can be calculated from
the residues at the points z = E,. As a result, we obtain the
required spectral identities:

1) n =0 (Levinson’s formula):
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A
=) Mp=L0(&);
E=1

St B
Ni R

2mi 3 mEp = — S dE { E" Sp (§%0,S). (E)
h=1 £y

+ai0 (E) 3} E" 95 1E°Qu (EN}
k=1
where the function (); can be expressed in terms of the §
matrix:
€g
S Sp (S*358), (E) dE.

oo

Q () = 57
The coefficients Q {” are the integrals (189), which contain
powers of the potentials and their derivatives. Note that in
the case of zero total orbital angular momentum (/ = 0) the
weight factor (190) can be calculated explicitly. In the
Dragt coordinates of the point 7, it can be expressed in terms
of Bessel functions and the hypergeometric function , F,:

m M| =2 (2)" D Tura (o) (04 12
n=0

% sFa(—n, n42, 1/2; 3/2, 1; sin?v).

APPENDIX

We give here a list of formulas that describe the proper-
ties of the Wigner functions and some identities that we have
used in the main text. A detailed exposition of the theory of
Wigner functions can be found in Refs. 15 and 25.

Suppose that the rotations geSQO(3) are characterized

by the Euler angles (¢'¢°$°). The Wigner functions have the
form

DL (@)=e™*al (cos %)™ (m, n=—1, —1-+1, ..., I),
mn mn

where the factor q!fm, can be expressed in terms of Jacobi
polynomials:'®

1 e (I4m) (I—m)] J1/2
oy (2) =27 [__—H_(l—]—n)l = ]
m-—n m+n
X (1—2x) 2 (14x) 2 pSTT—nn, m-n) (). (Al)

They are the common eigenfunctions of the operators L?
and L, in (34) and (38), normalized in accordance with the
measure (26):

\  deDl, (&) DLy (@)= (20+ 1)1 8,,.6
S0(3)

Ip! 1@+ DL, £,pl —mpD!

mn’ mn mn*

mm'aml”

We denote by D'(g) the matrix formed from the
Wigner functions D ;,, (g). For the components (34) of the
operator of the total orbital angular momentum we have the
relations L, D '(g) = D'(g) (L,);, where (L,), are numeri-

cal matrices of rank 2/ + 1 with elements
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[(Etlmn = ~+a (0) 8put1, 5 — a (—n) 6

m=11 n:
[(Ln)l]mn = —i(a(n) 6m+1. n—a(—n) 6m—1, ), (A.Z)
[Ealmn =m8pn, @ ()= [(1+n) (—n )12,
The matrices D'(g) are unitary:

[D'(g)] '=D'(g=")=[D'(g)]*. The following for-
mula gives the decomposition of the tensor product
D"eD":

Dt () DB (g)

myng mang

l1+l2 'S
N1

w ok 1

Pl
I=11l1=121 m, n=-1

{Iymylamg|Im) {linylon, | In) DL (2).
(A.3)

From it we obtain an expression for the integral of a product
of three Wigner functions:

dgD},, (@) D3k, (&) DX, (@)
S0(3)

= (21+1)7 (Iynylymy | Im) {Iynylang|In). (A.4)

The Wigner functions determine the transformation of
the spherical functions under rotation:

A I A
Yim (ge)= >} DL (8) Yin (o).

n=-1
In particular, for é = ¢, = (0,0,1) we obtain the relation

o 211 \1/2
¥im Gee = (Z5) " bl o).

Finally, we give two identities that were used in the
proof of the expression (61):

(A.5)

2 (01m | m) (1301 m|am}~—?ﬂa

L1-¥8 bl = zll_l_i ill;’
m iy (A.6)
?,‘ (=)™ (lymdy0]1m) (Ian1y0 i) = By
1

These identities are not given directly in such a form in the
textbooks. They follow from the standard orthogonality re-
lations for the Clebsch—-Gordan coefficients.
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