Calculation of the triton binding energy in relativistic quantum mechanics
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The use of relativistic quantum mechanics to calculate the triton binding energy is reviewed. An
equation is derived which can be used to calculate the relativistic correction to the binding energy
in first order in v?/c® (where vis the nucleon speed in the triton and c is the speed of light) if the
relativistic binding energy and the partial-wave expansion of the Faddeev components of the
nonrelativistic wave function are known. A partial-wave expansion is made of the relativistic
Faddeev equations, the solution of which determines the triton binding energy and wave function

without expanding in powers of v*/c?.

INTRODUCTION
The problem of the deficiency in the triton binding energy

One of the fundamental problems in the physics of few-
nucleon systems is the problem of the deficiency in the bind-
ing energy of the lightest nuclei *H, *He, and *He. This prob-
lem is essentially the following: when only realistic nucleon—
nucleon pair interactions are taken into account in nonrela-
tivistic quantum mechanics, the calculated binding energy is
smaller in absolute value than the corresponding experimen-
tal value (moreover, there is a discrepancy between theory
and experiment also for such low-energy parameters as the
charge radii of the nuclei, the doublet nucleon-deuteron
scattering length, and so on). Since in the case of the helium
nucleus the problem is complicated by the need to include
the Coulomb interaction, it is clear that the most accurate
calculations can be carried out for the triton. By now, the
results obtained on this problem can be considered practical-
ly exhaustive. For example, in Refs. 1 and 2 by groups at Los
Alamos and Sandia, calculations have been carried out in the
34-channel approximation for the Faddeev equations, and
for various realistic nucleon—nucleon potentials the result
for the absolute value of the triton binding energy has turned
out to be smaller than the experimental value of 8.48 MeV by
0.8-1.1 MeV. The 34-channel approximation corresponds to
the inclusion of only those elements of the basis {LSJIj} (see
below) for which J<4. An estimate of the contribution of
elements of this basis with 5<J<8 has shown? that this con-
tribution is no larger than 10 keV. The 34-channel calcula-
tion has also been carried out for the Bonn potential, and
the result of 8.35 MeV is close to the experimental value. The
success of the Bonn potential is also discussed in Ref. 5, but
in other studies (see, for example, Refs. 6-8) it is suggested
that the Bonn potential cannot really be considered realistic.
In particular, the larger binding energy compared with the
results for other potentials is related mainly to the smaller
tensor forces in the Bonn potential, but this contradicts the
experimental data on the deuteron magnetic form factor,
and, in addition, the parameters of the Bonn potential were
fitted using only pn scattering data, neglecting the data on pp
scattering. A recent measurement of the asymmetry coeffi-
cient in pn scattering at 10.03 MeV (Ref. 9) showed that the
results are described well by the Paris potential, somewhat
worse by the Nijmegen potential, and poorly by the Bonn
potential. Therefore, the problem of the deficiency in the
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triton binding energy remains unsolved. Recently, Mukh-
tarova'® carried out calculations of the triton binding energy
using the method of hyperspherical harmonics with accura-
cy at least as good as in the 34-channel Faddeev calculations,
and the results of Refs. 1 and 2 were confirmed for the known
realistic potentials.

In order to explain this discrepancy between theory and
experiment, various authors have most often cited the con-
tribution of three-nucleon interactions due to two-pion ex-
change. There are also studies in which the problem of the
binding-energy deficiency is attributed to the need to include
quark and other non-nucleon degrees of freedom in nuclei,
and, finally, there are a very few studies in which relativistic
effects are included.

In recent 34-channel calculations of the triton binding
energy taking into account three-nucleon interactions®!! it-
was shown that these interactions can lead to an additional
attraction of order 2 MeV, and therefore the triton is even
overbound. However, the result is strongly dependent on the
choice of cutoff parameter of the pion—nucleon form factor.
By changing this parameter one can even obtain complete
agreement between theory and experiment; however, as yet
there are no reliable theoretical grounds for preferring any
particular value of this parameter. For example, the author
of Ref. 12 thinks that the contribution of three-nucleon in-
teractions does not exceed 0.3 MeV. The studies on three-
nucleon interactions carried out from 1978 to 1988 were re-
viewed in Ref. 13. As far as the contribution of quark degrees
of freedom is concerned, recently a group at ITEP carried
out a calculation using the compound quark bag (CQB)
model and obtained the value 8.1 MeV (Ref. 14), but only
five channels were included. The use of the CQB method to
calculate other low-energy parameters of few-nucleon sys-
tems was discussed in Refs. 15-18 and references cited there-
in. Yet another variant of the realistic nucleon—-nucleon po-
tential which effectively includes the contribution of quark
degrees of freedom has been developed at the Nuclear Phys-
ics Institute of Moscow State University.'*?* In calcula-
tions of various low-energy parameters using this model the
contribution of large relative momenta plays a much more
important role than in other realistic models, so that the
contribution of higher partial waves and of relativistic ef-
fects is more important.**** Up to now the triton binding
energy has been calculated in the latter model only in the 5-
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channel approximation with simplifying assumptions,*
which is clearly insufficient. We also note that on the basis of
an analysis of the nucleon—nucleon data up to energies of 1
GeV, the authors of Ref. 26 conclude that quark degrees of
freedom have not yet manifested themselves in nucleon-nu-
cleon interactions.

On the isolation of the contribution of relativistic effects to
three-nucleon observables

The studies in which the relativistic correction (RC) to
the triton binding energy is calculated will be discussed at
the end of this article; for now, we note that the very possibil-
ity of separately taking into account relativistic effects must
be justified, since in quantum field theory the inclusion of
relativity leads simultaneously to the need to include the
production of new particles. It seems to us, however, that in
the case of few-nucleon systems at low energies, and particu-
larly three-nucleon systems, the contribution of effects from
relativistic kinematics can be reliably isolated in view of the
following considerations.

First of all, it is well known that in reasonable relativis-
tic classical and quantum theories such as classical and
quantum electrodynamics, the general theory of relativity
(GTR), a quantum theory with scalar and pseudoscalar
coupling, quantum chromodynamics (QCD), andso on, it is
possible to restrict oneself to a finite number of degrees of
freedom not only in zeroth, but also in first order on 1/¢?
(and in the GTR even in order 1/¢*) (Refs. 27-31), so that
one can attempt to first calculate the RC to the triton bind-
ing energy only in first order in 1/¢%. It is still not possible to
explicitly calculate the nucleon-nucleon potential in order
1/¢* from the QCD Lagrangian, but there is no reason to
doubt that this potential exists. Another argument is that at
energies below the 7-meson production threshold all non-
nucleon degrees of freedom can perhaps be taken into ac-
count by using certain effective two- and three-nucleon in-
teractions. Arguments in favor of this were presented in
Refs. 32-34, but there is still no rigorous proof. Finally, yet
another argument in favor of the effective inclusion of only
the nucleon degrees of freedom at low energies (see Refs. 35—
37) is that inelasticities in the lowest partial waves for nu-
cleon-nucleon scattering begin to appear only at energies of
1-1.5 GeV, i.e., way above the 7-meson production thresh-
old. From the viewpoint of quantum field theory this situa-
tion is unusual and implies that at low energies the effects of
relativistic kinematics begin to appear earlier than inelastic
effects.

More detailed arguments are given in Refs. 32-38, but it
seems to us that the above are sufficient to convince the read-
er that at low energies the natural apparatus for calculating
relativistic effects in few-nucleon systems is relativistic
quantum mechanics (RQM), i.e., an approach in which, as
in ordinary quantum mechanics, the number of particles is
conserved, but the invariance group is the Poincaré group
rather than the Galilean group. A detailed review of RQM
can be found in, for example, the lectures of the author,*®
where there is also a discussion of the connection between
RQM and studies of how the relativistic quantum-mechani-
cal description can be obtained from quantum field theory.
Since the main goal of the present study is to derive explicit
expressions for calculating the triton binding energy in
RQM, here we shall not discuss the other approaches and
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shall present a condensed version of RQM sufficient for our
purposes.

As usual, by the relativistic invariance of a quantum
system we shall mean that the wave function of this system
transforms according to a unitary representation of the
Poincaré group in some Hilbert space. This representation
can be specified by means of ten generators, i.e., self-adjoint
operators satisfying the commutation relations of the Lie
algebra of the Poincaré group. The main goal of RQM is the
derivation of explicit equations for all ten generators such
that, together with the needed commutation relations, the
cluster separability condition is also satisfied for each gener-
ator. In the special case of there particles this condition im-
plies that if, for example, the entire interaction involving
particle 3 is switched off, then each generator becomes the
sum of the corresponding generators for two systems: the
system in which particles 1 and 2 interact, and the system
consisting of the single free particle 3. References 39 and 40
can be consulted for more details about cluster separability.
We note that the separability of all ten generators is, in gen-
eral, a much stronger requirement than only separability of
the S matrix. It can be argued (see Ref. 38, for example) that
the relativistic three-particle equations derived in Refs. 41—
43 and in previous studies on the basis of the diagrammatic
and other approaches are inconsistent with separability in all
ten generators.

To calculate the triton binding energy it is sufficient to
have only an explicit equation for the mass operator of the
three-nucleon system. Various expressions for the three-par-
ticle mass operator have been derived in RQM by Coes-
ter,**5 Sokolov,* Bakker, Kondratyuk, and Terent’ev*®
(who, in particular, improved on the results of Berestetskii
and Terent’ev?’), Gudavadze, Kopaleishvili, and Macha-
variani*® (who studied only the spinless case), and the pres-
ent author.*” Although various forms of the dynamics and
different choices of the momentum and spin variables were
used in these studies, in our opinion a very important “ex-
perimental” fact is that (neglecting the error in Ref. 44) all
the operators in question are unitarily equivalent (which
will be shown in a separate review by Kondratyuk and the
present author), so that they lead to identical physical re-
sults. These three-particle mass operators are also obtained
naturally using the general approach based on the technique
of Sokolov packing operators,*”** which prescribes how the
generators of a representation can be constructed for a sys-
tem of any given number of particles,”'** and in first order
in 1/¢2 this result is consistent with the approaches of Foldy
and Krajcik®® and Gaida®’ (see Refs. 38, 58, and 59). As was
shown in Refs. 38, 54, and 55, the solutions found in Refs. 40,
44-49, and 51-55 are consistent with quantum field theory
in the sense that the choice of packing operators in them is
the same as in quantum field theory, and the linear addition
of interactions in the three-particle mass operator corre-
sponds to the representation of the full interaction Lagran-
gian in the form of a sum of the Lagrangians of the various
interactions. Finally, the solution found for the three-parti-
cle mass operator is obtained naturally if in addition to Poin-
caré invariance there is also invariance under supersym-
metry transformations.®

In the case of four or more particles the general solution
for the representation generators contains additional arbi-
trary functions,”**? and a unique solution exists only in first
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orderin 1/c? (Ref. 59). Therefore, the three-nucleon case is
special, since here the conditions for relativistic invariance,
cluster separability, and correspondence to quantum field
theory allow an exact solution to be found.

In view of the above discussion, it seems reasonable to
calculate the triton binding energy using the exact equation
for the three-particle mass operator derived in RQM. The
main goal of the present study is to derive explicit expres-
sions which, in principle, allow this calculation to be carried
out in the Faddeev approach. The derivation of these equa-
tions is quite awkward, but wherever calculations are omit-
ted we give everything needed for the interested reader to
carry out the calculations independently. We discuss the
complexities resulting from the inclusion of relativity in de-
tail.

The relativistic calculation of the triton binding energy
also seems to us to be very important because the standard
nonrelativistic approach, strictly speaking, is logically in-
consistent. In fact, in the standard approach the mass opera-
tor of a three-particle system is written as (the index nr
stands for “nonrelativistic”)

Mm-___ A 2 v, (1)
= .

where 7" is the nonrelativistic kinetic-energy operator of
the three-particle system in its c.m. frame, a takes the values
12,31, and 23, and the interaction operators v’ are chosen so
as to correctly describe the corresponding two-particle data.
Here v, includes terms of relativistic origin—the spin—orbit
and spin-spin terms (and, in the case of the Bonn potential,
also a spinless term quadratic in the momentum). However,
then the theory becomes partially relativistic, and the simple
addition of interactions as in (1) contradicts the relativistic
commutation relations already in first order in 1/¢® This
can be verified using the explicit form of the three-particle
mass operator in this approximation (see Refs. 38 and 58
and Sec. 2 of the present study).

Above, we discussed the possibility of expanding in
powers of 1/¢?, and in view of what we have just said this
possibility requires clarification. The point is that if we want
to use in the relativistic calculation results already obtained
in the standard approach, we must express the relativistic
three-particle mass operator in terms of the same operators
v, as above [in this case the relation is more complicated
thanin (1) ]. After this, all functions of g and Q giving rise to
this relation can be expanded in powers of g/mc and Q /mec,
where q and Q are the relative momenta of the nucleons [see
Egs. (14) and (31)], ¢ = |q|, @ = |Q|, and m is the nucleon
mass. Here we leave the operators v unchanged. Of course,
in this procedure only some of the terms of order 1/¢? are
explicitly isolated (since such terms are also contained in the
operators v;,), and the expansion in powers of 1/¢? is here
explicitly realized as an expansion in powers of 1/m>. There-
fore, we are considering an expansion in powers of 1/m?
such that the result of the standard approach is obtained as
the zeroth approximation. This makes sense if the triton
wave function (WF) obtained in the standard approach falls
off sufficiently rapidly for large g and Q.

In this study we use the system of units with # = ¢ = 1,
and the metric tensor in Minkowski space has the nonzero
components goy = — g,y = — g, = — g3; = 1. The com-
mutation relations for the generators of representations of
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the Poincaré group are realized in the form
[Py, P,|=0; (M yy, Pp]: —i(guePyv— gvolPu); }
(Myy, Mps]= —i (8upM o ‘I"gvchup — EucMy, —8vpM o),

(2)
whereu,v = 0,1,2,3; P, are the 4-momentum operators, and
M,,, are the 4-dimensional angular-momentum operators.

1.ASYSTEM OF TWO INTERACTING PARTICLES IN RQM
AND THE PRINCIPLE OF MINIMAL RELATIVITY

Realization of a representation of the Poincaré group fora
system of two free particles

As usual, we shall assume that an elementary particle of
mass m is described by a unitary irreducible representation
of the Poincaré group. The methods of realizing such a rep-
resentation are well known (see, for example, Ref. 61). We
choose the realization in the space of functions ¢(p,o) such
that

2 1o® o rdp <o, 3)
o
where p is the particle momentum and ¢ is the spin projec-
tion. We consider only the case of spin--1 ‘particles, when o
takes the values + . Here the generators of the representa-

tion, which satisfy the commutation relations (2), can be
realized in the form (see, for example, Ref. 61)

P=p, E=(m+p)2 M=1(p)+s,
Nz__i(mz+p2)1/4_;_p(mz+p2)1/a.|_m_+%w, (4)

where P is the ordinary momentum operator, p is the opera-
tor of multiplication by p, E is the energy operator,
I(p) = — ipx 3 /3p s the orbital angular-momentum oper-
ator, s is the spin operator, and

M= {Mzs, M3, }LIH}, N = {Mm' M, Mroa}_

If we take the volume element in momentum space to be
not d3p, but the relativistically invariant measure
dv(p) =d’p/20(p), with a(p) = (m*>+p»)'2, ie., in-
stead of (3) we consider the space of functions @(p,o) such
that

S{19@ o) v ) < oo, (3)

then, as is easily seen, the form of the operators P, E, and M
remains unchanged, but the boost operator will have the
form
sXp !
m—+o(p) ()
Let us now consider a system of two free particles. Since
we shall neglect the proton—neutron mass difference, it is
sufficient to restrict ourselves to the case of particles of iden-
tical mass m. It can be assumed that, by definition, the parti-
cles do not interact with each other if their common WF
transforms like the tensor product of the corresponding one-
particle representations. Here, if the particles are identical,
the WF is assumed to be antisymmetrized. Therefore, the
representation describing the system of two free particles 1
and 2 can be realized, for example, in the space of functions
@(p,,04,p,,0,) such that

. a
== —‘lm(P)W

2' | @ (P, 01, Py, 0,) |2 dv (1) dv (p,) << oo, (5)

0102
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and each of the representation generators is equal to the sum
of the corresponding one-particle generators of the form (4)
(for P, E,M) and (4') (for N).

Instead of the variables p, and p, describing the sepa-
rate particle momenta, we introduce the variables P and k:

P=pi+ P, STy (6)

P
k=p,—5r 0P+ 37118

where E=a(p,) +o() and M= (E*—P)"
= 2w(k). Then, instead of the realization of the representa-
tion in the space of functions satisfying the condition (5), we
obtain the realization in the space H—in the space of func-
tions ¢(P,k,0,,0,) such that

% (1e®@ x 0, 0) P95 —Fr <o (D
G102 (1+—M'§)
We introduce the operator
P2 \ /4
%=(1+“jﬁ‘) v (P, oy, k)7 (P, 05, —K), (8)
where
v (P, 0, k)= (E+M) (@ (k)+m)4-Pk-+io (P X k)

Z(ELM) (@ (K)1-m) (Eo (k) Mm+ PR)7E

(9
‘M =2w(k), E= (M?+P?)"?, and o are the Pauli matri-
ces. Here it is assumed that in Eq. (8) the operator

¢; (i=1,2) acts only on the corresponding variable o;.
Let H be the space of functions @(P,k,0,,0,) such that

7l 1e@ K0, 025

0102

Then it is easy to see that % ~ ! is a unitary operator from H
to H, and by direct calculation it can be verified that the
action of the generators of this two-particle representation in
H has the form

P=P, E= (M +P)2, M=1(P)+S,
; a SxP
N —i (M P o (M3 4 P
(11)

where S =1(k) + s, + s, and s; (i = 1,2) is the spin opera-
tor of the corresponding particle. This calculation is rather
complicated, and a simpler (and more general) method of
deriving (11) is to use the direct-integral formalism (see, for
example, Refs. 38, 54, and 53).

Comparing Egs. (3) and (4) on the one hand, and Eqgs.
(10) and (11) on the other, we can conclude that the trans-
formation to the space H in the two-particle case can be in-
terpreted as a splitting of the variables into external and in-
ternal ones: the role of the external variable is played by P,
and that of the internal variables is played by k, o,, and 0.
Here M is the mass operator of the compound system, and S
is its spin operator. These operators act only in H,,, the
space of functions y (k,o,,0,) such that

2§ 12k 00 00) g <. (12)
0102
Returning to the space H, we find that the action of the

representation generators I'' (i = 1,2,...,10) in this space
has the form
ri =alfial-1, (13)
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where T are the generators (11) in H.
In the nonrelativistic limit the operator % obviously
becomes unity, and the vector k becomes the vector g, which

is defined by the usual expression
1
q=5(P1—P)- (14)

Below, we shall need the expression relating k and q in first
order in 1/m*:

kg EDE (15)

8m?

Introduction of the interaction into the two-particle system
and the principle of minimal relativity

It is easily found from (11) thatifin thgg,e equations the
operator M is replaced by some operator M in H;, which

nt

commutes with S, the resulting new set of generators Twill
also satisfy the necessary commutation relations. Therefore,
as is clear from (13), the simplest way of introducing the
interaction into the two-particle system is to replace the op-
erators I'' by the operators

i —aLfia-1. (16)

This technique was first used by Bakamjian and Thomas.®
In the general case the operators % also must be replaced by
certain operators U including the interaction. However, it
can be shown*®*® that for particles of equal mass Eq. (16) is
consistent with quantum field theory in order 1/m?, and
therefore, at least in this approximation, the introduction of
the interaction as in (16) is valid.

The separability conditions (see above) require that
when the interaction is switched on the operator M becomes
M. In addition, from physical considerations it is necessary
that the operator M have the same continuous spectrum as
M, and that it have the corresponding point of the discrete
spectrum in the channel with the deuteron quantum
numbers. These conditions can be satisfied in many ways It
will be convenient for us to assume that Mi=M? + w,
where w is an integral operator in H;,,:

wi ()= { w(k, k’)X(k’)T(%. (17)

In this equation it is assumed that the function y (k) is a
spinor in the variables o, and o, and that the kernel w(k,k")
is an operator in_these variables. The elg\envalue equatlon
for the operator M?in H.m has the form M *y = u*y, and if
we use the notation u?> = 4(m? + »?), this equation can be
written as

('tTSJF 4m) X=X, (18)

If instead of y we introduce the function
X(k) = y(k)/2w(k) such that)( (k) belongs to the space
of functions with nonrelativistic — normalization
S| (k)|*d*k < o (rather, the correspondingly equipped
space), then for ¥(k) we have the equation

k% ~ xg ~
(5 +v)i=3A, (19)
where the kernels of the operators w and v are related as
w (k, k') = 16mo (k) o (k') v (k, k'). (20)

If we consider a two-nucleon system in its c.m. frame
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(i.e., for P =0), the vectors k and q coincide and Eq. (19)
has the form of the ordinary Schrodinger equation. The fact
that the eigenvalue equation for the mass operator reduces to
the ordinary Schrodinger equation when, for particles of
equal mass, the interaction is introduced by adding it to the
square of the mass operator is widely known as the principle
of minimal relativity (see, for example, Refs. 63-66).

We shall see that in the relativistic case the two-particle
interaction operator can be chosen on the basis of the de-
scription of the experimental data using the ordinary Schro-
dinger equation. Strictly speaking, in an experiment one de-
termines the S matrix, which obeys the equation
S=W* W_, where

Wi=s- lim eillto-1n 21
i+ too
(s-lim denotes the strong limit) and, using Eq. (19), one

finds the operator S = W* W _ , where

W, = s-lim elM2tg-inat, (21)

t—+4o0
However, using the approach proposed by Faddeev,*"%® it
can easily be verified that if the kernel of the operator v is
sufficiently smooth and falls off rapidly at large momenta,
the invariance principle W, = W + is satisfied.

The quantity x on the right-hand side of (19) is inter-
preted as the absolute value of the nucleon momentum in the
nucleon ¢.m. frame. Meanwhile, in the standard approach
the two-particle interaction operator v" must be chosen on
the basis of the Schrodinger equation with 2 — 2m on the
right-hand side instead of %?/m. The relation between these
quantities is obviously

L= (u—2m) (14 £72m)

5 (22)

It would therefore seem that the operator v cannot be identi-
fied with any known realistic operator v™ (the Reid poten-
tial, the Paris potential, and so on). However, Coester made
the following important observation.®® Since the scattering
phase shifts are known experimentally as functions of the
laboratory energy E,,,, in the standard approach the quanti-
ty u — 2m s expressed in terms of E,,, according to the non-
relativistic expression u — 2m = E,,, /2, and Eq. (19) is
solved with E,, /2 on the right-hand side. However,
1*/m = E,;, /2 is the exact relativistic expression. There-
fore, no relativistic corrections arise in the scattering region.
A correction arises at the single point of the discrete spec-
trum corresponding to the deuteron (here » is imaginary).
Substituting the experimental value of the deuteron binding
energy — 2.2246 MeV into (22) instead of u — 2m, we find
that at this point »*/m = — 2.2233 MeV. Therefore, the
only change introduced by relativity in the two-particle
problem is that the nucleon-nucleon potentials should be
fitted not to the actual deuteron binding energy of — 2.2246
MeV, but to the “effective” value, equal to — 2.2233 MeV.
It is clear that this difference is practically insignificant, and
henceforth we shall assume that v = v"".

To conclude this section, we note that it follows from
(11) and (16) and from the definition of I’ that the energy
operator of the two-particle system can be written as
E = E + V, where E is the energy operator for the system of
noninteracting particles, and the operator ¥ is given by the
expression
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V = (4m? 4 4k 4 UnAL + P2 (4m? 1 4k2 4 P12,

(23)

This is clear from the fact that the operator % commutes
with the operators of multiplication by k and P.

1.ASYSTEM OF THREE INTERACTING PARTICLES IN RQM
AND THE RELATIVISTIC CORRECTION TO THE TRITON
BINDING ENERGY IN THE 1/m? APPROXIMATION

A representation of the Poincaré group describing a sys-
tem of three particles 1, 2, and 3 with identical masses #2 can

be realized in the space of functions ¢ (p,, o, p,, T3 Py 03)
such that

Z‘ S | @ (P1y 015 Poy Ogy Py, T) |2

010203

Xdv (ps) @v (py) dv (ps) << 0. (24)
Now weuse P = p, + p, + p, to denote the total momentum
of the three-particle system and k; (i=1,2,3) to denote the
particle momenta in the c.m. frame, i.e., in the reference
frame where P = 0. By analogy with Eq. (6) we set

P Pp) P
ki=Pz‘“—M—m(Pi)+'M(—(£‘_|)_T),

(25)
where now M denotes the free mass operator of the three-
particle system and E is the corresponding energy operator:
E=w(p)+ao(p,) +o(p;), M=(E*—P*'?. From
(25) it follows that k, + k, + k, =0, as expected. In the
variables P, k; (i = 1,2,3) the representation space is real-
ized in the form of the space of functions ¢(P,k, k,, ks, 0,
05, 03), such that

2 §1e® kKK, 04 0y 00 12

010203
; d*P
X dv (int) TP I (26)
(+)
where

dv (int) = dv (k;) dv (ky) dv (ky) 8® (k; + ky + k). (27)

We use H to denote the space of functions @ (P, k,, k,,
k;, 0y, 03, 03) such that

3 [ 19 ki ky ks, 04, 04, 03) [2dv (1nt) PP < oo,
010203

(28)

and H,,, to denote the space of functions Yk, Ky, ks, 0, 0,
03), such that

E | % (kys kg, kg, 0y, 0y, ag) | dv (int) << 00. (29)

010203

Let us consider the case where particles 1 and 2 interact
and particle 3 is free. then the representation of the Poincaré
group is the tensor product of the representation describing
the interacting system (12) and the representation describ-
ing the free particle 3. The direct-integral formalism>**° can
be used to find a unitary operator % , from H to H such
that the generators of the representation in A have the “ca-
nonical” form [cf. (4) and (11)]:
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Py s=P Epp 5= (M?2,3 + P2)1f2,
M12.3:M=I(P)+S?
Nig, 3= —i (M1, 3—’rP”')‘“% (M3, 5 + P2t/

SxP

g P O =
Here the spin operator of the threc—particle system acts in
H,. and has the standard form S =1(k,) +1(k;) +s,
+ 8, + 8, (of the three momenta k; only two are indepen-
dent), and the mass operator M, ; also acts only in H;,, and
is written as M\, , = M + V,, where V', stands for the ac-
tion of the operator (23), restricted to H,,. Let us give a
more detailed description of how this restriction is defined.

By analogy with (6) we introduce the quantities
Qi =k +ky, kyy=k— 1‘3—::"3 (ky) ‘i“M—(Qm—kl)QL 31)

12 (E1a 4 Myp)
where E,, =o(k) +o(k), M,=(E} —Q},)"~
Therefore, Q,, and k,, are, respectively, the total and rela-
tive momenta for the system {1,2} in the c.m. frame of the
three-particle system. In these variables the space H,, is re-
alized as the space of functions y(Q,,,k;,,0,,0,,03) such

that
E S | % (Quzr kygy 01, Oy 0y) |?

010203

x P (le ) d3Q12 dkyp << 00, (32)

where Q@ =[Qp |, ki =|kp|, and  p(Qiz.kyz)
= [40(ky)a (0, ) (4m* + 4k3, + @1,)?] ' We also
use %, to denote the operator % defined in the preceding
section with P and k in it replaced by Q,, and k,,, respec-
tively, and w,, to denote the operator which acts through the
variables k,, k,, o, 0, in the same way that the operator w
acts through p,, p, 0}, 0. In other words, the operator w,,
does not act through the variables Q,,, o5 and its action on
functions of k,,, &, 0, is given by [cf. (17)]

Wik (kys) = { 0 (g, i) A (ki) i, (39)
where w,, (K, Kk}, ) = w(k,,ki,). If we use v, (k,k') tode-
note the kernel of the operator v determined from the experi-
mental data for the system {1,2} using Eq. (19), then in-
stead of (20) we will have

wyy (kya,

ky,) = 16ma (k) © (k1s) V12 (kmv kiy). (34)

Using these definitions, we can now write the operator ¥, in
the form

Vi! ([an + 4k§2 + %izwmou‘u +Q )1/2

— (dm2 4 4k3, 4 Q1 )V2. (35)

Now we use l—i"(Mlz‘3 ) (i=1,2,...,10) to denote the

generators (30) in H as functions of M, ;. Then the genera-
tors of this representation in H have the form

s, peetlis SNy sV UTE 5. (36)

The following question arises. How do we construct the gen-
erators of a representation for the case where all the particles
have pairwise interactions with each other? Using the meth-
od of Sokolov packing operators,* this can be done as fol-
lows.’*** We use the notation
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ﬂ=M+§Vm (37)

where ¥V, for @ = 31 and a = 23 are defined in complete
analogy with ¥,,. Then we assume that from the operators
U 133, 312, and % 53, , defined for cases in which only one
pair of particles interacts, we have constructed a unitary op-
erator % such thatifonly particles 1 and 2 interact with each
other, % becomes % 12,3, and so on. Then the generators of
the desired representation, which satisfy the separability
conditions and the necessary commutation relations, can be
written as

i~ qLE* () At (38)

The operator (37) is thereby the three-particle mass
operator discussed in the Introduction. It is important that
the separability in all ten generators leads to the appearance
of the operators v, in the expression for M in the square root.
This does not happen for the variants of the relativistic three-
particle equations which have been derived up to now using
the diagrammatic approach (see Refs. 41-43 and the litera-
ture cited therein ). Of course, in the nonrelativistic limit the
operators ¥, become v,. As far as the explicit form of the
operators % 53, 02/ and so on, is concerned, we shall need it
only if we treat our three-particle system as a component of a
more complex system (for example, in calculating the bind-
ing energy of an N-particle system for N>4; Ref. 59). How-
ever, if we are interested in the three-body problem, the only
thing needed to includg only pairwise interactions is knowl-
edge of the operator M as a function of the operators v,,.
Here the problem of finding the triton binding energy re-
duces to the eigenvalue problem for the operator M in H,,,:

My, = (3m + €) %, (39)

where ¢ is the binding energy (£ <0).
Let us introduce the notation [cf. (8) and (9)]

W12=(1 -j%%)mwﬂ(i +M_§:)_m; (40)
Urs = v (Quzy 01, kyp) 7 (Quay O3y —kyy)- (41)

Then the operator (35) can be written as
= (4m? + ki, + U ;)W 1,U s + Q1) "2
— (4m? 482, + Q2 )12 (42)

and, as follows from (33) and (34), the action of the opera-
tor W, can be written as

dm3 L4k, 4 Q| 14
Wigh (Qua, km)=4mg (T;:Jt—*m%) !
k 1/2 ’ ' gk
X |: ﬁgk;:; Vig (Kyg, km) % (Quas kﬂ) dsklﬂ' (43)

where it is assumed that the function y(Q,,,k,, ) is a spinor

in the variables o, 0,, and o;. Of course, the operators U,

and W,, which have the same form in the corresponding"
variables Q, and k,,, can be defined in a similar manner.

The mass operator of the three-nucleon systemin the 1/m?
approximation

Since we want to calculate the order- (1/m?) correction
to the mass operator (1) in the standard approach, we must
first, as in the nonrelativistic case, choose as the two inde-
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pendent momenta not {k,,Q,} for some a, but {q,,Q,},
where [cf. (14)] q,, = (k, — k,)/2 and q,, are defined simi-
larly for other a. Then we must go from the space of func-
tions satisfying the condition (32) to the space H !, of func-
tions ¥(q,,,Q,,,0,,0,,0;) such that

2 S | ¥ e Qo 01, 0y, 0g) | daQa d’q . (44)
010203

nr

The explicit form of all the operators in H, is easily ob-
tained from the expressions [cf. (15)]

_ (Qea) Qu kg

g 45
k,=q, Freopnlt lasqa =1l—a5" (45)

which are valid in first order in 1/m?”, In particular, it 1s easy
to show that in this approximation the action of the operator
W, (rather, of the corresponding unitarily transformed op-

erator) in H{ is given by the expression

Wamin ([ (0 50) ]), o

where here and below, as usual, we use the symbol [...] for
the commutator and {...} for the anticommutator. It is easy
to see that in this approximation

Up=1——46,(Qs X ), (47)

where 0|, = 0, — 0, and the other o, are defined similarly.
Therefore, taking into account (46) and (47), the expansion
of the square root in (42) leads to the following expression
for the action of ¥, in H [, (in the 1/m? approximation):

int

VE=UG+V;,_, V= __1"'-’:21— -

4m 16m?
X Ve (igh+ 02} — g [ (Quta) (Qu ) » va ]
+8—;? (04 (Qu X Ga), Val- (48)

It is easy to see that in the variables {k,, Q,} we can
write

M = (4m? + 4k% + Q)12 + © (Qy). (49)

From this it follows that in our approximation
M=3m+ 1" 4+1, I =L (g2 +3 2 )
1 b= m gGﬁ 4 L2 B }

i 1 2 !
T'= = g [ 20+ 4504 + 2 (@aQu) + 5 0i]. (50
Therefore, taking into account (1), (37), (48), and (50)
and the fact that v, = v"" (see Sec. 2), we have

M=3m+M" L7+ YV, (51)

and v, can be replaced by v’ in V.. 74

We see that the order-( 1/m?) correction to M " arising
from inclusion of the relativistic commutation relations is, in
general, of the same order as the relativistic terms included
in M, so that the standard approach is, in general, not fully
justified (see the discuss/i\on in the Introduction). The order-
(1/m?) corrections to M were first studied by Shirokov,”
but not all the terms in (51) were calculated in his study. Of
course, there are no problems in the calculation of 7, and
the question involves only the terms entering into ¥/, This
problem is discussed in detail in Refs. 38 and 57, for exam-
ple.
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The relativistic correction to the triton binding energy in
leading order in 1/m?

Let ¢ be the triton wave function calculated in the stan-
dard approach:
M™p = e, (52)
where ¢, is the nonrelativistic value of the binding energy
(€0 <0). Then from (39) and (51) it follows that the RC to
the binding energy in leading order in 1/m? is given by the
expression

Ae = (@ [T' + X Vol o).

Let us consider the case where the function @ is found
by solving the system of Faddeev equations

(53)

(T""_go) Qo = — Vg @, q):E Qo =12, 31, 23. (54)
@

Then from (48), (53), and (54) we easily find that

1
am?

Re

Ae=(o|T"| @)+

% 2 {01 [203+ 04+ (Quta) (Qu)

S|

0 (Qu X 4a) | (1" —e0) | @) —m [| (T — &) 94 [12} .
(55)

We now use the fact that if additional isospin variables are
introduced, in the case of the triton all the ¢, are identical
functions of “their” variables and can therefore be obtained
from each other by cyclic permutation of the nucleons.
Morcover, all the @, are antisymmetric under interchange
of the corresponding pair of particles (for example,
@y = — @) and, as is easily seen, Q, X q,, is the same for
alla = 12,31,23. Therefore, from (50) and (55) wefind that

3 3 .
Ae= — oo (01p | 7 Q4 4 Q%m | & | +m%e} | guy)

+ o Re (@4 Gag | -+ 20°07 + (Q)* + -5 O

+ 20+ Q) m e 1 +m [(Q) (Q o) —i01 QX 9)]
X(I"+ | &) | @ua), (56)

where for brevity we write q = q,,, Q = Q..

We see that the RC to the binding energy can be calcu-
lated by direct integration if the Faddeev components of the
nonrelativistic triton WF (more precisely, the Faddeev com-
ponents of the triton WF calculated in the standard ap-
proach) and the nonrelativistic binding energy are known.
Therefore, in this approximation it is not necessary to solve
the relativistic Faddeev equations. However, as was noted in
the Introduction, the question of the accuracy of the first
order in 1/m” can be answered only by comparing Ae with
the result of the exact calculation. As far as the technical part
of the calculation of A¢ is concerned, clearly here it is desir-
able to have an equation directly expressing this quantity in
terms of the partial-wave expansion of the Faddeev compo-
nents of the nonrelativistic problem. This equation will be
derived below.
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3.PARTIAL-WAVE EXPANSION OF THE RELATIVISTIC
FADDEEV EQUATIONS

Formulation of the relativistic three-body problem in terms of
Faddeev components

By analogy with the usual case, instead of Eq. (39) with
the operator M in the form (37), we can solve the system of
equations for the Faddeev components y:

(M+Vo—3m—g)Xg= —Vg 2 X, (57)
B

where « and /3 take the values 12, 31, and 23. We shall as-
sume that the y,, are also functions of the isospin variables,
which we shall denote by 7, (i = 1,2,3), and for any fixed
values of these variables the y, belong to the“relativistic”
space H,, [see (32)]. Then in the triton case all the y, are
obtained from each other by cyclic permutations of the parti-
cles, and instead of the three equations (57) it is sufficient to
solve one of them, for example,

(M +V —s) g =—VPy, (58)

where s = 3m + ¢; here and below, y=y,, ¥'=V),, and
the cyclic-permutation operator P operates according to the
rule Py, = Y13 + X2 We change from Eq. (58) to the
equation

w = —R () VPx, (59)
where R(s) = (M + ¥V —s) ~ ! is the resolvent of the opera-
tor M + ¥, or to the equation

%= —R, (5 T (s) Py, (60)

where T(s) = ¥V — VR(s)¥, and R,(s) is the resolvent of
the operator M. It is important that the T matrix for the
operator M + Venters into the three-particle problem, rath-
er than the two-particle # matrix as in the standard approach
(this was first pointed out in Ref. 46).

For the explicit solution of Eqgs. (58)—(60) we need to
expand the function y in some basis. In the standard ap-
proach the basis is usually characterized by the quantum
numbers {LSJIj} defined as follows: L is the orbital angular
momentum of particles 1 and 2, S is the spin of the system
{1,2}, J is the total angular momentum of the system {1,2}
obtained by adding the momenta L and §, / is the orbital
angular momentum of particle 3 relative to the system {1,2},
and j is the total angular momentum of particle 3 obtained
by adding/ to the spin of particle 3, which is equal to }. Here
the action of the two-particle interaction operator is taken
into account only in states with a finite number of quantities
{LSJ}.

In the relativistic case the operator determining the in-
teraction of two particles in their c.m. frame enters into the
three-particle problem, being unitarily transformed using
the operator U, . It is easy to see that U,, is a Wigner rota-
tion describing the transformation of the spin variables in
taking the system {1,2} from its c.m. frame to the system in
which the total momentum of the particles {1,2} is equal to

. Q,,. It is therefore natural to introduce the function y such
that y = U,,y, and to expand not y but ¥ in the basis

{LSJij}. N
Since y (and, therefore, y) must be antisymmetric un-
der the interchange of particles 1 and 2, the quantum
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numbers L and .S determine the isotopic spin of the system
{1,2}, which when added to the isotopic spin of particle 3
(equal to 1) must give the value -} for the isotopic spin of the
triton.

We shall use C§:’,‘,, J.m, to denote the Clebsch-Gordan
coefficient arising when the momenta j, and j, are added to
form the total angular momentum j. We shall assume for
definiteness that the three-nucleon system under considera-
tion is in a state in which the z projection of the total angular
momentum and the total isotopic spin are equal to -}.. In view
of the above discussion and the fact that the triton spin is 4,
we can now write the function y as

X=U, % CHAVECThs6Y 1o (V10) Coat1/2nXe (04) X (09) Cihes2e
X Y (— v3) Xe (03) Xps (Ta, Tg, T3) Xa (K, Q). (61)

In this equation it is assumed that # is the number of the
channel with quantum numbers {LSJ/j}, k =k,,, k& = |K|,
Q=0Q,;, 2= |Ql, vi, =k/k, v;=Q/Q, there is a sum
over repeated indices of the momentum projections, y £ (o;)
is the standard eigenfunction of the operator (s;), with
eigenvalues £,Y,, (v;) is the standard spherical function
[see Eq. (71)], and the explicit dependence on the isospin
variables 7, is determined by the quantum numbers L and S.
It is easy to see that

Kag (V1 Ta, ) = = (24 (1) T (5) K () = (5)
X Ao (%) T (T) = %- (T) X () K ()] (62)
if L 4+ S'is even, and
has (B oy o) =7 [l (1) e (7) —Ke (59) Ko ()] K ()

(63)
if L + S is odd, where for brevity we have written the sub-
scripts as + instead of + 1/2. The minus sign in the argu-
ment of the spherical function ¥, is related to the fact that
the momentum of particle 3 in the c.m. frame of the three-
particle system is — Q. Of course, we could omit this sign
and introduce the factor ( — 1)'in y, (k,Q).

From (61)—(63) it follows that y is determined by a set
of functions of two variables {y,, (k,@)}, where the normali-
zation integral for y has the form

xle=3§ § o @ © 2 6 Q2 Q2 ka0, (64)
0

n 0

since, as will become clear below, the functions y, (k,Q) can
be chosen to be real. The meaning of the expansion (61) is
that if the two-particle interaction operator acts only in
channels with numbers n<N, Egs. (58)—(60) reduce to a
system of equations for N functions y,(k,Q)....xx (k,Q),
i.e., wecanset y, = 0for n > N. In order to transform to this
system of equations, we must understand the following for
the operators A4 entering into (58)—(60). If some function ¥
is determined using the expansion (61) by the set
{¥,(k,0),...¥y (k,0)}, then what is the set
{¥; (k,Q),..., ¥} (k,@)} determining the function ¥’ = A¥?
We shall see below that the greatest complication relative to
the standard case arises in the case of the operator P.

F. M. Lev 541



Partial-wave expansion of the operator P

}\f the function y is written as (61), then it is obvious
that Py = y5, + x,3, Where

1/2 1/2 ~J'n"
%31 ="Usy ) Cr'winCriyseY Lo

n

k S’ o
X ( k:: ) Cifg§’1!21']’x§' (03) xﬂ' (Gi) Ci'x’i,’Ze'Yl'W

X (—-g) ke (02) Arse (Tas Tay ) Yot (kg Qo) (65)

31

and y,; is defined similarly. Therefore, if the function
Py = ¢ is determined by the set {g,(k,Q),...,@y (5,Q)},
then from (61)—(63) it follows that

1/21/2 40
¢n (£, Q)= ) Cii3y"*ClosaCiieetjon
-

j Y21/2 Adiu S
X Ci1/2eC i ariarCotsrsrCE3er 120y
X Ci’x’ime' S d?vy, S A3Y 1, (Vyp) *
k Qg1
X Yip (=) * Vi (32 Yo (-——8)
n(—v) * Y Tun oy 2

31

X frsress (ViaVia)en (Var)me: (Vao)es’ X (Kzq, Qa1) (- --), (66)
where we have used the following notation [cf. (9) and
(41)1]:

e (Eq+Mg) (© (k) +m)+ Quko +i0a (Qu X ka)
* [2(Ea+ M) (@ (ka)+m) (Eqo (ko) + Mom+Qake) 2

(67)

M, and E, are the mass and energy of the pair @ in the three-
particle c.m. frame, and & can take the values 12, 21, 31, 13.
Below, (¥, )¢, will denote the element of the matrix ¥, be-
tween the states with spin eigenvalues £ and ', i.e., (¥, )¢y
=<{& |y |7'). It is assumed that all the vectors in (66) are
expressed in terms of k and Q, and then
after integration over v,, and v; only the dependence on k
and @ remains. It is easy to see that figs
= (Xes (t37u7) [Xros (T1,7273)) i equal to —4 if
L+ S8+ L'+ S'iseven, and equal to (y3/2) X ( — 1)L+5
otherwise. Finally, (...) in Eq. (66) stands for the contribu-
tion of y,;, which is calculated in an analogous manner. If
we write this contribution explicitly and make the change of
variable v;; - —v,, in the integral (here k,; becomes
k;; = — ks,, and so on), then it can be checked that (...) is
equal to the contribution from y, written explicitly in (66).

It is clear from physical considerations that the result
for @, (k,Q) is not changed if we take z, the triton spin pro-
jection, tobe — 1 rather than 1. This can easily be checked
as follows. After the calculations below it will become clear
that the structure of the integral in (66).

It is clear from physical considerations that the result
for @, (k,Q) is not changed if we take z, the triton spin pro-
jection, tobe — 4 rather than L. This can easily be checked
as follows. After the calculations below it will become clear
that the structure of the integral in (66) is such that if the
X (k,Q) are real, then the ¢, (k,Q) are also real. We take
the complex conjugate in (66) and use the fact that
(00 S bl < S8 TR s I
We then change the signs of the momentum projections in all
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the Clebsch-Gordan coefficients and use the fact that
CUTR e = [ [YEHHES mCim . » after which this
property is easily verified. Therefore, Eq. (66) can be trans-
formed by discarding (...) and replacing C )2 '2C /%12 by
ClaC .
uj i

Now we change to new variables in order to explicitly
perform three of the four integrations entering into (66). We
note that by a rotation it is always possible to put the vectors
k and Q in the zx plane, with the vector k, directed along the
z axis, the angle € between k and Q lying in the range
0<6<180°, and the rotation taking v,, into v, done by coun-
terclockwise rotation by the angle 6. If we use 8’ to denote
the angle between k and k|, and 6 " to denote the angle be-
tweenQandk,,thené’ + 6 " = 6, and the vectorsv,, and v,
in this reference frame (we denote them by v, and vJ ) have
the components (v{3'),= —sin@', (v{¥), =cos 8",
(vi?), =sin 8", (v]), =cos 8". We use g to denote an
element of the rotation group such that

Vig = gV, vy = gVl (68)
This element is parametrized by three Euler angles. A tech-
nically simple but rather awkward calculation leads to the

result
d?v,,d*v, = 8n?dg sin O d0, (69)

where dg is the invariant volume element of the group SO(3)
such that the volume of the entire group is unity.
Below, we shall use the expressions

YLp (gv15) =p2 @gp’ (g% YLD‘ (v10); (70)

Yipp (V) = (—1) 420+ D2

2L (L—1p ! Y2 ppoi -
x4 Trenr ) PE(cos B)etee, (T1)

where &, (g) is the matrix of the irreducible representa-
tion of SO(3) labeled by the spin j; € and ¢ are the polar
angles characterizing the unit vector v, and P ! is the asso-
ciated Legendre polynomial. If we also use the familiar or-
thogonality relations for the & functions and the equation
for expanding products of them in & functions, then in the
nonrelativistic case these expressions are sufficient, but in
the relativistic case serious difficulties arise because (66)
involves ¥ matrices including Wigner rotations. To trans-
form them we first use the expression

(i0v)gn = — (4m) 2 CigT]ogY 14 (). (72)

Then from (66), (67), and (69)—(71), and the known ex-
pressions for the & functions it follows that the functions
@, (k,Q) arerealif y, (k,Q) are real, since the Clebsch-Gor-
dan coefficients are real and the triton WF is described by
only states in which L + / is even. Therefore, Eq. (66) can
actually be transformed as shown above.Using (70) and the
fact that the vector v{” Xv{3’ obviously has components,
(0, — 1,0), we obtain

0@xWha=—)/ 3 1Qxkl 3 Ciilhat (@

8'=x1

- (73)

(we recall that there is a sum over repeated indices of the
momentum projections). Therefore, using (67), the terms
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arising from the inclusion of Wigner rotations can be repre-
sented as

(U130 s)enetnrer = (Via¥1s)en’ (Var)mer (Vas)et:
1 2 5 3\12, 120
= [(ﬂiﬂa—b ) Benr — ('2—) (a4 a,) Cis1y2s

X 2 Dus; (8)F ]

x [agénar + (%) = 011!1;2:1.‘,!211 2 @ﬁzﬁa (g) ]
&2

 [asberr+ ()" 1820 ¢ 2 T @], 9

where the &) (i=1,2,3) take only the values +1,
a; (i=1,2,3,4); b and c are functions only of k, @, and 6,
b= |Qxk| = Qksin 6, and the explicit form of the other
functions will be given below [see Eq. (89)].

Let us also introduce the notation k,; = —k;,; and
write @ |, for the angle between the vectors k,; and k;, 6 7;
for the angle between Q;;=Q; and k, and
disii = 0= D30T s T 15 Easily seen that

V32, if L+S+L'+8" odd;
dLSLS""‘ i,"2 if L+SuL'+S' even; (75)
{ —1/2, if L4+SulL'4+S" odd.

For the integration over g in (66) we first use (70), and
transform all the products of & functions into products of
two & functions, after which the integration over g is car-
ried out using the orthogonality relations for the & func-
tions and Egs. (72)—(74). Then we first use the orthogonali-
ty relation for the Clebsch—Gordan coefficients and the
equations (see, for example, Refs. 71 and 72)

CHECLasCi 1 2:CToin Cla 26
=[(2/+1) (2] +1) (2K + 1) (2y + 1)]/*

L s J
Xciffim{l' THI } ; (76)
K. gy A2
AR CBlra =2 (— 47 (EL 0

{"’ g 77

y'm’
x K K 1/2] CMﬁym-

All the 37j symbols can be expressed in terms of products of
6j, 9j, and 3(n — 3)j symbols using these equations. The rest
of the calculation can be done using the “diagram cutting”
technique for the 3nj symbols.”"”* This amounts to the ap-
propriate insertion into the corresponding expressions of se-
lected orthogonality relations for the Clebsch-Gordan coef-
ficients in such a way that when the order of summation is
changed the products of these coefficients are systematically
expressed in terms of 6j and 9/ symbols. Here, along with
(76) and (77), it is convenient to use the expressions

Ci;nm211m1 = ( 53 1)j—j1—JzC§:nm1nmz’ (78)
it ismsC himssomsC iamasams = (— 143 (25 + 1) (2js + 1)]2
Jo. 1e Tal tarm
X {], % ]6} Cﬁm:hml’ (79)

which can be verified on the basis of the relation between the
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Clebsch-Gordan and Wigner coefficients and the symmetry
properties of the Wigner coefficients (3/ symbols).

The final result can be written in the following form. We
introduce the notation

S EAL = 1= 1)
Fy=f{=1)* drsys

X (2K+1) (2y+1) K" +1) 2" +1)

x [((LA41) @0+ 1) (27 + 1) (21 +1) (28 +1)

X (2L 1) (21 +1) (27" +1) (2" +1) (28" +1)
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- 1
7 = (1+1pl+[M+10° 1412
— Y6 (a4 a) (—1)7

3/2 3/2 3 S ((K'3 K
X [Kp K 1,2]6}}3!26;;'3/363163’1[VT((RJ 1 _x)

= o« S)HG 2 2)-CG3 )

Fr=oz FY B FFi=F a0 8), #x=c0sb.
KyK'y’ pAxp’A'n’ (82)

Then

N 1
on(k, Q=3 | Fun (k, Q, ) ke (s, Q). (83)
n'=1 -1

Some kinematic relations

To completely define the operator P we need to express
all the functions of the momentum variables entering into
the integral (83) in terms of the independent variables k, Q,
and x. Let us express all the vectors k, (i = 1,2,3) in terms of
k and Q. It is easy to show that from (31) we have

. 25 Q (kQ)
ki=k+5 Qt 3+ g

(84)
g rig. . 000 ——
bkt Qo gy k=—Q
where M, and E|, are functions of only k and Q:
M12 T 2“’3 E12 = (Mh + Q‘iz)”zv (85)

o = o (k) = (m* + kY2
From (84) it follows that |k, | as functions of k, Q, and x have
the form

ky=|k| = (k2+(1 +r)iz kQ.r—l—-%—Qz»}-kzmz) 1"2;

ks=fkzI=(kz—-(1+r)“2koz+%02+kam)”2; (86)

ky=|ky| = Q,

where we have used the notation r = r(k,Q) = Q*/4w>. We
also use w; = w, (k;) to denote the energies of particles 1, 2,
and 3 in their common c.m. frame. Clearly,

0; = (m? + kD2 (i =1, 2, 3), (87)

where the k; are determined from (86). We use w,, to de-
note the energy of particle 1 or 3 in their common c.m. frame
(these quantities obviously coincide). It is easy to see that

5= 5 [(@; - 0g)% — 21/ (88)

and therefore w,; is also expressed in terms of k, Q, and x.
Now we can write down explicit expressions for the
functions @, (i = 1,2,3,4), b, and c:
ay=m (@44 0y)+ 20 (0; + © +m),
@y =M (©4+0y)+ 20 (0y+© 4 m);
ag=m (04+0;3)+204; (034 045+ m),
a; =m (0, 0g) + 20,3 (0 + @4+ m);
b=kQ (1 — a?)2, >
¢ =16 (0, + 0, + 20) (0, + 03 4 20,,)
X 004 (0 +m) (0434 m) (0, +m)

X (g +m) (@5 -+ m)IV2, )

~N

(89)
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Let us now turn to the arguments of the associated Le-
gendre functions in Eq. (80). From (84) and (85) we find
that

cos B’ = ;l [k + %Qm—l— kz? (14 r)v2— 1)] i
cos 8" — 1[4 PR (90)
05 0" = Tl[':a_ Q+(1+r) kz],

Then, by analogy with Eq. (31) it can be shown that

k., — (@ 013) ky— (00, 4-059) ks
13 @; + 003+ 20,

¥ k]s-:((ﬂis—mz)ﬂz. (91)

Therefore, from (91) it follows that

(03 0y3) &y 4 (04 -+ @4,) Q cos B’ 92)
(01 + w3+ 2w43) k5 F

Finally, since Q,; = — k., from (84) we find that
¥ 1
€08 0fy = —— | k2 (1 4-ra?) — L @2 y Qu=k,  (93)
1/t 4 2

cos B, =

Conditions for Hermiticity of the operatorﬁ\

The operator P acts in the Hilbert space of the vector
functions y = {X,(k,Q),._. ,XN(k,Q)}, where the norm of y
is determined by Eq. (64). If ¥ = {¥, (k,0),...,¥ (£,Q)},
then
N 00- 00 1
., P~ 3 | {akaowep© n | dav,k 0*

n, n'=1 0 -1

X P (ky Qy Z) Xnr (Kyzs Q1a), (94)

where k,; and Q,; are expressed in terms of k,Q, and x. We
use x,; to denote the cosine of the angle between the vectors
Kk,; and Q3. From the equations of the preceding subsection
it is obvious that the sets {k,0,x} and {k,;,0,,,x,; } have a
one-to-one relation to each other. The same is true of the
relation between each of these sets and {k,;,0,,x,, }. We
now use the fact that in the integration of functions depend-
ing only on {k,Q,x} we have
i
0 (Q, k) Q2 dkedQ dz =,
as follows from (32). Since dv(int) does not change under
any permutations of the particles, we can now conclude that
the left-hand side of (95) also possesses this property; for
example,

0 (Q, k) k*Q* dk dQ dx = 0 (Q1a, %13) kizof3 dhky5 dQy g dzys.
(96)

dv (int), (95)

It easily follows from the actual definition of the operator P
that this operator is Hermitian, and from (94) and (96) it
follows that a sufficient condition for Hermiticity is that

Fune (B, Q, 2) = Frop (g, Qusr 2y9). 97)

It should be borne in mind that F,, also depends implicitly
on the sign of the y component of the vector v{” X v{?. It can
be verified that the vector Q, Xk, is the same for all
a = 12,31,23 and therefore changes sign under the inter-
change of any pair of particles. Therefore, in verifying (97)
we need to replace b by — b on the right-hand side. At the
same time, it follows from (89) that for the replacement
23 we have a,«>a,, a,<>a,, c>c. After this it is easily veri-
fied that the condition (97) is satisfied, using Egs. (80)—
(82) and the symmetry properties of the 6j and 9j symbols.
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Now it is also clear that the direction of the z axis was origin-
ally chosen to be the k, direction so that the symmetry be-
tween the initial and final states was expressed by the reci-
procal relation (97).

Expression for the relativistic correction to the triton binding
energy in first order 1/m?in terms of the partial-wave
expansion of the Faddeev components

Since in Eq. (56) we have already isolated the terms
containing the small parameter 1/m* from the dominant
contribution, the operator P entering into this equation can
be taken in the purely nonrelativistic approximation. In this
approximation all the terms in P containing the function
b(k,Q,x) can be dropped. Moreover, we can everywhere re-
place k by q, the functions a; (k,Q,x) (i =1,2,3,4) by 8m°,
and the function ¢(k,Q,x) by 2'2m?®. In this subsection we
assume that the nonrelativistic Faddeev component y = ¥
determines the functions y, (¢,0) via the expansion (61),
where U,, = 1 in the nonrelativistic limit, and for the real
functions y, (¢,0) we take the nonrelativistic normaliza-
tion:

§D §Xn (g, Q) ¢*Q* dg dQ < oo. (98)
0

o

The if P,
(i=1.2,..

is determined by the functions ¢,(g.Q)
V), it follows from (80)—(83) that

(0, Q)= % E E

n’=1 Ky phxp'A’

2(L+L' —1=U"+|pl+IA +lp’ I+ 1A N+%+5+8+1
X (—1)

X dusps (2K +1) @y+1) [2L+1) @21+ 1) 27 +1)
X (274 1) (28 + 1) L' +1) (2 + 1)
X (27" +1) (2)'+1) (28" +1)

(L—1p NMEA—I AL —]p" N — A ) :Iifz
(L 1p DHA-FTADNE 1" DG TAT DY

(L 7 K (L' v K){ifz y. 8"
o A —u) o' A —x) 11/2 172 SJ

T 8 It 8 JF
x{z 1/2 j }{1 1/2 j’} P¥ (cos b’)
g y 12) l& 4 123,

X

x PM(cos 8”) PE (cos 0;,) P (08 8],) Xnr (¢15. Qsa) d, -

(99)
where d, g, 5 is determined by (75). The kinematic equa-
tions also simplify significantly in the nonrelativistic limit,
and in theintegration in (99) it follows from Eqgs. (86)—(88)
and (90)-(93) that

qi——ki—(q2+q0x+ 02)1’2 ]
2= k= (P—a0a+1 0%) "
015 %(qz+3qox+ o)
Q= (—aQe+502) " ) (100)
cose’=q—1(q+TQ$) ,
ces,e”=L (q:C—I--i— Q) :
cos 0}, = 2” (*+2000+ 7€) ,
cose;{a=ql—qE (q -———4-02) ! J
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It follows from (56) that we also need to understand
how the set of functions of g and Q describes the elements
(qQ)%y, (Qq)/(QJ/3q)y, and ic;, (QXq)y. First we use
{v,,(¢,0)} (n=12,..,N) to denote the set of functions
describing ¥, = io;, X (Q X q)y. Itis easy to compute these
expressions, starting from (61), transforming to the spheri-
cal components of the vectors, and using the equation for the
integral of the product of three spherical functions and Eq.
(79). The result is the following

¥in(g, Q=2V64gQ 3 (1 —(—1)5+%]

(L+I+L +V) +i+3"
X(—1) U

Lol AN Lt Sypdong f
r 4
X (21 +1) (2 +2)1"“(o 0 o) (o 0 0)[1/2 i

|
X [1:12 i }xfll'(Q: Q)

(2L +1) (21-+1) 27+ 1) 2L’ +1)

r 1J'—!+l 2]’ 1_ l,’Z[l J’ L}
% i §=0, §'=1;
(—tp-rrney 15 e s=1, s
B 4 Jrit) wiely S,
.
(101)

It is clear that (101) involves only terms with
|S—S8'|=|L—L'| =|l—1'| = 1. Therefore, the operator
ioy, (Q X q) gives a contribution only if orbital angular mo-
menta of different parity are taken into account. It is also
easy to see that this operator contributes only when the P
wave is included. In fact, if the P wave is neglected, the oper-
ator ioy, (QXq) can obviously have transitions only be-
tween D waves,since QX q corresponds to orbital angular
momentum equal to unity. However, the spin functions of D
states are symmetric under all particle interchanges (since
the D wave enters into the triton WF with spin 3/2), and the
operator ¢,,, being antisymmetric under the interchange
1«2, does not have transitions between such functions.
Since the probability for the P wave in the triton is of order
0.1%,” the impression is that the contribution of the term
with io;, (QXq) to (56) is insignificant. However, this is
not completely certain, since the integral determining this
contribution (see below) is concentrated mainly in the re-
gion of momenta considerably higher than those important
in the normalization integral for the triton WF.

To describe the element (gQ)”y we decompose (qQ)?>
into its scalar and tensor parts:

(‘IQ)2=%QZQZ+ (9‘;‘%—% qzaik) (QiQh_%Qzéik) '

(102)

with a sum over i,k = 1,2,3. We use {¥,, (¢.0)} to denote
the set of functions defining the element
(g9 —+ 60d)(Q;Q; — $64 Q7). Using the same tech-
nique as in calculating the functions ¥, (¢,Q), we obtain
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(L+1=L'=1")+8+j-j"

¥an (7, Q)-——~ 2(?ZE( 1)‘

X 2L +1) 21+ 1) (27 +1) 27+ 1) 2L + 1)
X (2 +1) (27" +1) (27" + 1)112

(LL’2 (zzfz 2JJ']
X\o o 0_)000)

S L' L

IS 12 j J
1)2 ;I ]l {2/ ‘;l ]-f]x'ﬂ'(ql Q)’ (103)
where only terms with §' = S contribute to the sum.

Finally, let us consider the contribution of the operator
(Qq)(Qd/dq). It is obvious that dy,(q,0)/dq
=vdy,(¢,Q)/dq, where v =q/gq. Therefore, complica-
tions can arise only in operating with V, = gd /dq on the
spherical function ¥;.;. (v). In this case only the tensor con-
tribution remains, since vV, ¥,.;. (v) = 0. This can be veri-
fied using the Wigner—Eckart theorem and the familiar ex-
pressions for the reduced matrix elements of the operators v
and V,, (see, for example, Sec. 107 in Ref. 74 and Sec. 7 in
Ref. 75). Starting from this, it can also be shown that the
functions {¥,,(¢,0)} determining the element
(Qv)(QV,, )y can be written as

L) 48+i-§'

Yin (g, Q)=—=Q? E( 4T W+

X (2L 1) (20+1) (27 +1) 2] +1)
X (2L 1) @V +1) 27" +1) (24 + 1))12

LL 2\ (LI2\(1/27j IJ J! 2][]' i 2]
><(0 0 0)(000)'2 i’ J’] L silrr e
X[FHT @+ +)E—D] % @ 0), (104)

where the sum involves only terms with .S’ = S. As far as the
contributions with dy, (¢,0)/dg are concerned, it is clear
that by analogy with (103) the result for Ae will involve
functions ¥,, (¢,Q) such that

1
2 5 (LAHI-L'=1")+8+j-j
Yin (9, Q) =-5 9> 2 (—1)? .
&

X (2L +1) 20+ 1) (27 + 1) (27 -+ 1) 2L + 1) @V + 1)
: i 1“2(1;1;2 (11’2 2J.I’}

x @1+ 0@+ (g O) i N R

{2 j i’] {1/2 J i } % (21 Q)

12 1 1 i (103)

Now from (56) we find that the final expression for Ae
can be written as

Q4+ Q*m | & |+ m?} )

L]

to=—zr 3 |

% % (@, Q—[g*+4

dg dQg*Q*{ (%

oce—"3g

Q>+ 15 G+ 202+ Q) m [ ||
X Pn (g, Q) %n (2, Q)—on(g, Q) ¥s, (g, Q)

+(g*+F @tmiel)

X ¢ (g, Q) [‘Pm (@ Q) — Y3 (2, ) —¥in (4, Q)

02 n (‘Is Q) ]} -

e (106)
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Relativistic system of Faddeev equations for the triton wave
function in the N-channel approximation

Now let us return to the purely relativistic problem, i.e.,
we shall not make use of the expansion in 1/m?. Qur problem
now is to write the relativistic system of equations in a form
as close as possible to the ordinary system. Therefore, in the
final formulation we shall work in the Hilbert space of ele-
ments y = {y,(k,Q),..., ¥ (k,Q)} such that the scalar prod-
uct of the elements y’ and y is defined, in complete analogy
with the nonrelativistic case, by the expression [instead of
(64)]

N o
(xl, x): E S
0

n=1{

n (B, Q)* X, (k, Q) k2Q*dkdQ. (107)

33-’18

Accordingly, instead of (83) the final expression for the op-
erator Pis the following: if y = {y, (k,Q),....y~ (k,@)} and
Py ={p,(k,Q)....¢on (k,0)}, then

N oA

- 150 (@ -+ wg) 71/2
_nzi —Si[ "’msa(m1+m3 ]

X Fﬂﬂ' (k, Qr 'r) xn‘ (klsv 013) dxr

Pn(k, Q)

(108)

where all the functions of k, Q, and x are defined above.

Above, we expressed the operator ¥ [see Eq. (42)] in
terms of the operator v, which is determined from the two-
particle data in almost complete analogy with the nonrela-
tivistic case (see the discussion in Sec. 1). In the Hilbert
space under consideration here the operator v, as in the usual
case, is specified by the set of kernels v, (k,k ') such that if
¥ ={(50),...xx(kQ)}, then vy is given by the set
{¥,(k,0),...,¥ (k,0)} such that

.00 =3 {

n' 0

Vane (ks k') Xor (k, Q) k2 dk. (109)

Actually, the sum (109) involves no more than two terms,
since the operator v is diagonal in the quantum numbers
{SJ1j}. Since we are assuming that the operator v can be
identified with v™" (see the discussion in Sec. 1), we can take
the v,, (k,k ') to be the known kernels for the standard phe-
nomenological potentials.

From Egs. (42) and (61) it follows that in the Hilbert
space under consideration the operator V (or, rather, the
corresponding unitarily transformed operator) is already
written in a rather simple form:

V= (4m® + 4k + Q* + 4mv)? — (4m? + 4k? 4 QU2

(110)

Let us introduce  the
B=4m®>+4k*+ Q2 + 4my, By=4m’ 4+ 4k* + Q?,
G(s) = (B+s) "', and Gy(s) = (B, +5) ~'. Let us use
the familiar expression for the square root of a positive oper-
ator:

following  notation:

B2 = { 20 (156G (5)
0

§

(111)

(the integral is understood as the strong limit of the Rie-
mann integral sums) and the analogous expression for the
operator B,. We also introduce the operator
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t (s) = 4m [v — 4mvG (s) vl. (112)
Then
G (s) — Gy (8) = —Gy (s) 1 (s) Gy (3)- (113)

Taking into account (110), (111), and (113), we obtain

oo

V=L ste, (0106 s (114)
0
The operator #(s) is expressed in terms of v as
1 -1

In the Hilbert space under consideration this operator is

specified by the set of kernels ¢,, (kk’;Q*+s), and if

v = (k,Q),....xn (k.Q)}, while t(s)y is determined by

the set {¥,(k,Q),..., ¥ (k,0)}, then

Y,k Q)= E S tan (By K3 Q* + ) onr (K', Q) K2 dK'.
ks (116)

It therefore follows from (114) that the kernels determining

the operator ¥ can be calculated from the expression

t (ky K5 Q3-s) s4/2ds
(4m3 14K+ Q2+ 5) (4m3--4k"3+Q+-3)

(117)

Vo s 5 Q=% {

0

and the action ¥ has the form

(Vi (k, Q) = 3§ Vowr (6 B3 Q e (', Q B2 .
ot (118)

Equation (58) can now be represented as a system of
equations for the functions y, (k,Q) (n=1,...,N):

[(4m? + 4k* 4 Q¥ 4 (m® + Q%) — sl xn (K, Q)

N oo
+ 3§ Van G 5 Q)

n'=1 0

X [ (&', Q) + @u (&', Q)1 k2 dk'2= 0, (119)

where the functions {g@, (k,Q)} are expressed in terms of
{y., (k,@)} using (107).

The operator T(s) in (60) is determined by the set of
kernels T, (k,k’;Q,s), so that
(T (s) X)n (k) Q)

oo

=20 { Tow (6, 5 Q, 8) xwr ', Q) k2. (120)
n' 0

These kernels must be determined from the relation

1 -1
70 =147 mrrmrrrmreyr= ] V- (12D

Therefore, Eq. (60) can be represented as a system of equa-
tions for the functions y, (k,@) (n = 1,...,N) in the form

A (O, Q) = —I(dm® + 4kt + QY2 + (m? + QP — sl
N oo
%2

§ Tow s 5 Q, 9) gue (', Q) 2 Ak

n'=1 0
(122)
or in the form
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= —4 )% (123)
N oo 1
AE) Dok, Q=3 § a' w2 | dodow (, & ¥, 23 9)
n'=1 0 -1
X X (kig (&'s Qy 2)5 Que(K'y Q, 2)), (124)
where, as a consequence of (108) and (122),
A (b, Q; ', @; 5)= — [(4m2+ 4k2 L QY12
(' Ghyn s
[m;am; (@i +wz) 742
0’0} (0] +0;)
N
k) ’
X Zi T‘fm"(kr k; Q: S)Fn”n' (k': Q: 33),
n*=1
(125)

where in all the primed functions @ of k, @, and x the argu-
ment k is replaced by k'

In numerical calculations it usually becomes necessary
to repeatedly calculate the action of the operator 4(s) (see
Sec. 5), and it is therefore desirable to get rid of the operation
of variable substitution in (124), i.e., it is desirable to write
the action 4 (s) as

N o o
(A6 Dak, Q= 3} | Ao (b, 0; kigy 055 9)
n'=10 0
X Xne (Ryzy Qy3) dkyy Q.

To calculate the kernel 4, (k,Q;k,5,0,,;5) it is necessary to
transform from @, k, x to the variables Q, k5, Q).

Let us first transform the volume element in (124). We
introduce into the integrand of (124) the quantity
8(Q' — Q)dQ', use (96), and then eliminate the & function
by integrating over x,;. From expressions analogous to
(86), it can be shown that

(126)

9 (m2 - k2.)1/2
Tys =243 (Q, k3 Qya) =%

x [ (m2+ &%+ —}ora)”—(mzw%'ﬂ]. (127)

Therefore, the kernel 4, (k,Q;k,5,Q,5;5) vanishes if the
value of the function x,, (Q,k,,,Q,; ) does not lie in the inter-
val ( — 1,1). We introduce the notation

& 1, if @3(Q, ks, Qi) E(—1, 1);
1Q ks, Q”)*;o i 245 (0, Fy Qug) €(—1, 1),

(128)
Then in view of the above discussion it can be shown that
Anne (B, Q3 kg Quz; 8)

PN 150141 (0, by, Q1)
QTGm* - 4kt + QY7+ (m? -+ QA —3]

05305 (0 +@,) 1/2
- I- W30, (0 -+ ©g)

N
X 2 Tﬂn” (ky kiz (Q! kis- 013); Q» S)J

n =1

X Fn”n' (Qv k:sr 013)- (129)
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We distinguish k and k,, in this expression, assuming that
k,, and all the functions under the square root depend on Q,
ki3, and @,;. The corresponding explicit expressions have
the form

0y = (m?4Q},) 2, wy=(m?+ Q212
@, =2 (m*+ K+ Q) — (me - 01,
01y = (m? 4 Ky) 2
01 =5 [0, + ;)2 — Q2, kyy— (0F,— m)V2.
(130)

In the calculation of F,.,. (Q,k,5,Q,;) we must also express
all the functions in terms of Q, k,;, and Q,, . Equations (89)
remain valid for the functions a; (i = 1,2,3,4) and ¢ if w is
replaced by w,, and Eq. (130) is used. Moreover, it can be
shown that

b=1Fy3Qs3 (1 —2},)'/2, ky=(0}—m?)1/2; \
2045 (0,0, — 0F) 7,

O - 0+ 20,

r g 1 sy 2 —_—
cosb' = klkm I:(m!wlz m )

Sad 1
0059 = — g (il —mi—2kL); ? (131)
vty (01 0g) (03— 05) 05
cos 0, = _}:: = Fkrs ($1+c1,;3+§co,:)a ?
4 1
cos B, = T0n (mimz—m2—2k§2)’ J

and therefore the function F,., (Q,k,,,0,; ), as before, can
be calculated using (80)—(82).

4.SUMMARY OF THE RESULTS

In the first two sections of this study we reviewed the
results which already exist in the literature, while the results
of Sec. 3 are new. They pertain to two problems: 1) the deri-
vation of an explicit expression for the RC to the triton bind-
ing energy when the nonrelativistic triton WF, calculated by
solving the N-channel system of Faddeev equations, and the
nonrelativistic binding energy are known; 2) the explicit
derivation of the relativistic /-channel system of Faddeev
equations, the solution of which determines the binding en-
ergy and the triton WF without expanding in powers of
1/m?. To aid the reader interested in carrying out numerical
calculations, here we separately review the corresponding
algorithms (of course, they are determined by the preceding
discussion).

Calculation of the RC to the triton binding energy in first
orderin 1/m?2

Let us assume that we know the set of functions
{x1(4,0).....x~(g.0)} obtained by solving the standard N-
channel system of Faddeev equations for the triton wave
function, where g and Q are the magnitudes of the vectors q
and Q [see (14) and (31)] taken in the c.m. frame of the
three particles. We assume that these functions are normal-
ized in accordance with (98). Also, let £, (g,<0) be the
nonrelativistic triton binding energy. Then the algorithm for
calculating the RC to the triton binding energy in first order
in 1/m? is the following. First we use the relations (100) to
introduce kinematic functions of ¢, @, and x, and we deter-
mine the set of functions @, (¢,Q) using (99). Then we use
Eqgs. (101) and (103)—(105) to find the set of functions
V., (g,0) (i=1,2,3,4n=1.2,.,N). The desired relativis-
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tic correction to the triton binding energy is then determined
by Eq. (106).

Algorithm for constructing the relativistic system of Faddeev
equations for the triton wave function in the N-channel
approximation

An algorithm for explicitly constructing Eqs. (58) or
(60) is the following. First we choose N channels in which
the states of the three-nucleon system are described
by the quantum numbers {LSJlj}, and we consider the
Hilbert space whose elements are the sets
¥ ={x1(,k0).....yn (k,0)}, and the scalar product of two
elements y’ and y is given by (107). We assume that the
kernels v, (k,k') of the operator v are chosen in such a way
that the nucleon-nucleon data are correctly described by Eq.
(19), where k is the magnitude of the relative momentum of
the two nucleons in their c.m. frame [see (6) ], and the func-
tions y,, (k) describing the internal state of the two-nucleon
system with quantum numbers {LS/} belongs to the Hilbert
space of functions with the scalar product

oo

', %)= § 2 (k=2 (k) b2 i,

n 0

(132)

where the summation runs only over those sets {LSJ} which
are involved in the N-channel approximation. Above, we ex-
plained that v, (k.k ') can be understood as the known ker-
nels for phenomenological potentials when the normaliza-
tion (132) is used (often the normalization for which the
integration is done without the & * is chosen).

To determine the operator P we first introduce func-
tions &, @, and x (k,Qe[0, 0 ),x[ — 1,1]) which are deter-
mined by Egs. (85)-(93), and then functions F,, F,, and
F,. givenby (80)-(82), after which the action of the opera-
tor P is determined by Eq. (108).

To determine the operator ¥ we first find the kernels
L (kk ;0% + 5), which determine the operator (115), and
then we use (117) to find the kernels V. (k,k';Q) and de-
termine the action of the operator ¥ using (118). After the
operators Pand V have been found, Eq. (58) in the N-chan-
nel approximation reduces to the system of equations (119).

Imagine that now we want to represent Eq. (60), writ-
ten in the form (123), in the N-channel approximation.
Then, using (121), we also need to calculate the kernels
T, (kk",Q,s) of the operator T'(s), and if Eq. (123) is writ-
ten in the form (124), the kernels of the operator 4 (s) must
be calculated using (125).

As already noted, for numerical calculations it is more
convenient to write the operator 4 (s) in the form (126). To
calculate the kernel 4,,,, (k,Q;k,5,0,5;5) we must in this case
proceed as follows. First we introduce functions of Q, ks,
and @,; which are determined by Egs. (89), (127), (128),
(130), and (131) (with @ = @, ) and then use Eqs. (80)-
(82) to calculate F,, (Q,k;;,Q,;). Then in the kernels
T,y (kk';Q.s) calculated earlier we replace k' by
ki (@Qk;,0,:) and calculate the kernel A
(k,Q;k\3,Q:535) using Eq. (129), taking into account (127)
and (130).

5.DISCUSSION OF THE RESULTS AND CONCLUSIONS

Since the system of equations in the form (119) or
(123) has the same structure as in the standard approach, it
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can be solved using the well known techniques used to find
the triton binding energy in cases where the problem can be
solved in the momentum representation. However, at pres-
ent it is believed that it is most convenient to solve the Fad-
deev equations numerically in the coordinate representation
(see the review of Ref. 76), and the most accurate calcula-
tions, which were mentioned in the Introduction, have also
been carried out in this representation.

In the relativistic case the transformation to the coordi-
nate representation is not completely clear, since, as is well
known, here there is no operator possessing all the properties
needed by the coordinate operator. If, however, we assume
that the coordinate is determined by the Newton-Wigner
operator or, as was suggested in Ref. 77, by the Shapiro
transformation,’® then the relativistic Faddeev equations in
this coordinate representation become finite-difference rath-
er than differential equations. Whereas in the two-body case
some finite-difference analogs of the ordinary Schrodinger
equation can even be solved analytically,”” great technical
difficulties arise in the three-body case. It therefore seems to
us that it is advisable to solve the relativistic system of Fad-
deev equations in the momentum representation.

As noted by the authors of Ref. 2, the method of Hora-
Sek and Sasakawa’ used in Ref. 2 is well suited to calcula-
tions in both the coordinate and the momentum representa-
tions. Let us briefly describe the main idea of this method.

We shall study the solution of the system of Faddeev
equations written in the form (123)-(124) or (123), (126),
(129). Assume that we have somehow made sure that the
function F, is in some sense close to y (in what sense will
become clear in what follows). We use the notation A,(s)

=A(s),F,,, = —A,(8)F,,A,.,(s) =A4,(s)P,, where
P, is the orthogonal projector perpendicular to F;, i.e., the
operator acting according to the rule

PFe=p B g

(Fi, Fa) (337
We also define the functions ®, | = [1+4,(s)] ~'F,.
Then it is easy to show that
21 : (Fn, Fn)
Ot =Fn+ G T =y B O (14)

and the following is valid:

Proposition. (F,,®,) = (F,,F,)
O, = —A,(s)D,.

In particular, @, is the solution (123) (i.e., ®, = y) if
and only if (®y,Fy) = (Fi,Fp).

Suppose, for example, that we have accidentally
guessed the solution and the binding energy, i.e., it has
turned out that F, = y. Then it is obvious that F, = F,
F,=F,=..=0,®,=F, If F,isclose to y, and sis close to
the true triton mass, then it is natural to expect that F, rapid-
ly falls off with increasing n, since F, is obtained by n! appli-
cations of the orthogonal projection perpendicular to F,
F,,....F, . Therefore, for some n=N, we can take
@y = Fy, .. Then it follows from (134) that

(Frg Py
i (g Fu)—Fyp Frp-9) '

if and only if

Dy, 1=Fy, (135)
and we can carry out the iteration procedure F,
—»F—»..Fy ., =®,. Then we calculate (F,®, )
= (F,,Fy, ) for 0<i<N, and start from the recursion
equation following from (134):
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(Fir ;) (Fm Fn)
(Fry Fp)—(Fn, ®p)

(Fiy Opg)=(Fy Fo)+ 0<i<n—1).

(136)

In the end, this equation can be used to calculate (F,®,).
Therefore, to find the triton binding energy we can proceed
as follows. We fix some sufficiently large NV, and for various s
we go through the procedure of calculating (F,,®,). The
true triton mass then corresponds to only that value of s for
which (F,,®,) = (F,,F,). It is also clear that, starting from
(134) and (135), we can recursively calculate also the func-
tion @, itself satisfying Eq. (123).

It follows from the above Proposition that this proce-
dure is valid if the operators 4, (s) do not have eigenvalues
equal to — 1for n>>1 and s close to the true triton mass, and
it is this condition that must be understood as F;, being close
to y. Owing to the presence in A, (s) of orthogonal projec-
tors perpendicular to F,F\,...,F, _,, this condition is natu-
ral.

In an actual calculation the amount of machine time
needed can be reduced by also using nonorthogonal projec-
tors (see Ref. 2 for details), but our goal is only to present
the idea behind the technique. One reason why this tech-
nique is convenient is, in particular, that the kernel of the
operator T'(s) is used only for s located to the left of the
leftmost singularity of this kernel for s = m + m,, where m,
is the deuteron mass. In our case we can take for F, for
example, simply the set {¥,(k,Q),...¥x(k,Q)}, where
{x1(4,2),.... % (g,@)} is the solution of the standard non-
relativistic problem, and, in principle, it is not necessary to
take N =N, but we can take N <N, setting )?,, =0 for
N<n<N.

Of course, we do not exclude the possibility that other
computational techniques can also be effective. For exam-
ple, in the standard nonrelativistic approach the so-called
hybrid method suggested by Dzhibuti (see, for example, the
review of Ref. 80 and also Ref. 81) appears to be very prom-
ising. Here, by using the Faddeev expansion in a hyperspher-
ical basis, it is possible to reduce the problem to a system of
one-dimensional integral equations in the momentum repre-
sentation. Then one uses the fact that the kinetic energy 7"
is a quadratic form in the momenta q and Q and does not
change under any particle interchanges. However, in the rel-
ativistic case the analog of 7" is the free mass operator M,
and no function of it is a quadratic form in the momenta k
and Q.

Until recently, calculations of the RC to the triton bind-
ing energy have been carried out in the s-channel approxima-
tion, neglecting spin effects and taking into account only the
first terms in the expansion of powers of 1/m?* (Refs. 64—66
and 82-86). Here the contributions of the RC to the kinetic
and potential energies are separately substantial, but owing
to strong cancellation of these contributions the resulting
effect in the triton binding energy is no larger than about 0.2
MeV (which has led some physicists to maintain that rela-
tivistic effects do not play an important role in the problem
of the binding-energy deficiency of the lightest nuclei). The
authors of Ref. 66 carried out the relativistic calculation of
the triton binding energy in the s-channel approximation,
but without expanding in powers of 1/m?. Here it turned out
that the results greatly differed from those obtained when
only the first term in the expansion in 1/m? was taken into
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account. As already noted, the first term in the expansion in
1/m? leads to a reasonable result if the triton WF falls off
sufficiently rapidly at large relative momenta, but in practice
the rate of falloff can be insufficient, and this can be shown
by a very simple example—that of the deuteron. For exam-
ple, whereas in most realistic models the result of calculating
the RC to the deuteron magnetic moment in first order in
1/m? is characterized by an error of 10-20% (Refs. 87 and
88), for the model of the Nuclear Physics Institute at Mos-
cow State University these results differ by almost a factor of
2 (Ref. 24), and in most cases there is a large difference for
the RC to the quadrupole moment.*® It can be concluded
that the question of how close are the exact and approximate
values of the energy can be settled only by comparing the
corresponding numerical results.

In Ref. 66 the numerical value of the RC to the triton
binding energy also turned out to be small (0.2 MeV), and it
was suggested that the result of the earlier study of Ref. 89, in
which the value — 1.7 MeV was obtained, was incorrect.
Values of the desired RC no larger than 0.25 MeV have also
been obtained in approaches differing from RQM (for exam-
ple, in the quasipotential and Bethe—Salpeter approaches),
but in those cases calculations have been carried out only in
the s-channel approximation.”

The RC to the triton binding energy was recently calcu-
lated in Ref. 91 using the five-channel approximation for the
Reid soft-core potential, and the calculation was carried out
in first order in 1/m”. The equations derived in Ref. 91 are a
special case of Egs. (99), (101), and (103)-(106) for N =5
and neglecting the P-wave contribution [see the discussion
of Eq. (101)]. The result — 0.54 MeV was mainly due to the
D wave, since when only two channels were included the RC
was — 0.10 MeV (in agreement with earlier calculations),
and when three channels were included it was — 0.50 MeV.
This result might appear strange, since the D-wave probabil-
ity in the triton is no greater than 10%. However, it should
be remembered that the RC is mainly determined by the
high-momentum part of the triton WF, where the D wave is
much more important than the § wave. In the case of the RC
to the deuteron magnetic moment, the dominant role of the
D wave was first demonstrated in Ref. 87. In the case of the
RCto the triton binding energy this effect must be even more
pronounced, since this quantity is determined by the expec-
tation values of the fourth power of the momenta [see (56) 1],
rather than the second, as in the case of the RC to the deu-
teron magnetic moment.*”®® It is also well known that in the
calculation of the contribution of three-particle forces in the
34-channel approximation, the contribution of channels
with high numbers is comparable with that of channels with
small numbers.>"!

In view of the above discussion, it appears to be very
important to carry out the relativistic calculation including a
sufficiently large number of channels. As noted above, the
need to include Wigner rotations and more complicated
kinematic relations leads to great complications in the rela-
tivistic problem compared with the standard case. In our
approach this led to a very complicated expression for the

" operator P. Yet another complication arises from the fact
that the operator v enters into ¥ under the square root (the
need for this was first pointed out in Ref. 44), so that to
express Fin terms of v it is necessary to first calculate the
operator ¢(s) [see (115)] and then carry out the integration
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in (114). Owing to these features, the relativistic calculation
apparently requires a larger amount of machine time than
the nonrelativistic one, but it is possible to carry out this
calculation on powerful computers. The result of this calcu-
lation will definitively answer the question of what is the
contribution of relativistic effects to the triton binding ener-
gy, after which the role of three-nucleon interactions and
quark degrees of freedom will certainly become clearer.
Then the relativistic multichannel calculation should be car-
ried out also for other three-nucleon observables, since for
many of them the agreement between theory and experiment
is still unsatisfactory.
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