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Gauge models in space-time with d = 2, 3, 4 in which the vacuum has a complicated structure are
considered. It is shown that allowance for the vacuum structure leads to a description of the
models in colorless variables. The semiclassical method is used to find effective Lagrangians that
are expressed in these variables and take into account the vacuum structure explicitly.

INTRODUCTION

Itis well known that in some gauge theories the vacuum
has a periodic structure.'?

What this means is that the energy functional has not
only the trivial minimum 4 = 0 but also an infinite count-
able number of minima

Ay=1U0U (), ..., Aw=U-"0U"(2), (1)

where U(x) is an element of the corresponding gauge group.

It can be shown that this occurs in any gauge theory.
Indeed, from the minimum 4 = Qitis possible, by means of a
gauge transformation that does not change the energy, to
obtain an infinite set of minima A, 0. The operator that
implements the gauge transformation with parameter a (x)
has the form

V =exp {i S o (x) L (z) dx},

L =0E —p(z), a(x)=0.

However, in gauge theories there are constraints that
must be solved if one is to obtain the physical Hamiltonian
and energy. The constraint equation has the form L =0
(Gauss law).

But in this case we can no longer make gauge transfor-
mations, since in the physical space the generator is L=0.
We are therefore left with a single minimum, for example,
A=0.

The existence of the other minima [see Eq. (1) ] can be
understood if it is assumed that to the element U(x) there
corresponds a parameter a(x) that does not decrease at in-
finity: @ (o0 ) 0. In this case, the condition L = 0 does not
forbid the existence of an operator of a gauge transformation
T that implements a transformation U(x) with parameter
a(x) which does not decrease at infinity. Therefore, in some
theories there may exist a well-defined gauge-transforma-
tion operator T and, hence, an infinite number of minima
(1).

Then the vacuum state is uniformly dispersed near the
minima (1). But in such a case charged states cannot occur
in the theory. :

Indeed, the Hamiltonian of a charged particle is a func-
tion of the variable p — eA. For example, for a nonrelativis-
tic particle H = (p — eA)?/2m. Then a state with definite
momentum p cannot be an eigenstate of the Hamiltonian
H(p — eA), since eA does not have a definite value [super-
position of the quantities (1) ]. This assertion can be formu-
lated in a different way by means of the operator 7.

Since the Hamiltonian is gauge-invariant,
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THI*=H,

and the operator T 'is unitary, 7'+ T = 1, it commutes with
the Hamiltonian:

[T, H] = 0.

This means that the operators H and T can be diagonalized
simultaneously. We denote by exp(i@) the eigenvalue of the
unitary operator T Then for the ground state of the system
we have

T | vac) = ei® | vac). (2)

We shall show that charged excitations cannot exist
over such a vacuum.

Let ®(x) be a charged field that is transformed under
the action of the gauge transformation in accordance with
the law

T+*® @) T = U (2) D (a),
T+ch+(2)r = cb+(?x)U+(x()x). (3

For the two-point correlation function of this field, we
obtain from Egs. (2) and (3) the chain of identities

(vac | @* (y) @ (z) | vac)

= (vac | T *®* (y) TT*® (z) T | vac)
= (vac | @* (y) @ (2) | vac) U* (y) U (x). (4)

It follows that this correlation function is equal to
const8(x — y) or is undefined. In either case, a particle de-
scribed by the field ® cannot move. This is the case because
the momentum of the particle over the vacuum (2) does not
have a definite value.

Indeed, the invariance of the vacuum (2) with respect
to a shift by the operator T means that the vacuum is uni-
formly distributed over all the minima A, (1). If near the
minimum A = 0 the particle is described by a wave function
with definite momentum p, ¥,(x) ~exp(ip-x), then near
the minimum A, it will be described by the wave function
¥, = U" (x)9),. This state also has a definite momentum,
since the phase associated with the momentum is separated
from the phase of U" (x). But for a superposition of the
states 9, (x) such separation is no longer possible, and the
phase of the momentum is lost on the background of the
phase of U” (x), which fluctuates from minimum to mini-
mum. But this means that the momentum is indefinite.

There are two possible ways to resolve the difficulty
associated with the relation (4). The first is confinement. In
this case, only a gauge-invariant bound state of ® and ® *+ is
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observed in the spectrum. The second is color rearrange-
ment. In this case, the charged variable & is transformed into
a neutral, gauge-invariant variable, which no longer “feels”
the phase of U" and can therefore move.

The dynamics determines which of these two possibili-
ties is realized in reality.

Another aspect of the vacuum structure is the chiral
properties of fermions. As a rule, in theories with a compli-
cated vacuum structure the fermions have an anomaly in the
chiral current: d,.j;, = 2d,K,,, where K, is the topological
current, and the topological charge § K,dx changes by unity
on the passage from minimum to minimum. This means that
the chiral charge changes at the same time by + 2. There-
fore, the chiral charge over the # vacuum in indefinite, and
this may be manifested in the appearance of a quark conden-
sate and a mass of physical variables coupled to fermions.

In Sec. 1 we consider the exactly solvable Schwinger
model, in which there is confinement of the charged fer-
mions. In this example, one can understand how the opera-
tor T of the gauge transformation is constructed, find a La-
grangian of the model expressed in terms of the physical
colorless variables, establish operator identities that relate
the physical variables to the original variables, and trace the
connection between the chiral anomaly and the acquisition
of mass by the physical variables.

In Sec. 2 we consider two-dimensional scalar electrody-
namics, in which the alternative to confinement—color rear-
rangement—is realized. The semiclassical method is used to
take into account the complicated vacuum structure and
find an effective low-energy Lagrangian expressed in terms
of physical variables. Approximate operator identities that
relate the physical variable to the original variables are es-
tablished.

If the properties of the Schwinger model make it resem-
ble what is expected in QCD, those of scalar electrodynamics
make it similar to the Weinberg—Salam model.

In Sec. 3, we consider a unification of these two models.
The resulting model has the properties of both the
Schwinger model and scalar electrodynamics. On the one
hand, there is color rearrangement and the effective Lagran-
gian contains the field of a colorless fermion; on the other
hand, the presence of a chiral anomaly leads to acquisition
by this fermion of a dynamical mass.

In Sec. 4, we consider the three-dimensional Georgi—
Glashow model, in which, on the one hand, there is confine-
ment and the effective Lagrangian can be expressed in terms
of colorless variables, while, on the other hand, the chiral
symmetry is spontaneously broken, and the nonlinear o
model is realized.

In Sec. 5, we consider quantum chromodynamics with
one and two light quarks. The Lagrangian of this model can
be expressed in terms of colorless collective variables, the
effective quark having a nonzero chromomagnetic moment,
while the chiral anomaly is manifested by the acquisition by
this quark of a dynamical mass.

Except for the Schwinger model, none of the models are
exactly solvable. In such a case, a convenient tool for study-
ing the vacuum and excitations over it is the method of func-
tional integration (path integrals).

We recall the basic features of this method for the exam-
ple of a quantum-mechanical particle in a periodic potential.

The Hamiltonian is
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where U(x) is a periodic function with period a: U(X
+ a) = U(x). Suppose that the potential is non-negative,
U>0, and that its minima are at the points x, = na,
U(x,) =0.

In this model, the particle momentum is not a quantum
number, since the operator p does not commute with the
Hamiltonian. However, the Hamiltonian does commute
with the unitary translation operator T =exp(ipa), and
therefore the two operators can be diagonalized simulta-
neously:

T |n, B)=e=19 |n, 0), 0O <<2nm,
H |n, 0)=g, (8) In, 6),

a0 i
2§ 5= I, 08, nj=1,

where the angle @ parametrizes the eigenstates of the unitary
operator T, and £, () is the spectrum of the Hamiltonian.
The state with the lowest energy is called the € vacuum.
Consider

Z= Z (que—ﬁ"llxo) olad, (6)

Using the property of the translation operator,
(2o | T =(zg| =(qa],

and also the relations (5), we obtain

do o —8)a—Enl®)T 2
Z= 3 X g o't |y )

q n

= 2 B-sn(ﬂ)'r](xo |7 e)Ez-
n

Thus, Z is directly related to the spectrum of the model con-
structed over the € vacuum. In the limit 7— o0, only the
vacuum contribution survives in the sum:

Z — e~ %vac®7 |0 |vac)|2. (7

It is convenient to represent Z as a functional integral. The
amplitude of tunneling from the x, = 0 minimum to the x,
minimum has a representation as an integral over the paths
x(t) that join these minima:

*q

(zq |e~H|xg) = S e-é"‘)D (x);

0

“

§= T§2 dt(%J,_U (@) -
-t/2

By definition,
/2
qg= % S z dt,
-1/2

from which, taking into account (6), we obtain representa-
tions for Z:

exp [— S (x) +1i6g (z)] D (z). (8)

z=3,

o3
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This integral can be estimated by the semiclassical method.
For this, it is necessary to find the path that has the least
-action: 65 = 0.

We denote it by X, and its action by S. Taking into ac-
count the paths near the extremal, x = X + 8x, we obtain
their contribution to Z:

_ 2

e~5 det™1/2 (E%%) o-idf, (9)

The solution with g = 0 has the form ¥ = 0, § = 0. We
denote its contribution to (9) by Z,,, =det '
[—-d7+U"(0) ]-

The solution X,(#), [ — X,(#)] joining the neighboring
minima of the potential has ¢ = + 1( — 1) and §,50. Its
contribution to Z is given by the corresponding formula (9).

Note that if X,(f) solves the equations of motion
&S = 0, then the function X, (¢ + £) is also a solution of the
equations of motion. This follows from the translational in-
variance. Therefore, these functions must also be summed in
Z. In the expression (9), this is manifested by the fact that
the determinant contains a zero mode. Indeed, using the in-
variance of the equations of motion 85 /8% = 0 with respect
to time translations X, (¢ + £) ~X,(¢) + &%/ (), we obtain

628 =0 ety qep

| Emag o #=0
and this signifies the existence of a zero mode. It must be
taken into account by means of the method of collective co-
ordinates.**

As a result, the single-instanton contributions can be
represented in the form

By =l a0 Icgdt, (10)

where fdt = 7 is the contribution of the zero mode, while
the constant k takes into account the contributions of the
other modes:

: | =41
- L 628 VND -5
= det (_6516;1) ) e (11)

where N, = [¥2dt is the normalization of the zero mode,
and det’ means that the zero mode is not taken into account
in the determinant.

To take into account configurations with g0, 1, we
use the approximation of a rarefied instanton gas. For this,
we consider a composition of N * instantons and N~ anti-
instantons. Such a configuration carries the topological
number g=N* — N ~. Summing over N * and N —, we
take into account all possible topological configurations. We
obtain

kN"+N‘ .
Z=Zp-th 2 WGXPI—IG(N_—N+)]TN++N_
N+ N—

= Zp.tn €xp [ 2k cos (0) T]. (12)

Comparing this with (7), we obtain for the vacuum energy
the expression

Evac (B) = Ep.th — 2k cos 0. L

In contrast to perturbation theory, the spectrum of the
model is continuous. For despite the potential barriers, the
particle can move by below-barrier penetration. Since the
tunneling probability is low, the effective mass of the particle
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will be large. Indeed, at small @ we have the approximate
equations

e (0) & epn + k0% p o~ — O/a,
from which we obtain m,,, ~1/(2ka>).

1. SCHWINGER MODEL
A.Operator solution

The Lagrangian of the Schwinger model has the form®
L= — P+ %1 (u—ied,) v, (13)

where 4,, and ¢ are the electromagnetic and fermion fields,
F, =d,4,—3d,4,, =0, 1, and the two-dimensional ¥
matrices are taken in the form

u_(m l_(01 . (10
Y=l10) "=lo) ¥=\o_4)

The equations of motion that follow from the Lagran-
gian (1) are

M"Fyy=—el,, (14)

iy (9, —ied,) v =0. (15)
The current J,, is defined gauge-invariantly:’

N@=g lm (J.@e)+u@=g) (16

x+

Tu(@le) =% (2) puexp (—ie | 4,d") p(z+e).

x
In this paper, we use the transverse gauge
A% =0. (17)
In this gauge, the fields ¢ and 4, satisfy the equal-time com-
mutation relations
{‘Pi (xl’ t)1 "-P; (yl! t)} = +aij6 (.2'.'1 = 91)1 iv ] = 112;
[00A; (2, thdi @y, )] = —id (2 — ¥
. @
(004, (24 1), Body (yy, D)]=i e o (2t —y"),

while the remaining commutators vanish.
The Schwinger model in the transverse gauge has the
operator solution®
4=

Vi

— & (2+1), (18)
P(z)=K texp{—iV my; (2 (@) +n(x)}: b (2),

Eg1 =€,o=1, where = is a free pseudoscalar field with
m = e/\[m, and 7 is a free massless field quantized with a
negative metric,

M (¥ 1), 8o m (2%, t)] = —i8 (2 — y2);

Y, is a free massless fermion field (free scalar and fermion
fields in two-dimensional space-time are described in detail
in the studies of Ref. 9). The negative-frequency part of the
commutator function of the field 7 is

D (2)= — o— In (— p22 + iezy),

where . is an arbitrary parameter with the dimensions of a
mass.” The coefficient X in (18) is expressed in terms of this
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parameter by
= (ey/2u V m)¥4,

where ¥ is Euler’s constant (y=1.781).
Calculation of J, in accordance with (16) leads®' to
the expression

‘Ill-':jlln'*"%Aw (19)
wherej, = o (%) 7. Wo(x), the current of the free fermions,
satisfies the equations

*j,=0, ed,j,=0, 8%,=0. (20)

Strictly speaking, the ansatz (18) solves an extended
dynamical system in which the Maxwell equation (14) is
replaced by

eved,, (6%F 4 eJy) =0.

This makes it possible to exclude from consideration [see
(19) and (20) ] the current j,, of the free fermions.

If we now return to the original system (14), (15),
(17), then the ansatz (18) satisfies Eqs. (15) and (17) iden-
tically, while Eq. (14) reduces to the operator equation

Ly =10, 2D
where
Ly ju—l-%zwa”n. (22)

Since the original operators 4, and ¥ can be expressed
by (18) in terms of the free operators X, 1, ¢, we have at our
disposal the Hilbert space of states

I = (Z) @ H# (n) & F (Vo)-

Since the fields 77 and ¢, are independent in this entire
space, the relation (21) is not satisfied in 5, but there must
exist a subspace #,, C# in which the condition (21) is
satisfied identically. It is in this subspace that the ansatz
(18) solves the equations of motion (14) and (15).

B.Vacuum and observables

We turn to the construction of the physical state space.
The operator equation (21) is to be understood as the van-
ishing in the physical space of all matrix elements of the
operator L, i.e., (®|L, |®') = 0 for all states |®) and |®')
in the physical space &%, . Thus, in the space F¢, this equa-
tion is a constraint equation that imposes definite restric-
tions on the state vectors.

These must be imposed® in the form

L. | )y=0, (23)

Here, L, is the negative-frequency part of the operator

L,, . For all vectors |®) that satisfy the condition (23), ful-
fillment of Eq. (21) is guaranteed:

(DL, | D'y=0,
We define the vacuum in the space 7 by the condition
ZP0)=m"[0)=19|0)=0.

Then |0) is one of the solutions of Eq. (23). The remaining
vectors |®) can be obtained from |0) by applying to it opera-
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~
tors ¢ that do not carry |0) out of the physical space.
For this, they must commute with L ;' :

[0, L¥=0. (24)

One can show that these operators can be constructed from
the operators =, o(x), O, Q5. Here

0r = — {10dat; @5 = {7, a2 (25)
are the operators of the fermion number and of the chirality
of the free massless fermions, while o(x) are defined as’

2. 172 s
ou ()= (25) " 250 s exp (—i V Rvin (2)

_iVRH(x)}:wo(x)exp (1%55) 2 (26)

By direct calculation, we can verify’ the following prop-
erties of these operators:

[0« (), of ()] =l0x(2), of (1)]=0; 27

0 () ok (z)=1.

[0+ (2), 0 W] =[0+(2), 0= (y)]=0; }

The commutation relations of the unitary operators o,
with operator charges have the form

[Gt, QF] = —04, [U:I:' 05] = F O, (28)

from which it follows that the operators o carry a fermion
number and chirality.

In addition, o, in the physical space #°,, commute
with the generators of translations and therefore are con-
stant unitary operators.

Indeed, defining P,
Twlx) =

in accordance with P, §T,,dx',
T (2) + T lile) — L (), e obtain

[P0 (#)]= —m (L F eyl (2)) 02 (2).

From the condition L,, = 0 we find thatin #°,,, 0, donot
depend on x.

Note that the fermion field ¥(x) (18) does not com-
mute with L, and therefore does not belong to the physical
space. It is therefore meaningless to consider the fermion
propagator in the physical space.

All that has remained from the fermions is the opera-
tors o, , which in accordance with (28) carry fermion and
chiral numbers. But these operators cannot “‘propagate,”
since in the physical space they do not depend on x. It is clear
that this phenomenon is intimately related to the confine-
ment that holds in the model. Indeed, the only field that can
propagate is the neutral (colorless) field Zix).

Since the field = commutes witho _ , QF, 0., the phys-
ical space is the product of the Fock space of the field Z and
the space of the operators o, , O, Qs with the commuta-
tion relations (27) and (28):

e?gph =# (Z) @ H (0, Qp Qs)-
Since the Hamiltonian commutes with Q and Qs, there
exists a common set of eigenvectors of these operators and

the Hamiltonian.
One of them is [0):

Qr10)=0;10)=0.
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It follows from the commutation relations (28) that the op-
erators change the fermion and chiral numbers by + 1.
Thus, the basis in the space #°(o,Qr,05) has the form

| m4yy ) = (04)™(0)" | 0).

Here, n . are arbitrary integers. The vectors |n *,n ~ ) have
a definite fermion number and chirality:
Qr |n*, n)=(n*+n") [n*, n7), }
= (29)
Qs |n*, n)=(nt—n7) |n*, n7).
Since the state |0,0) has zero energy, and the operators o
commute with the Hamiltonian, all the vectors [n*,n ™)
have zero energy. Thus, the ground state of the system is
degenerate with respect to the fermion number and chirality.
As the ground state, any linear superposition of the
states |n ¥ ,n ~ ) may be chosen. i
In particular, it can be chosen in such a way that the
Hamiltonian and the operators ¢, are diagonalized simul-
taneously. This is possible because the Hamiltonian com-
mutes with o, .
Since the operators o, are unitary, the eigenvalue
equation is

Oy | e+9 B— ) = exp ( = 19:[:) I 8+1 B-)!‘ (30)

0<8, <27
This equation is solved by the vector
|84, 6-) =3 exp (in*0* 4 in=0-) | n*,n"),

nt, n=

the so-called @ vacuum.>*’
It follows from the relations (2.17) [sic] that the differ-
ent @ vacua are related by the unitary operators

Ur=exp (iaQg), Us(a)=exp (izQ;) (31)
in accordance with
18y + ety O+a—ay=Uy(2) T, (@) [0, 0. (32)

Therefore, all the 8 vacua are equivalent, i.e., by means
of the unitary operators they can be obtained from a single
vacuum, for example, from [0, ,0_ )|, _o-

It follows from (32) that after the choice of a definite @
vacuum the symmetry (31) associated with the conserved
charges Q. and Qs is broken, since the vacuum is not invar-
iant with respect to these transformations.

The breaking of the symmetry is manifested in the fact
that the vacuum expectation value of o, ,whichisnotinvar-
iant with respect to the phase transformations (31),

Uro, UF = exp (ia) o4; 550153=exp (iig) Oy, (33)
is nonzero:

(04,0_ | 0z | 04,0.) = exp (—if,). (34)

Thus, the symmetry is spontaneously broken, but the Gold-
stone particles corresponding to this symmetry breaking are
absent in the physical spectrum. This happens because the
conditions of Goldstone’s theorem are not satisfied in the
given case.?

Indeed, if the theorem is to hold, conserved currents
must correspond to the transformations (31). These cur-
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rents are j, and j,€,,j" [see (25)], the currents of the free
fermions, but they do not commute with L, and therefore do
not belong to the physical space. It is here that the conditions
of Goldstone’s theorem fail, since they require the existence
of matrix elements of conserved currents.

There is here another interesting circumstance that we
should like to emphasize.

The existence of the unitary operators (31) is related to
the symmetry of the Lagrangian (13) with respect to phase
transformations of the form

V¥ (z) — exp (ia) y (), (35)
P () > exp (iays) ¥ (2). (36)

Indeed, in the space 7’ it is precisely the operators (31)
that realize these transformations:

Ueh (1) Up=e'op (2); Upp (2) Ut =esp(z).  (37)

In accordance with Noether’s theorem, to the group of
phase transformations (35) there corresponds a locally con-
served current J, = g—by# ¥, and to the group of chiral trans-
formations there corresponds the current J, = 9y, ys¢.

Note that these currents are related:

Th =", (38)

To the current J, there corresponds the conserved
charge 0= — fJ,dx', which (by analogy with QCD) we
call the color. Thus, the transformations (35) can be satis-
fied by the two charges O, (37) and Q.

However, in the physical space there remains only the
charge Q. Indeed, it follows from (18) and (19) that

Ju=1Ly -|--—%_T- 8,02,

Then in the physical space, where L, =0, the color operator
is a null operator:

0=—{ Jodxi=-v1,—is 8,5 dat=0.

The integral vanishes, since the field = is massive and there-
fore decreases exponentially at large distances.
The essence of this result is that 577, is a space of color-
less states, and this is a necessary property for confinement.
With regard to the chiral current J f,, it is conserved
only at the classical level. At the quantum level there is an
anomaly:

Il b= 5 e F™. (39)

This identity is readily verified by means of (19), (20), and
(38).

Thus, the Noether charge Qs = — fJ dx' is not con-
served. Nevertheless, there is the conserved charge @5 (25),
which satisfies the ¥ transformations (33) and(37). As we
have already said, this symmetry is spontaneously broken
over the & vacuum.

From all the above it follows that the Schwinger model,
formulated as a gauge model in the language of gauge (A4 )
and fermion (%) fields, is ultimately equivalent to the theory
of the free massive pseudoscalar field =.

The properties of the X boson are intimately related to
the chiral properties of the model. From (39) and the opera-
tor solution (18) there follows an identity which establishes
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a direct proportionality between the divergence of the axial
current and the field Z:

duJh= —2fzmiZ (2), fz=1/2V = (40)

In its form, this relation is reminiscent of the identity of
partial conservation of the axial current'' that holds in the
theory of strong interactions at the level of a hypothesis.

In addition, from the operator solution (18) it is possi-
ble to obtain a representation for the composite fermion op-
erators in terms of the operator'?

J (z) = ¥ () ¥ (z) = —A:cos (E/fz + n — 0):,
Js (z) = — i (@) ys¥ () = A : sin (2/fz + n — O):

(41)

Here, A=my/2w, and =6, — 6 _ is related to the
eigenvalue of the operator

I'=gta; (42)
by

T104,0.) =e]6,,0.) (43)

It follows from (41) that the vacuum expectation values of
the operators J and J are nonzero:

(Jy=AcosB; (J;) = A sin 0.

The sum of the squares of these quantities does not depend
on the parameter 6:

() + ((J5)? = A%

This relation reflects the existence of the circle of equally
valid vacua whose properties we considered in detail earlier.

Since nothing depends on 8, we can set @ = 7. In this
case, there is the quark condensate

($¥) = — A4,but(Yysp) = 0.

We now consider the expression (41) for 6 = 7 in the
limit of large distances, where Z(x) is exponentially small.
Expanding (41) in a series in £, we have

¥ (2) P (2) 2 (p) = ¥ (0) [, (44)
— iPypsd (@) 2 ¥ (0) 2 (2).

Here W(0) = — A4 /fs.

It can be seen from (44) that the £ boson can be regard-
ed as a fermion—antifermion state with wave function equal
at the origin to W (0).

It follows from comparison of (39) and (40) that the 2
boson can also be regarded as pseudoscalar “gluonium”:

e
7o eyl

W= fym2E (z). (45)

C. Gauge transformations

In this part, we trace the connection between the con-
straint equation L, = 0 (22) and the requirement of gauge
invariance of the theory. This is also the key to the signifi-
cance of the operators o, and T.

We consider in #° the gauge transformation U[a(x)]:
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Uy () U* = exp (i & (z)) ¢ (z),

+ 1 (46)

UAU* = Ay(z) + 70w (),
which leaves the Lorentz condition (17) invariant. It is
readily seen that for this we require fulfillment of the condi-
tion

9% (z) = 0. (47)

All the gauge transformations with gauge function
a(x) that satisfies the condition (47) can be classified in
accordance with the behavior of the function a(x) at infin-
ity. The functions a(x) can be divided into classes that are
each characterized by two numbers:’

oo

ny [a]= ——2—15 S dxt [G,eT0,e]. (48)

The meaning of these numbers can be clarified by noting that
a(x) can always be represented in the form

a (@) = a_ (=) + ay (x4),
Ty = Ty &= 2
Then n . [a] are determined by the behavior of these func-
tions at infinity:

1 [6] = — = [0 (00) —atx (— o)1

We shall prove that n , [a] must be integers.
From the gauge invariance of the current J, (19) and
(46) there follows a transformation law for the current jj, :

UjuU* = jy— e Ol
whence
UQ Ut = Qi — ny [e], (49)

where @, = (Qr + 0,)/2.

It follows from the integer nature of the spectrum of the
operators 0, and from the relation (49) that n, [a] are
integers.

Thus, at the quantum level there exist only operators
Ula] for which n . [a] are integers.

It can also be seen from (49) that the operator U[a]
carries charges @, equal to n, [a], ie, for n, #0itis
constructed from fermion fields. L

For a(x) which decrease at infinity (n, [a] =0), the
operator U[a] has the form’

Ulagl = exp { —i { delas @) [0 @) L, @1},

(50)

where L, is given by (22).
The condition (24) on the physical operators ¢ can be
expressed in the form

UvoU=0. (51)

This means that the operator & can be translated from 7% to
the physical space %, , if in it is invariant with respect to
the topologically trivial (n, [@] =0) gauge transforma-
tions.
Note that invariance with respect to gauge transforma-
tions with nondecreasing a(x) (n[a]50) is not required.
Calculating the commutator

A. N. Tavkhelidze and V. F. Tokarev 485



[§ aear@ 20, 0] =g § 2550
we see that the operator U[a] (50) is defined only if , —0
asx ' — oo. Therefore, for n . [a]#0 it is not defined.

We shall clarify the meaning of the unitary (at one
point) operators o(y) (26). It follows from the commuta-
tion relations (28) that

0 (4) Qr0f (¥)=0Qr—1, }

0 A (52)
0 (¥) Q50+ (y)= Q5 F 1.

Comparison of this expression with (49) shows that
o, are the operators of a gauge transformation. The topo-
logical numbers of the operator o, (y) are n, =1,
n_ =0, and those of the operator o_ (y) are n, =0,
n_ =1

Having at our disposal the operator representation
(18) and (26), we can calculate’ the transformation law

02 (y) Ay () 0L (y) = Au (2) + + 0,F & (2ly);

0 () ¥ (z) 0L (y) = exp (iFx (2/y)) ¥ (x);
Fy (2ly) = — 70 (zx + y=)

and show that this is indeed a gauge transformation with the
necessary topological numbers. _

Note that the unitary operator T (42) changes only the
chirality:

PO = 2 (53)

In conclusion, we should like to note the following:
1. Topologically trivial gauge transformations (50) are
not extended to the physical space 7%, where L, = 0:

Ula]l =1.

2. The topologically nontrivial gauge transformations
o, and T realize a symmetry in the physical space.

3. There are the pairs of charges (Q, @) and (Qs, Q5)
(25).

4. The physical space is the space of colorless (@=0)
variables 2, o , O, é,.

5. The anomaly (39) (nonconservation of Qs) in the
theory (13) is taken into account manifestly in the colorless
variables as acquisition of mass by the X boson [see (40)].

6. The chiral number Qs is not defined over the @ vacu-
um [cf. (43) and (53)]. This leads to the quark condensate
(44).

2. TWO-DIMENSIONAL SCALARELECTRODYNAMICS

We now consider the scalar version of the Schwinger
model. It realizes an alternative to confinement—charge
screening (color rearrangement); in addition, in it there is
no degeneracy with respect to the parameter 6.

It is traditionally assumed that spontaneous symmetry
breaking plays a decisive role in the mechanism of mass ac-
quisition by vector bosons. However, the idea of unbroken
gauge symmetry also has its adherents.'*!*

There are several different approaches to this problem;
we develop one based on allowance for the effects of the
complicated vacuum structure. For the example of scalar
electrodynamics in two-dimensional space-time, we show
that allowance for the effects of tunneling between minima
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that differ by a gauge transformation makes it possible to go
over to an effective Lagrangian that contains only neutral
fields. Thus, it will be shown that consideration of the 6
vacuum and excitations over it leads to a description of the
model in terms of colorless variables.

We find the mass spectrum of the particles and show
that if the tunneling is small, then it is practically the same as
in the Higgs phase.

A.Description of the model
The Lagrangian of scalar electrodynamics in two-di-
mensional Euclidean space has the form
&= Fivt Dol +5 (go—5)°
Fuy=0,A4y—8,4,, Dy=0,—ied,; (54)
2= (Zp, 2'), =(qs+ip,)/V 2.

If we make the standard assumption that the system is
concentrated near the minimum,

p=c/V 2, A4,=0, (55)

then the field 4, acquires mass m, = ec, and the scalar field
acquires mass m, = /c.

However, besides the minimum (55) there exists a dis-
crete set of gauge-rotated minima:

@ (z) = exp (iz (z1)) ¢/ V2, (56)
A, (@) = 0,0 (a),

which have

n 4= S A, di,. (57)

topological number

Requiring that the field ¢ (x) be single-valued at spatial
infinity, we obtain a restriction on the function e (x,):

o (o0) — a ( — co) = 2nm,

where m is an integer.

From this expression and from (56) and (57), we find
that the number n[4,] is an integer, which is the number of
the minimum.

We denote by T the operator of the gauge transforma-
tion that realizes a “translation” from the minimum (55)
with number n[A4] = 0 to the minimum (56) with number
n[d] =1.

Repeating the arguments made earlier for the periodic
potential, we arrive at the construction of the 8 vacuum.

To write down a functional integral [the analog of (8) ],
we must describe the Euclidean configurations 4, that con-
nect different minima.

It can be seen from (57) that the number n[4] can be
regarded as a charge constructed from the zeroth compo-
nent of the current:

K= 5 euyd,. (58)

The change in the number n[ 4] on the transition from
n = 0ton = g can be calculated in terms of the divergence of
the current:

g= S auKudzm“—'_én‘ S squuvdzx=2—;§Audwu.
(59)
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This is an analog of the expression (11). Note that the topo-
logical number g is expressed in terms of 4,, (59) in a gauge-
invariant manner. In what follows, we shall use the Lorentz
gauge:

9,4, =0. (60)
The analog of (8) will be

z = (dAdgdgexp(— 5 (4, ¢) + i6g (4)}, (6D

where the Euclidean action S is related to the Lagrangian
(54) in the standard manner (S = f.%d *x), and g(4) is
given by (59). In the integral (61), we assume the presence
of the gauge-fixing term (60), and the integration is over
fields that possess all possible values of g.

The maximal contribution to Z is made by configura-
tions with minimal action S, i.e., ones that satisfy the equa-
tions of motion 85 = 0.

The solution with ¢g=0 has the form A4, =0,
p=c/2,5=0.

Taking into account the small fluctuations near this so-
lution, we obtain the well-known result

Zpan = det-V2 ( — * + md)det-2 ( — & + mi). (62)

The solutions with g = + 1 are known'® as Nielsen—
Olesen strings.
The basic configuration with g = 1 (instanton) has the
form i
Aﬂ = —e SIW BV(D ($),

q)(x):vciexp(im(z))(1-—1P'(x)). (63)

Here, tan a = x,/x,, while the functions ® and V satisfy the
conditions ¥(0) = 1 and 4,9(0) =0.

The explicit forms of the functions ® and ¥ are un-
known, but the behaviors at |x|>1/m,, 1/m, follow from
the equations of motion

(D(I) ED(x)—ﬁvAu (.’L'), } (64)
¥ (2) >~ B,A, (2)-

Here, f3,, are certain constants,
D (z) = — In (2®p®/4n, A, s = K, (ms, | 2 | )21, (65)

K, is the Macdonald function of zeroth order, and u is a
constant with the dimensions of mass. Note that 4 and 3,
can in principle be calculated.

The functions D and A, are the propagators of the
massless and massive particles in Euclidean space and satisfy
the equations

— @D =9 (-7;)1 ( — 0 + mu.s) Au,s =90 (:E). (66)

Thesolution withg = — 1 (anti-instanton) is obtained
from (63) by the substitution4—» — 4, p—-@ * .

As approximate solutions, we can take a superposition
of N widely spaced instantons with g, = + 1:

N
4, (z)= 3] “iﬂ ey 0D (2 —2;) g1
e :
o@=—rzoxp (12 a@—az)a) [[ A=Y @—a).
i=1 f=1
(67)
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The topological number of this configuration is
g=N?* —N ~,where N * (N ~) is the number of instan-
tons with g, = + 1( — 1).

We denote by S the action of the single-instanton con-
figuration (63). In order of magnitude,f = £ (c*). Weshall
assume that ¢ is a number sufficiently large that the semiclas-
sical treatment is justified.

By analogy with (10), we represent the single-instanton
contribution to (61) in the form

Z, = Zyu e“’de"zI. (68)

Here, k = exp( — S)const, and const is the ratio of the cor-
responding determinants [see (11)], from which the zero
mode associated with the translational invariance has been
eliminated. The zero mode is separated explicitly in (68) in
the form of an integral over the position x, of the center of
the instanton.

To take into account the contribution of the configura-
tions (67) to the functional integral (61), it is necessary to
estimate the action S(A,@) of these configurations. For this,
it is necessary to substitute the fields (67) into (54) and
calculate the integral.

We represent the result in the form

Sy =8N + Uy (& — 2, (69)

where the first term is the sum of the actions of the individual
instantons, while the second describes the deviation from
this law. If the instantons are widely spaced
(|x; — x;|— o), the interaction potential U, tends to zero.

We shall give a method for calculating Uy, in which it is
not necessary to calculate explicitly any integrals. This
means that the form of Uy, at large distances is completely
determined by the structure of the theory. We shall then
demonstrate this method for the example of QCD.

To calculate the action, it is convenient to use a gauge in
which the field ¢ in (67) is purely real. Since the action is
gauge-invariant, this does not affect the result. However, it
must be borne in mind that such a gauge is singular because
of the indeterminacy of the phase a(x — x;) at the point
x = x;. Therefore, strictly speaking, it is not a gauge at all.
But for the calculation of Sy, we can show that the singulari-
ties do not contribute and are therefore unimportant.

Somewhat later, we shall give an example in which the
use of such a “gauge” transformation is impossible (see Sec.
3).

For the moment, noting that for x # x;, we have theiden-
tity

O (2— ;) = 2ney, 0,0 (x—x;),

we reduce the configurations (67) to the form

&
2
A= 21 = ey 0y (D (2 —2) =D (r— 7)) s

i=1

(70)

[ —

N
Q= 155 I 4=¥ (@—z)).
i=1

In this gauge, the field 4, is exponentially small at large
distances.

For simplicity, we consider two instantons (N =2)
with charges ¢, and ¢g,. We must separate from the integral
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the term that depends on the positions x, and x, of the in-
stantons.

We divide the plane of the x integration into three parts
(Fig. 1). Region I is bounded by the circle S|, which is con-
centric with the first instanton. The radius of the circle is in
the interval 1/m, , € R €|x, — x,|. Region II is bounded by
the circle S,, which is concentric with the second instanton.
Region III is the remaining part of the plane.

Wedenote by AS',, AS;, AS |y, the parts of the interac-
tion energy accumulated in regions I, II, ITI, respectively.
We calculate AS,. In region I, the influence of the second
instanton reduces to small corrections to the fields 4 and ¢
produced by the first instanton (70):

6‘4(2] ={qs ”__auva (—BoA, (2—2))s
(71)

8@ = ];.§ Y (x—xy)) (—PsAs (z—2))-

In the first order, the influence of the corrections to the
action S'is determined by the variation 8S on the background
of the first instanton. But in region I the equations of motion
are satisfied, so that there we have 85 = 0. There remain,
however, surface terms, which have the form

ASI=6S=Sd0“[62(1)6 t2>+‘”f“ 491 (72

S
Here, do* is an element of the boundary Sl directed along the
outer normal to §,.
The “canonical momenta” of the fields are readily
found from the Lagrangian:

AAD
99, 4

EHOT e Bt e
e e il

=200 = —}/2 Bs A, (2 — ),

28 B,miA, (x—,).

(73)

We have here taken the asymptotic behaviors of the
fields, since we need to know these quantities only on the
circle S, where we are certainly in asymptotia (R> 1/m, ).

For the same reason, the function W(x — x,) in the
expression (71) for 8¢ ‘> must be assumed to be equal to
zero.

From the requirement of symmetry, we obtain for re-
gion II an expression analogous to (72):

A% a.Z(%)
ASy =88 =§ dot [ g, 890+ 04 ].

Here, 8@ (", 84 " are the small (in region II) fields of the
first instanton given by expressions analogous to (71), while
the canonical momenta of the second instanton are given by
expressions analogous to (73).

I

51 52

FIG. 1. Regions of integration: S, and S, are circles that bound the regions
of integration I, I1, and III; x, and x, are the positions of the centers of the
instantons.
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In region III, both instantons are in asymptotia, and
therefore either can be regarded as a perturbation. We shall
regard the field of the first instanton, 8¢ ", 64 ", as a per-
turbation.

Since the equations of motion for an individual instan-
ton (the second) are also satisfied in region III, it follows, as
before, that only surface terms remain. The only difference is
that now the boundary of the region consists of two parts and
the normals to it have the directions opposite to those in
regions I and II. Therefore

ASiyr= —f§ [ ik 6 () L Bzu( : 6A“’:| dot

k<§d [az(} S - az()Mm]

As a result, we obtain

AS — &d [6.8(1) 6",0(2‘)

ﬂ.z‘{l)

-l - 8 (I)_a_zﬁ ,SAm:I
‘P

(74)

Thus, the interaction energy is expressed in terms of the
asymptotic behavior of the fields at large distances. Substi-
tuting here the asymptotic expressions (71) and (73), we
obtain

2\ 2
AS,= (=) Bimiags (13— I7)— B2 (13— I),
where we have introduced the notation

o= § doy 6,A™ (s —2,) A™* (2 — z,);
8,

pe=§ do, 04" * (z—z) A+ (E— ).

To find 7,
gion I

— I, we consider the following integral over re-

S {0,A™* (@—=,) 0,A™° (2 —w,)
i

+md A” (2 —x,) A" ° (x— 2,)} 2.

We shall integrate by parts in two ways, omitting differently
the derivatives in the first term of this integral. Then, taking
into account the definition of the propagator, ( — 2 + m?,
A" = §(x), we can readily see that in one case the singular-
ity §(x — x,) is in the region of integration, but in the other
&(x — x,) is not. Comparison of these methods of integra-

tion leads to the identity
I;"’ _ I’;'g = A%* (31 — J.';z).

Thus, the interaction energy can be expressed in terms of the
propagators A, ;

Ugigj = 9:9; (270¢By)*Ay (z: — 25) — (cBs)*As (2 — ).

(75)
The total interaction energy will be
N
Uy=2 Uyq,(2:—2)). (76)
i<j
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We are now ready to write down the contribution of an
arbitrary N-instanton configuration (67) to the path inte-
gral Z (61).

By analogy with the quantum-mechanical model (12),
taking into account (61), (68), and (69), we obtain

ENVY TN oxp [i0 (N*— N-)]

Z=Zym 2 NN
N+, N-
o _g. N N-
XS e N H dzz: H dzl‘,-_, (77)

i=1 i=1

where Uy, is given by the expressions (75) and (76).

Formally, Z can be regarded as the grand partition
function of a gas of classical particles of two species
( +, — ) in two-dimensional Euclidean space. The particles
interact through the Yukawa forces (75) and have chemical
activity equal to k. The chemical potential x4 is related to the
chemical activity by

k = exp (p). (78)

The system (77) can be studied by the standard meth-
ods of classical statistical physics. However, there is a differ-
ent method.

We shall show that the system (77) is equivalent to a
certain quantum field theory in two-dimensional Euclidean
space.

B. Effective Lagrangian

Here, we find the effective low-energy Lagrangian of
the model (54), which explicitly takes into account the ef-
fects of the complicated vacuum structure.

These effects have the consequence that the Lagrangian
can be expressed in terms of colorless variables. Namely, it
contains the scalar field p(x) and the pseudoscalar field
20x):

m2
o= O o B A O+ mipt 4 2 1 2
(79)

where the interaction Lagrangian has the form

4* = —Lexp (£ iZ/Fz +p/F, % i6), (80)
Fo = (cBs)?, Fz = (2mcf,). (81)

We shall prove that a system with such a Lagrangian is
equivalent to the system (57). For this, we consider the
functional integral

Zoyy = g dZ dp exp (— S dzxﬁm) ; (82)

The effective action in (82) can be represented as the
sum of the free action S;(2,p) and interaction terms:

- W S Prdeg L g L-d2.

We expand the exponential in (82) in a double series in pow-
ers of the interaction:
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exp (— Serr) = e~ 5o
N

T H i~ S£+ (1) d*a; )
xg {—( & @ @i},

Using the explicit form (80) of the interaction Lagrangian
£ *, we can reduce this expansion to the form

N NN
=8 3 | Sy
N+, N-
N+
¢ @iO(N+=N") H exp {p (z})/F,+iZ (z})/F s} d*x
=1

=

x [ exp{p (#1)/Fp—iZ (x7)/F s} d*a3
i=1

EN*+N-

N*I N-]

=e=5

N*N~

x exp { S 0(2) 7, (x) &2z + S 3 (z) J 5 (2) dax}

@i (N*=N")

X 1'[ 2z H d?z3. (83)

=1

We have here introduced the notation

N+ N-
1@ = (2 8@—a)+ 3 8e—27) 7, |
N+ N- " (84)
Is@= (2 s@—a)—3 6 (z—27)) 7.
i=1 i=1 =
It follows from (83) that the integral over the fields = and p

has become Gaussian and can be readily calculated in accor-
dance with the formula

S dS dpe-5o exp{S % (p (2) T4 (2)+ 2 (2) T3 (2)) }
=Zp: ﬂ,exP{ S &2z 2’ [J, (2) A* (2 — ') T (')
T3 (@) A° (@—2) I3 (@)1} (85)

where Z,, ;, is given by (62), and A"*by (66). It follows from
the explicit form (84) of the currents that the expression
(85) reproduces the interaction potential

Zp, fhe_UNj (86)

where Uy, is defined by the expressions (75) and (76). Col-
lecting together the expressions (82), (83), (85), and (86),
we find that Z_; (82) is equal to the partition function Z
(77):

Zets = Z.

Thus, in the approximation of a rarefied instanton gas
(the region of large distances, or the low-energy limit), the
model (61) is equivalent to the statistical system (77),
which, in its turn, is equivalent to the theory (79) and (82).

From the Lagrangian (79), we can find the energy of
the @ vacuum and the spectrum of excitations over it. To this
end, we investigate the minimum of the potential part of the
Lagrangian (79):

Uett = —- 2 + - mfpz—2kcos(%—|—e) o, (87)
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It can be seen from this expression that the field p always has
a nonzero condensate p,, while the field £ has a nonzero
condensate only when & #0. Since the approximation of a
rarefied instanton gas is valid when k<m?,, in this case the
condensates are weak:

2k

2k
Pp & —=—cos 0; Eoz—msin 6. (88)

miF,
The value of the potential U, at the minimum gives the
vacuum energy density:

€vac =~ — 2k cos 8. (89)

The second derivatives of the effective potential at the mini-
mum give the masses of the fields X and p:
mi ~ mi4 i—kgcosﬁ, mggmi—%cm 0. (90)

The expressions (89) and (90) determine the spectrum
of the system (54) over the 6 vacuum. In what follows, for
simplicity we restrict ourselves to the case & = 0, when the
vacuum energy (89) is minimal.

It now remains to show that by means of the Lagrangian
(79) we can calculate the Green'’s functions for the gauge-
invariant operators constructed from the original fields 4,,,
@ (54) and show that the positions of the poles in them are
determined by the masses (90) of the fields Z and p.

It is clear that the Green’s functions are related to the
correlation functions of the statistical system (77). In what
follows, we shall show that the s-particle Green’s function is
directly related to the s-particle statistical distribution func-
tion.

The distribution functions are determined by the statis-
tical means of the operators of the instanton densities, which

have the form
N+

4
nt (@)= ) §(w—ai), n~ ()= 2, B(z—a3), (91)

i=1 i=1

n () =n* () +n" ().

The statistical means of the operators are determined by in-
troducing these operators under the sign of the statistical
sum in (77).

To achieve a unified description of these means, we in-
troduce into the statistical system (77) an additional inho-
mogeneous chemical potential 4 * (x) in accordance with
the formula

Z(nE)=Zpmm 3

N+N-

Nt A N-

+(ah =(x7
[T "% a2z [T 69 d2az.
i=1

i=1

S kN*+N‘“e -Un
X NN

(92)

We have here set & = 0, although this is not fundamental.

It follows from the explicit form (92) of the functional
Z(u ™ ) that it is the generating functional for the statis-
tical means of the density operators i * (p);

@ )R (9s) - 2= (g)))

A 6mZ [u*, pl
Z Op* (yy) Ou* (¥2) - OUT (Um) [y’

(93)
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The correlations of the operators (93) can be studied by
the methods of statistical physics, for example, by the meth-
od of BBGKY hierarchies. However, a simpler method is
based on the fact that the functional Z(u *,u =) (92) canbe
represented in the form of the functional integral (82),
Zg(u™ ). The only difference from (82) is that now the
interaction Lagrangian will depend on p *:

Z* (p*)= —kexp{p (z)/F, = iZ (2)/Fz+ p* (2)}.  (94)

This is readily seen by comparing (77) with (92); the
latter is obtained from the former by the substitution

k —kexp (p* (2)).

Making such a substitution in (80), we arrive at (94).

Since Z (g ™, ) is represented in the form of the func-
tional integral (82), Z_; (u * ,u ), it follows on the basis of
(93) that everything reduces to the field theory (79), (94)
with sources u * (x).

We shall demonstrate this for the example of the single-
and two-particle correlation functions (93).

The single-particle correlation function, which deter-
mines the mean density of instantons, is obtained from the
expressions (79), (82), (93), and(94) in the form

((n= (2))) =k (exp (p (2)/F , = iZ (2)/F5)), (95)

where the mean (...) is understood as the average over the
fields X and p under the sign of the functional integral (82).

Developing a perturbation theory for the effective La-
grangian near the minimum (88) for 8 = 0, we obtain from
(95) the instanton density:

nE={(n¥)) =kexp (p/F,) ~ k; } (96)

n={(n)) = 2n* = 2k.

We now find the two-particle correlation functions.
From (93) and (94), we obtain

(n* (z) n= (y))y = 8 (2 —y) ((n%))

+ &2 {exp {p (z)/F = iZ (2)/F 5}
< exp{p (y)/F, £ iZ (y)/Fz}).

In the leading order in the interaction, this reduces to
averaging over the free fields with masses my and m, (90)
and leads to the result

(% (2) 1 ()= 6 (2 — ) -

2
+ () exp{A, (e —y)IF3—As (x—y)/FE), (97)
where 7 is determined by (96), and Ay ,, the propagators of
the particles X and p, satisfy (66) with masses ms ,, respec-
tively.
Similarly, we obtain

a ~ r A, (z— Ay (z—
n* (@) n= ()» = (5-) “exp {2 (;3 Dby

(98)

It is readily verified that in the region of large distances,
where the functions Az_p are small, these correlation func-
tions satisfy the principle of correlation weakening.
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C.Green’s functions

Here we calculate the tow-point Green’s functions for
the gauge-invariant operators

q(z) =‘g§;‘ el v (2)y 9% (2) ¢ (2)

and show that the particles = and p are reflected in them as
poles.

For the operator of the density of the topological num-
ber in the rarefied-gas approximation (67), we have

1@ =—{00e—2) @@ —n@)d (99

where /i * are determined by the expression (91).

From the expressions (96) we readily obtain
{g(x)) = 0. We note that a zero condensate g is obtained
only for 6 = 0.

For the two-point Green’s function, we obtain from
(99)

(q(2) g () = { PO (= w) PO (y — ) dPu P
X ((r* (u) - = (w) (n* (&) — ™ ()
~ S 2D (x—u) 020 (y—v) d*u d*v

x{nﬁ(u—v)—(-;;)zilx(u—v)}- (100)

In deriving this result, we have used the expressions for the
means (97) and (98), having first expanded them in powers
of Ay ,. Such expansions enable us to separate the pole con-
tribution in the correlation function (100), and they are val-
id at large |x — y|, where Ay , (x — y) are small.
It is convenient to express (100), as an equality for the
corresponding Fourier components with momentum p:
m}—+ p?

(@ () a(—ph=(PV(p)fa ey - (101)
Here we have used the expression (90) for the mass ms,
which with allowance for (96), can be written in the form

mi=mi4n/F%.

Taking into account the behavior (64) of ®(x) at large dis-
tances, we obtain d°®(x) = — B,m2A, (x), or, in the p
space,

2

m,
9*® (p) 2-"(3»?_7:7%‘ .
As a result, we have
mé —m?
(q(p) g (— p)) = (B,miF5)> (PP md) (PP m3) ° (102)

It can be seen from this that there are two poles at nearby
points. The residues of these poles are equal in modulus but
opposite in sign, and therefore one of the poles is not phys-
ical.

We shall show that m3 is the physical pole. In calculat-
ing the Green’s function (100), we restricted ourselves es-
sentially to just the classical contributions (99) and ignored
the fluctuations around them.

In the first approximation, this contribution can be tak-
en into account by developing perturbation theory near the
minimum of (55);

2 2 m2F J)2p?
{g(p)g(—p)pin= (ﬁ) pzimg o ,(,sg(;n_i)m%

Adding this contribution to (102), we obtain the final result:
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2 2 __m2
@(P)g(— Py = (omiFap Dot TE
The residue at the poleis — 82m®*F2. The negative sign of
the residue does not contradict the condition of positivity of
the spectral function for the correlation function (103),
since it must be borne in mind on the translation of (103) to
Minkowski space that the pseudoscalar operator g is related
to the corresponding operator ¢q,, in Minkowski space by
gy = ig. The imaginary unit in this expression explains the
“incorrect” sign of the residue in Euclidean space.

Near the pole, the expression (103) can be reproduced
by means of the approximate operator equation

(103)

Gar (2) = el (2) = BmiF 52 (2).
It is interesting to compare this equation with the corre-
sponding identity (45) in the Schwinger model.
We turn to a discussion of the operator ¢ *@. In the
framework of the approximation (67), (70) this operator
has the form

¢ (@) =% (@) =5 [[ 1 =¥ g—=,)2

Assuming the gas to be rarefied, we can approximate it by

(104)

N
@) {1—3 @Y @—2)— T2 (2—2))}

i=1

=5 {1-{ @¥@—2) =¥ @—2))n (&) s} ,

(105)

where the operator i is defined by (91). Averaging this rela-
tion by means of (96), we obtain the value of the scalar con-

densate:
(92 (2)) = ;_”{1 —n X (2¥ (&) — P2 () di}.  (106)

By means of the representation (105) and the averaging for-
mulas (97) and (98), we can also readily calculate the two-
point function:

(g%(2) 9 (y)) = (@?)?
+ S {2¥ (z—u) — V2 (z—u)} {nﬁ (w=—v)
-'r;—; A, (u—v)} {2¥ (y —v) — V2 (y=v)} d?u d%v.
(107)

Here, as in the case of the correlation function (100) of the
operator g, we have retained only the pole contribution.

It is convenient to go over to the momentum space. We
denote by W(p) and ¥?(p) the Fourier components of the
functions W(x) and W?(x), respectively. It follows from
(64) that

1
¥ (p) 2Py Fm
With allowance for this, we reduce (107) to the form

(9% (P) 9 (— p)) = (2m)% (¢?) 8 (p)

2 m2—m? =
+ pz_ic_'—mz {Wm‘: —c2nB ¥ (p)
] 8

+etn (Pt m) W2 (p) Y2 (p)}. (108)
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If we add to this expression the perturbative contribution

2
(@ (P) @ (— PVptn= oy »

then the spurious pole at the point p*> = — m? disappears,
while the pole at the point p> = — m? remains. The corre-
sponding residue at this point is

cz( 1 — (n/2)c*B, Y2 (p) e )2 , and therefore near the
pole the following approximate operator equation is valid:

(@) & (@ +c (1— 2 B,¥2 (—mf)) p (2).

Thus, a study of the functional integral (61) hasled toa
description of the model in terms of the colorless variables
(79) and has enabled us to determine the spectrum (89),
(90). We have then demonstrated that the resulting spec-
trum is manifested in the form of the poles (103) and (108)
in the Green’s functions for the gauge-invariant operators.
Near the poles, the approximate operator equations (104)
and (109), which relate the original fields 4,,, ¢ (x) to the
colorless X and p, hold.

(109)

3.INCLUSION OF MASSLESS FERMIONS

Here we consider the two-dimensional electrodynamics
of fermion and scalar fields. As in scalar electrodynamics, in
this model there is color rearrangement, and the spectrum
contains colorless scalar, pseudoscalar, and fermion parti-
cles.

The presence of massless fermions has the consequence
that, as in the Schwinger model, the vacuum is degenerate
with respect to the chiral number. As a result, the 8 vacuum
does not have a definite chiral number, and this means that
the chiral symmetry is broken. As in the Schwinger model,
this leads to acquisition of dynamical mass by the colorless
variables (in the present case, the fermions). We note that
acquisition of dynamical mass by two-dimensional fermions
was considered earlier in Ref. 17.

We add to the scalar electrodynamics (54) fermion
fields that interact with the gauge field in the standard man-
ner:

Ly =gy, (04 —ied,) .

Such an addition significantly changes the properties of
the original model (54). Since the fermion fields are mass-
less, it is to be expected that in the region of large distances
there will appear degrees of freedom constructed from these
fermion fields.

The investigation of the model is simplified by the fact
that the fermion sector (110) is, in a certain sense, exactly
solvable. Indeed, the Green’s function of the fermions in an
external field,

(110)

Ay=2L e, D, (111)

has® the form
Gz, y|A) = Gy (x — y) exp{2ay; (D (z) — D (¥))}.
(112)

Here, G|, is the Green’s function of the free massless fer-
mions:

Gy (2) = — Tua/ (2%a?). (113)
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The expression (112) makes it possible to calculate ex-
actly the fermion determinants in an external field:’

det (yu (du—iedy))
—det(ya = CxP {——2ng 0,00 iz}, (114)

In addition, the same formula can be used to calculate® the
axial anomaly, which has the same form as (39) in the
Schwinger model:

0Tt =5 eusF v =24 (2). (115)

Here, J, = iy, ¥s¥, and g(x) is the density of the topologi-
cal number (59).

It follows from (115) that the gauge-invariant current
is not conserved, but a current that is conserved is

jE=TE—Zemvd,

The charge constructed from the zeroth component of this
current has the form

' SR Sjgdxl = Qs — 2n (4], (116)

where n[4,] is given by (57). Under the action of the topo-
logically nontrivial gauge transformation 7 the number
n[4,] changes by unity, while Q. remains constant, and
therefore Q5 changes by two:

PG = G, — D, (117)

On the other hand, Q, is observed in time, and therefore
(117) means that in the system there is degeneracy with
respect to the number Os. Indeed, from the state |0) with
zero value of Qs we can construct, by means of a gauge trans-
formation that does not change the energy, states

| =) = (F*)" | 0), (118)

which carry the nonzero chiral number Qs = 2n. As the
ground state, one can take any state |#) or a superposition of
them. Thus, for a system with degeneracy we have for the 8
vacuum the representation

18) = X exp (i n0) | n). (119)
It follows from this that the energy of the & vacuum does not
depend on the parameter 6.

The state |6 ), in contrast to the states (118), does not
have a definite value of the chiral number Q5. Therefore, a
fermion propagating over the 8 vacuum also does not have a
definite chirality. In what follows, we shall see that this is
explained by the fact that the colorless fermion acquires a
dynamical mass.

We now turn directly to the construction of the approx-
imation of a rarefied instanton gas in this model. Here, we
shall follow Ref. 18, in which an effective low-energy La-
grangian describing effective fermion fields was obtained.

We shall then establish approximate operator identities
relating these fields to gauge-invariant operators construct-
ed from the original fields ¢, @, 4,,. This will show that the
effective fermion fields are colorless.

To calculate Z (61) in this model, we note that it differs
from the corresponding quantity (77) in scalar electrody-
namics only by the fermion determinant, which is known
exactly [Eq. (114)].

As ®in this expression, it is necessary to take the many-
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instanton configuration (67). Note that in the given case it is
not possible to use the singular gauge (70), since the expres-
sion (114) is very sensitive to singularities. At large dis-
tances, (d,®) has the asymptotic behavior of (120):
(N* —N ~)Z(1/r). Therefore, the determinant (114) is
nonzero only for Nt = N ~, i.e., when the number of in-
stantons is equal to the number of anti-instantons. To calcu-
late the interaction potential of the instantons that arises
from the fermion determinant,

UF =92 S (0, D) &z, (120)
we use the asymptotic behavior
N
® (@) = 2 & @ — ). (121)

Such an approximation corresponds to the approximation of
point instantons. In this case, we obtain from (120) and
(121) the expression'®

Uf= —2xu ; O 2D 92z = 4 E D (zy—x;) q,q

i<j
N

= == ) €95 In [(#;— ;) p?]. (122)
i<i

The expression (122) gives only the leading asymptotic be-
havior of the potential at large distances. The following
terms of the asymptotic behavior of the potential have order
& (exp( — m,,#)). In principle, they can be calculated by
means of (120), but for this it is insufficient to know the
asymptotic behavior of the instanton solution (64); it is nec-
essary to have an exact solution,which is not available.

The approximation of point instantons corresponds to
neglect of corrections of order & (exp( — m, r)). This
means that to the given accuracy we must ignore the interac-
tion potential (76) calculated earlier in Sec. 2.

Thus, our approximation corresponds to neglect of the
contributions of the heavy particles with masses & (m,).
This is justified, since at large distances only light particles
are manifested.

In the given approximation, Z has the form

7— 3

N*, N=

NN G0 (N*-N=),~Uhy
N+ N-]

S Sr, - det (pudy)

X H &2} [[ d2a3, (123)
i=1
where U¥, is given by (122).
It can be seen from (123) that Z does not depend on 6,
in complete agreement with the expression (119).
It can be verified'® that the partition function (123) is
equivalent to a fermion model, namely,

= g dot do exp { 5 ot () oo (z) dzx}

< 3 et 1T (2wt e
N+, N= i=

1—

|

Yo o (a3) dPat }

N
x 1 {i:- ko-190* (27) 2510 0 (7)) Pan.

i=1

(124)
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Proof of the equivalence of (123) and (124) is readily
given for the terms of the series with ¥ ¥ = N — = 1. In the
general case, it is simplest to use the bosonization represen-
tation'? for the two-dimensional fermions o (x).

It follows from (124) that the parameter @ can be eli-
minated by redefining the fields o(x) by means of a y; rota-
tion. Since nothing depends on 8, we choose 8 = 7. Sum-
ming the series (124) over N *, we obtain the effective
Lagrangian of the fermion model:

et = 000+ L+ L - (125)
- gt AT
&t = > ot 5 5.6 (126)

It can be seen from (125) and (126) that the model is equiv-
alent to the theory of a free fermion field with mass

m = — k. (127)

Thus, the appearance of the y5 anomaly in the model
leads to acquisition of dynamical mass by the colorless
quark. As a result of this, the conserved charge Q, (116) is
not defined for such a fermion. Note, however, that if we had
constructed the theory over the vacuum |z} (118), and not
over the @ vacuum, the number would be defined for the
complete spectrum.

It can be verified that introduction of the inhomogen-
eous chemical potential p * (x) (92) leads to modification
of the interaction Lagrangian (126):

L+ = —mo* (z) 1150 (z) exp (u* (). (128)

We now establish approximate operator identities be-
tween the field o(x) and the fields ¢, @, A - We consider first
the density of the topological charge (59).

In the approximation of point instantons (121) we have
N
21 08 (z—2) =n* (2) —n~ (2),

$=1

q(2) = 7 epylF = (129)

where the operators /i * are given by the expressions (91).
By means of (93) and (128), we obtain

(g @) = (E*— L") =m (o*y;0) = 0. (130)

Similarly, for the two-point correlation function we obtain
(g (z) ¢ () =8 (x—y) (mo“0)
+(mo* @) 70 (mma* W (g3,

It follows from (130) and (131) that in the region of large
distances

(132)

q (z) =~ mo* (z) 50 (2).
In Minkowski space, this relation has the form
¢ar (@) = im0 (z) y;0 (2).
In terms of the new degrees of freedom, the identity
(115) for the anomaly of the axial current takes the simple
form

85 =~ 2imoyso, (133)

the significance of which is the acquisition of dynamical
mass by the effective fermion [analog of (40)].
We now consider the operators
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TH(z4) = (%) 258 (%),

J ()= () T (), 2==(a, z£),

which are composed of left and right fermions, respectively.
The two-point correlation function of these operators in
Euclidean space has the form

{(Jt(z%) ™ (27)

S ) v ) T v (@)

= (¥t (")

Using the explicit expression for the Green’s function of
the fermions in the external field (112), we obtain

1

(J* (") I~ (&) =exp {—4n (D (2*) =P (27)} ga e =2 -

In order to immerse this correlation function in the in-
stanton gas, we must take for @ in this formula the expres-
sion (121). We obtain

(Jt(z5) (@)

== 4“—:2 exp {JmD (2t —z7)—4n ) q:D (z+ —=z;)

+4n 5 D (= —2) .

Comparing this with the expression (122) for the inter-
action potential, we see that the introduction into the parti-
tion function (123) of the correlation function (134) is
equivalent to addition to the system (123) of two test parti-
cles. As can be seen from (134), the particle at the point z*
has positive charge, and the one at z ~ has a negative charge.

Using the representation of the partition function
(123) in terms of the fermion fields (124), we obtain the
required representation in terms of the fields o

(134)

T+ (@) I (@) = (ot (@) 0 () ot (1) LB o () ).

Thus, the gauge-invariant operators J * are related to the
operator g:

11,+1=|=2'?u ‘P"—"G'*'i:i;% E (135)

Note that the field o occurs bilinearly in the relations
(132) and (135).

We shall now find an approximate equation in which o
occurs linearly.

For this, we consider the gauge-invariant operator that
interpolates the “white quark” field:'>'*

F(X)=g* (X)L (X)) = ¢ (X.) (X2,
F (X)) = (X)) $II" = (X,) vz (X4), (136)
IT= = (1 == 75)/2.

With allowance for the expression (112), the two-point
correlation function in Euclidean space has the form

(F(X)F(X4)) =09 (X) o (X,)
x exp {21 (D (X_) — @ (X,))} I*G,(X_ — X,) I~

(137)

In the approximation of the point instantons (67) and
(121), we obtain
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N
FXOF X)) =53 exp{—ig (X_—2,)}
i=1

N
X 3y exp {ig (X} — )}

i=1

N
A exp {21: 2 D (X_—z)—2n
i=1
-
X.E D(X+——xt)} I+G, (Xo—=X,)II-.

i=1

(138)

Introducing  the notation z(x) = x, + ix, and
z* = (x, — ix,), and substituting the explicit expressions
(65) and (113) for D and G, into (138), we obtain the fol-
lowing expression for the correlation function in the approx-
imation of a rarefied instanton gas:

+

(FEOFEN=51

i=1

z (X*,—:fi)
z(X_—x‘i')

z(X_—=z3) —1
& H1 z (X —x3) (2HZ(X——‘X+) )

1=

(139)

After fairly lengthy but simple calculations, it can be shown
that in the language of the fermion fields o (124) the expres-
sion (139) is equivalent ot the introduction into the system
(124) of fermion fields at the points X, , namely,

(F (X) F(X,)) =5 (¥ (X) o (X,) II).

The averaging on the right-hand side of (140) is done by
means of the Lagrangian (125). We shall demonstrate the
equivalence of (139) and (140) in the second order of per-
turbation theory with respect to the fermion mass m (127).
For this, in the expressions (124 ) and (139) it is necessary to
set N * = N ~ = 1. In this case, it follows from the expres-
sion (124) that the right-hand side of (140) has the form

(140)

CTZ Eg-]i) } S exp{g a+do dza:} do* do

x{I1*g (X_) o* (&*) TT" (2*)
X o* (z7) IT*o (27) o+ (X,) 117} d2a+ g2,

The averaging over the massless fermions can be readily
done by means of the Green’s function (113), as a result of
which the upper expression takes the form

S a (iil")zdzwdz,r
x {_2512 X_—X,) \121!2. =) |t

1
 dnz(X_J-x¥) 2ns* (zF — ) 2mz (:c‘—X+)} E

After simple algebraic manipulations, this expression
reduces to
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S K2 exp (— UF (2t — 7)) d?x+ d?a- %

2z (X, —at)z(X_—=z-) ] , (141)

X [ T2 (X_—a%)z(X,—a) 2nz (X-—X,)

where UL (x+ — x ) is given by (122). The expression in
the square brackets in (141) is identical to the right-hand
side of (139) for N ¥ = N ~ = 1, as we needed to prove.

One can similarly prove the equivalence of (139) and
(140) for N * > 1.

Thus, we have shown that the colorless gauge-invariant
operator F (136) can be expressed by means of (140) in
terms of the massive fermion field o(x):

9* (&) T (2) m [0 (2) —7, (142)

Thus, we have shown how the gauge-invariant opera-
tors (132), (133), (135), and (142) can be expressed in
terms of the field of the effective fermion o.

We now consider the effects of the heavy particles. It
was shown in the third part that in the absence of massless
fermions the spectrum of scalar electrodynamics consists of
the heavy scalar and pseudoscalar particles p and X (79).
The inclusion of the massless fermions leads to the appear-
ance of the light fermion o (125).

The field o is the main degree of freedom in the region of
large distances. In order to take into account the heavy de-
grees of freedom X and p, it is necessary to add to the poten-
tial U%, (122) the potential Uy (76), which we calculated
earlier.

Then, combining the expressions (77) and (123), we
can conclude [see (83) and (124)] that the system is de-
scribed by the fields o, p, 2, and the interaction Lagrangian
(80), (125) having the form

1:*:?5

P* = —mo* —z—-crexp{:tiZ/Fg-l-p/Fp}, (143)

where m is given by (127), and the constants Fy , by the
expressions (81).

In the region of large distances, the heavy degrees of
freedom and X and p are exponentially small. If we expand
the exponential in (143) in a series in X and p, then the first
term of the expansion reproduces the result (126), while the
following terms describe the interaction of the light and
heavy particles:

m . m
L+ & z—ms*o—?-,p— poto + i v Sotyg0.

Here, we should note that the potential Uy (76) at large
distances has order & (exp( — m,,r)). On the other hand,
in the potential U% (122) we have ignored such terms. It is
to be expected that allowance for them will lead to a renor-
malization of the constant 3, ; in the expression (76) for Uy .
This means that the constants F; , in the expression (143)
must be regarded as certain renormalized effective coupling
constants.

4. THREE-DIMENSIONAL GEORGI-GLASHOW MODEL

This model is based on the gauge group SU(2) and con-
tains a triplet of gauge fields 4 ;, and a triplet of scalar fields
@ “. In three-dimensional Euclidean space-time, it is de-
scribed by the Lagrangian

1

E=g7 (ChP+5 Do+ @—e2.  (144)
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If it is assumed that spontaneous symmetry breaking
has concentrated the field ¢, near

Qo = cb3,

then the scalar field acquires mass m, = 24c, the fields
A" acquire mass m, = gc, and the field 4 . remains
massless.

However, it was shown in Ref. 20 that by virtue of tun-
neling effects the symmetry is restored ({g, ) = 0), the field
A [ acquires a small mass, and there is confinement in the
model.

This means that the effective Lagrangian of the model
can be expressed in colorless variables.

In the region of large distances there remains®® the
lightest degree of freedom, which is associated with 4 (*. If
my €m,, then there will also be manifested the light degree
of freedom associated with the scalar field g, .*'

If the model (144) is augmented with fermion fields, it
acquires nontrivial chiral properties, which are manifested
in the spontaneous breaking of the chiral invariance,** the
role of the Goldstone particle being played by the degree of
freedom associated with 4 (.

A.Effective low-energy Lagrangian

The tunneling is described by the solutions of the classi-
cal equations of motion that follow from the Lagrangian
(144). In this model, they are *° identical to monopoles:**

gr=ntc (1R (), Af=eque(1+a(r), } clasy
hW=rv/r, h(0)=a(0)= —1, a(oo)="h(o0)=0.

Solutions of monopole type are characterized by topo-
logical number®

o=\ dvq(@), (@) =08,
Hu. T "g—ﬂsuvm¢a (G:-a,_ '—:’— Eabch;bbDG;Sc) §

A

¢4 =g/c.
The monopole and antimonopole have topological number g
equal to + 1 and — 1, respectively. The classical action of
the monopole is given® by
e T 5
SO s g2 € ( ) L

ra

(146)

where ¢ is a slowly varying function which satisfies®* the
condition £(0) = 4.

A superposition of widely spaced N * monopoles and

N ~ antimonopoles gives the action

S=(N*+N") S+ Uy, (147)

where the interaction potential Uy has the Coulomb form?°

UN=§,U,-,«(Ixz—x,- D (148)
<)
Uij = qugylr. (149)

Hereg; = + 1 and — 1 are the topological numbers of the
monopoles and antimonopoles, respectively.

The long-range Coulomb interaction appears in (149)
because the component 4 j‘“ is massless.

It was shown in Ref. 21 that for small A (low mass my, )
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the potential (149) acquires the Yukawa correction

Uiy= %(qsq,-—e""ﬂ’). (150)

The approximation of a rarefied instanton gas for the
functional integral
Z = { oxp {—5 (4, 9)} dddg

was constructed in Ref. 20, where it was shown that in the
approximation of an interacting instanton gas the integral
has the form

R N+ N-
o R 4m :
zZ —Niz A S WEXP (—FUN) H dzx? H d’3xi,
» N i=i i=1

(151)
where U, is given by (148),
my |\ 8/2 A
kg =m3 (g—é’) o (?) exp (—So),

and a is some function that can be calculated.

Thus, Z is the grand partition function of a Coulomb
gas with Yukawa attraction [see (150)].

One can show®>?* that it can be represented as a func-
tional integral over auxiliary fields,

z = { dzdp exp { S Zen(Z, p) Pz},
where the effective Lagrangian has the form

2 nd
Lor =3 OGP+ B+ L L, (153)

(152)

s oz R I
E koe\{p{_—hlfz Ho } (154)
fz = glin
It follows from (153) and (154) that the potential part
=
Ui = % myp®— 2k, cos T ©XP (%)

of the Lagrangian has a minimum at

N =0, p ~ 2k,/mbfs.

Expanding the potential in a series in X and p near this mini-
mum, we obtain the particle masses:

my =~ 2k/f%, ] (155)

my o~ miy— 2ky/ .
The field 2 acquires a mass® because of the Debye screening
that occurs in a Coulomb plasma.

If we introduce fermions, the Lagrangian (144) must

be augmented by a fermion Lagrangian, which we choose in
the form (see Ref. 25)

Lp= —yt {'\’u (6u+ig % Aﬁ) +ich°'|:“[5—mq} V. (156)

Here, # is a four-component spinor in the x space and a
doublet in the color space. The Dirac matrices have the form

0 =, 0 —i (1 0 5
YuE(Tu O)v ﬂ_(l 0)’ Y= 0 __1)! u=1, 24, o.

The constant G 2 of the Yukawa interaction is assumed
to be large compared with A and g°.
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In the chiral-invariant limit (m, —0), the Lagrangian
(156) in Minkowski space has the symmetry

P —exp (i oys) ¢, P — P exp (i ayy).

The presence of the small mass m,, lifts the degeneracy
corresponding to this symmetry:

dujn= “Zimqﬁ'\’sﬁ’- (157)

The influence of the fermions on Z (151) in the approx-
imation of a rarefied gas reduces to the substitution

ko= k= ki det (—D,— iBG¢iT® + my)/det (— 8 +m,).
(158)

Here, the subscript ¢ means that in the calculation of the
determinant it is necessary to take the single-instanton fields
(145) as the fields ¢ “ and 4 o

The fermions have a significant influence on the tunnel-
ing effects, since in the field of an instanton (respectively,
anti-instanton) they have a zero mode of positive (respec-
tively, negative) chirality:*®

(D, + iPoet®) b, = 0.

For an instanton, #, has vanishing lower components,
while the upper components are

Poi = const exp {—cGr— § (cGh (') + 1;"5&”2) dr'} gai
]

= e (f (r)/A%)1/2, -(159)

where the function f(r) is normalized to unity:

S i =1, (160)

so that ||¢,||* = 1/A, where A is a certain constant with the
dimensions of mass, and it can be calculated by direct deter-
mination of the determinant (158).

For small m,,, it follows from (158) that

k= komg || o || det’ (D, — iPGo%e®)/det ( — 3),
(161)

where det’ denotes the product of all eigenvalues of the oper-
ator except the zero mode.
We introduce the operators

@) =% @ % @ s (@) = [Yveb (o).

To find the Green’s functions of these operators, we use the
method of functional derivatives. For this, we introduce in
the Lagrangian (156) of the model the additional term

fp* (@) m (z) $ @) + 1™ (@) vsms (@) ¥ (@)} (162)
Then
G @)y ooy T @0)is W)y - o or T35 (Um))
= (—1)™™ Z-1§™Z[5m (), . . .
c o O (2) By (), - . . B (ym)- (163)

For small m and m;, the influence of the term (162) on
the functional Z (as when allowance is made for the term
m ¥+ ) reduces to calculation of the matrix element
(Yo|m(x) + iysms(x)|1ho).

It can be seen from (159) that for large G the function
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¥o(x) decreases rapidly at large distances. Therefore, the
function f(x) (160) can be approximated by a §(x) func-
tion.

As a result, the entire effect reduces to the following
substitution in the expression (151):

Nt
ke kv 1 {1+
ik (164)

im; (::}

m (z%) + 1m5 :c{) l

|

m (3 ) [

kY™ — k- H {1 |
i=<{

Further, we introduce in the partition function (151)
additional inhomogeneous chemical potentials x4 * (x) and
u~ (x) for the particles of species + and —, respectively.

It follows from the expressions (151) and (164) that
the functional Z(m,ms,u * ) can be represented in the form
of the functional integral (152), where the effective Lagran-
gian . 4 is given by (153). Only the interaction Lagran-
gian is changed:

Fr=—F (1 +L($L£M)

Mg

x exp {+iZ (2)/fz+p (z)/fz+u* (x)}. (165)

It follows from (152), (163), and (165) that in the
region of large distances the following operator identities
hold:

j () = —-Ti%cos zfm exp (p (z)/fz),
] ) " (166)
js () =~ —%];— sin —= E( ) ——exp (p (z)/fs).

It follows from the first expression in (166) that there
has been a spontaneous breaking of the y; invariance in the
system, manifested in the appearance of a quark condensate:

2k m%f3
(])"’("I”P)———q=——%:". (167)

We note that the expression (167) is a well-known re-
sult in the method of current algebra.'' It is a direct conse-
quence of the spontaneous breaking of the y5 symmetry and
of the Goldstone nature of the  boson. Indeed, in the chiral
limit (m, —0), the mass of the = boson, m} = 2kf% (155),
tends to zero, since the parameter k is proportional to the
quark mass. This means that the £ boson is a Goldstone
particle.

Note that it is precisely the chiral-noninvariant mass
termin the Lagrangian (156) that lifts the degeneracy corre-
sponding to the ¥, symmetry, and thus fixes the sign of the
condensate: { ) <0 from m, > 0.

If m, <0, then k changes sign, and the minimum of the
effective potential will no longer be realized at £ = 0, but at
3 = 7fs . It can be seen from (166) that in this case | 1|
changes sign.

Since the fields o and = are massive, they are exponen-
tially small at large distances. In this limit, the expressions
(166) and (157) take the form

P @) I g4 o |

— % () 15 () =98 3., (168)

i () 2 —2fsmi3 (2).
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It can be seen from these expressions that the p particle
can be regarded as a scalar meson (quark-antiquark bound
state), while the = particle is a pseudoscalar meson.

The last of the relations (168) is the PCAC identity
[analog of (40)].

Thus, the complicated structure of the vacuum in this
model leads to spontaneous breaking of the chiral invar-
iance, and the operator relations (166)—(168), which in the
current-algebra method are hypothetical, are realized dy-
namically.

Note that besides the relations (166) there are other
operator identities which relate the gauge-invariant opera-
tors constructed from the original fields 4, @, ¥ to the fields
Z and p, which completely determine the system in the re-
gion of large distances.

We consider the operators G*(x) = (G%,)% @2(x)
= [@,(x)]? and g(x) [see (146)]. In the approximation
of a rarefied instanton gas, they can be represented in the
form

9(@) = { g (a—y) (o (1) — i~ () dy;
G2 (@) = | G2(a—y) (v (1) + = (1) dy;
(@ 2e {142 h@—y) (2 @)+ G) dy}. |

(169)

where the operators of the density of the instantons and anti-
instantons have the form
N*

> s~z (170)

n* (y) =

The statistical means of these operators can be found by
varying the functional (151) with respect to the inhomogen-
eous chemical potentials p * (x).

Using the representation of the functional Z in the form
(152) and (153), we obtain

(n (2)) =5 22

from which we can readily find the magnitudes of the con-
densates (169):

(@)=0, (G ~ 2k S G2 (x) da;
(g% o e (1+4ks h(a:)dx) ! }

= —(&* (z)) =k (171)

(172)

Similarly, we find the correlation functions
(n* (2) n* (2)) = — 6 (z— ') (L*) +(L* (@) L* (=),

(@) n (')

= (& (z) £ («')).

In the region of large distances, the expression (165)
for ¥* can, in the absence of sources
(m=ms=p* =0), beexpanded in a series with respect to
3 and p. In this approximation, (173) has the form

(n* (@) n* (2')) 2 kb (z— ')
+ k2 {1—(Z (2) Z (&' fz+{p (2) p (' N/ S3h
{(n* @) n= (&) = B*{1 + (2 () 2 (@)%

+ {p (@) p ('))f3}.

(173)

(174)
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The propagators of the £ and p particles in these expres-
sions can be calculated by perturbation theory. In a first
approximation, they can be assumed to be the propagators of
free particles with masses my and m,,, respectively.

We can now calculate the Green’s functions of the oper-
ators (169). For example, from the first expression in (169)
and (174) we can obtain the two-point correlation function
of the density of the topological charge in the momentum
space:

(@ (p) 7 (—p))=Famig? (p?) -2 g+m2
It can be seen from this that the 2 meson is manifested as a
pole in this correlation function. The residue of the pole is

(0]g(0) | Zy==fymiq, (—m3). (175)

Since the mass my is small, on the basis of the obvious identi-
ty g, (0) = 1 the last factor in (175) can be set equal to uni-
ty.

It follows from(175) that near the pole the following
approximate operator equation holds:

g (z) >~ fsmiZ (z). (176)

This means that the X particle can be regarded as a Higgs
gluon (146) state. Note the similarity between (175) and
the corresponding exact expression (45) in the Schwinger
model.

Thus, on the basis of allowance for the tunneling effects
this model can be formulated in the region of large distances
in terms of the colorless variables (152). The effects of the
complicated vacuum structure also lead to spontaneous
breaking of the chiral invariance, as a result of which there is
a dynamical realization of the well-known nonlinear ¢ mod-
el, its parameters being calculated exactly. It is also possible
to establish the approximate operator relations (166) and
(176) between the colorless variables and the original vari-
ables.

5.COMPLICATED VACUUM STRUCTURE AND EFFECTIVE
LAGRANGIAN OF QCD

In the models considered above, the gauge fields fall off
exponentially at large distances. This means that the gauge
charge is screened completely symmetrically.

However, there may still be a possibility of asymmetric
screening if a particle can retain a dipole or magnetic mo-
ment. Then the fields will fall off as a power, and therefore,
despite the charge screening, there remains in the symmetry
a global symmetry group associated with rotations of the
dipole or magnetic moments.

We shall show that such a possibility is realized in
QCD. It is well known that the vacuum in QCD has a com-
plicated structure,”? manifested in the fact that besides the
trivial minimum A = 0 of the energy there are other minima:

Apy=—-U" (x) 4U-" (x),

where # is an integer, and U(x) is a certain color matrix. '
The existence of instanton configurations joining differ-
ent minima means that the system cannot remain near one of
the minima (A4 = 0) but is uniformly distributed over all the
minima at once. In such a case, a charged quark cannot
move, since its wave function, which is a superposition of the
states U "(x)g(x), does not have a definite phase, and hence,
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momentum. But if the quark is decolored, it ceases to feel the
phase of the matrix U "(x), and such a state can have a defi-
nite momentum.

Let us consider the process of tunneling from the mini-
mum »n =0 to the minimum » = 1 in more detail. The in-
stanton that joins these minima has nonzero classical fields
A, E, and H below the potential barrier.

Since the gluons are charged, this means that below the
barrier there exists a classical density of the gluon color
charge: p& = £**°A °E . This changes the color charge den-
sity of a tunneling fermion.

If on penetration below the barrier the charge density of
a fermion was p“(x), on emergence from below the barrier it
willbe ¥ “*(x)p”(x), where the color matrix ¥, is related to
the matrix U by

Vao=3-Tr (1URT*).

Thus, the density vector p“(x) undergoes a rotation in
the color space. If we now average p“ over all minima at once,
the answer will be ““zero.” This is the case because the contri-
butions from the various instantons responsible for rotations
of the vector p° will be added randomly and compensate each
other.

Thus, in the system there must remain only collective
excitations corresponding to uncharged fermions.

To formalize the above, we consider the approximation
of an instanton gas.

A. Approximation of ararefied instanton gas

For simplicity, we consider an SU(2) gauge theory
with one quark species. In Euclidean space, it is described by
the action

1 ~ ;
SﬁS dz {5 Tr Ghy—q* (D—m.,)q—lﬁqan}. (177)

Here

D=, (3u—igd), 4,=" 43,

0 @z
?H:(aa 8) ’ af=(ii", 1).,
and g, (x) = g°TrG,, G ¥, /167" is the density of the topo-

logical number.
The vacuum—vacuum transition amplitude can be rep-
resented in the form of the functional integral

Z = S exp ( —S,) det (D (4) — mg) dA. (178)

In this expression, S, is the purely gluonic part of the action
(177).

The integral (178) can be estimated by the semiclassi-
cal method. As basic configurations possessing nonzero top-
ological number, one can take a composition of instantons
and anti-instantons.?”

This composition takes its simplest form in the singular
gauge:?®

e mpy (% —z4)"
A (N*, W) "‘E (ER Y

muy (x—z_)¥

N E (z—z_ )24 p2) (2—z) °

(179)
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Here,x . , p., mZ, are the position, size, and four-dimen-
sional magnetic moments of the instantons:

2
mijy = — 73 S (04) @i, S* (0) 0L;

P 1 FY-
o, =g (@FoT —aFal); (180)
Tu

S (wy) =exp (i 5 m‘i‘).

When the instantons are sufficiently far apart, the configura-
tion (179) has the action

Sa=S% (N++4N-)—i6 (N+—N)+UF, (181)
where the dipole—dipole interaction potential can be ob-
tained by means of (74) and has the form****
NtN-
U§ 2 D 8nt Tr (mymis) 8,8,D (#7 — 7).
i,

(182)

The function D is identical to the propagator of a mass-
less scalar particle in Euclidean space:

D (z) = 1/4n2. (183)

In the literature there are disagreements about the sign
of the potential U §. Here, we use (182), the result of Ref.
29. One might think that the sign of the potential is unimpor-
tant, since it can be changed by changing, for example, the
sign of the magnetic moment m,;, . However, in this case the
reaction of the system to an external field H,,, will be propor-
tionalto H %, = £,,,,sH “? /2, and not to H,,, , a result that is
needed for interpretation of the system as a paramagnetic
medium in four dimensions.

The potential (182) is formally identical to the interac-
tion energy of the magnetic moments (/) of particles
placed in four-dimensional space. However, whereas in a
paramagnetic medium an individual magnetic moment at-
tempts to align the nearest neighbors in the direction of its
own orientation (Fig. 2), the distant neighbors in the oppo-
site direction, in the case considered here the situation is
reversed. The sign of the potential U § is such® that the
magnetic moment attempts to align the distant neighbors in
the direction of its own orientation. Because of the long
range of the interaction (U § ~ 1/R *), this may lead to insta-
bility if the interaction is sufficiently strong. In what follows,
we shall find a condition under which this can occur.

After substitution of (179) and (181) in (178) and cal-
culation of the quantum fluctuations around the classical
configuration (179), the amplitude Z takes the form

o

|
|

FIG. 2. A paramagnet: m is the magnetic moment H is the magnetic field,
m, is a nearest neighbor, and m, is a distant neighbor.
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A S Sexp{-—Uﬁ-f—iB(N‘f—N‘)}detBFi!T_—!
N+N-—

N+ N-
X H dr H drl';. (134)
+ -
Here,dT'" =d*x  dw*dny(p*), dwis the invariant mea-
sure on the group SU(2), and dn, is the size distribution
function of the instantons. For the group SU(N) with N,

quarks it has, in the single-loop approximation and under
the assumption m_p < 1, the form™

" 4,6 exp (—1,68N) f 8n?\2N 8a2
dny (P) & Sy DTV —2)i ( & ) P( 22 (p) )
.'\"f
S dp
% Ei (1,349) 2.

The appearance of the matrix B in the expression (184)
is associated with the calculation of the fermion determinant
(178) in the many-instanton field (179). These calculations
were made in Ref. 31. The result is

(185)

B” = — mqﬁ,-_,- — iaﬁ.

The indices / and j take values from lto N * + N —,
and the matrix a; has nonzero elements between instanton
and anti-instanton states:

» -
. =a_,=4n?ip,p_

X %a D (z,—z_) Tr (a8* (04) S (@.)). (186)

The region of applicability of this formula is
p< |2y — 2 | K Uimg.

We shall show that the partition function (184) can be
represented as a functional integral with respect to the col-
lective variables X, and o, where X, is a triplet of vector
fields, and o a doublet of fermion fields. There is the follow-
ing representation for the potential U §.

G
e UN — det-1/2 (92) S dX, exp {_% S (Tr X2,
N+
+2Tr (8,X,)? dx} TI exp{2a2 Tr (minX oy (24))}
+
=

x T exp{2n2 Tr (mivX,y (2.))},

5 I Y O, o (187)

Here X, = X | 7'/2 is a triplet vector field. This formula
can be readily verified by noting that the products
(IT, II_ ) in it can be rewritten in the form

i)
a7,

exp {2 { Tr (X2 a2}, Ju= — T 200m iy 5 8 (2 — =)

— 3 2ntmiy - 8 (x—27).
- v

After this, the integral on the right-hand side of (187) be-
comes manifestly Gaussian and can be calculated. Direct
calculation shows the validity of (187).

A second source of interaction in the partition function
(184)—the determinant of the matrix B—can be represent-
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ed in the form of a functional integral over a certain fermion
field o(x).

Indeed, let us introduce the N * + N ~ Grassmann
variables

Q == (u'lv LBLERE ) uN-l-'l vl’r‘ " Ay UN-)‘

Then we have the identity
det B= s dQ* dQ exp { — 2 mgutu,
=1

—my E viv_—i 2 (ufv_a_+-}»vfu+a+_)} . (188)
- Qi

We introduce a massless fermion field o, (x), which is a
doublet (a = 1,2). It is convenient to separate from it the
right (o, ) and left (¢ _ ) components:

-att
0“——=(G+ ) .
g

The Lorentz index a takes values from 1 to 2.
We have the identity

exp { —1i 2 (uiv_a_y + v’:u+a+_)}
does
=det” (;9) S do* do exp {S dze* do

+ 3 2mp, [ud (S' T (@4) To)paOap ()
:

= u+oi-ﬂa (.’L‘+) (T*ZS* (w+))aﬂl

+ 20 2mp_[v* (87 (©.) Ta)paO_ap (2_)

— 000 (2.) (1,8* (@))agl } . (189)
This can be readily verified by direct calculation of the
Gaussian integral over the fermion fields on its right-hand
side.
Substituting (189) in (188) and integrating over the
variables () and O+, we obtain

det B= det™ (é) S do* do exp ( S dzo* écr)

N+

x [[{—mq+ (2mp,)2

X Tr (07 (25) ToS* (04)) Tr (ST (04) 7204
N-
x (2} J] {—mq+ (2mp)2 Tr (2 (2.)

X T,8%* (0_) Tr (8T (0.) T,0. (2))}- (190)

In the evaluation of Tr in this expression, the spinor O, 518
to be understood as a 2 X 2 matrix.
Substituting (187) and (190) in (184) and summing
over N *, we obtain
- S dXdo*do exp (S Lopy dz) . (191)

Here, the effective Lagrangian is given by the expres-
sions
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Lort= —%Tr Xiy+o* do+ £+ -,

E*F =eti0 S dw dng exp {202 Tt (mi, X )} [ — myg

+(2np)2 Tr (01748 (0)) Tr (8T () Tyo].  (192)

Using this formula, we can verify the invariance of the
SU(2) Lagrangian with respect to the global SU(2) group:

Xpw=UX,WU* o' =Us, U*U=7.

Another property of the Lagrangian is the absence of
invariance with respect to ¥, transformations:

o' = exp (iay;) 0, 0’ = o exp (iay). (193)

It is assumed that this transformation is made with the La-
grangian (192), translated to Minkowski space in accor-
dance with the rules

(X4ir Xij) > (iX g1y — X4j), 0 >0, 0+ > 0.

The entire dependence of the Lagrangian (192) on the
parameter @ is contained in the first term, which is propor-
tional to the quark mass m . The & dependence of the re-
maining terms of the Lagrangian is fictitious. It can be eli-
minated by a redefinition of the fields ¢ in accordance with
(193). This result can be understood by recalling that in the
chiral limit (m, —0) there can be no dependence on 6.

In what follows, we set & = 7. To elucidate the physical
content of the theory (192), we consider the region of large
distances, where in the absence of condensates of the field
X,,, (x) it decreases at least as 1/x2.

We expand in a series with respect to X, the exponen-
tial in (192), retaining only the first few terms in the expan-
sion, and we integrate over @ in the standard manner:

Loty 2 — o Tr X (1— %) + i0 do — moo

+ 100, X 10 + 2mn,. (194)
We have here introduced the notation
ny= S dngy, m =%(2m_))2 Ry p= ——;- (27p)eny/g,
A= oz Mgt (270", Gipw = (Vpw — V¥, }
(195)

where p is the mean size of the instantons, defined below. It
can be seen from the explicit form of the function dn,/dp
that the integral over dn,(p) diverges at the upper limit
(large p). However, there are grounds for believing*®*? that
at short distances between the instantons there is repulsion,
which leads to the appearance of a factor exp( — p? const) in
the expression for dny(p). In this case, all the integrals in
(195) will be well defined. In addition, there will exist a
mean size p of the instantons, defined by the formula fp"dn,
~p"hny. We shall assume that there exists some mechanism
for suppressing large instanton sizes and treat n, and p as
semiphenomenological parameters.

It follows from (194) that the o quark has acquired a
dynamical mass m, which does not vanish in the chiral limit.

In the language of the statistical physics of an instanton
gas, this result can be formulated as follows: In the system
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(184) there was an attraction between the particles de-
scribed by the function det B, which had a long range; there
then occurred a phenomenon analogous to the screening of
electric charge in a Coulomb plasma, and this interaction
became one with a short range of the order of 1/m, where m
is the dynamical mass.

Another feature of the Lagrangian (194) is the pres-
ence of the chromomagnetic interaction with coupling con-
stant . We showed earlier that the Lagrangian is invariant
with respect to global SU(2) transformations in the space of
the global color, in which o is a doublet, and X, is a triplet.
In this space, the o quarks possess chromomagnetic mo-
ments equal tog (195), and these moments interact through
the field X .- Thus, the Lagrangian describes Abelian U 3D
magnetodynamics.

It was noted earlier that in the statistical system (184)
an instability may arise. It can be seen from (194) that it
arises for y > 1, when the renormalized field X . has negative
metric, and a nonvanishing vacuum expectation value of this
field develops in the system.

The parameter y is proportional to m, and vanishes in
the chiral limit. However, once the o quark has acquired the
mass /1 the condensate (go) is no longer zero, and this leads
to a renormalization of the parameter m, and y. Indeed, we
write

3 4pu0 b = 5~ 88, {00) -+ : CcpuCista o (196)
= 8 d4
@0y = — o | T (197)

Substituting (196) in the expression (192) for the effec-
tive Lagrangian, we obtain the renormalization prescription

(198)

This effect is related to the fact that the normal product
in (196) is defined relative to the massive field o(x), i.e., it
takes into account the circumstance that the part of the in-
teraction Lagrangian .%°~ + .~ that gives mass to the
field mao, relates to the free part of the Lagrangian (192).

Asa result,x(mq) (195) is replaced by ¥ =y(m,).

We now calculate the quark condensate (gg) in accor-
dance with the formula

Mg —> r_ﬁq =m, —% (2mtp)2 (o),

(@g) = — (2§ a%) ™" aziam,.

Using for Z the representation (191), (194), we obtain

(qq) = _2%_%(21@&(% X2, o —2n,. (199)

We have here assumed the absence of condensates of the
field X, (itis assumed that y <1).

Thus, the existence of the dynamical mass of the field o
(the condensate {@o)) has had no influence at all on (gg).
The absence of correlation between these quantities would
be impossible if there were a symmetry associated with ¥
rotations. But it is anomalously broken,

—_ 2 —
0 (7vuv59) = gz Tt GGy + 2im,gy5q (200)

for the field g(x) and manifestly (the nonvanishing mass m
in the chiral limit) for the field o.

From the expressions (195) and (199) we obtain the
following representation for the dynamical mass:
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1 TS —
m = —— (2np)*(qq). (201)

We note the similarity between this expression and
(198); however, m 4» in contrast to the dynamical mass m, is
only a parameter of the Lagrangian (194) and does not have
the significance of a pole of any propagator.

Note that with allowance for the renormalization of X 5
by the factor 1 — ¥ the magnetic moment of the o quark,
i = p/y/1 — ¥, can be expressed in the form

§ =
T &

=

We have here used the expressions of (195) and intro-

duced the notation g = g/y1 — ¥. Thus, the magnetic mo-
ment of the o quark is equal to the renormalized magnetic
moment of the g quark.

B. Approximate operator equations

Here we establish a connection between the gauge-in-
variant operators constructed from the fields ¢, 4, and the
fields o(x), X, (x).

Consider the operator Gfu, (x). In the field of one in-
stanton it has the value

2
Torr 262 (&) =1 (=, 0) = srsae -

In the many-instanton approximation (179),

(202)

N+ N-
o Tr G (@)~ 3) f(a— 4 o)+ 3 f (2—2s ).
+ i

By means of the density operator

N+=

dnldp= 3 8 (¢ —22) 8 (p—p2)

this expression can be rewritten as

. dn* (z, di- (3,
e o | e, o [ )

(203)

Since the partition function (184) is equivalent to the
effective theory (191), all the statistical operators can be
expressed in terms of o and X. Using the method of external
sources employed above to investigate the two-and three-
dimensional models, we can obtain an approximate operator
equation valid in the region of large distances:*

dn*

I, ) (204)

where/ * is the Lagrangian density .%° = (192) with respect
to the variables p and z:

£ (X (2), 0 @) = { doi* (X (2), 5 (2), ). (205)

As in the derivation of (194), we expand .¥ * (192) in
a series with respect to X. Then from (192) and (205) we
obtain

I~ iin" {mq-—-(2np)20+1;2v56-

Y
——(222)4 U+Xp|,v0|!.‘\i ij;'ys o
i 2np)4
T (2:3 qur(XwiXﬁv)2+...}. (206)

A. N. Tavkhelidze and V. F. Tokarev 501



From (203), (204), and (206) we obtain the approxi-
mate operator equation

e @ | dif @—z )

% {—mcr+ (z)o(z)-}—%XTr Xialg) oz .}—|—2mqno.

(207)

We have retained only the terms bilinear in the fields
and have omitted all the higher terms. In obtaining the last
term in (207), we also used the realtion f f(x,p)dx =1,
which follows from the definition (202).

Similarly, we obtain

<& TrG6* (z) ~ S f(z—z, p){l*(z, p)— I~ (z, p)} dp dz

o S flx—z, p){—mo*‘ysa (z) — %Tr X Xiv (@) + .. } dz.

(208)

It follows from (207) and (208) that in the gluon chan-
nel there is a large admixture of quark—antiquark pairs of o
quarks. This has the consequence that the gluon condensate
is intimately related to the condensate (197) of the o quark.
Indeed, it follows from (207) that

<_ig%ﬂ_ G2> ~ —m (oo)+ 2mgnyg= —m {00) —mg (?zq)

= —my(q9). (209)

As can be seen from what has been written above, there
exist several forms of expression of the same effect of the
dynamical mass on the gluon condensate.

The appearance of the dynamical mass also clarifies the
significance of the axial anomaly (200).

In the chiral limit there remains on the right-hand side
of Eq. (200) only the interpolating operator of the pseudo-
scalar gluonium, which can be approximated by a quark op-
erator by means of (208).

Then (200) takes the form

0u (avuvs0) ~—2im  f(2—2, p) 0*150 () dz.

The appearance of the imaginary unit in this expression
is explained by the rules of passage to Euclidean space. Thus,
in the language of collective variables the y; anomaly is in-
terpreted as acquisition by the collective quark of dynamical
mass.

Another feature of the relations (207) and(208) is the
presence of a nonlocal connection between the original and
the collective variables. The reason for this is that the collec-
tive variables o, X describe the motion of the centers of these
instantons, and therefore these fields are local, whereas an
instanton as a whole is a nonlocal object, so that the connec-
tion between the original and the collective variables must be
nonlocal. Therefore, in the original variables the o quark will
appear as an extended object of size p and possess a nontri-
vial distribution of the color charge.

It follows from (194) that with respect to the fields the
o quark possesses a color magnetic moment [, and its color
charge is equal to zero, i.e., the Lagrangian (194) describes
pure magnetodynamics.

It is worth studying the color properties of the o quark
with respect to the initial color concept.

502 Sov. J. Part. Nucl. 21 (5), Sept.-Oct. 1990

The conserved current of the color charge, expressed in
terms of g(x) and 4(x), is related to o,,, by the Maxwell
equation

Ca (z) = 8,63y (). (210)
In the field of a single instanton,
OGyp=myp® OF (2, ), (211)
F (@ 0= (5 05— sy~ rew)
(212)
In the many-instanton sector (179), we obtain
Ch(@) =~ avp(x_z)nz%g“"dzdp, (213)
where the operator of the magnetization density
N+
35 ™o (@ ) = 2 miy, 08 (2—2.) 8 (p—p1)
+

N-

+ 20 My, o8 (2—2) 8 (p—p-),

and the matrices m,, , are given by the expression (180).
Using the method of external sources, as in the case of (94)
and (166), we can obtain®® the approximate operator equa-
tion
d *a a
n? o M X (I 10).
v
Using for / * the expression (206), and taking into ac-
count the renormalization of y, we obtain from (213)

€2 (z) S F (=2, p) {£ X5y + po*oy, 5 0} da.

Integrating this equation by parts and using the equations of
motion that follow from the Lagrangian (194),

8 X5y (1 —T) 2 0y, (2u0%0,y 5 0)

we finally obtain
Cp (2) =~ S F(z—z, a%au (0* (z)cvu%c(z)) dz.
—X

We calculate the color form factor of the o quark in the
Euclidean domain with respect to the momentum transfer
q =p, — p,. Here, p, and p, are the momenta of the initial
and final states of the quark, respectively. From the upper
equation we have

(piiclﬁ (O)IP2> = —i Viu-—-_i FW (qz) q\"c;10--“\’%aops'

Here Fi (g°) is the Fourier transform of the function F(x)
(212). It is readily verified that F(O) = 1.

In the Breit system, the chromoelectric (F, ) and chro-
momagnetic (F,, ) form factors have the form

Fo= —F (@) ilim V=3, Fn=pF(g)2V i—X,
(214)

It follows from these expressions that the color charge of the
o quark is equal to zero, while the formal chromomagnetic

moment is F,, (0) = /21 — ¥.
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We note also that the formal chromomagnetic moment
differs from the dynamical moment /i, which is a coupling
constant in the effective Lagrangian (194).

Hitherto, we have considered a theory with one quark.
However, the results can be generalized to a theory with
several quarks. For example, in a theory with two light
quarks # and d the effective Lagrangian will also contain two
quarks o, and o, and

FE = =10 S dny do exp {202 Tr (m,X 1)} [ —m,, + (27p)?

5 Tr (0F,745* (0)) Tr (ST (0) 740 4.)]

X [—mg+ (22p)2 Tr (0, T,5* (0))

X Tr (ST (@) T,024)]. (215)

This Lagrangian has the same form as the "t Hooft Lagran-
gian.*® A difference is that it depends on other variables.

When there was a single quark, the ys-noninvariant
term was a two-quark term. This meant that the attraction
induced by the fermion determinant det B led directly to the
appearance of a dynamical mass, which, in its turn, ensured
screening of this attraction (Debye effect).

It can be seen from (215) that now the ys-noninvariant
term is, in general, a four-quark term. However, its investi-
gation is difficult because of the appearance of ultraviolet
infinities [see (197) ] in the effective theory when an attempt
is made to use it outside the framework of the tree approxi-
mation. This means that the theory must be regularized in
the region of short distances.

To estimate the parameters of the Lagrangian, we as-
sume that, by virtue of certain effects, quark condensates
{o,"0,) and {o," 0, ) arise in the theory.

We can then use the approximation

070,030, = 070, (03 0,) + 030, (6}0,) — (0}o,) (o}a,).

Substituting this expressionin (215) and integrating, we ob-
tain the relations

Eu =mu-—%(2ﬂ[;‘)a(0;01}§
s ._i gL Y mal o A __._E.L .
Mgy 14 (2:":9) (uu>! Mo, 2;1'11 4 (216)
K= — o (2mp)im,, (uu); (un) = — 2mqny;
% (G% = —m, (uu).

The remaining relations are obtained by the simultaneous
substitutions # —d and o, — o, in these expression.

For the group SU, (3) there are similar relations; name-
ly, in the expressions for the masses m,, m,, m, it is suffi-
cient to replace (2'.'1',0)2 by 817'2p2/ 3, and in the expression for
¥ to replace the factor 1/3 by 1/8.

In Ref. 33 it was conjectured and argued that the instan-
ton physics develops at the scale p = 1/600 MeV. The sig-
nificance of the appearance of this scale is that in this region
the current quarks are transformed into constituent quarks
with masses of the order of 300 MeV.

Taking this point of view, we equate the mass of the o
quark to 300 MeV. Using also the phenomenological values
of the condensates <(uu)= —1.7x10"% GeV?,
{(a/m)G?) =1.2X 1072 GeV*, we obtain
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m, =mg=90 MeV, p=1/600 MeV,

(o) =0,3(qq), 7% ~0.5.

Thus, the effects of the complicated vacuum structure
lead to the description of QCD in terms of the collective
degrees of freedom X and o. The collective quark has ac-
quired a dynamical mass proportional to the quark conden-
sate.

In terms of the original variables, the o quark appears as
an extended object with size of order p [see (207), (208),
and (214)].

One can also show*’ that allowance for repulsion be-
tween the instantons, taken in the form of an absolutely hard
core,* leads to the formation of a core with size of order 5 in
the effective quarks, and this also leads to a diffraction pic-
ture of quark—quark scattering.

In the gluon channel, there is a large admixture of
quark-antiquark pairs of o particles [see (207 and (208)].
This explains the possibility of treating the 7’ meson as pseu-
doscalar gluonium®® in the sense that the gluon operator
GG *(x) is proportional to the quark operator imoyso. A
similar situation obtains in the Schwinger model, in which
the operators ., F,,, and iy are proportional to the same
field 2 [ (44) and (45); see also (132)].

The interaction of the collective degrees of freedom is
described by the magnetodynamic Lagrangian (194). De-
spite the fact that the o quark is colorless, it has a chromo-
magnetic moment. It arises because there exists around the
quark a virtual cloud of a classical gluon field of instanton
type. Tunneling below the barrier, the quark magnetizes
with its magnetic field this cloud, the magnetic moment
x(e/2m,) of which is to be ascribed to the effective quark.

With regard to the electromagnetic properties of the o
quark, one can show>” that its charge is equal to the charge of
the ““bare” g quark. Therefore, its electromagnetic moment
is equal to e/2m, where m is the dynamical mass (195). Note
that the magnetic moment e/2m, of the bare quark, as it
must be in the constituent quark model.

Thus, between the region of asymptotically free quarks
with the Coulomb interaction and the hadron domain with
the Yukawa short-range interaction there is a region of con-
stituent quarks with magnetic interaction 1/R *.

CONCLUSIONS

We have considered several gauge models that possess a
complicated vacuum structure. They are all united by one
property—the physical excitations in them are colorless.
However, this property is realized in different ways.

In the Schwinger model, the electromagnetic field can
be divided into transverse and longitudinal parts. After this,
the phase of the longitudinal part can be used to construct
the gauge-invariant fermion o(x) by compensation of the
corresponding phase resulting from a gauge transformation.
It is clear that the operator o(x) is defined up to a global
phase, and therefore a global U(1) group remains in the
model. However, physically this symmetry is not observ-
able, since a consequence of the long-range interaction in
two dimensions is confinement, only fermion—antifermion
pairs can be observed, and the operator g(x) is an x-inde-
pendent unitary operator.
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In the scalar variant of the Schwinger model with a sca-
lar potential of Higgs type, there is charge screening. Be-
cause of the specific potential in the system, a condensate
{@ * @ ) of pairs of charged particles develops, as a result of
which the gauge field acquires mass. This means that the
field is exponentially small at large distances, i.e., the charge
is screened symmetrically. As a result, there remain in the
system only colorless variables—the scalar and pseudosca-
lar fields (p,2).

When a massless fermion is added, a further degree of
freedom appears—the colorless fermion (o), which has ac-
quired dynamical mass by the y5 anomaly. In this case, in
contrast to the Schwinger model, there does remain in the
system a global symmetry, associated with conservation of
the fermion number, since the uncharged fermions (o) can
now move.

In the three-dimensional Georgi—Glashow model with
fermions there is confinement, and at large distances it is
possible to observe the lightest particle, which is associated
with the originally massless component of the gauge field
and which is colorless, since it can be regarded as a fermion—
antifermion bound state.

In the model, the s symmetry is spontaneously broken,
the nonlinear o model is realized, the PCAC identities are
satisfied, and the particle under consideration is a Goldstone
boson.

In QCD with one light quark, the instantons lead to a
colorless fermion (o). There is still a global group associated
with nonsymmetric screening of color,since there remains a
chromomagnetic moment and the corresponding chromo-
magnetic fields. The fermion has dynamical mass on account
of the y5 anomaly.

In QCD with two light quarks (u,d) the corresponding
¥s-noninvariant *t Hooft Lagrangian will be a four-quark
Lagrangian (,0,0,0,), i.e., it does not directly lead to
dynamical mass of the fermion.

One can also assume the occurrence of condensates
(7,0,) and {(o,0,) through certain effects, and then a dy-
namical mass appears.

In the literature there are investigations of the 't Hooft
Lagrangian by the methods of the Nambu-Jona-Lasinio
model. But this is incorrect for the following reason. If a
condensate (7,0, ) is to appear in the framework of the
method, there must be an interaction (7, 0,0,0, ) of attrac-
tive type (the sign is important); for the appearance of a
condensate (7,0, ) it is necessary to have the same interac-
tion (o40,0,0,), but we have only an interaction between
the o, and o, quarks (¢,0,5,0,).

Moreover, if the 't Hooft Lagrangian is diagonalized,
then in the " (pseudoscalar) channel there will be a repul-
sion, i.e., there is no hint of formation of an %'(x) field in the
framework of this method. Note that this repulsion is an
inescapable consequence of the y; anomaly, since it is this
that must increase the 7’ mass relative to the pion mass
[TU(1) problem®’]. This can be traced if the ’t Hooft Lagran-
gian is augmented by a phenomenological interaction of at-
tractive type G(o,0,0,0, + 0,0,0,0,) and this Lagran-
gian is investigated by the method under consideration (see,
for example, Ref. 38).

It should also be noted that the problem of large instan-
tons also has a fairly complete solution.
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In addition, the renormalization of the pre-exponential
in the expression for dny(p) requires a two-loop calculation
of the fluctuations around the instanton. Therefore, the in-
stanton calculations are as yet at the semiphenomenological
level.
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