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New results of the semiclassical theory of the statistical decay of spherical and deformed nuclei

are presented systematically. Practical methods of calculating particle emission from ellipsoidal
nuclei are described. Applications of the semiclassical approach to the description of the angular
distributions of particles measured in coincidence with a y-ray cascade, fission fragments, heavy

ions, or other particles are considered.

INTRODUCTION

The currently existing methods of statistical calcula-
tions can be divided into quantum (for example, Refs. 1-4)
and semiclassical (Refs. 5-8) methods. The programs that
realize these methods make it possible to follow one or sever-
al chains of decays, giving as a result the yield of isotopes, the
number of emitted particles, and their energy spectra.

The programs of semiclassical type make it possible, in
addition, to calculate the angular distributions and the angu-
lar correlations of different decay products. In principle,
these quantities can also be calculated by means of the quan-
tum formulas, but this requires much computer time and
memory, particularly at large angular momenta.

Even greater difficulties for the quantum approach
arise in the decay of strongly deformed systems. The interest
in such systems is due to the fact that the experimental a-
particle yields are higher than what the calculations for
spherical nuclei predict,” and the effective barriers deduced
from the spectra of the emitted & particles are often lower
than those obtained from reactions in which a particles fuse
with the corresponding nucleus in the ground state.'*"*

In Sec. 1 of this review we present a semiclassical statis-
tical model of particle emission from spherical nuclei. In Sec.
2 we investigate the conditions for its applicability. In Sec. 3
we present a semiclassical statistical model for deformed nu-
clei. In Sec. 4 we give a practical realization of this model for
ellipsoidal nuclei. In Sec. 5 we calculate correlation func-
tions and compare them with experiment. We conclude with
a summary.

1.SPHERICAL NUCLEI
Decay probability

The point of departure for the semiclassical statistical
theory of the decay of spherical nuclei'*** is an expression
for the probability of decay (per unit time) of a nucleus with
excitation energy E and spin I associated with emission of a
particle with energy £ and orbital angular momentum I mov-

ing in the direction n:

R(e, 1, n; E, 1)
(I—1)2
w|E—§S—e—
2J
=T ( 5@ Lo, e

Here, g is the number of spin substates of the particle, S'is the
separation energy, 7, (¢) is the transmission coefficient, J is
the moment of inertia of the daughter nucleus,
w=(2j+1)""pand o, = (21 + 1) 'p, are the reduced
level densities of the daughter and parent nuclei, Q is the
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difference between the excitation energy and rotational ener-
gy of the parent nucleus, and % = 1.

The distribution (1) gives the most complete descrip-
tion of the decay, since from given ¢, E, 1, I, and n it is possi-
ble to calculate the excitation energy u, the angular momen-
tum j, and the momentum of the recoil nucleus and,
therefore, the probabilities of its subsequent transforma-
tions.

If the width of the energy spectrum of the emitted parti-
cles is small compared with the thermal energy
g = u — j*/(2J) of the daughter nucleus, then for @ (g) one
can use the thermal approximation

o (9) = o (¢') exp [(z — ¢')/7], (2)

where the temperature 7 is expressed in terms of g'in the
form

T = [d1n o (g)/dglgie. (3)

The function w(g) is often parametrized in the form
proposed by Lang.* In this case, apart from a constant fac-
tor we have

o (g) = exp [2 (a (g — A)V2U/[t* (Ja)*2], (4)

where
=g+ ((2)+57)"

The level-density parameter is a =4 /8 MeV ~' for
A< 100and 4 /12MeV ~ 'for 4 > 100 (Refs. 25and 26), and
the correction for pairing is A = 1.2 MeV for odd nuclei,
A = 2.4 MeV for even—even nuclei, and A = 0 for odd—odd
nuclei. For J the rigid-body expression with 7, = 1.2 fm is
used.

For w(q) as defined in (4) the relation (3) takes the
form

() ®

If for w(g) we use (2), and for T, (&) the classical mod-
el, then the expression (1) simplifies to the form

) © (e—Ev— o) 8D,
(6)

R=C exp (—-%—i—f':—l-—

where
I2 '’ ’
C=—r oxp [ (E—S—55 — ') [7] 0 (@)0. Q)
o = I/Jis the rotation frequency; 6(x) is the step function;
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E, and R, are the height and radius of the barrier; and m is
the particle mass.
The height of the barrier is often taken in the form

E, = Z,Z 4% R.,
where

{[2 1452 — 0,408 log,y (Z,Z,)] AY*+2,53 for a, .
°= 14,81 433+ 1,44 for p, 7

while for the barrier radius the following values are taken:

21 53 for o,

1a44 for py
(8)

where Z,, Z, and 4,,, A, are the charge and mass numbers
of the emitted particle and the daughter nucleus, respective-
ly; R, and R, are given in fermis. The expressions (7) and
(8) were obtained in Ref. 27 as a result of systematization of
the cross sections for absorption of protons and & particles
by medium and heavy nuclei. If ¢' is identified with the mean
g found by means of the distribution (6) and the result is
substituted in the right-hand side of (5), we obtain an equa-
tion for 7, and by solving it we obtain values for all the pa-
rameters that occur in (6).

Ry = [2,0337—0,2412 log,o (Z,Z4)] A3/* + {

The coefficients 7,(c)

Using the distribution R, we can calculate the emission
widths, the mean values of ¢, /, j, the energy and angular
distributions of the particles, and the two-particle correla-
tions. Among these quantities there are some for which an
integration over de is performed when they are obtained. A
feature of these quantities is that for their calculation one
needs, not the T, (¢) themselves, but the corresponding La-
place transform (s = 771):

Li(s) = S de exp (—se) T (e). (9)
0

It was shown in Refs. 11, 25, 26, and 28-34 that when
the classical T () are used simple analytic expressions are
obtained for quantities of the indicated type. This possibility
is explained by the fact that for the classical T, the Laplace
transform has a very simple form,

L,(s)=s" exp { - [Eu-i— E%ﬁ—] s}, (10)

as a result of which the integration in the corresponding ex-
pressions over the variables in the set /, 1, n, J can be per-
formed explicitly.

Unfortunately, the use of an abrupt step for T, (¢) is not
always justified, particularly for neutrons. In addition, it is
difficult to compare calculations with such T, (¢) with the
quantum calculation, since the connection between E, and
R, and the optical coefficients T, () is unknown.

Calculations show that for 7> 1 MeV the expression
(10) gives a good approximation of L, (s) with the optical
T,(e) if E; and 1/R } are regarded as linear functions of s.
Thus, we arrive at the parametrization

Lyi(s) = st exp { — [(by — by8) + (cy — ;8) 1*18}.  (11)

In what follows, it will be seen that the use of (11)
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instead of (10) only slightly complicates the analytic expres-
sions for the quantities mentioned at the beginning of this
subsection. The constants by, b,, ¢,, and ¢, can be regarded
as phenomenological parameters, or they can be found by
means of a linear approximation with respect to /% and s for
the functions s~ 'In[sL,(s)], calculated with the optical
T.(e);

Substituting (9) into the left-hand side of (11), we ob-
tain an integral equation for T, (¢). Assuming that this equa-
tion is valid for all s> 0 and shifting the lower limit of the
integral overdeto — oo, we can solve the equation for 7', (&)
analytically. The result has the form

[L+ﬂf(ﬂﬁﬂ)}

where erf(x) is the error function, and £, and D,, which
determine the position and width of the smooth step func-
tion, are given by

ert (S) (12)

& = by + col?, D} = 2 (b, + ¢,1%). (13)

The relation (12) is analogous to the Hill-Wheeler for-
mula® for the transmission coefficient. This analogy can be
used to estimate the parameters b, b,, ¢,, and c,. To this
end, we rewrite 75" (&) in the form

co

T?rr (8) = S ax exp(—X’/(2Dg)) 6‘)(8—

()20, (by +X) —col?).

(14)

This relation shows that the diffused transmission coeffi-
cients can be obtained by averaging the classical 7', (&) over
the barrier height.

The Hill-Wheeler coefficients can be represented in a
form analogous to (14) if the Gaussian on the right-hand
side of (14) is replaced by the function

nX

ﬁ(ﬂ; )

and the substitutions b, = E, and ¢, = (2mR2)~" are
made. The parameter D, can be identified with the standard

deviation for the distribution w™"(X), which is equal to

#iwo; /(243 ). Bearing in mind that for protons and a particles
#iw, = 3.8 MeV (Ref. 27), we find that for these particles
Dy =1.1 MeV.

WY (X) = (2hiw,/n) ch™2 (

Distributions with respecttoe, |, j

The key quantity in the quantum statistical model of
decay is the probability R (¢, /, j; E, I) of the decay per unit
time of nucleus £, 7 into particle &, / and residual nucleus J
Taking I as the polar axis, denoting by /3, and 7, the polar
and azimuthal angles of the orientation of 1, and going over
from 3, toj by means of the formula

= (@ + B — Pyen),

we can represent the corresponding classical probability in
the form"”

R (e, L, j; E, I)

cos ﬁl

= { R(e, 1, n; E, 1) dni2 [d cos Bu/djl dyi. (15)

The normalized distribution with respect to ¢, /, j has
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the form

P 1 j; B, D="C0 00, (16)
where
R(E D=\ Rl j; E Ddedldj (17)

is the total probability of emission of a particle per unit time.
By means of P(g, , j; E, I) for fixed E, I we can calculate the
mean value of an arbitrary function f (&, /, j) of the quanti-
ties &, /, j. Denoting such averaging by a bar, we have
7= dedidif(e, b, NP (es b js E, D). (18)
The expressions (2) for @(g) and (9) and (11) for
T, (&) enable us to calculate (15), (16), (17), and also the
mean values of g, /%, %, analytically. The total probability of
particle emission per unit time, (17), takes the form

L8 2
RiE D=5-25 5
Iz '
X exp [(E—-S—bu—l—%—«ﬁ—q)/t].
(19)
Here
__ 2 zexp(—2f) st BEoeran
P=-n erf (z) 2 I_I( 2J1:) H 20)
Y Sty o ik (
Be = T+ P VeT 2 gp—eyfv *

With allowance for (2), (9), (11), and (19), the weight
function (16) can be represented in the form

P(e L j; E, I)=?f§fm:3u:7't(3)

i ]

X exp [ = (s—l—%}——%)/‘i]a (21)
where £, = 1if /, j, and I can form a triangle, and £;; =0
otherwise.

Using (18) and (21), we find the mean values

st 2t L[ B (1) (140)]

x (1= =25 ) (22)
o= (1—popli+ 207 3B+ (5 B—t) P]s (2D
F— 21 4B, (14 D). (24)

The expressions (19) and (21)-(24) contain the pa-
rameter 7, the numerical value of which is not determined
until ¢’ on the right-hand side of (5) is determined. In what
follows, we shall identify ¢’ with the mean thermal energy of
the daughter nucleus:

j2

g=E—S—t— 7. (25)

The relations (22), (23), and (25) enable us to find the
dependence of § on 7. Substituting this dependence on the
right-hand side of (5) in place of ¢', we obtain a closed equa-
tion for 7.

If 7 satisfies the conditions

X b e \1/2
Co>>":_1'u'bo»_tl‘l I( 2511) <1,
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then in the equation for 7 the terms containing ¢, and b, can
be omitted and we can set p = 1. The equation then obtained
can be solved explicitly. Its root

To=a—i+]/a_2+a—i (E—S—bn_Aﬁ?-ﬁT)

can be used as a first approximation in a search for 7 by the
method of iteration. For this, using 7,, we calculate £, and
E in accordance with (22) and (23), and then also g, us-

ing (25). Substituting this g, into the right-hand side of
(5), we obtain 7, , after which the procedure is repeated.

Angular distributions and correlations

The probability of emission of a particle in the direction
n from the nucleus (E, I) has the form
3 _ BMmET)
W E =g & n"
where the distribution function R (n; E, I) is obtained by
integrating (1) over ded’l, and R, (E, I) is the sum of the
R(E, I) determined in (19) from the various emitted parti-

cles. Integrating over d°/ in Cartesian coordinates with the z
axis directed along n, we obtain

W (n; E, I) = G exp [—o (In)?], (26)
where
i _RE I) ol/2] S Be @7

"k Rtot (E, I) Erf (@/2]) 2Jt !

and the error function
Exf (z) = 5 erf ()
is normalized by the condition Erf(x)/x—1as x—-0.
The ratio

i _R(, 1, mE I
P, ;n, E, I)—W
can be used as a normalized distribution of £ and / for fixed
values of n, E, and I. Denoting the averaging by means of the
distribution P(¢, 1, n, E, I) by angular brackets, we find

@) =be— -2+ (1+ 7577 v+ gy X ok, (28)
@) = B [T — n ()], (29)

We now consider the successive emission of two parti-
cles in the directions n, and n, from the compound nucleus
E, 1. We obtain the probability of the first decay from (26)
and (27) by appending the index 1 to the quantities that
characterize the decay products. We obtain the probability
of the second decay from (26) and (27) by appending the
index 2 to the quantities that characterize the decay prod-
ucts and by replacing E, I, and I by

u!=E_S1""_Ei’ Ii_EG.?)W' yand I =T—(ly),

respectively, where £,, j2,and (1, ) are obtained from (22),
(23), and (29) by appending to the quantities that charac-
terize the decay products the index 1. The probability of the
complete process, W(n,, n,; E, I), is the product of the two
single-particle probabilities and can be represented in the
form
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W (03, ny; E, I) = Gy exp [—B (In))? — C (In,)2

— D (Iny) (Iny) (myny)l, (30)
where
Gy =GGy, B =0, C =ay —D, D = 2a,p,. (31)

The first and second terms in the exponential in Eq.
(30) characterize the correlation of n, and n, with I. The
correlation between n, and n, is contained in the last term.
In a large system 3, —0, and the contribution of this term
will be negligibly small compared with the contribution of
the first two terms.

By means of (30) it is easy to construct the angular
correlation function for two particles emitted from a com-
pound nucleus formed in a fusion reaction. Taking the z axis
along the beam, placing the x axis in the plane formed by n,
and n,, and directing it in such a way that the component of
n, along the x axis is positive, we obtain

Tmax 2n
W (n,, ny)= S Idl S dOW (n,, ny; E, Lo),  (32)
0 0

where I,,,, is the maximal spin for a spin distribution in the
form of a triangle; I, is a vector of length I situated in the
plane xOy and making angle ® with the x axis.

Substituting (30) in (32) and integrating over d®, we
obtain3!-33

ax

W (0, 0, ¢)= HSI 1dI Gy exp (— 5 HI?)
0

x I, [%(H2+M)11213], (33)

where I, (x) is the modified Bessel function of zeroth order;

H = Bsin® 0, + C sin® 0, + D cos 0y, sin 0, sin 0, cos ¢;
(34)
M = (D? cos? 8;, — 4BC) sin® 6, sin® 0, sin® ¢;
#, and &, are the polar angles of the vectors n, and n,, re-
spectively; 8,, is the angle between these vectors; and ¢ = ¢,
— ¢, is the difference between the azimuthal angles n, and
n, . If particles 1 and 2 are identical, then Eq. (33) is the final
equation. Otherwise, it must include an additional term in
which the order of emission is reversed.

2. COMPARISON WITH QUANTUM CALCULATIONS
Connection between the classical and quantum approaches

The quantum expression for the double differential
cross section for emission of a particle by a compound nu-
cleus formed in a fusion reaction has the form

d%o Re, m; E, I)
“dnde E o(E, I) Riot (B, I) ' (32

where o (E, I) = wA?(2I 4+ 1) T, (E,) is the cross section
for the production of the compound nucleus (E, I); A and
T,(E;) are the wavelength and transmission coefficient in
the entrance channel; and

R(e, n; E, I)= Z |¥ i ()2 |Cilm|2R (e, 1, j; E, I)
(36)

is the probability of decay per unit time with emission of the
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particle (&, n). The summation is over the quantum numbers
of the spin of the residual nucleus, j, 4, and the orbital angu-
lar momentum of the particle, /, m. The z axis is taken along
the direction of the beam, and
Re b J; By D)= eyp 5Ty (@) 2E2=p D) (37)
To deduce the key relation (1) of the semiclassical
model from the quantum expressions (36) and (37), we re-
place the Clebsch-Gordan coefficients C ;?,m and the spheri-
cal functions ¥, (n) = ((2/ + 1)/47)"/?D"’ , (n) by the se-
miclassical expressions in the form of the integrals

o f L S dQ; dQ;d9, 6 (I— j—1) 6 (M — I cos 8;)
% 8(u—jcosB;) 6(m—Ilcosh); (38)
AL(n)jz——g d9, 6 (1 cos 0,— m) & (In—k), (39)
where d();, d§);, d(), are the infinitesimal solid angles, and

6;, 6}, 6, are the polar angles of the vectors I, j, 1, respective-
ly. The expressions (38) and (39) have a transparent phys-
ical interpretation, and after the integrals over the angles
have been calculated they lead to the standard classical rep-
resentations first obtained in Ref. 36.

Substituting (37)-(39) in (36), replacing the sums
over j, p, I, m by integrals, integrating over dmdu dé,
dbdd j’, denoting the azimuthal angles of the vectors1, n, I by
&5 &,,, Py, respectively, and using the identity

{ & ag,= { 5m)ag.,

we arrive at the relation

R(e, n; B, 1= %n {2 au

{I;Jrl)2 )

0] (E—S—a —

X @ @ (0)

T, (€) § (In).

In the integrand of this expression we readily recognize
the classical decay probability R (&, 1, n; E, I) defined in (1).
Note that after integration over 4°/ and averaging over d®,
the result will not depend on ¢,. Therefore, the averaging
over d¢,, can be removed.

Criterion for applicability

We shall discuss the conditions for applicability of the
semiclassical approximation for the example of the angular
distribution of particles with fixed ¢ and / emitted by a nu-
cleus with given I. In accordance with (6), in the classical
case this distribution is proportional to the integral

We@®) =5 § a2 exp () 8(m),

where [ is the angle between n and I. Using (39), we can
readily verify that the quantum analog of this integral is the
sum

Wy (8) =3 A Dha (),
where A = w/7.

Comparison of W, (B) with W, (/) is facilitated by the
fact that both distributions can be calculated analytically,
leading to the modified Bessel function I, [ (/ + 1)A sin 5]
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FIG. 1. Comparison of calculated values of the angular anisotropy as a
function of A for different /: a) quantum calculation, 4, (continuous
curves), and classical calculation, 4. (broken curves); b) relative errors
(A, —A,)/A, (continuous curves) and |4, — A, |/4, (broken curves);
the continuous curves for / =9, 7, 5 cannot be distinguished.

(Ref. 16) and the Legendre polynomial P,[1+ (cosh A
— 1)sin®B8] (Ref. 37), respectively. Since these functions are
symmetric with respect to 90° and increase monotonically in
the interval 0-90°, it is sufficient to compare the correspond-
ing anisotropies:

A=W Q0)WW. (@) =1,  (1+5) 1],
Ay = W, (90°)/W, (0°) = Py (ch A).

This is done in Fig. 1.

Since A, and 4, increase very rapidly with increasing A
and /, we plot them on a logarithmic scale (see Fig. 1a).
However, the difference between 4, and 4, is then almost
indistinguishable. Therefore, we show separately (in Fig.
Ib) therelativeerror» = |4, — A, |4, . It canbeseen that for
the / of practical interest (/< 10), the value of r does not
exceed a few percent for A < 1. Thus, the criterion for appli-
cability of the semiclassical approximation is the inequality
#iw/T < 1, in which we have restored Planck’s constant.

If, for fixed A,  were to tend to zero as /— o, then 4,
would be an asymptotic approximation for 4, . It can be seen
from Fig. 1 that this is not the case, since for given A the value
of rincreases with /, though admittedly very slowly. It can be
seen from Fig. 1 that an asymptotic approximation for 4, is
provided by the function 4, = (A /sinh A) /24, which we
have introduced by analogy with the asymptotic approxima-
tion for the Legendre polynomial in terms of a Bessel func-
tion,

P, (cos %)= (W/sin %27, [ (14+5) %],

which is given, for example, in Ref. 38.

TABLE L. Optical-model parameters in the program GROGI.

This example leads to the following observation. Al-
though the expression (39) for |D/,, (n)|* is in itself very
crude (it does not take into account the oscillations and de-
scribes only the envelope), if both sides of (39) are multi-
plied by a bell-shaped function of m (with a width of a few
units) and we sum over m on the left and integrate on the
right, we arrive at an equation that holds to very good accu-
racy.

This property is quite generally characteristic of the
comparison of the quantum and classical distributions. As a
further example we give the relation

2“(21' +1) exp [— 7 (j 4 D1ICThim]?
= (27 41) exp [—vy (I2+ 12— 2Mm)]
XI 2y V (12— M%) (2 —m?)],

which is readily proved by means of (38). If we substitute
y = (2J7) ", M = 0. Fix I and / and regard m as a variable,
then the resulting relation will be more accurate, the better is
the fulfillment of the inequality #w'/7<1, where
o' = (I —1)/J differs somewhat from the w = I /J intro-
duced earlier. This is demonstrated by the calculations made
in Ref. 39.

Accuracy of approximations for o(g) and L (s)

To obtain an idea of the errors introduced by the ther-
mal approximation for @(g) and by the approximation (11)
for L, (s), we consider the decay of 7*Kr formed by fusion of
160 with **Ni at laboratory energy 70 MeV, corresponding
to an excitation energy of the "*Kr compound nucleus of
E =51.9 MeV (Ref. 28). In the calculations, we take into
account the emission of neutrons, protons, and & particles.

The quantum calculations were made using the pro-
gram GROGI (Refs. 1 and 2) with the optical-model param-
eters given in Table I.

The values of b,, b,, ¢,, ¢, obtained by fitting L,(s) to
the optical T, (&) by means of (11) are given in Table II.
Table III gives the reduced radii of the Coulomb barrier in
the p and e decay channels at several temperatures, calculat-
ed by means of the relation

ZpZge®
113, 41/3 by \ ©
(AL +a4) (v — )

It is readily seen that 7, . at lower r exceeds the reduced radii

7 R,
ry= A,‘,""-l-flé"a

calculated for the R, determined in (7).
In Fig. 2 we have plotted as functions of I the following
quantities: the mean excitation energy #, the angular mo-

Chan-| V., v | ays w, *wr | ewr | Vsor Tso
nel MeV | fm | fm | MeV | fm fm | MeV fm

fm
n 48 1,47 | 0,75 | 10,8 1.27 | 0,60 6.2 1.01 0.75 —
P 49 147 0,75 | 10.8 1,32 | 0,51 6,2 1,01 0,75 1,25
o 180 | 1,20 0,75 | 15,0 | 1,70 | 0,60 — —_ 1,30
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TABLE II. Penetrability parameters T<"(¢) for

decay of ™Kr.
E‘gan- bo, MeV | b1, MeV?| co, MeV | e1, MeV?
n 0,856 0.162 0.340 0.001
P 6,709 1.005 0,363 0,109
o 10.348 0,736 0.075 0,016

mentum j = ( j7)"/?, and the branching ratio
K =R (E, I)/Rtut (£, I)

for n, p, and a calculated in accordance with the quantum
and classical formulas, and also the temperature 7 of the
daughter nuclei. It can be seen that the semiclassical calcula-
tions with the thermal approximation for w(g) and the ap-
proximation (11) for L,(s) agree very well with the quan-
tum calculations made without these approximations.

The figure shows that with increasing I the fraction of
emitted « particles increases. The reason for this is that after
emission of an a particle the nucleus has less spin than after
emission of an » or p. And since w (g) increases with decreas-
ingj, the emission of an & is more probable. The decrease of 7
with increasing is due to the decrease of the thermal energy
on account of the increase in the rotational energy.

The chain curve in Fig. 2 shows the calculation with b,

= ¢, =0,1i.e, for T, (&) in the form of an abrupt step. It can
be seen that j is hardly changed, but that X and, especially, #
have changed appreciably. Thus, Z in the p channel has be-
come smaller by 1-1.2 MeV and, therefore, the mean kinetic
energy of the protons has increased by the same amount.

Other approximations

The more consistent derivation of the expressions (33)
and (34) for the two-particle correlation function made in
Ref. 31 shows that they are based on the following assump-
tions: 1) neglect of the terms proportional to 3 2 in the expo-
nential of (30); 2) replacement of the mean of the function
of £ and j by the function of the mean values of these quanti-
ties; 3) the use of Z in place of {£) in the calculation of G,.

These simplifications are evidently justified when
(1/I)? 1. To verify this assumption, we consider the angu-
lar correlations W(¢) for the reaction **Ni('°0, aa) at E,,,

=70 MeV and 6, =8, = 110° in the center-of-mass sys-
tem.”® The first stage of this reaction has been described
above. The measured and calculated W(¢) are shown in Fig.
3. As was expected, the agreement between the simplified
semiclassical calculations and the quantum curves obtained

TABLE III. Reduced radius of
Coulomb barrier, r,, c, fm, for dif-
ferent .

Chan-| 1= = .
nel [~ 98MeV|=1MeV|™™

P 2.07 1,71 1,45
o 1,93 1,78 |1,66
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FIG. 2. Dependence of &, j, K, and 7 on I for emission of n, p, and a from 7
Krwith E = 51.9 MeV: the broken curves represent the quantum calcula-
tion; the continuous curves, the semiclassical calculation; and the chain
curves, the semiclassical calculation with &, = ¢, = 0.

in Ref. 28 improves with increasing I_,.. At I, = 32, the
results of the two calculations are almost identical and are
close to the experimental points.

Ifin (31) weset D = O, then in the corresponding corre-
lation function (we denote it by W,,) the distortion of the
spin distribution of the nucleus by the emission of the first
particle will not be taken into account. It can be seen from
Fig. 3 that W, has a greater anisotropy than W. As calcula-
tions show, to make W, and W agree it is necessary to reduce
I..; by half the mean orbital angular momentum of the a
particle.

1 L
180 150 120 90 180 150 120 a0
¢, deg ¢, deg

FIG. 3. Angular correlations of the two a particles from the
*¥Ni('°0, aa) reaction at E,,, = 70 MeV, @, = 0, = 110°:a) comparison
of the experiment (open circles) with quantum (broken curves) and semi-
classical (continuous curves) calculations; b) comparison of semiclassi-
cal calculations for D #0 (continuous curves) and D = 0 (chain curves).
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3. DEFORMED NUCLEI
Decay probability

In this subsection we derive an expression for the proba-
bility of emission of a particle per unit time from a deformed
axisymmetric elongated nucleus that rotates around its
short axis. The emission process is subdivided into three
stages: formation of the prefission configuration, emission of
a particle from the nucleus, and motion of the particle to the
detector.

If we consider a small section of surface with coordinate
r, area d’4, and outer unit normal N, then we can readily see
that during a unit interval of time it can be intersected by a
particle separated from it by a distance less than Nev'. Here,
v =v— [®, Xr] is the velocity of the particle relative to
the emission point, v is the velocity of the particle in the
laboratory system, o, = I/J, is the angular velocity of the
nucleus, and J, is the moment of inertia of the nucleus for
rotation around the short axis.

Denoting by f (r, p) the probability for formation of the
prefission configuration, and by k(r, p) the asymptotic mo-
mentum of a particle that starts from the point r with mo-
mentum p, we can represent the probability for emission of a
particle per unit time by the formula®’*

Re &y K m B 3
= g &4 g d®p® (Nv') Nv'f (r, p)8le

—k(r, p)2ml & (1 —r X p) 8 [n — k (r, p)],
(40)

where the integration is extended to the entire nuclear sur-
face and the entire p space.

Equation (40) describes the emission from a rotating
nucleus during a unit interval of time that is taken to be very
short compared with the rotation period 27/, . The angle ®
defines the orientation of the symmetry axis v of the nucleus
in the plane perpendicular to I at the time of emission of the
particle.

At temperatures appreciably lower than the nucleon
separation energy, it is possible to ignore the correlations of
the nucleons in the emitted particle with the nucleons of the
residual nucleus resulting from the Pauli principle, and to
represent the function f(r, p) in the separable form

f (x, p) = [g/(2n)®] o (9)/ 0x (@) (41)

Using the conservation of the energy and the angular
momentum, we can express the thermal energy g of the
daughter nucleus in the form

2
9’=E—S—-213nT—U(r)-—-ULD

(I—rxp)? [(I—rXp~]?
- 2T, =% 2 att ? (42)

where U(r) is the potential energy of the particle, U, , is the
deformation energy, Jr = (J ' —J [ ') "' is the effective
moment of inertia, and J | is the moment of inertia for rota-
tion around the v axis.

Bearing in mind that I-v = 0 and omitting the terms
quadratic in r X p, we can simplify the relation (42). Substi-
tuting this simplified expression for ¢ in (41) and using the
thermal approximation for @ (g), we obtain
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f(r, p) = Cyexp [—(p*/2m + U (r) — o, [r X pl)/zl,

(43)
where the coefficient C, has the form
€1 =i exp((E—8 —Urp— 1427, — )
X 0 (g)/0 (Q). (44)

In (43) we readily recognize the Maxwell-Boltzmann
distribution in a coordinate system rotating with frequency
w,. The temperature 7 in this expression is the reciprocal
logarithmic derivative of @ (g) at ¢ = ¢', where ¢’ is the ther-
mal energy, near which the Taylor expansion for the entropy
is made. :

Equations (40) and (43), (44) can be readily general-
ized to a nucleus of arbitrary shape rotating around one of its
principal axes with moment of inertia J,;,. To this end, it is
sufficient to replace J, in these equations by J,;,, and ®, by
the corresponding angular velocity o;, = 1/J,,.

Small deformations

For spherical nuclei, the expression (40) must go over
into (6). To see that this is indeed the case, we note first that
for a spherical nucleus the last § function in (40) can be
expressed in the expanded form

S(n—E(r, p)l=mr)8(n[ixr]—cos%)8 (nl),  (45)
where
1:=r!r; i=1/l; cosx=ﬁ[f)< ;].

When the variables r and p arereplaced by r, £, and 1, the
angle y becomes a function ofr, £, and 1. Therefore, R4, can
be represented in the form

R=Cexp (——:—-{—QT]) S(ni)
XS d2A (nr) 8 (n 1 x 1] —cos %) ¢, (46)

where we have used (43), omitted the index ® in R,,, and
introduced the notation

- A 2
g=— S &p (xp) © (p) 8 (e — 4 —U) 8(1—rxp). (47)
It is convenient to perform the integration in (47) in a

system in which the z axis is directed along r, and 1 lies in the
plane x0z. As a result, we obtain

g=—=0(e—U— ) 6 (I).

r2

Substituting this expression in (46) we arrive at the relation

R=C oxp(— £+9) 0 (e—U—55) 8D A, (48)

2mr?
where
h:rL,_,S @A (nr) 8 (r [n x 1] —cos %) 6 (17). (49)

For a spherical nucleus, the function y(r, £,1) depends
only onr, £, and / and the integration in (49) over the surface
of the sphere leads to & = 1. Identifying r with R, and U(r)
with E,, we find that (48) is identical to (6) without the
term — I* /(2J7) in the argument of the exponential. As can
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be seen from (24), for moderate spins this term can be ig-
nored if mR } <J. This condition is satisfied for medium and
heavy nuclei.

We note that the integral over d°p in (40) can be found
analytically for a deformed nucleus as well if v's"N® (v'-N) is
replaced by v-f@(v-f). As a result, the probability of decay
per unit time is found to be proportional to the transmission
coefficient, which depends on the Coulomb and centrifugal
barriers at the emission point, the coordinates of which we
recover from the given ¢, 1, n:

& ol
Re=C, exp (—-?—|——)

T
X 8(al) {© [e—U(r)—-z,%]}r=ﬂs.n.nr )

Analysis of the emission of particles from deformed nu-
clei based on such a “local” transmission coefficient was
proposed in Refs. 9 and 26 and was later developed in Ref.
41. From the derivation of the expression (50) given above,
it can be expected that this approach is valid for small devia-
tions from a spherical shape, when N ~#.

The functions p.(2) and k(r, p)

It follows from consideration of the limiting case of a
spherical emitter that the surface over which the integration
in (40) is performed must be identified with the surface of
the potential barrier. For a spherical nucleus this is the sur-
face on which U(r) reaches a maximum. In this subsection,
we extend this concept to the case of a deformed nucleus and
describe the procedure for separating the function k(r, p)
(Refs. 42 and 43).

For an axisymmetric nucleus, it is convenient to de-
scribe the position of the particle in the rotating system by
means of cylindrical coordinates p, z, ¢. In these coordi-
nates, the surface that defines the position of the potential
barrier has the form p = p_(z), so that the problem reduces
to expressing the function p,(z) in terms of the potential
U(p, z) of the particle.

A general picture of the nature of U(p, z) is provided by
the lines of force. We find the line of force p(z) that passes
through the point (g, z,) from the equation

dp,"dz = Up (P, Z)jUz (0, z), (51)

whereU, = dU /dp, U, = dU /Jz, withtheadditional condi-
tion p(z,) = p,. For an elongated nucleus, the lines of force
can be divided into two families: lines that remain in a re-
stricted part of the pz plane, and lines that recede to infinity.
The lines of the two families tend asymptotically to the
closed curve that separates the families and can be taken as
p.(2).

To describe the rotation of the nucleus, we introduce
the laboratory system 1, 2, 3 and the system x, y, z, which is
rigidly attached to the nucleus. As is shown in Fig. 4, the z
axis is directed along the symmetry axis of the nucleus, and
the y and 3 axes coincide with I. The coordinates of the parti-
cle in the rotating system x, y, z can be expressed in terms of
its laboratory coordinates #,, #,, 7; by means of the formulas

z = —r;sin @ 4 rycos Dy, y =ry,
z =1y cos @; - r, sin @y, (52)

where @, = |©, |1 is the angle through which the nucleus
turns during time ¢.
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/2

FIG. 4. Laboratory (1, 2, 3) and internal (x, y, z) frames of reference and
definitions of the angles fand ¢ .

Since the particle is emitted from the surface of the po-
tential barrier, its coordinates at the initial time satisfy the
relations

ry = 2, Ta=p¢ (2) COS @, ry=0p, (z) sing, (53)

which we shall write in the abbreviated formr =r, (z, ).
To find the asymptotic properties of the particle for giv-
en z, @, and v', we initially go over from z, @, v’ to

r =71, (3 Qlandp = mv’ 4+ mle, X 1l (54)

and then solve Hamilton’s equations for the functions r(z)
and p(7):

1:;1=(x/p) U, sin ®;— U cos @, r'-, =p,/m;

pe= —(alp)Uycos @, —U,sin®,, ry=p,/m; (55)

ps=—(ylo) Uy, ry= ps/m,

where x, y and p = (x* + y*)"/?, z are expressed in terms of
i, I3, 3 by means of (52).

Integrating the system (55) from =0 to t = o with
the initial condition r(0) =r, p(0) =p, we obtain the
asymptotic momentum k(r, p), and with it

e = k*2m, cos p = KU/(kI), y = arctg (k,/k;), (56)

where 3 and ¥ are the polar and azimuthal angles of the
orientation of n in the system 1, 2, 3.

For a particle with charge Z, e moving in the Coulomb
field of a spherical nucleus with charge Z e, there is a specif-
ic integral of the motion for this potential:**

A=I[pxl+er,

where ¢ = mZ,Z,e*,  =r/r. This can be used to find the
explicit form of the corresponding function k(r, p).

Taking into account the conservation of the vector A,
the orbital angular momentum 1, and the total energy of the
particle, we can write down the relation

pXIrxpl4e=krxpl+ ck, (57)
where
k = kik; k = (p* + 2mB)Y% B = 7,7 4%r.
Solving Eq. (57) for k, we obtain
k= —g—— {mB (Ghrmgm—rr) F
FizmE TP}
Hotems (- gl )Js). o
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where p, = pf, p} =p* — pl.

It is sufficient to integrate the system (55) up to a time
t, at which the nuclear forces and the nonspherical compo-
nent of the Coulomb forces become negligibly small com-
pared with the central Coulomb forces, after which, to ob-
tain k, we substitute the values of r(z;) and p(z,) in (58).

Monte Carlo method

It is convenient to perform the integration in (40) by
the Monte Carlo method. To this end, we divide the space (¢,
cos f3, ¥) into finite cells, which are labeled by indices /, j, k
and have sides Ag, A cos 3, Ay, respectively. We obtain the
probability R, (i, j, k; 7, I) for finding the particle in cell 4, j,
k by integrating the expression (40) for R, (¢, n, L; E, I) over
d*l and over the volume AeA cos Ay of this cell.

Going over from v to v and noting that
Nd 24 = Mdzdgp, where M = (dr/dz) (3r/dp) is the outer
normal to the surface at the point r, we obtain

R (iy §y ey T, I)=C m? § dz do d*'Mv'0 (Mv')
&(z, o, V)EL
cos f(z, ©, V)E]
Y(z, ¢, V')ER
9 U
xexp {2 — T 4 2o, %1 0]}
(59)

It is here assumed that M is expressed by means of Eq.
(53) in terms of z and @. For given i, }, k, the integration can
be performed over z, @, and v’ for which ¢, cos 3, and y are in
the cell 4, j, k.

Following the Monte Carlo method, we choose z and ¢
from a set of uniformly distributed random numbers, and v’
from a set of random numbers distributed in accordance
with the normal law. For given z, ¢, and v' we first find w,
which, by definition, is equal to the integrand in (59) divid-
ed by exp{ — mv'2/27}, and then, using Eqgs. (54)—(56), we
calculate £, cos 3, and ¥ for the cell in which the particle
arrives, and we add w to the probability so far accumulated
for finding the particle in this cell. The calculations are re-
peated until the histograms of the angular and energy distri-
butions are smooth.*”*

The total probability for emission of a particle per unit
time (the width) R (7, I) is equal to the sum of Ry, (i, ], k; 7,
I) over i, j, k, i.e., to the right-hand side of (59) without the
restrictions £€ 7, cos 8 € j, y€ k. Integrating over d v’ and dg
analytically, we obtain*

z0 1§
R (v, D)=4armC, ( dzp, (14 (2e)")?

—zp

0% P

( 2+%p%))10 ( mlﬂ:

where z, is half the length of the nucleus, and I;,(x) is a
modified Bessel function. For a spherical nucleus, (60) goes
over into (19) with b, =0,J, =mR ,and .= mR}/J.

At moderate temperatures, the nucleus makes many
revolutions before it emits a particle, and the observed distri-
butions are averaged over y. The averaged distributions are
described by the function R (i, J; 7, I), which is obtained from
Ry (i, ], k; 7, I) with @ = 0 by summation over k.

If the de-excitation process takes place as a chain of
successive evaporations, equilibrium being established in the
system after each of them, the angular and energy distribu-

u (Z) m“’i

x exp (— ). (60

+
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tions of the particle v are weighted means over the complete
cascade:
ok (i, 1) = § dvob (i) B L

R(T. I) Ll (61)

where o’ (7) is the total cross section for the production of
particle v subject to the condition that the corresponding
residual nucleus has temperature 7. To calculate o’ (i, ), it is
necessary to replace w by the ratio w/R (7, I) and introducea
random number that generates 7 in accordance with the dis-
tribution o, (7).

4.ELLIPSOIDAL SHAPES
Trajectory function

We consider the properties of the functions p_(z) and
k(r, p) for a nucleus in the shape of an elongated ellipsoid of
revolution. We denote by a and b, respectively, the semima-
jor and semiminor axes of the mass distribution and intro-
duce the ratio § = b /a. If & is given, then a =R,, /67,
b=R, 8, whereR, = 1.2254 [/ isthe radius ofan equal-
ly large sphere,*® and A4, is the mass number of the daughter
nucleus.

Following Ref. 47, we choose the nuclear potential in
the form

U, = —V, [1 + exp (i/ay)]?, (62)

where ¥V, and a, are the depth and diffuseness of the poten-
tial,

l :%(a;.‘,pz+b;z2)"fﬂ (aip24-biz2—albl) (63)
is the distance from the point (p, z) to the contour on which
|U,| is half its value at the center, a, =R, /67 b

= R,6', and R, is the radius of the potential.

We obtain the semimajor and semiminor axes of the
ellipse that characterizes the charge distribution, ¢, and b,
respectively, from the system of equations

3 Sl
abi = R:, a,—a, = b, — b,

n

where R, = ry.A }* is the radius of the charge distribution.
By virtue of the second of these conditions, the gap between
the charge distribution and the nuclear potential is approxi-
mately the same over the entire surface.

We calculate the Coulomb potential outside the uni-
formly charged elongated ellipsoid with semiaxes b, b, @,
by analogy with the gravitational potential. *® The result can
be represented in the form

U¢=Q[(1+—;—u—w) In (oy+v5) + Urf _%‘uvivz],
(64)

where

Q:—:'-}-szdez; c=(az—be)'/% u=(%)z; w:-(-:—)z;

V= { 5 M(u+w—12+ 4u]/2 —(u +w— 1)]}”2
vy = (14 vH)12,

Figure 5 shows the lines of force of the potential
U= U, + U, in the exterior region and the line of the bar-
rier p, (z) for the system '°Er + a for § = 1:2. For the pa-
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FIG. 5. Lines of force (thin curves) and line of the barrier (heavy curve)
in the '*°Er + a system for deformation 2:1.

rameters of the potential we have used the values r,, = 1.3
fm, ¥, =502 MeV, R, = (1.24Y*+1.5) fm, and a,
=0.564 fm (Ref. 49). At large distances from the nucleus,
the lines of force shown in the figure become radii drawn at
angles 10,20,...,80° to the z axis.

We determine the function k_(r, p) by substituting
U(z) in place of B on the right-hand side of (58) for k(r, p)
calculated for a spherical Coulomb potential. An indication
of the errors that arise when k (r, p) is replaced by l~(c (r,p)is
provided by Fig. 6, which shows the distribution functions
P(Ag) and P(A cos f3) for the deviations Ae = £ — &, and
A cos 8= cos 8 — cos B -Where

e, =ki2m, cosP,=k/(k.1).

The calculation was made for = 64, 7= 1.8 MeV, and
6 = 1:2. We generated z, @, v’ by means of a random-number
generator: v’ was distributed in accordance with a Gaussian
law with zero mean and standard deviation (7/m) "3, z and
@ were distributed uniformly, and the events were weighted
with the weight function w.

It can be seen from Fig. 6 that |Ag|S1 MeV and
|Acos B | £0.05. Direct verification shows that k2 = p?
+ 2mU(z) irrespective of the shape of U(z), and, therefore,
£, is equal to the energy of the particle at the emission point.
It follows from this that Ae characterizes the influence of the
rotation of the residual nucleus on the energy of the emitted
particle. We deduce from the figure that on the average ¢ is
smaller than .. The lowering of € relative to &, is particular-
ly pronounced for particles with the lowest energies. This

g
~0,1F = 021
w w
3 ~ S
a /i \\ L
(ol B o
a h o 1
-7 /] 7 -0,05 a 0,05
4, MeV 4 cos f3

FIG. 6. Distribution functions P(Ag) (ontheleft) and P(Acos ) (onthe
right) for I = 64, 7= 1.8 MeV in the '**Er + a system. The broken curve
is the distribution of the errors for £ in the interval (&,,;,, Emin + 5) MeV.
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follows from the form of p(Ae¢) for particles with energies &
intherange from e, to €, + 5 MeV (broken curve in Fig.
6).

Temperature distributions

It is convenient to calculate the evaporation cascades in
the framework of the so-called s-wave approximation.>® In
it, the cross section for emission of particle v from a nucleus
with excitation energy E and spin I has the form

(d—G)V=U(Ev I) g,2meo, () p(E — S—e, I)/D’', (65)

de
where
0w (8) =g 3\ (@14 1) T} (8) (66)
]

is the cross section for absorption of particle v by the daugh-
ter nucleus, and D' is the integral of the numerator over all
particles and emission energies.

In the derivation of (65) from (35)-(37) the sum of
p(E — 8 —g,j)over jfrom|I —I|to | + [ | wasreplaced by
(2] + 1)p(E — S — ¢, I). Using the temperature expansion
for the level densities, one can show that such a replacement
is justified when (I1)*<1, where A = fiw,;, /7.

We calculate the cross sections o, (¢) by means of the
optical model, or we parametrize it. For example, substitut-
ing T5"(¢) in (66) and replacing the sum over / by an inte-
gral, we obtain

0™t (e; Ry, Eo, Do)

__ nR§D, 1
= (e (—mndteint, (67

where
n=(e—Ey)/D, V2.

The relation (67) is analogous to the formula of Wong,*! but
it gives a more rapid decrease of the cross sections in the
below-barrier region £ < E,.

The level density of the deformed nucleus is

p(E, j) = (2] + 1) Ej?w expl 2 (ayE;, w)"?], (68)
where the thermal energy of the nucleus is
Ej h=E — A — Urp — j*/2J g,

the pairing correction A is equal to 0, — 11/\4, and
- 22/\/17 for even—even, even—odd, and odd—odd nuclei,
respectively, and the level-density parameter is™

a; = a (33 + 4A3%% + 8AY?)/45,

where A; = R .ior /Ruinor 15 the ratio of the largest and the
smallest semiaxes of the nucleus.

The cross sections o’ (7) for decay of *°Zr with
E, = 142 MeV and I = 64, corresponding to an elongated
nucleus with § = 0.5, are shown in the upper part of Fig. 7.
They were calculated by means of the statistical code AL-
ICE™ in a subprogram that calculates the cumulative energy
spectrum of the particles. However, the contributions from
the different steps of the evaporation cascade were sorted in
accordance with the value of 7, and not ¢.

To take into account the influence of the deformation
on o, (&), we replace R, and E, in (67) by R(z) and U(z)
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FIG. 7. Cross sections ¢’ () for decay of "*Zr with E = 142
1 MeV, I =64, § =1/2 for v=n, p, a, calculated without

allowance for deformation in the cross sections of the inverse
processes (at the top) and with allowance for deformation in
these cross sections (at the bottom).

Angular anisotropy
Experimental distributions o’ (&, §) for a particles
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and average over the surface of the nucleus:
Oaet (¢) = 2 dzo*tt (e, R (2), U (), D). (69)

0

The calculation of o, (1) with o (¢) is shown in the lower
half of Fig. 7. The introduction of the deformation in o, (&)
increased the yields of charged particles, but the shapes of
the distributions with respect to 7 were hardly changed.

For the calculation of o4 (&), we took p.(z) to be an
ellipse. In this case, the distance from the center to the sur-
face is determined by the relation

R (z) = (R /6°P) (6* + oF? (a/z,)%)Y?, (70)
where o = 1 for a prolate and ¢ = — 1 for an oblate (along
the z axis) nucleus, and

= | (1 — 8%) [V, 8 = po/z,, (71)

in which p, and z, are the semiaxes of the ellipse in the
directions of the p and z axes. Note that § < 1 for o = 1 and
8> 1for o= — 1. If § is given, then z, = R, /6%/>.

As U(z) we have taken the Coulomb energy U, (z) ofa
particle on the surface of a uniformly charged ellipsoid,
which can be obtained from the expressions given in Ref. 48:

U, (2) = E 83 (F — G (2/29)?), (72)
where
=3 (0K —1)/B+K);
) - —K)
6= (80 (K—1)/&—K); .

for 0= —1.

oo | PRI+ A-8) o o=1,
Etarcsin (§/ (1 +E2)1/?)

The parameters E,,, R,,, and D,, for a particles and pro-
tons are obtained by fitting the cross section (67) to the
optical cross section with initial values for E,, R,, and D,
from Sec. 1. The deformation was not taken into account in
the neutron cross sections.
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from '"Sn(94 MeV), '“Sn(80 MeV), "**Nd(82 MeV),
14YbH (67 MeV), and '"°Yb(135 MeV) (the excitation ener-
gy is given in the brackets) are given in Ref. 53. The magni-
tude and direction of I were found in each decay through
detection of the cascade of y rays emitted by the residual
nucleus. Fitting of the distributions o’,(g, 8) to A,[1
+ A 1p,(cos B) ] yielded the coefficients 4 3.

For emission of particles from a spherical nucleus, the
angular anisotropy must decrease with decreasing &, since
the set of / carried away by the particle becomes smaller. In
the first three systems of those indicated above, |4 ]| de-
creases monotonically with decreasing . However, in '**Yb
and '"°Yb, |4 1| begins to increase after the transition to the
below-barrier region. Dilmanian ef al.** attributed this
anomaly to deformation of the nucleus. To test this sugges-
tion, calculations of 4  as a function of £ were made in Ref.
55.

The trajectory function was taken to be k_(r, p). To
imitate the diffused transmission coefficients, an average
over the height of the barrier was taken by means of a nor-
mally distributed random number X with zero mean and
standard deviation D,, which was added to U_.(z) in the
expressions for the weight function w and for l~cc (r, p). For
R(r, I), the smoothing over the barrier height introduces a
factor exp(1D%/7*) on the right-hand side of Eq. (60).

The averaging over 7 was made with a weight function
in the form of a triangle with base (r,, 7,) = (0.95, 2.3)
MeV and (0.8, 1.4) MeV for '"°Yb and '"**YDb, respectively,
which reproduce well the ¢’ () calculated in accordance
with the code of Ref. 50. For such distributions, 7= 7,

+ (15 — 7,)£Y?, where £ is a random uniformly distributed
number in the interval (0, 1).

There are appreciable uncertainties inherent in the pro-
cedure for measuring the angle of the emitted particle rela-
tive to the spin of the nucleus described in Ref. 53. The prob-
ability that measurement will yield for this angle the value 5
under the condition that the true value is 8" is given by the
response function P(f3, #') of the gamma spectrometer. *®
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FIG. 8. Dependence of the coefficient 4 £ on in the £ in the case of emission
of & particles from '"Yb and '*Yb for I = 64. The open circles are the
experimental data of Ref. 53, and the curves are the calculation of Ref. 55
(see the text).

We therefore averaged the theoretical cross sections o, (4, j)
with the corresponding response matrix P;; , whose relation
to P(f3, B') is given in Ref. 55.

Figure 8 shows the experimental and theoretical coeffi-
cients 4 j in the case I = 64 for o emission from '°Yb (135
MeV) and '*Yb (67 MeV) produced in the **Ne + '*°Nd
fusion reaction at E,, = 177 MeV and the *Ni + '®Mo fu-
sion reaction at 270 MeV, respectively. The calculations for
a spherical nucleus (heavy curves) deviate sharply from the
experimental data in the below-barrier region £ < 17.5 MeV.
The calculation for a deformed nucleus with d=z,/po = 1.5
(broken curve) reproduces the data in the complete range of
€.

The fit to the experimental data by a distribution from
one decay with an effective 7 is shown by the thin curves. The
best agreement is obtained for 7 = 1.8 MeV,d = 2.5 (1°Yb)
and 7 = 1.2MeV,d = 1.7 ("Yb). We see that the values of
d have been increased compared with their previous values.
This increase is particularly large for '°Yb with its broad
temperature distribution. The fact that the fitting of the cu-
mulative spectrum by the spectrum of one decay can lead to
unphysically large values of the deformation was first noted
in Ref. 57.

Fluctuation of the shape

It was found from study of y decay of giant dipole reson-
ances in heated nuclei,”® " and also in theoretical calcula-
tions,*"** that for '**'**Er with 7 = 1-2 MeV and I~40 the
value of the equilibrium deformation d., is close to 1.3. The
excess of d found above over d, can be explained if one takes
into account the statistical fluctuations of the shape of the
nucleus and also the fact that the probability of @ emission
increases when the nucleus becomes more elongated.

The intensity of the population of the various shapes of
the residual nucleus is given by the probability (60) of decay
per unit time, regarded as a function of the deformation. It
may be noted that the dependence of R ! (7) on the shape is
determined by two factors, namely,

Ry(1) ~ exp ( — (Urp + I%/2J4)/7) exp (—U pya/7), (60a)

where U,,;, is the minimal value of U(z). The first factor
occurs in C, . The second factor approximately reproduces
the dependence on the shape of the nucleus for the integral
contained in (60).
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FIG. 9. The liquid-drop energy F for '*°Er, I = 64 (broken curve) has a
minimum at d, = 1.27. If U, (broken line) is added, we obtain the
continuous curve with a minimum at d = 1.45, For convenience, the
height of the spherical barrier is subtracted from U,

min*

The quantity 4., is defined as the d for which
F = Upp + I*2T g

attains a minimum. It follows from (60a) that for particle
emission the preferred d are those for which the sum of Fand
U,.i» is minimal. If F depends smoothly on d in the neighbor-
hood of d,, then the addition of U,,, which decreases with
d, can significantly shift the position of the minimum.

For the calculation of F, it is convenient to use the rela-
tions from Ref. 63:
Upp= (16 MeV) 42/3 [; (1 —2) B2 — 7= (14 22) "3 cos 3y | ;

1
g = ‘"5"44"7'0 (Rx:+ R3),

where

TR gL | JE ;
B=(gx) B o=—5g gy =21 MeViim

Here, f and y are the usual deformation parameters, related
to the semiaxes of the nucleus by

R,=R,; (1—5'005 (,Y_ %)) )
R,=R; (1—p'cos (v +5))
R,= R, (1’ cos ),

where
Ry =r,Al/3 (1 —%ﬂ'z -f"%f)"’cos 3?)-1/3-

Setting = 0, we found that F for '*Er with I = 64 has
aminimum atd,, = 1.27 and that the addition of U, ,;, shifts
the minimum to d = 1.45, a value that is close to the ob-
served values (see Fig. 9). The suggestion that the thermal
fluctuations in the shape of the nucleus could lead to a shift
of the energy spectra of the charged particles to lower ener-
gies was made in Ref. 64.

5. TWO-PARTICLE CORRELATIONS
Decay of a heated nucleus produced in a direct reaction

We consider a two-stage reaction A (a, a'f ) ; the nucleus
A is first excited as a result of inelastic scattering, and then
fissions. It is assumed that the inelastic scattering is a direct
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process and that the energy E transmitted to the nucleus 4 is
so great that the nucleus arrives in a region with a high level
density, for the description of which the statistical model is
valid.

If the initial and final momenta of the particle (k, and
k, ) are fixed, then the angular distribution of the fragments
is described by the formula

W (ag; kyy k) = C @4 (0,N) (Ry/Ryo0)
(8)
xexp {— | [(p2 — py) X rl n; [¥/2KF}. (74)

We have used here the standard expression for the angular
distribution of the fragments in the case of fission of a nu-
cleus with given I,'>%

W (ng; I) = (Ry/Ryot) exp [— (Iny)*/2K7),

and I is identified with the angular momentum transferred
to the nucleus by a particle that collides with it at the point r.

The integration in (74) is over all points r of the nuclear
surface at which the inelastic collision can occur. These
points belong to the surface S (see Fig. 10), which is the
common part of the region 1 accessible for the incident parti-
cles and of the region 2, from which the particle can reach a
detector without passing through the nucleus 4 (Ref. 66). It
is necessary to replace / in the branching ratio R,/R ,, by
|(p — py) Xr|, and to express p, and p, in terms of r and the
corresponding k.

For motion in a spherical Coulomb field, the functions
p; (r,k, ) and p, (r, k, ) and the region S can be found expli-
citly. Using the same approach that we used in Sec. 3 to
obtain the function k(r, p), we find

ky A1
o oS
Pp=— 5 0.k,, (75)
(14 For) £o0Qs
Here
Q=1+ 11— —2—,
A—ky) G

e=1+ 1/ 1-——2—,
(1+kqr) Lo
ky=kgr, Ci=e/Ey, ky=kyr, Ty=eyEq,

where €,, Ey,, £,, E,, are the energy of the particle and the

anr

FIG. 10. Region of nuclear surface S in which inelastic collision of the
particle with the nucleus occurs. Because of the nuclear—Coulomb forces,
the entry and exit trajectories ( — ) are deflected from the directions k,
andk, (— —).
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height of the Coulomb barrier in the entrance and exit chan-
nels. The sizes of the spots 1 and 2 are determined by the
angles

a, = arcos [1/(2%; — 1)], o, = arccos [1/(2E; — 1)1, (76)

which are swept out by the radius vector described from the
center of the nucleus from the direction — k, or k, to the
boundary of the corresponding spot.

If the energy of the incident particle satisfies £, > E, E,,
then p, =k, p,=k,, k, =k, and W(n; k,, k,) can be found
analytically.®” In the quantum description of the direct pro-
cess, these conditions correspond to the plane-wave approxi-
mation.

We denote by W™"(8,) the angular distribution of the
fragments in the plane formed by the vectors q =k, — k;
andk,, and by W (¢, ) the angular distribution in the plane
that passes through q and k, Xk, , where 6, and ¢, are mea-
sured from gq. Ignoring the dependence of R, /R, on I, we
obtain, apart from a factor that does not depend on @, and

¢r!
Win = I (p'» sin® 0,); (77)
Wout = I, (po»t sin? ¢,). (78)
Here, I (x) can be expressed in terms of the modified Bessel
functions I, (x) and I, (x) by means of the relation
I, (z) = exp (—2)lI, (z) + I, ()],

out

and the parameters p™ and p°* are determined by the kine-

matics of the direct reaction:

pin = (KRYK?) siné (0/2); )
pout = (k*R?/K?) sint (6/2), i

where R, is the radius of the nucleus, and @ is the scattering’
angle of the particle.

In Ref. 68, measurements of W' were made for the (a,
a'f ) reaction on 2*?Th and ***U for £, = 120 MeV, 8 = 18",
E~6MeV, and E~11MeV. The measured W™, their fitting
by means of (77), and the values of the fitting parameter p™
are given in Fig. 11. The value of K 2 recovered by means of
(79) from p™ for E = 9-13 MeV is K } ~20, and this is equal

win 2
1 a =
-
0,8 B
F HM=1,5
0.6 — u
IF bl
a4 - =
012“ 30 I~
- 40 4
¥, Jo SO o O R || Eoisicilii e L g
g J0 60 390 g 30 60 30
Bp 4 deg 81 deg

FIG. 11. Angular distributions of the fission fragments in the (a, a'f)
reaction on 2**Th (a) and #**U (b) in the case of scattering of & particles
with energy 120 MeV through 18°in the laboratory system (from Ref. 68)
and their fitting in accordance with (77). The energy transferred is equal
to 6.16-6.45 MeV (open circles), 9-13 MeV (black squares), and
5.85-6.15 MeV (open triangles).
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tothe K ; obtained from the ***U(n, f ) reaction at excitation
energy 10-12 MeV (Refs. 69 and 70).

Decay of a heated nucleus produced in a deep inelastic
reaction

To analyze the angular distributions of the particles e-
vaporated from the heavy product of a deep inelastic reac-
tion, the formula for the angular distribution W(cos 3) of
particles emitted from a nucleus with well-defined I is used.
The direction of I is measured perpendicular to the plane of
the deep inelastic reaction, and its value is identified with the
mean spin of the heavy product.

For a spherical nucleus, we obtain W(cos 5) from
(26). Assuming (in accordance with the analogous assump-
tion for a deformed nucleus) that mR 2 €J, we arrive at the
expression (Refs. 15, 18, 25, and 26)

W (cos B) = exp (— b cos? B), (81)

where b= (mRL/2FPr)I>. For a deformed nucleus,
W(cos ) is proportional to the sum of R (i, j; 7, I) over i.

Stretching of the nucleus lowers the barrier at its ends,
leading to enhanced emission of particles in the plane per-
pendicular to the spin, i.e., to a growth of the anisotropy.
Simultaneously, because of the increase of J, there is a re-
tardation of the rotation, and this reduces the anisotropy. It
can be seen from Fig. 12 that at small spins and large defor-
mations the first tendency is dominant, while at high spins
these tendencies can compensate each other.

Hitherto, we have considered the case in which the time
until emission of the particle, ¢,, is much greater than the
rotation period T, of the nucleus. In this case, the qualitative
form of the angular distribution is the same for deformed
and spherical nuclei. A different picture is observed in the
opposite case of slow rotation, when ¢, < T, /2.

The angular distribution of the particles from a slowly
rotating nucleus, R (j, k; 7, I), can be obtained from R (i, j, k;
7, I) by summation over the energy index. It can be seen
from the example shown in Fig. 13 that at large deforma-
tions the emitted particles are focused in two peaks, which
correspond to emission from the poles. Since the velocity of
the tips of the nucleus is added to the velocity of the particles,
the peaks are displaced relative to the points (cosp,
¥) = (0, 0), (0, 7) that specify the orientation of the axis v
at the time of emission.

Because of the focusing of the charged particles emitted

W({cos j3)
1

0.5

605 3

FIG. 12. The value of W(cos ) for a emission from a round (continuous
curve) and elongated (with § = 0.5, broken curve) nucleus '**Gd. The
calculations were made for the following cases: a) I = 20, 7 = 1 MeV; b)
I=40,7=25MeV;c) I =60, 7 =4 MeV.
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FIG. 13. Contour diagrams of the spatial distribution of & particles from
43Gd before averaging over . The calculation was made for I = 45,
7=2.2MeV, § = 0.5 for N = 10° trials. The lines 1-4 correspond to 0.2,
0.4, 0.6, 0.8 of the maximal value.

from the elongated nucleus, the two-particle correlation as a
function of §y =y, — ¥, must have a peak at the angle
8y = w, t, through which the system turns between the two
emissions. This can be used to extract ¢, from an experiment
in the cases when ¢, lies between the time required for ther-
mal equilibrium to be established (a few times 10 —2? sec)
and the rotation period of the nucleus.

Particles accompanying a fusion-fission reaction

The formal analogy between the expression (26) for
particle emission and the angular distribution of fission frag-
ments makes it possible to apply the expression (33) for the
two-particle correlation to the description of particle—frag-
ment correlations. For this, it is sufficient to replace the pa-
rameter @, in (33) by 1/(2K 2).

Compound nuclei detected in a counter after evapora-
tion of several particles and y rays are called evaporation
fragments. The upper limit of the region of decay by particle
evaporation is denoted by Iz, . For IR I, and compound
nuclei with 4 = 100-200 the dominant decay channel be-
comes fission. The dependence of I,z on A is systematized in
Ref. 71.

The values of I'mear I.; contribute to the angular corre-
lation of the particle v and the fragment f. Because the parti-
cle is much lighter than the fragment, the ratio R AE, 1)/
R, (E, I) increases very rapidly with I. Therefore, the num-
ber of partial waves for which both evaporation and fission
take place with significant probability will be small, and the
right-hand side of (33) can be replaced by the integrand at
the point Iy .

As the estimates from Ref. 72 show, for I = 50-100 the
parameter of the angular anisotropy of the fragments satis-
fies C*>1. Although the corresponding parameter for the
particles, BP?, is large,” it is still much smaller than CI2
Therefore, for cases in which the fragments are detected not
too near the beam the following relations hold:

CI*sin® 0; 3> 1, C sin® 8; >> B sin® 0,
Using these inequalities and the asymptotic behavior of

the Bessel function /, (x) at large x, we find, after simple
transformations of the expression (33),

_ Imp X my]
sin By

1
W (n,, n)) ~ S—m“g}TW(“ﬁ E, Igr), Igr Igg.

(82)
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where n,, n,, and n, are unit vectors along the directions of
the beam, particle, and fragment, respectively, and W(n; E,
I) is defined in (26).

In accordance with (82), measurement of particles in
coincidence with fission fragments (detected at fixed angle
Bf to the beam) makes it possible to study the emission of
particles from a nucleus with spin I . As was shown in Ref.
45, this is also true for deformed nuclei. A numerical investi-
gation of the accuracy of the relation (82) was made in Ref.
11.

In Ref. 12, a study was made of the emission of & parti-
cles in coincidence with fission fragments from the Cl + Ag
reaction at energy 10 MeV per nucleon and for 8, = 90°. The
energy spectra of the a particles measured at several angles
were divided into three components in accordance with the
three sources of the particles: the compound system and the
two fragments.

In Fig. 14 we compare with calculations the angular
and energy distributions (P, and P, , respectively) for a par-
ticles emitted from the compound system Gd; P, is mea-
sured in the plane perpendicular to n,, and P, in the plane
formed by n, and n,. The optimal fit is obtained for 7 = 2.2
MeV,d = 2, I~45. According to Ref. 74, for nuclei near Gd
and 7=~2 MeV the value of Iz is =60, i.e., appreciably
higher than our value.

To estimate the possible influence of cascades on the
parameters / and d deduced from experiment, we calculated
P, and P; with a triangle temperature distribution in the
interval from 1 to 3.3 MeV. The value of d did not change,
but I increased to 50.

Two-particle decay of a heated nucleus produced in afusion
reaction

In this subsection, in which we consider the
18 A g(*“°Ar, aa) reaction at beam energy 285 MeV (Refs. 75
and 76), we investigate the behavior of the two-particle an-
gular correlation in the case of decay of a compound nucleus
produced in a fusion reaction. We assume that both particles
are emitted at the beginning of the cascade, we take w(q)
from Sec. 1, and for 7, (£) we use the classical model with E,,
and R, (for a particles and protons) from the same subsec-
tion. For neutrons we set E, = 0, while we take R, to be the
same as for protons.

Figure 15 shows the best fit of the angular correlations
to the experimental points in a single plane [cases (a) and
(b)] and in perpendicular planes [cases (c) and (d)]. It is
obtained for I, = 90. If it is assumed that the boundary
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FIG. 14. Angular distributions of P, and the energy spectra P,
for a particles evaporated from '**Gd in coincidence with fission
fragments. The histogram is the calculation for 7 = 2.2 MeV,
d = 2, I = 45; the open circles and the continuous curve repre-
sent the experiment of Ref. 12.

between evaporation and fission is abrupt, I, can be identi-
fied with Iz . The value of Iy extracted from the cross
section for production of an evaporation fragment in the
“OAr 4+ "8Ag reaction at 288 MeV is Izz =80+ 7 (Ref.
TN

The quantity Iy is often estimated as the 7 at which the
liquid-drop fission barrier*® is equal to S, . In the considered
reaction, this gives Iy = 70 (Refs. 78 and 79). For such an
I_...,the angular correlations in a single plane are almost the
same as for I,,,,, = 90, while in perpendicular planes the ani-
sotropy is almost halved (see Ref. 29).

It can be seen from this example that the angular corre-
lations in perpendicular planes are very sensitive to fgg.
Nevertheless, it is not possible to deduce Iz unambiguously
from just angular correlations, since the assumption that the
«a particles are evaporated at the beginning of the cascade is
arbitrary, and with it the value of 7. To take into account
cascades, it is necessary to average the correlation function
with a double temperature distribution for the daughter nu-
clei.

These calculations do not take into account the defor-
mation of the compound nucleus, and this may also lead to
errors. Such errors can be particularly large for small values
of the parameter b = aI’. The case of small b, when the ani-
sotropy is almost completely due to deformation, was con-
sidered in Ref. 80 for the example of the S (°*Mo, pp) reac-
tion at beam energy 86 MeV (c.m.s.).
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FIG. 15. Angular correlations in the center-of-mass system for two a
particles in the case of **Ar + '“Ar interaction at beam energy 285 MeV.
The points are from the experiments of Refs. 75 and 76; the curves repre-
sent calculations in accordance with (33) for I,,,,, = 90:a) @, = 110°, ¢,
=0, ¢, =0; b) 6,=110°, ¢, =0, ¢, =180% c) 8, =110°, ¢, =90°,
¢, =0; d) 8,=110°, ¢, =90°, §, = 180°. The calculations are normal-
ized to the data at the point 8, = 40° in case (a).

V. P. Aleshin 421



CONCLUSIONS

In this paper, we have systematically presented the se-
miclassical theory of the emission of particles from spherical
and deformed nuclei. In the case of spherical nuclei, we have
given analytic expressions for the particle emission widths,
the mean values of the energy and the angular momentum of
the decay products, the angular distributions, and the two-
particle correlations. The model contains a small number of
parameters, which have a simple physical meaning and can
be calculated by means of the optical model or found from
fitting to experiments.

Besides the classical approximation for the coefficients
of vector addition and the spherical functions, the model
uses the thermal approximation for the level density, a 4-
parameter approximation of the Laplace transforms for the
transmission coefficients, and, in the case of the two-particle
correlations, some other simplifications. Using numerical
and analytical methods, we have studied the accuracy of
these approximations and found that it is entirely adequate
for the description of typical experiments.

In the case of deformed nuclei, we have given a closed
* expression for the probability of particle emission in the
form of an integral of the probability current over the surface
of the nucleus. We have shown that for small deformations it
reproduces the expressions known from the literature. We
have found equations for the position of the potential barrier
and the approximate form of the trajectory function k(r, p).
We have obtained a simple expression for the width of parti-
cle emission from a deformed nucleus, and we have carried
out a summation over cascades.

We have developed practical methods for calculating
particle emission for nuclei of ellipsoidal shape. We have
analyzed the experimental anisotropy of a particles with re-
spect to the direction of the spin in the case of decay of excit-
ed Yb isotopes. If allowance is made for cascades and ther-
mal fluctuations of the shapes, then the deformations of the
daughter nuclei obtained from the fitting agree with inde-
pendent data.

The advantages of the semiclassical model are particu-
larly clearly revealed in the description of correlation experi-
ments. In this paper we have given the semiclassical expres-
sions for the particle-fragment, particle-heavy-ion, and
particle—particle correlation functions and have considered
applications of these expressions to analysis of the shape and
spin of heated nuclei.

The author is grateful to V. M. Strutinskii, M. Blann,
and E. A. Cherepanov for helpful comments and valuable
advice during writing of the review.
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