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Itis only in the most recent years, after more than halfa century of development of quantum
mechanics, that there have begun to appear “pictures” which demonstrate the response of
potentials to variations of individual spectral parameters (energy levels, reduced widths of states,
etc.) for single-channel and multichannel exactly solvable models. The most instructive
illustrations are given in this review. Also considered are: 1) the unexpected and intriguing
behavior of wave packets in the below-barrier regions, recognition of which can deepen
understanding of the time evolution of tunneling; 2) separation of the motion of waves from
channel to channel or with respect to periods of an external field (with respect to a discrete
variable that labels the channels or periods), which casts new light on multichannel processes and
on the concept of a quasimomentum and quasienergy for a particle in a periodic field.

INTRODUCTION

Quantum mechanics has already celebrated its half-
century jubilee, but the intensity of its development does not
flag. If we restrict ourselves to the nucleon level of the struc-
ture of matter (and do not penetrate into its quark details), a
large proportion of the phenomena around us is amenable to
a nonrelativistic description. Thus, the prospects for the de-
velopment of the quantum-mechanical approach are practi-
cally unlimited. In particular, this applies to the multiparti-
cle and associated multichannel aspects of the theory. That
which has already been elucidated is but a drop in the ocean
of what is as yet uncomprehended, although the behavior
already revealed has led to fantastic applied results.

The avalanche-like accumulation of information in the
field of quantum physics calls for new forms to assimilate it.
An example of the response to this requirement is the book
by Brand and Dahmen: The Picturebook of Quantum Me-
chanics.> Many other instructive illustrations of quantum
behavior can be proposed (one of the authors of the present
paper himself intended even earlier to write such a book,
admittedly with other pictures). Acquaintance with new ex-
amples of this kind is an effective way of developing our
physical intuition.

In recent years there have appeared a number of studies
with explicit solutions of quantum problems that enable one
to clarify the connection between the interaction parameters
of the particles and the spectral properties and wave func-
tions of the corresponding systems (in particular, the scat-
tering data).

We have collected together in this review the most strik-
ing results from these publications, augmenting them with
perspicuous illustrations and new explanatory commen-
taries. Maximal accessibility of the presentation must facili-
tate their use in scientific and applied purposes. It is remark-
able that only now (50 years after the creation of quantum
mechanics) has use been made of the remarkable possibility
of the inverse-problem approach to demonstrate directly
how the potentials are rearranged when there is a shift of, for
example, the positions of individual levels or variation of the
values of their reduced widths. We have become the posses-
sors of simple algorithms for constructing quantum systems
with desired spectral properties (the analogy with a child
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constructor suggests itself). The pedagogical value of this
information calls for its most rapid introduction into courses
on quantum mechanics.

In Sec. 1 we consider one-dimensional, single-channel
problems, in particular new aspects of the “old” but very
important quantum effect of below-barrier tunneling (reso-
nance transparency of a system of barriers and time evolu-
tion of the below-barrier motion). Section 2 is devoted to
multichannel systems, to which the solution of multidimen-
sional and multiparticle problems reduces. We here discuss
some as yet insufficiently understood mechanisms of occur-
rence of scattering resonances (standing waves with respect
to a discrete variable that labels the channels and bound
states in the continuum—above-barrier trapping of waves).
We also discuss a new view of the motion of waves in a peri-
odic field, which casts light on the meaning of the concepts of
quasimomentum and quasienergy, namely, they are the or-
dinary momentum and energy of free motion with respect to
a discrete variable that labels the periods (the picture of the
motion in 2 periodic field becomes simpler if one separates
the oscillations within one period—ordinary standing
waves—from waves that travel through the lattice of per-
iods.) Section 3 contains commentaries on the literature; in
particular, we briefly consider the directions of intense study
which are leading, in our opinion, to the creation of a unified
theory of exactly solvable models (see Refs. 10, 24, 38, and
42).

1.ONE-DIMENSIONAL AND SINGLE-CHANNEL MODELS

Deformations of the potential when the spectral parameters
are varied

In this section we present graphs that illustrate the in-
fluence of individual spectral parameters ( positions of levels
or of the R-matrix resonances plus normalization constants
or reduced widths ) on the form of the potential. We obtained
many of these graphs specially for the review. We do not give
here the formulas of the inverse problem for the potentials
and wave functions (see the more general case in Sec. 2) in
order to concentrate attention on the qualitative aspects of
the connection V(x)<sspectrum.

The approach of the inverse problem is remarkable in
that it enables one to consider from the other side the connec-
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tion between the forces and the physical properties of systems
in which they act. It becomes possible to construct systems
with required properties, provided that one does not go be-
yond the framework of the admissible spectral parameters
and scattering data.

We take an infinite rectangular potential well with
width ¢ and see how it is deformed when we change its spec-
tral properties: the energy levels E, and normalization con-
stants. As the latter, we can take the numbers ¥, which are
the values of the derivatives of the normalized wave func-
tions at the right wall (x = a) of the potential well:

p=VY; (5=a); S[‘:[",L(I)|3dx=1.“! )

0 .
These numbers ¥, are the amplitudes of the reduced
widths of the states with energy E,; and are important spec-
tral parameters. We should mention that the reduced widths

can also be given other definitions (see, for example, Ref. 20,

p- 14).

Theset {E,,y, } completely determines the shape of the
potential. In our case the original potential is F(0 < x
< a) = const = 0. The following series of figures (we have
taken many of them from Ref. 83) demonstrates the re-

¥ix)

sponse of the shape of the potential to variation of some of
these parameters (Fig. 1, Refs. 83 and 88).

In the infinite set {E,, 7, } we shall initially vary only
the one normalization ¥, of the ground state, requiring
¥, (x) to decrease more steeply in modulus at the wall
x = a. Several such eigenfunctions are shown in Fig. 1b. For
the corresponding potentials, see Fig. la. One can under-
stand qualitatively why the shape of the potential reacts in
such a manner to an increase in the steepness of the function
¥, (x) atx = a.If the potential did not change, the increase
of ¥, (x) would reduce to multiplication of the function by a
number, and this would violate the normalization
§% |, (x)|*dx = 1. This enhanced growth of ¥, with in-
creasing distance from x = @ must be compensated by an
earlier transition to decrease if the integral of the square of
the wave function of the ground state is to remain normal-
ized to unity. It is precisely the deepening of the potential
nearx = athat ensures such behavior of ¥, (x) (the deeper
the bottom of the potential below a given level, the higher the
local frequency of oscillations of the corresponding eigen-
function). But subsequently it is necessary to force the func-
tion, which must not change sign—nodes of the ground state

X FIG. 1. Change in the shape of the potential (a,e,h) and wave
functions ¥, (x) (b,c,d,f,g) as the result of variation of .y the
values of the derivatives W/, at the wall of an infinite well (a—e)
or at its center (h) (Refs. 83 and 88): a) deformation of the
bottom of an infinite rectangular well as a result of an increase in
the slope |y, | of the ground-state wave function ¥, at the right-
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T hand wall; all the levels E; and the derivatives ¥, ., remain
; unchanged; b) ground-state wave functions ¥, corresponding
to the potentials in Fig. la; ¢) wave functions ¥, (x) of the first
excited states in the potentials shown in Fig. la; d) the change in
¥, due to a decrease and an increase of the reduced width (our
calculation), ¥, = (2/7)'/?G, /k,; e) deformation of the po-
tential as a result of a change of the derivative y, of the eigen-
function W, at the righthand edge of the well (the energy levels
E; and 7, _, are not changed); f) ground-state wave functions
corresponding to the potentials in Fig. le; g) wave functions ¥,
of the first excited states that correspond to the potentials in Fig.
le; h) deformation of the oscillator well as a result of a change of
the derivative of the ground-state wave function at the point x
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are forbidden—to sink to zero at the point x = g. This is
achieved by the repulsive part of the correction to the origi-
nal potential in the left-hand part of the well—below the
barrier the function is appreciably smaller than the unper-
turbed function. At the same time, the repulsive and attrac-
tive parts of the perturbation of the potential mutually com-
pensate their influence on the energy levels; namely, in the
well with distorted bottom they all remain the same as in the
infinite rectangular well. The wave functions of the excited
states adjust to the new shape of the potential, but in such a
way that the values of ¥} (@) remain unchanged; see Fig. Ic,
which shows the second eigenfunction for different values of
the parameter y, (at the right-hand edge, the functions
merge into a single curve). If instead of increasing 7, in
modulus we decrease it, we must expect the opposite reac-
tion of the perturbing potential—instead of attraction near a
there will be repulsion and vice versa in the left-hand part of
the well. In the wave function the maximum (in modulus)
will be shifted to the right, and not to the left. Figure Id (our
calculation) shows the gradual change, symmetric with re-
spect to the center of the well, of ¥, (x) with decrease and
increase of y,.

We now consider how the potential and wave function
react to variation of the normalization constant ¥, of the
second state (see Figs. le-1g, Ref. 83). As in the case of
variation of y,, the potential becomes deeper at the right-
hand edge of the well with increasing 7, (Fig. le), but more
rapidly than in Fig. la. This happens becausé a stronger per-
turbation of the potential is required to deform the wave
function of a state with higher energy. To compensate this
strong attraction, a higher repulsive barrier, which is formed
to the left of the deepening, is required. A small dip and
barrier are needed in the left-hand half of the well to ensure
that the function ¥, (x) (Fig. 1f), which has become smaller

FIG. 2. Deformation of an infinite rectangular potential well as a
result of simultaneous changes in several parameters ¥, (¥, and 7,
in Fig. la, and ¥, and y; in Fig. 1b; Ref. 83): a) 7, is equal to the
value that corresponds to the maximal deformation of the well in
Fig. 1a, and ¥, is increased; b) , is fixed as for the potential with
maximal deformation in Fig. 1a, and ¥, is increased.

in the right-hand half of the well, can increase in the left-
hand part of it in order to preserve the normalization and
terminate the oscillation at the left wall with zero value [and
for some reason with unchanged slope; it is also not clear
why the functions ¥, (x) and W, (x) pass through a com-
mon point at the center of the well for all values].

It is interesting to compare the series of spectrally
equivalent potentials for the infinite rectangular well (in
Fig. 1a) with an analogous series for an oscillator ( Fig. 1h,
Ref. 88). The analogy cannot be complete; in the second case
the derivative of the eigenfunction is changed, not at the well
edge, but at its center (the derivative can also be regarded as
a normalization constant). Figures for deformations of the
Coulomb interaction that do not distort the spectrum are
given in Ref. 62,

We now take for 7, the value that corresponds to the
most perturbed potential in Fig. 1a, fix it, and increase Vi
The perturbation of the rectangular potential well is ob-
tained (Fig. 2a, Ref. 83) as the “superposition” of the per-
turbations of the potential shown in Figs. 1a and le. But if we
vary, not ,, but y;, we obtain the potentials in Fig. 2b**—on
the maximal perturbation in Fig. la there are superimposed
oscillations of higher frequency (because the spectral pa-
rameter of a higher level is varied).

We now show how the potential changes when there are
shifts in the positions of the levels. We shall lower the
ground-state level, letting it approach the bottom of the
original rectangular well, decreasing at the same time as the
energy the modulus of the derivative of ¥, (x) at the right-
hand edge of the well in accordance with the same law as for
the unperturbed eigenfunctions: ¥, = (2/7)'?. The first
thing that happens is a deepening in the central part of the
well; this has a particularly strong effect on the ground state,
the wave function of which has here a maximum of its modu-

FIG. 3. Perturbations due to lowering of the ground-state level:
a) deformation of the bottom of the potential well when E = 0;
the deepening of the well draws E. ; downward; the barrier on the
right decreases 7, and simultaneously, together with the barrier
on the left, keeps all the excited levels in the previous positions;
b) changes of the functions ¥, (x) and ¥, (x) when E, - 0.
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FIG. 4. Shift of levels in a linear potential well: a) shift of one level
E,; b) shift of two levels E, and E,. The broken curve is the
distortion of the potential needed for this.
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lus (see Fig. 3). Repulsive barriers at the edges of the well
have a weaker influence on E|, since there ¥, (x) is small.
With further lowering of E,, the deepening becomes more
pronounced, while the decrease of ¥, increases the right-
hand barrier, shifting to the left the deepening, which drags
the maximum of ¥, (x) after it. The excited levels remain in
the previous positions, because the repulsion of the perturba-
tion compensates the action of the attraction on them. Simi-
lar arguments also explain the deformation of a linear infi-
nite well (Fig. 4, Ref. 67) when one or two levels are
lowered. Judging from Fig. 4, the shift of the ever higher
levels E, in wells with nonvertical walls occurs because of
localized deformations of the wall—*icicles,” which move
ever higher in energy and further from the origin with in-
creasing A (perturbations damped with A in the region in
which the lowest states are concentrated ).

When the first level is raised to the second with ¥,
= (2/7)"?*k, — ¥,, the ground-state function becomes
more and more similar in the right-hand part of the well to
the function W, (x) (Fig. 5a). Indeed, in the limit E, — E,
the two functions are solutions of the same equation with
almost identical boundary conditions and almost equal ener-
gies. In the region of the node of the function ¥, (x), the
barrier almost identical boundary conditions and almost
equal energies. In the region of the node of the function ¥,
(x), the barrier of the perturbing potential (Fig. 5b) makes
¥, (x) small too, while to the left of this node the two func-
tions differ approximately only in sign. It can be seen from
Figs. 3aand 5b that small shifts of E, downward and upward
correspond to perturbations of V(x) that differ mainly in the
sign.

A similar picture is observed on the lowering E,— E,,
72— ¥, (Fig. 6) and on the approach E, — E,, ¥, - ¥, (Fig.
7)orE;, —» E,, ¥, - v, (Fig. 8).

If one specifies a derivative 3, of one of the approaching
states that differs strongly from the derivative 7, +1 of the
other, the functions W_(x) and V¥, ., (Fig. 9) of the two
states are nevertheless approximately equal except for con-
stant factors (which may be different to the left and to the
right of the nodes in order to compensate the difference of
the normalization integrals; violation of constancy of the
ratio W, /¥, | occurs only below the barrier, where both
functions are small.

We note, in passing, a helpful rule of behavior of the
wave function in the below-barrier region. In it, the function
cannot have more than one node, and also the function does
not have positive maxima and negative minima."

One may be concerned about whether the perturbing
potentials turn out to be symmetric.>’ Figure 10a (Ref. 83)
shows the deformation of the bottom of the potential well
when the ground-state level is raised to the first excited level.
One can see the formation at the walls of two symmetric
deepenings, separated by an increasing central barrier. The
barrier in the center pushes the ground state upwards more
strongly than the first excited state, since here ¥, (x) is larg-
er in modulus than W, (x), which has here a node. Converse-
ly, the wells at the edges draw down more strongly the excit-
ed state with two separated maxima of the modulus |¥, (x) |
than they do the ground state, for which ¥, (x) is smaller in
modulus at the edges. Thus, under the influence of the per-
turbations shown in Fig, 10a the second level must remain in
its position, since the influence of the attraction and the in-

FIG. 5. Perturbations due to the shift £, — E,: a) approach in modu-
lus of the wave functions of the ground state, ¥, (x), and of the first
excited state, ¥, (x), when the level E, is raised to E,; to the right of
the node of ¥, (x), functions ¥, with k& > 1.9 become approximately
equal to ¥,, while on the left they differ almost only in the sign; the
change of sign takes place in the below-barrier region); b) the barrier
of the perturbing potential in the center of the well pushes E, upward;
the deepening on the right increases |y, | and simultaneously, together
with the left-hand deepening, compensates the influence of the central
barrier on the excited levels (cf. Fig. 3).
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FIG. 6. A picture like that shown in Fig. 5a, the only difference being that
the approach of the two lowest levels occurs because E, is lowered to E .

fluence of the repulsion compensate each other. Figure 10b
(Ref. 83) shows how the ground-state wave function
changes at the same time—it gradually splits into two states
in the separate wells. As the levels approach, |¥, (x)| in the
center decreases together with the necessity for repulsion at
this position (a level is more effectively influenced where the
probability is greater) (see the slight minimum at the center
of the barrier in Fig. 10a; the same thing happens in an oscil-
lator; see Fig. 11e).

Note also that the shape of the symmetric (with respect
to the center) potential, as in Figs. 10a and 10b (Ref. 83)
and 11a—11e (Ref. 83), is completely determined by its ener-
gy levels, and the normalization constants ¥, are also speci-
fied by the set of eigenvalues (see Ref. 20, pp. 40-43). There-
fore, together with the shift of the level the normalization y,
changes, as can be seen in Fig. 10b (Ref. 83) (the normaliza-
tions are adjusted to the given levels).

A further illustration of the doubling of a symmetric
potential well when the two lowest levels approach each oth-
er is provided by Fig. 11, which shows a series of potentials
obtained from the oscillator potential with the perturbing
corrections that are required to raise the first level to the
second, and by Fig. 12 (Ref. 75) for transparent (reflection-
less, “two-soliton™) potentials (£, — « E,).

If one does not make the first level approach the second,
but rather makes the second approach the third, then we find
that in the potential of the perturbation (see Fig. 13, Ref. 83)
there are now two repulsive maxima at the positions at
which |W¥, (x)| has maxima. But the three wells near the
three maxima of |W¥; (x)| do not raise E, (they keep this
level at its previous position). When they act on the relative-

FIG. 7. Deformation of the wave functions of the first, ¥, (x), and second,
W, (x), excited states as a result of the raising £, — E,.

ly slowly varying ground state, the oscillations of the pertur-
bation potential also compensate each other. The higher
states mainly feel only the mean value {F(x) \Ijﬁ (x)dx of the
perturbation, which in our case is near zero.

Having understood qualitatively how the potential
must change when one spectral parameter is varied, it is easi-
er to analyze the more complicated case of the approach of
three levels in the transparent potential in Fig. 14 (Ref. 75).
The raising of the bottom of the well at its center pushes
upward the ground state and has less effect on the second
level (node of ¥, ). The three dips in the bottom of the well
are formed to act on the three maxima of | ¥, (x) |, in order to
lower E;, which is also assisted by broadening of the upper
part of the well. Note that the wave function of the second
level tends to zero in the central well. The reason for this is
that ¥, (x), ¥, (x), and ¥, (x), being solutions of the same
equation for nearly equal energies, must behave similarly
apart from a “‘constant” factor. The violation of this require-
ment can be reduced to a minimum for functions with differ-
ent numbers of nodes by making the functions tend to zero in
the region of the nodes (all three in the below-barrier re-
gions, and the second one in the central zone of attraction).

A new example of “‘superposition” of perturbations is
shownin Fig. 15 (Ref. 83). Wefirstshift E, to E, and obtain
one of the series of potentials of Fig. 10a—it can also readily
be found in Fig. 15. Now, for the shifted E |, fixed in the new
position, we move E, upward. We can expect that then the
perturbations represented in Fig. 13a will be superimposed
on one of the potentials in Fig. 10a. We do indeed see these
“sums” of perturbations in Fig. 15. If we now fix certain of
these upward shifts of the two lowest levels and begin to
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FIG. 8. Perturbations due to lowering of the third level: a) the same
as in Fig. 7, but when E; — E,; b) comparison of potentials for the
shifts £, -~ E, and E, — E,; the potential well at the left wall is
broader in the case of a lower position of the pair of levels £, and E,
that approach each other.
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move the third upward, then on the potential in the series of
Fig. 15 there is superimposed an elementary perturbation
with three maxima, as is shown in Fig. 16 (Ref. 83).

It is interesting to see how the ¥(x) «— spectrum con-
nection is influenced by the rate of ascent of the potential
walls for different types of wells: with infinite vertical walls

FIG. 10. Approach of levels with the symmetry of ¥(x) and |¥ . |(x)
maintained: a) deformation of the potential when the ground-state level
E, is raised to the first excited level (cf. Fig. 11); b) change in the eigen-
function ¥, when E, — E,; the coupling between the eigenvalues and
normalization constants in a symmetric well leads to a simultaneous
change of the derivatives at x = a (cf. Figs. 11 and 12).

389 Sov. J. Part. Nucl. 21 (4), July-Aug. 1990

FIG. 9. Potentials of the perturbation and the functions ¥, and ¥, for
level E, lowered to E; (k, =1.2): a) y, = 3(2/7)"*/ky;; b) vy =
6(2/m)"*/kyz€) v, = 0.3(2/m) "/ ks

(Figs. 1-3), with walls that rise linearly (Fig. 4) and as the
square of the distance (Fig. 11), and for potentials that van-
ish at large distances (Figs. 12 and 14). One can trace the
common features and differences in the behavior of the
shape of the potentials and the functions when the spectral
parameters are perturbed.

Hitherto, we have restricted ourselves to shifts of levels
in the interval between their neighbors. But displacement of
a level beyond the neighbors (for example, a shift of E, into
the interval between the second and third levels, £, < E’,
< E;) is equivalent to a succession of the restricted displa-
cements (E, tothe position of E,; E, to the positionof £’ ;
see Fig. 17).

Recovery of the potential from spectral parameters
The R-matrix approach

We shall show how, following the idea of the “quantum
constructor,” one can approximately solve the inverse prob-
lem: “construct” a system with given spectral set {E 7.}
for unknown potential F(r) by successively correcting the
spectral data {E,,7, } of the auxiliary problem with poten-
tial ¥, [by shifting to the necessary positions E, the lower
levels E, of the original auxiliary potential ¥, () and cor-
recting, accordingly, the reduced widths -y, ]. This is,
moreover, the first example of numerical recovery of the
shape of the potential from the spectral data in the approach
of the R-matrix theory of scattering by means of analytic
solutions of Bargmann type.*

The formalism of the one-dimensional inverse Sturm—
Liouville problem on a finite interval was first proposed by
Gel’fand and Levitan.®

It was applied to scattering problems with finite-range

Zakhar'ev et al. 389



+
| (ot R R e I [ |

._
|
|
T
|

potentials (R-matrix theory) in Ref. 14. In Ref. 55 thereisa
discussion of the use of the R matrix as original information
in the inverse problem, though admittedly in the less conven-
ient (in the given case) formalism on a half-axis (0 < r
< o). See Refs. 20 and 52 for the multichannel generaliza-
tion of the R-matrix inverse problem and various exactly
solvable models for finite-range interaction.

The formalism that we shall use here is a special single-
channel case of the general theory of the multichannel in-
verse problem® presented in the second part of the review.

The R-matrix Bargmann wave functions constructed
from the M pairs {E,,y, } of spectral parameters of the low-

FIG. 11. Gradual deformation of the oscillator potential
[from (a) to (e) ] when the ground-statel evel E, is raised to
E, (Ref. 88) (cf. Fig. 10a).

est M levels of the required potential are the elements of the
left half of the row vector

YT (r) = YT () P () (2)

with elements {¥ (E, ,r),..., W(E,,r)...}, where v and u take
the values 1,..., M; E, and E,, are the levels of the required
and the unperturbed potential wells; ¥I(7)
={Yy(E, 1), ... ¥(E, ,r)...} is the row vector of solutions
of the original rectangular well; 7, and y,, are the reduced
widths of the bound states in the required well ¥(x) and in
the original well ¥, (x), respectively (in the given case, they

FIG. 12. Gradual change in the shape of a transparent po-
* tential well [from (a) to (d)] as the levels of two of its

bound states approach each other. The deformation of the
wave functions is also shown.™
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FIG. 13. Perturbations due to raising of the second level to
the third: a) deformation of the potential as E, — E,; the
barriers in the region of the maxima of |¥, |(x) push E, up-
ward, overpowering the influence of the attractive wells near
the nodes of ¥,; the form of the corresponding wave func-
tions is not shown, but qualitative conclusions about them
can be drawn by examining the second and third eigenfunc-
tions in Fig. 14; b) the ground-state functions corresponding
to the potentials shown in Fig. la.

are included in the values of the eigenfunctions and do not
occur explicitly); T is the symbol of the transpose; P(r) is a

2% 2 block matrix with elements of the four blocks®>

a 1
Pyy (1) =8uy+ | ¥ (Ey, 7)) ¥ (Ey, r)dr;

r

B (e S Y (Eyr, ') ¥ (B 1) dr';
y (3)

Z a
Puy ()= = ¥ (B, )Y (B, r)ar';

Py (")=6u'u—“S Y (Ey, 1) ¥ (Ey, 1) dr'.

1
—

=10 =8 =& -4 =2 U 28 #8685 & W

FIG. 14. Gradual change in the shape of a transparent potential well
[from (a) to (c)] when three levels approach each other. The broken
lines show the levels.”
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FIG. 15. Superposition of perturbations when E, — E, — E,. The series
of potential corrections to the infinite rectangular well shift the ground
levelto E;, and E, to E;. The form of the perturbation is “made up” from
the elementary perturbations shown in Figs. 10a and 13a.

The potential that is recovered in the M-level approxi-
mation has the form®?

V(r)=2 {g‘P(E r) Py (1) ¥ (B, 1)
—E'IF(E\" r) Py (r) Wo (Eyr, 1)
+f§}' W, (Ey, 1) Piy (r) ¥ (Ey, T)

--E_ Yo (Ey 1) P () ¥o (Ey, T)}l- (4)

As the required potential we took one with infinite walls
at the ends of the interval 0 < < a and a linear inclined
bottom.

We first solved the auxiliary direct problem: with the
potential that must be recovered we found the eigenvalues
E, and the reduced widths y,—the initial data for the in-
verse problem. Then in the infinite rectangular potential
well the levels £, of a finite number of the lowest states were
shifted to the positions of the given values E, and the values
of their reduced widths ¥, were replaced by y,. The rectan-
gular well was deformed and approached the required poten-
tial.

Figues 17-19 show the shapes of the potentials of Barg-

FIG. 16. The same as in Fig. 15, but with an additional shift of the third
level to the fourth. To a perturbation of the type shown in Fig. 15 there is
*‘added” a perturbation with three maxima between the nodes of ¥, (x)
and three wells in the region of its nodes.
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FIG. 17. Recovery of the potential by the method of shifts of the spectral
parameters. The required potential is an infinite potential well with in-
clined bottom; the original potential is an infinite rectangular well; the
curve is the Bargmann potential () for which the two lowest levels
have the same {E,,y..} as the required potential and all the others are as
for the unperturbed well (two-level approximate solution of the inverse
problem).

mann type constructed from 2, 10, and 18 pairs of spectral
parameters {E,,y, } for the lowest R-matrix states. It can be
seen that initially there is a convergence of the successive
approximations to the required potential, but that with
further increase in the number of R resonances taken into
account the errors of the calculations increase, and the oscil-
lations of the approximate V?(r) relative to the line of the
required potential become stronger.

Toinvestigate the convergence of the approximate solu-
tions of the inverse problems (particularly multichannel
ones) it is helpful to have models that use exact analytic
solutions of the direct problems as well. One can use a combi-
nation of the two different approaches (R-matrix approach
and the approach of Gel’fand and Levitan or Marchenko)
for construction of exactly solvable models in such a way
that the model potentials obtained in the one approach are
‘used as original potentials, while the Bargmann-type poten-
tials of the other approach are used for approximate solution
of the inverse problem. For example, we take a Bargmann
potential and the corresponding solutions in the Gel’fand—
Levitan or Marchenko approach and construct from these
solutions wave functions that satisfy the Sturm-Liouville
boundary conditions (of R-matrix resonance states). Thus,
for the regular Bargmann solutions ® (k,7), which are equal
to zero at the origin and are known in analytic form, we find
the values of kK = k, and, thus, the energies at which they
also vanish at the point » = g; this is a task appreciably
simpler than numerical solution of a Schrddinger equation.
From the E, and corresponding ¥, found in this manner we
approximately recover the original Bargmann potential
(Gel’fand-Levitan), but only on the interval 0 < r < a, by

8
Vio -1

FIG. 18. The same as in Fig. 17, but the curve represents the ¥*(r) con-
structed from ten pairs of spectral parameters {E,,y,} of the required
potential.
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FIG. 19. The Bargmann potential constructed from 18 levels of the re-
quired well. The broken curve corresponds to the same accuracy of calcu-
lation of the spectral parameters {E,y,} of the required potential as in
Figs. 17 and 18; the continuous curve is obtained for the ¥*(r) recovered
from {E,,7, } found by solving the direct problem with greater accuracy
(with half the step of the difference differentiation ).

means of the R-matrix Bargmann potentials, as shown
above.

We proceed similarly in the multichannel case, using
the matrix generalization of the procedure.

By virtue of the effectively unlimited accuracy with
which one can determine the spectral parameters of the R-
matrix problem from the exact Bargmann solutions of the
Gel’fand-Levitan and Marchenko approach a way is thus
opened to investigate the dependence of the errors with
which the interaction is recovered on the degree of accuracy
of specification of E, and the reduced widths.

For finite-range potentials that are bounded in value,
arbitrarily detailed information about the interaction can be
extracted from a finite interval of the continuum [from the
continuous dependence of the phase shift §( E) on the energy

TTTTTTITTT I 77

FIG. 20. Approximation of a reflectionless potential with 25 levels to the
shape of an oscillator potential well when their spectra are identical in the
region E<E,; (Ref. 76).
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one can determine a countable set of parameters E,, 7,,
though it is true that uniqueness of the determination may
here be hindered by the nonlinearity of the connection
between R(E) and E, ¥, ].

Recovery of the shape of potentials by means of Bargmann
potentials of finite depth

In 1980, Schonfeld et al.®¢ showed (see also Ref. 75)
how, by fitting up to eight levels of transparent “multisoli-
ton” (reflectionless) potentials to the lower part of the spec-
tra of linear, rectangular, and oscillator wells, one can ap-
proximately reproduce their shape in the region of energies
in which the spectra of the approximated and the approxi-
mating potentials coincide. Later,”® these authors made cal-
culations with a larger number of levels. Figure 20 shows the
approximation of an oscillator well by a transparent well for
25 coincident lowest levels and a special choice of the posi-
tion of the upper edge of the finite well. It is remarkable that
despite the completely different spectra (discrete and con-
tinuous) above these 25 levels such close coincidence of the

shapes of the potentials for E < E,; is obtained. Figure 20 is
a new example of the reaction of the shape of the potential to
a special kind of shift of the levels, which, as it were, “sepa-
rate” from the lower edge of the continuum and sink to their
specified equidistant positions (the actual position of the,
edge is cardinally important for the quality of the approxi-
mation). In Sec. 2, we shall consider examples of the shift of
levels in the opposite direction: from the discrete spectrum
to the continuum—immersion of bound states in the contin-
uum (with potentials that keep the bound states above the
decay threshold). These examples enable us to understand
better what regulates the transparency or the trapping proper-
ties of quantum systems with potential interaction. In the next
subsection, we discuss the effects of tunneling through po-
tential barriers, which have a direct bearing on this.

Surprises on quantum tunneling
Resonance tunneling

A system of two identical potential barriers can be
transparent at the energy of a quasistationary state between

z z
IT|I 3 N=1 ”"f 3 N=1
V{x v(x)
L a5 a5 A 8
X & £ —PA——A>
X - ———
717 4 - 2 38
s 1" 1R
a5+ N*=1 05 N=z 051 N=2
0 93 0 0
11 I
65+ N=b 05 e’
0 - 0
1 1 1 . 1 Vv v
a5k Nl asr N=§ 0sr N=8
0 > 0 U
1
i M J
s i N=1§ b5t N=16
[ > Ul o
= 14 1 e
s 70 ,
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FIG. 21. Penetrability of a system of identical barriers for successive increase of their number: N = 1,2, 4,...

variable height.
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:a) rectangular barriers; b), ¢) barriers with
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them even if each of them separately is weakly penetrable. A
simple explanation of this is given in Ref. 20; here we give
another admittedly less rigorous explanation.

We imagine a standing wave trapped between barriers
at a resonance energy. In both directions from the system of
barriers there will propagate waves, with very small ampli-
tudes, that have tunneled as a result of decay of the quasi-
bound state. It is now sufficient if from one direction we
direct toward such a system a weak incident wave with the
same energy and with phase and amplitude such that the
reflected wave to which it gives rise interferes with the decay
wave and annihilates it; then in this way we obtain the re-
quired picture of transparency of the two barriers. Our treat-
ment lacks rigor because we add solutions with energies that
differ by a small imaginary correction. However, the essence
of the phenomenon is correctly reproduced, and when the
barriers are increased this inaccuracy can be made negligibly
small.

Figure 21 shows the energy dependence of the penetra-
bility coefficients for systems with different numbers N of
identical barriers.”® It can be seen how gradually, with in-
creasing XN, bands of allowed motion of a one-dimensional
crystal lattice (conduction bands) are formed.

Velocity of a wave packet below a barrier

Below-barrier tunneling is a most striking manifesta-
tion of the specific nature of quantum mechanics. It is funda-
mentally important for nuclear fission and synthesis, and for
the majority of nuclear reactions. The Josephson effect and
the creation of the tunnel microscope are associated with it.
But although tunneling has been studied from the very cre-
ation of quantum theory, much in it remains interesting and
poorly understood. This is particularly true of the multipar-
ticle aspects of the phenomenon, but even in the simplest
one-dimensional case of the motion of a single particle in an
external field there are mysterious points. For example, it
was found by Fletcher®® (Fig. 22) that as a function of the
barrier width 4 the time ¢, that the wave packet remains
below the barrier first increases linearly, but then ap-
proaches saturation. There appears to be an acceleration of
waves as they pass through long barriers—the mean velocity
of the motion in the below-barrier region increases with the
length of the barrier. But Fletcher did not investigate the
time evolution of the wave packet within the below-barrier
region. Does the motion at its different points take place with
the same velocity, or are individual sections of the barrier

0 A

FIG. 22. Time dependence of delay ¢, of a packet below a barrier as a
function of the barrier width 4. The horizontal section of the curve shows
that for a sufficiently long barrier an additional increase of its width does
not lead to a further loss of time on tunneling through it. The inclined line
corresponds to a constant finite velocity of the packet.
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traversed more rapidly (or more slowly)? In Ref. 91, esti-
mates were made of the times at which the “center of mass”
of the packet or its maximum are at different points of the
below-barrier region. It was found that the motion is expon-
entially decelerated in the direction from the beginning to
the end of the barrier, so that the time required to pass
through the below-barrier region is mainly taken at the end
of the barrier.

We consider first the simplest case of a rectangular bar-
rier. The flux

J = i2m [¥ (z) ¥*' (z) — ¥* (z) ¥ (2)] (5)

has, in accordance with the law of its conservation, a con-
stant value before, within, and after the barrier. Before the
barrier it is the sum of the fluxes of the incident and reflected
waves. Less well known is the fact that within the barrier the
fluxes for the individual components of the solution (increas-
ing and decreasing) are equal to zero, and it is only their
interference that ensures conservation of J.

Formally, one could speak of fluxes traveling in oppo-
site directions below the barrier at an arbitrary point x,. Let
us shorten the barrier, removing the part of it that is situated
to the right of x,, but keeping unchanged the solution to the
left of x,. In order to continue it smoothly to the right, be-
yond the truncated barrier, it is necessary to introduce at x
> x, waves traveling in both directions (the flux J_ to the
left must be less than the flux J, to the right in order to
preserve the total flux J). Shifting the point x, of truncation
of the barrier and matching each time to free solutions on the
right, we obtain information about the fluxes J . and J_ as
functions of the position x, (exponential decrease with in-
creasing x, ). If we interpret these facts as an indication of
the values of the fluxes J , and J_ below the barrier, then we
can say that with increasing advance below the barrier an
ever larger fraction of the flux from the left is turned back-
ward, and at the point x = A4 the fluxJ , disappears alto-
gether.

Another interesting fact is that the increasing solution
Bexp (%x),0 <x <a,x = {2(¥V — E)}"?; becomes equal
in modulus to the decreasing solution x = {2(¥ — E)}'/? at
the end of the barrier. The coefficient @ is @ exp ( — xx)
times greater than 3, so that actually the increasing solution
decreases exponentially by ~exp(xa) times in the direction
of the start of the barrier from the value to which the decreas-
ing solution has decreased at the end of the below-barrier re-
gion.

We shall form a packet from stationary solutions ¥,
integrating them with weight g, :

Wisin (G, &) = S dkg (k) ¥ (k, z) exp (—iEt). (6)

One can determine the central time of passage of the
packet in the region of the barrier through the point x by
means of the formula®

oo

ty = {S t 1I"pack (t, ;;r;) |2 dt }/{ ED |1Fpack (t, z) 2 dt} .

—o0

(7

Here, it is true, there is an averaging over the motions of the
waves in the two directions.
Figure 23 shows the dependence ¢, for barriers of differ-
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FIG. 23. Time evolution of a wave packet below the barrier: a) thetimes ¢,
of passage of the “center of mass” of the packet through the point x as
functions of the position of this point below the barrier, 0 < x<4, for dif-
ferent values of the mean energy E,, of the packet; the broken curve corre-
sponds to E, = 0.1V, the dotted curve to E,, = 0.5 V, and the chain curve
to E, = 0.9 V; the dependence of the times ¢ , of delay of the packet by the
barrier on the barrier width is shown by the continuous curve; b) the time
dependence of the mean flux at points (0 <x < 5) below a barrier having
width 4 = 5; for convenience of comparison of the values of the fluxes
Joer (x,8) = (1/2m) [V, (50 W0 (x,8) — W (6D VR (0] at
different points they are shown with multiplication by exp(sx).

ent lengths 4, and Fig. 23b shows the time dependence of the
flux J,,.. (x,¢) at different points x below the barrier. The
positive and negative total fluxes seen shifted in time in Fig.
23bare apparently the first direct proof of the presence of the
incident and reflected components of the packet in the be-
low-barrier region. For better comparison of the time evolu-
tion J,., (x,t) at different points x, we have introduced in
Fig. 23b factors exp (xx), which compensate the exponen-
tial damping (with increasing x) of the waves below the bar-
rier.

All the curves in Fig. 23a emanate from the zero point.
But this occurs only if we measure #, and ¢, from thetime ¢,
when the center of the complete packet (with incident and
reflected components—the latter has an appreciable time
delay) is situated at the point x = 0.

The steep rise of the curves ¢, at the end of the barrier
and the displacement of the maximum of J (x,?) in Fig.
23b correspond to damping of the velocity of the packet be-
low the barrier as it approaches x = 4.

These calculations agree with the results of Fletcher®
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both in showing that the delay time ¢, for sufficiently wide
barriers ceases to depend on 4 and in showing that these
saturated delay times are minimal when the mean energy of
the packet is equal to half the height of the barrier. For wide
barriers, there is an analytic expression for this dependence:

ta="h [E (V —_ E)]']-/E_

2. MULTICHANNEL EQUATIONS

Nonrelativistic quantum physics is already to a large
degree a multichannel physics, and in the future this tenden-
cy will be rapidly enhanced. Multichannel problems often
have a direct physical significance. They are also interesting
because multidimensional problems reduce to them—it is
more convenient to solve a system of ordinary differential
equations (coupled one-dimensional Schrddinger equa-
tions) than to solve partial differential equations.

Multichannel equations are particularly interesting in
their connection with multiparticle problems. The latter are
difficult both on account of their multidimensional nature
and in the complexity of the regions of interaction in the
multidimensional configuration space. As an illustration, we
show in the Appendix the picture of the regions of interaction
of four particles moving along one axis (we decided to show
it, since we have never encountered it in the literature, and
few physicists can have formed a clear idea of it; it is pub-
lished here for the first time).

We begin with the example of the reduction of the sim-
plest one-dimensional system of three bodies to multichan-
nel one-dimensional equations.

If exactly solvable models deepen our qualitative under-
standing of the properties of single-channel quantum ob-
jects, the need for exactly solvable examples is immeasurably
greater for complicated systems with strong channel cou-
pling, for which our quantum intuition is much weaker. To
facilitate the use of the multichannel models and free them,
for those who may need the models, from calculations that
are cumbersome rather than inherently difficult and to re-
duce to a minimum the possible errors in the formulas, we
give them here for finite-range interactions (in the frame-
work of R-matrix theory) in a general and, as far as possible,
compact form, following Ref. 52 with certain improvements.

We shall discuss models with a separation of the vari-
ables—with an ordinary continuous coordinate of the con-
figuration space and a variable of the motion through the
“lattice of channels” in a multichannel problem or through a
“lattice of periods” in a periodic field.

At the end of the section, we shall consider the deforma-
tion of the interaction matrix ¥, (x) of an exactly solvable
model problem when a bound state is shifted into the contin-
uum. Weshall compare the single-channel and multichannel
cases.

Multiparticle and multichannel inverse problem

Reduction of a three-particle problem to a multichannel
problem

Suppose that particle 1 is scattered by a composite tar-
get, namely, particle 2, which is confined in an infinite rec-
tangular potential well near particle 3, which is fixed at the
point x = 0. The picture of the interaction regions in this
case differs from the one shown in Fig. A1 in that only mo-
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tion in the horizontal strip is allowed.
The corresponding Schrodinger (partial differential)
equation
{—62/6‘7‘7? — 00y 4+ Vy (zy) + V, @) +~ Via (l 2y — z, |)
+ Vags (B: %) T @ 2i) = EY [, Zy) (8)

can be reduced to the system of ordinary differential equa-
tions

d? , S
T dar Yo lz) +V, (2)+ 2 Vap (x,) ¥p ()
f

=(E —g&,) ¥Yq (2) (9)

for the coefficients W, (x, ) of the expansion

¥ (2, 2y) =2 Y (7,) Du(22) (10)

of the three-body wave function into a complete set of states
®, (x,) of the internal motion of the target:

_;T:gq)“ (22) + Vy (z,) Dy (25) = 84Dy, (2,)- (11)

The potential matrix ¥, (x, ), which couples the equa-
tions in the system (9), can be expressed in terms of the
potential ¥, (x, —x,) and the three-particle potential
Vias (|x,.x5|) if it is not equal to zero:

Vap (20) = | Po (@) Ve (21— 1)

+ Vigs (%13 %3)] Dp (25) dz,. (12)
The system of multichannel equations (9) can, in par-
ticular, be used to solve the three-particle inverse prob-
lem.”*%* If the two-particle potentials ¥,, V,, and V,, are
assumed to be known, then, by recovering the matrix
V.5 (x,) from the scattering data, we can find the unknown
potential V,,; (x,,x,) by inverting the relation (12).

Multichannelinverse problem

We first construct exactly solvable models for the M-
channel system which can be obtained by truncating the sys-
tem (9).

To the system of M coupled one-dimensional Schré-
dinger equations there corresponds a system of equations of
the inverse problem that is the matrix generalization (Refs.
20, 52, and 82) of the ordinary Gelfand-Levitan—Mar-
chenko equation (for simplicity, we shall omit the indices 1
of the spatial variables x, y, z of the first particle):

Kooz, 1)+ Quor (2, 1)

a M

+S dz Z Kmﬁ (xv Z) Q]ja'(z’ y):o,
S p=1

(13)

where the matrix kernel Qis determined by the original spec-
tral (or scattering) data, and the matrix solution K of Eq,
(13) determines the required potential matrix:

Vas (2) = Vip (1) — 2 & (K5 (2 2)). (14)

The minus sign in Eq. (14) and the limits of the integral
in (13) are chosen in accordance with the R-matrix version
of the formalism of the inverse problem (see Ref. 20). By the
symbol © we denote the functions Vap (x), etc., that corre-
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spond to a certain known exactly solvable problem.

For degenerate kernels Q°, the system of integral equa-
tions (13) reduces to a system of linear algebraic equations
whose solutions can be expressed in closed form.?*%? The
corresponding potential matrices V5, (x), which depend on
arbitrary parameters, give a large class of exactly solvable
models of Bargmann type. These free parameters also occur
in the corresponding S matrix S %, or the R matrix and can
be chosen in such a way as to describe as accurately as possi-
ble the input data of the inverse problem. The parameter
values fixed in this manner give an approximate solution of
the multichannel inverse problem by means of the explicit
form of V2, (x).

It is convenient to begin with the R-matrix formalism
when the problem of the continuous spectrum with a finite-
range interaction reduces to study of a discrete set of R-
matrix states,'*20:28

We consider solutions D, (x) of the system (9) corre-
sponding to a boundary condition at a certain external point
x = @, at which it is assumed that the short-lived matrix
V.z (x) becomes negligibly small

Dap (@) =08ap; Dy (a) =0, (15)

and similarly we introduce solutions <i>aﬁ (x) for the original
potential matrix V,_, (x), which is assumed to be known. We
can, for example, take V_; (x) to be constant and diagonal:

l}aﬂ (x):f/cc'saﬂi (f)uﬁ(x)zéaﬂSin & (z—a)l/k. (16)

Besides these functions, we shall use eigensolutions ¥,
(x) =¥, (E", x) for Eq. (9) and Wy, (x) =V, (E", x)
for the reference interaction matrix fﬁ,,; (x) with boundary
conditions

V3 (0)=VE(0)=0; ¥y (a)="T¥(a)=0. (17)
These eigenfunctions are assumed to be normalized,
M a M a R
2 {era=5 3 (W@pa=1, s
a=10 a=10

and can be represented in the form of linear combinations of
the functions ®,, (x) and @, (x) for energy eigenvalues
E"and E*:

M
Y (x)= ﬁ\;‘i D4 (&Y, @).Th:

T TT T, (19)
k4 ($)=ﬁ.§i D,y (EY, ) T,

where the coefficients I" (the components of the normaliza-
tion vectors) are determined by the boundary values of the

derivatives of the eigenvectors W:
. o S
P; == l‘lr;]:c:a; 1 g == [w;ix=a-

(20)

We shall also need vectors of solutions of the system (9)
with the reference potential matrix VHB (x), constructed by
analogy with (19) but for energy values £ = E" that corre-
spond to the required potential matrix ¥V, (x):

M
W= 52‘1 ®,p (E*, 2)T§. (21)

By means of the vectors (19) and (21), we can con-
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struct the degenerate kernel Q of the integral equation (13)
and the K corresponding to it:

M y Mo e
Qs () y)= E W3 (2) Y8 (y) — 2 Y@ Y,  (22)
M
K3 (z, y)=— Z vy (2) ¥ W+3 b3 ‘P*‘(x)‘lf“( (23)

These expressions can also be written in a more compact
form as scalar products:

Q(z, y)=" (=) ¥~ )
K (z, y)= — 9" (2) ¥1 (y),

(22"
(23")

where the symbol & on V¥ denotes a vector in three (or two)
“spaces” with components labeled by the channel index a,
by the superscripts v or 1 and one omitted index that indi-
cates the connection of the given component to the param-
eters of the original subspace of the group (u2), for example,
V.5 (x) or the required subspace of the group (v) of the
interaction fVaﬁ (x). The superscripts 7, ¢, 7 denote the cor-
responding transpose of the vectors in these “spaces.” For
simplicity, we shall omit in the majority of cases the variable
x in the arguments of the functions

= —2 =My~
|’ L 1(x); e v T
. o= el )

Il BT o RTETHR e PR, e

W t::i.% g -qu:-,)
(‘Pa oo O e R )
(‘Poc s Pt 1}'&;}{)_

= (¥ (@), I (2)).

This is a column vector with respect to the @ components
and a row vector with respect to the v and 4 components:

W= (y)

‘_4 iy~ _llf[;:zi Fj _‘pﬁ:{f- =7

‘I’s;% ) ‘FE':S wi=t
st ol MRS ) w (R e )
R R = —‘Fﬂjf_ -

ol B-—i f @) wE=S lI"ﬁ M
Rl O 2 R o Ri=1N

% {W (y)}
T ()

The superscript ~ corresponds to the sign of the x4 compo-
nents of the vector (i.e., the u vector). This is a row vector
with respect to the @ components and a column vector with
respect to the v and ¢ components. The vectors ¥ (x) and
@E; ~ (x), which correspond to the reference matrix f/aﬁ (x),
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have a similar form. The kernels K and Q do not have a v—u
structure.

Substituting Q and K in the degenerate form (22)—(23)
into the integral equation (13), we obtain algebraic equa-
tions for the eigenvectors W

(2 [1+ § W m¥ea =@ @

The solution of these equations can be expressed in a
closed form

T () = WiF (2) {P (2)} 7 (25)

where P(x) is a scalar in the space of the channel indices &
and a matrix in the vector spaces, with components labeled
by means of v and u:

P@)=1+{ 9§~ w) ¥ @) a, (26)

g ﬁnﬁ\,ﬂ
where the v and p structure of Pis

p;n ﬁ_u;x

The kernel K®(x, y) can now be written in the form
E® (@, y)= —{¥F @ [P @1, ¥~ @), (23%)

and for equal argume.:nts [cf. Eq. (4.1.9) in the book of Cha-
dan and Sabatier®’] as

£®(z, 2)=Sp{¥]~ (z) Pt () TFF ()}

=8p { P (@) 4= [P@)} = [Indet P(z)]. (23")
One of the conveniences of expressing the solutions in the
explicit form (25) is the possibility of verifying (by direct
substitution; see Ref. 52) that the matrix Schrédinger equa-
tion (9) with potential matrix obtained in accordance with
(14),

V(2) = 2{¥I (2)) {P ()} VT~ ()

—2WH (2) PP PYT- ()

+ 2% (@) P (™ (@)Y, 27)

is satisfied by the function (25). In (27), we have used the
rule for differentiating an inverse matrix:

(P8 e PRUPT PRt (28)
Using (14) and (23"'), we obtain one further, more com-
pact form of expression for the potential matrix [cf. Eq.
(4.1.10) in Ref. 57):

f"(:t:)—

(29)

P'= W (2) 9 (=). (20
To verify the solution, we also take into account the

Schrédinger equation for free motion,

— (¥ (@) =¥ (@) £;

—{¥§ @)y =E¥I- (@), (31

and the fact that the Wronskian of the free solutions can be
rewritten in the form (note the order of the factors on the
right-hand side)
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W O w) dyE—E { V) ¥ ) ay. (32)

x

W =

He—"3n

where Eis a diagonal 2MN X 2MN matrix formed from the
values of the energy E” — ¢,, B* — ¢,,, and the integrals can
be expressed in terms of P by means of Eq. (26),

W= (P —1)E—E@P—1). (32"

To verify that the eigenfunction (25) satisfies the
boundary conditions(17) and that its derivative is equal to
I'""atx = a, it is sufficient to take Eq. (24) for x =0, x
= a and the derivative of both sides of (24) at x = a. It is
merely necessary to take into account the obvious fact that
the integral in Eq. (26) vanishes in the limit x — @, and also
the orthonormalization condition for W, [thus, we have P**
(0) =1 — 1 = Ofor the i submatrix in P]. Therefore, in
the p-subvector component of Eq. (24),

BV () P (2)+ B (2) P*¥ (2) = ¥4 () (33)
we have [?"“"(0) =0, seealso Eq. (17)] atx=0:
¥ (0) ¥ (0) = ¥ (0) = 0. (33")

If P+ is a square matrix, i.e., the dimensions of the v and
spaces are the same, Eq. (24') gives V> (0) =0, as the bound-
ary conditions require. But if we had attempted to construct
amodel of a system with the same spectral data [ E; I'] as for
the reference potential but with the addition of some new
levels, the submatrix P would not have been square and
Eq. (24') would not have ensured fulfillment of the bound-
ary condition. Similarly, we cannot remove from the spec-
trum of the reference potential any levels without changing
the spectral data of the other levels.
The v component of Eq. (17) forx = a gives

B (a) = ¥ (@) = 0; [FV)mg = [FLoma = I

Representation of motion with respect to the channel-
labeling variable o

In the complicated motion of the waves in a quantum
multichannel system, it is possible to separate a simple but
specific component. It turns out that one can readily con-
struct exactly solvable models of motion with respect to a
discrete variable a that labels the channels, obtaining dis-
crete analogs of a rectangular well, Bargmann potentials,
and others. As a result, the intuition acquired from the study
of wave propagation in the ordinary configuration space is
extended to the new dimension. In particular, there may ex-
ist resonances or bound states of a particular nature (corre-
sponding to standing o waves).

A similar idea—to separate in the case of motion in a
periodic field the free propagation of waves with respect to a
discrete variable that labels the periods from the oscillations
in each period—makes it possible to reexamine this most
important quantum problem.

As we have already noted, the equations of motion for
many complicated quantum systems are conveniently re-
duced to coupled one-dimensional Schrodinger equations
with potential matrix ¥, . (x) and “channel functions” ¥ ,.
Here, the indices a are variables conjugate to the spatial vari-
ables of the original multidimensional wave function, from
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which we have been able to “free” ourselves by means of a
generalized Fourier transformation, leaving only one of
them, x. The gain in computational simplicity (discreteness
of the values of @ and the possibility of making a restriction
to a finite number of them) is, however, accompanied by a
loss of physical transparency of the formalism. It is harder
for us to picture the behavior of the channel functions in
their dependence upon a than the form of a wave function in
the ordinary space.

We shall show here that to a large degree transparency
of the behavior of the functions in the @ space can be re-
stored. One can imagine motion with respect to a: oscilla-
tions, standing waves, resonances that cause scattering, and
the propagation of packets in a nonstationary formulation of
the problem. The key thing here is the “separation™ of the
kinetic-energy operator of the a motion from the interaction
matrix V , ;. Asaresult, we obtain an ordinary Hamiltonian
with respect to the new variable too. If in addition we choose
a model potential energy that permits separation of the co-
ordinates x and 2, then we can obtain in pure form the chan-
nel component of the wave function and spectrum (bound
states and resonances).

Such an approach was also unexpectedly found to be
possible for quite different problems: motion of a particlein a
periodic field. They will be considered below.

Model admitting separation of the variables x and o

We first make more precise what we mean by the term
*channel.” To describe complicated multidimensional and
multiparticle quantum systems, it is convenient to expand
the wave function ¥(x, £), which depends on several vari-
ables, with respect to known basis functions ®, (£), where &
denotes all the variables of the system except a single x,
which is specially distinguished [expansion with respect to
channels ¢; cf. Eq. (12)]:

¥ (z, ) =2 ¥y (2) Dy (B).

[#4

(34)

Substituting (34) in the Schrdodinger equation and project-
ing this equation onto the various basis functions @, (£), we
obtain a system of one-dimensional coupled Schrodinger
equations for the coefficients ¥, of the expansion (34):

— L Vo @)+ ) Vap (@) Y5 () = (B —e,) ¥, ().
B

In the system (35), waves can move with respect to the
spatial variable x or can pass from one channel @ to other
channels f. It is usually simpler to solve one-dimensional
systems of the type (35) on a computer than it is to solve the
original differential Schrodinger equation. But the physical
intuition about the details of the mechanism of the quantum
processes that are determined by the interaction matrix ¥,
(x) is as yet very poorly developed. One is forced to feed the
initial data into the computer and obtain from it numerical
results, forming hardly any idea of the qualitative connec-
tion between V,; (x) and the spectral parameters or scatter-
ing data. .

Exactly solvable models can here clarify the situation
[enable us to look into the “black box™ of the system (35)].
The simplest such models are those with 8-function and con-
stant interaction matrices. Matrices of Bargmann type (see
Ref. 20, Chap. 5) form a class of such solvable models.

(35)
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In Ref. 91, a new approach was developed to the con-
struction of exactly solvable models associated with separa-
tion of the motion with respect to the spatial variable x and the
channel variable a.

It has now become clear that the difficulty of transfer-
ring our ordinary intuition about the motion of quantum
waves in the x space to the motion with respect to a arises
from the absence, in the multichannel Schrédinger operator
of a kinetic-energy operator T, of displacement with respect
to the channels. Since the variable « is discrete, we construct
such an operator as the finite-difference analog of the deriva-
tive of second corder with respect to @ (with step A):

f‘chwa ol (\Fon-H v Q‘Fu R q’a-i)/Az- (36)

It can be assumed that ,7‘1,,1 is contained in the interac-
tion matrix ¥,,. We separate it [by adding and subtracting
corresponding terms in (35) and including in the potential
sum |:

— W, (8)— (Far— 2¥a 1 T AP

S E’i;aﬂ(‘r) ¥y (2)=EY, (), (37)
B

where the new effective interaction matrix -17,,,3 (x) has the
form

Vb (2) = Ve () + B, p— 2005+ By, p)/AZ+ 808, (38)

Equation (37) is an equation in partial derivatives (or-
dinary ones with respect to x and difference ones with re-
spect to a).

We now use the freedom in the choice of the matrix
V.5 (x) and construct simple exactly solvable models in
which motion with respect to the channel variable « is sepa-
rated. For example, by a special choice of V5 (x) we can
obtain ¥, (x) in the form of a rectangular well,

i}aﬂ(.z)=ﬁaﬁ-Vu for 0<<z<<R; 0<<a, p<<M, (39)

with an additional boundary condition that corresponds not
only to a trapping infinite well but also to R-matrix scatter-
ing theory:

Yo (@) =0 for 2<<0, 2> R, a<<0, o> M. (40)

Here, by choosing a finite number M we have limited
the number of coupled channels. The two-dimensional re-
gion, continuous with respect to x and discrete with respect
to @, in which we seek the solution is shown in Fig. 24.

T T T ——
M

g X

FIG. 24. Two-dimensional rectangular region in the (a,x) space in which
the motion is described by the differential equation (4) in partial deriva-
tives. The variable a takes discrete values, and x takes continuous values.
The missing channels with @ = 0and @ = M + 1 are shown by the broken
lities (W, o=, _ 5 . =0,
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To ensure fulfillment of the condition (39), the interac-
tion matrix V_, must also be tridiagonal [see (38), (39)]:

Vap () = 8apVo— (Bars, p — 280p + By, p)/ A2 —Bpe,.  (41)

From this formula there follows an important qualita-
tive conclusion: The widths L = MA of the well with respect
to the variable a is narrower, the stronger the coupling of the
channels [the step A occurs in the expression for L as a fac-
tor, whereas in the potential (41) it occurs in the denomina-
tor and is squared].

In the two-dimensional differential-difference equa-
tion (37) with interaction matrix from (39) and boundary
conditions (40) the variables x and a separate [V, (x)

=W, (X)¥am ]

— S V(@) + V¥ (1) = e, 7, (2);

Y, (0)=0; ¥, (R)=0; (42)
o (xcx+1, T 2xam+ xa-i, m) = Azlmxam;
Xom=0» XM+1.m:0‘ (43)

Equation (42) has the ordinary spectrum of an infinite
rectangular well, &, = ¥, + n*7°/R?, and the difference
eigenvalue problem (43) in the rectangular well with respect
to the variable @ has M energy levels

Am = [1 — cos (wm/M)]/A?,

which only for m <€ M are close to the levels of the corre-
sponding problem with continuous a:

A 2,2/72 L2 2
mm-aimn/[, ,where, = MAZ2,

The complete spectrum of the system is the sum of the spec-
tra for the motions with respect to the variables x and a:

Eom = &5 + Ap. (44)

Varying the well widths R and L, we can compress and
stretch the “system” of levels £, and 4,,; for example, by
increasing L, we obtain above each level of oscillations with
respect to x a “‘band” of excitations of oscillations with re-
spect to a. Let us recall here a specific feature of the finite-
difference spectrum of a rectangular well. In contrast to the
differential problem, the distance between the levels in-
creases with increasing excitation energy only up to n

= M /2, and above that the levels begin to get closer togeth-
er (the spectrum is symmetric about its center).

In R-matrix scattering theory, these levels correspond
to resonances (the only difference is that in R-matrix theory
somewhat different boundary conditions for the eigenfunc-
tions are used; see the paper of Lane and Thomas®®). The
idea that there could be resonances corresponding to & oscil-
lations was first put forward by A. I. Baz’, who also attempt-
ed to construct an exactly solvable model with such oscilla-
tions. However, the interaction matrix that he proposed did
not admit separation of the variables x and «, and a kinetic-
energy operator of the @ motion was not separated in the
Hamiltonian (see Ref. 1). This obscured the clarity of the
physical picture. Several studies devoted to a resonances
were made by Simonov et al.;> they called them cc (coupled-
channel) resonances. In these studies too, the variables were
not separated. But from the pedagogical point of view it is
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preferable to introduce the concept of ‘‘channel” resonances
by separating the variables of the configuration and channel
spaces.

It is clear that not only the rectangular well but also
other exactly solvable models can be generalized to the case
of a channel variable (see Ref. 20). One can also consider
cases of many channel variables, a continuum of channels,
and a nonlocal coupling with respect to a (for example, in-
teraction matrices separable with respect to a). We have
shown above how one can separate from the potential matrix
V.5 the operator of a second difference derivative (with tri-
diagonal matrix). To the difference derivatives of higher or-
der (fourth, sixth, etc.) there correspond matrices with a
larger number of diagonals (5, 7, etc). Whereas to the sec-
ond-order (kinetic-energy) operator there correspond two
linearly independent solutions, for example, waves traveling
in opposite directions, to an operator of fourth order there
correspond four independent waves [for example,
exp( + ik, n), exp( + ik, n) for “free motion”; it should be
noted that the relationship between the wave numbers k,
and k, and the energy E is not the same as in the case of the
ordinary Schrodinger equation; see Ref. 20) ]. Similarly, for
the sixth order there are six waves, etc. Thus, to a potential
matrix of general form with all M diagonals nonzero there
corresponds a complicated system of waves propagating
through the “channel dimension.” For matrices that depend
on x the variables & and x do not separate, and there is a
mixing of the oscillations with respect to @ and x.

A further transparent model example of the participa-
tion of channel coupling in the formation of the spectrum of
a system is provided by the difference (with respect to x: x,,
= n-A) analog of the multichannel equations (35):

— ¥, (r+1)—2¥, (n) + ¥, (n— 1))/A2 +§ Vap (n) Wy (n)
=(E—gy) ¥y (n). (35"

If we impose homogeneous boundary conditions ¥, (0)
=0,¥,(N + 1) = 0, weobtain M X N homogeneous al-
gebraic equations for the M X N unknowns ¥, (n) (e = 1,
2,... M\;n = 1, 2,..., N), which have solutions for N XM
energy eigenvalues, i.e., the spectrum is formed from N oscil-
latory states with respect to x, and M with respect toa). The
convenience of this model with all discrete variables taking a
finite number of values is the possibility of counting the points
of the spectrum (bound states and resonances) and seeing
how their total number depends on the number of channels.
Motion from channel to channel in the special case of
identical channels is directly related to the well-known phe-
nomenon of the lifting of degeneracy by the inclusion of cou-
pling between channels. Indeed, suppose that there are M

; —ZIX -X x=0 X 2X IX 4X
1 1 | 1 ! !
xX==-3 a=-2 a=-1 a=0 a=1 a=2 a=3 X
I3
5 B S
4 - ——————
J ey = et
2 —_—————— !
ja=-3  a=-2 lq:-;rf Y 1
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uncoupled Schrédinger equations with identical potential
wells and, therefore, with identical levels. If we regard these
equations as a single system, the levels of its spectrum will be
M-fold degenerate. But if we include a coupling of the chan-
nels (by introducing nondiagonal elements in the potential
matrix), we split the levels, and this can be interpreted as the
manifestation of a band of oscillatory excitations with re-
spect to the channel variable .

Bloch problem (band spectrum)

It turns out that the motion of a particle in a periodic

external potential can also be considered from this point of
view. We introduce the equivalent problem of motion in a
two-dimensional (a,x) strip (ladder; see Fig. 25). For this,
we first write down the equation for the motion of the parti-
cle on one of the periodic intervals (we denote it by the num-
ber @, which is equal to 0, + 1, + 2,...):

BV @)V (@) V(@) =E¥, (2); 0<a< X;  (49)
¥, (2) =exp (i7) Youy (2); (46)
W, (0)=exp (iy) ¥, (X); Wi (0)=exp(iy) ¥a (X).  (47)

We now add and subtract on the left-hand side of the

Schrddinger equation a difference kinetic-energy operator of
the type (36) (X = A):

LW, @)+ Py (2) (W (2)— 2, (2)

o Wo:—i (2)]/A%+ Viz) ¥, (z)= EY, (%),

which we rewrite, replacing ¥, . , by ¥, by means of Eq.
(46),

e ¥ (@) + T, () + V (0) ¥, (2) = B, (2),  (48)

where the new effective potential ¥ has the form

V(@) =V (2) + lexp (—iy) — 2 + exp (i7)l/A% (49)

Equation (48) admits separation of the variables x and

a. As aresult, we obtain two one-dimensional problems: one
is a Sturm-Liouville equation on a finite interval of length R
with homogeneous (but complex) boundary conditions
(47), and the other is for the free motion with respect to the
discrete variable o described by the second-order difference
equation [V, (x) =¥, (X)y.. ]

d2

Y, (2)+V (2) ¥, (2) =, ¥, (2); (50)

¥, (0) =exp (iy) ¥, (R); ¥ (0)y =exp (iy) ¥, (R); ]
—(Xat1, a—2Xon+ Yooy, 2)/A2= Ay, A=1—cosy.
(51)

FIG. 25. “Rearrangement” of the x axis in Fig. 25a, divided into
periods of @, into the two-dimensional (a,x) region in the form
of an infinite ladder (b) of finite intervals (periods) labeled by
the index a (see Fig. 25a). The two types of motion along x
(standing waves within one period and free “motion through the

b periods™) are more readily grasped when separated in the two-
dimensional ladder (b).
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The spectrum of the problem (50) with boundary con-
ditions corresponding to (47) is purely discrete, while (45)
is the difference analog of the Schrddinger equation for free
motion. For such an equation there corresponds a contin-
uous spectrum, but only on a bounded interval (allowed en-
ergy band), and as a result a band spectrum is obtained.
Although the proposed method of treating the Bloch prob-
lem is equivalent in its physical essence to the usual descrip-
tion, it is pedagogically preferable to separate the two forms
of motion along the single x axis—the oscillations within one
period and the “motion with respect to the periods”—to
avoid confusing them and to associate simpler equations
with each of them.

To emphasize the commonality with other problems, it
was suggested in Ref. 95 that the independent solutions in a
periodic field should be called “Bloch sines, cosines, and
exponentials with real and imaginary frequencies,” in the
same way that one can associate Bessel functions with sines,
Neumann functions with cosines, and Hankel functions with
exponentials, or one can speak of “Coulomb, quasipotential
sines,” etc. General solutions on arbitrary intervals are con-
structed from linear combinations determined from match-
ing conditions. In paticular, one can “fit” into a periodic
field a section in which a band of oscillatory solutions [al-
lowed band) enters a forbidden energy band of the complete
system, where the solutions grow or are damped exponen-
tially. Thus, in a forbidden band one can obtain a bound state
(even above) the continuum ]. Conversely, a piece of a gap in
a conduction band plays the part of an effective potential
barrier. Combinations of such barriers can make systems
with resonance tunneling for Bloch waves. Shifts of bands on
finite intervals can be achieved by means of additional poten-
tials, for example, potentials constant on a certain section of
the axis ( + V, = const gives a parallel shift upward and
downward, respectively). It is of interest to consider the
time evolution of the tunneling of wave packets constructed
from Bloch waves (by analogy with Ref. 91).

Bloch solutions can be used in the various approaches of
the inverse problem (on the complete axis,”® on a half-axis in
accordance with the Gel’fand-Levitan or Marchenko meth-
ods, on a finite interval in the R-matrix theory, etc.) in order
to construct various square-integrable perturbations of the
periodic field. Thus, one can construct potential corrections
of Bargmann type, including ones with bound states in the
conduction bands and in the forbidden bands.®® All these
models extend the set of elements of our “quantum construc-
tor.”

These arguments can also be extended to multichannel
and multiparticle systems.®® A matrix (multichannel) peri-
odic problem also has a band spectrum. If at some point
there is a wave only in one of the channels, then one can
expect that at the neighboring points waves also appear in
the other channels as a result of perturbations by the period-
ic field. However, there are N (the number of channels)
channel eigenstates for which the relative weights of the
channel functions remain unchanged when the coordinate x
is shifted by a period. It would be interesting to use the multi-
channel technique to investigate the motion of two (or
more) coupled particles in a periodic field.

Potential that varies periodically with the time

We now turn to the nonstationary problem
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. d d?
i V(1) = [_ < +V (=, t)] Y (z, 1), (52)
where V varies with the time periodically with period T:

v (‘7:’ t) =V (.'L', t+ T) (529

We consider a steady regime in which the wave function
at different periods but at the same point differs only by a
phase factor:

Y (z, t) = exp (xiy) ¥ (z, t £ T). (53)

We introduce a new variable @, which labels the per-
iods, and consider the motion of waves in the three-dimen-
sional space (x,f,a). This is a problem equivalent to the
original problem (52)-(52"). Suppose that with respect to x
the motion is restricted by infinite potential walls at the
points x = 0, R, and with respect to  we impose a homoge-
neous boundary condition corresponding to (53):

¥, (2, 1) = exp (iy) Yau (=, ). (54)

As in the previous section, we can separate the free mo-
tion with respect to the variable ¢ from the oscillations with-
in a period,

Yo(z )=V (z, t)Xhy; Hoida —py (55)

where 4 is the so-called quasienergy, and we can solve sepa-
rately the eigenvalue problem in the rectangle 0 < x < R, 0
< t < T (Fig. 26):

(—id/dt — d*/dz® + V (z, t)+ 2 (cos y— 1)/A2]Y,, (z, t) )
= e, ¥y (z, 0);
E=e¢g, + A

The quasienergy (for free motion with respect to the
discrete variable), like the quasimomentum, has a finite
band of allowed values.

Trapping of waves in the continuum

We now turn to the study of bound states immersed in
the continuum. They represent a rather rare phenomenon in
the quantum world. But they are very interesting both for
understanding of one of the mechanisms of formation of re-
sonances (especially narrow ones), which have a similar na-
ture, and from the pedagogical point of view (as an illustra-
tion of unexpected manifestations of quantum laws that

g X X

FIG. 26. Three-dimensional region in the (x,t,a) space. Free waves in the
a direction together with standing waves of eigenstates on the rectangle
0<x< X, 0<t< T in the (x,t) plane give the total wave function W of the

particle in an infinite one-dimensional rectangular well perturbed by an
external periodic potential.
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FIG. 27. Deformation of the potential when a state is raised from the
region of negative energies to the continuum. "’

permit a deeper understanding of the laws). The first exam-
ples of them in closed analytic form were already given by
von Neumann and Wigner in 1929. Since then, bound states
immersed in the continuum have attracted the attention of
many physicsts and mathematicians. There has even been a
monograph, by Eastham and Kalf*® entirely devoted to such
states [see also the book by Reed and Simon (Ref. 37, Vol. 3,
Chap. 11, and Vol. 4, Chap. 13)]. In 1951, Gel’fand and
Levitan® showed that one can readily construct potentials of
Bargmann type that have bound states immersed in the con-
tinuum by means of the equations of the inverse problem.
Several new single-channel bound states immersed in the
continuum were found in Refs. 18 and 64. We shall here
consider mainly the multichannel case.

We compare the single-channel (Fig. 27) and two-
channel (Fig. 28) systems. On raising of a bound state from
the region of negative energies to the region £ > 0 in the
single-channel case (Fig. 27) the potential acquires slowly
damped [damped as sin(kr)/r] oscillations which prevent
the wave function from “flowing out.”®’

Channel coupling makes it possible to keep waves in the
continuum as well by means of a short-range (exponentially
decreasing; see Figs. 28b and 28¢)*’ interaction matrix. This
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is possible if there is at least one closed channel (energy
above thelower, E, = 0, but lower than the upper, E, = 0,
threshold for opening of the channels). And it is only when
the energy of the bound state is above the highest threshold
(Figs. 28d and 28e) that weakly damped [as sin(kr)/r] os-
cillations appear in the interaction matrix.

Figures 28f and 28g show the interaction matrices
Vs (r) corresponding to a bound state in the continuum at
the same energy as in Fig. 28c but with changed normaliza-
tion vector {c, ¢, } (the values of the derivatives of the chan-
nel functions ¥, and W, at the origin). For¢, = 1, ¢, = 0.1,
the influence of the closed channel is weakened [see Fig. 28f
(cf. Fig. 28¢c, in which ¢, =¢, =1)]. In Fig. 28g, ¢, =1,
¢, = 2. This is one further example of the part played by the
normalization factors (the connection between variations of
them and the form of the potential matrix).

We also mention here some simple examples of bound
states in the continuum of this type: 1. Resonances above a
rectangular barrier go over in the limit of infinite increase of
the barrier height into bound states (Fig. 29). 2. Suppose
that in a two-channel problem with different thresholds &,
and €, [at E = &, the energy E — &, in channel « of the
system (35) is equal to zero] at which the individual chan-
nels are opened the nondiagonal elements ¥, (x) = V5, (x)
of the interaction matrix are made to tend to zero; then the
bound states in the potential well V,, (x) of the channel with
the higher threshold that are situated between the threshold
energies £, and £, become bound states in the continuum of
the first open channel (Fig. 30).

COMMENTARIES ON THE LITERATURE

In its time, the inverse problem for the linear Schro-
dinger equation served to establish a new direction in physics
and mathematics—the development of the effective inverse-
problem method of solution of nonlinear equations (theory
of solitons)—*“one of the most beautiful discoveries of math-
ematical physics of the 20th century.”'® It has now become
clear that most of the exactly solvable models known in “lin-
ear” quantum physics are unified from the point of view of
the new mathematical formalism (see, for example, Refs. 10,
12, 24, and 50). New classes of exactly solvable models have
appeared—it has been found that there exist analogs of the
Bargmann potentials for nonstationary solutions of the
Schrddinger equation [with two variables x and ¢ (Refs. 10,
39, 59, and 66), and also in the multidimensional case*®].

For example, the system of algebraic equations (24) of
the stationary problem are generalized by the equations with
time dependence [see Eq. (44) in Ref. 10]

2 [Cij-i-

i=1

ei(}?:i -0)

|#=—e®, i=1, ..., N, (56)

Ki—Hj

where w; = x,(x + x,t), and the potential, which depends
on the time, is determined by an expression like (29) [see
Eq. (37) in Ref. 10]:

V (z, t) = 262 In det P (z, t),
where P(x,t) is the matrix of coefficients in the system of
equations (56). There is a similar close analogy between the

expressions for the wave function at any energy in the sta-
tionary and nonstationary cases [cf. Eq. (4.3.19a) in Ref. 57
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FIG. 28. Change of the interaction matrix ¥ (7) of a two-channel system wnen the level E, of a bound state is raised. The channel wave functions ¥,
and ¥, are shown by the broken curves: a) the level E, is situated below the lowest threshold of the continuum (ordinary bound state); b) the energy E ,
of the bound state is situated in the region of the continuum of the first channel (first channel open but the second closed); the interaction matrix with ex-
ponential decrease at large » completely prevents the wave from escaping from the interaction region; c) the same as in Fig. 28b, except that £ ,is raised
closer to the threshold of the continuum of the second channel, E, = 0; d) the bound state is in the region above the second threshold E , = 0; to confine
the bound state it is now necessary to have oscillations of the tails of the elements ¥,,, ¥1,, ¥, = ¥, of the potential matrix; e) the same as in Fig. 28d,
except that the bound state is raised even higher, as a result of which the oscillations of ¥, are increased; f) the interaction matrix of a two-channel
system with bound state in the continuum and with derivative at the origin of the function of the second channel 10 times smaller than in Fig. 28c; note the
appearance of oscillations in V,,, although it remains a short-range potential; g) the same as in Fig. 28f withc, =1, ¢, =2.

—————— - and Eq. (36) in Ref. 10], despite the difference in the num-
ber of variables.

These nonstationary and multidimensional solutions
have yet to be used to investigate the influence of variations
of individual spectral parameters on the form of the corre-
sponding fields in the manner of the “pictures” given in our
review.

It is remarkable how intimate connections have been
LT TP o Bl o e e established between exact models from such seemingly wide-
o s st oon e of e e o TR 688 1y separate felds s nonrelaivstic quantum meshanes,

steps of barriers of finite height, these bound states become resonance  field theory, and statistical physics.*'**? Here, important
states. The shape of the top of the barrier is not important for this. parts have been played by the Lax and Yang—Baxter equa-

—— e — — — —
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FIG. 30. Two-channel model which demonstrates that in the absence of
channel coupling the states corresponding to levels of the closed channel
are simultaneously bound states immersed in the continuum of the open
channel (long wavy line). When ¥, () is switched off, they become re-
sonances.'?

tions, the r-matrix method and the algebra of Sklyanin >*3%7

A Lax representation for a one-dimensional Schrodinger
equation with finite-gap potential was proposed by Fair-
banks®' (see also Ref. 23).

We now list individual studies on exactly solvable mod-
els that have appeared in recent years.

In one group of models one could unify solutions corre-
sponding to equations (of Schrédinger type) with a spectral
parameter that is not £, as usual, but a factor multiplying the
potential (Rudyak and Zakhariev,* Chadan and Musette,*®
Poplavskii,** and Popushnoi®®).

Analogs of Bargmann solutions for nonlocal potentials
can be obtained on the basis of the formalism developed by
Muzafarov.*' Several exactly solvable models are unified by
their connection with supersymmetric quantum systems
(see Refs. 78 and 88, and the literature quoted there). A
class of potentials with an arbitrary but finite number of
bound states known in analytic form (“quasi-exactly solv-
able” systems, which are intermediate between those that
are and are not exactly solvable) was considered by Turbiner
and Ushveridze.***

Simple transformations that reduce the equations of
motion in the Coulomb and oscillator potentials to equations
with a Morse potential were proposed by Haymaker.”*

The matrix generalization of the Krein-Crum-Dar-
boux transformations for the case of different thresholds was
considered by Humi” and Suz’ko* (for the multidimen-
sional case, see Humi’s paper’®). L. M. Berkovich has told us
that the transformations associated with the name of Dar-
boux were already considered by Euler® in 1780-1794 and
by Imshenetskii®! in 1882.

Noncentral Bargmann potentials that admit separation
of the variables in spheroidal coordinates were considered by
Funke and Zakhariev® and also by Suz’ko.*°

Niznik,** considering the inverse problem for hyperbo-
lic equations, gives examples of exactly solvable Dirac equa-
tions. A transformation that relates the Schridinger, Klein—
Gordon, and Dirac operators was proposed by Leon.””

The inverse scattering problem on a noncompact graph
was considered by Gerasimenko,’ and a new problem—the
recovery of the potential from the positions of the nodes of
the eigenfunctions—was considered in Ref. 68. For models
with &-function interactions, see Refs. 34 and 51.

A theorem on the two spectra for problems on a half-
axis with common boundary condition at the origin and two
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different asymptotic conditions at infinity was formulated
by Gasymov and Guseinov.’

For general and simple conditions of integrability for
nonlinear equations, and also conditions for equivalence,
which make it possible to shorten considerably the lists of
integrable systems and make them more readily surveyed,
see the review of Mikhailov et al.>®

Exactly solvable models whose equations can be re-
duced by transformation of the coordinates and functions to
equations for known polynomials were considered by Lé-
vai.”®

We should also like to mention a new book on the theo-
ry of resonance scattering by Kukulin et a/.”

We are grateful to I. V. Amirkhanov, G. A. Elem’yan-
enko, V. N. Mel'nikov, I. V. Puzynin, T. P. Puzynina, V. S.
Ol’khovskii, V. N. Pivovarchik, B. V. Rudyak, Ya. A. Smor-
odinskii, A. A. Suz’ko, and V. N. Shilov, with whom we have
discussed questions that relate to the present review.

APPENDIX. INTERACTION REGIONS IN THE FOUR-BODY
PROBLEM

We first recall the well-known and simpler two-dimen-
sional picture of the interaction regions for one-dimensional
motion of two particles in the field of a third particle that is
fixed at the origin (Fig. Al). Suppose that the potentials
have finite range (for example, are rectangular wells). Each
of the three intersecting strips corresponds to a region in
which one of the two-particle potentials V,,, Vi3, or Vs, is
nonzero.

Far from the origin we have in these strips free motion
of one of the particles relative to the center of mass of the
cluster of the other two. Near the origin (wavy line) three-
particle finite-range forces act if they exist. Each of the strips
can serve as an entry channel in which there occurs elastic
and inelastic scattering of particle i by the pair ( j,k) with i
# j#k = 1,2, 3. The other strips will be the channels of the
reaction products of the redistribution of the particles:
Jj+ (i,k). In the regions between the strips there will be
outgoing waves corresponding to decay of the system into
three free particles, provided that the decay channel is open.

We now consider the one-dimensional problem of the
motion of three particles in the field of a force, which is
situated at the point x = 0 (see Fig. A2a); the particles
interact with one another by means of rectangular wells. In
the center-of-mass system (in our case the center of mass is
at the position of the fourth particle), the configuration
space is already three-dimensional. The region in which the
potential V', of the interaction of particles / and j is nonzero is

2

CREZIY.

FIG. Al. System of three particles executing one-dimensional motion
along an axis on which the third particle is fixed at the point x = 0.
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FIG. A2. Regions of interaction of particles 1, 2, 3 with particle
4, which is fixed at the origin of the three-dimensional configura-
tion space of the four-particle system. The six flat layers corre-
sponding to the regions in which the short-range potentials ¥,

Vi3, Visy Pz, Vo, Vi are nonzero (for each two-particle poten-
tial there is a corresponding layer) intersect, passing at different
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angles through the origin. The seven cylindrical “tubes”

i (formed by the intersections of the layers) that emanate from
the center (from the fourth particle) correspond to interaction
of bound pairs of particles (1,4) + (2,3), (1,2) + (3.,4),
(1,3) + (2,4) (three tubes with cross section in the form of rec-
tangles) or of bound triplets of particles with the remaining par-
ticle (four tubes with cross section in the form of six-pointed
stars; the shape of the cross sections depends on the ratios of the
widths of the potentials). The regions outside the layers corre-
spond to complete decay of the system: 1 + 2 + 3 + 4.

I=(14)+(2+3); 11=(r,3j+{z,4),- r=(12)+(34); w=5+1,2,%); v=4+(12,3);

VI=2+(1,3,%) ; VIT=<1+(254%)

a flat layer with thickness equal to the thickness of the poten-
tial well (within such a layer, these two particles are near
each other, while the others can be situated arbitrarily, both
with respect to each other and with respect to the given
pair). The intersection of two mutually orthogonal layers is
a “tube” in which the particles are grouped in two pairs of
interacting particles, (ij) + (k,l), the distance between the
pairs varying along the tube. In Fig. A2, three such tubes
have a rectangular cross section. At an intersection of three
layers there is formed a tube whose interior corresponds to a
compact three-particle cluster (i, f,k) and a fourth particle,
whose distance from the cluster varies along the tube (see
the four tubes in Fig. A2 with section in the form of six-
pointed stars). In such tubes, the three-particle interactions
may also be nonzero. The short-range four-particle forces
are nonzero near the origin.

U In particular, knowledge of this rule enabled us to find more quickly
bugs in a level-shift program written for a personal computer.

¥ Potentials that have a shape symmetric with respect to their center are
uniquely determined by the energy levels without specification of the
normalization constants y (see Ref. 20, p. 40), which adjust themselves
to the given level spectrum.
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