Gravitational collapse of a dust sphere in the relativistic theory of gravitation
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It is shown that in the relativistic theory of gravitation with nonzero graviton mass the process of
gravitational collapse is very different from the process in the massless theory. Near the
Schwarzschild horizon the collapsing dust sphere bounces.

INTRODUCTION

The problem of gravitational collapse, i.e., the process
of the self-gravitating contraction of a spherically symmetric
body, is one of the most important for any theory of gravita-
tion. It is well known'? that in the general theory of relativi-
ty the outcome of collapse is the formation, during a finite
proper time, of an object with infinite density and zero radi-
us, which has become known as a black hole. Moreover, if
the mass m of the collapsing body exceeds three solar
masses, no internal forces are capable of halting the collapse
of this body into a point.

A characteristic property of a black hole is the presence
of a Schwarzschild sphere of radius 2m (also called the grav-
itational radius), from the interior of which no signals can
escape. Thereis a “gravitational self-closure” of the body, as
a result of which the region bounded by the Schwarzschild
sphere (Schwarzschild horizon) is in principle inaccessible
for investigation by an external observer.

As will be shown in this paper, the nature of gravitation-
al collapse is fundamentally different from the point of view
of the relativistic theory of gravitation (RTG); for the col-
lapsing body does not reach its gravitational radius, but
“bounces” near it. In other words, in this region the collapse
is rapidly halted and, after coming to a stop, develops in the
opposite direction. As will be clear from the following expo-
sition, this profound difference between the pictures of col-
lapse in the RTG and in general relativity is due to the pres-
ence of a nonzero graviton rest mass of the gravitational
field. When the radius of the body is far from the Schwarzs-
child radius, the influence of the graviton mass on the pro-
cess of gravitational collapse is negligibly small because of
the negligibly small value of this mass: i < 107% g (Refs. 3
and 4). Thus, in the RTG with nonzero graviton mass there
cannot exist bodies with radius less than or equal to the grav-
itational radius, since real bodies differ from the case consid-
ered below of the collapse of a dust sphere by the presence of
pressure of the matter, which merely weakens the self-gravi-
tation of these bodies. Therefore, no “gravitational self-clo-
sure” occurs either. The process of collapse, from onset to its
halting near (but outside) the Schwarzschild sphere, occu-
pies a finite time according to the clocks of both a comoving
and a distant observer.

We note that these general conclusions were reached
earlier by Vlasov and Logunov® on the basis of the properties
of the vacuum static solution of the RTG with nonzero rest
mass.

The remainder of our exposition will be constructed in
accordance with the following plan. In Sec. 1 we consider the
formulation of the problem and its well-posed character. In
Sec. 2 we construct a Riemannian solution in the approxima-
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tion of zero mass of the graviton, both inside the body and
outside it (Tolman solution). In Sec. 3 we find the connec-
tion between the radial coordinate of the Minkowski space
and the comoving Tolman coordinates for the interior and
exterior solutions. In Sec. 4 we seek the general solution for
the time coordinate of the Minkowski space with the comov-
ing coordinates in the exterior region and investigate the
nature of the singularities of this solution. In Sec. 5 we con-
sider the interior solution in the region of the singularity of
the time coordinate of the Minkowski space. In Sec. 6 we
show that precisely in this region the influence of the gravi-
ton mass on the collapsed process becomes significant and
leads to stopping of the process and the bounce.

1.FORMULATION OF THE PROBLEM

We consider the spherically symmetric problem of the
collapse of a dust sphere in the RTG, the equations of which
have the form®

Ri— 5 8B+ B[ 814 gy, — 1+ shgmay,, | =8ari; (1)
D™V —g=0, (2)

where the energy-momentum tensor density of ideal-fluid
matter has the form

Ty = (p + p) wiu, — 8ip.

Here, p and p are the density and isotropic pressure, #' is the
unit velocity 4-vector, D; is the covariant derivative with
respect to the Minkowski-space metric y,,  — gg*
=y — ¥ (¥* + ¢™) is the tensor density of the metric of the
Riemannian space-time, and ¢*, is the gravitational field.
Equations (2) are a consequence of Egs. (1) and the equa-
tions of motion

ViT-ih =01 (3)

where V, is the covariant derivative with respect to the Rie-
mannian metric g;, .

We shall seek a solution of the system (1)-(2) in the
coordinates 7, R of the Riemannian space-time. We take the
interval in diagonal form. Then the general spherically sym-
metric solution can be represented as

ds® = g, dz' dz* = eVt R) dq2— eMv, R) dR2_ gi(v, R) 4Q)2

(4)
In this case, the Minkowski-space interval can be written in
the form

do? = vy, dat da = di2— dr? —r2 dQ2
= (1*— r?) dv*—2 (ft' — Fr’) dT AR — (r"*— 1'2) AR — 12 dQ2.
(5)
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dQ? = db? - sin?0d¢?,

where ¢ and r are the time and radial coordinates of the Min-
kowski space, t =t(7, R), r=r(7, R). Here and in what
follows, the dot will denote partial differentiation with re-
spect to 7, and the prime will denote partial differentiation
with respect to R. The nontrivial equations (1)-(3), when
g and ¥, are given in (4) and (5), can be represented in a
comoving frame (#® = 4’ = u¥ =0) in the form

Smp=e~ (W' +o uui) A

(1=

(i) +em
(r'z*t'z)—e‘r‘rz] ;
—8np= — 4o (%_@vr) (1a)
e (E‘“;‘?W'F%ﬁz) +e-3
ol

_I}Tz [1

i2—7%) 2

- (=1 —e-e];
(1b)
-k = - e =
—8ﬂp= _HET(ZVW+.V!2+2!L”+M12+ plvl'_”fll_a,fvf)

—_WM+E—ﬁ—ﬁ—P—ﬁnﬁ+

. . -
—,'- I [1 _ = -2 (re—1n)]; (lo)
i - [# —rr')
o i ; (1d)
A - A
(eH?_%z) = (eM%_?t’) ; (2a)
skl W Sow s A Atv
(eu+2 2r) =(eu+2 2r') —2re 2 (2b)
P IJ’
v=—2 rEw (3a)
2+ h= ﬁ; (3b)
»=p(p). (6)

As already noted, two of these equations are a conse-
quence of the others [excluding, of course, the equation of
state (6)]. Therefore, this system contains 9 — 2 = 7 inde-
pendent equations. There are also seven variables: v, 4, i1, 1,
7, p, p- The greatest interest attaches to investigation of the
collapse of a dust sphere with the equation p = 0. Then on
the basis of (3a) we can choose v = 0. Such a choice corre-
sponds to a synchronous comoving frame in which the col-
lapsing dust particles are at rest, while the time 7 is directly
measured by clocks attached to them. In this case, our sys-
tem of equations is somewhat simplified. Taking as indepen-
dent equations (1a), (1d), (2a), and (3b) and, accordingly,
replacing the variables i and A by the new variables B = (7,
R)and G=G(7, R),

e = B?(1, R), e*=B’2(1, R)/G*(7, R),
we obtain a system of five equations with five unknowns (p,
B,G,t,r):
g (6" 1—62 (B*B)"_ G
(Bﬂ)' +——T-mp BIBT T K

2 ¥ 2
+%D—TW—m—wuﬂ—w—%: M

8np= %
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%%=—",;—(5t’—i;r’); (8)
CRAFa ®
(ﬂ} =(5er) - (10)
o SECHE N (1)

As we have already noted, the graviton mass y is very
small, and we therefore first consider the solution of the sys-
tem (7)—(11) as given by the massless theory, and then anal-
ysis of it will show the region in which the graviton mass can
distort this massless solution.

2. TOLMAN’S FLAT SOLUTION

Thus, in (7) and (8) we set u>=0. Then G =0,
whence

@ =1 +f, (R). (12)

From (11) we find in this case

pB’B’ = [, (R). (13)
Substituting (12) and (13) in (7), we obtain
fa (R) (R 1 (R) (B*B)’
8at ;“B' = (Bz)' 1 + 7B " (14)

The first integral of (14) has the form
f3(R) (R)

B =fy(R)+2 (15)
where
fs @ = { £ R) dR. (16)

The functions £} (R) in (12) and £, (R) in (13) are as yet
arbitrary. In vacuum, as follows from (13), f;(R) =0. In
this case, we find, on the basis of (16),

f3 = 2m = const. (17)

The function B(7, R) can be determined more accurately
than (15)—(17) by using the condition for matching the ex-
terior and interior solutions at the boundary of the body. The
function f; (R) is determined by the initial conditions.

To simplify the calculations, all the further analysis will
be constructed by considering the case f; = 0. Then from
(15)-(17) we find

R (1 —/7y)%3,

5 R<R,, (18)
B(t, R) = (R32 — R3I2t/1,)23,

R>R,. (19)

It follows from (13) that the matter density is homogeneous:
1

b= (20)
Here

9 m 1

TR (21)

We note some characteristic features of the solution (18)-
(21). The function B(7, R) can take all values from 0 t0 .
For 7 = 7,and all R<R,, the function B vanishes, while the
density p is infinite, and a black hole is formed.

We now consider how the function B(7, R) and its par-
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tial derivatives behave on the boundary of the body. As fol-
lows from (18) and (19), the function B itself and all its
derivatives with respect to 7 are continuous at the point
R = R, while B has a discontinuity on the passage through
the boundary of the body:

(1—%)", R—B,—~—0; (18a)
B(v, )= Tn -1/3
(1_ﬁ) y Be=BRy—0.  (198)

We can readily understand why there must be a discontin-
uity on the basis of Eq. (13), since on the surface R = R, the
matter density p changes abruptly. We should not be dis-
turbed by this behavior of B', since, as was shown in Ref. 7,
the solution (18)—(21) satisfies the invariant matching con-
dition of Darmois and the equivalent condition of Lich-
nerowicz and, thus, is completely physical. Using the solu-
tion (18)-(21) of Einstein’s equations, we can find the
behavior of the functions ¢(7, R) and r(7, R).

3.CALCULATION OF THE CONNECTION BETWEEN THE
RADIAL COORDINATE OF THE MINKOWSKI SPACE AND THE
COMOVING COORDINATES

In this section, we solve Eq. (10) in the vacuum and
inside the body and match the solutions on its boundary.

We first consider the exterior solution. It is more conve-
niently analyzed, not in the coordinates 7 and R, but in new
(Schwarzschild) coordinates (T, B):

- SB+V I
Tsiprsd V2mB+2m]n]‘—/—§%. (22)

In this case, the Riemannian interval

ds* = di* — B'*dR* — B*Q?

takes the Schwarzschild form

dB?
———— B2 2. (23)

B

dsz=(1—-gg'-)dT2m

In the new variables, Eq. (10) can be written as

a2r (24)

B [ 2 [B(B—2m) %—w]] = o

where, obviously, the variables separate, this being the ex-
planation for their introduction.
From the condition that the gravitational field

#%=Var (g —v"
should tend to zero at spatial infinity, there follow boundary
conditions on the derivatives of r:

o, 2 ——

oT B-oo ? aB Broo
We first consider the solutions of Eq. (24) with vanishing
separation parameter. In this case, 7 depends only on B, and
the function » = r(B) satisfies the equation

d? d
B (B—2m) dB: +2(B—m) #—2r= 0,
whose solutions have, in accordance with the boundary con-

ditions, the form®®®

,r:B—m—l—Ci(i—f-B;—”:nln Bzzm), (25)
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where C; = const. The general solution of (24) is obtained
by adding to (25) an integral over the separation parameter:

oo

| @, B) 15, (0) €7 + 5, (0) e-oT} do, (26)
0

in which the function r(w, B) satisfies the equation

(B—2m)2 d"‘rd(;); B) —|—2(B—2m) (B;m) dr(;}bB)
2
_[2 (1 —7{”)+m232}r(m, B)=0

and the boundary condition r(w, B) s 0,

To construct the interior solution of Eq. (10), we pro-
ceed as follows. By means of the Riemann function,'® we
obtain in accordance with the Riemann—Green formula a
solution that is automatically matched as it should be to the
exterior solution, and we choose from the set of such solu-
tions [corresponding to the set of exterior solutions (25),
(26) ] the unique one that satisfies the one further boundary
condition #(7, R =0) = 0.

Thus, for B= R(1 — 7/7,)** and G = 1, Eq. (10) can
be written in the form

(1= 5" (1= %) -y en

It is convenient to go over to the new function u and the new
variable &:
r \\1/3
u = R, gzsﬂcﬂ(i_T‘) ' (28)
Then the hyperbolic equation (27) can be represented in the
first canonical form:

2
U Upr— 1 ug-{—}z? up=0.
Introducing the mixed variables
A=(E+R)e, B=@E—Rp,

we write it in the second canonical form:'°
U —U—

RIE4_m%_; =0. (29)
For this equation, the Riemann functions are contained in
Ref. 10:

LAl C A—x (h—A) (x— B)
R(A, B, A, w)=—"—2[1—-2 s . (30

( e [ (A--B)(A.—n)] R
In order to find » = r(r, R) inside the body by means of (30)
in accordance with the Riemann—Green formula, it is neces-
sary to specify correctly the boundary conditions on the sur-
face. In what follows, we shall use the subscript “in”’ to iden-
tify variables relating to the exterior solution, and the
subscript “out” to identify those of the exterior solution.

On the boundary of the body, the function »(7, R) itself
must obviously be continuous:

Tin (Tv RO) = rnut(Tﬂ Hn)

From this it also follows in particular that all the partial
derivatives of r with respect to 7 (or, equivalently, with re-
spect to &) will be continuous.

However, as follows from Eq. (10), the derivative of »
with respect to R must have a discontinuity, since the func-
tion B’ [see (18a), (19a)] is not continuous at the point
R = R,,. Therefore
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l‘;n (T, Ry) = r::ut (Tl Ro)
B;n {T' RO) B(’)ut (T» Ro)
or
r{n (T1 Ro) — r:)ut(Ts Ru) (1. o= T/To).

We mention once more that such a discontinuity of 7 is need-
ed to ensure fulfillment on the surface of the body of the
RTG Eq. (2):

Dg* = 0.

The corresponding boundary conditions for the function u
will be

u (g, o): uo (8) = RiEroue (Ty Ry); (31)
u' (E 0) =w, (g) (31: )s rOUt (T RO) +2R0E Tout (Ti 0)'
In accordance with the Riemann—-Green formula, we obtain

the final expression for #,, in a form that automatically satis-
fies (31):

— 1 ug (E+ Ry—R) ug (E—Re+R) 1
SRRl B =y = <
. 1 §+R§D—R wy (x) dx
2Ry RE? : z
£-Ro+R

[(E+ R)2—(Ro+2)%] [(E— R)*— (Ro—2)?]
X{i” 2 SERR,x ; }

1 E+Ro—-R 2L R R
+ o u, (2) dz _§+_%{—_3 )
E-Ro+R
(32)
Substitution in this formula of the exterior solution (25) (in
terms of the corresponding values of ¥, and w,,) shows, after
a very lengthy calculation, that the second boundary condi-

tion z;, (£, 0) = 0 is satisfied by the unique exterior solution
with C; =0:

Tout = Bout_ m. (33)

In this case (32) gives

o ! T \2/3 Rz _'33%3
m=R (1= )"+ —

m 3_ 3m 34
=B+ 5 3R] R Ry R. (34)
We note that this solution was first given in Ref. 13 without
derivation. This enables us to assume (see Sec. 6) that the
given solution will not significantly change its form when a
graviton mass is “switched on.”

4.SINGULARITY OF THE TIME COORDINATE OF THE
MINKOWSKISPACE ON THE SCHWARZSCHILD SPHERE (IN
VACUUM)

In this section, we shall find the general solution of Eq.
(9,

BB’ ;* \° B e N
( G twt) ' (TJTG“’“*) )
in vacuum under the assumption that the graviton has no
mass (u’=0). Recalling that for the exterior problem
B= (R*?—R}*/79)*?, G =1 and going over, as in the
previous section, to the Schwarzschild variables T, B (22),
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we transform Eq. (9) to an equation with separated vari-
ables:

B—2m d [/ b
=5 g B(B—2m) | — Tauwt (35)

The condition that the gravitational field of our system tend
to zero at spatial infinity leads to the following boundary
conditions for the derivatives of ,,,,:

a'!cmt o E atout
T e b T O

We consider first the solutions of (35) that correspond to a
vanishing separation parameter. We denote them by ¢9,,.
Taking into account the boundary conditions, we obtain
0 4m?2
thv=T+C, 1nm,
where C, is an arbitrary constant. We shall show that C,
must be equal to zero. Bearing in mind thatr,,, = B — m, we
reduce the Riemannian metric in vacuum for such ¢, and
7, tothe form (omitting here for simplicity the index “out”
of tand r)

r—m m?
ds? = dt2—4C2 m)—g dt dr —

+
— I (14

r—m 2 {r—|—m)‘

)drz—-(r-i—m)zdgz. (36)

The Minkowski-space interval has the usual form
do? = di® — dr® — r%dQ2.

It can be seen that the solution (36) is static and nondia-
gonal. Going over to Cartesian coordinates, we find that in
the given case

__Com? r_"'
TmE T
and, accordingly,

R (+4
V —gg"= —2C,m? %

g0u=_ o=z, Y, 2

We now consider the RTG equation (2). In Cartesian co-
ordinates it takes for k = 0 the form

a —_—
e =0. (37)

The term y/ — gg™ does not depend on the time ¢, since the
metric (37) is static, and the calculation of the three-dimen-
sional divergence gives

a —_—
= V —g g% =8um2C,8 (r).

Thus, Eq. (37) is satisfied everywhere except at the point
r = 0. However, for the considered exterior solution # is
strictly positive. Thus, Eq. (37) appears to be satisfied.
However, this is not so, since the constant C, acquires the
meaning of a charge (by analogy with electrodynamics), the
presence of which could also be noted in the exterior solution
in vacuum.

Following electrodynamics, we integrate Eq. (37) over
the volume of a sphere that has a radius greater than the
radius of our body. Using Gauss’s theorem, we reduce the
integrated equation (37) to the form

8nC,m? = 0.

Thus, we conclude that C, = 0.
As will be shown in the following section, the solution
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VB4V 2m

=T=1—2V 2mB M sl
towt=T=1—2V 2mB +2mIn ViV

of Eq. (35) cannot be fitted to a function #,, that is regular at
the origin (R = 0), and therefore it does not have physical
meaning. In this case, we must necessarily consider the gen-
eral solution of (35),

B s 4 S t (0, b) ¢ (0, T) do,
0
where the integral itself and its partial derivatives with re-
spect to 7'and with respect to B must tend to zero in the limit
B— w. Here, t(w, T) = exp( + «T), and the function (o,
B) satisfies, as follows from (35), the equation

d? B B— d B
(B—-2mp 28D 4 9(B—om) o) 0B

— 2B (0, B)=0 (38)

and the boundary conditions

t
i ((0., B) ;:’- 0. _E (UL B) E’;" 0'

It follows from the general theory of differential equations''
that the point B = 2m is a regular singular point of this equa-
tion. We briefly recall some fundamental theoretical results.
For an equation that can be represented in the form

2 d
(e—2)2 TE (e —2) p, (@) Lp po (@) y =0,  (39)
where p, and p, are analytic at x,, the indicial equation

reduces to a quadratic equation:
&2 + & [p; (&) — 1] + pa (x) = 0.

It has two roots. For the root with the larger real part, Eq.
(39) admits a solution in the form of a series

o0

(x — xl)anz ay (x — ;).

y =y (@ =

The coefficients of the series, a,, can be found if the series is
substituted in the original equation (39) and corresponding
recursion relations are obtained. The second root leads to a
solution that is linearly independent of y, (if &, — &, #z,
where z is an integer):
¥ (z) = (@ — xl)g’hgﬂbh (& — z)h

Butif &, — &, = z, then the solution linearly independent of
Jy can be written in the form

@ =44 Eh6—5) + @ — S b

We apply these general results to Eq. (38). The indicial
equation [p, (B) =2(B—m)/B, p, = — »*B*) has the
form

g, = =4 2mo.

If w#w, = n/4m (where n is a natural number), then the
general solution has the form

00

T+ \ do(B—2m)me 3 af (B—2m)*

0 k=0

out =
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dw
(B— 2m)2mm

X (5" (@) 0= + g (0) €97) + |
0

% ) ai (B—2m)* (s~ (0) e =0T 4 g~ (0) eoT), (40)

k=0

wheres* (@) and g* (@) are (as yet) arbitrary functions of
@. The numerical coefficients a#, which also depend on w,
correspond to the choice of the sign in front of the exponent
in (B — 2m) £¥me,
Substitution of (40) in (38) gives recursion relations
for the coefficients a/:
2mk (k & 4mo) ai; — [(k = 2mo) (k = 2meo — 1)

— 3 (2mo)* ai_ 1 —bmoai_ s —wai_ 3 —0.

We write down the first few coefficients:

+

-

ay =
+£_ dmo+=1 1 1 x
A dmo 51 —:I:U}(i + 2mm—|—0 (mﬂmz)) !
at — o o= 1 £ o4 (2me)? + 2 (2me)?)
A dm (1 F 4mo) (1 F 2n:o)
w 1 / 1
::T(ii ma +0 ( m2w?2 )} ?

af:_(-i‘”.)" (1+0(55))

nl mo

Such behavior of the coefficients indicates that at large &

(41)

oo

N 4E(B_— koA pro(B-2m)
2y j m > e

H=0 @31 /m

We now find the asymptotic behavior of the solutions of Eq.
(38) at large values of B. Following the standard method, 2
we readily obtain

t(o, B) & e=vb,

B—sou
This can also be seen if in (38) we ignore the mass m in
comparison with the large value of B:

d2t (o, B)+ 2 dt{w. B)

dB? . B)=0

This equation has the linearly independent solutions

,+wB
i — gt0B-1In B,

bo= B (42)

Thus, the asymptotic behaviors of the solution #(w, B) as
@ — oo and B— o are the same (e = “® ). This means that the
limits @ — o0 and B— o are equivalent in the sense that they
“lead” to the same asymptotic behaviors. Therefore, in the
limit B— « we obtain, replacing lim,_ _ by lim___,

(B—2m)**™ 3 ai (B—2m)*
k=0

—— p*@(B+2mIn (B-2m)) ~~v gx0B
B-oo

It follows from the boundary conditions that the decreasing
exponential must be chosen. Therefore, the final expression
for t,,, that satisfies the boundary conditions at infinity has
the form
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o0

>\ ai (B—2m)*
k=0

cSu dw

=T+ ) G

0
X s~ (w)e-oT 4 g~ (o) e®T).
Substituting here T'= T'(r, B) (22), we rewrite this expres-
sion in the form

tot=1—2) 2mB 4+ 2mIn LIM

—2m
+{ do 3 6 (B—2m)* 5~ () e-ots-2V TB)
0 k=0
e\:, do & _ W L=
+ ) Goame 2 6 (B—2m) g (@) eo-2V B (43)
0 k=0

It follows from (43) that a singularity of 7, on the
Schwarzschild sphere (B=2m) 1is unavoidable. If
g (w) =0, then the singularity is logarithmic, but if
g (@) #0, then it is a pole singularity. Near the point
B = 2m, we obtain

dag- (m) e®T—4m)

(B— 2m)4mm (44)

tyw ™~ — 2m In (B— 2m) + S
0

For convenience in the following investigation, we represent
(44) in the form

by & —2mln(B—2m) —tte ¥ o F B W)

B=2m (B—Qm)a- Y (B_zm)a 2 (45)

where F(B, 7) is a bounded function, and the order of the
pole @ must be determined from the matching condition,
since it is specified by the function g~ (@). Using the fact
that @ >0, we can in general omit the logarithmic term in
(45).

The general form of the singularity (45) on the
Schwarzschild sphere enables us to establish the type of the
singularity of #,,, and it is this in which we are interested in
the first place, since, as follows from Eq. (7), it is a conse-
quence of the “smooth” behavior of 7;, that the only region
in which a graviton mass can influence the development of
gravitational collapse must be the region of singularity of the
partial derivatives of #,, (the terms u*;,, u’r;, ’ri, are
always small), when the terms °t 2, and i°t {* become of the
same order as the remaining terms of (7).

5.SINGULARITY OF THE INTERIOR SOLUTION FOR THE
TIME COORDINATE OF THE MINKOWSKI SPACE

We recall that since the complete class of solutions ¢,
has not been found (the recursion relations are rather com-
plicated), it has not been possible to find, as in the case of the
radial coordinate r,, (7, R), a unique solution for the func-
tion ¢ that is regular at the center of the sphere and at spatial
infinity and also suitably fitted (¢/,/B], =t} /Bl ) onits
boundary. Nevertheless, a general analysis of the singulari-
ties of this solution make it possible to draw a number of
fundamental conclusions about the development of gravita-
tional collapse without even having the exact solution for 7,
since, as we have noted, it is the region of singularity of ¢;,
that changes the picture of “massless” collapse.

Thus, we consider the equation that is satisfied by ¢;,:
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(1==)"[(1 - =) ta] =g R0y (46)

0/

Introducing the variable &= 37,(1 — 7/7,)'"® (28) and
matching & and R,

A=t—_R B=t+RA,

we obtain for the function ¥ = R&%,, an equation identical

to (29):

T Ve
A B
- R -

Using the boundary conditions

tyn (RO: E) =1, (E) = tout (RO! E)’ (47)
tin (Bo, &) =1, (§) = four (Ry, E) E¥(37,)%, (48)
we find by means of the Riemann—Green formula
tin (R, §) = ks [(E + Bo— R)* 1y (E-+ Ry — R)
+(E—Ry+ R)*t, (E— R, + R)| —
E,+R.(|—H
-—m;— .'deto(l') [Ez—i—Ra—l- .L'z-—R;]
t-Ro+R
R E+Ro-R
—T;}? zty (z) dx [E2+ 22— (R —Ry)?.  (49)
E-Ro+R

The function ¢, (R, &) determined by (49) automatically
satisfies the boundary conditions (47) and (48). This for-
mula was first found, in a somewhat different form, in Ref.
13.

The relation (49) makes it possible to investigate the
region of singularity of ¢, , since it is clear that the singular-
ity of ¢, on the Schwarzschild sphere leads to correspond-
ing singularities of #,(£) and ¢, (§). Then, writing out the
integrals in (49) by means of the mean-value theorem, we
find the “propagation” of the singularity of ¢,, into the inte-
rior of the collapsar.

Using (18), (21), and (45), we can readily obtain (in
the region B~2m)

F(z)
t — _—
o (%) won, 2R (50)
F (z) =2 1
i .
1(2) (@m/Ry)* (31  (z—2Re)*tT ' (51)

where F(&) = F(2m, 7) (45). The singularities of #,(x) and
t, (x) at the point x = 2R, (horizon) lead in accordance
with Eq. (49) to a divergence of 7,, at the upper and lower
limits of integration, and also, because of the analogous sin-
gularities, of the first two terms. However, it is obvious that
the £ — R, + R divergence in ¢, occurs earlier in the time 7
than the £ + R, — R divergence. Thus, the singular behav-
ior is determined by the factor £ — R, + R, a wave of the £,
singularity that travels from the center of the collapsing
body to its surface. Having reached the surface, it is, as it
were, reflected and returns to the center of the sphere. This
reflected wave is none other than the £ + R, — R divergence
of the function #,, at the upper limit of integration. We em-
phasize once more that for any dust particle the singularity
corresponding to the & — R, + R wave occurs earlier in the
proper time 7. From (49)-(51), we find
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F** (R, §)

tSil’lE J* (-Rs §) =
{70 [1— (Ro— R/3)*/7%] —7)

m (§—3RU+R)&'

zr (52)

where the functions F* and F ** are smooth bounded func-
tions of their variables.

We shall analyze (52). It follows from this expression
that in the range of variation of the variable &, 2R, < £ < 3R,,,
corresponding to the interval of proper time

w[1—(z7)" ) <v<w[1-(3)' ($ )],
(53)

the “wave of the singularity” of ,, passes through the
body—from the center of the sphere (R = 0) at the time T
=7o[1 — (9m/2R)*?], reaching its surface (R = R,) at
the time 7, = 7,[1 — (2/3)*(9m/2R,)*?] with mean ve-
locity

L i R pil
&= To—T,  243m/Ry (54)

Substituting in this formula the parameters of the sun
(which is a typical star), m/R, = 10~°%, we find that the
propagation velocity of the t;, singularity wave is huge: 10%!
The fact that this velocity exceeds the speed of light does not
contradict anything, since this velocity is not the propaga-
tion velocity of any real physical object.

To end this section, we consider one further question:
How does the motion of the dust particles of the collapsing
sphere appear to an exterior observer?

We express the interval of the Riemannian space-time
in the coordinates of the Minkowski space:

ds?= dt®— B'2 dR? — B2 JQ2
= J2[(r2— ;.2sz) arr—2 (r't' — r.t.B’z) dtdr
(2 — 2B'%) dr? — B dQ?), 55

where J=t-+ — t'. The Hamilton-Jacobi function S of a
particle moving in the field (55) depends, by virtue of the
symmetry of the problem, on two variables: § = S(z, r). In
this case, the equations of motion

d-‘ti i
s A (56)

take the form

A (F2—1"2B") 0,8 — (ir — '+’ B'%) 3,5, (57)

d_‘=_(tz_

2 12B'2) 3,8 — (ir — t'r' B'?) 3,.S. (58)

Since the function S'is a scalar, and in comoving coordinates
is equal to the proper time with the opposite sign,
§=—n, (59)

and, in addition, d7/dt = ¥'/J and d7/9r = — ¢t'/J, we ob-
tain

dt_'=dt('r, R) dar or (%, R)
R TR A e

For the exterior observer, the velocity of a particle of the
collapsing sphere,

dr ;'1
AW, Y (60)
tin
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will tend to zero when r,, enters its singularity region
(¢, - ). At the same time, as follows from (34), #,, is
equal to B,, and is finite (nonzero). As we see, the existence
of the graviton mass significantly changes the behavior of
#,. In the region close to the singularity of ¢;,, the function
#;» vanishes. As a consequence, so does the velocity dr/dt. At
the same time, although r;, is large, it is finite. Thus, the
graviton mass eliminates the degeneracy of the massless the-
ory expressed in the fact that from the point of view of an
exterior observer the surface of the collapsing sphere ap-
proaches the Schwarzschild surface for an infinitely long
time, and, as we have shown, all the particles of the collaps-
ing sphere approach their limiting radii for an infinitely long
time, while from the point of view of a comoving observer
there are no physical reasons for such halting of the collapse.
Massive gravity provides such a reason—the effective mass—
energy dens1ty of gravitons with x#0 is negative and pro-
portional tou?(¢2, + G % {2/B'?). Therefore, when #;, — co,
the total density of the matter (dust) and gravitons will,
because of the rapid growth of the negative term, tend to
zero, and as a consequence of this the collapse process will
initially slow down, and then, after stopping (when the total
density is equal to zero), will begin to develop in the opposite
direction. A gravitational bounce occurs. It is in this that the
new mechanism of halting of gravitational collapse through
the presence of a graviton rest mass consists.

6.GRAVITATIONAL BOUNCE

We shall study the behavior of the solution in the region
in which the Minkowski time is close to the singularity. As
we have noted, it is in precisely this region that the graviton
mass plays a part in the collapse process and can radically
change it.

We write down the equations that determine the devel-
opment of the gravitational collapse, omitting in a first ap-
prox1mat10n, for the reasons given above, the terms p?r7,,
U rm,,u rz, and u*, From (7)—(11) we obtain

8ap— I (it tif ) = —2 -G+ 15E
-2 5 g (61)
( BZGBI 5in).=(—?§gt%n)'; (62)
g" G. %t'n tin; (63)
2T+"}§T+"§‘_%‘=O- (64)
From (64), integrating over 7, we find
P=5 - (65)

This relation is satisfied rigorously at any time. Therefore, at
the start of the collapse, when the influence of the graviton
mass is negligible, we obtain from (65), using (18) and
(20),

% (R) = R¥6nre. (66)

We now consider the left-hand side of Eq. (61), which is the
effective matter density that determines the development of
the gravitational collapse. We use the expressions (18),
(20), and (52) of the massless theory (omitting in what
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follows for simplicity the index “in):

(37)*
8mp =12 =2 B

F#3g2 (31)%
€+ R—3Ry) X1 HRE "

R (£2+t12 g'z )=_P;_a

It can be seen from this that as £— 3R, — R the matter den-
sity p tends to 3(37,)*/2m(3R, — R)®, while the u? terms
tend to infinity. On the basis of this, we estimate the interval
of variation of £ (and, accordingly, of the proper time
r=r1,[1 — (£/37,)°]), in which, without reaching the sin-
gularity £ = 3R, — R, the effective density vanishes (the
point £ = &), and the bounce commences. For it is in this
interval that our solution will differ from the massless case.
In what follows we shall investigate precisely this region
&=3R,—R.
Thus, from the condition

it (457 17)
we obtain
Eo (R) = B2 (R) + & (R),
where
e(R) ~ [pF*(If)a(SRD—H)]&_L- ~ (uﬁn)ﬁ. (67)

It follows from this that the region is fairly small:

1
88 ~ b7 ~ porT.

This enables us to draw certain conclusions about the behav-
ior of the function G. It will differ from unity only near the
point of the bounce, at distances of order £(R). We shall
estimate this change. Since at the point of the bounce the
derivatives 7 and ¢ ' have not yet reached an infinite value (in
fact, either of them could even decrease appreciably), we
obtain from (63) an upper bound on the function G /G,
choosing the maximal values of ¢’ and 7:

B F *2a2

= <5 Gr

PEICEE VR

R (31y)* (31o)*
= @R—FP <Ry (68)

It follows from this that although the number on the right-
hand side of this inequality is fairly large over a distance
(with respect to &) of order £ (R ), the function G varies little:

]

AG ~ (- )P Se(m) <R EBE (e T <,

since the majorant itself is proportional to the small param-
eter (uR,)1/(a + 1). Therefore

1

G =1+0[(pRo) **1],

: (69)
G’ = O [(uRe) =¥ ],

although the derivative G near the point of the bounce may
still, in accordance with (68), have an appreciable value.

Our estimates enable us to simplify the system (61)-
(65) and represent it in the form

8 — 2 (12 + 1B = 5 5-+2 5 —6); (70)

(2BBB' + B*B') t+ B*B't

’ B"B% l" 2
—v (BB 4 B )5 (71)
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B

G=2 it )
R2

0= GxmE (73)

Unfortunately, even this simplified system of equations
cannot be solved exactly because of its nonlinearity. Never-
theless, the nature of the solution and its asymptotic behav-
ior near the bounce can be established.

We shall analyze the right-hand side of Eq. (70). As
follows from (72), the sign of G is determined by the func-
tion Btt'/B'. Since B can be physically measured directly—it
is the circumference of the circle of radius R at the time 7
divided by 27, it follows that B> 0. Its partial derivative B'
also cannot change sign (B > 0),sinceinthecase B’ = Othe
Jacobian g = — B*sin® 6B '*/G* vanishes. Thus, sign G

=signtt'= —signt’t,, since t=t.b= — (37,/6)t..
Here t.=dt/d5. In the smgular region teed %

(£+ R —3R,)“. Therefore t' =, and G <0. For the mass-
lesssolution B/B = B'/B' = (£ /37,)* Therefore, all three
terms in the round brackets and the entire right-hand side of
(70) are non-negative. On the other hand, the left-hand side
(the effective density) decreases with increasing ¢, but since
the right-hand side is non-negative, the left-hand side cannot
become negative, i.e., it cannot “‘pass” through zero. There-
fore, if at this point B, B'>0,and t <0, then, having reached
zero, the effective density must then begin to increase. We
consider the instant of time at which the left-hand side of
(70) is equal to zero. In this case B = 0.

This relation shows that the collapse is halted—the cir-
cumference of the circle of fixed radius R has ceased to de-
crease with increasing proper time 7. This occurred for the
given radius R at the time & = 3R, — R. The wave of the
halting of the collapse passes through the body, in the direc-
tion from the center of the sphere to its surface, reaching the
surface precisely at the time at which it approaches the
Schwarzschild sphere. Ahead of the front of this wave (its
velocity was considered in Sec. 5) the matter is still com-
pressed, but behind it expansion already takes place.

We consider the nature of the solution of the system
(70)—(73) near the point of the bounce B =0. 1t is obvious
that in this case the functions B and B’ will have the form

B R(3§°),+(§ E)2 b (R)+ O[(E—E&)?], (74)
B = s +E— 8P (R)+ 01— &)°), 75)

where £, =3R, — R + €(R), e(R) €R,. Note that &, is a
parameter and that its dependence on R is substituted in the
expression for B’ after B has been differentiated. The fact
that the first terms in the expressions (74) and (75) are
taken in the form of the values of B and B ' for the massless
solution at the point £ is again explained by the fact that the
region of “influence” of the graviton mass on the massless
solution is very small, ~ (uR,)1/(a + 1), and (as a conse-
quence of this) the functions B and B ' cannot change at all
significantly. This is reflected in Figs. 1 and 2. In accordance
with them, the choice of the first terms in (74) and (75)
corresponds to the choice of the values B, and B} instead of
the exact values B, and Bj.
It follows from the boundary condition B(r, 0) =0

B’'(7,0) < « that
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FIG. 1. Dependence of the Schwarzschild radius on the parameter &,
which is related to the proper time 7 by means of Eq. (28). The broken
curve corresponds to the solution of the massless theory.

b(R) ~ R, w>1. (76)
R=0

We shall show below that this is indeed correct. From (75)
we find that at the points £ = £,

B B2l @id)

From the physical point of view it is obvious that at the same
time we must have p = 0 and, as follows from (64),G=0as
well. We shall show that at £ = &, the relation G = 0 holds,
and, therefore, also g = 0. For this, we consider Eq. (71) in
the neighborhood of the points of the bounce &=£&,. Aswas
noted earlier, at £=¢, the derivatives 7 and ¢’ are finite.
Therefore, near £, we must be able to represent the deriva-
tive 7. in the form of its Taylor expansion:

S e (B) (B B) + a (R) G— B+ OIE—E).

€

te= —
(78)

The choice of the first term in (78) can be justified by analo-
gy with the choice of the first terms of the expansions in Eqgs.
(74) and (75). It follows from (78) that (&, is not differenti-
ated)
ti=—a (—7r ) +¢ (B) G—&)
+a’ (B) E—EP+O0[E—5&)-

Ef

)

8,

8, 2 AN 2
M =0// N MT=0
.—’\7 <-..

g £

FIG. 2. Dependence of the function B (&, R)=3B(£, R)/3R on the pa-
rameter £ for a fixed value of R. The broken curve corresponds to the
solution of the massless theory.
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Hence, integrating over £, we find

t'=d(B)—o (7)) &)
B )2+ O [(E—Ep)). (79)

This expression satisfies equality of the mixed derivatives
with the expression (78): #., = Ire.

We substitute the expansions (74), (75), (78), and
(79) in the RTG equation (71). Equating to zero the coeffi-
cient of the zeroth power of (£ — &,) and the coefficient of
the first power of (£ — &,), we obtain accordingly

&+ 5+a®) Ja=c (80)
vt 0= () {() [ o)
() ) w
where
g(R) =4 2T R,

A similar procedure for Eq. (70) [or, more precisely, (61)]
enables us, using the expansions (74), (75), (78), and (79)
and

G=1— S B RAE—8) +0 (8, (82)
€
to obtain the equations
ZF*Z 48
Ay = i
2 2 2d
e=1"+ 5 dt-5 3R+ b (31,)2). (84)

Subtracting (84) from (80), we obtain

_"i_ (31-0)2 ._E. F*Zaz .
d[&s R+-5 €2 8 82(::=+1)R]“0'

This equation can have the root d = 0. Suppose, however,
that

Then
3 b (31, \2  p¥ Fegl
E_I"?( g:) =78 G2ath’ (86)

We now consider the field equation (1c), which can be rep-
resented in the form
1—6* , 2BB{ B
S R
2 22y G2 ; i 2

H (1= ey — 2 =0, (87)
Ignoring in a first approximation the small terms u?, u°r,
w*F, and p’r?, we find that at the point & = £, this equation
gives

4_5(31—0 )z_ﬁ FH2g2 u2d?
R\E /™

§ 2@+t Z
Eliminating from this and from Eq. (86) the term propor-
tional to b, we obtain

a2 %2 48
P
g2(a+1) g i [L"Eﬁ T (88)

Comparing this equation with the relation (83), we arrive at
the conclusion that

Yu. V. Chugreev 306



d=0,
which contradicts the original assumption (85). Therefore
d(R) =c(R) =0. (89)

Thus, the RTG equation (71) has led us to an important
conclusion: near the point at which the collapse is halted the

derivative ¢’ must tend to zero. At the points of the bounce,
we have

" =0.

On the basis of (72), we immediately conclude that at the
same time

G=0,

and it follows from (64) that
p=0,

the result that we needed to prove.

We now show that at the point § = £, the second deriva-
tives with respect to the proper time B and B’ are positive,
while the third derivative ¢ is negative, and therefore this
point of halting really is a point of bouncing. Bearing in mind

that at the point of halting G = 1, B =¢' =0, we find from
(87)

Thus, the second derivative B is positive. It follows from
(83) and (89) that at the point £ = &,

oZF*2 48
Z2(0+1) =g (90)

Hence, and also from (74 ), we find the function b(R):
b(R)=@Tse),R>O. (91)
Thus, the boundary condition (76) is satisfied. It follows
from (75) and (91) thatat & =&,
b (R)= ﬁ%i =0,

whence B’ (£ = &,) >0.
It is shown in the Appendix that

a>0. (92)

By means of (78), (90), and (92) we conclude thatat§ = &,
the derivative ¢ has a maximum:

iy = (S22 (—%~a(ﬁ—§o)"‘)- (93)

After the bounce, the collapse process will develop in the
opposite direction.

We now show that at the point of bounce (&= §&;)
#=0. We use an expansion of the function r(£, R) in a se-
ries:

r=P(R)+Q(R)(E— &)+ L(R) (E— &)

+ MAR) (&~ 8 ok O [k — ) (94)
Substituting this expression and the expansions of the func-
tions B and G in the RTG equation (40), and equating to

zero the coefficients of the zeroth and first powers of the
factor (§-£,), we obtain
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Rl Q) (95)
e domo (s )=t

As we have noted, the “region of influence” of the graviton
mass on the collapse process is very small, ~(uR,)1/
(a + 1), and therefore, for the first term of the expansion of
P(R), we can take its expression from the massless solution:

P(R)=R (4> )"+ s (R2—3RY). (97)
Then from (95) and (97) we obtain
L = 5R/(37,)%. (98)

To find Q and, accordingly, M, we must consider one of the
modified Hilbert-Einstein equations, for example, (7) or
(8), in the second order of perturbation theory.

Then, following the standard scheme, we must, retain-
ing the second-order terms u?, u*r*/B?, u*i*, and pu’r*/B*
(the small parameter is u’R ), substitute in the chosen
equation the values for the functions p, B, G, and ¢ obtained
earlier in the first approximation. Application of this proce-
dure to the exact equation (7),

B G u?

S s

immediately gives
P’ (R) Q (R) = 0.
Hence, and from (96), we find

Q (R) = M (R) =0. (99)
Therefore
I it = QE=0, (100)

as we needed to prove.

Thus, it follows from the expression (60) that the veloc-
ity of the particles of the collapsing sphere vanishes for an
exterior observer too at the points of the bounce: dr/dt = 0.

Allowance for the P and L terms in Egs. (7) and (8)
leads to an unimportant modification of the expressions
(74) and (75) (in the second order) that does not disturb
the boundary condition (76). There is no point in giving this
contribution in explicit form, since the first terms of the ex-
pansions (74) and (75) already have an error corresponding
to the magnitude of this contribution, ~u’R} (see Figs. 1
and 2).

The final question which we analyze is this: Does our
solution describe a physical gravitational field, i.e., a field in
which the light cone of the effective Riemannian space-time
lies within the light cone of the Minkowski space? Since we
have at our disposal an approximate solution only in the
singular region, we prove the required property—that the
gravitational field is physical, near the point of the bounce.
From the condition

ds® = dt* — B dR* — B*dQ* >0 (101)

and the relations (74) and (75), we find a restriction on the
coordinate velocity of a particle moving in the metric (101):

darP 2<(-“?::"':n)!‘1

dt
where (¥’)*=x>+)*+2% x=Rcosgsinf; y=Rsin

(102)
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@sin 6; z= R cos 0. It follows from the inequality (102)
that

1'?2< (_353_)1. and R262<(—?g—°)4.

[]

(103)
We now consider the Minkowski-space interval

do? = th, di2— dr}, — 3, dO2.
In accordance with (94) and (97)-(99),

rin=R (52 )"+ goss (R2— 3R+ 0 [(E— &Y.

31, !
Hence we find
. 3 9 3m R? L E 2
rn =R [ (5e) +a (1) <A (&)
By means of this inequality and (103), we conclude that
#n < 1. Since
2
;)

. H 2 m R g
Yoo R [( 3 ) 3 2R, (Tg 3)]<R ( 3t
we find from (103) that 7,, 0 < 1.

Thus, the Minkowski-space interval can be represented
in the form

do? = de (thn — rh — 1% > dv2 (f— 2) > 0.
This inequality is certainly satisfied, since in accordance
with (93)

1
2m3

th ~ >1.
We note in conclusion that the approach of the surface of the
collapsar to the Schwarzschild sphere, i.e., the duration of
the collapse from its onset to the bounce, occupies a fairly
long time according to the clock of an exterior observer. The
time can be readily estimated by using the power-law depen-
dence of 7 on &:
il Jf 0

% af

By means of (67) and (93), we find that the collapse time is

o >0.

byl &
i~ (uRy) o+t

I'am sincerely grateful to A. A. Logunov, M. A. Mestvirish-
vili, P. V. Karabut, and Yu. P. Vybloyi for valuable com-
ments and discussions.

APPENDIX

We prove that the function a(R) in the expansion (78),
JF
S ?S-R_i)'l'“ () E—Eo)*+ 0 ((E—E)®),

is positive. It follows from (81) that it is equal to
o= () (vt o) [ () (4 +2)
+3 () ] (<5r)-

From (91) we find that

(AD)

()" (- 50)= 0.

We estimate the last term in the expression (A1l). Since
aF*(R)/e** 'is noneother than the value of the function ,,
for the massless case [see (52) ], for the estimates in which
we are interested we write down the solution of the massless
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equation for t,,, separating the variables. We replace t;, by
the new function

U R) =82 Rty 5, R)

and substituting it in Eq. (46) for #,,, we obtain

1 9
Uy Ve Y=

Separating the variables, we find that the solution regular at
the point R =0 (# = U/R&Y?) has the form

U €, R) = sh oR [pls}y (@) + gKyfs (0F)],

where p and g are certain constants, [ is a Bessel function of
imaginary argument, and K is the Macdonald function.
Hence

oo

f|n=S ehRuE)H
X[p(m) ( sl:)gﬁ —chm§)+q(m) (%—shm&,)]d{n.

(A2)

For the convergence of the integral (A2) at the initial times
of the collapse (£~37,), we must establish a bound on the
rate of growth of the functions p(@) and g(w):

P (®), g(®) < const = 3700

(A3)
Hence and from the strong inequality

S y/ 2 R

A=V >
it follows that in the region in which we are interested, near
the singularity, £~ &, t=aF *£ /e** !, the integration over

@ in the expression (A2) is effectively cut off at the upper
limit (1/3)7,. As we have already noted, at £~ &,

F¥ ’ * ;;n
(?m+i ) / ( gt )”“
L3P
Therefore, using new notation for the &-dependent inte-
grand, and also introducing the cutoff at the upper limit,
oo (1/3)t0

. sh oR sh oR
= | S b0, a0~ ‘\]
0

©R ¥ (0, E)do,

we obtain, by differentiating with respect to R in the inte-
grand,

/N7 (chmR—Sh mR)

: TR V(o £) do
tin . o i
B = (1/3)7%0
tin

R
SR b (0, Bdo

Expanding the R-dependent functions in series,

1/3
{hizne . w2R2 @iR4 ds )

. [0} (1+T+“§W o P (0, B) do
fin R _ D

s T3 (1/3)70 *
1y w2R? | iRt "
" (1+—6——+-—1~2—0—+)¢(m, g)dw

0

we establish the upper bound

e R
'inhlﬂ<m"'
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Similarly, we find that
(1/3)70

o? (1+% w2R=+-é-i-m‘R‘+ ...) ¥(@, B do

e A
St L 0'R? | QAR :
1+—6—+W+.‘.)\p(m,§)dw
and
B
Em 2773

Finally, we obtain
=) (7+5 yerlsm) Jism= e

Therefore

18 1 18
T T8y 8 fise=

00| .=

5

—
v
e

as we needed to prove.
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