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Problems in the theory of the anomalous magnetic moments (AMM:s) of charged leptons and
experiments in which they are measured are reviewed. The electrodynamic contributions to the
AMMEs, and also the contributions of the strong and weak interactions are analyzed. The
dependence of the AMM on the particle energy and on the external conditions (the presence of
electromagnetic fields, conducting surfaces) is discussed. The corrections to the AMMs that arise
in various alternative theories that generalize the standard Glashow—Weinberg—Salam
interaction model are calculated. The precession and resonance experiments made at CERN and
at the University of Washington, in which the most accurate values for the muon and electron
AMM:s have been obtained, are described. The experiments being prepared at the Brookhaven
National Laboratory in the United States with the aim of increasing the accuracy in the
measurement of the muon AMM are also considered. The most recent theoretical and
experimental values for the electron and muon AMM:s are given in the review and compared.
Because of the high accuracy of their determination, they impose very stringent conditions on the
parameters of the various theories used to describe particle interactions. Bounds on the
parameters of a number of alternative models are obtained. It is also shown how the currently best
value for the fine-structure constant can be obtained from the results of the theoretical and
experimental investigations of the lepton AMM:s. In addition, the fundamental symmetry
principle of matter and antimatter—the CPT theorem—can be verified to a high accuracy, and
the scale of the possible deviation of the space-time dimension from 4 can be estimated.

INTRODUCTION

The development of elementary-particle physics during
the last few decades has shown that further progress in this
field is intimately related to the possibility of performing
experiments at ever higher energies. However, despite the
fact that new elementary-particle accelerators are being con-
structed’ [for example, the UNK (Large Accelerator and
Storage Facility) at IHEP at Serpukhov and LEP at CERN
in Switzerland ] " and projects for the creation of even more
powerful accelerators in the middle of the nineties are being
actively pursued [for example, the Superconducting Proton
Supercollider S5C at Fermilab in the United States, and the
colliding linear electron—positron beams (VLEPP) of the
Institute of Nuclear Physics of the Siberian Branch of the
USSR Academy of Sciences], it is already clear that the tra-
ditional methods of accelerating particles will not make it
possible to maintain the previous dynamics of the advance
into the region of high energies. It has therefore become a
matter of paramount importance to obtain in a fundamental-
ly new way the information needed to develop ideas about
the microscopic world. A basis for this is comparison of
theoretical predictions and results of relatively low-energy
experiments for various properties of elementary particles
and processes in which they participate. Very important
properties of this kind are the anomalous magnetic moments
of the charged leptons (electron and muon).>

The study of the anomalous magnetic moments
(AMMs) of charged leptons combines different fields of
modern physics: theoretical and experimental physics, solid-
state and elementary-particle physics, high- and low-energy
physics, and the physics of hyperfine resonance and preces-
sion measurements. Simultaneously, the result and cause of
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this unification is the fact that the electron and muon AMMs
are currently calculated theoretically and measured with co-
lossal accuracy.

Comparison of the experimental and theoretical values
for the electron and muon AMMs plays an important part in
quantum metrology in the determination of the best values
for the fundamental physical constants. At the last adjust-
ment of the constants,” the value of the electron g, factor [g,

=2(1+a,), where a, is the electron AMM ] was included
in the basic data from which the value of the fine-structure
constant & can be obtained. It also participated in the adjust-
ment as a fixed auxiliary constant. The value of the muon g,
factor is known theoretically and experimentally with alarg-
er error, making it impossible to determine & with satisfac-
tory accuracy, and therefore this value was regarded as a
fixed auxiliary constant in the adjustment.

At the last adjustments, the following values were rec-
ommended for the electron and muon AMMs:®

e (8o —2)/2 = 0.001159652193 (10), (1)
a, (gu — 2)/2 = 0.0011659230 (84), ]

the errors being given in the brackets.

The accuracy achieved in the measurement of the elec-
tron and muon AMMs is such that the contributions of the
electromagnetic interactions proportional to a* are now ex-
perimentally detected; in addition, in the case of the muon
AMM, contributions of the strong interactions are detected,
and the increase in the accuracy of measurement of the muon
AMM by approximately 20 times planned at the Brookha-
ven National Laboratory in the United States will make it
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possible to detect contributions of the weak interactions as
well. The AMM s of charged leptons depend strongly on the
energies of the particles, on the external conditions (in par-
ticular, on the strength of an external electromagnetic field),
and on the vacuum structure, and as a result they are sensi-
tive to the contributions that arise in the various theories
which generalize the standard model of the Glashow—Wein-
berg-Salam interaction. Significant contributions to the
AMMs may also be made by the supersymmetric particles
and bosons predicted in grand-unification theories. In addi-
tion, comparison of the theoretical and experimental values
for the lepton AMMs makes it possible to restrict the charac-
teristic energy scales at which effects associated with the
structure of leptons and bosons in theories with composite
particles could be manifested. Equality of the electron and
positron AMM:s to a high accuracy is a good experimental
verification of a consequence of the fundamental symmetry
property of matter and antimatter—the CPT theorem.

Therefore, theoretical and experimental investigations
of the AMM:s of charged leptons play an important part in
verifying the various theories of interactions and in the solu-
tion of fundamental problems of elementary-particle phys-
ics.

"The remaining material of the review is organized as
follows. Section 1 contains a general theoretical review of the
anomalous magnetic moments of leptons (electron, muon,
and 7 lepton) and a discussion of the relationship between
the contributions of the electromagnetic, weak, and strong
interactions; attention is drawn to the existing disagree-
ments in the theoretical calculations, and a comparison with
the most recent experimental results is also made. Section 2
describes the principles and specific features of the experi-
ments made to determine the electron and muon AMMs at
CERN and the University of Washington, and the experi-
ments being prepared at the Brookhaven National Labora-
tory with the aim of increasing the accuracy in the determin-
ation of the muon AMM are also considered. Section 3 is
devoted to basic theoretical problems such as the depen-
dence of the lepton AMM:s on an external field and on the
energy of the particles, and the contributions to the AMMs
of the weak axial-vector Z and W bosons and scalar Higgs
bosons. The contributions to the AMM of a lepton moving in
an external field and of bosons of various types are calculat-
ed by a model-independent method, and the contributions
that arise from supersymmetric particles and from
allowance for the structure of leptons and bosons in theories
with composite particles are also discussed. In conclusion, it
is shown that comparison of the theoretical and experimen-
tal values for the electron AMM makes possible the current-
ly most accurate determination of the fine-structure con-
stant . In addition, comparison of the electron and positron
AMMs yields an experimental bound on the possible viola-
tion of the fundamental CPT theorem. In connection with
the existence of a discrepancy between the theoretical and
experimental values for the electron AMM, restrictions on
the possible deviation of the space-time dimension from 4
are also discussed.

1. ANOMALOUS MAGNETIC MOMENTS OF CHARGED
LEPTONS

The anomalous magnetic moment of a charged lepton
characterizes the deviation of the so-called g; factor of the
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particle, which establishes the connection between the mag-
netic dipole moment of the particle and its spin angular mo-
mentum, from the value g, = 2. In classical theory (see Ref.
6) a magnetic dipole moment arises in the presence of cur-
rents; for example, in the case of circular motion of a particle
with charge e and mass m the resulting dipole magnetic mo-
ment is related to the orbital angular momentum by
w; = (e/2mc)L, and the g factor in this caseisg =g, = 1.
In contrast to this classical expression, in the analogous rela-
tionship between the magnetic dipole moment and the spin
for a point Dirac particle,

M= 815y S (2)

(W, is the operator of the magnetic dipole moment, S = #ig/
2 is the spin operator, e, and m, are the charge and mass of
the lepton, and o are the Pauli matrices), the g, factor is

g =g = 2. (3)

This value of the g, factor is obtained because the particle
wave function satisfies the Dirac equation and the interac-
tion with the external electromagnetic field is introduced as
a minimal coupling—by extending the derivative:
d, =3, + ied, . This nontrivial result of Dirac’s theory can
also be obtained in the framework of a nonrelativistic ap-
proach on the basis of Pauli’s equation.

We note that the g factor has the value g, = 2 as a re-
flection of the fundamental “purity” of the particle with re-
spect to the electromagnetic interactions. For example, if the
particle participates in several other interactions that lead to
the occurrence of internal structure, this deviation from
point structure is reflected in the g factor. Indeed, because of
the presence of internal structure the neutron and proton g
factors are, respectively,g, = — 3.38and g, = 5.59.

However, even in the absence of internal structure the
quantum nature of the electromagnetic interaction leads toa
deviation of the g factor from the Dirac value g, = 2, and
therefore the gyromagnetic ratio for a charged lepton can be
represented in the form

gi=2(01+ay), (4)

where g, is equal to the so-called anomalous magnetic mo-
ment Ay, divided by the Bohr magneton u?:

_ A o_ el
a!—‘T?"; wr= Dyl (5)

It should be noted that if the interaction with the elec-
tromagnetic field is not introduced “minimally”’ and the
equation with interaction is taken to be

I:(ié-—e‘:l)—m—}-A—zg -

4m

U‘”VFM] ¥=0,
oMV — l? (?qu . ?v?u)

(F,, is the tensor of the electromagnetic field), the g factor
will also differ from 2: g =2 + Ag.

In the framework of quantum electrodynamics it was
first shown in Ref. 7 that the gyromagnetic ratio for the elec-
tron differs from g, = 2, the reason being the interaction of
the electron with the vacuum of the photons. The calcula-
tions of the part of the energy of the vacuum interaction of
the electron which arises in the presence of an external mag-
netic field, made in the framework of perturbation theory up
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FIG. 1. Feynman diagram that describes the contribution to the electron
AMM in the lowest order of perturbation theory in QED.

to the terms of first order in the fine-structure constant
a = &°/cfi (the corresponding Feynman diagram is shown in
Fig. 1), lead to the Schwinger value for the electron AMM:

G5 = /2. (6)

This result does not depend on the electron mass, and there-
fore remains valid for the case of any charged particle with
spin } and, in particular, for other charged leptons—the
muon and 7 lepton. However, beginning with the corrections
of second order in &, the contributions to the AMMs (and g
factors) of the different leptons will be different, since some
of the corresponding Feynman diagrams (Fig. 2) contain a
polarization operator, and this contains virtual pairs of lep-
tons of all types. Thus, in QED one can obtain an expression
in the form of a series in the fine-structure constant for the g;
factor of a charged lepton with allowance for the contribu-
tions of the higher orders of perturbation theory:

a=2[1+ 3 (=) W+3 (%) 8],
n n
and, accordingly, for the anomalous magnetic moment
a=E72 = 3 (L) 404 S (2)" B &)
n T

The coefficients 4 {” and B (" differ in that 4 {” does not
depend on the lepton mass, while B {” are functions of the
ratio of the mass of the external lepton to the mass of the
lepton in the vacuum polarization loops. Therefore, the first
group of terms is the same for all charged leptons.

The contributions to the electron and muon AMMs are
now calculated in the framework of QED with allowance for
the terms proportional to a*. Such calculations have been
made necessary by the colossal accuracy of the experimental
determination of the electron and muon AMMSs. Below, we
shall give the latest experimental values of ;" and &}, but
we first discuss the theoretical values of the AMM for the

electron (a;") and muon (4 }}").

FIG. 2. Diagram containing a polarization operator and contributing to
the coefficient B {" of the expansion (7).
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Electron anomalous magnetic moment

The volume of work that must be done can be gauged
from the fact that in the fourth order in « there is a total of
891 Feynman diagrams for the electron AMM. Because of
the extreme complexity, only a small fraction of these dia-
grams is amenable to exact analytic calculation. Therefore,
from 1977 Kinoshita and collaborators® have considered the
fourth-order contributions to the electron AMM on the ba-
sis of numerical computer calculations, and this work is only
now approaching its end.’

By the middle of 1988, exact analytic calculations
(Refs. 7, 10, and 11) had given for the coefficients C in the
expansion

somm s ot (2] 0t (2 () 0t e m
the values

C, = 0.5, C, = — 0.328478965 . . ., (9)

and numerical calculations gave'> (the exact analytic calcu-
lation of the coefficient C; has not yet been completed)’

Cy = 14765 (13), C, = — 0.8 (1.4). (10)

A detailed bibliography of studies devoted to the calculation
and more accurate determination of the electromagnetic
contributions to the electron AMM is given in the review of
Ref. 13.

To determine the numerical value of the electron AMM
with allowance for the fourth order in a, it is necessary to
combine the results of theoretical calculations of the coeffi-
cients C; and a value for the fine-structure constant @ ob-
tained on the basis of experiments that are not associated
with measurement of the (g — 2), factor. Moreover, the re-
sult for the AMM depends strongly on which value of « is
used. At the present time, the most accurate values of the
fine-structure constant [without use of the (g — 2), factor]
are obtained from measurement of the quantum Hall effect,
on the basis of the Josephson effect, and from the hyperfine
splitting of muonium (see Refs. 14 and 15 and the literature
quoted there).

If for & we take the value that follows from the Joseph-
son effect,

a; ' = 137.035963 (15) (Ref. 16), (11)

then the summation of the four terms of the expansion (8)
leads to a contribution to the electron AMM with the value'?

qQEP (a) = 1159652455 (43) (128)+10-72, (12)

where the first number in brackets is the error associated
with the calculations, and the second is due to the uncertain-
ty in the value (11) of a.

When the theoretical and experimental values of the
electron (and muon) AMM are compared, it is also neces-
sary, because of the high accuracy of measurement that is
achieved to take into account and estimate the contributions
of various vacuum polarization effects (muon and 7-lepton
loops), which are equal to'?

aXeP = 2.8-107%, 2P = 0.01.10-%2, (13)

In addition, it is also necessary to take into account contribu-
tions of nonelectromagnetic origin (hadron loops and weak
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nteractions). Bearing in mind that the corrections to the
epton AMM that arise from the strong (a}*) and weak
(ay’) interactions play a more important part in the case of
the muon AMM than in the case of the electron AMM,* we
shall dwell in more detail on the calculations of @' and &}
when we consider the muon AMM, and here we shall merely
give numerical estimates:'?

g = 1.6 (2)-1072, &Y = 0.05-10-12, (14)

Combining (12)-(14), we obtain for the theoretical value of
the electron AMM

g = 1159652459 (43) (128)-10-12. (15)

But if for the fine structure constant we use the value ob-
tained from the measurements of the quantum Hall effect
made up to 1986 (Ref. 5), a;; ' = 137.035 994 3(127), we
arrive at a somewhat smaller value of the electron AMM:°

a* = 1159652192 (74) (108)-10-2, (16)

Recently, Kinoshita® gave new revised (though, as it
turns out, not yet final) values of the coefficients C, and C,,

C, = 1.17562 (56), C, = — 1.472 (152), (17)
which correspond to a new still smaller value
at = 1159652164 (108).10-22, (18)

If in addition we use the latest and most accurate results for
the fine-structure constant a that follow from the quantum
Hall effect, ag ' = 137.035 997 9(33) (Ref. 17), then the
theoretical value (using the coefficients C ; and C ) will be®

a = 1159652133 (29)-10-12, (19)

in which the main part of the error is due to the uncertainty
in the value of a.

The main stimulus to this truly titanic work to achieve a
high accuracy in the theoretical value of the electron and
muon AMMs is that the error in the result should be com-
parable with the errors in the experimental determination of
a,. Up to 1974, the theoretical value of the (g — 2), factor
was determined with less accuracy than the experimental
value, but in the period from 1974 (after the publication of
Ref. 18) to 1981 the relation between the accuracies was
reversed. The publication in 1981 of the result of the experi-
mental determination of the g — 2 factor of electrons and
positrons confined in a Penning trap,'®

a®™ = 1159652200 (40).10-12,

a? = 1159652222 (50)- 1012,
again established the supremacy (in accuracy) of experi-
ment over theory, and it still persists to this day. In Ref. 20,

Dehmelt’s group gives an even more accurate value (error

reduced by about 10 times):
@ = 1159652193 (4)- 1012, (20)

Finally, the most recent experimental results were published
in Ref. 21:

@ = 1159652188,4(4.3)- 10712,
a® = 1159652187.9- (4,3)- 10-12, (21)
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Comparison of the theoretical value (19) of the electron
AMM with the experimental value (21) shows that there is
still (see also Ref. 15) a discrepancy at the level of about two
standard deviations.

The problem of reconciling the modern theoretical and
experimental predictions for the AMMs of leptons is compli-
cated not only by the strong dependence of the theoretical
value a'" on the employed value of @ but also by the fact that
in electrodynamics itself the contributions to the AMMs
proportional to @® and e* cannot be calculated exactly in
analytic form. Because of the complexity of the theoretical
expressions, a large proportion of the calculations must be
made on a computer using different methods of approximate
calculation of multidimensional integrals, which sometimes
give seriously differing results. Thus, in 1968 Samuel®* cal-
culated the contribution to the electron AMM proportional
to @’ from diagrams of “light-light scattering” (Fig. 3). He
used an approximate method that had made it possible ear-
lier,” on the basis of a numerical calculation, to predict the
corresponding exact analytic result for the contribution to
the muon AMM from diagrams of light-light scattering.
The value of the electron AMM that follows from the calcu-
lations of Ref. 22, with allowance for all the electromagnetic,
hadronic, and weak contributions [for a the value (11) is
used],

a,' = 1159652797 (76) (128)-10-12, (22)

is appreciably larger than the theoretical values (15), (16),
(18), and (19). Comparing (22) with the most recent ex-
perimental value (21), we find** a discrepancy at the level of
four standard deviations:

a® — s =609 (149).10-1, (23)

The existence of such an appreciable difference between the
theoretical and experimental values of the electron AMM
opens up a large space for the discussion of the contributions
that arise outside the framework of electrodynamics and the
standard interaction model.

Samuel’s paper® stimulated commentaries®” that ques-
tioned the theoretical result, but in answer*® Samuel justified
his confidence in the correctness of the employed approxi-
mate method of calculation.

The discussion about the theoretical value of the elec-
tron AMM shows that it is desirable to make exact analytic
calculations (despite all their complexity and cumbersome
nature) of the various contributions to the lepton AMM:s; in
all probability, it will be only such calculations that can re-
solve the existing contradiction.

Completing our discussion of the value &' of the elec-

e e e

FIG. 3. Diagrams of light-light scattering that contribute to the electron
AMM in the third order in a.
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tron AMM, we draw attention to Ref. 27, in which a numeri-
cal method of accelerated convergence of the electrodynam-
ic series of perturbation theory is used, on the basis of the
known coefficients C,, C,, and C, in the expansion (8), to
determine the values of the following coefficients C, and Cs.
Although the calculated value C, = — 5.65(0.64) differs
from the results of (10) and (17), a final conclusion about
the adequacy of this approach can be drawn only after com-
pletion of the work being done by Kinoshita and collabora-
tors to determine the coefficient C, more accurately. In ad-
dition, so far as we know, a numerical value was obtained for
the first time in Ref. 27 for the following ( ~a®) tcrm in the
expansion (8): Cs = 31(6). We note that it may become
necessary to take into account the contribution C; (a/7) in
the electron AMM if the accuracy of the experimental deter-
mination becomes of order 10~ '3, and that the application to
the calculation of C; of the standard methods used to find C,
and C, requires a great deal of computing time.

Muon anomalous magnetic moment

We have already mentioned that the value of the muon
AMM is more sensitive to various vacuum polarization ef-
fects than the electron AMM. At the accuracy achieved in
the experimental determination of a, [see Eq. (21)], the
contributions proportional to B {” (7) are not important,
but in the case of a, they play a significant part. The basic
possibility of obtaining an exact analytic expression for the
muon AMM in the framework of QED for any order in a
cannot, as in the case of the electron, be realized because of
the rapid growth in the number of Feynman diagrams that
contribute in the higher orders of perturbation theory. The
presence of the small parameter m,/m,, €1 (m, and m,, are
the electron and muon masses) makes it possible in the cal-
culations of the coefficients B, to reduce the number of dia-
grams, but even in the limit m,/m, —0 there remain 469
termsin B {*. A detailed classification of the QED diagrams
and a calculation of their contributions to a,, can be found in
Ref. 28.

In Ref. 29, Kinoshita and collaborators obtained

a9%P = 0.5 (%) 4 0.76585810 (10) (= i

+24.073 (1) (£ )* 4140 (6) (), (24)

and, if the value (11) for « is used, this gives
aZFP — 11658480 (3)- 10 (25)

Work to improve the accuracy in the calculation of the coef-
ficients C ) is continuing, and the most recent result known
to us® (see also Ref. 31) is C ¥ = 0.765 857 577, C ¥
=24.0725(123), C{* = 137.96(250) and leads to a de-
crease of 2" by about 0.67-10~ "°.

The contradiction between the results of Refs. 22 and 9
that we noted above in the estimate of the contributions to
the electron AMM made by the light-light scattering dia-
grams also appears in the case of the muon AMM. Although
as yet the difference between the contributions given in Refs.
22, 23, and 29 is not amenable to experimental observation,
the discrepancy between the two results could become im-
portant with further increase in the accuracy of measure-
ment of the muon AMM.*
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Before we compare the theoretical and experimental
values of the muon AMM, we must take into account the
contributions of the strong and weak interactions (a}** and
a?). The calculations of &, take into account the circum-
stance that the lepton is coupled to hadrons through a virtual
photon (see, for example, the Feynman diagram in Fig. 4,
which describes the contribution @ in the lowest order of
perturbation theory in @), and therefore it is possible to es-
tablish a correspondence between this virtual process and
the cross section o(e e~ —hadrons) for annihilation of an
electron—positron pair into hadronic states. Using the dis-
persion technique for calculation®*** and the assumption of
dominance and annihilation of the single-photon process, we
can determine the hadronic contribution as***°

had —

4:‘3 S ds o (e*e” — hadrons) (s)K(s),

2
imzy

where s is the square of the total energy of the e*e™ pair in
the rest frame, and the function K(s), which is a combina-
tion of two lepton propagators and the propagator of a vir-
tual photon with mass s, can be calculated in the frame-
work of electrodynamics:

1

K(s)=de
0

2?2 (1—z)

o (26)

In the region of integration of the expression (26), K(s) is
positive and has a limiting value as s/m}, -« equal to
1 (m2 /s). It follows from this in particular that the hadronic
contribution to the electron AMM will be about 10° times
smaller than the corresponding contribution to the muon
AMM.

Since the cross section o(e “e~ —hadrons) cannot be
obtained by an exact analytic calculation in quantum chro-
modynamics, a:‘f’" is determined by means of the cross sec-
tion o(ete  —hadrons) measured in experiments with
e*te™ colliders. Thus, the accuracy in the determination of
a" depends not only on the quality of the calculations that
are made, but also on the accuracy of the measurement of
o(e*te  —hadrons). The tempo at which the accuracy of
a}f’" is increased can be deduced from Refs. 28 and 29. We

note that the main contribution to @} is made by the region

of energies /s = 1 GeV, which is associated with the p and @
resonances.

The following value for aj*® was obtained in Ref. 29 on
the basis of a detailed study:

apd = 702 (19).10-1°. 27)

FIG. 4. Hadronic contribution to the lepton AMM (lowest order of per-
turbation theory in ).
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In calculating the hadronic contribution, the Novosibirsk
group®’ used information on the pion form factors and ob-
tained the more accurate value a,*' = 684(11)-107", in
which the error is basically due to the errors in the experi-
mental data used in the region /s > 2 GeV. There are indica-
tions (Refs. 32 and 38) that in the near future it will be
possible to reduce still further the error in the determination
of @, This should be achieved using the detector KMD-2,
which will make it possible to measure all cross sections in
the region of energies s ~ 1.5-2 GeV with an error 1%
and, in its turn, to lower by 2-3 times the error in the deter-
mination of a}**.”

The creation of the renormalizable gauge theories with
spontaneous symmetry breaking for the description of the
weak interactions made it possible in principle to calculate
the corresponding contributions to the lepton AMMSs with
any accuracy. The actual idea of determining the contribu-
tions of the weak processes to the AMM of a charged lepton
was first realized in the studies of Refs. 39 and 40, but the
absence of a consistent method for eliminating the ultravio-
let divergences in the higher orders of perturbation theory
made it impossible to obtain reliable results. In some stud-
ies*'™* calculations were made, in the second order of per-
turbation theory, of the weak contributions a} to the lepton
AMM, and results that agreed with each other were ob-
tained.

The diagram shown in Fig. 5 contributes to the AMM
of a charged lepton in the second order of perturbation theo-
ry in an arbitrary gauge theory.*” It corresponds to the fol-
lowing expression for the current:

u(p) el (p', p)u(p)
=u(p) [endy (@) + 92T F, ()] u (o).

The magnetic form factor, taken at zero value of ¢°,

determines the contribution to the lepton AMM: a,
= F, (0). Moreover, because of the renormalizability of the

gauge theory with spontaneous symmetry breaking, a, will
be finite. We note that the contributions that arise in differ-
ent models depend strongly on the parameters of the theory,
and it is only in the case of the standard Weinberg—Salam
model of the electroweak interactions, for which the param-
eters are well determined experimentally, that a sufficiently
accurate numerical estimate of @}’ can be obtained.

In the Weinberg—Salam theory, processes in which vir-
tual axial-vector Z and W bosons and scalar Higgs bosons
participate contribute to the muon AMM. For the Z and W
contributions, one can obtain®!

FIG. 5. Contribution to the lepton AMM in the second order of perturba-
tion theory for an arbitrary gauge model.
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2 2
aﬁ=£§% + [(3— 4 cos?Ow)2—5], alv = fﬂ';—";;i-—;‘l .
(28)

where Gy is the Fermi constant, and 6, is the Wéinberg
angle. The contribution of the Higgs boson H will, if its mass
is much greater than the muon mass (M, >m .. ), be appre-
ciably smaller than aZ and a)’ (Refs. 41, 48, and 49). The
modern numerical estimate of the contribution of the weak
interactions on the basis of (28) gives

ay = 19.5 (0.1)- 101, (29)

Thus, summing (25), (27), and (29), and taking into
account the contribution of the 7-lepton polarization loop,
a,(r) =42-10" 10 we arrive at the theoretical value for the
muon AMM:*®

a® = 11659202 (20)- 101, (30)

But if for the hadronic contribution we use the result of Ref.
37, then

a® = 11659184 (12)-10-10, (31)

The theoretical values (30) and (31) agree with the
data of the experiments to measure the g — 2 factors of u*
and 2~ carried out at CERN:*

a;? = 11659370 (120)-10-,

aP = 11659110 (110)- 1019, (32)

7-lepton anomalous magnetic moment

Compared with the electron and muon, the problem of
the anomalous magnetic moment of the charged lepton of
the third generation, the 7 lepton, has been much less stud-
ied. In part this is the case because the 7 lepton was itself
discovered comparatively recently.’' Moreover, the experi-
mental study of the properties of the 7 lepton is hindered by
its short lifetime: T~ 3- 10~ '3 sec.*> However, there has been
in the literature a fairly systematic theoretical investiga-
tion® of the AMM of the heavy lepton. The electrodynamic
contribution to the AMM of the heavy lepton / was deter-
mined in accordance with the formula

a =% D (@ — ap)+ap), (33)
T

where /', denotes a lepton lighter than the lepton /, and N is
the total number of such leptons. The value of 2, — ;. in the
case/ = 7can be calculated approximately on the basis of the
expression for a,: a, =a, (m, »m,). Such an approach
gives a good result if m,. €m,, and a, in its turn, can be
calculated analytically from the value of a,. We note that the
contribution to the expression (33) from a lepton /', with
mass greater than m, is negligibly small, since it does not
contain the factor In(m,/m,.).?*

We give the numerical values of the coefficients C (™ in
the expansion of @' in a perturbation series:*

a= -2+ (C{ (QED) + € (had) ] Z)*
& C;T’(w)+o(%)3+

The first coefficient determines the Schwinger value of the
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AMM and is equal to C {” = 0.5; for the following contribu-
tion, it is possible to obtain Ci”(QED)(a/m)*
=1.11243-1073,

The method for determining the hadronic contribution
to the 7-lepton AMM does not differ from that used in the
calculations of a:‘f“, but there is no accurate result and a

rough estimate gives**

g™ = C§ (had )t 2)"=0,35.107s. (34)
This contribution is approximately 50 times larger than a;;*".
The weak contribution a can be estimated from the value
a,(m,-»m.):

@ = 6-10-7, (35)

and this value is larger than aj; by a factor 285.

Figure 6 (from Ref. 53) shows the dependence of the
hadronic and weak contributions to the AMM of the lepton
on its mass m;,; to estimate the contribution of the Higgs
boson, the mass value M, = 4.5 GeV was taken. It can be
seen that with increasing mass of the lepton the relative im-
portance of the weak contributions increases; in addition,
with increasing m, there is also an increase in the value of the
mass M, at which the contribution of the Higgs boson be-
gins to dominate over the other part a? + a;” of the contribu-
tion of the weak interactions.*®

Experimentally, the value of @, has been studied still
less than it has theoretically. A direct measurement of the 7-
lepton AMM like the experiments to determine (g — 2), at
CERN?® or (g —2), at the University of Washington®' is
not planned, this being due to the short lifetime of the parti-
cle. Precession experiments, of the CERN type, would, even
at the energies that it is planned to achieve at the LEP and
SLC accelerators, require magnetic fields of strengths sever-
al orders of magnitude greater than the highest yet achieved.
However, one can still speak of the existence of certain ex-
perimental bounds on a,. The value of @, can influence the
total and differential cross sections of the process of produc-
tion of a 777~ pair in a collision of e"e™ beams:

ay10°

10

e T

m;p_:GeV

FIG. 6. Dependence of the hadronic, 4}, and weak, a", contributions on
the lepton mass. Curve 1 corresponds to af + a;’ +af, curve 2 to
a? + a}’, and curve 3 to a}™.
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ete~ =ttt (36)

Interest in this process arose in connection with composite
theories,**~%” which predict a larger value for a, than theo-
ries of point particles, and the difference should be manifest-
ed in the cross section of the process (36). This circumstance
made it possible,’® on the basis of experimental data from
PEP and PETRA, to obtain the estimate a$™ <0.02, this
bound exceeding the theoretical value of a¥ by about an or-
der of magnitude. A bound on a, can also be obtained from
the experimental data on the angular distribution of the par-
ticles in the reaction (36). It is hoped that such measure-
ments with the accelerators of the next generation will per-
mit a first determination of a .’

2. EXPERIMENTAL DETERMINATION OF THE ANOMALOUS
MAGNETIC MOMENTS OF LEPTONS (e AND p)

The experiments to measure the AMM:s of charged lep-
tons (e, e*, u~, ™) can be divided into two groups: reso-
nance and precession experiments. A common feature of
both methods is that the lepton moves in a constant magnetic
field; the difference is that when the resonance method is
used an alternating electromagnetic field also acts on the
lepton, and the AMM is deduced from the results of observa-
tion of the induced resonant transitions of the lepton to ex-
cited levels. The use of the precession method makes it possi-
ble to observe directly the precession of the lepton spin in the
magnetic field and, by comparing its frequency with the cy-
clotron frequency of the lepton in the field, to determine the
AMMs.

Measurement of the anomalous magnetic moment of the
electron

We cannot discuss here the early experiments on the
electron AMM (a review of these studies can be found in
Ref. 13), and we merely mention that the first results for the
electron g factor were obtained from magnetic resonance
measurements with atomic beams in 1947 (Ref. 58).

We shall examine the main ideas and methods of their
realization in the experiments that yield the most accurate
value for the electron AMM. % The most recent measure-
ments made by Dehmelt’s group'®*' at the University of
Washington used a single electron that was kept in a Penning
trap for many days. Such a system had become known as a
“geonium,” since the electron is confined by a device that is
directly coupled to the earth.”

In the experiment of Ref. 19, the electron was in a trap
with a homogeneous magnetic field of strength H = 18.3
kOe, applied along the direction of the OZ axis (Fig. 7).%°

In the most recent measurements®' of g, and g,. the
strength of the magnetic field was H = 50 kOe. Besides the
magnetic field, which localizes the motion of the electron
(or positron) in the plane perpendicular to the OZ axis, a
cylindrically symmetric electric quadrupole field with po-
tential ¥(r, z) = (V,/b?)(¥* — 22%) also acts on the elec-
tron. This field is produced by two end electrodes [their
form is described by the equation z* = (#* + b%)/2] and one
ring electrode (#* = b* + 2z%, b = 0.473 cm). The nonrela-
tivistic motion of an electron in such a field is determined by
the Hamiltonian'?
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FIG. 7. Arrangement of electrodes in the Penning trap [ (g — 2), experi-
ment of the University of Washington]. The characteristic scale of the
trap is 1 cm: 1) negatively charged ring electrodes; 2) positively charged
ring electrode; 3) trajectory of an electron (or positron) confined in the
trap.

£ (oH), P= —ikV 4= A,
iif

A=(—¢

z H,
L otz ).

The corresponding energy levels®!

E=n[(nt3)oi+(m+ 7)o

_(nm.;.%)mm-;.ms%] (37)

depend on the four quantum numbers #, n_, M =002 s
and m, = + 1. The number n characterizes the cyclotron
orbital motion with modified frequency ! =eH /
(m.c) —w,,, w./(27) =51 GHz, the number n, charac-
terizes the quantum axial oscillations with frequency

0,=2V eV /(mb?), o,/2n~ 59 MHz,

and the number n,, corresponds to the still slower magne-
tron gyrations of the center of the cyclotron orbit with fre-
quency

W, = (0e/2) (1 =V 1—20¥0}),
Op/2n 22 34 kHz, o,=eH/m,c.

In the limit of a weak confining potential ( ¥,—0) we obtain
from (37)

E=hmo(n—]—%+5’2—ems).

The experiments of Refs. 19 and 21 determined not
8. =2w,/0, [o,=(1+ a)eH /m c] but, directly, the
much smaller quantitya, = (g,- — 2)/2, which is related to
the characteristic frequencies:

a,=%@;=$—g_;%’: , Op=0p—0p (0p=0,). (38)
The three frequencies @/, @),and w, were measured, and, in
accordance with (38) and with allowance for the relation
20w, = w?, the value of the electron AMM a, was calcu-
lated. The anomalous frequency w, was determined by irra-
diating the electron confined in the Penning trap by the oc-
currence of resonance transitions from the lowest (n = 0)
level with spin flip of the electron (see Refs. 13 and 60). The
latest most accurate results for the electron and positron
AMMSs®' were given above in (21). The main part of the
error in (21), 4+ 4-107", is due to the systematic error
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which arises from the use of the cavity formed by the elec-
trodes of the Penning trap.

In this case we encounter a clear example of the way in
which the increase in the accuracy of experiments poses for
the theoreticians new problems associated with allowance
for effects that are more and more delicate. In Refs. 6264,
calculations were made of the change of the AMM of an
electron between two conducting plates, and it was shown
that the modification of the photon propagator due to the
presence of the plates (the introduction of which can simu-
late the effect of the Penning trap) leads to the appearance of
appreciable corrections to the electron AMM: Ag,

= (a/2m,d)[2 — In(4md)], where d is the distance
between the plates. And if we set d = 1 cm (the characteris-
tic scale of the Penning trap in the latest experiments), then
Aa, = —3.3-10 "% a value comparable with the contribu-
tion of the strong interactions. However, it was pointed out
in Refs. 65-67 that the results obtained in Refs. 62-64
should not be used to estimate the shift of the value of the
electron AMM measured in the Penning trap. The authors
of the latest papers of this series®®® reanalyze the assump-
tions made in Refs. 62-67 and discuss the region of applica-
bility of the results. A general conclusion that may be drawn
(see also Refs. 59, 68, and 69) is that what were actually
calculated in Refs. 62-64 were the corrections to the AMM
of an almost free electron between parallel conducting
plates, while an estimate of the correction to the AMM of a
bound electron, corresponding to the condition under which
the electron was confined by the strong magnetic field of the
Penning trap, can be obtained from the results of Refs. 66
and 67: Aa, ~10~%. On the other hand, the presence of the
trap leads, not to a change in the spin-precession frequency
@ (something that would directly indicate a change of the
anomalous magnetic moment itself), but to a shift of the
electron cyclotron frequency w,, and precisely this may be
important in the realized scheme of the experiments.

A detailed discussion of the motion of an electron near
conducting surfaces can be found in Ref, 70.

Measurement of the anomalous magnetic moment of the
muon

In the period from 1959 through 1977, the muon stor-
age ring at CERN was used in three series of experi-
ments’""** in which the muon AMM was determined by
the precession method. Bearing in mind that at the Brookha-
ven National Laboratory new measurements of the muon
AMM using the CERN method are being prepared (see, for
example, Ref. 26) in order to improve the accuracy, we shall
consider in more detail the concept of such experiments.

The basic idea of the method can be illustrated by a
simple example.”” Suppose that a nonrelativistic muon
moves in a circular orbit in a plane perpendicular to an exter-
nal constant magnetic field H = (0, 0, H,). The momentum
vector of the electron then rotates with cyclotron frequency
o, =eH /m,c, whereas the Larmor frequency of the spin
precession of the particle has the form

eH
ue *

eH
Or=gy W=(1+au) =

If the g, factor is exactly equal to 2, the frequencies are
equal, and the muon retains the original polarization of the
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spin relative to the momentum. But if g, > 2, then 0, <@,
and the spin rotates faster than the momentum vector, and
the frequency difference

e
=07 — 0O, =0y e H (39)

is proportional to the muon AMM. Therefore, by observing
the change in time of the angle between the spin and the
direction of the motion, one can determine the muon AMM.
It follows from the relation between the frequencies w
and w, that during the time of rotation of the spin through an
angle 360° the muon can execute about a thousand revolu-
tions in its orbit. Therefore, to obtain a sufficiently accurate
result, it is necessary to keep the muon in the storage ring for
a time much greater than the lifetime of the muon at rest, i.e.,
it is necessary to use relativistic muons. It is a remarkable
fact that the basic relation (39) nevertheless remains un-
changed. Indeed, the cyclotron frequency in the relativistic
case has the form
H, y=V 1=, p=vc.

4

0, =——0o
¢ Ympe

In addition it is necessary to take into account the relativistic
Thomas precession, namely, for circular motion of the parti-
cle its rest frame, viewed by an observer at rest, rotates with
frequency

e
myc

H.

or=(1—17)

Then the resulting frequency of the rotation of the spin in the
laboratory system will be

0,=o,— oy =(a+7v")

* _H.

myc

Therefore, for the relative frequency of the change of the
muon polarization we obtain

e
(oa=(os—0)c=aum—ucﬁ

Thus, for relativistic motion too the relative spin-precession
frequency o, is proportional to a,,.

In accordance with the general idea of the method for
determining the muon AMM, it is necessary to measure s+3
as a function of the time (s is the polarization vector, and B is
the muon velocity). This quantity oscillates with the fre-
quency @,. At each cycle of the CERN proton synchrotron,
a pion beam was directed into a storage ring with a magnetic
field. The pions, revolving in the ring, decayed in flight, and
the resulting muons were accumulated in stable orbits dur-
ing their lifetime. An essential part in the entire scheme is
played by parity nonconservation in weak interactions, as a
consequence of which the muons have 100% longitudinal
polarization in the pion rest frame. The determination of the
spin direction of the muon is based on the fact that in the
decay u—e + ¥ + vthe angular distribution of the electrons
has a maximum in the direction of the muon spin. By observ-
ing a large number of decays of muons in the ensemble, it is
possible to measure the spin direction with any accuracy.
Since the variation in time of s+ is similar to pendulum mo-
tion, the larger the number of oscillations determined, the
greater the accuracy that will be achieved in the determina-
tion of the frequency w,. The increase in the duration of the
observation time is achieved by the relativistic retardation of
the flow of time. This explains the tendency to use muons of
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ever higher energies in the three series of CERN experi-
ments.

We shall discuss the last series of experiments, in which
the highest accuracy in the determination of the muon
AMM was achieved.” One of the main difficulties in realiza-
tion of this type of experiment is the use of the method of
weak focusing—the magnetic field in the ring has a radial
gradient, by means of which one can ensure vertical focusing
of the muon beam. The strength of the magnetic field varies
intherange + 0.1%, and this also gives rise to a dependence
of the frequency @, on the radius. The conditions under
which the experiment is performed can be improved if one
can eliminate the dependence of @, on the radius without
loss of the vertical focusing. This can be achieved by intro-
ducing in the laboratory system an electromagnetic field that
appears as an electric field in the muon rest frame. At the
same time, as follows from (39), the relative spin-precession
frequency @, is determined solely by the magnetic field
strength. These two fields can be specified independently by
means of an appropriate choice of the magnetic and electric
fields in the laboratory system.

The equations of motion of a muon, with allowance for
its spin, in the combination of the transverse magnetic and
electric fields (B*H = B+E = 0) have the form

ap _ . de _

Bt B o

and the frequencies . and o, differ from the frequencies w,
and o, because of the influence of the electric field:™

e

'
0)': =
mye

[Hy™ —p(yv2— 1) p X E],

0= ;:7 [(au -+ H— ((p*— 1)1

—ay,—y (v*— 1)) P X El.

It follows from the last expressions that the relative spin-
precession frequency @, will depend not only on the strength
of the magnetic field but also on that of the electric field.
Thus, the confining electric field shifts the frequency by
Aw, = o) — @,. This shift can be made to vanish by a
unique special choice of the muon energy, which is deter-
mined by the condition

y= V 14a3 = 29.3, (40)

and it is equivalent to muon energy p, = 3.098 GeV. In the
last series of experiments at CERN, the muons did have this
energy, so that the frequency @, was entirely determined by
the strength of the magnetic field and did not depend on the
strength of the electric quadrupole field that ensured vertical
focusing of the muon beam.

Figure 8 shows the basic arrangement of the muon stor-
age ring at CERN for the experiments to determine
(g — 2),,. The pions injected into the storage ring have mo-
mentum slightly greater than 3.098 GeV/c, for which the
ring was designed (the spread in the pion momentum is
about + 0.75%, the strength of the magnetic field in the last
series of experiments was H = 1.47 kQOe, and the ring radius
is R = 7 m). Only about a tenth of the pions succeed in de-
caying into a muon and a neutrino, and the remaining pions
leave the ring. The mean “efficiency”” of muon production is
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FIG. 8. Schematic representation of the CERN storage ring [(g — 2),
experiment]: 1) direction of the beam of injected pions; 2) shower
counters of the electrons.

about 10™* per pion. Retaining in the ring muons with mo-
mentum in a narrow interval that makes up only about 1.5%
of the complete admissible range, it is possible to exploit with
high efficiency the property of complete longitudinal polar-
ization of the muons in the pion rest frame. In this way it is
possible to obtain muon beams with polarization exceeding
90%.

Along the circumference of the storage ring 22 electron
counters detect the direction of maximal emission of the
electrons that arise from the decay u—e + v + v, this direc-
tion coincides with the direction of the mean momentum of
the muons. It follows from (39) that to obtain the frequency
@, from the information extracted from the counters it is
also necessary to measure the magnetic field strength H.
This was done by the method of proton magnetic resonance.
Direct measurements gave R, which is equal to the ratio of
the mean frequency w, and the effective Larmor frequency
of a proton. The value obtained in the experiment was

e MG 27y, 1 (-3
R= T 3.707213 (27)- 1073,

The muon AMM was then calculated in accordance with the
formulag, = R(A — R) " using the known™ 7 value of the
ratio of the Larmor frequencies of the muon and proton:

A = 3.1833417 (39).

After analysis of the results of the experiments with positive
(1 * ) and negative (1~ ) particles, the values of a,? and g;;*
(32) were obtained, and from them the mean value of the
muon AMM was determined as

a;’? = 11659240 (85).10-1°,

H

(41)

The relative error is 7.3-10~°, A large part of it (7.0-10~9)
is associated with the statistical error in the determination of
the frequency w,. The main part of the systematic error
(1.2-107°) is due to the uncertainty in the determination of
the average value of the magnetic field strength over space,
time, and the muon distribution. The additional systematic
error (0.3-107°) is associated with the deviation of the
muon orbits from the standard orbit.

Planned increase in the accuracy of measurement of the
muon AMM

Because improved accuracy in the measurement of the
AMMs of charged leptons is fundamentally important, it is
planned to carry out a new series of experiments to deter-
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mine the g — 2 factor of the muon using the AGS synchroton
at the Brookhaven National Laboratory.?*”” The aim of the
new experiment is to reduce the relative error in the deter-
mination of a, toabout 0.3-10~%, corresponding to a 20-fold
increase in the accuracy over that of the latest experiments at
CERN. The method of determining (g — 2) u i8S un-
changed—muons will again be confined in a storage ring by
means of a magnetic field H and a quadrupole electric field,
and the frequency w, will be measured by means of the
asymmetry of the electron emission. It is planned to reduce
the main part of the statistical error in the value of the muon
AMM by about an order of magnitude by raising the intensi-
ty of the primary proton beam to about 100 times that of the
CERN experiment. On the basis of the latest advances in
technology, it is also planned to use superconducting mag-
nets, giving a confining magnetic field of strength H = 5
kOe. This value is approximately three times higher than the
field strength in the CERN experiments. The use of this
stronger magnetic field will make it possible to reduce by
three times the statistical error in the determination of the
frequency w, for the same number of detected electrons.

To achieve the aim, it will, of course, also be necessary
to reduce the systematic error to about the new value of the
statistical error, i.e., it will be necessary to reduce the sys-
tematic error to one fifth of the error in the CERN experi-
ments. This requirement can be met by using the existing
method (see Ref. 77), so that the average of the magnetic
field strength over the muon trajectories can be determined
with an error down to (0.1-0.2) - 10~ %, The other part of the
systematic error, associated with the deviation of the muons
from the ideal standard trajectory, will be reduced by de-
creasing the size of the muon beam. The basic arrangement
of the new experiment at Brookhaven is shown in Fig. 9.
Note that, because of the use of the stronger magnetic field
(at unchanged energy of the primary muons), the radius of
the muon orbit is reduced to Ry, = 2.1 m.

3.BASIC THEORETICAL QUESTIONS

The entire philosophy in the planning of the experi-
ments to measure the electron and muon g — 2 factors and
the theoretical constructions corresponding to the experi-
ments are based on the assumption that the object of investi-
gation is a free particle at rest. Similarly, the theoretical cal-
culations of, for example, Refs. 7, 9, and 29 were also made
for a free particle at rest.”” However, the concept of investi-
gation of a free particle at rest was always associated with a
certain idealization, and it would be more correct to assume
that in a measurement of the g — 2 factor of the electron and
muon we obtain a property, not of a free particle at rest, but

FIG. 9. Arrangement of the (g — 2) » €xperiment under preparation at
the Brookhaven National Laboratory: 1) center of storage ring; 2) cryo-
stat; 3) windings of magnets; 4) active region measuring 5% 4 cm. The
radius of the ring is R = 2.1 m, and the strength of the magnetic field is
H =5 KkOe.
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of a particle that is moving and bound, i.e., is in external
electromagnetic fields. At the existing accuracy of the mea-
surements, the effects due to the motion of the particle and to
the presence of the external confining fields and leading to a
change of the (g — 2), factor itself cannot be detected ex-
perimentally. However, they may become more important
with further increase in the accuracy of the measurements.
The effects of the dependence of the lepton AMMs on the
energy and field strength may be manifested under the con-
ditions that exist in the neighborhood of astrophysical ob-
jects, when particles with ultrarelativistic energies move in
electromagnetic fields of colossal strengths.

In addition, study of the dynamical and field effects will
make it possible to understand more deeply the nature of the
anomalous magnetic moments of the charged leptons, and it
therefore has fundamental importance.

Electrodynamic contributions to the anomalous magnetic
moment of alepton moving in an external field

The dependence of the electron AMM on the strength
of the external magnetic field was actually first pointed out
in Ref. 78, in which the method employed had already been
used” to calculate the QED contribution to the electron
AMM in the lowest order of perturbation theory, i.e., the
order proportional to a. The essence of the approach of Ref.
79 is that one considers the state of an electron in a given
magnetic field of strength H with energy equal to m c* (the
energy of the orbital magnetic moment is canceled by the
energy of the spin magnetic moment) and calculates the cor-
rection to the electron energy due to interaction with radi-
ation. The term in the expansion of this correction in powers
of H that does not depend on the field strength—it is the
electron self-energy in the absence of the field H—is infinite,
while the term proportional to the first power of H leads to
the Schwinger value for the electron AMM. In Ref. 78, the
following terms in the expansion of the energy in powers of
H were retained, thus making it possible to study the depen-
dence of the electron AMM on the strength of the external
magnetic field, and it was concluded that the field (or H-
dependent) corrections to the AMM are finite for all orders
of the expansion in powers of H. A more systematic investi-
gation of the dependence of the electron AMM on the
strength of the external magnetic field was made on the basis
of a calculation of the mass operator in Ref. 80.

An important restriction in the application of the meth-
od and of the results of Refs. 78—80 is the fact that the entire
treatment was given for an electron at rest—in the nonrela-
tivistic approximation. However, in the precession scheme
of the experiments to measure the AMMs of charged leptons
realized at CERN and planned at BNL, the leptons have
relativistic energies, and it is therefore interesting to study
the dependence of the AMM of a lepton on its energy. In
Refs. 81 and 82 the energy dependence of the AMM of an
electron moving in an external magnetic field was demon-
strated and investigated for the first time. In these papers, a
method was developed for calculation in the case of relativis-
tic motion of an electron in a magnetic field with strength
H<H,= m?c*/|e|fi=4.41-10". The expressions for the
AMM of an electron moving with relativistic energy in an
arbitrary constant field and crossed electromagnetic field
were obtained on the basis of a dispersion method in Ref. 83
and were confirmed directly in terms of a calculation of the
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contribution to the mass operator of an electron in an exter-
nal constant field in Ref. 84 (see also Ref. 85). In addition,
the AMM of an electron in a crossed electromagnetic field
was considered in Ref. 86, and in a magnetic field of arbi-
trary strength in Ref. 87.

Bearing in mind that under the conditions of the experi-
ments to determine the g — 2 factor the charged leptons
move in a combination of electromagnetic fields, and in the
case of resonance g — 2 experiments the electron is also sub-
ject to a high-frequency electromagnetic field, it is of interest
to consider investigations like those made in Refs. 88-90, in
which the corrections to the electron AMM due to the effect
of a superposition of a constant electromagnetic field and the
field of a plane electromagnetic wave were considered.

Summarizing the results of the investigations of the in-
fluence of external electromagnetic fields and motion of the
lepton on the anomalous magnetic moment, considered in
the leading order in the framework of QED, we can draw the
following conclusions. First, the AMM depends on the
strength of the external field, and the dependence is nonlin-
ear. Further, the behavior of the lepton AMM is different in
weak and superstrong fields. Whereas in a weak magnetic
field (H < H,) there appear only four field corrections to the
vacuum (or fieldless) value of the AMM, equal to ag,,, = a/
27 in the lowest order in @, in a strong field the value of the
AMM is completely determined by the field strength H, de-
creases with increasing H, and at a definite field strength
even changes sign.

Second, the anomalous magnetic moment is an essen-
tially dynamical quantity, since it changes with the lepton
energy, and, moreover, the AMM of a lepton in motion in
the field of an electromagnetic wave depends on its polariza-
tion,” an effect that also belongs in the considered category.
We note also that in the case of a relatively weak field the
AMM of a lepton at ultrarelativistic energies decreases rap-
idly with increasing energy.

Investigations like those mentioned above are of inter-
est, since the field-dependent and energy-dependent correc-
tions to the AMM in the leading order in & may be greater
than the contributions of the following orders of the expan-
sion in @ and the nonelectrodynamic contributions. For ex-
ample, under the conditions of experiments made with the
linear collider at Stanford (SLAC), with the energy of the
electron beam raised to 46 GeV and effective strength of the
magnetic field reaching 10° Qe (Ref. 181), the dynamical
field correction in the leading order in a will be
Aa =0.6-10"" (Ref. 184).

The importance of the study of the dynamical and field
dependences of the lepton AMMs can also be illustrated by
the fact that this subject regularly attracts the interest of
theoreticians. For example, in Refs. 91 and 92 many of the
conclusions contained in the studies listed above were con-
firmed.

We also mention the study of Ref. 93, which considered
the influence of an external magnetic field on the electron
AMM (leading to a shift of the g, factor) and in which, in
addition, allowance was made for the specific conditions un-
der which experiments using a Penning trap are performed.
The main result of the study was the discovery of pro-
nounced resonance peaks in the correction to the electron
AMM at integer values of the ratio of the electron cyclotron
frequency and the frequency that characterizes the station-
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ary states of a photon between the two ideal conducting
plates that model the Penning trap. This assertion agrees
with the results of Refs. 66 and 67. We note that this correc-
tion, associated with the presence of a magnetic field and a
Penning trap, is as yet significantly smaller than the discrep-
ancy between the theoretical and experimental values of the
electron AMM.

Contributions of the axial-vector Zand Wbosons and Higgs H
bosons to the AMM of a lepton moving in an external
electromagnetic field

The dependence of the contributions of the weak inter-
actions to the AMM of a charged lepton on the lepton energy
and on the strength of the external field was first considered
in Refs. 94 and 95 (see also Ref. 96) in the framework of the
Weinberg-Salam model in 1982, i.e., before the direct dis-
covery, with the proton collider at CERN,*"*® of the carriers
of the weak interactions—the axial-vector neutral Z and
charged W bosons. In particular, the contribution of the
neutral weak current (Z-boson contribution) to the AMM
of a lepton moving in a constant field®” was obtained in Ref.
94 on the basis of a calculation of the mass operator of an
electron in an external field, and it was concluded for the
first time that in the case of relativistic energies of particles in
a sufficiently strong field the contribution of the weak inter-
actions can become equal in order of magnitude to the pho-
ton contribution, i.e., the purely electrodynamic contribu-
tion. The contribution of the charged weak currents
(W-boson contribution) was first discussed in Ref. 100 on
the basis of the method of analytic continuation®® in a mag-
netic field. Later,'?! a calculation was made of the W-boson
contribution to the mass operator of a charged lepton in a
constant field, and this made it possible to obtain the corre-
sponding contribution to the lepton AMM more rigorously.
The dependence of the contribution to the lepton AMM
from the third boson predicted in the Weinberg—Salam mod-
el but not yet experimentally discovered—the Higgs H bo-
son—on the lepton energy and on the strength of a constant
electromagnetic field was studied in Ref. 102 (see also Refs.
49 and 103-105). The values of the photon (y) and Z-, W-,
and H-boson contributions to the AMM of a charged lepton
for arbitrary lepton masses and with allowance for motion of
the lepton in a constant external field were compared in Ref.
106. The particular specific case of the influence of a super-
strong magnetic field on the Z-, W-, and H-boson contribu-
tions to the AMM can be considered on the basis of the re-
sults of Refs. 107-109.

In this section we shall dwell on the theoretical treat-
ment, in the framework of the Weinberg—Salam model of the
electroweak interactions, of the contributions to the AMM
of a charged lepton with allowance for the dependence on the
energy and on the strength of an external magnetic field. The
most consistent way of finding the corresponding contribu-
tions to the AMM is based on use of the expression for the
lepton mass operator M(x', x), which occurs in the
Schwinger equation and describes the motion of the lepton in
the presence of the field with allowance for radiative correc-
tions:

(p—m) ¥ (@)= | M(z', ) ¥ (@) dz,

pibedert, by,

ozy
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where A" is the 4-potential of the external electromagnetic
field. As the initial field one can choose an external constant
crossed field (ELH,E = H), which in the case of relativistic
particles is a good approximation in wide limits for any con-
stant electromagnetic field (for more details, see Ref. 85).
The results then obtained will depend on the characteristic
parameter

x=V —(eF*p, )2 m®, (42)

where F*¥ is the tensor of the electromagnetic field, and e,
m,, and p,, are the charge, mass, and momentum of the lep-
ton.

The expectation value of the mass operator calculated
in the second order of perturbation theory, M®, and taken
on the mass shell (in what follows, we use a system of units in
which ¢ = #i = 1) between constant spinors

Y m;+np+(on) (op,) )V VV+=1
e Vinpp, ((?'H—"?P) (on)+(op,) / ' !

np = nup*,

where p, is the component of the lepton momentum trans-
verse to the direction of the magnetic field H, determines the
contribution to the amplitude of elastic scattering of the lep-
ton in the external field: T, = — UM ?(p,p') U. The con-
stant two-component spinor ¥ describes the orientation of
the lepton spin and satisfies the equation

() V = EV,

where § = + 1 characterizes the two possible values of the
spin projection of the particle onto the direction of the unit
vector 1. The expectation value of the Pauli matrices & is
calculated in accordance with the formula

o=V*olV =E H;E‘:' 1+ 1‘;&5’ ( L X;’_'{_”ln))ilxn )
The &-dependent part of the amplitude is related to the cor-
rection to the lepton AMM in the rest frame by the equa-
ti0n85.110

Ap = (V-T-8H)™ Re T,,.

In contrast to electrodynamics, in the Weinberg-Salam
theory of the electroweak interactions not only photon pro-
cesses contribute to the lepton mass operator, but also pro-
cesses involving neutral Z bosons, charged W bosons, and
neutral Higgs H bosons (the unitary gauge, which does not
require the consideration of processes with the participation
of unphysical particles—Faddeev-Popov  ghosts—is
used).'"" If a restriction is made to processes of second order
in the coupling constant in the Weinberg-Salam theory,
then the photon, Z-, W-, and H-boson contributions to the
mass operator do not interfere with one another, and for
M® we have the decomposition

M9 (2, z)
=MP (', z)+MP (2', z)+ MG (', x)+ Mg (z', z).

These four contributions to the mass operator of the lepton
in the external field are determined by the Feynman dia-
grams shown in Fig. 10, and the corresponding analytic ex-
pressions have the form
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FIG. 10. Feynman diagrams that describe the contributions of the , Z,

W, and H bosons to the mass operator of a charged lepton moving in an
external field.
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M@ (z', )= —ie2y*G (z’, z)y*Dly (2', x),

e

M (z', 2)= —iGEWG (z', z) y"Diy (e, ),
3g"?
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M (', v)= —iG}y '"Gv( 50} ?'VDM (z', =),

Tr=1(14y5), Gy =

(]

2 1/ 2
m

3;)1 GH’ =_§‘ _ﬂ‘!‘; 1
where g and g’ are the gauge coupling constants of the Wein-
berg-Salam theory, G"¥ (x',x) are the lepton and neutrino
propagators, and D""%"# (x',x) are the propagators of the
photon and of the Z, W, and H bosons, and they take into
account exactly the effect of the external crossed electro-
magnetic field on the charged particles.®>'"!1?

Note that comparison of the constants e, Gz, Gy, and
Gy, which describe the vertices of the corresponding Feyn-
man diagrams, shows that the H-boson contribution is rela-
tively small, since Gy ~m;/My.,, m;/M, <€1. However,
the contribution of the Higgs boson depends strongly on the
boson mass M, and in the presence of a strong electromag-
netic field a final conclusion about the relative importance of
the H-boson contribution can be drawn after the calcula-
tions have been made.*

Calculations in accordance with the above scheme'®
give (see the references cited earlier in this section)

M (z', z)=—iGHG' (', z) D® (2,

o= et (1) o7
af ()= — 2:13 & S: ara () 16

” {1-1;55 (u 1:-11, )

52 (e i)
o) et

ay (x)= 2n2 KWS (1iuu)3 (1)213

Y (zw) {xw am

_(%)m ——I-hw 1+u ), Ay = M3yim3;

aH )= z

]

zfa 1+ 2 .
S(1+u)“ x Y () =5

0
=L )2’3(1+AH L) A= Mi/m}.

7
(43)
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Here, the dynamical field parameter has the form
x = le|(po — ps)H /mj, and p, and p, are the energy and
projection of the lepton momentum onto the vector H.

The formulas that we have given in the second order of
perturbation theory take into account exactly the influence
of the external field on the behavior of the contributions
al, a?, al¥, and a¥ the lepton AMM. The further investiga-
tion is associated with approximate calculations that use the
properties of the functions

Y (z)= S sin (zz 4 z%/3) dz
0

in two characteristic ranges of variation of the parameter y:
1) y <€A, corresponding to the case of weak fields and not
very high energies, 2) ¥y>A%?, for strong fields but when
H < H, and at ultrarelativistic energies:

[ [1-—12xz(lny'1+c+—ln3—-';5—;)ﬂ
'X.<<11

T (1/3)
9133

g b 25, 8

2

, 4> 1;¢=0,577

af (x)——f—

_I_i—za* & ) (41n?~z—--—-—):|, N

T (1/3) _ A4a -
91/3(33:)"3[ St tes sl | ?

%> A%

1 1 .

" e, l?xw (Aw+qo 25 ) s £ <hw
o (1) =3 T (1/3)

91/5(3 )2i3
1 1 X2
a2 I:AH"' AL
ol (%)= —E——;«(lnhﬂ 257 ]'X.<7\'m
5: 4

TAm 7 i
oy 3@ & LA n

(44)

For the parts that do not depend on the external field we
have introduced here the notation

11, %3 A%

By 1"“‘"* [(2—4——A2+—— M) ez In K, i

P PR AT
o' 1‘;“’ [(+ M— 1) &' In K
(2 m—trs) ma =ttt ],
e=[IA(—&)[142, K= |(A—e)/(h+e)]; >
Aoy = My —5 My+3 A ) 1n [y (b — )|
Ay 2y 1/4;

3
Aplhg=(2E 3 3y 4 iy) e InK
H

(A pr) a4
(45)
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We note that the expressions (45) take into account
exactly the dependence of the vacuum (not containing the
parameter y) contributions to the lepton AMM on the
square of the ratio of the boson mass to the lepton mass (A4,
=M3%/m}), and therefore the expressions (45) are valid
for all values of 4.

We now give the leading terms in the expansion of the
vacuum parts Az, Ay, and A, under the assumption that
A Zw.n €1, i.e., for the case of the electron and the muon (it
is assumed here that the Higgs boson is fairly heavy,!!!!
My>m;):

Ap= — 2+ A5E (113" Inhg)+ 0 (43

Ay = 5/6 +A71/3 +0 (A7d);
Ag=-510hg— 71240 (AF).

(46)

It follows from (44) and (46) that the vacuum contri-
butions of the Z and W bosons are dominant, and that their
total value depends on the value used for the Weinberg angle
Oy . Thus, if sin® 8y, = 0.22, then for the muon we have
az(0) = —1.82:107°,  a¥(0) =3.89-10"°%  4%(0)

+a7(0)=2-10"% but if, for example, sin’ Oy
= —0.217, then aZ(0) + a*(0) = 19.5:10~"°.,

Bearing in mind that in the Weinberg—Salam theory the
mass of the Higgs boson is not determined, and at the present
time there are no unambiguous experimental data on its val-
ue,''>'"% it is of interest to compare the contributions a7, a),
and a? for different ratios of the lepton, m,, and boson, M,
masses. Since the masses of the Z and W bosons are approxi-
mately equal, M, ~ M, ~90 GeV = M, there are six possi-
ble characteristic relationships between the masses m,, M 5,

and My, and for each of them we obtained the following

estimates for the ratios of the contributions 4 = |a?(0)/
a?(0)| and a?(0) = a?(0) + a}¥(0):

N)ym < Mp<< My, A~ mi/My <1;

2y mi< My <<Mp, A~miMy<<i;

) Mg <m<<Mp, A~1;

4) Mpg<<m<<My, A~ A11n A<<1;

) Mp<< Mg <<my, A~1;

6) My << ﬂ’[B < my, A~ 1.
Thus, if the lepton rest mass m, is close to the mass of the &
boson or exceeds it, then for all ratios of m, to the masses of
the Z and W bosons the Higgs vacuum correction to the
lepton AMM will be of the same order as, |a}’(0) | ~ |a}(0) |,
or greater than, |a/’(0) | > |a](0)|, the total Z- and W-boson
contribution.*® This fact, in the absence of unambiguous ex-
perimental data on the mass of the H bosons and with
allowance for the ever increasing accuracy in the measure-
ment of the AMMs of the leptons, permits us to draw the
conclusion that in a comparison of the experimental and
theoretical values of the AMM:s it is necessary to take into
account the possible existence of significant contributions of
the Higgs bosons. We note also that such a comparison can
in principle provide information about the mass of the Higgs
boson.”

To conclude this subsection, we compare the weak con-

tributions to the electron and muon AMMs with the electro-
dynamic contribution at different energies of the particles. If
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we consider the expressions (44), assuming m, , €M .5,
and consider the case of ultrarelativistic lepton energies,
then

v 1 GrMiy T(1/3) |
4= y5 w

z 1 GrMiy T(1/3) 11,

“W)==5 Sys BT 3’
w 1 GrMiy T (1/3)

oW 0= 5% 55 ~@or !

(where 8y, = 30°). These estimates for the AMMSs a,(y)
show that in this range of energies (y>A ¥3,) the weak (Z-
and W-boson) contributions exceed by almost an order of
magnitude the electrodynamic (photon) contribution; the
W-boson contribution is the largest, and, as at energies y €1,
the total contribution to the AMMSs is positive: a}(0)
+a?(0) +a}’>0. The contribution of the Higgs boson is
suppressed in relation to a“(0) and a/'(0) by the ratio
mi/M?%, 1.

~We consider in more detail the comparison of a](y)
and a7 (y) in the presence of an external constant field. For
small values of the parameter (y € 1), the value of a}is much
larger than a7, since the photon contribution is close to the
Schwinger value of the AMM,

af (1) ~ 5 ~ 107,

and the boson contribution has the order a? (y) ~0.5:10~ ',

An appreciable difference between the contributions
aj(y) and a7 (y) appears if we consider how @ and a? vary
with increasing value of the parameter y. Whereas a} imme-
diately begins to decrease with increasing y and for y>1
tends to zero in accordance with the law y ~?/3, the value of
a increases with increasing y for y <4 zw- Inaddition, esti-
mates show that the ratio a’/a} will also increase with in-
creasing y in the intermediate range of values of the param-
eter ¥ (Ao up <y <A %5 ). Moreover, in the intermediate
region the terms that determine the leading contribution to
a7 (y) in the region y <1, will, as before, be the leading
terms. Making a comparison of @ and @} in the intermediate
region and using at the same time the expressions (44) and
(46) to estimate a} (y),

Grmi r'5 | 2. 112
af nz_lfli [E_i—? (sm2 8“-—»«-44) :l .

we conclude that for y €4 ¥}, the photon contribution to the
AMMs will exceed the boson contribution. Since, as we have
already noted, the main contribution to the lepton AMM in
the region y» A 3, is made by the weak processes, we con-
clude that for y~A 73 the contributions to a?(y) and
aj(x) become equal in order of magnitude.

Anomalous magnetic moments of charged leptons in
alternative theories

At the present time, the standard model of the Gla-
show—Weinberg-Salam interaction adequately describes all
the available experimental data. However, the standard
model is not free of shortcomings (such as the large number
of parameters, the unresolved problem of the number of lep-
ton and quark generations, the absence of gravitation, etc.),
and this has stimulated active study of alternative models
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that go beyond the framework of the standard model but
predict the entire low-energy picture that corresponds to it.
Comparison of quantum electrodynamics with the Wein-
berg-Salam theory shows that an increase in the types of
interaction of a charged lepton can significantly change the
value and nature of the dependence of its anomalous mag-
netic moment on the energy and on the external field.

Contributions to lepton anomalous magnetic moments from
bosons of various types

In the various generalizations that have been consid-
ered for the standard SU(3) xSU(2) XU(1) model (such
as the theory of technicolor,'”"'"® grand unification,''® su-
perstrings,'?° etc.) there are predictions of a rich spectrum of
new bosons (see also Ref. 121), and the virtual processes in
which they participate lead to new contributions to the
AMM of a charged lepton. In this connection, it is of interest
to study the contributions made by bosons of different types
(B;) and arbitrary mass M; (Ref. 122): 1) scalar and neu-
tral; 2) pseudoscalar and neutral; 3) vector and neutral; 4)
axial-vector and neutral; 5) vector and charged; 6) axial-
vector and charged (see also Ref. 185).

As follows from the descriptions of the experiments at
the University of Washington to measure the electron g — 2
factor, the CERN experiments to measure the muon g — 2
factor, and the new experiments planned at BNL, the nature
of the motion of the lepton is largely determined by the effect
of the external constant field. In addition, in the case of the
(g — 2),, experiments the muons have a relativistic energy,
and this, as is shown by the example of the electrodynamic
interaction and the contribution of the weak interactions,
can, like the presence of an external field, lead to a significant
change of the lepton AMM. Therefore, when we consider
below the contributions to the lepton AMM from the various
bosons B; we shall take into account the effect of the magnet-
ic field, and also the possible influence of the motion of the
lepton itself.

Assuming once more that the lepton is relativistic, we
shall use as a model of the magnetic field a constant crossed
field. To determine the contributions to the AMM of the
charged lepton, we calculate, initially in the single-loop ap-
proximation, the part M § of the mass operator of the lep-
ton moving in the crossed field. The characteristic Feynman
diagram is shown in Fig. 11. The double lines signify that the

W Ny
ey A .
I g I a9 1

FIG. 11. Contribution of bosons of various species to the mass operator of
a lepton in an external field.

wave functions and propagators of the charged particles are
exact solutions of the corresponding equations with
allowance for the effect of the external field. We then find the
contributions T (? to the elastic scattering amplitude, of
which the real parts of the terms that depend on the spin
variable are proportional to the contribution aj(y) to the
anomalous magnetic moment.

Making the calculations, we obtain, for the contribu-
tions to the AMM of a charged lepton of mass m; moving
with relativistic energy in the magnetic field,

a’;‘t (%) = _fi__ g

(270)2 .

du (u,

2/3
mror (37) AT,

(47)

where Y (z;) = §& sin(z;x + x*/3)dx; and g, is the constant
of the coupling of the lepton to the boson B;. In Table I we
give the values of IT';, which characterize the structure of the
coupling of the lepton and the bosons B,, the type of the
virtual fermion /;, the functions };, which determine the
integrand in (47), and the arguments z, of the upsilon func-
tions.

The contributions (47) depend on the single dynamical
field parameter y =/ — (eF,,p*)>m;. Note that Egs. (47)
give exact expressions for the contributions of the bosons B,
to the AMM of a lepton moving in a crossed electromagnetic
field. In this case, the parameter takes the form
x = (H/H,)(po — p3)/m, where p, and p, are the energy
and projection of the lepton momentum onto the vector
E X H. Because of the “universality” of the crossed field, the
expressions (47) are also valid for the motion of a relativistic
lepton in an arbitrary constant field. For a purely magnetic
field, the dynamical parameter has the form
Xu(H/Hy)/(p,/m,), where p, =2yn is the projection of
the lepton momentum onto the plane perpendicular to the
vector H (n is the ordinal number of the Landau levels in the
magnetic field, and y = eH).

TABLE 1. Values of T';, /;, 2, z; for processes with allowance for bosons of different

species.

Species (and

charge) of Ty A Q; z;

boson
Scalar (0) 1 i 14u/2
Pscudoscalar (0} s 4 —uf2

2/3
Vector (0) Yo 1 1 zi:(%) (1+,\-! 1-1-’!1. )
Axial-vector (0) Tuy 1 3__4___2_111
w¥s m ?"-1
Vector ( — 1) Y Y
1 1 w \2/3 1 1

Axial-vector Yu¥s v ] 2+T'—m ] Zj= (T) ( i + M —:l‘:_u)

(-1
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On the basis of (47) we can obtain asymptotic beha-
viors for the various contributions to the AMM of a lepton in
a magnetic field at small y (relatively weak fields H < H, and
not too high energies) and large y (strong fields H < H, and
ultrarelativistic energies):'?

11 1% ¥ 257 1
w7 [ Mt (ea=3)].
af‘(x)— X <€Ay
T (1/3) -7_ 3/2,
sy3Em 5 A>MT
11
7 () =14 {—“’Lz T[4t 3 m]v X <Ay
"T r{m 5 :
TavaEn 40 LM
257
7 [Bar 2y (nha—57 )],
ap*(x) = gy >
Ty 1 3/2.
TVi@n 20 PPN
11 %2 691
Ay 2 [A‘+ 'X;'_( —8indt+ 5 )]’
=4 1<k
_TWs) 1 \3/2:
Toy3Epe 2’ AP
1 1 1 x2 5
g 6{ rwp E[As.s-l"mm:,y X L s 63
W) At
V3@ 2t PPl /
(48)

It follows from the expressions (48) that for any boson
species (B=S°P°% V%A%V ~,4 ~) thedependence of the
contributions on the parameter y is the same, namely, at
small y () €A, ) there are small corrections quadraticin y to
the vacuum contributions af’(O) determined by the quanti-
ties A,. At large y (¥ >4 ;") all the contributions clearly
demonstrate the dynamical nature of the lepton AMM,
varying with increasing y as y ~**. For the magnetic field
strengths and lepton energies in the experiments to measure
the g — 2 factors of the electron and muon, the parameter y
is small and, therefore, the dynamical field effects are also
small. However, for the motion of relativistic leptons in the
neighborhood of astrophysical objects, where, according to
modern estimates,'” the magnetic fields can reach values
H=10""'H, = 4.41-10"% Qe, it is necessary to use the ex-
pressions (48) for the contributions of the various bosons to
the lepton AMM. Boson field effects can also be manifested
in the AMM of charged leptons when they move under the
conditions of modern accelerators (see the end of the first
subsection of Sec. 3).

We now discuss the vacuum contributions to the AMM
of a charged lepton, for which we obtain'®*
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A3=(%_2xg+xg)e;! In K, )
_+(—’i§-—x;)1nx3_x3+%i
e (3

(B2 4 2) A =23 S — 1

—3A+4A?) &' In K,

Bg(hs=0)= g (h=1)= (M~ 2243 1) lnl —
S8 T RN
K=|(A—e)/ A+e)|, e=[|A(A—4) 2. y

(49)

Note that in deriving these expressions we have not im-
posed any restrictions on the boson masses M, i.e., these
expressions describe exactly the dependence of the vacuum
contributions to the lepton AMM on the masses of the corre-
sponding bosons. When the specific coupling constants g,
and boson masses M, are substituted in them, the expres-
sions (49) enable us to find the contributions to the AMM of
a lepton of mass m, that arise in the various theories. Thus,
using these expressions, we can find the vacuum contribu-
tion of the Z, W, and H bosons (45) to the AMM of a lepton
in the standard Weinberg—Salam model of the electroweak
interactions.

The vacuum contributions of neutral massive scalar,
pseudoscalar, vector, and axial-vector bosons for the elec-
tron and muon AMMs were recently considered in Refs. 124
and 125 by a method different from ours. Analytic expres-
sions were obtained in Ref. 125 for the corresponding vacu-
um contributions to the AMMs for two cases (we use here
the notation of the present paper): 1) 4, > 4;2) A, <4; these
cases can be combined and must agree with the result (49)
(4 #4). However, in Ref. 125 the contributions of the scalar
and pseudoscalar bosons are given with the incorrect sign,
and this is also reflected in the sign of the corresponding
limiting values for A> 1 and A € 1.'" This error was correct-
ed in Ref. 126 by one of the authors of Refs. 124 and 125. In
addition, the contribution of the neutral axial-vector boson
obtained in Refs. 124—126 differs from (49) and the identical
expression that can be obtained from the results of Ref. 127.

For the case of light (1; €1) and heavy (1, > 1) bosons,
we can obtain from (49) the limiting values for the contribu-
tions to the AMM of a negatively charged lepton (see also
Refs. 99, 102, 106, and 185):
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a‘!t(O)_ 81[12]‘: BI=S01 PO, VO‘ on V-; A—;
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50= 5> Pﬂ—*‘“_‘ vo=1, kA“—_‘;\:“_"' COy
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ks =A7' I A — A7 L, Epo= — A" Ind,+a5t AL,
bvo=15' 22522 In 1,
fav= — AT N2 0N, hy-—has = R A5 +205%.

We note that the contributions of the scalar and pseudo-
scalar bosons are distinguished in a definite manner in the
region A, > 1 by virtue of the presence, in the leading terms of
the expansion, of the factor In A, which can be large.

Figure 12 shows the dependence of the functions k; on
the ratio of the mass of the boson to the mass of the lepton,
\JZ: , for bosons of the considered types.'®*

Thus, we may draw the general conclusion that the con-
tributions of the bosons B; to the lepton AMMs depend not
only on the constant of the coupling to the lepton but also on
the properties of the boson itself—its species and mass.

Contribution to lepton AMMs of “horizontal” bosons

Although the contributions to the AMMs considered
above can, by virtue of the diversity of properties of the bo-
sons, be used to analyze the lepton g — 2 factor in the various
theories that generalize the standard interaction model, they
do not exhaust the complete gamut of processes that lead to
corrections to the AMMs. Recently, attempts have been
made to resolve one of the open problems of the standard
Glashow—Weinberg—Salam model—the existence of genera-
tions of quarks and leptons—by the introduction of an addi-
tional “horizontal” symmetry between the generations of
fermions (Refs. 114 and 128-133), and these have become
quite popular.

As was first shown in Refs. 128-130, spontaneous
breaking of the generation symmetry, which can lead to the
observed mass hierarchy of the fermions, leads to the ap-
pearance in the theory of a neutral Goldstone boson—a fa-
milon,'?® which has an interaction with the fermions that is

nondiagonal with respect to the flavors. Various processes
with the participation of the familon in the presence of an
external magnetic field were considered in Refs. 134-136
and 183, in which, in particular, the familon contribution to
the muon AMM was discussed.

FIG. 12. Dependence of the functions k;, which determine the vacuum
contributions of the bosons of species i to the lepton AMM, on the mass

ratio A, = M,/m,; [1) P%2) §%3) V% 4) 4% 5) V—;6) A ™).
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The flavor-nondiagonal familon-fermion coupling can
be either scalar or pseudoscalar, '**'*° and the corresponding
Lagrangian in the case of two fermion flavors (electron and
muon) can be represented in the form

L=g; [T (1—a'v?) Yo+ ¥, (1 +a’y) ¥,1 f(2),
where ¥, (x) and f(x) are the wave functions of the lepton
(! = e,u) and the familon. The constants &rand a are deter-
mined by the specific model, but in any case g, is inversely
proportional to ¥, which represents the energy scale asso-

ciated with the spontaneous breaking of the global “horizon-
tal” symmetry:

=V-1}y 2m,m,.

It follows from astrophysical estimates” that
¥z 7-10° GeV.

We shall obtain the familon contribution to the muon
AMM with allowance for the effect of a constant magnetic
field, using the method described above. Considering the
contribution to the mass operator of a muon moving in a
magnetic field—it is given by the Feynman diagram in Fig.
13—we arrive at the expression'**%

S g ‘in du (,_”;.)2"3
W=7 ) T 7y

2

Mi4a™ My 1 1—a? m
XL 3 1+u + P] u ]r(z!)

mﬁ

I B NPT
1 X% m2 u u m3  ut Y

=V —(eF pup Fim.

Considering a strictly massless familon (M, = 0) in the
two ranges of values of the dynamical field parameter, we
obtain

@l (X)=—or (1+"%) (1+8x2 (1n —c+3)),

c=0,577..., 2 gy <1,
my,

1oy I'(1/3
a{t (%)_' 7 ]/3 (1+ 2) (3&)1;3 i

3T (2/3) £
x[i ) @ T O “3)] > 1.

As in the cases discussed above with “diagonal’’ bosons
of different species, at large y the familon contribution @,
decreases with increasing y in proportion to y ~%*. How-
ever, in the case of small y the correction to the vacuum
value of the anomalous magnetic moment is proportional,
not to y?, as in (48), but to y* In y. This singularity in the

FIG. 13. Familon contribution to the mass operator of a muon in an
external field.
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asymptotic behavior may be related to the circumstance
that, in contrast to the considered contributions to the mass
operator of diagonal bosons (see Figs. 10and 11), which are
characterized by the fact that the total mass of the virtual
particles is at least not less than the lepton mass, in the case
of the familon contribution the total mass of the virtual par-
ticles is significantly less than the lepton mass (m.<m,),
and therefore the external field has a stronger influence on
the AMM.

We note that an attempt to explain the discrepancy
between the theoretical and experimental values of the muon
AMM (Ag, <9-107") by a familon contribution a/, does
not lead to significant bounds on the constants g, and a'.

In another version of the theory with “horizontal” sym-
metry, the model with a so-called “inverse hierarchy” (dis-
cussed in Ref. 138), the muon is most strongly coupled to the
heavy 7 lepton, and for the coupling constant we have the
estimate

. 1/-mu,m.,:

gr=—5r——, V' =10° GeV.

For the vacuum familon contribution to the muon
AMM that arises in this model, we obtained '**

g

e (B (b o]

+52 Ve [gH(—s ) mit—el ]},

=B x35.10°
a_—nT{N 0-1073,
or, if we make an expansion with respect to £<1,

. & 1 2, 1 3
o= Ut () o [R5 (5]

mﬂ
+0( m:% )}

If we require that @/ not exceed the discrepancy
between the theoretical value calculated in the framework of
the standard model and the experimental value of the muon
AMM, i.e., if we require @/, <Aa, <9-107°, then for the
constant @’ we obtain a stronger bound than in the case of the
theory with an ordinary hierarchy: a’<1-10% If the 20-fold
increase in the accuracy of the experimental determination
of the muon g — 2 factor planned at BNL results in a de-
crease by the same amount of the discrepancy between the
experimental and theoretical values of the AMM in the stan-
dard model, this will impose an even more stringent bound
on the parameter a’: a’'<3-10°.

Coniribution of a light pseudoscalar boson to the lepton
AMMs

One further case in which study of the lepton AMMs
can lead to definite conclusions about the properties of ele-
mentary particles and the parameters that describe their in-
teractions is associated with the “Darmstadt puzzle.” The
problem arose because experimental groups from Darm-
stadt (in the German Federal Republic) started to report
the presence, in the spectra of positrons and electrons pro-
duced in collisions of heavy ions, of narrow peaks with an
energy of order E~300 keV and width AE~70 keV.!3%-142
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Meanwhile, various groups have observed whole series of
peaks in the range of energies from 220 to 430 keV (Ref.
126). One of the possible explanations of the nature of these
peaks is associated with the assumption'**'** that the posi-
trons and electrons whose spectra exhibit the peaks are pro-
duced by the decay of an unknown particle X, whose mass
can be estimated from the experimental data at M, = 1-2
M ev.126,144

Suppose that the unknown particle is a pseudoscalar
boson.'*>-1*7 If, as was noted above (see also Refs. 49 and
106), the mass of a scalar or pseudoscalar particle is compar-
able with the lepton mass, the corresponding contribution to
the lepton AMM will be comparable with (or will exceed)
the total contribution of the Z and W bosons which it is
intended to determine in the new experiments at BNL. This
suggests that study of the AMM in the given case (M, <m,)
will make it possible to obtain significant bounds on the con-
stant of the coupling of the leptons to the new X boson.

Using the expressions for the contribution of the pseu-
doscalar boson to the lepton AMMs [see the expression
(47) and Table I], we can obtain the contribution to the

electron and muon AMMs'*%!'*7 in the case of small values of
the parameter y:

X

_ B odru 3. 1
=g o (gl he— 53]

[~ 047 — 135103, %, < Ao 10,
My =1.6MeV,
=g [+t hu— (B0n) ]
— b 0.50—3.4553), 1w < A2 ~ 1.501072,
=V —(eFup"Vim}, A=My/m},
and in the case of large y (y.>4 22 y, > 1):

50(1/3) &
= T 8n®

2
X 81

T T T2 yAn G

0.2447 %3 .

Comparing the vacuum contributions to the electron,
aX(0), and muon, a(0), AMMs with the discrepancy
between the predictions of the standard model and the ex-
periments (Ag, <3-107'°, Aag, <9-107%), we obtain
bounds on the constants g, and g,: g <4.5:107% g,
S0,

Similar estimates of the constants of the couplings of the
leptons to bosons of other species are given in Refs. 124-126.

Lepton AMMs in supersymmetric and superstring theories

The main task of the new experiments planned at BNL
to measure the muon AMM is to achieve an accuracy per-
mitting detection of the contributions of the weak interac-
tions. The new experimental results for @, will impose more
stringent restrictions on the parameters of alternative theo-
ries than those that follow from the CERN value of a;**. The
widely discussed supersymmetric theories'*® predict a large
number of new particles with masses of order 100 GeV, and
virtual processes in which these participate can contribute to
the muon AMM. It is in fact the value of the muon AMM

A. |. Studenikin 276



7
” ] Z

o S

L it e 3 #7 by

/ RS / \

4 DN N 4 - \

Pl ~ -~ d ~
i v a E P

FIG. 14. Contributions of supersymmetric particles to the muon AMM.

that is of interest; for although it is calculated and measured
with lower accuracy than the electron AMM, it is, because of
the greater mass of the muon (m, > m,), more sensitive, as
we noted above, to processes at short distances.

A model-independent analysis of the contributions
a;"%Y to the muon AMM in supersymmetric unified theories
based on N = 1 supergravity was made in Refs. 149 and 184.
The additional contributions a;"** which arise in the lowest
order of perturbation theory through processes with the par-
ticipation of the wino ( W) and sneutrino (¥) (Fig. 14a),
and the zino (Z) and smuon (&2) (Fig. 14b), are determined
by the set of parameter values of the theory, but in most
models this dependence can be reduced to the dependence on
the wino mass M and the sneutrino mass M, . We note that
the dynamical field dependence of the contributions
a;”%¥ (y) is analogous to the y dependence of the contribu-
tions a, (y) (see Ref. 184).

Figure 15 shows the dependence of the supersymmetric
contributions to the muon AMM on the wino mass for dif-
ferent values of the sneutrino mass characteristic of two defi-
nite models. A general conclusion that follows from the
analysis (see Ref. 149) is that the contribution of supersym-
metric particles to the AMM can be appreciable and, in par-
ticular, can appreciably exceed the contributions of the weak
interactions in the standard Weinberg—Salam model. For a
certain choice of the parameters in a number of supersym-
metric theories, it will be necessary to increase the accuracy
of the muon AMM by about 2-3 times in order to detect
a;"SY experimentally. It is also noteworthy that if the BNL
experiments are successful and the accuracy in the measure-
ment of a, is increased by 20 times, it will be possible to
detect not only the contributions of the standard theory of

aﬁusv 2.709 a}s‘usvlz_ms

the electroweak interactions but also the contributions pre-
dicted by most of the supersymmetric theories for a wide
spectrum of parameter values.

The contributions to the muon AMM in supersymme-
tric theories (in particular, in ones based on the symmetry
group E,) have been considered in a number of stud-
ies.'”>'*? The corrections to the muon AMM obtained in
these theories can also become comparable with the contri-
butions of the weak interactions in the standard model, and
therefore the new experimental values of a,, will play an im-
portant part in the choice of the parameters of these theories.

Lepton AMMs in theories of composite particles

Another of the popular ideas that lead to alternatives to
the standard model is that all the low-energy interactions are
due to the propagation of massless gauge bosons. In this
case, the massive Z and Wbosons are not gauge particles and
have structure. The definite model proposed in Ref. 154 on
the basis of SU(2) X U(1) symmetry can, under certain as-
sumptions, reproduce at low energies all the results of the
standard model but at high energies it gives very different
predictions. In this model, the gauge group of the SU(2);
symmetry is not broken, and the observed weak interactions
arise as residual interactions between SU(2) ; singlet com-
posite states, which are interpreted as the leptons, quarks, Z,
W, and Higgs bosons. This theory predicts the existence of a
new neutral boson with spin 2 and mass M~ 100 GeV.!*
Such a boson not only changes the structure of the weak
interactions at high energies ( 2 100 GeV), but also has an
effect at the low-energy level through an additional contri-
bution to the muon AMM. The calculation of the contribu-
tion made by the new boson to the muon AMM in the frame-
work of a strongly coupled theory of this kind, in which there
are ultraviolet divergences that can be eliminated by a cutoff
at energies A~G ; "2=300 GeV, leads'”® to the result
|Aa,, | =~1.5-107%, which is approximately an order of mag-
nitude greater than the contribution of the weak interactions
in the standard model.

Although we have shown by a number of examples that
one can effectively use the values of the lepton AMM s to test
the validity of various interaction theories, a serious problem
in obtaining definite bounds on the parameters of a theory is
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FIG. 15. Dependence of the supersymmetric contributions
a;"®" to the muon AMM on the wino mass m for photino
mass m;, = 7 GeV for different sneutrino masses in two mod-
els (Ref. 149): a) the curves correspond to m; = 1, 21, 41,
and 61 GeV; b) the curves correspond to m; = 21, 31, 51,
and 71 GeV. The broken lines are the contributions of the
weak interactions in the standard Weinberg—Salam model.
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that, as a rule, the value of an AMM depends simultaneously
on several parameters (for example, on the coupling con-
stants and masses of the particles). Therefore, in a certain
sense it may be more effective to make a test based on values
of the lepton AMMs, not of specific models, but deduced
from more general concepts on which the models are based
and which are determined by one or two parameters.

In this connection, let us analyze the concept of com-
posite particles without going into the details of particular
models that realize it. In accordance with the main idea of
the composite theories, the well-known difficulties of the
standard SU(3) xXSU(2) X U(1) model can be overcome if
the leptons, quarks, and bosons are unified on the basis of a
small number of common constituents.'** ' We note that
the direct tests of quantum electrodynamics at high energies
in collisions of electron and positron beams impose restric-
tions on the scale at which the composite nature of the parti-
cles is manifested and indicate that leptons behave as point
particles right down to distances of order 10 ~'® cm. Let us
consider the question of the value of the AMM of a compos-
ite lepton.”¢! It in no way follows a priori that in composite
theories the g factor of a lepton must be equal to 2. If we
regard a lepton as a truly composite particle, two circum-
stances must be taken into account—the lepton must be si-
multaneously light and small. These two requirements im-
pose very stringent requirements on the theory of composite
leptons.

In the case of an ordinary bound nonrelativistic system
(atom, nucleus) its size is determined by the relation
R~ (ME,)~ V2> 1/M, where M is the mass, and E,, <M is
the binding energy. However, in the case of leptons, for ex-
ample, for an electron, the opposite relation holds, namely,
the radius of the electron and, therefore, of its possible con-
stituent parts satisfies R, ~ (ME) "> > 10 '® cm, and this
value is appreciably less than the Compton wavelength of
the electron: A $~1/m, ~4-10 ' cm. Thus, any theory of a
composite electron must explain why its mass is small com-
pared with its radius: R 7' 2100 GeV>m,.

The simplest model is to assume that the electron con-
sists of strongly bound particles—preons with very large
mass m*> m,. In this case, it can be shown that the correc-
tion 8a to the AMM will satisfy the estimate

ba ~ O (m /m¥*). (50)

This result reflects the fact that the natural (usual)
scale of the magnetic moment has the order 1t ~eR, where
R ~m, ' is the characteristic radius of the system. However,
it must be noted that any model of composite leptons in
which (50) is valid immediately leads to large corrections to
the lepton self-energy, and thus there are large corrections
&m; ~0(m.) to the lepton masses, whereas the observed
lepton masses are negligibly small compared with m..

An important requirement imposed on models of com-
posite leptons is that the additional contributions to the
AMM and to the lepton mass must be simultaneously small.

The problem of obtaining a small correction to the mass
can be lifted if, for example, it is assumed that the correction
is compensated by a large bare mass of the lepton. However,
as was noted in Ref. 161, a more natural way is to introduce
one further large mass scale, i.e., to regard the lepton as a
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bound state of a fermion of mass - and a heavier boson with
mass my »m,, which itself can be a bound state of two lep-
tons of mass m,. In this case, the additional contribution to
the AMM due to the structure of the lepton will satisfy the
estimate

6&.1 ~ 0 (ﬁ%’g_f) .

Another way of avoiding the appearance of large cor-
rections to the lepton mass foresees a construction of the
interaction which is such that the right- and left-helicity fer-
mions that are the composite parts of the lepton (and have
large mass m. >m,;) arise with equal weight in the wave
functions of the composite lepton. Such theories possess
chiral symmetry, and the amplitudes of processes must be
symmetric with respect to the substitution m. - — m., and
therefore the correction to the AMM cannot contain terms
~m;/m., so that we can expect

’

GGINO(

1712
) (51)

Let us estimate the restrictions on the mass scales of the
preons that follow from the existing discrepancies between
theoretical and experimental values of the electron and
muon AMM:s. Suppose that the estimate (50) is valid; then,
if Samuel’s calculations for the electrodynamic contribution
to the electron AMM (see Sec. 1) are correct,
a" —a® = 6.09(1.49)-10~'°, we obtain for the preon mass

m, = 10° TeV. (52)

If for the theoretical value of the electron AMM we use
the result obtained by Kinoshita, the discrepancy between
the theory and experiment will be reduced by approximately
a factor of 2, and

mg > 2.10° TeV. (53)

These restrictions on the energy scale of the electron
structure are much more stringent than those that follow
from the accelerator experiments in high-energy physics. In
particular, it follows from (53) that the electron must be
regarded as a point particle right down to distances of order

S |
R, < — ~ 102 cm.
My

In the case of the muon and a linear dependence
da, ~m, /m., we obtain (Aa, <9-107°)

my = 104 TeV,
orR, &1/m. =5107% cm.
If the composite theory possesses chiral symmetry and
the correction to the lepton AMM is 8a; ~ (m,/m. ), then

in the case of an electron (we use Kinoshita’s theoretical
value) we obtain the restriction

my = 30 GeV,

which is weaker than the one that follows from the experi-
ments with the storage rings PEP (SLAC) and PETRA
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(DESY).'® In the case of the muon and the quadratic de-
pendence (51), we obtain a restriction on the preon mass at
the level m. * 1 TeV, and the muon must be regarded as a
point particle down to distances

R, < 0.5-10Y7 cm.

We now consider some consequences of the existence of
structure of the bosons of the standard model of the
electroweak interactions. To determine whether the axial-
vector bosons really are gauge particles or whether they are
composite, it is necessary to make a detailed study both of
their interaction with leptons and of the interaction between
the bosons themselves.

If the Z and W bosons are composite particles, then we
can expect (as in the case of hadrons, which consist of
quarks) that the first manifestations of structure will be the
form-factor corrections to the propagators and vertex func-
tions. However, it should be noted that there are other possi-
bilities for modification of the predictions of the standard
model by taking into account structure of the bosons (for
example, by considering excited bosons or new nonstandard
interactions between the bosons).'?’

It is natural that the propagators and vertex functions
for composite bosons will depend on a characteristic param-
eter Ay, the scale at which the composite nature is manifest-
ed. If we compare the restrictions on the possible scale at
which the structure of fermions is manifested, A,% 1 TeV
(Refs. 162 and 163), which follow from accelerator experi-
ments, with the scale A, for the gauge bosons, we can draw
the conclusion that at the present time such stringent bounds
donot exist for A ;. This is explained by the fact that hitherto
the properties of the bosons have been little studied, and
there is particularly little information about the interactions
of the virtual bosons at energies appreciable compared with
their mass. Therefore, bearing in mind the absence of strin-
gent bounds on the structure of the bosons, and also the level
of the energies attained in the experiments, we can assume
that the scale at which the composite nature of the fermions
is manifested satisfies A > A . If this is not the case, it would
be necessary to take into account as well the form factors
associated with the structure of the fermions. Below, follow-
ing Refs. 127 and 162-164, we shall consider possible values
of Ay in the range 0.1 TeV< Az <1 TeV.

In the most general case, the presence of structure of the
bosons can be described '**'®* by a modification of the propa-
gators through the introduction of a certain function F:

1 1
p—ir —~ g I (P* Aa),

this function depending on the boson momentum and the
scale Ag. It is natural to assume that F(p*, Ap)—1 as
p*/A% -0, i.e., we arrive at the standard model in the limit
A — oo. In addition, if we do not wish to enhance the diver-
gences of the gauge theory, F need not be an increasing func-
tion of p? and in what follows we shall assume that F(p?,
Ap) =0 as p*— . Finally, a further condition that deter-
mines the form of the function F is that we do not want to
change the pole properties of the propagator, and we will, as
before, assume that the mass of a particle is determined by
the pole of its propagator. Although these restrictions do not
uniquely fix the form of the function F, they are quite strin-
gent and enable us to choose it in the form

279 Sov. J. Part. Nucl. 21 (3), May—June 1990

1
F(p* AB)=—1M, pp*>0, p==+1.

Generally speaking, it must also be borne in mind that
the vertex functions that describe the ¥ W W interaction on
the transition to composite bosons acquire an analogous ad-
ditional factor: T',,,; =T, F,(s/Ap). The vertex function
T,.. contains charge, magnetic dipole (x ), and electric
quadrupole (Q,,.) interactions,'®® and each of these can be
characterized by a corresponding form factor with different
value and different behavior as s—0. A general picture of
this kind is very complicated,'® and therefore we shall sim-
plify it by taking into account only the form-factor correc-
tions in the boson propagators, and we choose the static mo-
ments of the W boson to be the same as in the standard model
(see below). The modifications that arise because the bosons
are composite will be much more complicated, but this sim-
plified approach gives a picture of the order of the possible
effects.

We shall obtain expressions for the additional contribu-
tions to the AMM of a lepton moving in a magnetic field
which arise because the bosons are composite (we shall con-
sider not only Z and W bosons but also the scalar Higgs
bOS‘OnS ) 122,166-168

Calculating the corresponding contributions to the lep-
ton mass operator using the modified boson propagators for
the additional contributions to the lepton AMM that arise
because the bosons are composite, we obtain

1 :
AP = — gy M b (M, 1)+ Aba (— A3, 1)l (54)

where B = Z, W, H, and A, is the scale corresponding to the
composite nature of the boson of species B. The functions
a,(M%, y) depend on the boson mass M and on the invar-
iant dynamical field parameter y. We note that the functions
a;(M%, y) describe the corresponding contributions of
point bosons to the AMM of a lepton in an external field [see
(43)]. The functions a,( — A, y) differ from a,(M %, y)
only by the substitution M; — — A%. Further, using (54) in
conjunction with (44) and (56), we obtain asymptotic ex-
pressions for the contributions to the AMM which arise be-
cause the bosons are composite:

1 p2
o

) [%—‘FO(AE', l:‘\I)

leyd (Mz“(2lnkzk3‘,;.77)_;\,13(21“;L _2_3%7))]

GZ
Af= —ﬁ (Az+2Aa)! { &=

+52 (2400, 43+ o2 (47 (42— 2)
- 79 IR
—AR? (4111 Ap— 15—))]} s Ap=AB/mi;
G} 5 _

AY = — o (g +Aa)t [0 (A3, 23)

1 o
+1o X241 |
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L = Ane H A L " A 3

+0 0, AR+ 502 (O 45|

(55)

For the experiments at CERN and BNL, the dynamical
parameter satisfies y €1, and we therefore ignore the terms
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proportional to y*. Therefore, with allowance for the fact
that in the case of the muon A, =M}/m’>1 and
Axn = Aj/ml > 1, we obtain from (55) estimates of the dis-
crepancy between the theoretical predictions for the muon
AMM in the standard model and in the model with compos-
ite bosons:

ZLW__ —2 zZ, W < -2
M= TR W S TR
InA —vll]?\.H
K e vl L (56)
2(111?»1;—?)

We can now obtain bounds on the scale for composite
bosons by comparing the experimental and theoretical (ob-
tained in the standard model) values for the muon AMM by
requiring that the corrections (56) to the AMM due to the
composite nature of the bosons be less than the difference:
|Aa, | = |ag® — a;f| <9-10~°. Because of the smallness of
the constant G, ~m, /M, we ignore the contribution of
the Higgs boson; this simplification can be made if its mass is
greater than the muon mass (see above). If A, = 100 GeV,
the additional contribution |[AZ + A%/ is less than the dis-
crepancy |Aa, |, and we arrive at a weaker restriction (than
the requirement A, R 100 GeV) at the existing accuracy
with which the muon AMM is measured. But if the planned
increase by 20 times in the accuracy with which the muon
AMM is determined at BNL is accompanied by a similar
decrease in the discrepancy |Aa, | between the theoretical
and experimental values, it will be possible to test the hy-
pothesis of composite Z and W bosons at the energy level
Ap ~250 GeV.

The connection between the muon AMM and the ener-
gy scale at which the nonpointlike structure of the vector
bosons would be manifested can also be established in an-
other way.'®"'"! The point is that the magnetic moment of
the charged vector Wboson has a significant influence on the
muon AMM and could play a decisive role in establishing
whether the boson does have structure, since the magnetic
moment of a composite W boson will differ from the value
given by the standard gauge model.'”

In the general case, the local ¥ WW interaction is, with
allowance for the requirement of C, P, and T invariance and
conservation of the electromagnetic current, characterized
by two independent parameters k, and A, which are related
to the magnetic dipole moment y ;- and the electric quadru-
pole moment Q- (Ref. 165): uy; = (/M) (1 + ko + Ay),

=200

1L L Uil

Ow = —(e/M3%)(ky—Ay). In the standard SU(2)
XU(1) gauge theory, these parameters have the definite
values k, = 1 and A, = O [apart from radiative corrections
~0(e*/4m)]. However, if the W boson is a composite parti-
cle, this will be reflected in the magnetic dipole and (or)
electric quadrupole moments of the boson. In the case of a
nongauge theory, the anomalous values of k, and A, could
lead to significant deviations in the value of the muon AMM.

Let us suppose, as is done in Refs. 169 and 170, that 4,
=0, k; #1; then we shall have two free parameters: k, and
the scale A,. If we assume that the interaction of the fer-
mions with photons and with the W and Z bosons is not
changed, then the Lagrangian of such a theory will have the
form

L = Lou—ie(1—k) WiW Fuv,

where .% gy, is the Lagrangian of the standard model.

As a result of calculations,'® making a cutoff of the
divergent integrals at A ; and using the Feynman parametri-
zation, we can obtain

e (l—ky) my |2 2=
A“H—ezmzsmzéjw ( My ) {]m] n{l—m)

2412 My
—SEl—n+om}, a=pgt.  (s7)

We are interested in the dependence of this expression on the
scale Ay at which the composite nature of the W boson is
manifested for different values of the boson AMM k.

We again compare the calculated correction with the
experimental restrictions on the muon AMM, making the
assumption'® that —42-107"°<Aa, <96-10~"°. Figure
16a shows the correction Aa,, to the muon AMM as a func-
tion of the parameter A, for different values of the W-boson
AMM. The hatched regions are precluded by the experimen-
tal bounds. Figure 16b shows the region of allowed and for-
bidden values of k, as a function of the scale A,. In the
region of small A, the graphs are shown by broken lines,
since the expression obtained for the correction is valid to
accuracy ~O0(7).

The study permits the following conclusions to be
drawn:

1. A large deviation of k, from k, = 1 (large |k, — 1)
is possible if the parameter A, is not very far from the value
M,,.

FIG. 16. Dependence of the correction Ag,, to the muon AMM
for different values of the W-boson AMM &, (a) and the regions
of allowed and forbidden values of &, (b) as functions of Ap.
The forbidden regions are hatched.
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2. On the other hand, if Az > M, then k, cannot differ
significantly from its value in the standard theory.

3. If A~1TeV, then the W-boson AMM can take val-
ues in the range — 1Sk, 3.

4. If the scale at which a composite nature of the W
boson is manifested is Az ~1 TeV, then even a small devi-
ation |Ak, |~ 0.2 from the standard value k, = 1 leads to a
change in the muon AMM by |Ag, |~1.1-107°.

Note that all the restrictions obtained in this section on
the structure of leptons and bosons deduced from the values
of the lepton AMMs are fairly general and do not depend on
the particular model in which the principle of composite par-
ticles is realized.

CONCLUSIONS

The theoretical and experimental study of the AMMs of
charged leptons plays at the present time an important part
in the development of our ideas about the interactions of
elementary particles and the properties of the theories that
describe them.

The anomalous magnetic moments of charged leptons,
being dynamical quantities in nature, depend essentially on
the energies of the particles, and also on external factors such
as external electromagentic fields or the presence of con-
ducting surfaces. In addition, the lepton AMMs are sensitive
to the vacuum structure, and therefore the existing estimates
of the discrepancy between the theoretical and experimental
results for the electron and muon AMMs impose very strin-
gent restrictions on all alternative theories and exotic inter-
actions, and each new model that is proposed for the interac-
tion of the elementary particles must be tested to see whether
its predictions agree with the experimental values for the
lepton AMMs.

Comparison of the theoretical and experimental values
of the electron AMM is a criterion for the validity of quan-
tum electrodynamics, while comparison of the correspond-
ing quantities for the muon AMM must also take into ac-
count the significant contribution of the strong interactions.
After realization of the 20-fold increase in the accuracy of
the experimental determination of the muon AMM planned
at the Brookhaven National Laboratory and a certain in-
crease in the accuracy with which the contributions of the
strong interactions are calculated, the comparison of theory
and experiment will also require allowance to be made for
the contributions of the weak interactions, and this will
therefore present a further possibility for testing the validity
of the standard Glashow—Weinberg-Salam model.

In particular, if the mass M, is small, comparison of aﬁ‘
and a,," will make it possible to measure the contribution of
the standard Higgs boson.

The results of the theoretical and experimental investi-
gations of the AMMs of the charged leptons are important
not only for the physics of elementary particles but also have
a larger significance. The tremendously high accuracy of the
calculations and measurements make it possible to obtain on
the basis of the electron AMM the currently most accurate
value of a fundamental physical constant—the fine-struc-
ture constant.'”* Calculations using the theoretical (19) and
experimental (21) values for the electron AMM lead to the
value’

ajg-s = 137.0359914 (11), (58)
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where the relative error is 0.0081:1075, in which the main
part (0.0072-10~°) is associated with the error in the theo-
retical calculations, while the experimental error is approxi-
mately 0.0037:1075, This value is more accurate than the
new values for a that are obtained from measurements of the
quantum Hall effect,'’

! — 137.0359979 (33) (0.024-10-5),
or from the Josephson effect, -7’

ol = 137.0359769 (77) (0.056-10-5),

or from the hyperfine splitting of muonium,'”*-'"’

ol = 137.0359925 (224) (0.17-10-%).

Note that if we use the theoretical result of Samuel,? then
for the fine-structure constant we obtain?’

ad-2y = 137.0360302 (76).

The errors in the theoretical and experimental values of the
muon AMM lead to a much less accurate value for a.

Thereis another problem that can be solved on the basis
of the values of the anomalous magnetic moments of charged
leptons and has a general theoretical significance. It is the
fundamental principle of matter-antimatter symmetry,
which is a consequence of the so-called CPT theorem, which
was formulated by Liiders'”® and in accordance with which a
quantum field theory with a local Lorentz-invariant Hermi-
tian Hamiltonian must be invariant with respect to the ac-
tion of the product of the operators of charge conjugation C,
parity P, and time reversal 7."* One of the consequences of
the CPT theorem is equality of the magnetic moments of a
particle and its antiparticle. Therefore, comparison of the
experimental values for the AMMs of a lepton and its anti-
lepton makes possible a test of the CPT theorem. In the case
of exact invariance, the ratio of the g factors of the particle
and the antiparticle must be equal to unity: g, /g,. = 1.
Such a comparison can be made on the basis of the results of
two experimental groups: first, using the independently
measured values of the AMMs for nonrelativistic electrons
and positrons confined in a Penning trap,?'

ge-lger = [1 + (0.5 + 2.1)]-10722,

and second, by direct measurement of the difference between
the AMMs of electrons and positrons moving under identi-
cal conditions, as made in the storage ring VEPP-2M at No-
vosibirsk: (Ref. 179) |a,. —a, |/a, <1-107% (95% confi-
dence level), the difference from unity of the ratio g, /g, in
this case being ~ 10~ "% We should point out that in the
second case a difference between the spin-precession fre-
quencies (leading to a deviation of the ratio g, /g, from
unity) can arise not only because of a difference between the
electron and positron AMMs but also because of nonequa-
lity of the masses, charges, or normal magnetic moments of
the particle and antiparticle. However, an advantage of the
second approach over the first is that the measurements are
made with electrons and positrons under identical condi-
tions, whereas in the experiments of the University of Wash-
ington the electron and positron AMMSs are measured sepa-
rately.n‘”g

One can also attempt to explain the difference between
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the theoretical [see Egs. (19) and (22)] and experimental
values for the electron AMM at a level between two and four
standard deviations (under the assumption that the esti-
mates of the errors in the calculations and in the measure-
ments are not too low) not only as a consequence of certain
new interactions but also in the framework of existing elec-
trodynamics through a deviation of the space-time dimen-
sion p from 4 (Ref. 180).

Using the estimates of the difference between a* and
a;*" and the Hausdorff definition of the dimension of space—
time,'®” one can obtain for the deviation A = 4 — p the value

A~ (0.5 — 1.6).10-8,

Qualitatively, this result can be explained by the circum-
stance that a decrease of the dimension leads to a decrease of
the vacuum fluctuations around an electron, and, as a conse-
quence, the radiative corrections (including the AMM) be-
comes less than in standard quantum electrodynamics.

In conclusion, we note that all the achievements in the
investigation of the anomalous magnetic moments of
charged leptons, which are of great interest for the solution
of fundamental problems, are due to decisive collaboration
and rivalry of theoreticians and experimentalists, and stud-
ies of the anomalous magnetic moments of leptons can be
identified as a rapidly developing direction of modern phys-
ics.

I thank I. M. Ternov and V. N. Rodionov for joint in-
vestigation of problems associated with the anomalous mag-
netic moments of leptons, and also V. M. Mostepanenko and
A. A. Tyapkin for their interest in the work and for valuable
discussions.

"The first stage of the LEP accelerator was commissioned in August
1989.

» A further promising direction of the “nonaccelerator” low-energy ap-
proach to the investigation of particle properties is comparison of calcu-
lations and measurements of Casimir forces.>*

*This is explained by the fact that the muon mass is appreciably greater
than the electron mass, and therefore (g — 2)  1s more sensitive than
(g — 2). to the physics at short distances.

A general expression was obtained analytically in Ref. 32 for the tensor
that takes into account the contributions of light-light scattering to a
lepton AMM; in the case of the muon AMM a result which agrees with
that of Refs. 22 and 31 follows from it.

“Tam grateful to E. A. Kuraev for the information provided.
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