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The current status of the theory of the Aharonov—Bohm effect is reviewed. Special attention is
given to discussions of recent years on the existence of this effect. The experimental situation is
analyzed, and the crucial experiments testing the AB effect are discussed.

INTRODUCTION

In classical electrodynamics the force acting on a
charged particle is determined by the electric and magnetic
field strengths E and H:

1

F=e (E++(V, H]).

This implies the absence of scattering in regions of space in
which E = H = 0. The electric scalar potential ¢ and the
magnetic vector potential A in the classical theory of electro-
magnetism play an auxiliary role: they mainly serve to sim-
plify the field equations. Arbitrary gauge transformations
leaving the electromagnetic field strength unchanged are al-
lowed. Therefore, the field strengths E and H are the funda-
mental quantities in classical mechanics.

The situation is completely different in quantum me-
chanics. The reason is that the Schrédinger equation in-
volves the electromagnetic potentials rather than the field
strengths. Ehrenberg and Siday' were the first to point out
the special role of the electromagnetic potentials in quantum
mechanics. Ten years passed before Aharonov and Bohm
worked on this problem.” They studied the scattering of
charged particles on the magnetic field of a cylindrical sole-
noid. It was found that scattering occurs, even if the region
where the field strength E, H5£0 is inaccessible to the inci-
dent particles."” This phenomenon, i.e., the physical effects
of the fields inaccessible to the particles, is referred to as the
Aharonov-Bohm effect (the AB effect). In their study
Aharonov and Bohm used single-valued wave functions.
However, in a multiply connected space (for example, the
regions of space outside an impenetrable cylindrical sole-
noid) it is possible to have inequivalent representations of
the angular momentum which correspond to non-single-val-
ued (more accurately, discontinuous) wave functions. The
equivalent status of these representations and the lack of any
reliable criterion for singling out any one of them have, in
recent years, led to lively discussion of the existence of the
AB effect.

On the other hand, experiments involving electron scat-
tering on a toroidal solenoid show that the diffraction pat-
tern shifts when a current is switched on in the solenoid. In
the so-called alternative (or hydrodynamical) interpreta-
tion of the AB effect, the positive results of such experiments
areattributed to the penetration of the incident particles into
the region where H+0. There are several reasons for this.
Since a real cylindrical solenoid has a finite length, the mag-
netic field leaks out near the ends of the solenoid. This allows
the results of experiments with cylindrical solenoids to be
attributed to scattering on the tails of the magnetic field. The
second reason is the finite value of a real potential, which
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prevents the penetration of particles into the region with
H+#0. An additional complication for an infinite cylindrical
solenoid is the slow falloff of the vector potential, leading to
significant distortion of the incident wave, which ceases to be
single-valued. This leads to numerous paradoxes with angu-
lar-momentum nonconservation.

The plan of our discussion is as follows. In Sec. 1 we
study the scattering of charged particles on an infinite cylin-
drical solenoid. We show that the discrepancy between the
results of Ref. 3 and the Aharonov-Bohm results is due to a
defect in the Born approximation used in Ref. 3 (as has been
pointed out in many studies; see, for example, the review of
Ref. 4), and to the difference between the physical situations
considered in Refs. 2 and 3. Here we give the asymptote of
the AB wave function valid for all values of the scattering
angle. In this same section we discuss the physical meaning
and the range of applicability of the Dirac phase factor.

In Sec. 2 we discuss questions of the single-valuedness
of wave functions in multiply connected spaces. We show
that multivalued wave functions become allowed. This is re-
lated to the fact that (in contrast to a simply connected
space) the well-known Pauli proof of the single-valuedness
of the wave functions does not apply. In particular, the angu-
lar-momentum operators on such wave functions do not
cease to be Hermitian.

In Sec. 3 we analyze the attempts to prove the nonexis-
tence of the AB effect found in the recent literature. All these
attempts involve the use of multivalued (rather than single-
valued) wave functions.

In Sec. 4 we show that by studying the switching-on of
the magnetic field in the solenoid we can partially eliminate
the above-mentioned uncertainties in the choice of the wave
functions.

In Sec. 5 we study the scattering of charged particles on
two infinite cylindrical solenoids with oppositely directed
magnetic fluxes. We are forced to consider this situation by
the difficulties in the choice of the incident wave for a single
solenoid.

In Sec. 6 we study the scattering of charged particles on
a toroidal solenoid. This eliminates the edge effects arising
from leakage of the magnetic field near the ends of a cylindri-
cal solenoid. The scattering amplitude does not contain any
singularities (in contrast to the amplitude for scattering on a
cylindrical solenoid), and the integrated scattering cross
section proves to be finite.

In Sec. 7 we study scattering in multiply connected
spaces. We show that it is possible for the AB effect to exist
or not to exist in a given multiply connected space with non-
trivial vector potentials and single-valued wave functions.
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The conditions for the existence of the effect are formulated.

In Sec. 8 we discuss the question of what gauge transfor-
mations are allowed. It turns out that any gauge transforma-
tions are allowed (including those which completely elimi-
nate the vector potential outside the solenoid) if we are
willing to work with multivalued (after the gauge transfor-
mation) wave functions. Otherwise, we must restrict our-
selves to vector potentials which satisfy the Stokes theorem.

In Sec. 9 we consider the alternative interpretation of
the AB effect. It is based on relating the results of experi-
ments on detecting the AB effect to the penetration of the
incident particles into the region with H #0. For the exam-
ples of a single cylindrical solenoid, two cylindrical sole-
noids with ®, = — ®,,-and a toroidal solenoid we show
that this interpretation is groundless.

In Sec. 10 we discuss the AB effect for bound states. The
presence of a nonzero vector potential in a region of space
accessible to the particles leads to additional transitions
between energy levels.

In Sec. 11 we discuss the current experimental status of
the AB effect. We show that there is almost unanimous indi-
cation that the AB effect exists. We analyze and propose
critical experiments which can eliminate the doubts about
the existence of this effect expressed in the literature. Here
we also discuss the thought experiment showing that the
effect of fields inaccessible to particles can be observed also
in a simply connected space.

1.ANELEMENTARY EXPOSITION OF THE AHARONOV-
BOHMEFFECT

1.1. Scattering on a single finite cylindrical solenocid

Let us consider scattering on an impenetrable cylinder
C, of radius R, whose axis coincides with the z axis. A beam
of charged spinless particles is incident along the x axis. The
wave function and scattering amplitude are

_—i " m| (kR) 1
¥y= D) il \:ﬂml (ko) — H33 (ko) W] exp (img);

Jim .
fole)=— V oy 2 }}u)l (RR) exp (img).
m

(1)

Here, p, z, and @ are the cylindrical coordinates, J,, and
H (I are cylindrical functions, and k > = 2uE /#.

We now place inside C, a cylindrical solenoid of radius
a < R with its axis coinciding with that of C,. Outside the
solenoid only one component of the magnetic vector poten-
tialisnonzero: 4, = A, = 0,4, = ®/27p (H is the magnet-
ic field and @ is its flux). The wave function and scattering
amplitude are

Y= Z exp [iﬂ (i ml—% [m—7 [):l [Jhn—‘.‘i(kp)

m
i Jim—y (kR) : ®
— Hin_y) (ko) #'(k_ﬂ)] exp (img), “.’zi—c;
flg)=— y,zm S‘ {1+ explin (| m
H‘” (kR)
a3 __—Vl_ ¢ 1 y
- f m—y l)] Hjx)_ (kR) }e.\p (lm(r) J
(2)
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Obviously, f #f;, and it is this difference which is the essence
of the AB effect.

Subtracting from the total amplitude f [see (2)] the
amplitude f; for scattering on an impenetrable cylinder in
the absence of a magnetic field [see (1) ], we find the scatter-
ing amplitude f; due to the presence of the magnetic field:

h=f—fo=—rz=e 3\ fum exp (img); 3)
Fom =~ —exp i (| m | — | m—y [ 2l
m= g, Tl @)

In (4) the Hankel functions depend on the argument
x = KR. Let us consider the case of a thin solenoid (KR <1).
Then from (4) we find
][ -—1 +exp (iny) for m>1y;
fim = —1+exp(—iny) for m<vy. (3)
Here the series for the scattering amplitude can be summed
to give

file)=

1 sm-w 1
TV amk PSR eXp[ m”+2)‘p]' (6)

Here m is the closest integer less than y. If in addition
0<y<1, then

imy, mz=1;
fm=1 _in <0;
e '\’v m=U;

1 ny i
= e——— ex —_—
o)== —15 xp (5-),

2
ny? 1
OaB= .
2k
sin“—% (7N

Expressions (7) were obtained by Aharonov and Bohm in
1959 (Ref. 2).

Alternatively, in the Schrédinger equation we can ne-
glect the terms quadratic in the vector potential and move
the linear terms to the right-hand side, treating them as a
perturbation:

2ie 2iy @

AY Y =2 AvY =2 2 (8)
We seek ¥ in the form ¥, + ¥, . Here ¥, is the wave func-
tion in the absence of the magnetic field [see (1) ]. For ¥, we
find the equation

AW, + W, =

2iy Y, |
p: dp 7

we write ¥, as a series in exp (img):

¥, = ZW¥,,, exp (i mg).

Here ¥,,, satisfies the equation
axw 1 4y 2 2
dp‘.‘l.m + dplm ,:2 Wim=— ?Fl’:? Woms }
5 " “Tm (k R) 1
Wy = i [J,m,(kp)w i ko) ey | -

W, .. can be expressed in terms of the Green’s function G,,,
(pp') and W, :

dp’ ' ’
Y= —2my S % Gom (05 ") Fom (0");

Gom (s 0') =5 Hith (kp>)
) ot (6R)
X[Jlmi (kp<) Hj ,l(k <) Hl(z)l (k‘]f)]
AG o+ k2Goro =35(P—P’)- (10)
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Finally, taking p— o in (10), we find the partial compo-
nents of the scattering amplitude in the Born approximation:

H (kR)
P =2mimy § & [ (ko) — Hifhy (k0) HJ’:' o)
R

This expression can be integrated by quadratures:

Im]-1
) Jim (KR)
Fon = 2miy \:—I Z €y [Js (kR)— ‘Hc{gll (kR)
s=0

g, = (14 85)7 L. (11)

H“‘(kR)]

We note that for m = 0 the right-hand side of (11) vanishes.
Therefore, in this approximation 75, does not contain terms
linear in 7. On the other hand, the exact amplitude f}, is
nonzero both for finite R [see (4)] and for R -0 [see (7)].
Let us see what the amplitudes /7, become for R —0. From
(11) for m+0 we find

fim=iny 1. (12)

Comparing (7) and (12), we conclude that
f?m = flm (m’ #+ 0);

. (13)
B =0, f,=iny.
Let us now calculate the Born scattering amplitude:
fip= — I/— wy ctg —— 2 (14)

The amplitudes f, and f,5 lead to different differential cross
sections:

o8 (g) =5 ctg? L .

%UAB((P)=W¥-%—. (15)
Expressions (14) and (15) were obtained in the well-known
study of Ref. 3. The author of that study attributed the dif-
ference from the corresponding quantities in (7) to the use
of a non-single-valued wave function by Aharonov and
Bohm. Later, it was shown®’ that the AB wave function is
‘single-valued (the non-single-valuedness of the incident
wave is compensated by that of the scattered wave). In many
subsequent studies (see, for example, Refs. 4, 6, and 8) the
result (7) of Aharonov and Bohm was viewed as being cor-
rect, and the difference of (14) and (15) from (7) was
viewed as a result of the inapplicability of perturbation theo-
ry owing to the slow falloff (1/r) of the vector potential.

Let us see what we get if the exact amplitude (4) is
expanded in powers of y. For m#0 we have

L
H2 H® —y—— ——|
fim= (11;“'—(1"{“111‘? = ) L =] 3?’” vl
m
"), ) w9
ml =¥ "m v |v=|m|
H(]!Zn! m
=Y o oD, Tm]|
1 3H{2) 1 AHY
e ay) g
AR " |umim By |vmimy (16)

The derivative of the Hankel functions with respect to the
indices is again expressed in terms of linear combinations of
Hankel functions:’

aHi,i‘ﬁ _“i_nHu 2)
av 1:|m|_rr 2 [m|
ml k-m 14 (1,2)
+3 Z (5) 7 g B (17)

Subtractmg these expressions from each other, we find
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[ { OHP 4 aHg;*] i
H{ av - Hf;rzl av v=|m|_
m]—1
) ijmll lz (i)k—lml TN ) =\ Ve
T Ny 2\ HQml—k "

Substituting this into (16), we obtain

B m Hf im!
m= 8 m H;;n)l I fon) Ny
1
ximlz ( )h \ml JRNImIA‘Jlm[N"
Hm—w (18)

In order tomake a comparison with (5), we must let the
argument of the Bessel functions x = kR tend to zero in
(18). Here we keep in mind the fact that the difference J,
(X)N| ) () = J | (X) N (x) is expressed as a finite series in
inverse powers of x (Ref. 9). The maximum exponent en-
countered in this series is |m| — k (0<k<|m| — 1). This im-
plies that the largest contribution to the sum (18) for x—0
comes from the term with £ = 0:

I oNim)— NoJ ) = .3 (i)lmi (1

m|—1)
a1 kol
Taking into account the behavior of /|, (x) and N, (x) at
smallxJ,, =~ (x/2)"(1/m"),N,, = — ((m — D/7)(2/x)",
we find
m—-1
iml Z (%)h—m Iy Ny —JI Ny _

T (m— k) ~mE-+0

(19)
Therefore, for m5£0,
fim=iny lel“ ’

which coincides with (7). The case m = 0 requires separate
treatment. We have’

OH () ___..‘EHm oHY
v |v=0 YTV |v=0

i.e., the sum in (17) does not contribute. For f,, we find

= HP, (20)

Hi2) [(21
_fm = _H[uol) _ekp(_ln'\’) H“’

A o +-2 g

Htul) ( Y) H’{oﬂ_% H(uﬂ (21)

(we neglect terms of order 7* and higher).

Therefore, the limit ¥ — 0, kR — 0 of the original expres-
sion (2) coincides with the limit kR — 0 of the Born ampli-
tude. This implies that the difference between the cross sec-
tions o® and o, [see (15)] is not a consequence of the
inapplicability of the Born approximation, as stated, for ex-
ample, in the review of Ref. 4. Let us consider this question
in more detail.'® In going from (4) to (15) we assumed that

forsmall kR therelationH (2)_  /H|,) . ~ — 1holdswith
good accuracy or, equivalently,
I Jlm—w (@) 1< | Ny (=) I. (22)

From the behavior of J,(x) at small x and arbitrary v, J,
(%) =(x/2)"(1/T(1 +»)), and the definition of N, ((J,
cos v — J _, )/sin v), it follows that the inequality (22)
is certainly satisfied if m#0 (we recall that 0<y<}). Westill
need to consider the case m = 0. The condition (22) is satis-

G. N. Afanas’ev 76



fied for x €1 if ¥ is not too small. To be more accurate, we
write J, (x) as

Jy (%) =~ exp (-yln%) —I,—(i-i—m (z1).
If the condition

|v1n 3|1
is satisfied, then

| 7@ | < 1Ty @) | |y (2) | < | Ny(a) |

and we find (5). However, if
| yin % l <1,

an expansion in ¥ is valid,

To@=Jot S Noy Ny(@) =N, (2)— 5L 7y,

and we arrive at (21) or, equivalently, the Born amplitude.
Therefore, the difference between the cross sections (7)

and (15) is due to the different physical situations. The cross
section (7) corresponds to the conditions

vy, kR(<1,|ﬂn%|>>1. (23)
The cross section (8) corresponds to the conditions
y<1, kR, l?lni‘?"((“l. (24)

We note that the conditions (24) are much easier to satisfy
in an experiment.

Let us again return to the wave function describing the
scattering on an infinite screened solenoid of finite radius R,
V=W,5 + W¥:

Pas=Sexp [in(Iml — 4 1m—y1)]
X iy (Ip) exp (im);

W= — D exp [in (Im|—5 [m—7y])] )
X Hin v, (kp)

J (kR) .
X H'?:‘,V—’(w exp (ime).

J @

Everything is clear with the asymptotic behavior of the sec-
ond term: it describes a scattered wave, ¥, =~ (exp (ikp)/

Jp)f, (@), with
1/2 f|m Jim—y (KB)
B ( :ruk) E Hfp_y (kRY

Xexp [im@-f-in (| m | —| m—y[)].

fyle)=

The asymptotic behavior of ¥ ,5 is more complicated. At
large distances W, reduces to a distorted plane wave

¥, = exp (ikz) exp iy (¢ — m)] (26)
and a scattered wave W,. For this expressions were obtained
in Ref. 7, which were valid for a particular range of variation
of the scattering angle ¢. The expression for ¥, found later in
Ref. 11 is valid for all ¢:

) exp (ikp)
2

W, ~isinmyexp TR 27
’ ( (1—2nikpsinﬂ—92}—) @7

For kp sin®(¢ /2) > 1 we arrive at the expressions found in
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Ref. 7:
W, 2 sin iy 2P (ip/2) _exp (ikp)
5 ke gin -3 (28)
V e SIHT
Then on the positive x semiaxis (above and below)
¥, (p=0)=1sin myexp (ikp);
s (o ) 9

¥, (p=2n) = —isinnyexp (ikp).
Therefore, ¥,, and ¥, separately have a discontinuity on the
positive x semiaxis. Nevertheless, their sum (i.e., ¥,5) is
everywhere continuous. In particular,

¥inl@=0)+¥,(p=0) =¥, (¢ =20) + ¥, (¢ = 2n)

(30)

We note that the discontinuity of ¥,, and ¥, leads to the
appearance of a number of paradoxical situations. We shall
consider them in Sec. 3.

1.2. On the physical nature of the Dirac phase factor
The Schrodinger equation satisfied by the function ¥,

R 1Y 18 . \2uT
—mte e To (ww—1) Y]=F%. @D
is formally satisfied by the solution

¥ = ¥, exp (ive)- (32)

Here ¥, is the solution of the Schrédinger equation in the
absence of a magnetic field. If as W, we take the single-valued
solution (1) satisfying the condition ¥, (27) = ¥, (0), the
unitarity of the transformation (32) causes the probability
density and current to be identical for ¥ and ¥,,. This means
that the magnetic field does not contribute to the scattering.

On the other hand, if ¥ in (32) is a single-valued func-
tion, then ¥, is non-single-valued:

¥, (27) = ¥, (0) exp (— 2imy). (33)

We shall show that in this case [i.e., when the condition (33)
is satisfied ] the wave functions ¥ in (2) and (32) are identi-
cal. In fact, the solution of the free Schrodinger equation
with the boundary condition (33) has the form

Tim =y (kR)

¥y= 2 Am['rlm—ﬂ (kp) — Him-v (’CP)W (34)

X exp [i(m—7v)g)].

Substituting (34) into (32) and fixing 4,, from the condi-
tion that the ingoing cylindrical wave vanish for p — 0, we
arrive at (2).

The representation of the wave function in the form
(32) or the more general form

W (1) = ¥y () exp (= S A (r) dr) (35)

was first introduced by Dirac'? in 1931. Here ¥ , is the wave
function in the presence of a magnetic field, and ¥, is the
solution of the free Schridinger equation. The exponential
factor in (35) is often referred to as the magnetic phase fac-
tor. A defect of the Dirac prescription is that ¥, is not a
single-valued function (if ¥, is a single-valued solution of
the free Schrodinger equation), so that it incorrectly de-
scribes the quantum state when a magnetic field is present.
However, if ¥ in (31) is a single-valued wave function, Eq.

G. N. Afanas’ev 77



(35), although correct, is practically useless, since the prob-
lem of finding the solution of the free Schridinger equation
with a boundary condition of the type (33) is no simpler
than that of solving the “unabridged” equation with single-
valued wave functions. In spite of this difficulty, the Dirac
prescription (35) is often used to predict various effects of
the magnetic field, and these effects have been observed ex-
perimentally. The arguments generally run as follows. The
function ¥, is written as a sum

¥, (r) = ¥ (r) + ¥R

Each term corresponds to waves arriving at r by different
paths 1 and 2. The effect of the magnetic field is included by
the addition of a magnetic phase factor to each term sepa-
rately:

¥, (r)=Y{ (r) exp (-;1% § Adr) + W (r) exp (—;% § A dr)
2

(:391) (Cy)
Factoring out one exponential, we find

T

=0 (1§ ) [ 90 (42) 0]

(36)

Here @ is the magnetic flux through the closed contour con-
structed from C, and C,. The factor exp (ie®/#c) leads to
interference between ¥{" and ¥{¥. The overall factor in
front of the square brackets in (36) makes ¥, multivalued.

The physical meaning of the Dirac magnetic factor was
explained in the interesting study of Ref. 13, which we shall
now discuss. Let us first consider an infinitely thin cylindri-
cal solenoid. In the absence of a magnetic field, we have the
standard expansion for a plane wave:

00

o = exp (ikz) = [:2_. i'J (ko) exp (ilg). (37)

Now we replace the summation over / by the Poisson sum-
mation formula:

S F()= D) S S dAF (1) exp (ZiztmA). (38)
I=-x M==00 —00

Here F(A) is an arbitrary interpolation of F(/) to noninteger
values of /. Applying this to (37), we obtain

Voo, 9)=_3_ T (o, o)

Toto, 9)= | dhexp (S| 41) Jin (ko) exp [iA (¢ -+ 2um)].

(39)
The individual terms in (39) are not single-valued:
T (ry @ +20) = Toiq (1, ). (40)

The condition (40) ensures that the entire sum (39) is sin-
gle-valued, in spite of the non-single-valuedness of its indi-
vidual terms. We also note that T, contains ¢ in the combi-
nation @ + 27m. Therefore, T',, can be interpreted as a wave
taking the value ¢ + 27m after m complete (counterclock-
wise) circuits of the origin. The author of Ref. 13 refers to
this as the mth “whirling wave” corresponding to the wave
function ¥, . Each such wave is a multivalued solution of the
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Schrodinger equation in the absence of a magnetic field. Let
us now apply the Dirac prescription (35) to each whirling
wave:

Tm Py ©) = Tm (0, @) exp iy (¢ + 2mum)]. (41)

We note that the phase of the Dirac magnetic factor is taken
to be @ + 27m, since this is the value that the total angle
takes after m circuits. Now we substitute expression (41) for
T,, into (39). Then,

T, 9)= 2 Tnlo. 9)

m=-o0

oo oo

= 3 S dhexp(i—;-!l[)-fm(kp)

m=—00 —o0

Xexp li (A4 ) (¢ +2tm)]. 1

We treat A + ¢ as a new variable and apply to (42) the in-
verse of (38):
V(o) = 2 iV y (ko) exp (ilp). (43)

The single-valued function (43) satisfies the Schrodinger
equation and coincides with the AB wave function.

Let us now consider a solenoid of finite radius. In order
to keep the particles from penetrating inside the solenoid, we
put an infinite repulsive potential inside the solenoid. Now
for ¥, we must use not a plane wave, but the solution corre-
sponding to scattering on an impenetrable cylinder in the
absence of a magnetic field. Let the expansion of ¥, in par-
tial waves have the form

¥, (0, ¢)= I;wﬂm(p) exp (ily). (44)

Here R, (p) is the solution of the radial equation corre-
sponding to angular momentum / and infinite repulsion in-
side the cylinder. We apply to (44) the Poisson summation
formula

00

'l_.p'oz-_,: 2 Tm (,n- [P)y Tm (.ﬂ, (P)

m=—oc

= { AR (o) exp [ih (¢ + 2am)]. (45)
As in (41), we use the Dirac magnetic factor to shift the
phase in (45):

¥ (p, ¢)=m:§‘:m Twm(p, @) exp liy (p + 2wm)l.  (46)

Altogether, after the inverse Poisson transformation we ob-
tain

¥ (o, ¢) = 1_2 Ryi_y (kp) exp (ilg),

which is an exact solution.

It can be concluded from all this that it is possible to
obtain single-valued wave functions if the Dirac magnetic
factor is applied to a suitable representation of the wave
functions in the absence of a magnetic field. For the AB
effect such a representation is the expansion in whirling
waves T, . Thisis related to the fact that the impenetrability
of the cylinder makes the space multiply connected. Paths
corresponding to different numbers of circuits of the origin
cannot be transformed into each other by a continuous de-
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formation. Therefore, the magnetic phase shifts must be dif-
ferent for different numbers of circuits.

Now we can understand why the “incorrect” represen-
tation of the wave function in the form (36) was used suc-
cessfully earlier for analyzing the experimental data. It can
happen that in an angular range under consideration only
two of the whirling waves T, (p,¢) are important. For ex-

ample, they might correspond tom = 0and m = — 1. Then
in this range of ¢ the wave function can be approximated as
Wolpy @) = Tolp, 9) + T4 (py 9)- (47)

Applying the Dirac prescription (41) to each whirling wave,
we obtain the analog of the representation (36):

¥ (p, ¢) = exp (iye) [T, (p,9)

+ exp (—2iny) T4 (o, @)
(48)

We have already shown that this expression is not single
valued. Now the reason for this is clear. Namely, the dis-
carded whirling waves (m#0, — 1), even though they are
small in the angular range under consideration, owing to
(40) become large upon a change by 27. Therefore, they
must be included in order to guarantee that W is single-val-
ued after a circuit of the cylinder.
Let us return to Eq. (32). We invert it:

¥y = ¥ exp (—iyg). (49)

We recall that ¥ is a single-valued solution of the Schro-
dinger equation in the presence of a magnetic field, and W, is
a multivalued solution of the free Schridinger equation with
a specific boundary condition:

¥y (2m) = ¥, (0) exp (—2imy).

The unitarity of the transformation (49) guarantees that all
observables for ¥ and W, coincide. Now the usual argu-
ments can be applied to ¥, and the AB effect can be treated
as the result of the interference of waves passing around the
cylinder from different sides.

Therefore, by itself the representation of the solution in
the form (32) is correct when ¥ is single-valued. Since the
very existence of the AB effect depends on the conditions for
the single-valuedness of the wave function, we shall briefly
discuss the question of the single-valuedness of wave func-
tions in quantum mechanics.

2. THE SINGLE-VALUEDNESS OF WAVE FUNCTIONS IN
QUANTUM MECHANICS

Many of the studies dealing with these questions are
indebted to the following remark of Blatt and Weisskopf'*:
... multiple-valued wave functions cannot be excluded a
priori. Only physically measurable quantities, such as proba-
bility densities, and expectation values of operators must be
single-valued.”

We shall restrict ourselves to the consideration of a
spinless particle in nonrelativistic quantum mechanics in a
simply connected space. The wave function ¥ is a function of
the particle coordinates. Then the question of the single-
valuedness or multivaluedness of the wave function can be
posed as follows. Let us have W (P) at the point P. Will we
obtain the same value W (P) if we move around some closed
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path and again return to P? The angular-momentum opera-
tors satisfy the relations [L;, L*] =0,[L;, L,] = ifig,, L, .
In spherical coordinates the eigenfunctions of L _ and L*sat-
isfy the differential equations

LY'=1 g_(p T =mhY T, (50)

2ym . j2 A1 rm
LY = R (1 + 1) YT &)
From the commutation relations it follows that the eigenval-
ues of L, lie in the ranges — /<m</, where / can be an in-
teger or half-integer. For integer / the regular solutions are
the ordinary spherical harmonics P} (cos &) exp (img),
which are single-valued functions of the particle position.

Typical examples of wave functions with half-integer indices
are

Y8~ (sin 0)/2 exp (i9/2) (I = 1/2, m — 1/2);
Yif8 ~ (sin 8)'/2 cos § exp (ig/2) (I = 3/2, m — 1/2).

These functions are everywhere finite, but they do not trans-
form into each other under the action of the angular-mo-
mentum operator. For example, application of the lowering
operator L _ = L_ —iL to Y /3 does not give the expected
Y ;,?. In fact,

(=

§ a i a
L_Yﬂ%-——‘hexp(—](p) (_‘tﬁJ-‘lClgBE{,") Yi,{

Le., we obtain a function which, even though it has a singu-
larity at € = 0, 7, is still square-integrable. It also turns out
that L*¥}/3 0. Moreover, this function is no longer square-
integrable. In addition, (3, —1|L, |}) 10, although from
the commutation relation L>L, — L L?= 0 it follows that
anymatrixelement {/m|L, |/'m’) vanishesfor/ s£!’. Therea-
son for this is  that (LY % L Y125
#(Y ;> L’L, Y 2 ), i.e., the operator L? is not Hermitian
on functions generated from two-valued functions by succes-
sive application of L _ (or L ).

Pauli'® realized that the “ladder” algorithm (i.e., the
generation of wave functions by the successive application of
lowering or raising operators) leads to singular functions
which no longer lie in the region where L is defined [for
example, L’ ceases to be self-adjoint (or Hermitian) ]. Be-
cause of this, Pauli suggested that the condition for the sin-
gle-valuedness of the wave functions should be replaced by
the following: admissible wave functions are those on which
the successive application of the operators generating the
eigenvalues characteristic of a given problem realizes a rep-
resentation of the corresponding transformation group (for
example, the rotation group). This is the celebrated Pauli
criterion.

Let us now turn to a discussion of the single-valuedness
of wave functions in a multiply connected space. ¢ We shall
consider the AB Hamiltonian describing a particle of charge
e and mass u in the field of a magnetic vector potential A (we
assume that curl A = 0 everywhere, except on the z axis):

H=(—iV—eAP/2y, A,=Ag=0, A,j=-2

2nrsin ?

where §4,d! = @ for any contour enclosing the z axis.
It is easily verified that the differential operators
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=1 X (—iV—eA)
2 Ji=-.f 24T,

(4= —igg— i
5 +iz o))

=exp(+ip) (i w5+ ictg 05~
satisfy the relations

U, H=0, [Jy, Il =1€m Js (05£0, n).

(52)
Using J, the Hamiltonian H can be written in the form

H_T(PZ—L—JZ) (53)

where P,¥ = — (i/r)(d/3dr) (r¥) for an arbitrary function -

V. The only difference from the free case (A = 0) is in the
definition of J. We must therefore consider the question of
the self-adjointness of the operator

1 9 (.. o @ 1 a ied \2
J2=—sin86‘_ﬁ(sme—5§)_sil’136( - )

e 2
The self-adjointness condition is written as

¥, Yy — (FPY', ¥) = 0. (54)

Let us see what functions W, ¥’ satisfy this condition. The
expanded form of (54) is

2n

| d(p[u_ﬁ)(w%HT'%f—)]‘_i'

0
[T e ()]

i
+§ 2 (e (—5)
1
3 (Y (—55) I}y -

The conditions for this expression to vanish have the form

Aty exp (1e®tp )

(55)

¥ (6, g=2mn)=-exp (2ina) ¥ (0, p=0); 1
v (8, ¢) _ LAY (8, ¢ (56)
B s exp (2ina) = lm=0 ;

where a is an arbitrary real parameter. Moreover, ¥ must be
finite for cos @ = + 1. For noninteger a and 0 <@ <27 the
conditions (56) for ¥ to be multivalued cannot be physically
excluded, since both the charge density and the current den-
sity remain single-valued.

We seek eigenfunctions of J* satisfying (56) in the form

Y (6, ¢) = exp i (m + o) @] P (0);
PY =10 +1)Y, m=0,+1,, =2 ...

where / is still arbitrary. For P(8) we find the following
differential equation:

L (sin0 58 ) [ 2@+ — s |P =0

sin@ db
Here m' =m + a — e®/2m.

It is easily verified that the eigenfunctions ¥(6,p) rea-
lize a representation of the rotation group with generators J;
only when @ — e®/27 is an integer. Here m' is also an in-
teger, and the only functions satisfying the self-adjointness
condition for J* have the form

Y (0, (p)~exp( )Ylm 6, 9),

I=|m'|4+n, n=0,1,2...

(57)

(58)

(59)

where ¥, . are the ordinary spherical harmonics. These
functions lead to the same physical consequences as in the
free case. Therefore, acceptance of the Pauli criterion leads
to the same dynamics as for a free particle, i.e., to the absence

of the AB effect.
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For noninteger @ — e®/27 the general solution of (58)
can be written as the sum of two terms:
P(8) = (sin0)™ [aF (m' 141, m'—&m' +1; - LEd)
-m’ . ,, 1—cosB
+b (1 —cos 0) F(l+1,-~l,’lmm,—2-—-)],

where a and b are arbitrary constants and Fis the hypergeo-
metric function. From the condition of finiteness at
cos @ = 1 we obtain b =0 for m'>0 and a =0 for m’' <0.
Let m' > 0; then for cos 86— — 1 we find

oMY (m' 4+ 1) T (m") [ 1-4cosB \-m/2
P(B)“’“r(m'+z+1)r(m*uz)( 2 ) :
This expression satisfies the requirement of finiteness at
@ = m for I = |m'| + n. The same conclusion follows from
the case m' <0. Altogether, we obtain the following eigen-
functions:

Y (8, @) =const exp [i (m’—}—%) tp]

X (sin 0)/™ | {7 I (cos 8), (60)

where P“# (x) is a Jacobi polynomial. Since these polynomi-
als are finite for x = + 1, the eigenfunctions (60) satisfy the
condition of self-adjointness of J°. Furthermore, for nonin-
teger @ — e®/2m, |m'|#0, these eigenfunctions vanish on
the z axis. They are therefore also applicable when the z axis
is inaccessible to the incident particles. However, the eigen-
functions (60) do not realize a representation of the rotation
group for noninteger m' and /. It is easily verified that oper-
ation on Y(6,p) with J_ leads to singular functions, i.e.,
functions different from the AB functions.

Therefore, the Pauli criterion requires that & — e®/27
be an integer and leads to the free-particle dynamics. The
criterion for the wave function to be single-valued requires
integer @ and leads to the usual description of the AB effect.
Since self-adjointness occurs for any real «, it can be expect-
ed that these a will correspond to physical situations differ-
ent from the two just mentioned.

Let us consider the time evolution of an eigenfunction
of H:

Y= expli(m--a) ¢] ¥n (7, 6, 1),
where
Vo(r,0,1)

00

S dk exp ( 1:: )

0

1

X TEU a"‘"Pm+m— ';% ©) VT Jl ma— % +n+ %(kr).
Here J; (x) isa Bessel function;
P e (8) = (sin e)| ma- 32| CI mia- 2+ 3 (cos B);

mta— 5o

. (K) are arbitrary constants; C (x) are Gegenbauer
polynomlals proportional to P, ~ '/**~1?(x); and

T (h429)T (v+-2-) sl g 2

Cr(z)= Ps ¥ a)

(2T (n-{—v—[—-;—-)

We introduce the velocity operator
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=d=1_ ! Re(F(—iV_IA)T
¥ag=a letRe[‘I’( iV—1A) ¥].

The azimuthal component of v is
1 e ) mexp (img) ¥, (r, )
NTETY [a B Y=y J

It is easily seen that v, depends only on @ — e®/27, but not
on @ and @ separately. This is also true of the other compo-
nents of v and also | ¥|*. Furthermore, the authors of Ref. 16
note that, although the wave function ¥ depends both on a
and @, all physical quantities depend only on the difference
@ — e®/2m. The initial values (= 0) of [¥|?and v are fully
determined ifa,,, (k) and @ — e®/27 are specified. The val-
ues of | W|*and v at later times are determined uniquely and
are independent of ®. Alternatively, let us take the initial
conditions to be fixed. Thena,,, (k) and @ — e®/27 are also
fixed. Now for the given initial conditions (i.e., for given p
and v) we shall study the cases corresponding to different
fluxes of the magnetic field ®. They will correspond to dif-
ferent a, but the same difference @ — e®/27, and, conse-
quently, to the same v and |¥|> In this sense the magnetic
flux along the z axis does not lead to observable physical
consequences.

These arguments become clearer if we use cylindrical
coordinates 7 and ¢ (Ref. 17). At the time ¢ we have

W(r, F, t)‘:EEXP [i (m+a) Q‘]‘Pm (ri t)a (61)

where ¥, (r, ) is a wave packet constructed from solutions
of the Schrodinger equation:

W (r, 1) = dkexp (=5 ) Cuu (k) Tymaay) (or).

0 (62)

For t=0, ¥, (r,0) = s&dkC,, (K) s 4 a4 (kr). From
this we find

Con () =1t § 11T sy (Br) ¥, (1, 0).

=

We substitute C,, into (62):

Vo (= 7 dr' ¥, (7, 0) g (v, 7, 1),
0

(63)
where

gm(r, ', t)

oo

i ,
= S kdk exp (—-liﬁt) Jimta—v) (E1) Jymyasy) (1),
0

Now we write p = |¥|?and v,
p(ry @, )= 2 expli(m—m’) gl ¥y, (r\ 1) T (r, 1);
m, m

Re D) mexp (img) ¥ (r, 1) } (64)

2 exp (im@) ¥ (r, 1)

Let us mention two types of initial condition. Let the
wave function be given at the initial time ¢t = 0, Then at later
times the wave function, and also p = |¥|? and j, depend
explicitly on the magnetic flux [see (61)], i.e., we have the
AB effect. Now let p and j be given at the initial time (p = p,,
j=lJo at1=1t,). From (64) it follows that p and j depend
only on the difference @ — y. Therefore, for fixed p, and j,
the values of p and j at later times are independent of 7, i.e.,
of the magnetic flux. In fact, the values ¢’ = y correspond to
the same initial conditions only when the following condi-

h
Yo = Zur [“_?4‘
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tion is satisfied: @' — 3’ = a@ — y. Owing to this equality, p
and j for different y and fixed p, and j, are the same.

3. ATTEMPTS TO PROVE THE NONEXISTENCE OF THE AB
EFFECT

We shallillustrate a typical “proof” for the example of a
plane rotator in a magnetic field:

1 B8 aF

H=ga P Po=to5+55 o5)
A single-valued eigenfunction of H has the form
¥, =exp (img) exp[i(pi(zn)—;f‘-@—iF((p)/h]. (66)
It corresponds to the eigenvalue

A2 F (2m) —F (0)72

Ep= gy [ m + =0 (67)

In the absence of a magnetic field we would have
1 i o9 . R2m?
Hy= ot (Pg)2, P&:TL Fra ¥, =exp (img), EY = —2;71 .
(68)

Therefore, E,, #E;, for F(0) #F(2r). On the other hand,
the transformation from (65) to (68) is a simple change of
the angular-momentum representation:

PL=SP,S", S=exp [-g_ F((p):l )

A transformation from one representation to another cannot
lead to experimentally observable consequences. Since the
magnetic field ( = JdF /dp) can be eliminated by a simple
change of the representation for P,, the AB effect was de-
clared in Ref. 18 to be a mathematical function.

It is easy to see where the error lies in these arguments.
Namely, it is impossible to consider operator transforma-
tions separately from the transformation of the basis in
which these operators act. Let us write down the operators

and wave functions before and after changing the represen-
tation:

. . F(2n)—F(0 . F
‘I’m=exp(1m(p)exp|:1q: (“)h @_; }gtp)]

R 8
Po =155 +F (@),

(69)

o, =S¥, =exp (imq) exp |: i(pigh')h;m:l

?

h
Po=155" (70)

Therefore, P, and fg are equivalent only if they act in the
space of functions ¥,, and ¥, respectively. In this case v,
and ¥°, correspond to the same angular-momentum eigen-
value

am 4 F (2n) — F (0).

On the other hand, the representation

Pg, ¥, = exp (i mg) (71)
isinequivalent to (69) and (70), since, although the relation
P9 =SP,S ' holds, ¥, £S5V, . We considered a similar
example in Sec. 1, where for the case of the scattering of
charged particles by the magnetic field of a cylindrical sole-
noid we showed that it is fully possible for the magnetic field
to be expelled from the region of space accessible to the inci-
dent particles. Here the solutions of the free Schrodinger
equation must satisfy multivalued boundary conditions.
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Misunderstandings also arise owing to incorrect identi-
fication of the angular-momentum operator. ' Let us consid-
er a particle of charge e which moves around the z axis, but
does not penetrate inside a cylindrical solenoid with its axis
coincident with the z axis. When current does not pass
through the solenoid the angular momentum is

o1 @
Lz T W .

Its eigenvalues are integers. If now a current is gradually
switched on, the charged particle experiences an electric
field

2n
B=—rr

This leads to a change of the angular momentum

e, x 10,

, e®
LZ=II‘X€E}Z= — T

The total increment of the angular momentum is

AL, = — e®/2n.

After the current is switched on,

1 9 e®@
Li=1% ="
The eigenvalues of L, are m — e®/2, i.e., they are not inte-

gers.
In order to find the error in these arguments, let us con-
sider™ the nonrelativistic Lagrangian

1
L=+ w? —}—?EV-A.
For the cylindrical solenoid under consideration

Ay=2

AD=A2=O, 2—:1;9

The canonical momentum

&L

P grmp g d
differs from the kinematical momentum uv by an amount
(e/c)A. For the angular momentum we find

L=rxp=prxv+—rxA.

In quantum mechanics the operator p, but not uv, is equal to
(#/i)V. Therefore the angular-momentum operator is the
same, independently of whether or not a magnetic field is
present, and is equal to

iﬁ rx V= -ﬁ—i .
Completeness of its eigenvalues and Hermiticity require that
its eigenvalues be integers (in units of #).

In Ref. 21 it was pointed out that both H and E (the
electric field of the moving charge) are nonzero inside the
solenoid. In crossed electric and magnetic fields the angular
momentum

F=LS rx (Ex HydV =

4me

e d3
o er(rx Wil (7

arises. Altogether, we obtain

e®
Fz = — W .
It is noteworthy that the angular momentum of the field
depends only on the total flux ® and is independent of its
spatial distribution.
Let us now consider a deuteron located at the origin and
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an infinite solenoid which is sufficiently far away (for exam-
ple, on the moon). The total angular momentum of such a
system is

J=L+S8+F, (73)

where S is the total spin of the neutron and the proton, and L
is the mechanical orbital angular momentum in the deuteron
(the deuteron center of mass is fixed at the origin). Since the
flux @ can take arbitrary values, F, can also take arbitrary
values (not only integer or half-integer multiples of 7). This
leads to the following paradoxical situation®": a) if the total
angular momentum of the system is limited to integral or
half-integral multiples of #, the allowed values of the relative
angular momentum, the centrifugal barrier, and the deu-
teron binding energy depend on the field of the solenoid lo-
cated on the moon; if for L, = #/2 the centrifugal barrier of
the deuteron is so large that no bound states exist, the deu-
teron located on the earth can be dissociated, leading to the
appearance of a small magnetic field in the solenoid on the
moon; b) if we require that the properties of the deuteron are
independent of what happens to the solenoid on the moon,
this can be achieved by integer eigenvalues of L, (the total
angular momentum will have eigenvalues which are not nec-
essarily integer or half-integer multiples of #); c¢) the usual
treatment using the Schrddinger equation with a vector po-
tential which is finite at infinity shows that the magnetic
field of the distant solenoid has no effect on the deuteron.
However, this treatment does not take into account the con-
tribution of the crossed fields to the angular momentum.
This contribution is a physical effect which must be includ-
ed. The paradox is resolved if the magnetic flux at infinity
(the return flux) is taken into account. Let us treat the infi-
nite solenoid as the limit of a solenoid of finite length L for
L — o. The return flux outside the solenoid moves to infinity
as the length of the solenoid is increased. From (72) it fol-
lows that when the return flux is included the total angular
momentum of the field is equal to zero. Since the contribu-
tion of the return flux remains finite for an arbitrarily long
solenoid, paradoxes arise if the return flux is ignored for the
infinite solenoid. For a long but finite solenoid the usual
Schrédinger equation with the vector potential includes the
crossed-field contribution to the angular momentum. This is
easily seen in the usual gauge div A=0and A(e ) =0. In
this gauge the angular momentum (73) is the generator of
rotations, and the additional angular momentum introduced
by the vector potential is exactly equal to the crossed-field
contribution:

rx —A=F (divA=0, A (c0)=0).
’ (74)

Expression (74) is valid for all solutions of Maxwell’s equa-
tions which fall off sufficiently rapidly at infinity. Therefore,
this formalism implicitly includes the contribution to the
angular momentum from distant return fluxes. We arrive at
the following conclusions: a) the angular momentum of the
field is physically justified and must be included in the total
angular momentum; b) the contribution of the return fluxes
to the angular momentum is finite for a solenoid of arbitrary
length and therefore cannot be discarded for the infinite so-
lenoid; ¢) the usual formalism (the Schrodinger equation
with the vector potential) correctly includes the crossed-
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field contribution to the angular momentum if the field falls
off sufficiently rapidly at infinity.

In summary: the ordinary Schrodinger equation with
the vector potential correctly (although implicitly) includes
both the angular momentum of the field and the contribu-
tion of the return fluxes.

Let us now discuss the very interesting study of Ref. 22,
which also puts the existence of the AB effect in doubt. Let
z, lx; &) (u = 1,....4; z, = iz,) be single-valued differentia-
ble functions of the coordinates x,, and the real parameter &
( — o <& < w), satisfying the conditions z, (x, 0)=£,,
glim |2, (%, £)| = oo.

Typical examples of z, satisfying these conditions are:
a) z, = Xo, Z = X + £n (where n” = 1 and n is independent
of x,); b) z, = xp, z=x(1—¢§).

Let 4, (x) be single-valued functions obeying the con-
ditions

0
S A, (2) %“dg< o,

—00

llm A (z) az” —0,

azp 8z a4,  04p
S B @ <o (Fo=3>—ay): (75)
where the integrand containing F ,

of £ and x,,. Then

. is a continucus function

0

= (et @ 2=+ | @) 22 22

=00 — oo

(76)

This relation is obtained by differentiation inside the integral
and subsequent integration by parts. The condition (75) is
necessary for these operations to be valid.

Let a charged particle have access to a region R (which
can be simply or multiply connected), where it interacts
with the single-valued potential 4,,. Then, if there exists a
unique and differentiable path z, (x, &) lying in R for any x
such that the conditions (75) and (76) are satisfied, the
physical effects acting on the particle are determined exclu-
sively by the field strength in R. This follows from (76) if we
use the fact that the integral on the left-hand side of (76) isa
single-valued function. Therefore, owing to gauge invar-
iance, 4, (x) is equivalent to the potential

mo

’ dzy 9%p
Allv‘_ dgF'up 3; az L

which depends only on the field strength in R.

The potential of an infinite cylindrical solenoid
(4, =4, =0,4, = ®/27p) does not satisfy the conditions
(75). Let us now take a solenoid of finite length 2L. Then 4,
—Ad,=4,=0,

A==

(o] sgn (L —z) EB sgn (L+32)
A e T [ (2 T
(77)

Owing to the rapid (~r ~?) falloff for r— oo, this potential
satisfies the conditions (75). Therefore, for a finite solenoid
of arbitrary length the potential is determined by the
strength of the electromagnetic field in R, i.e., by the leakage
of the magnetic field outside the solenoid. In other words, for
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any real cylindrical solenoid the positive results of experi-
ments seeking the AB effect can be attributed to leakage of
the magnetic field. In a typical experiment on the detection
of the AB effect, the solenoid length is less than 2 cm and the
radius is several micrometers. The distance from the source
to the screen is about 50 cm. We conclude that all the experi-
ments with cylindrical solenoids have been carried out in a
real simply connected space. The space is simply connected,
owing to the finite dimensions of the solenoid and to the
finite height of the potential barrier preventing the penetra-
tion of charged particles inside the solenoid.

In spite of the fact that there were no doubts about the
mathematical aspects of Ref. 22, attempts were made®
find a different interpretation of its results. It was noted that
for a finite solenoid the leakage of the magnetic field is a
maximum near the ends (z = + L) and decreases rapidly
towards the center (z =0). If the charged-particle beam is
focused near the plane z = 0, for these particles the condi-
tions are the same as for an ideal infinite solenoid.

Let us now turn to the description of the AB effect in the
hydrodynamical interpretation of quantum mechanics. We
write the wave function as

¥ — exp (R -+ iS).
We introduce the probability density p and the current j:
p=|¥ |=exp(2R),
5 ik
1=pv =2—(1IJV1F 1IJV‘P)——FJA (78)

where p and v satisfy the following system of equations:

B 4 div(pv)=0, mI = —grad Q+F. (79)
Here Q= — (ﬁz/Zm)(A\/E/\fﬁ), F is the Lorentz force
[=eE+ (e/c)(va)], and
A=+ Vv,
Out31de the solenoid E = H = 0, so that
%_ —grad Q.

Alternatively, integrating around any closed contour out-
side the solenoid,

%S (vds)=

This implies that the integral of the velocity field along any
closed contour is an integral of the motion. If this contour
encloses the solenoid, we have

S vds:z—l:;; S %ln%d(p —;—(I: :—2% ln% 25——;—? .(80)
For t— — o the asymptote of the wave function coincides
with the distorted plane wave (26):

T(t= —co):‘I’h,czexp[i(kx—]—'y(cp—ﬂ)], 8:'—* (81)
Substituting (81) into (80), we find
S vds=0. (82)

For t— o the asymptote of the wave function has the form

‘Fu=oo)=‘1fm+%exp (ikp) 1 (@) (83)

Above [see (30)] we saw that this function is single-valued.
Therefore,
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D
Svds.— —. (84)

Expressions (82) and (83) coincideif / (¢) = 0, i.e., if there
is no scattering on the magnetic field surrounding the sole-
noid. From this the authors of Ref. 24 concluded that the AB
effect is absent. The error in these arguments lies in the iden-
tification of the multivalued wave function (26) with the
incident wave. The true wave function must be single-valued
[see, for example, Ref. 25 or the articles by Yang (pp. 5-9)
and Aharonov (pp. 10-14) in Ref. 26].

Let us now consider the paradox associated with angu-
lar-momentum nonconservation in the field of an infinite
cylindrical solenoid.?* According to the Ehrenfest theorem,

I (¥ e xF|Y).

Here F is the Lorentz force [in this case = (e/c) (vXH)],
mv=p— (e/c)A, and L= (¥|rxXmv|¥). Since outside
the solenoid F = 0, L is independent of time. Constructing a
wave packet at f = — oo from the functions (81) and one at
t = oo fromthe functions (82), we verify that in the first case
L, = iy, while in the second L, = 0. Angular momentum is
not conserved. The reason for this is that a multivalued wave
function was used at t = — oo . These paradoxes are studied
in detail in Ref. 27.

4. THE TIME-DEPENDENT AB FORMALISM

Here we briefly describe the contents of Refs. 16 and 28.
We consider a plane rotator, a charged particle moving
around the z axis in a circle of radius a. The magnetic poten-
tial of the infinite solenoid is time-dependent:

[i1]
A,=4p=0, A,=380

As before, the magnetic flux is located in the region inacces-
sible to the charged particle. The electric field at the location
of the charge is nonzero:

E, = Ey =0, E,= —®* (t)/2x.

The time-dependent AB Hamiltonian is
1 ( 1 @ e® )

= 2p.a2 B9 2n

i dg 2n

We seek a solution of the time-dependent Schridinger equa-
tion in the form

¥ (¢, t) = 2 exp [i (m + a) ] ¥y (2).

Here a is an arbitrary real, time-independent parameter
(otherwise, differentiation of ¥ with respect to ¢ would lead
to a term proportional to ¢ ). The equation for ¥,, (#) can be
solved exactly:

'T'm(t)=exp[—i§ iaa (m+a— eg:ﬂm)z].
0

The “hydrodynamical” velocity (v = j/p, p = |¥?|) is

e W (¢
vq}___% [a— D (t) 1 Re Em )exp(lmq;):|
’ 2} ¥m () exp (img)

What can be found from these expressions? The criterion for
a — e®/27 to be an integer is no longer applicable. In fact, if
at some time ¢,, (a — e®(¢,) )/2w is an integer, it will not be
one at a different time ¢,. Let us now consider a special form
of the dependence ®(1):
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D () = DB (1),
@, = const; 8(t) =0 for t<0and 1 for > 0. Then
it ed
anexp| —s—(m+o——— , t>0;
(t)= [ 2pa? ( 2n )]
(m-+-a)?-], t <0,

it
a,, exp [— P
The eigenvalues for # < 0 and ¢ > 0 are different.

What we interpreted earlier as the result of the presence
of an irrotational vector potential can now be understood as
the results of the action of the electric field at # = 0.

Let us now consider the scattering of charged particles
on an infinite cylindrical solenoid with a time-dependent
magnetic field. Then instead of (61) we have

W= { dk, S expli(m +a) ¢] exp (ik,2) ¥, 5. (p, 1),

where ¥, . (p, 1) satisfies the differential equation
. @ 1 9 ]
[21“737_"5 +5 P op (p—)

o) | o ne (1) =0

s 1 ( +a_
From th1s it follows that ¥, and, accordingly, v and |¥|?

depend only on the difference @ — e® () /2. In the special
case P(t) = ®,6(¢) the equation for V..., can be solved ex-

actly:

Yo, vz (P5 2)
= Sndkexp (—it S5t ) am, : ) ) e 520 00
(t>0)
Y, e (0, 8) = gdk exp (— 165572 ) b s (B) Sy (o),
(t<<0), | (85)

whereb,, , anda,,, aredetermined from the condition that
the solutions match at ¢ = 0:

b, e () = S Wt ) § d0DT ) ) T
0

k'p).
[maa- 52| ®P)

These expressions show that the solution (60) satisfying the
Pauli criterion is inapplicable. In fact, for the solution (85)
to be consistent with the Pauli criterion it is necessary that a
be an integer for f <0 and @ — e®/27 be an integer for ¢> 0.
It also follows from (85) that the scattering amplitudes for
t>0 (P50) and t < 0(P = 0) are different. Above, this dif-
ference was associated with the magnetic field outside the
solenoid. Now we have the alternative of associating this
change with the presence of an electric field.

We note that the entire technique developed in Sec. 2
and in the present section was for the purpose of proving the
mathematical consistency of noninteger values of a. From
the viewpoint of the results obtained in Sec. 2, the following
two experimental situations must be equivalent: a) the case
in which the magnetic field strength is equal to zero
(® =0); b) the case in which first a magnetic field is
switched on ($#0), and then the electron beam is emitted.
This is related to the fact that all physical quantities depend
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on the difference & — e®/27. Therefore, for identical initial
conditions [W¥ and j = pv coincide at ¢ = 0 for cases (a)
and (b) ] the difference @ — e® /27 is the same for cases (a)
and (b). If the electron beam is emitted first and then the
magnetic field is changed [ we shall refer to this as case (¢) ],
a remains constant. The induced electric field leads to a
change of the wave function and a shift of the interference
pattern.

Therefore, if the constant « is an integer, the AB effect
is observed when the magnetic field and the electron beam
are switched on in any order. However, if @ is not an integer,
the AB effect exists only in case (c).

We conclude that a correct description of the AB effect
is obtained only when single-valued wave functions are used.
The use of multivalued wave functions, although mathemat-
ically consistent, leads to serious ambiguities in the interpre-
tation of the experimental results.

5.SCATTERING OF CHARGED PARTICLES ON TWO INFINITE
CYLINDRICAL SOLENOIDS

Above, we mentioned that the slow ( ~p, ~ ') falloff of
the vector potential for a single solenoid leads to a change of
the asymptote of the wave function. The splitting of the total”
wave function into an incident and a scattered wave becomes
ambiguous, which leads to the appearance of various para-
doxes. Here we attempt to avoid this problem by considering
the scattering of charged particles on two infinite impenetra-
ble parallel solenoids with magnetic fluxes of equal magni-
tude but opposite sign.?-!

5.1. Necessary mathematical information

In what follows we shall make extensive use of bicylin-
drical coordinates y, 6, z:

___asin® _ sh p _
= hp—cosB’ y_achp—cusﬂ’ =g

(—oo<p<Too, —a<TO<N, — co<Tz<T o).

(86)
For fixed 1 and varying &, z the points (86) lie on the surface
of'a cylinder of radius R = a/|sinh u|. Its axis, parallel to the
z axis, passes through the point x =0, y =d = a coth pu.
Since the scattering process is the same in any plane perpen-
dicular to the z axis, it is sufficient to restrict ourselves to the
plane z = 0. In Fig. 1 we show the cross sections of the two
solenoids corresponding to the values 4 = + p,. For defi-
niteness we assign to the upper solenoid (© = ) the index
1, and to the lower one (u = — g, ) the index 2. Then for u,,
<[t < oo the point (86) lies inside the first solenoid, while
for — o << — p, it lies inside the second. For — pu,
< [t <l this point lies outside the solenoid. For u = + u,
the variation of the angle @ causes the points (86) toliealong
one of the two circles shown in Fig. 1. There we also show the
values of the angles & on these circles. We note that points on
adjacent segments x = +¢, —a<y<a (0<e<1) corre-
spond to the values = 4 m, respectively. The bicylindrical
coordinates are expressed in terms of the polar coordinates

P g as

2ap cos @
(o7 —a%7 + 4a%p® cos® /3 -

p?-+2ap sin -ta?
p2—2ap sin ¢-+a? ’

p:%ln sin B =

From this it follows that for p — e

~2acost 9~-2isin
n = P Py o~ p .
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FIG. 1. The circles 1 and 2 correspond to two cylindrical solenoids with
g = =+ pio. The values of the angle & along the circles are given.

Let us express the vector potential in bicylindrical coordi-
nates. It is simplest to start from the Poisson equations:

1—chipycosO
% TChpy—cos0 2

X [Hy8 (n— po) — Hy (n + po)l;

h pg sin 6
(Oh +08) Ay = — o P LS (b — o) +HoB (u o+ o).

(O +08) Ay =

Here H, and H, are the magnetic field strengths inside the
solenoids (we note that for an infinite cylindrical solenoid
H, = const, H, = H, = 0 inside the solenoid and H =0 on
the outside). The solutions of these equations which are con-
tinuous and decrease for p— oo are

Hy—H,

Ay=a 3 By(w)cosnd+a bt

n=1
A,=a Tgl RY () sin nb, (87)
where
R, = (Hze—zu.,n _HI) e~hn  RY = (H o= 2Mon +H1) e~ hn
inside the first solenoid (u > p,),
i:(ﬂz_Hle—2ﬂ-nﬂ) ell‘rl‘ Rﬂ =(H2+H1e—2]ln'n) ehn
inside the second (i <y, ), and

R} = (Hye—¥n — H ehn) g~ 2Men,
R}, = (Hyehn 4 Hye=un) = 2ukon

outside the solenoids ( — po <p <pio).
We shall restrict ourselves to the most interesting case

(H, = — H, = H). Then from (87) for p— « we find
Od Od .
A, =~ pt C08 29, A, & i SN 20;

((D=nR2H, R=ﬁ, d=acthy,).

5.2. The generating function

Since outside the solenoids H = curl A =0, A can be
written as the gradient of some function y (Refs. 32 and 33).
This function is discontinuous, since for certain closed con-
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tours (more accurately, contours which enclose one of the
solenoids) $4,d! #0. The function y is

@ s
1=—r (042 Zﬁsm nfie=24om ch pn ) (88)
n=

The following properties of the function y will be important
for what follows: 1) at large distances y fallsoffasp ~%2) y
jumps from — | = ® to 1P in passing through the segment
(—d + R,d — R) of the y axis; 3) y is an odd function of x.

The generating-function formalism will play a key role
in obtaining the scattering amplitude. Owing to its unfami-
liarity and for illustrative purposes, we shall show how it
works for the well-known example of a single pointlike cylin-
drical solenoid. In this case the generating function y is $¢ /
27r. The region of discontinuity of y coincides with the posi-
tive x semiaxis. For the scattering amplitude in first-order
perturbation theory we have

[ 1 i ’ ’ r r
f (@) = m S e—ik(x’ cos O+y sinm)AVIP‘o dz'dy'. (89)

Here ¥, is the wave function in the absence of the magnetic
field [in the present case it is exp(ikx)]. Taking, as above,
A = grad y outside the solenoid and integrating by parts
twice, we bring (89) to the form
=g gy | 42" Gy diV [om K e ey o) grad 0¥,
— 'X.To grad e—ik(x’ cos +y” sin q))]_

Owing to Gauss’s theorem (taking into account the discon-
tinuity of the function ¥ ), this integral reduces to an integral

over a circle of large radius
2n

1 wikR, ; ST
[ =10 ikRy[cos @’ +-cos (9-9*)]
Y72 yvanik §e ¢

X [cos ¢" +cos (9 —¢')]do’ (90)

and to an integral along the line where the function y is
discontinuous

. Ry
Iz e —-{i'-l—i— sin @ S dxeikx(1—cos @)
Vka )
ny _sing

[eihn.,(t —cos @) __ 1]_

= Vomik 1—cosg (91)

Using the fact that the integrand in (90) is a rapidly oscillat-
ing function, for R, — o we obtain
T o Yy sin @
YT Y enik 1—cosg
Adding I, and I,, we find
iy si @
V 2nix 1—cose’

lkRy(1-cos ) (92)

Jap=—

i.e., the AB amplitude (14) for a pointlike solenoid. We note
that in this case, since the function y does not fall off for
p— oo, the integral I, around a circle of infinitely large radi-
us does not vanish.

5.3. The Born approximation

Let a beam of incident particles be directed along the x

axis (Fig. 2). In the first Born approximation we have
P AR S Gy (r, V)V, ¥, (1) V. (93)
Here ¥, and G, are the wave function and the Green’s func-
tion corresponding to scattering on two impenetrable infi-
nite cylinders coinciding with the solenoids in the absence of
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amagnetic field. They vanish at the surface (and also inside)
of each of the cylinders, ¥, = AV. Since V, and ¥, in (93)
areindependent of z, the three-dimensional Green’s function
G, (r, r') can be integrated over z and written as a two-di-
mensional Green’s function G, (p, p') depending only on p
and p’' [for example, integrating the three-dimensional
plane-wave Green’s function
— PR | R=[@—a)+ (=) + (2 — )2
over z', we obtain the two-dimensional Green’s function (1/
4)H " (k |p — p'|)]. Altogether, instead of (93) we obtain
2‘ i ’ ’

¥ =¥+ { Go (o, ) Vi W0 (0) 2 (0), (94)
with the integration carried out in the region outside the
solenoids, where A = grad y. Taking this into account, A
grad ¥, = gradygrad¥, = 1Ay WolyA¥, = 1(A + k) yY,.
Therefore,

V=Y, + 4= | Golo, 0) (A+52) 1o,

After double integration by parts we obtain
Y=Y+ 1w,

— %Z— S div (G, grad X¥,— y¥, grad G,) d2p’. (95)

In order to obtain the scattering amplitude we must find the
limit of this expression for p — 0. Let us consider each of the
terms on the right-hand side of (95) separately. For p—
the first term reduces to an incoming plane wave and the
scattering amplitude on two impenetrable cylinders in the
absence of a magnetic field. The second term in (95) de-
creasesasp ~ ' for p— o and therefore does not contribute to
the scattering amplitudes [we use the fact that for the two-
dimensional case under consideration, the scattering ampli-
tude is the coefficient of exp (ikp)/\/p. If the operator div in
(95) were operating on a continuous function, by Gauss’s
theorem the integral in (95) could be reduced to integrals
over the surface of the solenoids and the surface of a cylinder
of sufficiently large radius (more accurately, over the pro-
jections of these surfaces on the z = 0 plane). The integral
over the surface of the solenoids is equal to zero (¥, = G,
=0 on them). Owing to the asymptotic behavior of the
function y, the integral along C,, vanishes. Now let us use the
fact that the divergence in (95) operates on a discontinuous

O

exp(ikx) | f’

e

=

FIG. 2. An incident wave propagates perpendicular to the plane passing
through the axis of the two solenoids. The scattering angle @ is indicated.
The dashed line shows the region where the generating function y is dis-
continuous.
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function. Detailed consideration shows that an additional
integral over the region of discontinuity of the function y
arises:

e Y, a6

_§+Rdy Go (552 — Yo |x,:0 . v=eD/he. .

The wave equation is not separable in bicylindrical coordi-
nates. Following the Kirchhoff method (see, for example,
Ref. 34), we shall assume that in the region between the

solenoids ¥, and G, can be approximated by their plane-
wave analogs:

¥, & exp (ikz), Gy~ —,}i—Hz" [tV e—2P+y—y)l

Taking the limit p— o in (96), we find the following
for the amplitude of scattering on the magnetic field of two
solenoids with @, = — ®, (which for brevity will be re-
ferred to as the magnetic scattering amplitude) (Ref. 31):

__2_T_i_ 1-+cos ¢ (97)

W=V & —mg sinlk(d—R)singl.

The total scattering amplitude is equal to the sum of the
amplitudes for scattering on the two impenetrable cylinders
in the absence of magnetic fields f, and f,. If the cylinder
radii are very small, £, (for angles not too close to the zeros
of f, ) can be neglected in comparison with f;. Altogether,
for the cross section for scattering on two pointlike solenoids
we obtain

Py
0, () = T,

sin? [k (d - R) sin ¢] ctg® % .

In contrast to the cross section for scattering on a single
pointlike solenoid, the cross section for scattering on two
pointlike solenoids is finite for any angles ¢. The integrated
cross section o = [0, (¢ )dg can be calculated in the limiting
cases of small and large wavelengths:

k(d—R)>1;
k(d—R)< 1.

1602 (d — R) 42 (98)
= { Bl (d — R)® y®,

(9
The limits of applicability of these expressions are the same
as for the Kirchhoff method in optics: the wavelength k ~'
must be small compared with the “slit” widthd — R. There-
fore, the validity of expression (99) is doubtful, although it
does vanish for d = R (as it should).

For arbitrary orientation (k,,k,) of the wave vector of
the incident wave, the magnetic scattering amplitude is
equal to
fpf o k20 sin((d— ) (k, — k sin g)]. (100)
The approximations for which this expression was obtained
should always be borne in mind. For example, let us consider
the case in which the incident wave propagates along the y
axis. In this case (100) takes the form

f‘,:-yV%i—c_i%sm[k(d—ﬂ)(l—-smtp)].

To obtain this expression, in the region where the function y
is discontinuous ( — d + R<y<d — R) we approximated
the exact wave function ¥, by the incident wave exp (iky).
Here the fact that in this region ¥, =0, owing to the presence
of a shadow, is not taken into account. In summary, expres-
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sion (100) is valid for incident waves with wave vector close
to the x axis.

5.4. The high-energy approximation

Let us now calculate the scattering amplitude in the
high-energy approximation. For this, in the Lippmann-
Schwinger equation

W=WO+SGU(%Av+ﬁ§—;Az)Wd2p' (101)

we make the following approximations, typical of this meth-
od:* the exact wave function ¥ under the integral sign in
(101) is replaced by its high-energy approximation:

‘I—'zexp(ika:-}—% § Axdx).
Then -
Wi, SGDeikx’(Ax—i—z—;cEAz)

Ffic
. x'
Xexp (—% S Axda:) dx' dy'.
For sufficiently high energies the term quadratic in the vec-
tor potential can be neglected:
exp (;i—i S A, d:c) dx' dy'

— 00

i it @
V=W, 4 2ik S Goeths” =2,
Replacing G, by its plane-wave analog (1/4i) ;AL
(k|p — p'|) and taking the limit p— oo, for the magnetic
scattering amplitude we obtain

9

az’

Sk 5 i
— B ikx’(1-cos @)p—iky’ sin ¢
=V om S & ¥

! Xexp (-’% S A, d:c) dz' dy'.
Since at high energies scattering at small angles dominates,
we can set exp[ikx' (1 —cos ¢)]=1. Then
2 o in [k (d—R) si 1
fre=—1)/ o [1—exp (2iay) 2L Bl |
sin [k (d—R) sin @] 12,
sin @ 5

8 :
OH.E= 7 {sm my

S og.gde=16 (d — R) sin® ny. ]

(102)

These expressions coincide with (97)-(99) for small y.

The generalization to the case of cylinders of different
radii is trivial. Let us consider two cylinders (Fig. 3) corre-
spondingtou =g, andpu = — g, (4, >0). Weset R, =a-
/sinh p,, R, = a/sinh pt,, d, = a coth y,, and d, = a coth
i, . Then if the magnetic fluxes in the cylinders are equal in
magnitude and opposite in sign (®, = — ®, = ®), theex-
pressions (97) and (102) for the cross sections obtained ear-
lier are valid, with d and R takentobed =}(d, 4+ d,) and
R=1i(R, + R,).

5.5. Scattering for an unusual orientation of the wave vector

Let us consider the case in which the initial wave vector
is directed along the y axis (Fig. 4). We place an impenetra-
ble screen in the plane x = 0 between the impenetrable sole-
noids. Then the wave function vanishes on the screen and
inside the cylinders. The following obvious relation holds:
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FIG. 3. The same as in Fig. 2 but for cylinders of different radii.

‘I’%:‘F“wexp(—%). (103)
Here W, and W9, are the wave functions describing the scat-
tering of charged particles on two impenetrable cylinders
joined by an impenetrable screen, respectively, with and
without a current in the solenoid. They are discontinuous
and, as mentioned above, vanishat x = 0, |[y| <d — R. Obvi-
ously, ¥, is an even function of x. Let us now consider the
case y = 1. From the properties of the generating function y
for the two solenoids and from (103), it follows that W12
changes sign for x =0, |y| <d — R and, therefore, has a
node exactly at the location of the impenetrable screen.
Therefore, the physical situation is not changed if the impen-
etrable screen is removed. As a result, we have

Wiz = Wi = Wy oxp (%H (104)

v=1/2"
For infinitely thin solenoids (y = — ®6 /27) the preceding
expression takes the form?

w2 = W2 — v oexp (— i 6/2). (105)

Here WY, is the wave function describing the scattering on
the region of infinite length along the z axis, width 2(d — R)
along the y axis, and zero width along the x axis. A closed
expression for this function is known.?® Relation (104) im-
plies that for = } and initial wave vector along the y axis the
effect of the magnetic field is equivalent to the introduction
of an impenetrable screen between the solenoids.?>** We
note that for ¥ = | the wave function vanishes on the seg-
ment of the y axis lying between the solenoids even in the
absence of the impenetrable screen. This fact will be used
below.

6. SCATTERING OF CHARGED PARTICLES ON A TOROIDAL
SOLENOID

In the preceding section we saw that the case of scatter-
ing on two cylindrical solenoids with ®, = — ®, has cer-
tain advantages over the case of scattering on a single sole-
noid. However, the finiteness of the solenoid length leads to
leakage of the magnetic field and the possibility of interpret-
ing the AB effect as the scattering of particles on these fields.
From this point of view it is interesting to consider scattering
on a solenoid of finite dimensions, the simplest of which is a
toroidal solenoid. For what follows we shall need the basic
quantities pertaining to the toroidal solenoid: the vector po-
tential, the generating function, and so on.
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6.1. The magnetic vector potential of a toroidal solenoid (Ref.
37)
The magnetic field of a toroidal solenoid (p — d)* + 22

=R? is equal to zero outside the solenoid and
H, =g/p, H,, H, = 0 inside it. Here p is the distance of a
point inside the solenoid from the solenoid axis (we assume
that the solenoid axis coincides with the z axis and that its
equatorial plane coincides with the plane z = 0). The con-
stant g has the following dependence on the total number of
windings # and current strength J: g = 2nJ /c (c is the speed
of light). The flux of the magnetic field through a cross sec-
tion of the solenoid is ® = 27g(d — d> — R?). In what fol-
lows we shall make extensive use of toroidal coordinates.
Therefore, here we give the necessary mathematical details.
Cylindrical coordinates are related to toroidal coordinates
in the following manner:

i sh p _ sin 0 _
p= chp—cosg ' 25¢ chp—cosg @ =9
O<pu<<ow, —a<b<m, 0<<¢<<2n),

with p and € suitably expressed in terms of the spherical
coordinates r and 6. :
r2-- a2

Zrasing, ’

r2_— g2
2racos B, °

cthp= ctgB= (106)

From this it follows that # and @ tend to zero for r— eo:

(107)

2a .
p A = sin,, ez—zrf-coses.

From (106) we see that neighboring points lying on opposite
sides of the plane » = 0 for p < a correspond to values of §
differing by 27:
2a |8z
0=+ ( T — ﬁ ) .
For fixed 4 and varying 6 and ¢, the points x, p, z form the
surface of a torus (p — a coth u1)* + z2 = @*/sinh%u. Let the
value o = p, correspond to the surface of the solenoid 7.
Then for u <p, (> ) the points x, p, z lie outside (inside)
the solenoid. The radii of the cross section R and the axial
line d of the solenoid are expressed in terms of @ and pu,, as
R =d /sinh u,, d = a coth . For u, — o the solenoid de-
generates into a filament of radius a lying in the plane z = 0.
The Cartesian components of the vector potential in the
Coulomb gauge (div A = 0) satisfy the following system of
differential equations:

AAi:i (ch pg—cos B)2

2z sh o 8 (1 — o) (no);-

Here n, is a vector tangent to the surface of the solenoid:

—»im (sin 0 sh y, cos ¢,

AT

sin 0 sh p, sin ¢, 1-ch p,cos ),

Owing to the axial symmetry, 4, is independent of the angle
@, and 4, and 4, depend trivially on it: A, =4, cos g,
A, =4, sin . Obviously, 4, =4, sing — A4, cos g =0.
Setting

AD=Vch;L—cosB§g, A,=§z V eh p—cos 0, (108)
we obtain the following equations for A » and A,
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- . i gsin 08 (uw—pg) |
(9h+oth wou+ O+ — g ) A= — SR ek

_ g6 (u—po)

1 ~
( i+cthp6“+6’5+T)Az= S

1—chpgcos@

{ch pg — cos B)3/2 (109)

We seek solutions of these equations in the form of series in
sin nd and cos n6: A, = ZR° (1) cos nb, A =3R! (1) sin
n6. Expanding the right-hand sides of (109) in the same
way, we find second-order ordinary differential equations
for R, . The solutions of these equations which are contin-
uous and finite throughout space (including on the solenoid
boundary) have the form

- Pn_.l_ (chp) Qn_i (chpg)  (m<Tpg);
Ry =2V2¢ 4o { : :
n

Q _a(chw)P 1 (chpg) (1> )
2 2
o
Ry= __2,'?2_3 Qn_i(c‘h o)

P! 4 (chwIQ  1(chpu)—Q s (chug)l (n<<wo);

2 2 2
{Qi_L (chp) [P 1 (chpg)—P 5 (chug)l (n>>po).
s " : (110)

Here we have taken
0 T 0 1 (Ch !'l'ﬂ)'l

Agl:@uw.—z)wcwa

—(n T)Qn_%(chuu}]: PY@), Q5 (2)

P! (z) and Q¥ (z) are the Legendre functions of the first and
second kind, respectively. Henceforth we shall understand
the argument of the Legendre functions to be cosh u unless
explicitly states otherwise. It is easily verified that div A = 0.
We note that 4, and 4, are even and odd functions of z,
respectively. Furthermore, 4, = Oin the plane z = 0 and on
the z axis. At large distances 4, and 4, fall off as r

A, = 125"] C sin 20,.

A 45:0(1.{_3@528_0, (111)

Here the constant is C = (77/32) (ch pu,/sh’n,). Let us
now consider the behavior of 4, in more detail. On the z axis,

VRed d®+ z2-- R2
Afp=0,2)= dz+zf 33 Qu’z( ZHJ;;m ) ’
whichis equal to (16ga®/|z|*) C forlarge values of z. Now let
us consider the behavior of 4, in the plane z = 0. At the
origin

(112)

1+ ch2p,
T Cuz(~Fepp)-
Inside the solenoid (rather,atp =a=d" — R 7y we have
A, =gQ,;, (cosh uy)P _,,, (cosh py). For large values of p
the potential 4, is negative: 4, = — (8g/7) (a’/r)C. It
can be shown that A, changes sign inside the solenoid. These
expressions become more transparent for the case of a thin
solenoid (R /d €1oru, > 1). Inthis case the vector potential
is
A, = VE g exp (— 2u) sin 6 )/ ¢h p.— cos 0 Pl s
A, ==L V_ exp (—2pg) V'ehp—cosB (P 1 —cosBPy,)

o

" (113)
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outside the solenoid and 4, =g exp( — u)sin 6, 4, =g expx
( — u) cos @ inside it. In the plane z = 0, A4, increases from

2mg exp( —2u,) = mgR*/(2d*) at the origin to g
exp (—2u,) =gR/(2d) on the inner boundary

(p =d — R) of the solenoid. Inside the solenoid A, vanishes

at p=d and is negative, — gR /2d, on the outer wall

(p=d + R). For large values of p, 4, remains negative,

decreasing for p— w0: A, = — (wga®/r’) exp( — 2u,). Let

us now consider A4, (p, z) as a function of z for fixed p. On the

z axis 4,(0, z) = (wg/2) [dR?*/(z* +d?)*"?]. For fixed

p <d thefunction 4. (p, z) is positiveforall z. Forp > d, 4 _ is

negative for small zand positive for large z. The zeros of 4, in

the (p, z) plane lie on a line which begins at the point (d, 0)

and has straight-line asymptotes z = + p/\/f . Because of
this, $4,d! along a closed contour is equal to the magnetic-

field flux if the integration contour passes through the hole

in the solenoid, and zero otherwise.

6.2. The generating function for a toroidal solenoid (Refs. 37
and 38)

Since outside the solenoid curl A =0, A can be repre-
sented as the gradient of some function y. Since $A4,dl #0
for a closed contour passing through the hole in the solenoid,
y is amultivalued function of the Cartesian coordinates. For
convenience let us first consider a thin solenoid (R /d<€1).
Using the vector potential found above [see (113) ], we easi-
ly find the expressions determining the function y,:

1y Ag €08 OP_y/5— P/,
@ 9~ chp—cos® ]/—2 exp (—2p,) (chp—cos B)/2 ’

1 axe Ay
@ 9w~ chp—cosB
=12 _ 1 1
_V2 ng G'Xp( 2}"‘0) P 1/2 (chpt—cos )12 * (114)

We adopt the convention that the argument of the Legendre
functions is cosh g unless it states otherwise. Integrating
(114) over & and y and equating them, we find

:rtga.

5 €XP (— 2itg)

8 8
(P . X __cosfdd _Pis do )
TV “echp—cos 0 = Y chp—cos®

Xo (68, W)=

11
. du 1
[ €. ""’2 > s e
2 mgaexp (—2p,) sin S} T P__zg_
0
—2ngaexp(-—-2p,o)(i—cosT)sgnG. (115)

The integrals over the angle 6 are expressed in terms of the
elliptic integrals £ and F:

% (0, W
chpP__i_—Pi

kel V )

_p_%[VmE(a’ l/_f-f—zc—M)

. sin B
¥ ch u—cos :

=V 2ngaexp(—2u,)
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From this expression and from the asymptotic behavior of
the Legendre functions for u —0 we find

Xum—ngexp(—Zpo)f—:-cosesgr—»m) (116)

(r, 8., and @ are the usual spherical coordinates). Therefore,
at large distances y, falls off as 7. We expand the inte-
grand in (115) in cos #@ and sin n@ and integrate over &,
Xo = ga exp (— 2uy).

{—204 3 S2r0 P_1Q 140, 5)=2P10, 11}.
(117)

It is easily verified that the integral $4,d! is equal to
(@ =const <)

n Fi]
do — Yo _ 9
¢ S A chp—cos® S ET] db = — 4nga exp(— 2y,),
ey ®.

i.e., up to a sign it is the flux & of the magnetic field if the
integration contour passes through the hole in the solenoid,
and zero otherwise.

For a finite (R =d) solenoid the direct integration of
the vector-potential components 4,, 4, is very difficult.
Here we give the final result (see Ref. 38 for details). The
generating function for a finite solenoid has the form

%6 W
X0 W) =Texp(— 2

—|—“;$Vch p—cos® ) B,P 4 sinnb,
1 "

n=

(118)

where y, (the generating function for a thin solenoid) is
defined in (117) and

fn= —hznn Qk_% (ch pe) Q;H._;. (ch ).

Using the asymptotic behavior of the Legendre functions,
from (118) we obtain
chp, a®

X8, p =~ —ﬂ———ﬁ cos 0.

% ship, (119)

The following properties of the function y will be needed
below. First, y falls off as 7~ at large distances from the
solenoid. Second, y undergoes a finite jump (equal to
— ® = —4mga/(exp(2u,) — 1) in crossing the circle of
radius d — R lying in the equatorial plane of the solenoid
(z=0). In other words, the region of discontinuity of the
generating function of a toroidal solenoid fills a circle of
radius d — R lying in the equatorial plane.

6.3. The amplitude for scattering of charged particles by the
magnetic field of a toroidal solenoid

In this section we shall consider the scattering of
charged spinless particles by the irrotational vector potential
of a toroidal solenoid. To prevent the penetration of particles
into the region with H #0, this region is screened by an infi-
nite repulsive potential of suitable geometric form. This
causes the wave function to vanish at the boundary of the
region of infinite repulsion (as it does also inside this re-
gion).

The first Born approximation. We therefore must find
the solution of the Schrodinger equation

h2 ie 2
—%—(V—EA) YLVY=EY, (120)

with V= w0, ¥ = 0 inside the screen and on its boundary
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and V= 0 at other points in space.
Let us first consider the case in which the solenoid T, is
enclosed in a screen of toroidal shape. We assume that it
coincides with T,. Then in the first Born approximation in
the vector potential we have
V=Wt { Golr, 1) AVY,al”,

fic

(121)

Here ¥, and G, are the wave function and the Green'’s func-
tion corresponding to scattering on an impenetrable torus in
the absence of a magnetic field. They obviously vanish at the
boundary of T,,. The integration in (121) is carried out out-
side the solenoid, where A = grad y. Furthermore, we have
the identity

ay v
A grad 'qu = E @Iﬁu

= A (X)) — = XA¥, = = (A5 X¥,

(A and &7 are the Laplacian and the wave number, respec-
tively). Then we obtain

W= Yot | 6o+ 1) 1w av, (122)

Weintegrate (122) twice by parts, using the equation for G,:
b ie
R Pot—— X¥,

—— S div [Gy grad KW, — AW, grad G dV’.  (123)

To calculate the scattering amplitude we must find the limit
of (123) for p— . The first term on the right-hand side
gives the incident plane wave and the amplitude for scatter-
ing on an impenetrable torus in the absence of a magnetic
field. The second term can be neglected, since y falls off as
r ~?for r— w. Let us consider the third term in (123). For
the moment we neglect the fact that the vector function on
which the divergence operates is discontinuous (owing to
the y function). Using Gauss’s theorem, we replace the vol-
ume integral by an integral over the surface containing this
volume. This surface consists of the surface of the torus 7T,
and the surface of a sphere Cj, of sufficiently large radius R.
The integral over the surface of the torus vanishes, since both
¥, and G, vanish on it. We are therefore left with the inte-
gral over Cg:

% (¥ aG p 7 . v , '
R"'S [ G, 270w, S Jde (4@ =sin6;do; dy).

Since at large distances ¥, ~exp (ikz),
mg chpy 2

~
T -

4 sh?y,

cos 0.,

1 . I
G, ~ _Iir—m(pllk (r—rn’)],

the integral over C reduces to

kea® chp, exp(ikR) , 3
T ShS i 7 S cos 0 (1 -1-cos 6;)

.
16
Xexp [ik (R cos 0; —rn")] dQ'.

It vanishes for R — . Now we take into account the fact
that the divergence in (123) operates on a discontinuous
function. Detailed considerations shows that Gauss’s
theorem must be modified. The surface integral must be aug-
mented by an integral over the region of discontinuity of the
y function:
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ie® 24 4G, "ot ’ ’
V(G —Yo 5 ) o' dp’dp (0" <d—R, 2'=0),

(124)
Let us now calculate the scattering amplitude. For this we
take the limit - o in (124), replacing G by its asymptote:
a¥,

e®
[ “Anhe S [exp(-—lknp)
_WU%EXP(—W“")] p'dp'dg (p'<<d—R, 2’ =0).
(125)

We see that the scattering amplitude depends on the behav-
ior of the wave function near the solenoid. The explicit form
of the latter is unknown, since the wave equation is not sep-
arable in toroidal coordinates. We replace ¥, by a plane
wave exp(ikz). Then*®

f= YTA (1 +cos8,) S exp (—ikp’ sin 0, cos @) p’ dp’ do

=y (1+cos8,) (d— R) ‘W’_‘.‘M, v =e®/he.

(126)

For a thin solenoid this expression reduces to

J1 (kd sin )
m;(1+cose)d—l#. (127)

This expression was obtained earlier in the interesting study
of Ref. 39. However, the procedure for obtaining (127) was
somewhat dubious, because the vector potential used in that
study had a §-type singularity in the plane z = 0.

As a result, the discarded term — (e*/#%¢?)A is more
singular than the term — (ie/#ic) (2A grad ¥, + ¥, div A)
used in the calculation (div A#0 for the potentials of Ref.
39).

The high-energy approximation. Let us now calculate
the amplitude for magnetic scattering on a toroidal solenoid
in the high-energy approximation. For this, in the Lipp-
mann-Schwinger equation

T=V,+ (G (r, v) V¥ (ryav'(v,= 22 AV)  (128)

we make the following simplifications typical of this meth-
od:** we replace the Green’s function G, by a plane-wave
function — (1/47) (exp (ik |[r —r'|)/|r —r'|), and inside
the integral for ¥ we use its high-energy approximation
2z
exp(isz;% S Azdz) :

—o0

This expression is correct if

L A .F;k

|<< 14,].

Otherwise, the terms quadratic in the potentials must be
added to the integrand. For the vector potentials used in Ref.
39 this leads to an infinite scattering amplitude, as in the first
Born approximation. On the other hand, the potentials used
in that study are everywhere continuous and finite functions
of the coordinates. Therefore, the condition cited above is
satisfied at sufficiently high energies. For the magnetic scat-
tering amplitude we find

i' Aydz)dv'.

ek : ie
f(n)=-——\ exp(iqr*) 4, exp(—
(n) he g (] ( fc E (129)

Here q = k — k' is the momentum transfer, k' = n'k, and
k = n_k. Since scattering at small angles dominates at high
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energies, the vector q can be assumed to be perpendicular to
the initial vector k; therefore, q lies in the plane z = 0. Then*®

f(n)-*-—h-ns d?p’ exp (iqp) S dzA, exp(-—iﬁi— § A, dz)

—o0 -0

§°Azdz)——1]

- 00

_ —“:;fT S d?p exp(iqp)[exp(%

d—-R
= —ikfexp (2iny)—1) { Jo(ap)pdp
0
= —ik(d— R) [exp (2iny) — 1] J1 [q (d— R)1/q.

(130)

This amplitude becomes the Born amplitude for small  and
. Expressions (126) and (130) are easily generalized to the
case in which the toroidal solenoid is completely enclosed in
an impenetrable torus (Fig. 5):

fo=ay 258 1 (kasin0); (131)
fue = — ika [exp (2iny) — 11 J, (qa)/q. (132)

Scattering for unusual configurations of the wave vector.
Let us again consider scattering on a toroidal solenoid sur-
rounded by an impenetrable torus (p — d)* 4+ z* = R.? Now
let the initial wave vector be perpendicular to the z axis, for
example, directed along the x axis (Fig. 6). We place an
impenetrable barrier at z =0, p<d — R. We then have the
following relation:

‘Pw=exp(lex)‘lf%v(-\:=i$-). (133)

Hese ¥, and W9, are the wave functions corresponding to
scattering on an impenetrable torus with a hole covered by
an impenetrable barrier, respectively, with and without a
current present in the solenoid windings. The subscript on
the wave functions denotes the presence of the impenetrable
barrier, and the superscript shows the value of the constant y
at which they are calculated. The functions ¥$, and ¥, are
everywhere continuous and vanish both inside the impen-
etrable cylinders and on the surface of the impenetrable bar-
rier. The function y is the generating function of the toroidal
solenoid. From its explicit form it follows that it changes
from — ®/2 to ®/2 in passing through the impenetrable
barrier and is an odd function of z. Obviously, ¥$, is an even
function of z. Now let ¥ = 1. From (133) we find that ¥};?
differs by a sign on opposite sides of the impenetrable bar-
rier, and vanishes on it. It therefore has a node there. Thus,
the impenetrable barrier can be removed without changing
the physical conditions. Finally, we have

(134)

Wi W2 ~exp (‘ﬁ—f) l , Vi
-

o

For an infinitely thin solenoid W9, corresponds to scat-
tering on a thin disc of radius d lying in the planez = 0 (Ref.
40). A closed expression is known for this wave function.>®
For ¥ = | and the initial wave vector in the plane z = 0 the
presence of the magnetic field is equivalent to covering the
hole of the torus by an impenetrable barrier. From (134) it
follows that the wave function for 3 =} vanishes for z = 0,
p<d — R even in the absence of the impenetrable barrier.
We shall make use of this fact below.
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FIG. 4. An incident wave scatters on two impenetrable solenoids in the
presence (a) and in the absence (b) of an impenetrable partition between
them.

7.SCATTERING OF CHARGED PARTICLES INAN IDEAL
MULTIPLY CONNECTED SPACE

Now we surround one or several solenoids by topologi-
cally inequivalent screens and study the scattering on the
magnetic fields accessible to the particles. Outside the sole-
noids the Schrodinger equation is satisfied by the following
wave function:

‘F:‘lfuexp( 1;: ) ,

where y is the generating function defined above and ¥, is
the wave function in the absence of the magnetic field. The
transformation (135) is unitary, and this guarantees that all
the observables for W and ¥, coincide. We always choose the
wave function W (the solution of the initial full Schrodinger
equation) to be single-valued. Therefore (owing to the dis-
continuity of the y function) ¥, is not single-valued. The
absence of a unitary transformation relating the continuous
function ¥ to the continuous function ¥, is the reason for
the appearance of the AB effect. However, there exists an
important exception when the two functions appearing in
(135) are continuous. This occurs when the region of dis-
continuity of the function y is inaccessible to the incident
particles. Then at the discontinuity ¥ = W, = 0 and the re-
lation (135), which in the region of discontinuity is satisfied
trivially, 0 = 0, is a unitary transformation between the con-
tinuous functions with A0 and A = 0. In this situation the
. AB effect is absent. Typical examples are shown in Figs. 7-
10: two cylindrical solenoids (¥, = — ®,) in an impen-
etrable cylinder (Fig. 7), a toroidal solenoid in an impen-
etrable cylinder (Fig. 8) and in a sphere (Fig. 9), and in one
section of an impenetrable torus (Fig. 10). We note that in
the multiply connected space common to these cases (for

(135)

i

exp(ikz)
—

fll'

—

[l
¢
Wigggg!

—_—

FIG. 5. A toroidal solenoid (in black) surrounded by a potential barrier of
height ¥, having the form of a torus (shaded region). For ¥, — « the
cross section for scattering on the magnetic field tends to a finite value [see
(131) or (132)].
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FIG. 6. A toroidal solenoid (in black) surrounded by an impenetrable
torus (shaded region). For the initial wave vector in the plane z = 0 and
¥ ==} the wave function vanishes on the portion of the plane z = O coincid-
ing with the hole in the torus.

example, the space outside the impenetrable torus) the AB
effect can occur (Fig. 6), or it also can be absent (Fig. 10).
This is also true for the impenetrable cylinder: the AB effect
occurs if one solenoid is located inside the cylinder, and it
does not occur if two solenoids with &, = — &, (Fig.7) or
a toroidal solenoid (Fig. 8) are located inside it. We con-
clude that the existence of the AB effect is determined not
only by the fact that the space accessible to the particles is
multiply connected, the nontriviality of the vector potentials
in this space, and the single-valuedness of the wave functions
which are used.*®**' The condition for this effect to ex'st can
be expressed either by means of the generating functica (the
AB effect occurs if the region of discontinuity of the y func-
tion is accessible to the incident particles) or by means of a
nonintegrable phase factor (there exist closed paths accessi-
ble to the particles along which $4,d! #0; Ref. 42).

8. GAUGE TRANSFORMATIONS OF THE VECTOR
POTENTIALS

Since outside the solenoid A = grad y, we can attempt
to eliminate the vector potential in this region (completely
or partially) by means of a suitable gauge transformation. It
is known>*** that for a single infinite cylindrical solenoid the
complete elimination of the vector potential outside the sole-
noid leads to the appearance of a singular magnetic field on
the solenoid axis with direction opposite to the original field.
For two solenoids a singular magnetic field appears on the
axis of each solenoid. Finally, in the case of a toroidal sole-
noid this gauge transformation leads to a magnetic field
H= — ®§(2)8(p — d) /2. In each of these cases the prob-
lem becomes inequivalent to the original one after the gauge
transformation. However, there are some provisos. The si-
tuations before and after the gauge transformation are physi-

Lo

exp(Lix)
i

O

FIG. 7. An illustration of the absence of the AB effect in a multiply con-
nected space. Two cylindrical solenoids with @, = — &, are surrounded
by an impenetrable barrier of cylindrical shape.

G. N. Afanas’ev 92



FIG. 8. An illustration of the absence of the AB effect in a multiply con-
nected space. A toroidal solenoid is surrounded by an impenetrable cylin-
drical barrier.

cally inequivalent if single-valued wave functions are used in
both cases. In fact, in the preceding section we saw that the
vector potential outside the solenoid can always be made to
vanish by means of a unitary transformation. The price for
this is a discontinuity in the functions obtained after the
gauge transformation. If this price is too high for us, we must
restrict ourselves to gauge transformations which do not
change the transformation properties of the wave functions.

8.1. Aninfinite cylindrical solenoid

As a first example let us consider an infinite cylindrical
solenoid of radius R (Ref. 38). In this case, along with the
usualvectorpotential (4, = — HR *y/2p%, 4, = — HR *x/
2p*, A, =0 outside the solenoid and 4, = — 1Hy, A4 "
= 1Hx, A, = Oinsideit) we can work with a vector potential
A’ giving the same magnetic field as A (i.e., H = He, inside
the solenoid and H = 0 outside it). The only nonzero com-
ponent of A’ is 4 |, which is equal to H(x + VR ? —)7) in-
side the solenoid. Outside solenoid 4,0 in the region
l¥|<R, x>0 (Fig. 11): 4, = 2H JR* — *. The vector po-
tentials A and A’ are related by a nonsingular gauge transfor-
mation:

i do
A=A"— grad 3__?,! a
The function a is found from the equation
62 aﬂ
Lt TE —Hi(z y)

We have the function f'= x 4+ R — )7 inside the solenoid.
Outside the solenoid it is 2JR > — »” in the shaded region of
Fig. 11 and zero outside this region. For an infinitely thin
solenoid A4 | degenerates to

Ay = D6 (y) 0 (2),

FIG. 9. An illustration of the absence of the AB effect owing to the fact
that the space accessible to the particles is simply connected. A toroidal
solenoid is surrounded by an impenetrable spherical barrier.

93 Sov. J. Part. Nucl. 21 (1), Jan.—Feb. 1990

FIG. 10. An illustration of the absence of the AB effect in a multiply
connected space. A toroidal solenoid is located in one section of an impen-
etrable torus.

i.e., the vector potential is nonzero on the positive x se-
miaxis.

More general gauge transformations are discussed in
Ref. 44.

8.2. Two solenoids with opposite fluxes
For two solenoids with &, = — @, the following vec-
tor potential A’ gives the same niagnetic field ( + He,) in-
side the solenoids as the field obtained earlier in Ref, 31: 4 5
=A4.=0, A, =/®/mR* The function f is (Fig. 12):
d+VR*— x* Ty inside the first and second solenoids, re-
spectively; f=2JRZ—x* between the solenoids
(—d+VR*—X"<y<d — yRZ_ %2, |x| <R). Finally,
J=0in the other regions of space. The vector potentials A
and A’ are related by a nonsingular gauge transformation:

a¥
A= A'+gl’ad'ﬁ".

The function ¥ is found from the equation AW = — JH.
For pointlike solenoids (R —0, but & = const) the vector
potential is nonzero only on the segment | ¥| <d of the y axis:

A’ = e, OS (z).

8.3. A toroidal solenoid

For a toroidal solenoid (p — d)? + z> = R? the follow-
ing vector potential A’ gives the same magnetic field,
H=e,g/p,g = (®/27) (d — Jd® — R ?) " inside the sole-
noid and H = 0 outside it, as the vector potential found in
Ref. 38: A'=Ale,, where 4, =glIn((d + yR? —zz)/p)
inside the solenoid and 4. =gln((d+VR>—2°)/(d
— VR = Z%))outside it in the shaded region (Fig. 13). The

vector potentials A and A’ are related by the following gauge
transformation:

; . Ao
A=A"+grad s

T

FIG. 11. The vector potential of a cylindrical solenoid in a nonstandard
gauge. Outside the solenoid the vector potential is nonzero only in the
shaded region.
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FIG. 12. The vector potential of two cylindrical solenoids with &,
= — &, in a non-Coulomb gauge. Outside these solenoids the vector
potential is nonzero only in the shaded region.

The functions are

R
e { dzpz, o, 2

=T v 4
a-VR-2
B(p, 2, z)=In(d—}V R*—22) VP1dPIQ__;~(3"')
0
a+V RT3 _
—In(d+ VR dp V01 Q_1 (2)
2

0
d+VRZ—z%

—_ 2 a —3zy)2
+ | Vedulnpo i(@) (o= EEEEE-mR)
2

2ppy
-V R*-22

For an infinitely thin toroidal solenoid R —0 we obtain (for
fixed ®):
A’ =e,D5(2) 6 (d—p),

A=A"+grad ‘;j "
R s
a=-—5[ 2 (VZ+E—|zl)

1]
—va & oa(2igE)]

We conclude that: if we agree to work with discontinuous
wave functions, then by means of a suitable gauge transfor-
mation the vector potential outside the solenoid can always
be completely eliminated. Otherwise, we must restrict our-
selves to only nonsingular gauge transformations which do

) A

FIG. 13. The vector potential of a toroidal solenoid in a non-Coulomb
gauge. Outside the solenoids the vector potential is nonzero only in the
shaded region.
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not change the transformation properties of the wave func-
tions.

9. AN ALTERNATIVE INTERPRETATION OF THE
AHARONOV-BOHM EFFECT

In the preceding sections the solenoids were surround-
ed by various absolutely impenetrable topologically inequi-
valent screens, and we studied the scattering on the magnetic
field (H =0, As0) surrounding these solenoids. On the
other hand, there is an alternative to the AB interpretation of
positive experimental results, in which the effect is attribut-
ed to leakages of the magnetic field (owing to the finite
length of a real cylindrical solenoid) and to the nonvanish-
ing probability that the incident particles scatter on regions
of space with H50 (owing to the finiteness of a real poten-
tial barrier). It is incorrect to go to the limit of an ideal
solenoid, since the space arising after the transition to infi-
nite barriers is multiply connected. We have seen that in
such a multiply connected space inequivalent representa-
tions of the angular momentum are allowed which corre-
spond to non-single-valued wave functions.

Onthe other hand, actual experiments are carried out in
a simply connected space, where only single-valued wave
functions are allowed. In the remainder of this section we
shall assume that the solenoid is surrounded by potential
barriers of finite height and shall study the scattering on
them.

9.1. Aninfinite cylindrical solenoid

Let us consider a cylindrical solenoid of radius R sur-
rounded by a cylindrical potential barrier C, of height F
and radius 5> R. Then in first-order perturbation theory in
the dimensionless constant ¥ = e®/Ac for the amplitude of
scattering on the magnetic field we find

~ .
h== 2 fmexp (ime). (136)
The partial amplitudes f;,, (m#0) are*'

. 4 .
Fam = iy { — g Tl (kR — i1 (B4R Tt 1 ()]

Im|

1 1 1 m|-
_;_W_%_WE (—1)™=*A(0, s, m) (12— I* (k,R)]
s=0
2 i
o B A0 & MU 13

where A(O, s,
y=ed/he.

Here and below, the arguments of the ordinary and
modified Bessel functions are not indicated if they are kb and

m)=(l+8,) "(1+8,,) ' and

k. b, respectively, furthermore, k = \2uE /4%,
klzvlzlu(VOWE)/ﬁ’ rm :jm/hm’ hm =ka\mH\(rli)!

— kbl HD oy = RBI g — Kibd oy T

The first line in this expression is equal to the contribu-
tion to the scattering amplitude from the magnetic field in-
side the solenoid, and the second line comes from the mag-
netic field outside the solenoid, but inside C,. Finally, the
third line is the contribution of the magnetic field outside C,.
For zero potential barrier (V, = 0) expression (137) be-
comes
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i = 1ym. [ Ty (BR) — -1 (BR) Tyt (BER)

Im|

+ﬁ2 A0, s, m)Jg(kR)].
s=0

The first and second lines in this expression come from the
magnetic field inside and outside the solenoid. For an infi-
nitely thin solenoid (R —0) the contribution of the magnetic
field inside the solenoid vanishes, while the second line re-
duces to the usual AB amplitude:

AB ; m
m = —iny -0
1<

Jan= Vamik <

Fa% exp (img) = — —TX_ ctg
1

For an infinitely high potential barrier (¥, = « ) the inci-
dent wave does not penetrate inside C,:

Im|

fim= 20k 0 D) [T (k6) — s HYP (RB)2A (O, 1, m)
=0

(Sm= Ty KBV} (RD). (138)

We conclude that for large values of the potential barrier the
contribution of the regions with H #0 to the scattering am-
plitude is negligible. This implies that the positive results of
experiments to detect the AB effect cannot be attributed to
the finite height of the potential barrier.

9.2. Two cylindrical solenoids and a toroidal solenoid

Now let there be located inside C, two solenoids with

®, = — ®,. Then expression (136) is valid with
oo 2
[a— -
fim =i 'S pdpg Romexp (—img) AV, dg. (139)
0 0

Here A is the vector potential for the two solenoids with @,

= —®,, ¥,=Zi"R,, exp (imp); R,, = Q2i/m)1,,
(k\p) inside Cy, and Ry, =J, (kp) —r,, H (] (kp) out-
side.

We split the integral (139) into integrals inside the sole-
noids and outside them. Setting A = grad y in the second
integral and integrating by parts twice, we bring it to the
form

-;T (—iy™ S p dp dog div

X(Rype=mo grad ¥, — YW, grad Ry,e-ime), (140)
Owing to Gauss’s theorem (taking into account the discon-
tinuity of the y function), this integral reduces to the sum of
integrals over the surfaces of the solenoids, the surface of the
cylinder of infinite radius, and the region of discontinuity of
the y function [which coincides with the segment
(—d + R,d — R) of the y axis]. The integral over the sur-
face of the cylinder of infinite radius vanishes, owing to the
rapid falloff of the y function. Then in (139) there remains
the integration over the nearest neighborhood lying inside
G, . For ¥, — « the functions R, and ¥, tend to zero inside
C,. Therefore, both f;,, and f| vanish. Thus, for a given cy-
lindrical barrier C, the amplitude for scattering on the mag-
netic field approaches the finite value (138) for ¥, — o in
one case (when there is one solenoid inside C, ), while in the
second case (when there are two solenoids inside C,) it ap-
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proaches zero. This appears strange if the AB effect is inter-
preted as the result of scattering on regions of space with
H #0,sinceinboth cases for finite ¥, the probability that the
particles penetrate the region with H 40 is also finite.

Now let us place a toroidal solenoid inside an infinite
cylindrical barrier (Fig. 8). Following the same arguments
as above, we conclude that the magnetic scattering ampli-
tude falls off continuously as the height of the potential bar-
rier is increased. This is also true for a toroidal solenoid lo-
cated in a spherical potential barrier (F ig. 9) or in one
section of a toroidal potential barrier (Fig. 10). On the other
hand, the magnetic scattering amplitude tends to the finite
value (131), (132) for a toroidal solenoid surrounded by a
potential barrier in the form of a torus (Fig. 6). Thus, in
some cases [a cylindrical solenoid in a cylindrical potential
barrier and a toroidal solenoid in a toroidal potential barrier
(Fig. 6)] the scattering amplitude tends to a finite value
(#0) as the height of the barrier is increased. However, in
other cases (two cylindrical solenoids with ®, = — & ,ina
cylindrical potential barrier and a toroidal solenoid in cylin-
drical and spherical potential barriers or in one section of a
toroidal potential barrier) the scattering amplitude tends to
zero as the barrier height is increased. This difference is diffi-
cult to explain if the AB effect is interpreted as scattering on
regions of space with H 0. In fact, the probability that the
particles penetrate the region with H #0is roughly the same
for barriers of different geometrical shapes and tends to zero
for ¥, — co. On the other hand, the fact that the magnetic
amplitude is nonzero can naturally be interpreted either in
terms of a nonintegrable phase factor (a finite contribution
of the magnetic field to the scattering amplitude), if after the
limit ¥, — co there remain closed paths accessible to the par-
ticles along which $4,d/ #0, or in terms of a generating
function (the potential barrier does not completely screen
the region of discontinuity of the generating function).

10. THE ABEFFECT FOR BOUND STATES

Let charged particles move between two impenetrable
cylinders of radii @ and b. A solenoid with magnetic flux & is
located inside the smaller cylinder. The Schrédinger equa-
tion has the form

h? ie 2 @
_W(v__ﬁ_C.A) Y —EV, A=5oe. (141
The single-valued wave function corresponding to angular
momentum m and vanishingatp = aandp = b hastheform
tP'n?n = Cm-,v [Jlm—-\: E(kp)N-lm-v | (ka)
= Jim—y (k)N |y (kp) Jeime, (142)

Here y = e®/hc and C,,, is an unimportant normalization
factor. The eigenvalues are determined from the relation

Jlm—vl(kb)Nlm—vl(’m) = Jim-p(ka) Nm_y) (kb) = 0.
From this it follows that the eigenvalues depend explicitly on

¥, i.e,, on the magnetic flux ®. For ka>1 and kb>1 the
eigenvalues can be found explicitly:*

__an bd(m—y)t—1 b—a
kmn ('V)_ b—a + 8mab n

The following non-single-valued wave function also satisfies
the Schrodinger equation (141):
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llP'gn = Cm[J|m|(kp)N|m|(ka) - J\’Tlm!(kp)JIml(ka)]ei(m+V)w'
(143)

In this case the eigenvalues are the same as in the absence of
the magnetic field, i.e., for ® = 0:

Jmy (kD) Ny (ka) — J (k@) Ny (k) = 0.

Therefore, when non-single-valued wave functions are used
the presence of the magnetic field does not lead to observable
consequences. In fact, the choice of wave functions (141) or
(143) hasin recent years been the subject of lively discussion
on the existence of the AB effect.

The following interesting problem was studied in Refs.
44-47. Let there be a constant magnetic field H directed
along the z axis. It corresponds to the following vector po-
tential:

1 1
A= (HXp)= — 5 Hpeq.

The wave functions and eigenvalues of the Schrodinger
equation with this vector potential are

WY, ~ oL () exp ( — 5 ) exp (ima).

1
Ey(N, m)=—5 2N +1+ |m|—m) (144)
( E is in units of #iw and p is in units of ti/maw; 0 = eH /mc).
Now we place at the origin an infinitely thin cylindrical sole-
" noid with symmetry axis along the z axis. Then

WX, m~ pim=v L= ( -g—g ) exp ( — —T——) exp (img),

1
Ey(N, m) ~ 5 @N+1+4 m—y|-+y—m).  (145)
For definiteness let 0 < 7 < 1. Then for m > 1 the energy spec-
trum is the same in the presence or absence of the solenoid.
For m<0 the spectra are different:

E,=N—m-+1/2, E,=N—m+y-+1/2

The essential difference between the wave functions (144)
and (145) should be noted. For example, the dipole matrix
element in the absence of the solenoid

(Y, me1 |2+ 1y] Yim)

is nonzeroonly for N’ = N, N — 1. The same matrix element
in the presence of the solenoid (m =0)

(PR, 1]z +iyl Yo

is nonzero for all N'. This implies that, in addition to the
transitions related to the cyclotron resonances (N-N,
N=N + 1) there arises an infinite number of transitions due
to the difference of y from zero. This effect can be checked
experimentally. In a time-varying electric field, transitions
should be observed between states Wi, ¥ ;.

11. EXPERIMENTAL VERIFICATION OF THE AHARONOV~-
BOHMEFFECT

We deliberately leave aside the early experiments on the
observation of the AB effect carried out using a single cylin-
drical solenoid. The presence of magnetic-field leakages due
to the finite length of the solenoid and to imperfections in its
winding gave rise to justified criticism and led to uncertain-
ties in the interpretation of the experimental results. 8
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At the present time the most complete experiments ou
the detection of the magnetic AB effect are those of Tono-
mura ef al. with a magnetic field of a toroidal configura-
tion.*® In electron scattering a shift of the interference pat-
tern has been observed as the magnetic field inside the toroid
is changed. In order to prevent the penetration of the elec-
trons into the region with H 0, this region was screened by
a superconducting layer and a layer of copper. The magnet-
ic-field leakages were controlled by a magnetic interferome-

ter. They turned out to be extremely small. Nevertheless, it
has been suggested in the physics literature that they might
simulate the AB effect. In Sec. 9 we showed that this is ex-
tremely unlikely. Another experiment proposed in Ref. 38
would essentially dispel these doubts about the existence of
the AB effect. This experiment is based on the following
idea. Let us return to expressions (131) and (132), which
determine the contribution f,, of the magnetic field to the
total scattering amplitude £, The latter is the sum of the scat-
tering amplitude in the absence of the magnetic field f,, and
f,.. From (131) and (132) it follows that f,, depends on the
radius of the hole in the torus a and on the magnetic flux .
The amplitude f;, depends only on the parameters of the
torus containing the solenoid (i.e., on g and the radius of the
torus cross section R). Then for fixed a, R, and ¢ the param-
eters of the solenoid can be varied without changing /. This is
illustrated in Fig. 14, where we show two configurations
which are completely equivalent from the usual quantum-
mechanical point of view [within the framework of which
expressions (131) and (132) were obtained]. This shows
that the AB effect arises from scattering on regions of space
with H = 0, A=0. On the other hand, these two configura-
tions are different from the viewpoint of the alternative in-
terpretation of the AB effect (see Sec. 9). In fact, the proba-
bility that the incident particles penetrate into the region
with H 0 1is significantly larger for the configuration shown
on the left-hand side of Fig. 14 than for the configuration on
the right-hand side.

It is also interesting to study experimentally the scatter-
ing of charged particles on a toroidal solenoid located in an
impenetrable sphere (Fig. 9) or in one section of an impen-
etrable torus (Fig. 10). The usual quantum-mechanical
treatment predicts that the contribution of the magnetic
field to the scattering amplitude is zero in both cases. On the
other hand, this contribution is nonzero in the alternative
interpretation of the AB effect.

Let a winding of wire of radius b loop around a cylindri-
cal solenoid of radius R < b. Then the resistance of the wind-
ing (in spite of the fact that it is entirely located in the region
where H = 0) is a periodic function of the flux @ of the
magnetic field H inside the solenoids. This effect has been
observed experimentally.™® Therefore, one can speak of a

FIG. 14. Two configurations of a toroidal magnetic field inside a toroidal
potential barrier, which are identical from the viewpoint of ordinary
quantum mechanics, but differ in the alternative view of the AB effect.
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force action of the vector potential. For example, for varying
A we can make a switching device, incorporated in a circuit
of the winding with a current, located in the region with
H =0. An excellent review of these questions can be found
in Ref. 51.

Another experiment to verify the possibility of observ-
ing noninteger values of the angular momentum was pro-
posed in Ref. 52. A cylindrical solenoid is surrounded by a
superconducting cylinder. Then, allowing for the possibility
of noninteger quantization of the angular momentum (i.e.,
for non-single-valued wave functions), in the external cylin-
der there should appear a magnetic flux

O=by+ 4 2E (146)

Here @, is the magnetic flux inside the solenoid. The use of
single-valued wave functions in the superconducting cylin-
der leads to a magnetic flux

1 neH

O = - = (147)
The difference between (146) and (147) can be verified ex-
perimentally.

Crucial experiments to test the existence of the AB effect.
The following experiment would essentially unambiguously
confirm or deny the existence of the AB effect. ™ It is based
on the following theoretical prediction: under certain condi-
tions the presence of fields inaccessible to particles (for ex-
ample, the magnetic field H inside an impenetrable sole-
noid) can lead to a decrease of the density and the
probability current in the regions of space accessible to the
particles. For example, let us consider an infinite cylindrical
solenoid of radius a surrounded by an impenetrable cylinder
of radius R. In the absence of a current in the solenoid, the
wave function W, is determined by (1). At large distances
W, differs from the incident plane wave exp (ikx) by terms of
order (R /p)'/?. This is true of both the observables ¥V and
j = (i#i/2m) (YVV¥ — WV¥). Now we switch on a current in
the solenoid. Then the wave function W is given by (2).
Aharonov and Bohm showed that for a pointlike, unshielded
solenoid located at the origin, with the incident wave propa-
gating along the negative x semiaxis, the wave function van-
ishes on the positive x semiaxis for y = 1. This remarkable
phenomenon also occurs for a finite screened solenoid. In
fact, setting » = 1 in (2) and regrouping the terms of the sum
(which is possible, owing to its absolute convergence), we
find

¥y =g+ W
z

N
ViE = —2exp (-];—F—{—%)‘
o m A . . | 1 %
X;Ut Jm+%(i;p)sm(m—r?)¢, > (148)
1/2 iq i < o '
L :2exp(%+%) > i H(T:._é (ko)
m=0
/
I, (kR)
‘ m+— i 1 )
T T TR Slﬂ(n’:—'—T)q:.
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From this it follows that ¥,,, = W12 = ¥!2 =0 on the
positive x semiaxis (¢ = 0). For p— « we have

Lexp (ig/2) exp (ikp) .
(1_2mkpssnz§)“3 TN

‘I’Xsl:ﬁiexp(ikx—l-—iztp—)q‘_

R

—_— Y

Ve T

; i 4
0‘[[(1) j ) sm(mﬁ‘_?) Q. J

(149)

Therefore, the wave function (and also the observables [w|?
and ) vanish for y = } on the positive x semiaxis behind the
solenoid. This suggests the following experimental setup
(Fig. 15). We place a detector D behind the solenoid. In the
absence of a current in the solenoid, owing to diffraction of
the incident particles there is a finite probability that the
particles reach the detector D. For ¥ = | the counting rate of
an ideal detector D must fall to zero. A real detector has a
finite size. Let us discuss the resulting complications. First of
all, we note that the largest distortion of the wave function
by the magnetic field occurs for small kR. For this it is suffi-

cient to compare the wave function and the scattering ampli-
tude for zero magnetic field:

Y —HY (k) [1 4 2 (m%_pc)]“ ,C=0,577 ...

3 2 kR -1
P @=—V 7 [+ 2 (nH+c) ]

and for y(=e®/hc) = %
Y= . 2exp (%———%—) kRHf;i) (kp) sin (g/2);

fr@=2) Zrexp (L4 10) krsin (/2.
2

At high energies we cannot use the representation of the
wave function in the form of series ( 1), (2), (148), (149),
since they contain many terms of alternating sign. In this
case the Kirchhoff approximation is suitable. For the part
W0 of the wave function describing the scattered wave
[W, = exp(ikx) + ¥°] we find

R

(e, )= —+ S dy’ [ B (kt) 442 7 )]
“r

t=V 2+ (y—y)r

For kp— « we have

FIG. 15. A cylindrical solenoid (blackened region) surrounded by an
impenetrable cylinder (shaded region). For the initial wave vector along
the x axis and y = | the counting rate of the detector D located on the x
axis behind the cylinder is equal to zero.
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R .
v — ()" | dyt EREH) (4 1 gy, (150)

=
“r Vi

For k— o and fixed R, p the integrand oscillates rapidly.
For |y| <R the value of the integral in (150) is determined
by the contribution of the stationary point y* = y. Using the
stationary-phase method, we obtain

Yo ~ —exp (ikz) (k— oo, |y | <R, z>0)
Substituting this expression into W,, we find ¥, =0, ie,a

geometrical shadow appears behind the solenoid. For p>» R,
from (150) we find

. i
v —1 o (14 cos ) | exprnay. (15D
-R
For p— o and fixed k we have
w3 =—ﬁ—exﬁf(:—fp) fo (@) 'l
1 sin (kR sin ¢) o
fﬂ((P)-:_ Vm - (sinq; (1+COS(P)v i (152)
1 in (kR sin 12
00 (0) = oo [ g - (L cos ) |

The Kirchhoff approximation works (see, for example,
Ref, 34) if the wavelengths of the incident particles are small
compared with the size of the obstacles on which the scatter-
ing occurs (in the present case this corresponds to the condi-
tion kR> 1). The fields calculated in this approximation dif-
fer from the exact ones only very close to the scatterer.
Numerical calculations®* show that the Kirchhoff approxi-
mation is satisfactory for kR ~2-3. In typical experiments®’
on electron scattering on a cylindrical solenoid, the electron
energy is E~20 keV, and R =10 ~* cm. This makes k = 10%
cm~— ' and kR ~ 10°. Therefore, the Kirchhoff approxima-
tion is certainly applicable.

For finite values of kR and kp> 1 the wave function and
the scattering cross section in the absence of a magnetic field
oscillate with period 7/kR [see (152)]. The amplitude of
the oscillations is particularly large for small values of g, i.e.,
in the region behind the solenoid. The introduction of an
impenetrable partition coinciding with the part of the plane
y = 0 extending from x = R to x = oo (Whichis equivalent
to the presence inside an impenetrable cylinder of a magnetic
flux ® satisfying the condition y = e®/hc =}) drastically
changes the diffraction theory. Owing to the oscillations,
there is a sharp decrease of the wave function only very close
to the plane y = 0. Let us now calculate |/ % for finite values
of kR and kp. For this we use the wave functions Wo and ¥, ,
given by expressions (1) and (148). In Figs. 16 and 17 we
show the results of the calculations of Ref. 56 for kR = 1and
kR = 10 for the values of kp shown in the figures. For each
value of kp the region of the geometrical shadow (O<g< arc-
sin (R /p)) was divided into 40 equal parts. Since the abso-
lute values of the wave functions for y = 0 and ¥ = | do not
change when the sign of ¢ is changed, it is sufficient to calcu-
late the wave functions for ¢ >0 at each of the 21 points
@, = ((n —1)/21) arcsin (R /p) (1<n<21). Expression
(148) was used to calculate the probability density [¥,,> (p,
@ = @,)|*for each @, . For convenience, it was related to the
square of the absolute value of the wave function in the ab-
sence of a magnetic field, taken on the x axis at the same
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FIG. 16. A numerical illustration of the effect of the magnetic field on the
particle detection probability. The shadow region was divided into 40
equal parts. At each of these points the square of the absolute value of the
wave funct%on for ¥ = 1is related to the square of the absolute value of the
wave function in the absence of a magnetic field taken on the x axis for the
same value of p. Here kR = 1. The values of kp are given for each curve.

value of p. Therefore, on the vertical axes in Figs. 16 and 17
we give the ratio r = |¥,, (p, @ = @,)|*/|¥(p, ¢ = 0)[%,
and on the horizontal axes we give the zone number 7 for
which the angle @, is calculated. As expected, oscillations
appear for increasing R and p. In addition, the region where
|W, ,|*is small narrows. For kR > 1and kp> 1, which corre-
sponds to the experimental conditions (see Ref. 55), the re-
gion behind the solenoid lies in the geometrical shadow. In it
the wave function is very small. Therefore, the introduction
of the aforementioned impenetrable partition, lying in the
plane y = 0 and extending fromx = R tox = (which, as
we have seen, is equivalent to the establishment inside the
solenoid of a magnetic flux @ with ¥ = e®/hc = 1), changes
practically nothing in this region. In both cases, i.e., for
y =0 and y = |, the counting rate of detectors located be-
hind the solenoid will be extremely small. At first glance it
might seem that under these conditions it is senseless to car-
ry out the experiment proposed in Ref. 53 to verify the exis-
tence of the AB effect. However, this is not so. The reason is
that the experimental setups™ make extensive use of negati-
vely charged electrostatic systems (so-called Fresnel bi-
prisms), which deflect the electron beam toward the x axis.
This effectively leads to a decrease of the wave number k
(Ref. 57). As a result, an interference pattern appears in the
shadow region. For symmetric placement of the biprisms
relative to the plane y = 0 the wave function again vanishes
in the plane y =0 (R<x < o). This fact can be checked
experimentally.

m"*//

gofloaa Loy L L
a 5 10 15 n

FIG. 17. The same as in Fig. 16 but for kR = 10.
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FIG. 18. Two cylindrical solenoids with ®, = — &, = ® surrounded by
impenetrable cylindrical barriers (shaded regions). The incident wave
propagates along the x axis. For ¥ = e®/he = | the wave function vanish-
es on the segment of the x axis lying between the cylinders. Therefore, the
counting rate of the detector D, falls to zero.

Earlier we saw that for y = 1 the wave function vanishes
between two solenoids with @, = — &, and in the equator-
ial plane (z = 0) of a toroidal solenoid (p — d)* + z* = R2
From this fact it follows that particle detectors (D, ; see Figs.
6 and 18) located at the positions where the wave function
vanishes must cease to detect particles for y = 1. On the oth-
er hand, the counting rate of detectors placed behind two
solenoids with ¢, = — @, and behind a toroidal solenoid
(D, ; see Figs. 6 and 18) is roughly the same for ¥ = 0 and

=1
2Fmwrz.fwﬁz'r diffraction on two cylindrical solenoids and
a toroidal solenoid. Above, we found the amplitudes for the
scattering of charged particles on the magnetic field of two
cylinders with ®, = — &, (Fig. 2) and on the magnetic
field of a toroidal solenoid (Fig. 5). However, it is not the
cross section for scattering o, = |f,, |*on the magnetic field
of the solenoid that is measured experimentally, but the shift
of the diffraction pattern arising from the magnetic flux in-
side the solenoid. For this it is necessary to find the scatter-
ing cross section in the absence (o, = |fo |?) and the pres-
ence of a magnetic field inside the solenoid
(o, = fo + /. |?), and to compare them with each other
and with the experimentally observed shift of the diffraction
pattern.

In the Kirchhoff approximation the amplitude and the
differential cross section for scattering on two impenetrable
cylinders of radius R [the cylinder axes pass through the
points + d (d> R) of the y axis parallel to the z axis, and the
initial wave vector points along the x axis is; Fig. 2] are®®

2 2 14cosg

= — Vo e sin (kR sin @) cos (kd sin ¢); }

o ::in?_ %ﬁi sin (kR sin ¢) cos (kd sin (p):|:2

(153)
Similarly, for the cross section for scattering on an impen-
etrable torus (p — d)? 4 22 = R* (with the initial wave vec-
tor along the z axis; Fig. 5) we have

fo=t 1288 w5 1 RY L1k (d+ R) sin 6]

sin 0

—(d—R) J,[k(d—R)sin 01};

b= (15200 ) ((d 4 Ry 7, [k (d+ R) sin 6]

—(d—R) J, [k (d— R) sin 0])2. (154)
The total amplitude for scattering on a solenoid surrounded
by an impenetrable barrier is the sum of the scattering ampli-
tude f;, in the absence of a magnetic field and the amplitude
Jfn for scattering on the magnetic field outside the impen-
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etrable area. For f,, we can use the scattering amplitudes
obtained in Secs. 5 [see (97), (102)] and 6 [see (131),
(132)], or the amplitudes found in Ref. 56 using the Dirac
phase factor:'>!3

p_ 1 s ; 14-cosg . ;
m= e [1—exp (2iay)) —smg SN [k (d— R)sin g]
for two cylinders with ®, = — &, and

fr =5 [1—exp (Ziay)] (d — R) 1050 L0 J, [k (d— R)sin 6]
for the toroidal solenoid.

For the total scattering amplitudes and cross sections
we obtain
fr— _ 1 1-4cos ¢
. Vanik sing
—exp (2iny) sin |k (d— R) sin g]},

2 1 2 . . 3
0¥ = e (%ﬁﬁ—q: ) [sin? (kd sin @) cos® (kR sin ) sin? y

{sin [k (d+ R) sin ¢]

-+ sin® (kR sin @) cos® (kd sin @) cos? ay]l  (155)
for two cylinders with ®, = — &, and
: i 1 0 .
fy=5 L0 (@ R) T, 1k (d+ B) sin ]
—exp (2iny) (d—R) J, [k (d — R) sin 0]}, (156)

o, = b + %’gi)z (d2— R?) sin? wpJ, [k (d+ R) sin 0]

K Jy[k(d—R)sin 0]

for the toroidal solenoid. The cross section 0y is determined
from (154). We shall be especially interested in the case
¥ =1. Then

2 14+cos g
nk sin ¢

o = sin (kd sin @) cos (kR sin q:;):'z J

o] il (M&)z{(d+R)Jl[k(d+3)sine1

G sin 0
+(d—R)J [k (d—R)sin 0132.

Let us now see what are the experimental consequences
of electron scattering on two solenoids with &, = — D,.
From (153) it follows that in the absence of a magnetic field
(¥ =0) the cross section for scattering on two cylinders

(Fig. 2) has two families of zeros at angles given by the
relations

(157)

1

h+4—

. hx 2
sing ,‘,R’=—kH ,

sin p{d) = T,

or (for angles which are not too large)
1

n4—

2
kd

. (158)

ni
T

On the other hand, for y = i [see (157)]

n-t—

PR — , Qi =% o (159)

kd

Comparing (158) and (159), we conclude that the switch-
ing-on of the magnetic field leads (for ¥ = 1) to a shift of the
zeros of the first family by an amount 7/2kR, and of those of
the second by an amount 7/2kd. However, it is the maxima
of the cross sections, not the minima, which are observed
experimentally. In Fig. 19 we show the cross sections calcu-
lated for the following parameters: k =2% 10" ¢cm ~,

G. N. Afanas'ev 99



;10-3 by

10~

1079

w06 T T ST D R TR M YIS TSt BN SRS S N o

R = 10~*cm, and d = 5% 10~ * cm. On the horizontal axis
we plot the integers n related to the scattering angle as
@ = (0.01 + 107°+n) deg. For example, the number 5 cor-
respond to the angle ¢ = (0.01 + 5X 1073) deg. On the ver-
tical axis we plot the cross section a'ff [see (155)] in centi-
meters. The cross sections were calculated for y = 0 (curve
1),¥ =1 (curve2),and y =} (curve 3). For greater clarity,
in the upper part of Fig. 20 we show the locations of the
maxima of the cross sections and their values. The maxima
themselves are shown by vertical lines of length equal to the
value of the cross section at the maximum. The solid lines
correspond to ¥ = 0, and the broken ones to y = 0.5,

Let us now turn to the toroidal solenoid. Since in real
experiments (which will be discussed below) kd>» 1 and
kR > 1, for scattering angles which are not too small the Bes-
sel functions in the cross sections (154) and (157) can be
replaced by their asymptotic expressions:

1 1 0)2 — .
0h =g LI (YT Rsin [k (d+ R)sin 06— |
- , 2
—]/d-—Rsm[k(d—R)smB—%]} ;
: 1 14 6)2 — ;
o =—m-(—%i§§03—)—{]/d+ﬂsm [k(d+R) sin G—-Z—:l
4+ Vd—Rsin [ k(d—R) sine_—}]}z.
o [
g LI |.|5l T T '1|0| 17 In
" 4:1 P
R2[| o
Sortlil Libd it g
Ng _0 T 1 1 5I-| T 1 |1:a| 17T ]n
i d3 | i I
o, F | [} Il
TAE w1 I
S ST :l Lot | !l

FIG. 20. Positions and values of the maxima in the cross sections for
scattering on two cylindrical solenoids with ®, = — @, (upper part of
the figure) and on a toroidal solenoid (lower part): the solid vertical lines
correspond to ¥ = 0 and the dashed ones to ¥ = 0.5. Only those maxima
whose values exceed 1077 are shown.
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FIG. 19. Angular dependence of the cross section for electron scattering
on two solenoids with ®, = — ®,. In the Fraunhofer theory of diffrac-
tion the solid line corresponds to the value y = 0, the broken line to
= 0.5, and the dotted line to y = 0.25. The situation changes drastically
when the appropriate Fresnel theory is used. If the distance from the
origin to the detector (see Fig. 1) is 106.1, the Fresnel diffraction theory
exactly reproduces the results of the Fraunhofer theory with the same
values of 7. For p=91, curve 1 corresponds to y = 0.5, curve 2 corre-
sponds to ¥ =0, and curve 3 corresponds to ¥ = 0.25. For p =98 the
values ¥ = 0 and ¥ = 0,5 correspond to the same curve 3.

If R <d, we can neglect R in the square root (but not in the
argument of the sine, since kR>1):

ol =% [(‘1 + cos B) sin (kR sin 6) cos (kd sinf— %)]2/
sind®0;

o =22 [ (1 4-cos 6) cos (kR sin 6) sin (kdsine-—%)]z/

sin3 0.
As for the two cylinders with @, = — ®,, we have two fam-
ilies of zeros of the scattering cross section:
gUR) =T ) _ n—% =0); (160)
=12, 6 ——n (y=0)
1 1
n—— n—4—
(R _ 2 @ _ & 1
O =—7— m, 8 =—p n(?_—z—). (161)

When the magnetic field is switched on, the zeros of the
first family shift by A@, = 7/2kR, and those of the second
shift by A8, = m/2kd. The well-known experiments of Ton-
omura et al.*® were carried out for the following parameters:
electron energy E=~150 keV, R= 10~* cm, and
d=4x10"%cm. Then k=2x10" cm™', kR =2X 108,
and kd = 8% 10°. This gives Afz =8x1077 and Af,

= 2% 10 ~ . In these experiments a shift of the interference
pattern is observed in the plane perpendicular to the wave
vector of the incident wave (i.e., in the plane z = const).
Unfortunately, the authors of Ref. 49 do not give the dis-
tances from the scatterer (the toroidal solenoid) to the de-
tector. Judging from the sketch of the setup given in that
study, we take it to be » = 1m. Then for the shift of the levels
of the first family we have Az, = rAf; ~0.8 um, and for the
second Az, = rA@, ~0.2 um. These are approximately the
shifts observed in the interferograms given in Ref. 49. The
typical angular dependence of the cross section is shown in
Fig. 21. The cross sections were calculated for the param-
eters of the Tonomura experiment. The origin corresponds
to the angle @ = 0.01°, and the step size along the horizontal
axis is 107>, On the vertical axis we give the cross sections
calculated using Eqs. (154) and (157). The solid line corre-
sponds to ¥ = 0 and the broken line to ¥ = 0.5. As for scat-
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FIG. 21. Angular cross sections for electron scattering on a toroidal sole-
noid, calculated using the Fraunhofer diffraction theory: 1) ¥y =0; 2)
¥ = 0.5. The horizontal scale is the same as in Fig. 19.

tering on two cylinders, the shift of the diffraction pattern
when the magnetic field is switched on is clearly seen. For
greater clarity, in the lower part of Fig. 20 we show the posi-
tions of the maxima and the values of the cross sections at
them.

Fresnel diffraction on two cylindrical solenoids. The rep-
resentation of the scattered wave as the product of an outgo-
ing wave (exp(ikp)/yp for the two-dimensional case and
exp(ikr)/r for the three-dimensional one) and a function
depending only on angles is valid only at sufficiently large
distances from the scatterer. Here along with the conditions
kr>1and R /r<1 (which we shall always assume to be val-
id) we must also have kR* /r £ (for a single cylindrical
solenoid) and kdR /r < (for two cylindrical solenoids with
®, = — @, and for a toroidal solenoid). In optics the scat-
tering of light under such conditions is referred to as Fraun-
hofer diffraction.** In the experiments carried out on a single
cylindrical solenoid® we have kR /p~5. As we have al-
ready mentioned, the distance from the toroidal solenoid to
the detector is not given in the studies by Tonomura ef al.*®
For definiteness we take it to be 1m, as above. Then
kdR /r=8. In view of this, the conclusions drawn above on
the shift of the interference pattern are qualitative in nature.
Since kdR /ris not small compared with 7, the contribution
of these terms must be included in the wave function. In
optical language this corresponds to Fresnel diffraction.**
The higher-order terms (kR* /p*>=~3 X 107 for a single sole-
noid and kdR’?/r*=8x10~° for two solenoids with ¥,

= — &, and for a toroidal solenoid) are small and can be
neglected. Let us show how the scattering cross sections vary
for the example of two cylinders with®, = — &,. When the
conditions kd» 1, p>d, and kdR? /p* <1 are satisfied, the
wave function corresponding to Fig. 2 is

¥, = exp (ikz) + ¥, (162)
Y= — g ]1/Z 12;‘5“2;(‘] exp [ikp (1 — %tgz(p)] (A4 iB);

A=C,+ C3—cos 2ny (Cy +C;) +sin 2ny (S, 4+ S,);

B=8,+83—cos 2ny (S,+ 8p) —sin 2y (C, +C0). (163

Here C; = C(p;) and S; = S(p;); C(x) and S(x) are the
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FIG. 22. Measurement of the differential cross sections using detectors
under different physical conditions.

usual Fresnel integrals (C = (3 cos (7x*/2)dx, § = (% sin
(mx*/2)dx). The arguments p; are p, = Jkp/m(((d + R)/
p) cos @ + tan @), P2 = kp/m(((d — R)/p)cos ¢
+ tan @), ps = Vkp/m(((d + R)/p) cos ¢ — tan @),
and p, =kp/m(((d — R)/p) cos ¢ — tan ).
For [tan ¢ |> (d + R)/p expression (163) simplifies:
__ exp (ikp)
Ve
14-cos ¢
sin @

fv (00 )

8

fo (o, @)= — exp I:ik L_g:i)i cos? rp]

V 2nik
X sin [k (d+4 R) sin @] — exp (2imy) exp [ilr % cos? (p:l

X sin[k(d—~R)sing]}. (164)

If the detector is located outside the incident beam (D, in
Fig. 22), then |f, |* (up to terms of order [(d + R)/pl1?)
coincides with the differential flux through a cylindrical sur-
face of radius p and is the analog of the differential cross
section for finite values of p:

7 (. )= (Lpemme )

ik sin @

X [sin® (kd sin @) cos® (kR sin @) sin® (w—my)

+sin® (kR sin ¢) cos? (kd sin ) cos? (w — my)],

| 2.
0=—7cos* .

(165)

Obviously, for p— o the Fresnel cross section (165) be-
comes the Fraunhofer cross section (155). We shall be espe-
cially interested in the cases ¥ = 0 and =1

B =t (1—:;1-199;—(}’ )"a[sin2 (kd sin @) cos® (kR sin q)sine
(166)

)2 [sin® (kd sin @) cos? (kR sin ) cos® o

ak

+ sin? (kR sin @) cos® (kd sin ¢) cos? w];

& _ 2 ( 1-4cos ¢

: ak sin ¢

-+ sin® (kR sin ¢) cos® (kd sin ¢) sin2 w]. (167)
Uncertainties and interpretation of the experimental
data. Let us briefly consider the complications which arise if
experiments on electron scattering on solenoids are inter-
preted using expressions (153), (154), ( 156),and (157),in
which the finiteness of the distance from the scatterer to the
observation point is not taken into account. As an illustra-
tion we again consider electron scattering on two solenoids
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with opposite magnetic fluxes. Usually, in experiments one
studies a small number of diffraction maxima and observes
their shift for different magnetic field strengths inside the
solenoids. For definiteness, let the number of observed dif-
fraction bands be 10. If the parameters k, R, and d are the
same as in the Tonomura experiments with the toroidal sole-
noid, then 10 maxima occur in an angular range [see (158)
and (159)] approximately equal to 10(7/kd) =2 1075,
Furthermore, let @, be the angle near which the scattered
particles are observed. Since kdR /p (forp = 1m) is roughly
equal to eight, in expression (155) the angle ¢ in
sin(@ — my) and cos(w — 7y) can with good accuracy be
replaced by @, This cannot be done in kR sing and
kd sin @, since (for kR» 1 and kd> 1) they vary significant-
ly over the interval 107/kd. Then instead of (155) we have
5 __ 2 ( 14-cos @ )2

" ="ak \ sing
[sin2 (kd sin @) cos? (kR sin ) sin? (wy — my)
+sin? (kR sin o) cos? (kd sin o) cos? (v, — ny)],
Wy = % cos? Q. (168)

Let us consider expression (168) for y=0and y=1:

. (}m)a [sin2 (kd sin @) cos? (kR sin @) sin? o,

nk sin @
+sin? (kR sin ¢) cos® (kd sin ¢) cos? wgl;  (169)
2. ; .
gr= .5%:— ( l;{:_:::s_cp) [sin? (kd sin @) cos? (kR sin @) cos? w,
+sin? (kR sin ¢) cos? (kd sin @) sin? ay]. (170)

Let w, be a multiple of 7. Then &3° = 03* and 575, = 01, In
this case an observer located at a finite distance, using the
Fraunhofer expressions (153) and (157), correctly de-
scribes the positions of the maxima and minima of the cross
section in the presence and absence of a magnetic field. Now
let w, be a multiple of 7/2 (rather, equal to (7 4 4)7). Then
&3 = 0%y, and 57}, = 03"

Therefore, an observer who placed the detector at
P = Pos @ = @, measures the cross section for y =4, and
compares it with the theoretical predictions (153) and
(157) concludes that when a magnetic flux is present with
y = } the cross section measured in the solenoids coincides
with the theoretical cross section ¢§’, corresponding to the
absence of a magnetic field. From this one might conclude
that the presence of a magnetic field in regions of space inac-
cessible to the particles has no effect on the scattering, so that
there is no AB effect. It might be objected that the experi-
mentalist will not use the theoretical cross sections (153)
and (157), but will simply measure the diffraction pattern
for y = 0 and y = } and will decide about the existence of the
AB effect on the basis of its shift. In fact, for integer or half-
integer w, the shift of the diffraction pattern is correctly
reproduced by the Fraunhofer theory. However, let p = p,
and @, in (169) and (170) be such that w, =7 (1 +1).
Then &2 = 675, . This implies that an observer who placed
the detector at p = p, and ¢ = @, sees the same diffraction
pattern for ¥ = O and ¥ = }. On the basis of this he concludes
that the AB effect is absent. Let us again return to the cross
sections in Fig. 19. We have already pointed out that they
correspond to Fraunhofer diffraction, which describes the
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experimental situation only qualitatively. Using the Fresnel
theory of diffraction and takingp = 106.1 cm and ¢, = 0.01°
(with @ equal to an integer), we exactly reproduce the re-
sults of the Fraunhofer theory, with curves 1, 2, 3 corre-
sponding to the values ¥ = 0, 0.5, 0.25. For p = 90.95 (half-
integer @) curve 1 corresponds to ¥ =0.5, curve 2
corresponds to ¥ = 0, and curve 3, as before, corresponds to
¥ =0.25. For p=98 the values y =0 and ¥ =0.5 corre-
spond to the same curve 3.

In summary, we urge that care be taken in the interpre-
tation of the results of experiments on electron scattering on
solenoids. It can happen that two different experimentalists,
placing their detectors at different distances from the sole-
noid, arrive at contradictory conclusions about the existence
of the AB effect (one fixes the shift of the diffraction pattern,
and the other doesn’t). In the case of scattering on two sole-
noids, the second observer must move in the radial direction
by an amount Ap = (4wo/7 — 1) ~'p, in order to obtain the
correct (in the sense of the Fraunhofer theory) value of the
diffraction shift for y =0and y = 1.

Measurement of the intensity in the direct beam. Let us
discuss what the observer sees at small scattering angles.
Since the detector (D, in Fig. 22) is located in the direct
beam, the cross section is no longer equal to the square of the
absolute value of the coefficient of the outgoing wave. Ac-
cording to the rules of quantum mechanics,* it is propor-
tional to the radial component of the probability current:

h iy e e
= (WYY — V) — o= Ay, (171)
Substituting in this the wave function ., given by (162) and
discarding terms which are small compared with kR (as
long as they do not occur in an exponential) in the angular
range of interest to us (0<@<@, = (d — R)/p), we obtain
G=p [cosq) + —é~ (m)g (A*+B%)

cos ¢

mp . s
U=“'ﬁ‘g"]pr L}

— E-EO—S@E(A. cos A+ B sin ;_\)]
2V 2cos¢

ep 1 7/ 14cosq\2 2
" Thke [1+?t cos @ ) (AZ+B)

1tcosq (AcosA+BSinA)] Ap. (172)

T Y 2cos @
Here A and B are given by (163), and
A=kp (cosqa—fl —|-% tgch)—}—%,

For small ¢ the quantity cos @ — 1 + } tan’p is roughly
equal to (9/24)¢*. Taking the maximum value for ¢
(po=(d —R)/p, p=1m), we obtain kp(cos—1+ (1/
2) tan’p)<3-107"". We can therefore set A=m/4. Let us
estimate the contribution to the scattering cross section from
the part of the probability current proportional to the vector
potential A. For two solenoids with ®, = — @, and axes
passing through the points y = +d (Fig. 22), the radial
component of the vector potential is
®d cus 4p2d? NP b
Ap= n(pz+dc2) [1— (p-zF_‘}_de)z sin® qj]

Since p>d, A, = (®d cos )mp* and (ep/fick) A, =p(e®/
he) (2d /kp) =p(e®/hc)-5-107'%. For e®/hc we used the

same value as in the experiments of Tonomura et al. e®/
he~5. Then the contribution of the vector potential to the
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FIG. 23. Probability density of the wave function for electron scattering
on two solenoids with ®, = — &, in the Fresnel diffraction theory. The
distance is p = 106.1. The solid line corresponds to y = 0 and the broken
line to y = 0.5. The scattering angle in units of 10 ~* deg is plotted along
the horizontal axis.

scattering cross section can be neglected. As a result, ¢ and
¢|* are proportional (0<@<(d — R)/p):

o=0p |y

|9]2=1+ (424 B2) — A—B. (173)

In Figs. 23-25 we show the dependence of |¢/|* on the
scattering angle for angles lying between the solenoids
( —@o<@o<@o, o= (d—R)/p) for three values of p
(106.1, 98, 90.95). We note that the above-mentioned com-
plications related to the uncertainty in the interpretation of
the shift of the diffraction pattern for y = 0 and ¥ = 0.5 do
not occur (in any case, for the values of p considered). Fur-
thermore, the deviations of |¢/|* from the plane-wave value
(equal to 1) reach 70% and can be observed experimentally.
The differences of |¢|* for ¥ = 0 and y = 0.5 are also fairly
large. The decrease of |¢|* for ¢ >2-107* is related to the
approach to the shadow region. For clarity, in Fig. 26 we
show the positions and values of the maxima of |¢|* in the
region between the solenoids. The solid lines correspond to
¥ =0, and the broken ones to ¥ = 0.5. We give only those
maxima whose value exceeds 1.

We conclude that the angular region lying between the
solenoids is the most promising for the quantitative confir-
mation of the AB effect. In this region the differences of the
cross sections for ¥ = 0 and ¢ = 0.5 are quite large and can
be verified experimentally. In obtaining the cross section
(172) we assumed that when the detector is located in the
direct beam it is impossible to distinguish the scattered parti-
cles from the particles of the incident beam. However, if the
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FIG. 24. The same as in Fig. 23, but for p = 98.
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FIG. 25. The same as in Fig. 23, but for p = 91.

detector sees only the scattered particles, the total wave
function ¢ in (171) should be replaced by #, [see (163)].
Then under the same experimental conditions for
|@ | < (d — R)/p we have
2
cs=%p (i-lc—+;)s‘pcp ) (42 + B%) (1—- —,EE,C—AD) .
Concluding remarks about the experimental verification
of the AB effect. Here we would like to point out the present
need for quantitative verification of the AB effect (which we
understand to be an observable effect of fields inaccessible to
particles). The reason for this is that there are alternative
explanations of the shift of the interference pattern when the
magnetic field is switched on [see, for example, Refs. 59-61
and, in particular, the animated discussion (pp. 307-312)
after the report by Matteucci and Pozzi (pp. 297-306) in
Ref. 62]. These explanations are qualitative in nature.
Therefore, the experimental confirmation of possibly more
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FIG. 26. Locations and maxima of || The conditions are the same as in
Figs. 23-25. Only those maxima whose values exceed 1 are shown.
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accurate calculations of the shifts of the diffraction pattern
when a magnetic field is switched on would be a strong argu-
ment in favor of the physical nature of the vector potential
(it is extremely unlikely that the different qualitative inter-
pretations of the AB effect would lead to the same quantita-
tive result). The future experiments which, in our opinion,
can eliminate any doubts about the existence of the AB effect
are the following:

1) Experiments on electron scattering on cylindrical
and toroidal solenoids for the configurations of the initial
wave vector, solenoids, and detectors shown in Figs. 6, 15,
and 16. In the absence of a magnetic field the detectors D,
D, ,and D, must see particles owing to the use of electrostatic
biprisms even for very large kR and kd (which are experi-
mentally realized). For y = e®/hc =1 the counting rate of
the detectors D and D, must decrease sharply, while the
counting rate of the detectors D, must remain practically
unchanged from its value in the absence of a magnetic field.

2) Electron scattering on two cylindrical solenoids with
opposite magnetic fluxes in the configuration of the initial
wave vector, solenoids, and detectors shown in Fig. 22. Tt is
essential that there be sufficiently accurate calculated ex-
pressions for the cross sections (see Sec. 11), which allow
the diffraction pattern to be described in the presence and
absence of a magnetic field for realistic dimensions of the
experimental setup.

3) Electron scattering on a toroidal solenoid. Unfortu-
nately, the beautiful experiments of Tonomura et al.*’ can
only be qualitatively described by the equations (154),
(156), and (157) of the Fraunhofer diffraction theory. Let
us estimate the distances at which the equations of the
Fraunhofer diffraction theory begin to work. If we are satis-
fied with the value of the parameter kdR /p equal to 0.1, then
for k,d,and R thesame asin the experiments of Tonomura et
al. (k=2x10" em~!, R=10"* cm, and d =4Xx10"*
cm) we obtain p = 80 m. These dimensions are unrealistic,
owing both to the dimensions of the setup and to the weaken-
ing of the intensity of the scattered particles. As discussed
above, the Fresnel theory of diffraction is adequate for de-
scribing these experiments.

Can fields inaccessible to particles be observed in a sim-
ply connected space? Let us again return to the toroidal sole-
noid surrounded by an impenetrable sphere (Fig. 9). The
space accessible to the particles is simply connected. Is it
possible to find out that a magnetic field exists by performing
experiments outside the solenoid? Since there are no paths
accessible to the particles along which $4,d! #0, then, ac-
cording to Ref. 42, such experiments do not exist. The fol-
lowing thought experiment contradicts this statement. We
note that the magnetic field inside the solenoid [H = (®/
2mp) (d —Jd? — R*) '] leads to the following increase of
the solenoid mass:

1 Oz

A _‘Smagn 8 __L_Sszv__‘_.—_
m=—yz—, == ~ 8n d__.]’/dz—_}'{‘z'

c2 magn 8n
This changes the gravitational field outside the solenoid.
Therefore, the scattering process for massive particles is dif-
ferent, depending on whether the current in the solenoid is
present or absent. This is also true of the parameters of the
bound-state orbits.
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CONCLUSIONS

The literature devoted to the AB effect amounts to
thousands of titles. Owing to the restrictions on the length of
this review, we could not discuss many interesting ques-
tions.? Let us mention only a few of them.

1) The Aharonov-Carmi effect.®>** Let us describe it
briefly. In a rest frame we have a particle of charge e and
mass m moving with velocity v. From the viewpoint of an
observer located in a coordinate system rotating with con-
stant angular velocity @, a Coriolis force and a centrifugal
force act on the particle. Then electric and magnetic fields
can be introduced which completely cancel these forces in a
region bounded by two cylinders. From the viewpoint of our
observer, no forces act on the particle. Nevertheless, the in-
ertial vector potential a (® = curla) is nonzero, which leads
to the same physical effects (for example, to a shift of the
interference pattern) as in the case of the ordinary AB effect.
Strangely enough, this effect was observed*** before it was
predicted. The existence of physical effects arising from a
nonelectromagnetic vector potential was thereby demon-
strated.

2) The analog of the AB effect for neutral particles.
Aharonov and Casher® predicted this effect on the basis of
the following arguments. They noted that the Lagrangian
describing the interaction of a charged particle with a point-
like solenoid is invariant under the interchange of the co-
ordinates of the particle and the solenoid. From this they
concluded that an electrically charged filament must affect
(asin the case of the ordinary AB effect, a magnetic solenoid
affects a charged particle) a neutral particle possessing a
magnetic moment. At the present time an experiment to ver-
ify this effect is being set up. Doubts that this effect exists
have been expressed in the literature.®’

3) The interpretation of the AB effect in terms of modu-
lar variables [see Ref. 68, and also the article of Aharonov
(pp. 10-19) in Ref. 26]. We have already noted that in the
scattering of charged particles on the magnetic field of a
toroidal solenoid placed behind an impenetrable screen
between two circular apertures the interference picture is
different for A =0 and A0. Meanwhile, the expectation
values of arbitrary powers of the coordinates x, and mo-
menta P, and their products are the same for A =0 and
A =0, For example, in the case of the momenta this implies
that the particle velocity is unchanged in AB scattering. In
the studies just mentioned, quantities were constructed
whose expectation values are different for A = 0 and A#0.
One of them has the form f = sin ap/a. Here a is the vector
joining the centers of the holes in the screen and p is the
momentum of the scattered particle. In spite of the fact that
when the function f'is expanded in a series the expectation
value of each term in the expansion (aep)” is equal to zero,
the expectation value of the function f'is not equal to zero.
This is also true of the limit of the function f for @ —0.

4) The interpretation of the AB effect in terms of the
Berry phase.®’

5) The AB effect for coherent states. There is an excel-
lent review on this subject in Russian.**

In conclusion, we quote F. M. Dostoevskif (“Crime and
Punishment™): “... That might be the subject of a new story,
but our present story is ended.” :
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""This fact shocked and surprised most physicists. This brings to mind a
line by W. Shakespeare (“‘Hamlet”): “There are more things in heaven
and earth, Horatio, than are dreamt of in your philosophy.”

#*“That which I understood was beautiful, so I think that that which I
have not understood is even more beautiful” (Socrates).
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