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The most important problems in noncovariant gauge conditions of axial type are analyzed. The
entire exposition is based on the path-dependent formalism. The standard noncovariant gauges
are regarded as a special limiting case of contour gauge conditions. A simple derivation of a
translationally noninvariant free gluon propagator in n%4,, (x) = 0,4,(x) = 0 gaugesis
proposed. The multiplicative renormalizability of the propagators in the contour gauges is
proved. A spectral representation of the gluon propagator in the Lorentz-noncovariant approach
is given. A method for constructing the infrared asymptotic behavior of the Green’s functions on
the basis of an analysis of the Wilson loop with cusp singularities is explained.

INTRODUCTION

We must first of all explain what we understand by a
nonstandard name. The class of contour gauges is rather
large. In fact, under certain mathematical assumptions prac-
tically all noncovariant gauges except the Coulomb gauge
d,4" (x) = 0 belong to it. Noncovariant gauges of axial type
are used actively in theoretical investigations devoted to the
diverse problems of quantum field theory. It is true to say
that the quantum theory of gauge fields actually arose 60
years ago in the noncovariant time gauge 4,(x) =0 (Ref.
1). Of the specialist literature on this question Leibbrandt’s
excellent review,” which contains practically all fundamen-
tal information on noncovariant gauge conditions for the
period up to 1986, is outstanding. However, in recent years
there has been important progress in our understanding of
specific details of noncovariant gauges in non-Abelian gauge
theories. Some mathematical imprecisions allowed in quan-
tum electrodynamics and in theories with self-interacting
massless gauge fields lead, as was shown, to contradictory
results. We shall attempt to outline ways of solving the exist-
ing problems in the quantization of non-Abelian gauge fields
in noncovariant gauges. It may seem surprising that so much
attention is devoted to the study of individual gauges. At the
first glance this question seems to be very special and purely
technical. Nevertheless, it is well known that a felicitous
choice of gauge condition greatly simplifies the solution of
several problems in field theory. In addition, contour gauges
may possess properties that put them in a distinguished posi-
tion in the search for nonperturbative approaches to the
problems of quantum chromodynamics. A positive property
of noncovariant gauges is the absence of interaction of the
gauge fields with “ghost” fields, but by itself this fact yields
little; indeed, from the point of view of the simplicity of cal-
culations in perturbation theory ghostless gauges do not lead
to a simplification but, rather, introduce additional prob-
lems associated with unphysical gauge poles. However, it is
precisely in noncovariant gauges that some fundamentally
important theorems and general propositions have been
proved. These include the proof of ultraviolet finiteness of
the N = 4 supersymmetric Yang-Mills model.’ The planar
gauge n°A4 2 (x) = B“ (x), n” < 1, has been widely and effec-
tively used by many authors together with the axial gauge in
perturbative QCD in the study of hard processes.**

An important property of contour gauges is the absence
of Gribov copies,”'' and this means that in principle they
can be used in nonperturbative approaches. It is possible that
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active use of this property of noncovariant gauges is still
ahead of us.

In recent years, important progress has been noted in
the analysis of infrared divergences in QCD; here, use has
been made of the method of re-expansion of the gluon and
quark propagators, and also of the external lines of Feynman
diagrams with respect to the corresponding operators in the
axial gauges with different gauge vectors {n\’}."*"'* It has
been asserted that all information about the infrared struc-
ture of hard processes is contained in the averaging of a set of
path-ordered exponentials with specially chosen paths of in-
tegration. The appearance of such nonlocal gauge-invariant
structures is a consequence of the corresponding re-expan-
sion.'? In two-particle processes the entire burden of the in-
frared divergences can be transferred by a felicitous choice of
the gauge vector into radiative corrections to the quark or
gluon propagator. This means that by analyzing the proper-
ties of the quark and gluon propagators in the axial gauges
we can extract important information about the part played
by long-wave gluon exchanges in hard reactions, for exam-
ple, the doubly logarithmic asymptotic behaviors and the K
factor.'*'® Thus, the region of application of noncovariant
gauges in the quantum theory of gauge fields is fairly large.
This stimulates their active study in non-Abelian theories.

1.WHAT ARE THE PROBLEMS?

The fundamental problems can be revealed by the ex-
ample of the time gauge 4,(x) = 0. In this case, as, inciden-
tally, in any gauge of axial type, the canonical Hilbert space
is larger than the space of physical states. An additional state
is generated by the invariance with respect to the remaining,
time-independent, gauge transformations. Such transforma-
tions obviously do not affect the condition 4,(x) =0. In
Abelian theory without interaction the electric field is

SO - g
Ei=Gay = For=Oodds:

and the magnetic field is
Fij = egpBr, Bp = —(V X A)y.

The canonical equal-time commutation relations have the
form

[£; (¢, x), 4; (¢ y)] = —i8;;8° (x — y). (1)

We can readily obtain the equations of motion
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9d; = 1 [H, A;] = Ej;
60Ei =1 [H! b;] == aij'i = (V X B), (2)

It is obvious that the Gauss law V-E = 0 does not follow
from the Hamiltonian equations (2). Nevertheless, since the
Hamiltonian H and V-E commute, they can formally be di-
agonalized simultaneously. A physwal state is defined as one
that satisfies the condition

(V-E) | @,,.).= 0. (3)
However, if we use the relation (1), then

phy&l[(v E(t I)) A (t y)]|¢p}ly\

(4)
——1— 8 (x—y) (@

phy\ phys 2

from which it follows, when (3) 1s taken into account, that
the physical states are not normalizable. In quantum electro-
dynamics the solution to this problem is well known. It is
necessary to replace @, . by normalizable states ®, that
satisfy (3) in the limit £—0. This procedure has been fairly
well justified for an Abelian field by many authors.'”** We
shall consider the problems that occur in non-Abelian theo-
ries. In this case the residual symmetry has the form

A2 (1, X =07 (x) Ao ()42 071 (x) 20 (3), (5)
with the matrix o (x) = exp((i/2)ga® (x)A%). The canoni-
cal momentum 7%(£,x) = A ¢ — 3,4 § + & “"A A =G,
is not a gauge-invariant quantity:

Gioi (A®) = o7t (x) G (x). (6)
Using the canonical equal-time commutator
[nf (2, x), A} (¢, )] = —i6°6;;8° (x — ¥), (7

we can determine the operator of the residual gauge trans-
formation:

A2, 0 =U"(0) 4 (t, X)U (o), (8)
where the matrix
U (0) = exp {i Sd%’T" (x) o (x)} (9)

is a natural generalization of the corresponding operator in
QED. Thus,

7% (x) = (6°0; — gf*** A% (x)) f (x) (10)

generates residual gauge transformations. The operator
T° (x) commutes with the Hamiltonian of the system and
satisfies the non-Abelian commutation relations

[79 (x), TP (y)] = igf®™T° (x) 8 (x — ¥). (11)

Following Ref. 21, we investigate the possibility of go-
ing over to the interaction representation. Formally, this
means that

S (t, 0) HS™ 1 (t, 0) = H, + V (2) (12)
and -
V()= \ dsz & [0 (8,45 —0,47) AiAj (13)

gt asalal}.

If we now assume the existence of the limit
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lim V (t) = 0, (14)

t-rco
then we can make the canonical transformation
S (oo, 0) HS™* (00, 0) = H,. (15)

The action of the operator S on the operator 7™ is defined as

T4, (x) =’t1m5.0 T (tg, X)

T
— I (x) — A E () e (x),
9;0; 9;0;
Art ) =22 4 (x), P =Tl ag(x).  (16)

It is readily verified that despite the vanishing of the commu-
tator [H,,T% (x)] the relation (11) is not satisfied, i.e., the
generators T° (x) do not form a Lie group. Thus, from the
relations (7), (10), (11), and (16) it can be seen that in the
limit t— o the limit of the product of operators at equal
times is not equal to the product of the limits. From this it
follows that an operator S( «,0) of a canonical transforma-
tion that diagonalizes the total Hamiltonian H and the free
Hamiltonian H,, does not exist. This means that the interac-
tion representation does not exist.

In fact, all that we have said above is a consequence of
the erroneous assumption that lim,_  ¥(7) = 0. A possible
way of solving the problem is to eliminate the longitudinal
gluons at the very beginning from the Hamiltonian of the
system in non-Abelian theory. However, in the Coulomb
gauge this leads to the appearance of Gribov copies.™'" In
eliminating the residual symmetry one must not forget the
possibility of taking into account field configurations with
nontrivial topology.

A reflection of the general problem is the difficulties
which arise in specific calculations of gauge-invariant quan-
tities in noncovariant gauges. These problems appear in the
nonleading orders of perturbation theory, i.e., where the
non-Abelian structure of the theory shows up in the interac-
tion of the longitudinal and transverse components of the
gluon fields. It is paradoxical that hitherto investigations
have been made with the standard propagator of the gluon
field in the n* 4, (x) = 0 gauge:

) 5 dsk eih(x—x’)
Dy (x, ")ZS [P L = T

ky - ngk 2 ’

X gy — P Bk ) (17)

the expression (17) giving for n = (1,0, 0, 0)
n__ dsk elRx-x" kik;

D,-j(.I,.I)——-S @n)* k2-id (aii_ k3 ) (18)
The fact is that the expression (17) is only a semifinished
product and has no definite meaning until we have found a
way to fix the rule for avoiding the gauge poles 1/(kn).> This
can be done by solving the problems associated with the re-
sidual symmetry. We emphasize once more that the problem
is important precisely in non-Abelian theories. The studies
of Caracciolo, Curci, and Menotti**** were crucial in the
investigation of the ambiguity in the definition of the gluon

propagator. In the fourth order in the coupling constant g
they calculated in the 4,(x) = 0 gauge the Wilson loop

We =N (I tr P exp (ig § dovd, (2) D). (19)
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The contour lies in the (zx) plane. In the limit

t,—t, =T— 0,

W, = const exp (—iT'V (L)), (20)

where F(L) is the potential energy of the interaction of two
static charges separated by distance L.
The transverse part of the free gluon propagator is

8;0;
(ITAL: (2) A% ) =187 (8 — =) Ap(e—y), (21

where A (x — y) is the well-known Feynman propagator.
The general expression for the longitudinal part of the gluon
propagator that satisfies the equation of motion has the form

3 P kik;
Dii(z, y)=iD(t ) { (gﬂ’;a efktx-y) —L (22)
where
D, t")= —%(t~t') —k%a(t+t’)+v, (23)

in which @ and y are arbitrary constants. Obviously, D(z,
t')— o0 as 1, t'— . The prescription for avoiding the pole
1/k 7 in the expression (18) in the sense of the principal
value corresponds to the choice ¢ = 0, and then from (23)
translational invariance of the gluon propagator is recov-
ered.” The expansion of the expression (19) in the g* ap-
proximation leads to the diagrams of Fig. 1. The broken lines
represent the longitudinal part of the gluon propagator. The
contributions from the diagrams with the transverse part of
the gluon propagator are suppressed by inverse powers of 7,
—t, = T'as T . The three diagrams of Fig. 1 give

L L
W= '_'ngFS dx S dy [0 (z—y) DY (ty, t z, V)
1] 0

_'D{'I' (tyy By =, y)-}—ﬁ(y-—-—z)DIﬁ (t1s 5 = Y]

—_ 4i:‘g.:; Cy I‘((ﬂ—fl.)LZ(l_m) T PZm—3; m=%.(n_'1),

(24)

in which g is the parameter of the dimensional regulariza-
tion. As can be seen from (24), the parameters @ and y have
canceled. Therefore, the g* approximation does not depend
on the ambiguity in the definition of D(¢, ¢'). In quantum
electrodynamics one can show that in any order of perturba-
tion theory there is no dependence of D(¢,¢’) on the param-
eters @ and 7, and the result exponentiates. In QCD, the g*
approximation leads to the diagrams of Fig. 2, which give
non-Abelian contributions ~ C,C,.. We consider the coeffi-
cients of T and T'? separately. The T term is determined by
the diagram of Fig. 2d. A calculation in the MS scheme gives

g X
FIG. 1. Expansion of the expression (19) in the g* approximation. The

square in the (¢, x) plane represents the path of integration in the argu-
ment of the exponential.
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V() =52 § 2 exp (i3

{4 (5 (5 =)+ 5 T}

which agrees with the calculation by Fischler?’ of the sum of
the diagrams in the Feynman gauge. The T'? terms from the
diagrams of Figs. 2a and 2b, which are related by a Ward
identity, and the diagram of Fig. 2c give together

(25)

1 si-0) f T(@—1) 2 _
“Tg&CACFL o) (T) pho-8

X[ D2ty t)—5 D2 (tay t)—5 D2t )].  (26)
The diagram of Fig. 2d leads to the expression
_;:.ga(,'ACFL"‘“"*’) ( r (12:; 1) )2 pho-6 {[_DZ (s )
— 5 D2 (ty, ) —5 D2(ty, 1) |—F (1—a) (t— 12} .
(27)

The T terms in the non-Abelian structures cancel only if
@? = 1. This means that the result agrees with the calcula-
tions in the covariant gauges, i.e., the gauge invariance is not
broken only for a special choice of the constant a0, and
this is not realized in any of the trivial prescriptions. This
result can be readily generalized to the case of an arbitrary
axial gauge with n°#0. In addition, it is not obvious that in
the higher orders of perturbation theory (g5, etc.) gauge in-
variance can be recovered by the choice a = 1.

A possible way of solving this problem was proposed by
Slavnov and Frolov.?® They formulated most clearly the
proposition that in the 4, = 0 gauge the Gauss law does not
linearize for the asymptotic states:

Jim  elfofGe-iHt o G, (28)
where G° =d,
Gy =0d,.%;.
The relation (28) is a conseguence of the fact that the
solution of the free equation for A ; has rising asymptotics:

ke ELAL 45 =0; & =Ff and

tg
ARE(t =5 § 1t—8178" (6, x)dS4Ch (x)1-+ DR (v
ty

a — 1 a, L a, L
CR() =y (AR — 48]
ta 1 iz
+S ST (5, X)AS— 5 (1) | T2 % (s, x) ds} ;
131 iy
tg

Dim)=Ant—5 | (s—t) T2 % (s, x)dS—CE (x) 1.
. (29)

| TS

a b c d

FIG. 2. Diagrams of the g* approximation. The broken lines denote the
longitudinal propagator, and the wavy lines the total gluon propagator.
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However, in perturbation theory

G, |@) = 0 and (3,&5° + gf*°€r® Ay | D)  (30)

determine the same set of physical states
| @) =197 @ 10) = [T, 0).
Therefore, the scattering matrix S in the space of physical
states is unitary:

(EE, p7 1 S |, 0) ~ 8 (EY). (31)
In the expression {E*,y” |S |EX,y" ) the dependence on the
transverse and longitudinal components of the field factor-
izes, and it is therefore sufficient to calculate (¢ [S(J) |¥ ™)
and (E* [S(J")|E" ). We emphasize that from the very be-
ginning the procedure of the calculations is constructed in

such a way that at all stages the residual gauge invariance is
preserved:

A2, =071 (x) Ay (8, X) 0 (1) + 07 (0) 00().
The expression for
ST =exp {i < I3 TAY 6 (z) dz

+5 St @D T @—y) T3 ) dz dy} (32)

gives the three-dimensionally transverse part of the gluon
propagator A &/, the solution of the free equation. The
expression for (E" |S(J“)|E* ) canbe calculated by using the
solutions (29). A key point is the unitarity of the total §
matrix in the space of the physical states (31), which enables
us to write

0, T 18| T, O
= \ I dET exp {—'24 v 5 &3z Ef, (x) EY (X)}

X(E", ¢7 S| 9", 0), (33)

where ¥ is an arbitrary constant. The relation (33) leads to
the expression

015510y = § a8 exp {5 v | (B (x))> @}

X(E" |S(J")] 0)

xexp {4 § 787 () DR Hx, 9 T8 ) dxdy}.
(34)
The expression (34) determines the translationally nonin-
variant longitudinal part of the gluon propagator in the
A, =0 gauge:*®
D (@, o)
1 §ab d3k oo =
=5 (12— 0| = (Zo+ ¥0) +2V) gow S G Rk,
(35)

Thus, we have obtained a result that explains the calculation
of Ref. 22, but it is now necessary to show that translational
invariance can be recovered in the gauge-invariant quanti-
ties in all orders of perturbation theory. In addition, the
problems posed by Saradzhev and Fainberg®' remain open.
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2.FORMULATION OF THE PATH-DEPENDENT APPROACH

The basic idea of the traditional approach to the quanti-
zation of non-Abelian fields**-*'is to separate the “volume”
of each fiber %, from the functional integral and go over to
an integral over a surface in the manifold of all fields that
intersects once each fiber of the bundle % (R *,7). The prob-
lem of quantizing non-Abelian gauge fields is solved in the
framework of perturbation theory. The main motive for the
choice of some particular local gauge condition ® (4, w) =0
was in practice always the desire to eliminate in the simplest
possible manner the unphysical degrees of freedom; in QED
uniqueness of the choice of the element of the group orbit
was automatically ensured by the absence of photon self-
interaction, but in non-Abelian theories the local gauge con-
ditions usually lead to a system of nonlinear partial differen-
tial equations for the matrices @(x) of the adjoint
representation of the corresponding group. These equations
can be uniquely solved in the framework of perturbation the-
ory under certain boundary conditions. Outside perturba-
tion theory uniqueness of the solution is not realized.’

However, one can proceed in a different way, namely,
one can propose an equation that must be satisfied by the
matrices of the adjoint representation of the gauge group,
this being such that it definitely has a unique solution and
permits the possibility of transition to an integral over a sur-
face in the field manifold that intersects once the orbits of the
gauge group, and one can then obtain on the basis of the
existing solution a condition on the gauge field. Naturally, in
this case simplicity of the elimination of the unphysical de-
grees of freedom is not guaranteed. For implementation of
such a procedure a geometrical interpretation of the gauge
fields is convenient. We restrict ourselves to the introduction
of only those definitions needed for the subsequent exposi-
tion. Detailed information about this question can be found
in the monographs of Refs. 32 and 33.

In the general case, the fiber space &7 (x,7) consists of
the set &7 of the bundle base, whose elements can be speci-
fied by means of coordinates x = (x,,...,x, ), the set &,
which is called the bundle over the base %, and a projection
of the bundle onto its base, i.e., a mapping 7. To each point
xe& there corresponds a set of points # _, each of which
goes over into x under the projection . This entire set is
called the fiber over the point x. The further development of
the geometrical interpretation of gauge fields is associated
with the introduction of definite structures on the fiber bun-
dle. In particular, one can identify each fiber &, with the
group G. Then on the manifold #, there will be defined the
action of a group that carries each fiber into itself. Strictly,
this in fact is the definition of the principal fiber bundle
P (Z,G,m). In the simplest case, the bundle is a direct
product of the base and the group, % = %7 X G, and this
permits the introduction of coordinates of each point of the
bundle P = (x,g)xC %, geG with projection 7(x, g) = x.
The action of the group G on the trivial fiber bundle shifts
each point (x, g) along its fiber &, i.e., the points Pand P’
belong to the same fiber if and only if P’ = Pg and g is an
element of the group G. In the general case, any sufficiently
small region in & can be represented as a direct product, i.e.,
it can be trivialized. If for every point xe #” one can choose in
accordance with some rule a unique point o(x)e# ., then
one says that a section of the bundle has been chosen. The
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existence of such a section permits one to construct a triviali-
zation by associating with each point P=o(x)ge# , the
coordinates (x, g). In nontrivial cases, smooth sections exist
only over sufficiently small regions Uc#°. In addition, it is
by no means necessary that the complete set #° be one-to-
one mapable to a region of Euclidean space. In the general
case, the coordinates are introduced on individual regions
& . Then on the intersection of the coordinate neighbor-
hoods one can establish a rule for passing between the differ-
ent coordinates: x;, = f,, (x;,...,X, ). In the bundle it is natu-
ral to introduce a direction of displacements: vertical along
the fibers and horizontal, which are invariant with respect to
the action of the structure group. The specification of the
horizontal directions is in fact specification of a connection
in the principal fiber bundle. The fields of such directions are
determined by vector fields

a oA a
Hu=3—xu‘+ IA”gE )

where 2“ (x) =A45(x)A%, and A = {4 %z} are the genera-
tors of the group. The coefficients 4 j, (x) are arbitrary func-
tions of x that do not depend on the vertical coordinates g.
The last requirement is necessary, since otherwise the com-
mutation relation

[M¢5, H.]=0

does not hold. The fields 4 ;, determine the gauge field. The
set of horizontal fields H,, forms the horizontal subspace of
the space tangent to the bundle # at a certain point. This
permits the introduction of a procedure that is the inverse of
the projection operation. The requirement that a certain vec-
tor at the point P be horizontal permits unique determina-
tion of it from its projection. A similar procedure can be
carried out for a certain smooth curve x(7) defined in the
base R*. Obviously, different curves of the manifold & can
have the curve x(7) as their projection. However, the re-
quirement that a curve be horizontal at each of its points
uniquely determines it from its projection x (7). The curve in
the bundle is characterized by the coordinates
P(1) = (x(7), g(7)) and is called the lift of the curve x (7).
At the same time, the matrix element g= E of the group must
satisfy the equation

2 x* (o) H, () E= 252 (55 B +igdinE (1) =

(36)

Equation (36) is solved by the P-ordered exponential
E(4)=(Pexp § dzt 4, (2)) By, 2
W, ¥)
The P (path) ordering is a natural generalization of T
(time) ordering. Matrices E of the structure group G which
satisfy Eq. (36) are functions on the set of continuous curves
and form a representation of the groupoid of paths P. (An
element of the set Pis a class of curves that differ in “‘appen-
dices.”*?) In accordance with its definition, a horizontal
curve in a bundle has a unique intersection with each fiber
Z .. This makes it possible, by fixing the initial point of a
path in the bundle, P(0) = (Y,1), and specifying the first
coordinate by the choice of the path (Y, x) in the base R*, to
sample all points xeR *, joining them by a given curve y(Y,
x) to the initial point Y. Then over each x the intersection of
the curve with a fiber distinguishes a unique element E(y( Y,

(37)
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FIG. 3. The fixing of the path (¥, x) in the base R* fixes its shape and
initial point ¥.

x); A). This element of the group enables us to distinguish
uniquely the elements of an orbit of the gauge field (Fig. 3):

AE = E'AE 4 Eo, k. (38)

In accordance with the requirement of the definition of a

horizontal field H, the field 4 f does not depend on the verti-
cal coordinates of the bundle. In other words,

AF = E-1(4) AuE (4) + 1 B (4) 6,8 (4)
= B71(4°) ABE (4°) + 1 E-1 (4% 0,E (4°), (39)
where

AY = m-lAumq-% w 18,0,

The invariance of (39) holds up to global transforma-
tions. Equation (38) is equivalent to the expression (Refs.
12 and 34)?

A A aB
AL () =4 () 5~

%)

v, x)

31 (A) Gop (4) B (4)

+ | e

Ty, x)

W =

z==y

5 | E @),
(40)

dzp

where
Guﬁ (A) = 6‘1.{4\5 a— (75!1“ Y ].g [Au., Aﬂ]'

The possibility of trivializing a bundle makes the choice of
the “level” of the base nominal. Choosing vertical variables
E over each point xeR * and setting
E,(4)=Pexp {ig § dzed, (z)} =1
Ty, x)
at each point x, we effectively identify the base with the sur-
face of the horizontal intersection. The field (40) obviously
satisfies the gauge condition (41). Under the gauge transfor-
mations, the P-ordered exponential transforms as follows:

Pexp{ig S dzMA,[f(z)}
P, x)
=U-(Y) (Pexpig S dz* 4, (2) ) U (X).

Wy, x)

(41)

(42)
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It follows from the relation (42) that under the gange condi-

tion

O (4, U)=Pexp{ig | dz4"(®)}—1=0 (43)
Y %)

there is no interaction of the gauge field with the ghost fields,

since

a0

det | 22 | = det| 2 (") U (@) ]. (44)
[il0] [i0]

Since (43) is realized for any point x, we can use the relation
2% (1)

20D 4,6G@)

=0.
2t

However, the condition (43) includes topologically nontri-
vial situations.

We consider somewhat more complicated configura-
tions:

AP = BT (4) Ay (A) +— BT (4) 0,8, (4);
Ai;ﬂz‘ E;n (A(i)) A(unEz (;ﬁs))_‘_% E;l (Au)) auEz (A“));

,2.4{{]) — E;-Ll (Aﬂ-l) A(JI—S)E (A‘Ii—l)_{__%_ E;l (An—l) ap.En (Aﬂ—l)' !
(45)

The set of exponentials {E,} is determined by the paths {y;
(Y, x)}. It is obvious that

AP (@) =(E1(A), ..., E,(A") Ay (B, (4),
e oy Bop(A™) +f?(E1(A),
En (A0, (Ey(A), ..., En(4"7Y), (46)

where E; contains information about fixed curves in the bun-
dle. This means that the vector 4 /" ' depends in the general
case on a set of i + 1 paths in the space R* If the path 7, , ,
coincides with ¥, then the function

= | i {EAR L LEOEY
vn+1

which occurs in the argument of the exponential £, , ,, van-

ishes. Thus, we obtain ¢, , , =@, =... =0 for all ¢, with

coincident paths of integration. If ,, |, | %, then the func-
tion Z“E[O,z] defines a path 7, [0, Z(¢, x) ], and the func-
tion Z, (¢, x) defines the path y, , (0, x). In fact, y, [0,
Z(t,x)] is a set of paths parametrized by the variable ¢. The
derivative d /dz,, and the increment ¢ 4 dt lead to transition
from one path y, [0, Z(t,x) ] toanother y, [0, Z(t + dt,x)]
in the same series ¥, (Fig. 4). This case leads to a nonvanish-
ing function ¢, . Transferring the derivative with respect to x
to the right-hand side of the relation (40), we obtain

"y o
%En’ﬂ (=) 5y Eoy (2)
d (
=T o ( \
R )

da [ Es! (2) AGEn (2);

dz,E5! (2) A% (2) B, (2))

+ig

Prarth ¥

L dsbEn () AP (21) ]
. V(¥ 2
— (g2 |

T’n,,_l(ys x)

dze [ Bt ALE,, j dzb

Yneglws 2)
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[ EndjE,, o
g "’n+1iy‘ #)
+(—=ymaggn | dao
Vnaa (s )
x[..., \ dz?[..., \ dzb

VsV 2) vmlfy. z;)

x[ { dzg[..., S

V¥ 29

dng;‘A’a‘En]]—[— ..

Va1l Zmy)

X dznEqt AR (2,,) E,,] ]]]
(48)

From the last term the procedure for separating the commu-
tators can be continued to infinity. It can be seen from the
expression (48) that the transition to the explicit depen-
dence of the function @, , ; on the field 4, is not a simple
problem. If we restrict ourselves to just the terms linear in
A, ing,, ,then

E,...E,=Pexpig{ | dz4%@)
Pl )
+ & d @)t <§> dzo A% (3)} .
Pn/(n-1) Vn/1 (49)

If n— o0, then the corresponding field 4 ;7 will take into ac-
count all possible loops y;,; formed by drawing the pathsj to
a single fixed path i (see, for example, Fig. 4 in the limit
t—0). Formally, we represent this fact in the form of the
path integral

I] E:=Pexpig

i=1

X {S Audz“-i—g deci) @ A% (z) dz,l} i

™ =1 oy (50)

in which & is the number of homotopy classes; $4,,dz, isa
functional on which a path integral is defined. If in the gluon
field there are solutions that lead to a space that is not simply
connected, then loops from different homotopy classes can-
not be carried into each other by a continuous deformation.
However, in this review we shall be interested in the possibil-
ities of a path-dependent approach in the solution of a num-
ber of problems of noncovariant gauges in standard pertur-
bation theory.

3.FREE GLUON PROPAGATOR

We now establish the mathematical assumptions under
which gauges of axial type belong to the class of contour
gauges defined above. We show that in non-Abelian gauge

Z(r, z(t+dt,x)
Y

FIG. 4. The function Z, parametrizes the path ¥, , ,, while the function
Z, determines the path ¥,.
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theory direct use of the gauges 4, =0, n“4,, =0leads to a
need to regularize the propagator of the gauge fields in each
order of perturbation theory.

The basis of the path-dependent approach is deter-
mined by the possibility of parametrizing each element of the
bundle g(x) in the fiber space 2 (x,G,7) by a P-ordered
exponential:
g(x)ﬁé(x)=Pexp{ig dz“.:la(a:)} 1

Yy, x)

where y(y, x) is a path defined in the base of the fiber space
which connects the fixed point Y to any point x over which
the fiber is defined. Varying the path in the base, we fill the
complete fiber over the point x with group matrices, identi-
fying the group with the fiber. The separation of a unique
element of each orbit of the gauge field, which is needed for
quantization, presupposes the existence of a unique intersec-
tion of each fiber in the fiber space. This implies the possibil-
ity of specifying a rule for unique determination of the verti-
cal variable g(x) = E(x, 4) over each point of the base and
lifting the base to the surface of the horizontal intersection.
A nonperturbative gauge is specified at each point x by the
condition (41). The initial point Y of the path y(y, x) is
deleted, since the limit x— Y is not defined in accordance
with the construction, and this, in its turn, leads to the pres-
ence of a residual gauge invariance. This can be readily seen
by going over to curvilinear coordinates and identifying the
path ¢ (Y, x) with the curve of the radius vector, after which
the invariance with respect to transformations by matrices
that depend on three angles is obvious. This assertion can be
formulated in the reverse order: If after imposition of the
gauge condition there is a residual gauge invariance, then
there exists at least one point of the space at which the gauge
is not fixed at all. Extension of the definition of the gauge at
the point ¥ in the condition (41) eliminates the residual
gauge arbitrariness. From the condition (41) we obtain

Ay (@) = [ dn 5 Gup (A). (51)

a
In (51) the condition 4, () = 0 has been extended at the
beginning of the path ¢(p, x). In a sufficiently small neigh-
borhood of the point y, the expression (51) can be represent-
ed in the form

azf
az),

1

A, (z) = (z—1)p S dt 16y, (4).
0

(52)

In a spherical coordinate system with center at the point y,

we obtain
R

fiu(Rr P1r P2y 9)=S drélM(A)’ (53)

0

where the index y takes values from 1 to 4, corresponding to
the spherical coordinates r, @, @,, 8. Obviously, 4, = 0. In
the limit R -0, we have 4, (R,p,.@,,0) —0. If we were to
extend the definition of the gauge at the origin, then we
should have the relation

Au(Rv P1s Pon e)
R

= U (9 G )00 (@ @ O+ | drUG, (A)T.

0
(54)
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It can be seen from the relation (54) that the extension
of the definition of the field 4, (0,¢,,@,,0) at the origin
amounts to fixing the topology, since the residual invariance
holds with respect to transformations by singular matrices.
There is a fundamental difference between gauges (41) and
the conditions n°4, (x) =0, 4,(x) =0, which determine
the axial and time gauges. These conditions are obtained
from (41) by fixing the paths at every point x that passes
along the vector n, or along the time axis to infinity. This is
tantamount to replacement of the unique point y, at which
an extension of the condition is required, by an infinitely
distant three-dimensional surface. At the same time, spheri-
cal symmetry is replaced by cylindrical symmetry, and there
exists a residual invariance in the class of both singular and
nonsingular transformations.

Having in mind the results of Refs. 21, 22, and 28, we
follow the transition from a gauge condition that is not fixed
at a single point to a condition that is not fixed on an infinite-
ly distant three-dimensional surface. We choose a path that
leads to an analog of the time gauge (4, = 0) with parame-
trization

1 1
Zy = (Jép + = nuﬁuu) e—Er-—?noﬁw, (55)

where £ is a small parameter that we set equal to zero in the
final result. The vector n,, = (n,, 0,0, 0) specifies a direction
(we can choose ny = 1 or — 1):

Zy e B gl + O ()3 }

6
Z (56)

1
i b =Y .

T—+00

We use the expression (40), which connects the potential in
the gauge

Pexp {ig_ g dz®Ag (z)}:‘ﬂ (57)

Yy, x)

to the potential in an arbitrary gauge. In the general case, the
transformation matrices can be singular; then the third term
in (40) is nonzero. The first term on the right in (40) is zero,
since 9z°/9x,,|,_, =gz, e | =0. For the simple
path which we have chosen we obtain the expression

T— 20

[ ]

AL = — (ng8y3 +exp) S dre "B~ (4) Gy (A) E (4),  (58)
0

which can be conveniently used to find the propagator

(O] 43 (z) A7 (2) 0)

- S dt S dn’ &= 2647 (0] (ng+ eo) (mo+ £2)
1] 0

X (B1GouE) (EGoE) + ex; (ng -+ £2]) (BG4, E) (E-1G o)
+ & (ng+ &xo) 27 (E71Go E) (E71G 4 E)
+ &?2;2; (E'G . E) (™G HE) |0)

(59)

of the free gluon field. For this, we ignore all the terms on the
right that contain the coupling constant and use any gauge
that is convenient for calculation, in particular, the Feyn-
man gauge. We represent the first term in (59) as a sum of
the transverse and longitudinal propagators, D ,?j” = D;
+D ,’; :
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s 1 "
DY) = el (no+ &xy) (g + )

dip  elRx—=) kiky .
XS @0t R0 ( 1 k= 2Zie) (ko T 2i8) )

T dig elkx-x') kik;
Dii"‘_g @myd k2 fid (aﬁ— k2 )

D (z, .7:'):—-—215-(1—!-“%%)(1 +“::$5)

melxo—xﬁlg d3g  kikj

&8 P

eik(xﬁx'). (61 )

In the limit £ -0 the Slavnov—Frolov result follows from
(61). The other components of the propagator have the
form

Dy (z, 2')=e 8% %! _%(ngal) s &8 (z—z');

"oV (62)

Dy (z, a')=e™®' %% %‘—j}#‘-ﬁwx_f)_ }

We have not written out the components of the propagator
proportional to €. The parameter ¢ that we have introduced
uniquely fixes the rule for avoiding the additional poles of
the propagator. We emphasize that in the limit £—0 we have
Ay(x) -0, but the components Dy, and D, of the propaga-
tor are nonzero. This is a consequence of the pinch structure
[ (ko —ig) (ko + ie)] ', the integration of which leads to a
factor 1/¢ that cancels the £ in the numerators of the expres-
sions for Dy,; and Dy,.

We consider the analog of the axial gauge. For this, we
choose a path from the fixed point ¥, = — &~ 'n,, to every
point x in the form Z,=(x, + (VVe)n,)e ™ — (V/e)n,.
As a result,

AE (2) = — (np +exp) S dre-201Gy, (A). (63)
0

It is obvious that in the limit £—0 the condition n%,
(x) =0 follows from (63). For the gluon propagator we
obtain in this case

N N ; 5 A4k ik(x—x")
(O] AF (@)A % () 10y =74 @) 1o« { <5 Ty

7 (katkpguy— Fukpgay —kvkagup+ Fukvgap)
- ((%n) +-2ie) ((kn) — 2ie) ’ (64)

where r, = @(x)n, + exl, ¢(x) =1 + ex*. The coordi-
nates and momenta can be conveniently represented as com-
ponents orthogonal to the vector n and longitudinal with
respect to it:

T (kn) T (zn)

Few =k 2 Ty Tp=Ey— e
L L E. oL
ki=k"n,, xi=az"n,.

We transform (64) to the form
. dak ik(x—-x") ,

Dyy (2, 2") = S WQ(WW {‘P(x)tP(x)puv(ka n)

e (kD) kln,+ (zTkD) kIn

nd

W 40 @)},
(kr,— 2ie) (kr, + 2ie)

_ kany . kyny
P (K, ”)—[g!w— () F2i  (Fm)—2ie

n2kMEY _ T L .
+ ((kn) — 2ie) ((kn) -+ 2ie) ] = Puy+ Pivi
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where
T,T
PT =g __ﬂ_ Nphy
[TRY) v (kT}9 n2
e (nk)? kpny -+ kyny 1 o
= ST T [ . ?kn) = (Fm)? (n“kukv'f“kznunv)];
T, T
Pffv= K2 1 kyky

(k- —2ie) (kL -+-2ie) 7® (k)2
(65)
Obviously, P, PL =P}, n,PL =k,Pl =0. In the

uv? rtopy
expression (65) we have written out explicitly only the
terms that are proportional to £, which lead on integration
over k* to a finite contribution in the limit £ - 0. As a result,

we obtain
Dy (z, 3’}=Div+Dﬁv+DﬁTm- (66)

In (66) we have introduced the notation
dak eik(xr-x')

ng (z, 2"y = (2) p (2") S S Pﬂ\,(k, n);
(67)
DE, (2, ') = (1 +sat) (1 ea’t) e "L 7L !
¢ Bk RS rer e,
| e T ST (S5
T .
anom 4 o on_r, ( a7 et CTTED
DR =g oot { o
% [kkny (&7ke) + kg (z7ke)] (69)

In the limit £ -0, the anomalous term (69) has the conse-
quence that n”“D,, (x, x") 30, despite the fact that (n4) =0
follows from Eq. (63). As in the preceding case, the manner
in which the poles are avoided is fixed, and this guarantees,
by construction, gauge invariance of the physical quantities.
However, the possibility of going to the limit £ — 0 at the level
of the Green’s functions is questionable. We emphasize that
in the limit £ -0 the symmetry of the residual gauge trans-
formations changes abruptly, and it is in this that the math-
ematical incorrectness of using the incompletely defined
gauges 4, = Oand (n4) = O consists. In the higher orders of
perturbation theory powers of the pole 1/¢ will accumulate
from the longitudinal terms of the propagators, and, multi-
plied by the terms D [, and D j,, which are proportional to
&", may make a finite contribution. If we let £ tend to zero
prematurely, we are forced in each subsequent order of per-
turbation theory to redefine the longitudinal and transverse
parts of the gluon propagator. Of course, the possibility of
mutual cancellation of the finite contributions of the poles
1/€" in the higher orders of perturbation theory cannot be
ruled out, and in such a case one can go to the limit £ -0 in
the Green’s function. However, such compensation appears
unlikely. A direct calculation of the Wilson loop in the order
@’ could cast light on this problem.

Thus, gauge invariance of the § matrix is equivalent to
independence of the choice of the path in the path-dependent
formalism. The breaking of the gauge invariance of the
Green’s function in the standard formalism is transformed
into breaking of the translational invariance in the path-de-
pendent approach. The asymptotic behavior of the longitu-
dinal part of the propagator depends in principle on the or-
der in which the limit £ - 0 is taken. The parameter &, which

S. V. Ivanov 39



keeps the point of the beginning of the path in a finite region
of space, actually specifies the rule for avoiding the addi-
tional poles of the propagator.

4. RENORMALIZABILITY OF PROPAGATORS IN CONTOUR
GAUGES

Formally, the absence of interaction of the “‘ghost”
fields with the gauge fields in the contour gauges automati-
cally leads to a simple connection between the divergent
parts of the renormalization constants:

Za =234 = Zya, (70)

where Z , is the renormalization constant of the gluon wave
function, and Z, , and Z, , are the renormalization constants
of the three- and four-gluon vertices, respectively. The Ward
identities (70) were verified by Kummer®* by a direct calcu-
lation of the single-loop QCD corrections in the gauge
(nA) = 0. Problems of the renormalizability of noncovar-
iant gauges have been discussed by many authors,**** but as
yet there is no proof of the multiplicativity of the renormal-
ization in all orders. In addition, the calculation of the polar-
ization operator has always used a prescription for avoiding
the additional poles 1/(kn)? (Refs. 24, 25,40, and 41), and,
naturally, this does not permit us to generalize with confi-
dence the result to the higher orders of perturbation theory,
since it is necessary to prove in each order that the prescrip-
tion does not break the gauge invariance of observable quan-
tities or the unitarity of the elements of the S matrix. The
results of Caracciolo, Curci, and Menotti** shook confi-
dence in the assumption that the noncovariant gauges in
their traditional form have an equal status with the well-
known and well-studied covariant gauges. At the least, in
non-Abelian massless theories the situation is seriously com-
plicated by the fact that the longitudinal, translationally
noninvariant part of the propagator, interacting with the
transverse gluons, seriously deforms the result. At the same
time, as we saw in the previous section, none of the prescrip-
tions is sufficient in the general case.

One of the possible ways of proving multiplicative re-
normalizability of the propagator of the gauge field in gauges
of axial type is to develop the method that enables us in each
order of perturbation theory to calculate the propagator of
the gluon field in a noncovariant gauge by using, in an appro-
priate approximation, the propagator of the gluon field in a
covariant gauge. ]

In this section we shall show that in any order of pertur-
bation theory there is a simple connection between the prop-
agators in the noncovariant and covariant gauges, the con-
nection being equivalent to a special choice of the gauge
parameter « in the covariant o gauge. In this way, the prob-
lem of renormalizability and unitarity can be reduced to a
problem that has been solved.

We use Eq. (40), setting £~ '[d,d,; 1E =0, and then

DES (2, 2')= —i(0|TA] (2) 4F () |0)
=—i(0|T S dz, S dzp - éz?
| {v(x. o YY) PO 0

x Bz (4 (2)) Gn (2) Gho (2" Epp (4 ()} 10).

(71)

The relation (71) connects the propagators in different
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FIG. 5. Graphical representation of the integrand of Eq. (71). The broken
line denotes the P-ordered exponential with an integral in the argument
from the point ¥ to the point z; the wavy line is the gluon propagator in the
covariant gauge; and the hatched block denotes an arbitrary order of per-
turbation theory.

gauges: D /¥ (x, x') is the causal propagator in the noncovar-
iant gauge fixed by the choice of the path y(x, y),
where  yisthe initial point, and E, (A4)
= P exp{igf (.. 2% A %, (2)f* } is the P-ordered exponen-
tial in the adjoint representation; f**° is a structure constant
of the group SU(3). Note the nonuniqueness in the defini-
tion of the time ordering on the right-hand side of Eq. (71) if
a transition to Minkowski space is made. It is known (see,
for example, Ref. 42) that different types of time ordering
(Wick or Dyson) lead to a difference by a quasilocal opera-
tor, which is unimportant in the calculation of observables.
In the case when the vector tangent to the contour ¢(: ,Y) is
timelike over a certain section of the path, time ordering
does not commute with integration. The difference between
the different definitions leads to different forms of the longi-
tudinal part of the propagator. In the case of non-Abelian
gauge fields, this is important. To preserve the gauge invar-
iance of the observables, it is necessary to introduce the oper-
ation of time ordering both under the integral sign and under
the differential operator. The integrand of Eq. (71) is shown
in Fig. 5. On the right-hand side of Eq. (71) we can use the
gluon propagator in the covariant @ gauge. In the sum of the
diagrams the a dependence cancels in each order of pertur-
bation theory. This is clear if one bears in mind that under
gauge transformations of the potential on the right-hand
side of Eq. (71)

£ (A% = U™ (@) E (4) U (y),

a Gy (4Y) = U (@) Gy (4) U (2),

from which gauge invariance of the right-hand side of Eq.
(71) follows. In other words, Eq. (71) projects the complete
set {4 [} of physically equivalent fields to a single element of
this set.

Vi Ny

FIG. 6. Graphical representation of Eq. (72). The straight line corre-
sponds to the quark propagator.
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FIG. 7. Single-loop approximation of Eq. (72). The contin-
uous line on the left-hand side of the equation denotes the
fermion propagator in the @ gauge.

a b o] d

For the quark propagator, the situation is completely
analogous. The connection of the quark propagator in the
noncovariant gauge to the propagator in the & gauge has the
form

0] Tq (z) g (z') | 0)E
=T {E*(y(y, )

A) g (z) g (&) E (y (&', y); 4)} 1 0). (72)

Graphically, this equation is shown in Fig. 6. In the single-
loop approximation, the expression (72) leads to the dia-
grams of Fig. 7. Each of these diagrams contains a depen-
dence on the gauge parameter a. At the same time, the
diagram of Fig. 7d gives information about the infrared
structure of the propagator. In what follows, we shall show
that the infrared and ultraviolet properties of the propaga-
tors in noncovariant gauges are essentially related. We write
down the divergent constants for each of the diagrams of
Fig. 7:

Z, =1+ Cr(3—0) ~, Z,=Z;'2

11 &

cusps

1
Zy=1—72Cra
Zo=145Cra o, (73)

where Z, is the renormalization constant of the P-ordered
exponential, and Z, is the renormalization constant of the
quark propagator in the a gauge. The constant Z, is a conse-
quence of the divergence in the integral that characterizes
the interaction of the P-ordered exponential with the quark
propagator, and, finally, the constant Z,, which corre-
sponds to the diagram of Fig. 7d, is represented as a product
of two constants. The significance of the constant Z §u®,
which does not depend on the parameter «, will be explained
below. Thus, the renormalization constant of the quark pro-
pagator in the noncovariant gauge is

ZE=Z @)Zy()Z (@) Z,; (@) =1+3 f—i Cr ai . (74)

As one would expect, the gauge invariance of the expression
(72) has led to cancellation of the parameter e, but this fact
can be used in what follows for significant simplification of
the calculations and for the analysis of some general proper-
ties of the scattering amplitudes in hard processes. It is im-
portant in the given case that the equation

Z,Z:=1 (75)
has a solution. In the chosen approximation, itis @ = — 3,
i.e., for @y = — 3 there is compensation of the ultraviolet

singularities of the diagrams of Figs. 7a, 7c, and 7d. This
means that the ultraviolet singularities of the quark propaga-
tor in the noncovariant gauge are equivalent to the ultravio-
let singularities of the propagator in the covariant o gauge
for a = ay:
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2§ =Zq(a = —3). (76)
We rewrite Eq. (71) in the form
Z% O] TAf (2) A% (') |OYF

dz" , Bz &
- S dz, 6_;; S dzj -a;—: {Z4 (0) K2 (99) (0| T
x (43 (2) 45 (2')) |0z

(0] [(E* —1)qq ConGhoEpy + Bz iGLaGhy (B — 1),y
+ (B —1)0q GanGhy (E —1),,1 10}, 7

where A =Z /3 AE,, Z, is the renormalization con-
stant of the gluon wave function in the noncovariant gauge,

K5 (00) = gyngps0adh — Zun€psOndp
— Eny8op9a9p + EavEusPndp, (78)

A, =Z,(a)A, r, and Z, (a) is the renormalization con-
stant of the gluon wave function in the covariant a gauge. It
is obvious that in the general case Z £ # Z, (). In the order
a, the diagrams of Fig. 8 follow from the expression (77). In
complete analogy with the case of the quark propagator
(74), the gauge invariance of the right-hand side of Eq. (77)
leads to cancellation of the a parameter in the sum of the
diagrams of Figs. 8b—8n. In this case

Z5 =2, (@ = —3). (79)

But because there is no interaction of the ghosts with the
gauge fields in the noncovariant gauges, the constant Z %
determines the S function:
aln Zf g
M. 13 = 2)). (80)
BTN |3 const B (gk (n%)

We now verify the hypothesis that it is possible to make a
choice of the gauge parameter «,

oah=a 2 Cu ()", (81)

n=0
for which in any order of perturbation theory and for definite
values of the coefficients C, one can achieve the equality

25 = 24 (o = of) (82)

in each order of perturbation theory. The constants C, are
determined from the equation

Zn (aR) = Zngn (), (83)

where Z,, is the renormalization constant of the ghost wave
function, and Z,,, is the renormalization constant of the
gluon—ghost vertex. The condition (83) leads to a simplifi-
cation of the connection between the “bare” and renormal-
ized coupling constants:

gr=Z3’ 23 anZd gk = 23 (2k) gk. (84)
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At the same time the simple Ward identity (70) is realized.
If we can prove the proposition that has been advanced, then
we shall have justified the renormalization equivalence of
the noncovariant gauges to the covariant gauge with the spe-
cial parameter choice @, = a}, this being a sufficient condi-
tion of multiplicative renormalizability and unitarity.

The approximation that follows the leading approxima
tion @ = @y = — 3 for the parameter a can be obtained by
using the results of calculation of the renormalization con-
stants:

1 A2 1 95 5Nt
Zo=t+4 AB—)+5-[ 5 (o + 5 ) =572 )
A2 _ T2

A AE Ai‘
Z""“":i_g G—'m (5(1{—1)(3'.-—}-@ (2(1—{—3)“;

(86)
zA=1_i[(3a_13)+Mf_]

2thT
+5 ]

-|-2“[(6a—17a—3)+2"‘”f‘ (t+5a)]; @D

[2a2+11a 59 4+

zq%1._%;—cz‘2_.——2*2
x| (25 8a+a~)——%§— ‘f,j"; ] ,
e rfara+24 ], (88)
where N, is the number of quarks, 4 =aN, /4m,

= (n* —1)/2n, t=1, and n is the rank of the group.
Since the renormallzatlon constants can be expanded in in-
verse powers of £ (in ’t Hooft’s scheme™),
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FIG. 8. The a, approximation of the expression (77). In diagram
(a), the broken circle denotes the contribution of the ghost fields to
the gluon polarization operator.

o dn (8hs %R
ZiZnan=14 3 R—R_ (89)

n=1
By an appropriate choice of the coefficients C,, in the expres-
sion (81) itis possible to achieve in all orders of perturbation
theory the equalities

d, (gk, ap) = 0. (90)

This means that the 8 function and, therefore, the nature of
the interaction are determined by the renormalization con-
stant Z, of the gluon wave function, since
— o4 401 (g%
ﬁ(g2)=g‘-—;g5—, 9D
where @, is the first coefficient of the renormalization series
for the coupling constant:

g5 = pegk (1 +§ Lolgn) ), (2]
S'n.
n=1

Thus, the relation (83) can be satisfied in the weak sense,
i.e., toaccuracy d, /" with n > 1. In this case the coefficients
C, are finite in the limit £—-0. In the case when we require
fulfillment of (83) for all poles 1/&",

C(1)+ C[z) (93)

will contain a term that is singular with respect to £. This
means that when the regularization is lifted C,, » «. How-
ever, the part played by the termsd,, /¢"for n > | issuch that,
contributing to the coefficients a,, of the series (92) forn> 1,
they ensure fulfillment of the renormalization-group restric-
tion

danyy __ day o day (94)
s (0
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and at the same time in no way influence the nature of the
interaction. It follows from the relations (85) and (86) that

Co=1, C=(5)' No—3 Njt, N,=3 (95)

in the expression (81). The renormalization-group equation
for the parameter a has the form

d . 2
T =t aa l=Inpu’, (96)

where b(a,.a) = b,(a,/47) + by(a,/4m)* + .
The two-loop calculation®® gives in the MS scheme

i U 5

2 3 (97)
B3 99 9 . 6
S A

Using the relations (95) and (81), we can readily show that
b, =B, and b, = f3,. These equations are a consequence of

the fact that for @ = a%

g%{ * ot
qu GRp” . (98)

g =

Here, £ = (4 — n)/2, n is the dimension of space, and pisa
parameter that has the dimensions of mass. Thus,

ash (o, a*) = —f (a;). (99)

In the MOM scheme the relation (99) is violated, and the
situation is completely unstudied.” Thus, the special choice
of the gauge parameter a effectively regroups the singular
terms, leaving them only in the first term on the right-hand
side of Eq. (77). This leads to the simple expression

DR (2, @) =Z (o) LD (20 2'), (100)
which relates the propagator in the noncovariant gauge to
the propagator in the special covariant gauge; L L 1s the
integro-differential operator in Eq. (77). In contrast to the
covariant gauges (1/2a) (8" 4,, ), in which only the trans-
verse part of the propagator is renormalized, in our case the
complete propagator is renormalized. This is a consequence
of the property

(101)

Lo, = L¥an=0.

Equation (100) proves the multiplicative renormalizability
of the gluon propagator in the contour gauge.

5.SPECTRAL REPRESENTATION OF THE GLUON
PROPAGATOR

Interest in the spectral representation of the gluon pro-
pagator was largely stimulated by the work of Oehme and
Zimmermann,® who pointed out a possible contradiction
between positive definiteness of the spectral function and the
property of asymptotic freedom. The arguments were based
on results of Kallén.®' It was shown that the value of the
physical charge e, in electrodynamics is always less than
that of the bare charge e,. This fact is a consequence of the
Lehmann sum rule for the photon renormalization constant:

o0

(o @ de =1 -2z,

0n
where Z, = (eg /ey )”. Positive definiteness of the spectral
function p (g°) proves the assertion

(102)

Za <1 (103)

from which there follow a positive value of the 3 function
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and, therefore, a zero-charge behavior of the coupling con-
stant.

In QCD, the situation is much more complicated, since,
first, in the general case Z,, # (g, /g5 ) and Z, depends on
the gauge (Z, is the gluon renormalization constant), and
second, the corresponding spectral function is not positive
definite. This last assertion follows from the fact that in co-
variant gauges the Hilbert space contains “ghost” fields.
However, in the axial gauge, as in all contour gauges, ghost
states are absent, and this makes it possible to avoid the need
to project onto a positive-definite space of states, and, thus, it
would appear that we arrive at a clear contradiction with the
property of asymptotic freedom, since in this case

Z,=ghles (104)

is a gauge-invariant quantity. A way of resolving this para-
dox was outlined by Frenkel and Taylor, and later analyses
were made by many authors.®*** In achieving the absence of
ghosts, we have sacrificed Lorentz invariance, this being re-
flected in the appearance of additional unphysical gauge sin-
gularities. The treatment of these singularities plays a deci-
sive role in the resolution of the problem. The formally
positive quantity p contains a singularity in the presence of
poles, k“n,, = 0. It was shown that the principal-value pre-
scription leads to a change in the sign of the spectral function
p, and, therefore, we have the inequality

Zy>1, (105)

which is necessary in an asymptotically free theory. How-
ever, as we now know, the principal-value prescription does
not solve all the problems in determining the propagator of a
non-Abelian gauge field. In addition, the very definition of
the gluon propagator in noncovariant gauges,

82 [0]

(!b ! _ ————--
Di(z—z")y= 85 @6 () (106)
where
| DA% exp [i | a¢ +J24%)16 (nA
WiJl= ) u.el‘p[l_\ z (£ 4T |.r.)] (n. ) . (107)

| DAS exp (i | £ diz) § (nd)
is the standard generating functional, is not correct, but
must be regarded merely as the limit of a more general
expression. As a result, the propagator is not a function of
the coordinate difference (x — x') ,, and therefore the stan-
dard definition

pid ()= { diweier (0] 145 (2), 4% (001109

(108)

of the spectral function is also inconsistent for fields in non-
covariant gauges. It is obvious that the traditional form of
the spectral function,

oy (@)= S dizeles {—p, (g, n)

kpny +kyny n?
ukv

xl:g'”_- (kn) b (kn)2 k J

+p2(g, ) (guv_ n,;r;v )}

(109)

which follows from (108), does not contain essential trans-
lationally noninvariant terms.

Using the relation (100), we attempt to calculate the
gluon propagator, expressing it in terms of the spectral func-
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tion p(k) in the special a¥ gauge. In doing so, we shall at-
tempt to represent the result in a form analogous to (109)
and find a connection between the functions p, and p, and
the spectral function Py We choose the path of integration

DiF(z, )= — {dwowy) | da
0

with the operator ¥ =g,,,0,05 — 82,9,9 5 — 8,599 .
+ 8,59, . In deriving the expression (110), we used the
property (101), as a result of which (110) contains only one
of the two spectral functions of the gluon propagator in the
gauge:
a8k g iR(z—2")

D7, p)=—\ G BT (111)

Integrating (110) over the paths, we obtain the expression

D (2, )= 0a (@) 0y (=) | dw?p (u?)
¢ (112)
dth_ e~ ihx—x) i )
X S En)t TR patis ((kn)—2ie) ((km) - 2iF)

where @, (x) = n, + &x,; @, (X') = n, + €x,.
We represent the coordinates and momenta as sums of
transverse and longitudinal components

4T | gL T L
ku="Fy + ki zp=azu + ay;

ki =k, —kEn,; zh =2z, —2Fn,; i (113)
k" = (nk)/n2; 2" = (na)/n? i
and introduce the function ¢, = (1+é&x.); then

@o =N, @, + exl. As in Sec. 2, we divide the propagator
D :F(x, x') into two terms:

DR (2. )= Dif-+ Dl

InD ) (x,x') theintegral is multiplied by ¢, , ¢  ,and in the
definition of the function D 2 (x, x') the factors £¢,. x:Tand
exI; occur in front of the integral. It can be seen from
(112) that the rule for avoiding the poles is determined by
the parameter £ and, therefore, is defined until we take the
limit £—0. Taking into account the pinch structure of the
poles in the relation (112), we rewrite it in the equivalent
form

4 i ’ ’
DR (¢, @) = | g === {0y (k, m3 2z, i)

y Ky n
s [gu.v—‘ un(kn) Vi + (en)? kukv]

)}

+o0, (k, n; 2, z1) (guv4 (114)

Here
o0

0y (k, 7, 3y, ai) = { dw? g2y Dk, m, 2, 42);

0

02 (k? n’-: I, 1';[‘)
oo

2
- g dpziﬂﬁ—mﬁ(l)l(k, ny xp, ¥p)—1)-
0

(115)
In (115) we have introduced the notation
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dzpek s (09) D° (3 —3', p?),

in (100) in the form Z, = (x, + (1/e)n,)e™ " — (1/
£)n,. On the right-hand side of Eq. (100) we shall use the
general form of the spectral representation of the gluon pro-
pagator in the covariant a gauge for o = a%. As a result,

(110)

: 1
D, (k, n; xy, 21) = (nk)* [ — A=) nE— (k)

L g @) e @) e () ].

Formally, the expression (114) has the same structure as the
traditional expression (108). However, the difference is
great. First, o, and o, contain translationally noninvariant
terms, which determine the longitudinal part of the gluon
propagator. Both functions o, and o, can be expressed in
terms of the spectral function p (u*) of the gluon propagator
in the covariant  gauge for @ = a%. From (115) we obtaina
simple translationally invariant relation:
o P(pY

o, (k, n, xp, z1)— 0,y (k, n, T, JZL):S ap FCESTERET

(116)

We now analyze the structure of the term D [ (x,x). As
was shown in Refs. 34 and 39, this term leads to the anoma-
lous result lim,_q (%4, (x)) =0 but limzaon“pﬂf¢ 0. A
simple calculation gives

(2m)t

' dtk i W ’
DE‘)’L (.l',', z ) = S (21’!)‘ Eilh(x_a’ )ganom (k, n, Z, T ) n"vklu

’ ask = .. ' 1
D{fI"\ (z, z )-; S e—ik(x—xganom (. n_ . a') nyky; }

(117)

where

o0

o (k, n, 2, @)= { dplp (u2)
1]

D#om (k, n, z, 2') = mnt (ka) 8 (kn) e 4L L);

DO (k. n, &y 7)== mn? (k') © (kn) e~ SFL VL,

Danom (k. a, x, z')

The anomalous propagator, like the longitudinal part of the
propagator D |\ (x,x'), is a consequence of the pinch struc-
ture of the poles (112). The limit -0 changes the residual
symmetry of the system. It is obvious that for £ = 0 there is
invariance with respect to continuous gauge transforma-
tions by matrices that depend on the coordinates orthogonal
to the gauge vector 1, :

AE () =U (27) A% (2) U (1) +?f Ut () 8,U (zr). (118)

The presence of the residual symmetry leads to the problem
of determining the operator of the canonical transformation
to the interaction representation.’' Strictly speaking, the
passage to the limit £ -0 in the Green’s function may lead to
the loss of a number of terms in the higher orders of pertur-
bation theory when observable quantities are calculated.
The part played by the anomalous components of the propa-
gator can be elucidated by direct calculation of the equal-
time canonical commutation relation. We choose the time-

S. V. Ivanov 44



like vector n = (1,,0,0,0). In this case the limit £—0 leads
to the gauge 4,(x) = 0. The commutator can be calculated
in two ways:

a) by using the connection to any other gauge, in partic-
ular a covariant gauge,

OG5 (), AF ()] Oye=r-

= (0| (E-1Go; (4) E, { dz,BG,,E] |0, (119)

where E(A4) = P exp{ig(n,by, + &x,)fcdre 4, (2)};
b) by direct use of the relations (114) and (117) we
represent the spectral function p(,uz) in the form

pn (W) = Z4 (aB) (8 (1) + o (W)
We then obtain
(0 1[65: (2), A% (z)]] 0)i—p

(120)

8,87, (o) (15§ A5 ),
0

and thus -

1 — 2, (k) = {duips (w3).
0
The results of the two approaches will be the same only if in

the calculation (b) we take into account the anomalous
terms (0]d;4§(x), 4;(x')]1|0),_, of the commutator,
which are nonzero despite the fact that lim,_,4,(x) = 0by
virtue of the relation (117).

Since the formal limit of the Faddeev—Popov determi-
nant is

lim (det M p) = S DD exp {i S dbzn® (z) (n%0,6%
e=0

+eftn=Ag)  (a)} (121)

one gets the impression that the interaction of the anomalous
propagator with the ghost fields makes a contribution to the
elements of the S matrix, but this is not so. Since the chosen
path leads to the condition (#* 4 ex*)A4(x) = 0, and for the
propagator

(n* 4 ez*) Dy (z, ")

=n,DE (z, 2') +ex, Dy (z, ') =0
wDU ( ) v (122)
the singular (~ 1/¢) longitudinal part of the propagator
D) (x,x") plays a part in the limit £ -0 in the second term
of (122). Therefore, formal passage to the limit £-0 in the
expression

det M r=det {(nn‘i‘exu) [aabau"*'gfubc“lﬁ (-'L')]} (123)

without allowance for the singular longitudinal part of the
gluon propagator gives an incorrect result.

6.INFRARED ASYMPTOTICS OF THE GREEN’'S FUNCTIONS

It may be that the greatest satisfaction comes from the
analysis of the infrared structure of the Green’s functions of
the fermion and gluon fields in the contour gauges. This is
due to both the purely esthetic properties of the approach
and the fact that precisely the infrared asymptotics of the
propagators have a direct applied significance in the calcula-
tion of long-wave gluon exchanges in hard reactions with the
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production of hadron jets or a real photon and a hadron jet
propagating in the opposite direction. Re-expansion of the
propagators with respect to the corresponding functions in
the axial gauges is used fruitfully in the investigation of the
infrared structure of hard processes (Refs. 12, 13, 18, 44,
and 45).

We analyze the infrared properties of the quark propa-
gator in the Fock-Schwinger (FS) gauge:***’

(z—y)* Ay (2)=0. (124)

This is sometimes called the coordinate gauge; in theoretical
studies it has been used by many authors.****° Thus, the
quark propagator is

8% (z, 2') = 0 | EZ (4) 8 (z, 2') E; (4) 10),  (125)

where E,(4) = Pexp{ig(x —»)* f4d74,(2)} and z,
=y, + 7(x —»),. We take the field 4, in the argument of
the exponential and in the function S(x, x', 4) on the right in
the @ gauge. Suppose that the point ¥ does not lie on the
straight line that connects the points x and x" in Fig. 6. From
Eq. (125) we can pass to the expression

SFS(z, z")
= (0] E7* (A) E, (4) 878 (2, 2'; Arg) E* (A) E, (A) | 0.
(126)

In Eq. (126), E,(4) = Pexp{ig(x — 3)* f3d7A,, (2)}, and
we take the point 77, on the line (x — x"). The field Afs on
the right-hand side of (126) satisfies the condition (x — )"
AP (x) =0, ie., with a fixed point different from that in
(124). The right-hand side of (126) is shown in Fig. 9. We
see that the propagators in the Fock—Schwinger gauges with
different fixed points are connected by a transformation that
forms a Wilson loop. The propagator $¥(x, x') does not
contain infrared singularities if the fixed point lies on the line
connecting the points x and x'. As was shown earlier, the
renormalization constants of the ultraviolet divergences do
not depend on the choice of the fixed point, and, therefore,
for an arbitrary point Y the infrared asymptotic behavior is
determined by the calculation of the Wilson loop,

We=( Pexp [ig § dz=d, (9 | .

We calculate the loop W, with the contour shown in Fig. 9in
the order a,:

(127)

1 1
W, =1—g? S dv S v’ {6(t— 1) [ATARD,4 (v — ') A,)
0 0
+ AZABD o ((t— ') Ap) + AFAED 4 (T —7') Ag)]
— AFASD(TA, — T'Ay) — AFARD (1 — 7' Ay)

+ ASASD,; (1A, —T'Ag)}. (128)

In the relation (128) we have introduced the notation A§
=(x—p)% AT = (x' — )%, AT = (x — x")*:

Dop(z—12')=Dgi (2, 2')+ Diii (2, 2');
r 1.
Dgé(Z,zi:‘*{;“;r)a—; }

DG, 2 =422 2

o et MO — ="\2
@n)?  Gaq 07 In(z —2')%

(129)
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JF'S."x,x') fr'sfx,x‘)

FIG. 9. Representation of Eq. (126). The broken triangle determines the
path of integration in the Wilson loop.

The representation (129) of the gluon propagator in the co-
variant @ gauge greatly simplifies the calculation, since the
term D () enables us to carry out the integration over the
paths. In the a, approximation the regularization by the
straight-line contour gives

zE=1_{_;‘_:t(3—a) Cplnét, (130)

where § is the regularizing dimensionless parameter.
The term D () in the calculation of the vertex leads to
the result

rw:g_;cp(i_a)ma. (131)
Let us consider the calculation of the vertex with the propa-
gator D () in more detail:

1 !

T =22 Cp (A,1y) { dv :
0

I
S AV RT3 (A A v LA
0

(132)

The expression (132) is invariant with respect to the scale
transformations 7—ar, 7' —ar'and A, - CA |, A,— CA,. The
regularization violates this invariance. As a consequence, we
have an arbitrariness in the definition of the finite part of the
integral (132). The calculation of the expression (132) is
fairly simple. If we restrict ourselves to the singular part,
then

PW:%CFvlcthvlln 8. (133)
We have introduced the notation cosh ¥, = (AA;)/
A7 A3. In what follows we shall write cosh y, = (A,A;)/

VAT A} and cosh 7, = (A,A;)/y/A3 A}, Now, taking into ac-
count the results (130), (131), and (133), we obtain

W, Z E-,:.‘}spz gzzu)spzcusapwﬁ H
ZMy=1— 2= —Cr (yicthy; —1) ln —_—

(134)
(135)

As one would expect, the gauge invariance has the conse-
quence that W, does not contain the gauge parameter a. In
(133) we have assumed that [(A;A;)|/y/A7A}> 1. Depend-
ing on the properties of the integrals A, one or other of the
angles ¥ may vanish. Thus, for the propagator (125) we
obtain

3
8% (2, &) =2, || 28SK (2, 2). (136)
Note that our method also enables us to obtain at once the
infrared asymptotic behavior of the fermion propagator in
an arbitrary covariant gauge. It follows from the relation

Sz, 2") = (0 |E ()]0 )SFS (z,z), (137)
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where £(4) = Pexplig(x — x')* fldrd,, (x + 7(x' —x))}

Since for such a choice of the path of integration the
propagator §¥(x, x') does not contain infrared divergences,
the infrared renormalization is equivalent to renormaliza-
tion of the P-ordered exponential E(4), i.e.,

Zm—1+ CF (3— ) In (u*/p'?), (138)
in agreement with the well-known result of Abrikosov
(1955) (see, for example, Ref. 51). The structure
(7; cothy; — 1)(a,/27)Cr is called the cusp anomalous
dimension. It was introduced by Polyakov>* and was later
actively used in Refs. 13, 18, 44, 45, and 53. In observable
quantities the infrared divergences lead to the appearance of
the dimensional parameter A,, which characterizes the
greatest wavelength of the field that can be detected by the
experimental apparatus. In its turn, the renormalization of
the ultraviolet divergences introduces into the theory the
dimensional parameter A ,cp, , which characterizes the inter-
action strength. Theratio A [ >/u* (u is the parameter of the
ultraviolet regularization) is unavoidably present in all reg-
ularized amplitudes of reactions with the production of ha-
dron strings, together with the ratios of the parameter 2 to
the Mandelstam variables. Naturally, the ultraviolet proper-
ties of the theory influence the infrared asymptotics of the
reactions. It appears that the renormalization-group method
was first used to analyze the infrared asymptotics of QCD in
the studies of Ref. 15. The renormalization-group equation
for the propagator (136) has the form

3
d ] i )
(6‘11’1 E_]_ﬂ dag —'E F(Eu)sp—}:\l‘r)SI“S(_‘L‘1 bl Y)=O
=t

(139)

Here
R
4ndo, . dln Zg}sp _ dlnZg
dlnt —F? dlnt cusPr “aInt

Equation (139) is solved by

=T, t=p/p"™.

SFES(z, 2", VY= 8§ (a, z')
ag(i?)

Xexp {42 | 22 (3 Tho+1,)}.
@ (12) i

We use the single-loop calculations

B=—aB, =5 (11N, — 2N,

(140)

and write down the result of the integration for

~

W::usp =exp {4“ [§ L; 2 Féusp}

24

=exp{ Zgj 2 (prethy;—1)In ( :f:ﬁg )} (141)

For the validity of perturbation theory in QCD we require
a, (1*) €1, and if at the same time §8,a, In(j1>/u*) €1, then

c % ne
W eusp =exp {%’;w—) z (y;cthy;—1) ln%}, (142)

If[(A,A)|/\/A7Al> 1, then y, ~In[ (A, A, ) /A4, ]. Then

W euap = exp {-C2%e 1) Z m( 1}3::;)2)1 ﬁ—:} 43)
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For a felicitous choice of the contours that define the Wilson
loop one can achieve correspondence between the doubly
logarithmic asymptotic behavior (143) and the asymptotic
behavior of a real jet process.'>'** Note that, using the
expression (138) for the infrared asymptotic behavior of the
fermion Green’s function in quantum electrodynamics in
the covariant @ gauge, we can readily obtain the well-known
expression

d4k S o
P | rones b o {50 00

(h2~m2)
m2
X ln(——kz_mz )} "

The analysis of the infrared structure of the gluon propaga-
tor does not contain fundamental difficulties, but it is more
awkward. As the initial expression for the investigation one
should take the relation (71). The reader can learn about the
results of calculations and the renormalization-group ap-
proach in the axial gauge in Ref. 54. The cusp anomalous
dimension was calculated in the order a? in Ref. 57.

(144)

CONCLUSIONS

Thus, proceeding from the geometrical interpretation
of a gauge field, we have attempted to understand from the
point of view of unified principles the collection of problems
that occur in a large class of noncovariant gauge conditions.
The contour gauge condition that we have introduced (path-
dependent gauge)'? leads to field configurations which can
be used to construct gauge theories in terms of gauge-invar-
iant quantities. The price of such an approach is the explicit
breaking of the Lorentz invariance of the Green’s functions.
The contour gauges contain as a limiting case gauge condi-
tions of axial type. At the same time, the rules for avoiding
the unphysical gauge poles are uniquely fixed. The infinitesi-
mal parameter £, which occurs in the definition of the path
and characterizes the distance of the initial point, is natural-
ly absent in the gauge-invariant structures. However, the
traditional method of calculation in perturbation theory re-
quires knowledge of the gauge-dependent Green’s functions.
This leads to a fundamental question: Is it possible to use
gauges of axial type in the framework of standard perturba-
tion theory in non-Abelian theories? In the higher orders of
perturbation theory the poles 1/£" require inclusion of the
following terms of the expansion with respect to the param-
eter &, since otherwise finite contributions to observable
quantities (1/£" ym(s,u,t)e" would be lost, and this would
entail violation of the gauge invariance. Theoretically, all
information for the separation of such terms is available, but
in computational practice this obviously leads to a huge
complication of the calculations. This fact was first dis-
cussed in Refs. 34 and 39, and Andrasi and Taylor’” recently
arrived at a similar conclusion. It is possible that that this
problem has deeper roots directly related to the residual
symmetry.*' Atthe same time, in problems that require sum-
mations of infinite sequences of diagrams, going beyond the
framework of the perturbative approach, the advantages of
contour gauges are quite strong. The proof of multiplicative
renormalizability has opened up the possibility of obtaining
equations that relate the propagator spectral functions,
which are actively used in the nonperturbative analysis of
the Dyson equations. The only rigorously solvable nonper-
turbative problem of quantum gauge theory—the summa-
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tion of the infrared divergences—acquires particular ele-
gance in contour gauges. Should the conclusion be drawn
that the main successes of the path-dependent formalism are
possible with the development of nonperturbative methods?
At the least, such a possibility should be borne in mind.

Note that our review has not covered all problems. We
have not made a comparative analysis of conditions with
timelike and spacelike contours. The case of an isotropic
gauge, (nd) =0, n? = 0, has not been sufficiently studied in
any of the approaches. The most systematic investigation of
the isotropic gauge was made in Ref. 56.

APPENDIX

Several derivations of Eq. (40) are known; we give one
of them, which was used in Ref. 12. We differentiate Eq.
(36) with respect to x, obtaining

a (aé eE(4) . &t 4 _
o (ar — —Lg?A“(z)E(A))—O, (A1)

where E(A) = Pexpligfidn(d," /Bn)ﬁy (2)); z. () is
some parametrization of the path from y to x. The expression
(A1) can be transformed to

2 () (e ) [ 1)

—ig o (L Ay ) E

(A2)

Equation (A2) can be readily solved by the method of vari-
ation of arbitrary constants. Let

dE

2, =®B, (z, y), (A3)
and suppose that the function & satisfies the equation
a . oz*
- (D—lg%Au (2) D=0; (A4)
then, since Eqs. (A4) and (36) are identical,
T
. ., 0 ozt
B, (z, y)=ig S)JTIE > (W A“(z))E
T
a* b rae @
+ {5 B 5,;] £ (AS)
0
e,
i a ¢ a [ 8%
— B E= § aNE () —— ( o Am(z)) E®)
i ¢ 0zq 028 _ 7 d :
+?§d%a—;j‘ [y B (A6)
E70yE | _y=0. (AT)

Integrating the first term on the right by parts and using Eq.
(36), we obtain

az¥
dxy,

E_]'A\;E e

= E-'0,E=—E-'4, () E + .
g ’ =Y

T
62" a M A A A A |
+ S ds 2 E1{0gdy—0yAy+ig [y, An)}E

—t —1[ a i] Dzp
g S dzall dzq ' Oz 2 oz, *

(A8)
Since

AP =E-14,E+ gL E-19,E,
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we obtain Eq. (40) from (A8). All the important properties
of the P-ordered exponential in fact follow from Eq. (36).
Thus, for the transformedd ' = U ~'4, U + (i/g)U ~'3, U
we obtain

U i
DEA) gy 2 4y ) U B + G UE (),

from i:vhich it follows that

dzh
at

= U (V) =ig S 4, () UL E,

ie.,
U-l (2) E (AY) U (y) = E (4).

The generalization of Stokes’s theorem to non-Abelian fields
can also be readily obtained by using Eq. (36) for two P-
ordered exponentials with contours that connect x and y but
noncoincident ¥, and y: ¥, — ¥, = 7.

"'"The principal-value prescription was introduced in Refs. 24-26.

» Derivations of Eq. (40), and also of the properties of P-ordered expon-
entials are given in the Appendix.

$Two-loop calculations in the MOM scheme in the & gauge, and also an
investigation of the dependence of the effective charge «, on the gauge
parameter @, can be found in Ref. 58.
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