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A method of determining the spin states of nuclei is proposed and justified theoretically. It is
based on measurement of the angular correlation function of particles and y rays emitted by the
final nucleus in an excited state with spin J ron transition to the ground state, the y rays being
detected in different planes relative to the reaction plane. It is shown that this method givesa
unique possibility for recovering the spin density matrix in transitions with J =L (Listhe
multipolarity of the y transition). The minimal number of planes in which it is necessary to
measure the angular correlation function in order to determine the density matrix fully is found.
Relationships between the components of the spin tensors of the density matrix and the
polarization characteristics of even—even nuclei are derived. The experimental values obtained by
this method for the density-matrix spin-tensor components, the substate populations, and the
orientations of the tensor operators are compared with the theoretical spin characteristics
calculated in the framework of the distorted-wave Born approximation with a finite-range

interaction.

INTRODUCTION

The study of nuclear structure by means of nuclear re-
actions has yielded much information about the states of
nuclei. In recent years, the experimental methods having be-
ing significantly improved, in particular through the in-
crease in the intensity of beams of polarized particles, much
attention has been devoted to the study of magnetic sub-
states, since knowledge of these substates yields new infor-
mation about nuclear properties at a qualitatively higher lev-
el.

It is usually assumed that the populations of unper-
turbed substates are described by the Boltzmann distribu-
tion:

M
P () ~esp[ — t‘—f--}] .

where 4 is the magnetic moment of the nucleus, H is the
nominal external field, and 7 is the absolute temperature.
Except in very strong fields (as in ferromagnets) or at very
low temperatures, the magnetic energy wHM /Jis negligibly
small compared with the energy k7 of the thermal motion.
As aresult, the exponential factor in P(M) is near unity, and
the population of the substates with different M is nearly
uniform. In the case of a nuclear reaction for which the angu-
lar distribution of the reaction products is anisotropic, the
substate population of the final nucleus is not uniform, i.e., it
is partly or completely aligned or polarized. Such a state of
the final nucleus will also decay anisotropically, and the an-
gular dependences of the cross sections for the emission of
the reaction products, and also their polarization character-
istics, will be determined by the substate populations of the
final nucleus.

The traditional method for studying populations is to
investigate the polarization of the reaction products. Ques-
tions related to the study of polarization phenomena in nu-
clear physics have been considered in detail in Ref. 1. Just as
much information about the magnetic substates can in prin-
ciple be obtained by studying the angular correlation func-
tion of the final particles (i.e., the probability of emission of
one of the particles in the direction n, when the other is
emitte« in the direction n, ) even if the final nucleus formed
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in the reaction is not determined. In the study of such pro-
cesses, the nuclear reaction itself plays a double role. On the
one hand, it may be the polarizer of the final particles or
nuclei, so that by investigating the magnetic substates we
study this polarization. On the other hand, the reaction may
be the analyzer or detector of polarization of the incident
particles if it gives an angular correlation that depends on
this polarization.

In an experimental study of the angular correlations,
one can detect coincidences in a definite angular interval of
either cascade ¥ rays emitted by the final nucleus on the
transition to the ground state (y—y correlations), or of the
final particles that are the reaction products (particle—parti-
cle correlations), or of the final particles and the ¥ rays (par-
ticle-y-ray correlations). The theoretical formalism for the
analysis of all types of angular correlations is practically the
same apart from some small modifications in the detection
efficiency tensor of the reaction products. This theoretical
formalism for analyzing the angular correlations and polari-
zations in nuclear reactions has been presented in a review by
Goldfarb.?

The fullest investigation has been of the y—y correla-
tions, the experimental study of which has led to the deter-
mination of the properties of many excited nuclear states
(spins, parities, probabilities of electromagnetic transitions,
etc.). The theory of y—y correlations in cascade processes
has been reviewed by Biedenharn and Rose® and Frauen-
felder.* There have been some studies® of the distortion of
the y—y correlations by intranuclear perturbing fields. These
distortions make it possible to obtain additional information
about the electric moments of the excited states of the nuclei.

In principle, study of the angular correlations between
the products of nuclear reactions gives much more informa-
tion about the properties of the excited nuclear states than
can be extracted from y-y correlations. The reason for this is
that even at moderate energies the long-wave approximation
is not valid in nuclear reactions, i.e., the transition matrix
element is, in contrast to the case of Y-y correlations, sensi-
tive to both the state structure of the final nucleus and the
reaction mechanism.

Particle—particle correlations have been studied experi-
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mentally in detail by Ogloblin et al.” These investigations
made it possible to establish with confidence the existence of
cluster states in nuclei at sufficiently high excitation ener-
gies.

Many studies, both theoretical and experimental, have
been devoted to the angular correlations between the parti-
cle reaction products and the y rays emitted by the final
nucleus on the transition from its excited state to the ground
state. The experimental study of these correlations has main-
ly developed in a number of directions: correlation experi-
ments with protons, neutrons, and deuterons of relatively
low energies (up to 10 MeV),*"* with protons produced in
(d, p) stripping reactions,'®'” and through the experimental
study of the angular correlation function and the popula-
tions of the magnetic substates in reactions in which unpo-
larized particles of relatively high energies (tens of mega-
electron-volts) participate.'®>* The theoretical analysis of
such experiments, in particular, of the substate populations,
is of great interest, since @ priori such quantities must be
more sensitive to the reaction mechanism and the structure
of the nuclear state than the differential cross section.

In the majority of theoretical analyses of particle-y-ray
correlation experiments the reaction matrix element is cal-
culated in the compound-nucleus model. There is a beautiful
review of Sheldon®? in which a number of general theorems
are formulated in the framework of this model about the
substate populations for inelastic scattering of unpolarized
particles with spin } (for example, in spin-flip reactions) and
spinless particles by even—even nuclei with excitation of a
2+ level. In Ref. 12, this model was used to calculate the
parameters of the angular correlation function in the '*C(a,
@’ 7'2C reaction. In recent theoretical studies** made at the
Leningrad Institute of Nuclear Physics in the framework of
the compound-nucleus model the substate populations of
the 2+ level of the '>C nucleus formed in inelastic scattering
of polarized neutrons by carbon nuclei have been calculated.

A significant number of the particle—y-ray correlation
experiments'® have been made for a fairly high energy of
the incident particles, so that for their interpretation it is
necessary to use the model of direct nuclear interactions
when calculating the reaction matrix element. Unfortunate-
ly, there have been no reviews of the analysis of the angular
correlations of the products of direct nuclear reactions. In
some papers, the correlation experiments in direct reactions
have been analyzed theoretically in the framework of the
coupled-channel method. In Ref. 26, it was used to analyze
the parameters of the a—y angular correlation function in the
2C(a, a'y)*Creactionat E, = 42MeV. InRef. 35,a group
of physicists at the University of Leningrad used the method
to calculate the substate populations of the 2 * level of the *
C nucleus found experimentally in Refs. 34 and 35. In Ref.
36, the method was used to calculate the p-y correlation
function in elastic scattering of E, = 13-MeV protons by '**
Ga. Many papers have been devoted to the theoretical analy-
sis of angular correlations in direct reactions in the frame-
work of the standard distorted-wave Born approximation
(DWBA) with a zero-range interaction. The p—y angular
correlations in (d, p) stripping reactions were discussed in
the DWBA in Ref. 37. In Ref. 38 the DWBA with a finite-
range interaction was used to analyze p-y correlations in the
2C(p, p'y)"*C reaction; in Ref. 39, a detailed analysis for
protons of higher energies was made in the impulse approxi-
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mation. In Refs. 40 and 41, the parameters of the angular
correlation function were considered for (a, y'y) reactions
in the plane-wave approximation for the cluster stripping,
replacement, and heavy-particle stripping mechanisms, and
it was shown that such mechanisms cannot explain all the
behavior of the parameters of the angular correlation func-
tion, for example, the angle of its symmetry as a function of
the emission angle of the final particles y. To explain such
features, it was proposed in Refs. 29 and 42 to use reaction
mechanisms that take into account the retardation in the
interaction, in particular, the simplest of them, illustrated by
the box diagram.

However, not one of the listed studies of the angular
correlation function has investigated the question of the
number of parameters that completely determines the spin
properties of the excited nuclear state and whether these pa-
rameters can in principle be found by studying the final-
particle~y-ray angular correlation function. The present re-
view, which is based on the studies**~** made in recent years
at the Institute of Nuclear Physics at Moscow State Univer-
sity, is devoted to study of the angular correlation function
from precisely this point of view. Specifically, the following
questions are examined.

1. The determination of the density matrix of the excit-
ed state of the final nucleus formed in a nuclear reaction 4 (x,
»)B* and of the number of independent parameters that
characterize the density matrix for particular types of reac-
tion.

2. The determination of the angular correlation func-
tion, its parametrization, and the connection between the
parameters of the density matrix and the angular correlation
function.

3. The recovery of the density matrix of a given nuclear
state by measurement of the angular correlation function in
different planes of y-ray detection relative to the reaction
plane.

4. The determination of the polarization characteristics
of excited nuclear states and of the orientations of the var-
ious tensor operators.

5. Theoretical calculations of the density matrix and of
the polarization characteristics of excited nuclear states in
direct reactions by the DWBA with a finite-range interac-
tion.

1.SPIN DENSITY MATRIX AND ITS PARAMETRIZATION FOR
DIFFERENT SYSTEMS

The density-matrix concept was first introduced in
theoretical physics®' to describe statistical concepts in quan-
tum mechanics, since the density-matrix method makes it
possible to consider all quantum-mechanical states, both ful-
ly and incompletely determined. The general theory of the
density matrix and its application have been studied by
many authors. Here, we shall not consider all aspects of the
density-matrix concept, referring the interested readers to
Blum’s monograph,** which contains a detailed analysis of
the density-matrix formalism. Moreover, we shall limit our-
selves here to the density matrix of specific systems, omitting
the general quantum-mechanical definitions of the density
matrix.

We formulate here only those definitions that will be
important for us in what follows. ™
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1. The density matrix p(M, M') is a positive-definite
Hermitian matrix,

p (M, M')* =p (M', M), (1)
and it satisfies the normalization condition
Sp p (M, M’) = const. (2)

2. The average value of any physical quantity T in the
state described by the density matrix p(M, M’) is given by

T,, = Sp (pT)/Sp p. (3)

3. The positive definiteness of the operator p(M, M")
means that all the eigenvalues p (M, M) of the density matrix
are non-negative; at the same time,

N p (M, M) =Spop. (4)

M

We shall consider processes of the type
x+A—+y+B*ﬁ>y+B—v (5)

and study the angular correlation function wQ,, Q,) of
the final particles y and y rays emitted by the final nucleus B *
on the transition from the state with spin J '+ to the ground
state with spin J,. Even if the initial system had no orienta-
tion (polarization of all initial particles equal to zero), after
emission of particle y the nucleus B * is oriented relative to
the direction of emission @, of the final particles. As a result,
the angular distribution of the y rays, and with it v,
Q, ),is anisotropic with respect to Q..

In investigating the angular correlation function, we
detect coincidences of only the final particles and the ¥ rays.
In other words, only some of the large number of degrees of
freedom that characterize the system as a whole are of inter-
est to us. In the general case,™ it is impossible to construct a
wave function that depends on the variables of only the par-
ticles that are detected experimentally (i.e., a wave function
that does not depend on the variables of the remaining parti-
cles). To describe such systems, it is necessary to use the
density-matrix formalism.

Inaccordance with the general theory, *** the spin den-
sity matrix p 1, (M, M ;) of the state of the nucleus B * with
spin J, is determined by

o, (M, M)= X

My, My M 4, My

My, M

J o g T wJ J J. T
17 Pl AT o e e
. F"J'_‘1 ("”Av JI.—\) TZJ. "“lxMAMqu (Qy) T;j' M.\'M:-l‘“y‘"_f (Qy)v

(6)

0, (M, M)

¥

wherep, (M., M) and ps,(M,, M) are the spin density
matrices of the incident particles and the initial nucleus, re-
spectively, and T:}f;:“;’ﬁu 1, (£2,,) is the matrix element of the
transition in the reaction 4 (x, y ) B *. Sometimes, the matrix
element of the transition to the state |J,M,| will be denoted
simply by Ty, (L,), and the indices /., J ,, Jodo M, M,,
M, will be omitted.

If the spin density matrices of the initial particles and
the initial nucleus satisfy the normalization condition

Sp ps; (M, M) =15 Sp oy (M4, My) =1, (7)
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then the density matrix (6) is normalized by the differential
reaction cross section:

Sp psy (M;, Mj) = do/dQ. (8)

The spin density matrices of the initial states are deter-
mined by their polarization state. In the case of unpolarized
incident particles and targets,

B Bl
by (M, M=, By (Mo, My)= %f:% . (9)
If the initial system has polarization properties, the corre-
sponding density matrix is expressed in terms of the polar-
ization tensors of the system. In particular, if the spin of the
particle (or initial nucleus) is J, then

p==1/2 (I+Po), (10)

where & are the Pauli spin matrices, and P characterizes the
degree of polarization of the particles, this satisfying, in ac-
cordance with the normalization condition (7)),

0<P<1, (11)

where for P = 1 the state is completely polarized, while for
P = 0 there is no polarization.

We consider how many independent parameters char-
acterize the density matrix (6) of the nucleus in the state
with spin J;. It is obvious that p 7, (My, M 15 Q) is a square
matrix of dimension (2J; + 1) with total number of com-
plex elements (2J, + 1) It follows from the definition (3)
that the diagonal elements of the density matrix are real and
that the real and imaginary parts of the nondiagonal ele-
ments are related by the symmetry

Re pgy (M;, Mj) = Re py; (M7, M);
Im py; (M;, M}) = —Im o5 (Mj, M),

(11a)
(11b)

As a result, the number of real parameters that characterize
the density matrix in the state with spin J is determined in
the most general case by the expression ( 2J, 4+ 1) " How-
ever, in real physical systems possessing symmetry to some
degree not all these parameters are independent.

To clarify the connection between the independent pa-
rameters of the density matrix and the symmetry properties
of the system, it is convenient to consider, not the density
matrix itself, but its spin tensors Pi. (£2,), the coefficients of
the decomposition of the density matrix P, (M;, M Q)
with respect to the complete set of irreducible tensor opera-
tors Ty, (J,) of rank & (0<k<2J)):

2, Y
o, (My, Mj; Q) = 2 ¥ i (@) (M4 | Ty (V) | Mp).

(12)

k=1 z:_— k
In accordance with the general definitions (see, for example,
Refs. 1, 52, and 54), the matrix element of the irreducible
tensor operator T,,, (J;) in the state with spin J ' is given by

1
lf:!.fj——l s 1)
X (T, M J s — M} | k. (13)

Substituting the definition (13) in (12), we obtain

(‘][.T' l Tkz (J_f) I J[, = Jf*.‘il'f

0y (My Mi Q)= Tﬁ.lj_lﬂ 2 (= I)J.f":”_f
S hn
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We multiply Eq. (14) by ( — 1)~ *(J, M, J, — M }|kx)
and sum over M, M ;. As a result, we obtain for the spin
tensors the definition

Pre () =V 211 X (=11 M T,

J\ifnr}
—- M} | kwy ey, (M;, M;, Q,),
Sp p_[f(j”fa ﬂ'jf) = Poo (Qy)

(15)
(15a)

The spin tensors of odd rank (k = 1, 3,...) are usually called
polarization tensors, and those of even rank (k =0, 2, 4,...)
are called alignment tensors.

Because the density matrix (1) is Hermitian,

qu (Qy) R ("" 1)/ Pr—« (Qy)s (16)

and this means that in the most general case, i.e., in the case
of nuclear reactions with the participation of polarized parti-
cles and with detection of the polarization of the final parti-
cles, the components p,,. (,) with x = Oare real, while the
real and imaginary parts of the p,,, (2,) with x7#0are relat-
ed by [cf. (11)]

(17a)
(17b)

Re Pr= (Qy) = ( = 1)" Re Py—» (Qy);
Im g (@) = — (— 1) Im oy ().

As a result, for each k the number of real parameters that
determine the spin tensors p,, (£,) is 2k + 1. The total
number of parameters that characterize the spin tensors
Pr. (2,) with all possible k is obviously given by the sum

2J;
i
pa

N,= (2k 1) = (2J; -+ 12 (18)

k=0, 1, 2

If the system of interacting particles is not in an external
field, it is invariant with respect to time reversal (unpolar-
ized particles and unpolarized targets participate in the reac-
tion). In this case, the number of parameters that character-
ize the density matrix or its spin tensors can be determined
from the following considerations.*® If the quantization axis
z is directed along the beam of the incident particles, the
matrix element of a reaction with unpolarized initial parti-
cles satisfies the condition

FFaAT P
2 AT YT o A I x u
Tl Sl i, <ap ap, (Byi=1{—4)

M =M;+M, =M, J.J J,.J
4 i 2 %A f
w(—1) AT TR _\1_1_,'[’_-\1'_“,31 o My (6!’,).

(19)

The relation (19) obviously leads to the following restric-
tion on py, (3, ):

Ore (By) = (— 1) P (8) (20)
(the angle ¢, is measured in the reaction plane from the z
axis).

The condition (20) means that in reactions with the
participation of unpolarized particles when the quantization
axis z coincides with the direction of the momentum of the
incident particles the spin tensors of the density matrix with
even k are real, and those with odd k are purely imaginary.
As a result, for each & the number of parameters of the spin
tensor is k + 1, and the total number is
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Nyp=

h=1,

(21)

2]/ &
.

D= @I D).
If the quantization axis z for such reactions is perpendicular
to the reaction plane, the change in the spin projection of the
nucleus, M, — M ; = x, must have parity equal to k (Bohr’s
theorem®’). The number of complex components of
Pi. (£2,) with such projections for each & is k + 1. Taking
into account the relation (11), and also the fact that the
component p,, (£, ) is always real, we can readily show that
the number of real parameters that determine p,, ({2, ) with
given k is again k + 1, i.e., does not depend on the choice of
the quantization axis. Hence, the total number of real pa-
rameters of the density matrix is again given by the expres-
sion (21).

If in reactions with unpolarized initial particles the po-
larization of the final particles is not detected, the system has
a symmetry plane and the spin tensors py, (,) must be
invariant with respect to reflection in this plane. Such a re-
quirement leads to the condition®

P () = (— 1) pr (2y), (22)

i.e., in such systems only the p,,, (2, ) with even k are non-
zero. Note that in coordinate systems with the z axis along
the incident beam for reactions with unpolarized particles
and without detection of the polarization of the final parti-
cles the p,, (£2,) with even k are real and their projections
take all values from — k to k. In coordinate systems with the
z axis perpendicular to the reaction plane, the p,,. (©2,) with
even k are complex for such reactions, and the projection x
can take only even values. As a result, the total number of
parameters that characterize the density matrix or its spin

tensors is determined for such reactions by the following
rules:

Integral J;: N, =
k=1

wl4E

(k-+1)=(J;4 1) (23)

o
2 -1

Half-integral J,: N,=~

k=0, 2,4

(k1) = (J, & 1/2)2.
(24)

In Table I, we give the number of real parameters NV,
that determine the density matrix of the nucleus (or its spin
tensors) in the state with spin J, as a function of the methods
of formation and detection of this state. It can be seen that
N, increases sharply with increasing spin J,. This means
that for nuclear states with large spins the measurement of
just one quantity—the differential cross section—gives a
small amount of the information about the properties of this
state that can in principle be obtained, so that further experi-
ments are needed for complete recovery of the density ma-
trix and, thus, the spin characteristics of the nucleus. It is
important to note that the experimental measurement of the
populations of the magnetic substates also does not enable
one to obtain a complete set of information about the density
matrix of the excited state. Such measurements [with
allowance for the symmetry relations (11) and (17) ] enable
one to find the diagonal elements of the density matrix (total
numberJ, + 1), which are further related by the normaliza-
tion condition (8). As follows from Table I, it is only for spin
s = that a polarization experiment of this kind permits
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TABLE I. Number of real parameters N, of the density matrix of a nuclear state with

spin J; as a function of J, and the methods of formation of this state. *®

Iy 1/2 1 3/2 2 5/2 3 772
Reactions with polarized particles| 4 9 16 25 36 49 64
with detection of polarization
Reactions with unpolarized parti- 3 5 10 15 21 28 36
cles with detection of polarization
Reactions with unpolarized parti- 1 4 4 9 9 16 16
cles without detection of polariza-
tion

complete determination of the density matrix. For spins
51, it is necessary to seek other experimental methods in
order to find the nondiagonal elements of the density matrix
or the corresponding spin tensors. We shall show below that
measurement of the particle-y-ray angular correlation func-
tion gives, in a number of important special cases, a unique
possibility for finding all parameters of the density matrix of
the excited state of the final nucleus, so that one can deter-
mine its various spin characteristics, including the popula-
tions of the magnetic substates.

2.DETERMINATION OF THE ANGULAR CORRELATION
FUNCTION OF THE FINAL PARTICLES AND y RAYS. THE
v-RAY DETECTION EFFICIENCY TENSOR

To determine the angular correlation function Q(Q i
©Q,), we must find the probability that the final system
B(J;)»B(J,) + y will be detected by an ideal instrument
characterized by efficiency matrix €. In accordance with the
general definitions (2),

W (@, ,) = Sp (o). (25)

The definition of the ideal detector contains the follow-
ing requirements:

1. The sensitivity of the detector to one of the properties
of the detected particles (energy, momentum, spin, etc.)
does not depend on its sensitivity to another property.

2. The detector efficiency does not depend on the energy
of the particles.

3. The detector detects particles moving in a strictly
defined direction.?

We introduce the detector spin efficiency tensors®’:

1 J =2
B Q) = e X (= )7

Mg
X M T — My | k) e,;f(ﬂ[_f. M. (26)

Then, obviously, the relation (25) can be rewritten in the
form (Refs. 2, 36, 52, and 54)

w (Qy! Q)= ; Pr= (Qy) si;f; (Q,, D).

¥

(27)

Theexpressions (25) and (27) can be interpreted as the
probability that the system with density matrix
P J}‘(M r» M [; ©,) will be found by a detector that detects the
final particles independently of their energies and spins in
the directions Q,, Q,, Q.. In other words, (25) and (27)
give the most general definition of the angular correlation
function of the final particles.
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We obtain expressions for the efficiency tensors
e, ( ., ;). By property 1 of ideal detectors, the efficiency

matrix € JI(M » M ;) must factorize into parts associated

with the matrices si‘(’:,f((lo) representing the efficiency of

detection of the final nucleus and €, (2,:Ap,p') of the y-
ray detection efficiency. Here, J, (M,) is the spin (its pro-
jection) of the final nucleus in the ground state, L is the
multipolarity of the emission of the y ray, A is its helicity, and
the quantum number p distinguishes the electric and mag-
netic transitions:

p=0 for E}-transitions; ]

p=1 for M})-transitions. (28)

Such factorization can be done by going over from the repre-
sentation |Jo, L(4 p, p'); J;M;), in which the tensors
€. (£2,,02,) are defined, to the representation |J,M,),
|LA p, p'), in which e,“:‘!’)if( Q) and €7, (Q,;4p,p') are de-
fined.

In other words, we must go over from the angular-mo-
mentum coupling scheme

Fot L= Iy L =t =k

to the other scheme

(Jo‘:"‘]; = ko) 4 (L -+ L =k? = k.
Such a transition is realized by means of the normalized 9j
symbols. As a result, we obtain for the efficiency tensors>*

J e
(@ B) = S

J:.,:z.r.h__z_'

(Rorohyny | K

Jo Iy Ky
(L L ;,-.,,) si:ié(Qo)E}Z';‘,;v(Qv, Ap, p). (29)

Iy iy ik
Since we do not observe the final nucleus, the efficiency ten-
',:"J° (£2) can be represented in the form

0%

SOT €
€hond (R0) =V 2751 64,085,081 (30)
By virtue of (30), the expression (29) simplifies to

eg;(sz.,)=§,e,g-;;‘(9.,, M, pYw(JdJoL:J,L') VBT, F1).

(31)

We find expressions for the y-ray detection efficiency
tensor &, (£,,4p,p') in terms of the characteristics L, A, p
of the photon emission. We first of all note that eigenvectors
of the y ray are states |LA p) with definite projection A onto
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the axis p,. The orientation of this axis in the coordinate
system of the detector is given by the angle £,. Therefore

eks (@ 2p. P)= D (R)Cow(pL. p'L),  (32)
5

where the quantities C;, (pL, p'L ') are the radiation param-

eters of the photon detection efficiency tensor in the self-

frame of the emitter. The photon radiation parameters can

be expressed®® in terms of the coefficients

/L1

(Lhp |00 =M —5 (33)

in the expansion of the photon plane wave |04 ) with respect
to multipoles L with helicity A. The corresponding expres-
sion has the form®

Cav(pL, PL)= B (—

A=%x1

DE =00 | py | 2

s (LAp | O (O’ | p' M LYLAL — 2 | kv, (34)

In (34), the matrix (1 '|p, |4 ) is the density matrix of the
photon in the helicity representation. Usually, this matrix is
expressed in terms of Stokes parameters’*:

11 — 1+
ol e oy L Bl
L !P-.-\”:?(—ns—im 1y ) e

The physical meaning of these parameters is as follows>%:

1. The parameter 7, determines the degree of linear
polarization of the y-ray beam with respect to the x and y
axes:

I (0 )—1T (907)
R e L (36)

2. The parameter 77, specifies the degree of linear polar-
ization with respect to two mutually perpendicular axes ori-
ented at angle 45° to the x axis:

e £ (453)—11'(135‘) : (37)
3. The parameter 77, characterizes the degree of circular
polarization of the y rays:

= AL (38)

It follows from the definitions (35)—(38) that if the
beam of y rays does not have linear polarization and is uni-
formly circularly polarized (there is no right-left asymme-
try), then all three Stokes parameters vanish and the photon
density matrix becomes the identity matrix.

We calculate explicitly the radiation parameters (34).
Since the helicitiesare 4,4 ' = + 1, twocases are possible for
Ciw. (pL,p’'L"):

DA=A'=+Lv=0;2)A=14"=
versa), v= + 2.

Combining the expressions (33)-(35), we can readily
obtain for the photon radiation parameters the following re-
sults®:

1.v=0:

CiolpL, p'L)=EEEJEEED ()™

CHLAL =1 ROy (1= (=D 4 m 1= (=171} (39)

— 1 (or vice

wheref=L +L' +p+p + k.

2.v= 42
( VLD 2L 31 Ligp’
Cra(pL, p'L')- ,ﬁ__g?[—(_l) p
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s ALALL | k2) {(ng — iny) + (g i) (— 1) FHHPHP=RY,

(40)
Substituting the expressions (39) and (40) in the definitions
(31) and (32), we obtain for €/, (2,)
VeI +n
(9 )= 2V hn (2%k+1) L‘L'S‘fpp,
« gy (p) g, (p")w (JkI L2 ;L")

X (=D LAL —1 RO+ (—1)
M ll—(— 1)f } YE. (22y)

VeL+HeL +h)

S e R RNl ]/ L D (2,)
A {(Mg— ing) + (Mg -+ iny) (~ 1)f}1, (41)

where the quantities g, (p) are determined by the mixing
coefficients of the electromagnetic transitions,® and
z.8.(p) =1
It follows from analysis of the expression (41) thatif we
detect both linear and circular polarization of the y rays,
then the tensor ef{,, ) is Hermitian, and the number of its
parameters is given by the sum
k,

e

Ne= 3 (@k+1)= (k1) S

B=0C1 2

where k, = max(2J,, 2L},
If we detect only circular polarization of the ¥ rays (7,
= 7, = 0), then, as follows from (41), the tensor sif,‘ (2,)
is real and is determined by the number of parameters
kc

No= 3

k=0, 1, 2

(k1) = - (ke 1) (ke +-2). (43)

Finally, if polarization of the  rays is not detected at all (all
17, = 0), then, in accordance with (41), the tensor a,m ()
is nonzero only for even values of k and is determined by the
number of parameters

kr:

S (1) = U2 (44)
k=0, 2, &

Comparing the expressions (18), (21), (23),and (24)

for N, with the corresponding expressions (42)-(44) for
N,,we readily see that under the condition

N, =

ky =k Jp=L=1L (45)
the spin tensor e (2,) is characterized by the same num-
ber of parameters as the density matrix p J,I(M M ;). This
means that measurement of W(4,, Q) in reactions in
which the condition (45) is satisfied makes it possible to find
all real parameters of the density matrix of a nucleus in the
given excited state J .

3.PARAMETRIZATION OF THE ANGULAR CORRELATION
FUNCTION OF THE FINAL PARTICLES AND y RAYS

In the previous section, we obtained expressions for the
y-ray detection efficiency tensor in the most general case.
Combining the expressions (27) and (41), we can readily
obtain the angular correlation function of the final particles
and y rays. Moreover, the analytic dependence of W,
Q. )on either of the two angles that determine the direction
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of emission of the y ray is given explicitly. This, in its turn,
means that the form of the angular correlation function, i.e.,
its dependence on one of the angles of emission of the  ray
when the other is fixed, can be readily parametrized. At the
same time, the minimal number of points at which it is neces-
sary to measure the angular correlation function will be de-
termined by the number of parameters of its shape. As a
result, the time of measurement of the angular correlation
function needed to accumulate the required statistics can be
minimized and the labor of the correlation experiments ac-
cordingly reduced.

Hitherto, the polarization of ¥ rays has not been mea-
sured in experiments that have studied the angular correla-
tion function, i.e., the experimental values of W/( Q, 0.)
have related p,, (£2,) and ¢, (2, ) with even k, each of
these spin tensors depending on (J,; + 1)? parameters. As a
result of such experiments, we can obtain only the orienta-
tional (and not the polarization) characteristics of the nu-
cleus B * in the state J ', Nevertheless, such experiments do
considerably raise the level of our knowledge of the proper-
ties of the excited nuclear states; for example, for/, = 2ina
correlation experiment we can in principle obtain nine of the
parameters that characterize the given state of the nucleus
B*, and for J; = 3 we obtain 16. In what follows, we shall
consider W (£, ,) only for reactions without detection of
the y-ray polarization.

There have been numerous studies (Refs. 22, 28, 36, 37,
40, and 57-60) of the angular correlation function for the
important special case of the scattering of spinless or spin-§
particles by even—even nuclei with excitation of a 2 * level,
and also for reactions with formation of an even—even nu-
cleus in the same state. This state is de-excited by emission of
a y ray of multipolarity E2. For such reactions, the density
matrix is obviously characterized by nine real parameters.
However, if the y ray is detected only in one plane relative to
the reaction plane (with given azimuthal or polar angle), we
are in principle unable to find all the parameters of the den-
sity matrix, irrespective of the number of points of measure-
ment, since the form of the angular correlation function in
each plane depends on only 2L + 1 parameters, where L is
the multipolarity of the y radiation. Therefore, it is neces-
sary to solve in general form the problem of the connection
between the parameters that determine the form of the angu-
lar correlation function and the parameters of the density
matrix independently of model ideas about the reaction
mechanism.

Using the expressions (27) and (41) and restricting the
treatment to reactions with unpolarized particles when the
condition (45) is satisfied, we obtain for the particle-y-ray
angular correlation function

W(Q,, Q.)—

v et} TR
— 21 4a(2k--1)

CA(LAL—1 | I;-O) u(LEJGL 0 LL) Yiy ()01 (Q,). (46)
We introduce

Ape () =(— )" VILF1(LIL—1]k0) 012 (2). (47)

5 (=1

V2L 1 (—1)k*t

For s = 0, for example, the relationship (47) takes the form

=

Ag ("Qy) = Qoo (Qy); Azu (Qy) Sk -l,/ [_ai 020 ‘(Qy);
=g

Ay (R)= "“]/ = Puo (). (48)
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FIG. 1. Coordinate system with z axis along the beam of the incident
particles.

Comparing (7), (15), and (48), we obtain

Ago () = do/dQ. (49)

We note that the condition (45) is satisfed, as a rule, in
transitions in which the spin of the final nucleus is Jy=0.
Then the expression for the angular correlation function
takes the form

W(Q,, Q)=

1 s -
3 51}_111* Are(@) YE.(2,).  (50)

Via - 3 ok -L
It is such transitions in reactions with unpolarized particles
that we shall consider below.

For further transformation of the expression (50), it is
necessary to choose a definite coordinate system. As a basis
system (Fig. 1), we shall use a coordinate system with the z
axis along the momentum of the incident particles and the
reaction plane coincident with the (x, z) plane. In this coor-
dinate system, the polar angle 9, determines the angular
distribution of the reaction product particles », whereas the
angular correlation function for a given plane of the ¥ detec-
tor (its direction is determined by the azimuthal angle @)
depends on the polar angle ¢,. This coordinate system is
very convenient for comparing the ordinary and double dif-
ferential cross sections, and also for obtaining the explicit
dependence of the angular correlation function on the angle
9,

Some studies (Refs. 22, 36, 37, 59, and 60) use a differ-
ent coordinate system, in which the z’ axis is perpendicular
to the reaction plane [the (x'y’) plane] (Fig. 2). In this case,
the polar angle !, determines the orientation of the ¥ rays
with respect to the reaction plane, the angular distribution of
the reaction products is given by the azimuthal angle ¢ ;,
and the angular dependence of the angular correlation func-
tion for given ¢/ is determined by the angle @ ;. Such a
choice of the coordinate system is convenient for the direct
determination of the polarization characteristics of the ex-
cited nucleus, since in this case the z’ axis coincides with the
direction of the spin of the nucleus.

The connection between the two coordinate systems is
given by

FIG. 2. Coordinate system with z axis perpendicular to the reaction plane.
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cos ¥, = sind, cos ¢y; cos Gy =sind, sin @,.

(51)

In particular, in the reaction plane (in the coordinate system
of Fig. 1, this plane is determined by the condition ¢, =0,
and in the coordinate system of Fig. 2 by the condition
i}, = m/2) the angle 7, is replaced by the angle ¢ ;..

We shall write down the explicit expressions for the
function (50) in the different coordinate systems. As was
shown in the previous sections, in the coordinate system of
Fig. 1 the quantities A, (7,) are real, and the sum (50) is
calculated over even values of k& and arbitrary » (both even
and odd). We then obtain

R D
h=0,2, ...} %
<V

In the primed coordinate system, the sum in (50) is again
over the even k, but the 4 . (¢ ;) with 0 are now com-
plex, so that the angular correlation function in the primed
variables takes the form

W (8, A (By)

Pk (cos Uy) cos ng,,. (50a)

¥ i ¥ 1 2
W9y, 03, 99) =4~ 2 l/ 2k -1
R=0,2; .. =m0, 3, ...
K| A (9y) | ?;: (cos iy) cos {npp — (om)}s (50b)
in which
, ’ , ’ it 15 ()
A (03) = | A () €V, (52)

where a,,, (¢ ;) is a real phase.

We shall obtain the parametrized form of the angular
correlation function in the coordinate system of Fig. 1. Us-
ing the explicit form of the associated Legendre polynomi-
als, we can represent the function (50a) for the 2*-0" tran-
sition in the form

W (1, 0y, ¢,)=a—ec,cos 4, —s, sin 41,

+ Bsin®2 (¢,—0,)
+Csin?(0,—0y),  (53)

where the real parameters a, c,, 54, ¢5, 5, (4, B, C, 8, 6n)

can be expressed in terms of the parameters of the spin ten-

sors 4, (7,) of the density matrix and the angle ¢y as fol-
lows:

1
a=A+3 Bt C=gpe

—cyc08 20, —s,sin29,=4

{(1640+440 )
Au)+(@EVBAL+3VERAL)
‘cos 2rp.. +3/2 l/gi A, cos 4(P-.‘} i

L Beos 40, = 6!1 {_._'37‘1‘\,‘“

{3
il ]/%_A cos_"rP;———V T0 A, cos icr..};
5= B { 7V 5 Ay cos g,
e 1r 33 h\m(‘{ls 3, }

Cy ;-;—.l— C cos 20, = T f— (194,

2 b 2
+3A40) +(4 )/ 6 Ay —2 /10 A,,) cos 2¢

+ ]/fﬁ) A'n!; cos —f q} f’

A8V B A,
2135 A, cos 30,).

I-J

1 "
§, = B sin4

(54)

$p= 3 C 5in 20y, =

+2 ]/o A,,) cos @, -+
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It is clear that the parametrization (53) can be inverted to
make the form of the angular correlation function deter-
mined by the angle ¢,.. Then the parameters of the angular
correlation function (the number of which is not, of course,
changed by this inversion) will depend on Ay, (&#,) and the
angle 4, .

Thus, we have found that in the case of an arbitrary
reaction with formation of an even—even nucleus ina 2 *
state with subsequent emission of a ¢ ray of multipolarity E2
the form of the angular correlation function of the final par-
ticles and the y rays in an arbitrary plane can be expressed in
terms of five linear combinations of the parameters of the
density-matrix spin tensors; moreover, the dependence of
the parameters of the form of the angular correlation func-
tion on the azimuthal angle of emission of the y ray is given
analytically.

Besides (54), some further constraints are imposed on
the parameters A, (4%, ) by the continuity of W(<,, ¢, ¢.)
at the poles. They have the form

W(\l"y, \:}Yﬂozﬂ, (ij =@ — Cy—Cy w
( 00 T \m, - _\ ) $
Lo W
T Cosgy a0, (Oy, By, 1y) lu.l.-_; =
= Asyg 2 | (ly{_JA 9 VTJ AL
cos y 4m 21 ¢~ ¥ g v
(33)

The relations (53)-(55) give the complete solution to our
problem of parametrizing the form of the angular correla-
tion function for 2 -0 transitions and of the relationship
between the corresponding parameters and the parameters
of the density-matrix spin tensors. The generalization of our
results to the case of other pure E4 transitions in accordance
with (50a) does not present any basic difficulties. However,
since the number of independent parameters A, (¢,) (see
Table I) increases sharply with increasing multipolarity of
the transition, the corresponding expressions are rather
cumbersome, and we shall not give them here.

For completeness, we give the analogous parametriza-
tion of the formof W(g ;, ¢, ¢ ») in the primed coordinate
system. Using (50b) fora 2™ — 07 transition, we can obtain

W(qy, Uy, @y)=a —c,cosdqey —s; sin dgy

— €y €08 2qy — 5y 8in 2¢y = A"+ B’ sin 2 (g — y)
O sin® (gp— Dyg).

(56)

The form parameters a’, ¢}, 53, ¢5, 55 can be expressed in

terms of nine quantities, namely, the six real amplitudes

Acw (@), Akle)), Akle)), [ALle))], [ALle)]s
|Ais (@ ;)| and the three real phases a,, (¢ ,), as follows:
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3
Aé,o) c0s 207 -+ Ajg cos !mv} ;

{SA AR A,,(,

o
Rl
Il

i 1 70 | A4y |cos ey, sin® s

m

I

e

in 4@y = —5— V70 | Ajy | sin @, sin® 04

{ VG| Abs | cos g

.'.r»— [‘:l'_" |g‘.-.

(-\

x}

cos )(I)UU_‘ 3

™SI
ve| en|
te| w

| Ajs | cos a4q+(l/10 | Ais | cosay, |

i
s,

N
-—
.
1=~
&

o | COS &yy) COS 28y —— ]/.)/_ | Ajo |
7 COS OLys COS 11)1,} A
{ ]f(i | Az | sin ey,

+ 572 342 | Ao | sin oy, —{—(V 10 | Al | sinay,
—2 16| Als | sin ay,) cos 205,

T /5
e

f r
8, == = C sin 2(]}”0 =

| Aio | sin amcos/lﬂ{,} ;

(57)

from which it follows directly that the symmetry angle @, is
related, irrespective of the detection plane of the y rays, to

the phase a44 by
My=— r)",‘.

(58)

With allowance for the continuity of W(g ;, #,, ¢ ) at the
poles we obtain for the form parameters of the angular corre-
lation function in the primed coordinate system the addi-

tional restrictions
=q'— ¢, — €y3
_ Asp- sy (59)

s (r'\!) I(L:‘!;-ﬂ =21~ cos @
g

W (g 05, 0 -—"'f»--::n)
1 ”, I/V(q;j

cos ¢, r)qﬁl,

4. POSSIBLE SIMPLIFICATIONS OF THE GENERAL
PARAMETRIZATION OF THE FORM OF THE ANGULAR
CORRELATION FUNCTION

We now consider various simplifications of the parame-
trization of the form of W(,, Q) associated with the in-
troduction of additional conditions on the reaction matrix
element T, ({2, ), these depending on the particular mecha-
nism of the reaction.

We consider the case most often encountered in prac-
tice, when the reaction matrix element satisfies the condition

Th, (@) =(—1)"

"T_Mf(Q_,,), (60)

i.e., is Hermitian. In accordance with (19), this condition is
always satisfied in reactions with spinless particles on even—
even nuclei and in the scattering of spin-4 particles (without
spin flip) by the same nuclei if mechanisms that take into
account the retardation in the interaction are ignored.*? It
follows from the definitions (6) and (15) that if the condi-
tion (60) is satisfied, then the density matrix or its spin ten-
sors are determined by the combination of amplitudes
T, T3, For2"-0" transitions, there are obviously six such
combinations:

T2, T8, T8, T,

2

=V B (T, T3+ T,T):
T,y - ]y 6 (T,TV - ToT%); Ty =(T,T% 4 T.TY).
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For the state of a nucleus with arbitrary spin J,, the spin
tensors of this state are determined when (60) is satisfied by
2(J; + 1) real parameters, ie,onA,, (Q,)afurtherJ } —1
conditions are imposed. It is not difficult to show that in this
case too the form of the angular correlation function is deter-
mined by the expression (53), but the parameters of the

form are expressed in terms of TM,'Tfa, combinations as fol-

lows:
= Le—_5 [(3T 48T 45T
a=A+5 B+5C 434—“{(' o T 8T+ 05T;)-
— 2T,y cos 2¢, — 3T} cos 4(p.f} :
¢o= 5 Beos 46, = - (3T} — 4T2 4 T))
— (4T} 4 Typ) cos 2¢, + T cos g, };
s,_:fl)-Bsin 40, = 6? (—2Ty+2Ty,) |
< cos ¢, + 2T, cos g, };
oy = i, € cos 200 = i {( — 4T+ 4T)
+ 4T3 cos 2¢, - 4T3 cos 4o, };
]
m{4T12 COS
— 4T, cos 3¢, ).

If the relation (60) holds, the differential cross section has
the form

(61)

| .
Sy == Csin 20, =

do/dR =T} 912 - 27%, (62)

and the conditions of continuity of W(#,, #,, ¢,) at the
poles can be written as
5 I
(t—c,‘—cg=4—;Tf; %ilzzi— (Tm—%Tm) '

Apart from normalizing factors, the expressions (61) are
identical to the expression for the angular correlation func-
tion obtained in Ref. 58 for inelastic scattering of protons by
an even—even nucleus in the L-S coupling approximation
[for such a reaction, the condition (60) is obviously satis-
fied]. In the reaction plane (¢, = 0), the form parameters
¢, and s, vanish in accordance with (61), and the form of the
angular correlation function is described by the three-pa-
rameter expression which is usually employed to analyze
experimental data in the vast majority of studies:

W (8, 0y, @y=0)=A(8,)+ B (0,) sin2 (8, — 6 (8).
(63)

In this case, the expressions for 4 (ﬁy), B(ﬂy), and 6, (4,)
also simplify:

A4 Tﬁ B= % (3T; 4 8T 4 2T; — Ty); l

I (a0 DT

0

1 Beos40,= (64)

1 : 5
Tl-Bsm 46, = B

(—2T,,+4Ty,).

Apart from the normalizing factor, analogous expressions
can be found in Ref. 57. We emphasize once more that the
parametrization (63) holds only in the reaction plane for
processes whose matrix element satisfies the condition (60).

For 2* - 0% transitions when the condition (60) is sat-
isfied three additional restrictions are imposed on the pa-
rameters A, . These can be taken, for example, in the form
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Agp+Agy+Ay— ]/E Ay — l/% A,=0;
“4Auu+8Azo+A;g-—V7_0 A, =0;
4V6Au+V5A,,+V354,,=0.

(65)

These equations are equivalent to the vanishing of W(<,, ¢
=@, = w/2), 1.e, if the condition (60) is satisfied, the iso-
tropic part of the angular correlation function in the perpen-
dicular plane vanishes. For completeness, we also give the
expressions that relate A, to the TM gty combinations:

1 7
TS = kel TApts Azo T5 Aws
Ti:% ]/ BAZZ_W QZS?(ADDJ._AZOFF A&O).l
j P
L 2V 10 W
g 1 7
. _TT;EA“_TV?AF (65)
Vg A
- ‘E“VE)AE!—?’]/ 3 Ay
3 I
T20= —_ ‘/_1_ Ar‘z'—'% V() Aog,
Vi
Ty = — Ve Ay

It follows directly from (65a) that for reactions whose
matrix element satisfies the condition (60) the value of
A (3,) is always negative.

In the primed coordinate system, the relation (14) is
the mathematical formulation of A, Bohr’s theorem,”
which can be stated as follows: If in an even—even nucleus a
state of natural parity is excited, then only the populations
for which J, — M, is even are nonzero. In other words, if the
condition (60) is satisfied, the matrix element T’ , (¢ )
vanishes. As a result, the angular correlation function in the
primed coordinate system will be expressed in terms of six
parameters: [T |, |T5|, |T”_,| and the three phases &,, &,,
& _,. The form of the angular correlation function in any y-
ray detection plane will again be determined by the expres-
sion (56), and the form parameters will be

|T; 1242 | T, |2
Oy — (| Ty (2 | T2
+ | T2, 1?) cos 4y} 5

o= {3|T' |24 =

—2(IT

I\? H"'
[Q rol o

+ | T4 l*) cos

€= | T; || Ty 208 (8, —B_;) sint 03;
5 66
=5 | T4 |2 | T_y |*sin (8, — 8_y) sin 9; (66)
Cy=5 )] 8 | Ty 141 Ty |cos (8, — 8,)
- | T. | cos (6 —6_2)}(1—005 413);
8y = )16 o | sin (6, —§;)
- | T_a | 3111(6[,—6_._, (1 —cos 40y).
If we introduce the additional parameters

a,=|Ty|/|T_,| and a, = |T}|/|T"_,|, then apart from a
constant factor the parametrization (66) will be identical to
the parametrization presented in Ref. 22 by introduction of
the additional condition & _, = 0 [which is evidently analo-
gous to the normalization conditions (49) and (62)].

For completeness, we also give the restrictions on A},
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that hold when the condition (60) is satisfied,
AL +A;

20 b iy 40—0
|‘\;2|=?V3 IAHI; Oyg = Obgn?

and the expressions for the moduli and phases of A}, in

(67)

terms of |T¢ |, |T5 |, [T_2|, 80, 82,6 _»
;,,4|T‘ 1 1T B+ 1T, 05
“\20* {lT‘| _'|T l'_lT-zl}
Alu=—T{GITé [Pt G [P T 1B

| Afy | cos agg= — 2 | T; | {| T, | cos (8,—8,) (67a)

+ 1 T, | cos (8, —6.,)};
' : 5 m sl s
| Ag, | sin oy, = _TTn{l T, | Sln(az‘_an)

+ 1 Ty | sin (§,—6_,)},
from which it follows immediately that when the condition
(60) holds 4 ;, is always negative and the differential cross
section is, as one would expect, determined by the sum of the
squares of the moduli of the matrix elements. If the condi-
tion (60) is satisfied, then in the reaction plane in the primed
coordinate system the parameters c} and s} vanish, and W
again acquires a three-parameter form. The values of these
parameters are

, 5 5 ‘e ) e . \
a =m(‘g‘|Tn1".—4 |T2|~+4|T_2[2); I

c’:-iJT_’[[T'2|cns(6 —8.);
ITHT

(67b)
|" sin (8, — 6_,): CDD——+(6-;_J5 l

The form of the angular correlation function is most
readily parametrized if the system has a symmetry axis, i.e.,
the reaction matrix element can be represented in the form

TM () =

ﬂz(q‘nm (q), (68)

where g is the momentum transfer. It is clear that this condi-
tion is satisfied in all direct nuclear reactions when the plane-
wave approximation is used. In this case, the angular corre-
lation function has the form

W (1,

i Py) = Ah (q) Py, (cos {py-q}) (69)

i.e.; it is determined by the three independent parameters 4,
A,, A, . The symmetry angle of the angular correlation func-
tion is uniquely determined by the angles ¢, and @, and by
the direction of the momentum of the recoil nucleus. If the
selection rules in the reaction allow several values of the an-
gular-momentum transfer /, then the form of W( 3,7, 9,)
does not reduce to the three-parameter form (63) even when
(68) is satisfied. But if the angular-momentum transfer / has
a unique value, then the form of W( ?,,7,, @,) is described
by the expression (63). For the inelastic scattering of spin-
less particles by even-even nuclei when (68) is satisfied,
w(d,, 4,, @,) acquires a two-parameter form, since the
isotropic part in (63) vanishes.

5.RECOVERY OF THE DENSITY MATRIX OF A GIVEN
NUCLEARSTATE BY MEASUREMENT OF THE ANGULAR
CORRELATION FUNCTION IN DIFFERENT y-RAY
DETECTIONPLANES

In Refs. 43 and 44, we proposed a method for finding all
the real parameters of the density matrix of excited nuclear
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states by measurement of the angular correlation function of
the final reaction product particles and ¥ rays emitted by the
excited nucleus on transition to the ground state in y-ray
detection planes at different angles relative to the reaction
plane.

It is obvious that for transitions with J, =L such a
method actually enables one in a single experiment, without
modification of its method, to obtain all components of the
density matrix and thus recover the spin characteristics of
the excited nuclear states, in particular those whose direct
experimental determination is difficult.

It is not difficult to find in general form the minimal
number of planes in which it is necessary to measure
W(Qsp.1, ©,) in order to find all the parameters of
A, (). To be definite, we shall give all of the following
treatment in a coordinate system whose z axis passes along
the beam of the incident particles (see Fig. 1). As was shown
in the previous section [see Eq. (53)], in each y-ray detec-
tion plane measurement of W (<, ¢, @, ) permits the deter-
mination of only 2J, 4 1 of the restrictions imposed on the
A, (#,) parameters. In the case of measurement in »
planes, the conditions of continuity at the poles impose
2n — 2 further restrictions. As a result, the minimal number
of planes in which it is necessary to measure W(d,, ¢, ¢,)
in order to obtain all the parameters of the density matrix is
given by the following expressions™:

1. In the case of detection of linear and circular polar-
ization of the y rays (the number of parameters of the den-
sity matrix corresponds to the upper row of Table I)

2T 54 1)2—2
S (70)

2. In the case of detection of only circular polarization
of the y rays (the number of parameters of the density matrix
corresponds to the central row of Table I)

SN (@) —2
ML, (71)

3. In the absence of detection of polarization (the num-
ber of parameters of the density matrix corresponds to the
lower row of Table 1)

(Jy+1)2—2
'ﬁ ' (12)

Rmin ==

Rin =

nmin ;

In particular, for 2" -0 transitions the recovery of all the
real parameters of the density matrix requires measurements
in eight y-ray detection planes; if the 15 parameters of the

TABLE II. Table of form parameters of the angular correlation function. **

real spin tensors with all & are to be recovered, measure-
ments must be made in five; and if the nine parameters of the
real spin tensors with even k& are to be found, measurements
must be made in three planes.

Hitherto, the polarization of the ¥ rays in experiments
associated with measurement of the angular correlation
function has not been measured, i.e., from the experimental
values of W(4#,,¢,, @, ) one can recover the 4, with even k
and one can obtain only the orientational and not the polar-
ization characteristics of the nucleus B * in the state J . Nev-
ertheless, even these experiments significantly raise the level
of our knowledge of the properties of the excited nuclear
states; for example, for J, = 2 and J, = 3 one can obtain in
an experiment nine and 16 parameters characterizing the
given nuclear state, respectively.

When a definite experiment is made, it is necessary to
bear in mind that different y-ray detection planes are not
equivalent from the point of view of recovering different
Ay, (4,). Thisinequivalence is a consequence of the fact that
the angular correlation function at certain angles ¢, does
not depend on certain A, (#,) [see (54)]. For example, a
dependence on A, (4, ) disappears in the caseofa2 *-0*
transition in the first quadrant O<g, <7/2 in the planes with
@, = 22.5° and @, = 67.5°. The dependence on 4,; disap-
pears in a plane with ¢, = 30°; the dependence on A, with
s = 2, in the plane with ¢, = 45° and the dependence on
A, with odd »x, in the plane with ¢, = 90°. For simplified
variants of the parametrization [for example, if the condi-
tion (60) is satisfied], the dependence of W(z?y, 19],, ®,) on
some T M;'TL',. combinations disappears in accordance with
(61) in the planes with ¢, = 45°and ¢, = 90".

In Table II, we give a list of the number of form param-

eters of the angular correlation function and the number of
A, (4,) parameters (or Ty, f'TMf combinations) on which

these form parameters depend. As can be seen from the ta-
ble, the plane with @, = 90° gives the least possibilities for
experimental determination of the form parameters. Indeed,
it can be readily seen from the expressions (54) that in this
plane the parameters ®, and @, vanish, so that irrespective
of the reaction mechanism the angular correlation function
has at ¢, = 90° a maximum (or minimum), depending on
the sign relationship between 4 and B. If the condition (60)
is satisfied, the angular correlation function at the minimum
in the plane with @, = 90° is strictly zero, since in this case

: : i Reaction mechanisms whose am-
Arbitrary reaction mechanisms plitude satisfies the condition (60)
Number of
Py deg Number of‘form’Number of Ay, [Numberof form|p "~ e b i
parameters of the components on [parameters of the n;jiorl:én which
angular correla- which these pa-|angular correla- | T L
tion function | rameters depend|tion function d P
epend
0 5 9 3 6
22,5 5 8 5 ]
30 5 8 3 6
45 5 7 5 5
90 3 6 2 4
Remaining 5 9 5 6
planes
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A = 0. If at the same time the minimum of the angular corre-
lation function is at ¢, = 90° (and this is evidently the situa-
tion for inelastic scattering of spinless particles®®), the ex-
perimental determination of the form parameters of the
function is greatly complicated, since the maxima of the an-
gular correlation function are in this case in regions of angles
not readily accessible to measurement (<, <30°, ¢,>150°).

The reaction plane also gives comparatively little infor-
mation about the form parameters when the condition (60)
is satisfied. In this case, the parameter C vanishes, and @,
becomes indefinite. As was shown in Ref. 29, in the case of
inelastic scattering of spinless particles the angular correla-
tion function is close to the three-parameter function (63)
even for mechanisms that take into account retardation in
the interaction of the particles, even though the amplitude of
these mechanisms does not in general satisfy the condition
(60). Therefore, the study of the angular correlation func-
tion of spinless particles in the reaction plane effectively en-
ables one to find only three of its form parameters (and not
five).

The recovery of A, or the combinations TM,'T;}}. from

experimental data necessarily entails the introduction of
corrections for the finite resolution of the y detector in the
correlation experiments (see the definition of ideal detectors
given at the beginning of Sec. 2). The angles ¢, and ¢,
which occur in (50a) are not in fact known. In an experi-
ment, we can measure only the angles ¢ 4 and @, which
characterize the direction of the axis of the ¢ detector. In
order to obtain the experimental angular correlation func-
tion W(d,, 3,4, @,0), we must integrate the expression
(50a) over the complete angular interval of the y detector
with a weight factor that determines the dependence of the
detector efficiency on the direction of the plane in which the
¥ ray is absorbed by the detector. Denoting this efficiency by
E(®, @) (the angles ® and ¢ determine the direction of
emission of the y ray relative to the detector axis), we can
readily obtain in transitions with J, = L the following result
for the experimentally observed angular correlation func-
tion in the case of cylindrically symmetric detectors*®:
Ll 4k
L 3 S Qe (9y) Y (0,

(73)

where

) Py (cos ©) E (0, @)sin © 4O 4
J E(©, ®)sin© d0 dD

0y (74)

Comparison of the expressions (50) and (74) shows
that the inclusion of corrections for the finite resolution of ¥
detectors possessing cylindrical symmetry does not change
the form of the angular correlation (50) except for the fact
that the A, (J,) are replaced by the corrected
A, (8,) = QrAy, (3,). The correction coefficients @, do
not depend on x,°' and, in addition, @, = 1, 1ie., Ay ()
= Ay (7,). The physics of this result is clear, since the fin-
ite size of the y detector must not influence the differential
cross section of the reaction. At the same time, since A
(3, ) determines the reaction differential cross section [see
(49) ], measurement of do/d 2 makes it possible to realize
correctly the normalization of the experimental data on the
cross sections and angular correlations.
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Because the corrections for the finite angular resolution
of the y detector do not influence the form of the angular
correlation function (50), all the relations (54) that connect
the form parameters of the angular correlation function to
the A, (,) remain valid. Moreover, for the same reasons
we still have the relations (70)—(72), which determine the
minimal number of planes in which it is necessary to make
measurements of the angular correlation function in order to
find all the independent parameters of the density matrix.
However, for the simplified variants of the form parametri-
zation of the angular correlation the situation may be differ-
ent. Thus, if the condition (60) is satisfied, then for a 2 *—
0% transition we can extract all six linearly independent
combinations T M,r'T;, by measuring the angular correlation

function in two y-detection planes relative to the reaction
plane. In reality, however, such a procedure can be realized
only if the corrections for the finite resolution of the ¢ detec-
tor are ignored. But if these corrections must be taken into
account, thenfora2 * -0 " transition it is necessary to make
measurements in three y-detection planes in order to obtain
correct values, corrected for the finite resolution of the
detector, of the parameters A, (¢,), and then, using the
relations (65a), which connect the combinations T Mf-T";.fto

the A,,, with different k, obtain the true TM;T:;—;, values.?

Such an experimental program to recover the real
A, (9,) parameters with even k for the density matrix ofan
excited nuclear state with spin J, was realized for the first
time at the Institute of Nuclear Physics at Moscow State
University.*~* Various experiments gave values of A, (¢%,)
with k = 0, 2, 4 for the 2 * state of the '>C nucleus formed in
the *C(a, @')'*C(2 ") reaction at E, = 25 MeV (Refs. 45
and 46) and 30 MeV (Refs. 48 and 49), in “C(*He, a)*
C(27 ) reactions at £y, = 22.5 MeV (Refs. 47and 48), and
in some other reactions.

The most complete experimental data have been ob-
tained for inelastic scattering of @ particles by '>C. It is here
necessary to emphasize the following important circum-
stance. In the scattering of spinless particles by spinless nu-
clei, there are no physically distinguished directions, and
therefore there is no polarization of the final particles (or
other tensors of odd rank). Similarly, for inelastic scattering
of spinless particles the polarization of the ¥ rays (both lin-
ear and circular) vanishes, so that the experiments of Refs.
45, 46, 48, and 49 yielded all possible information about the
density matrix of the 2 * state of the ">C nucleus that can be
obtained in elastic scattering of « particles.

In order to recover all the A, (¢,) of the 2 level of
the '*C nucleus, measurements of W(d,,,, ¢, ) were made
in three planes, ¢, = 0, ¢, = 45°, and @., = 90°, in the inter-
val of angles ¢, from 27 to 149° and for 43 values of the
angles ¢, for E, = 25 MeV.* It was found that the experi-
mental angular correlation functions for different ¢, have
very different forms (Fig. 3). The values of the parameters
A, (#,) were found by solving the system of equations
(53)-(54) by the method of least squares with allowance for
corrections for the finite resolution of the y detector. It was
found that introduction of the correction coefficients had
little influence on the A, (1, ) parameters* and, therefore,
on the form of the angular correlation function.

The parameters A, («,) obtained from the experi-
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FIG. 3. Experimental angular correlation functions W(3,,8,,¢,) (Ref.
45) as a function of #, for different #, and ¢,,, E, = 25 MeV.

mental values of W(#,, 7., @, ) are given in Fig. 4. To with-
in the experimental errors, the dependence of A,, on 4,
agrees, as it must, with the angular distribution of the differ-
ential cross section of inelastic scattering. It can be seen from
the figure that the angular dependences of all the A, (&4, ),
and not only A,,, have an oscillatory form. However, the
nature of the dependence of the different 4, does not repeat
the dependence of the differential cross section, and in the
majority of cases not only the value of A,, (&, ) but also the
sign changes. It is also important that all the 4,,, (&#,) are
comparable in value.

In Fig. 5, we give the analogous dependences of the
A, (#,) for the 2+ level of the °C nucleus formed in the 13
C(*He, &')'*C(2 %) reaction. We note first of all the appre-
ciable differences between the spin tensors of the same state
of the final nucleus formed in different ways. Indeed, the
parameters A, (¢,) differ radically both in the nature of
the angular dependence on , and in the relationship
between the values of the components with different k. In
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FIG. 4. Angular dependences of the experimental values of A, (7, ) of
the 2+ state of the '?C nucleus formed in inelastic scattering of @ particles
with E, =25 MeV.*

other words, the spin tensors of a definite state of the nucleus
exhibit a strong dependence on the method of formation of
this state, and it is to be hoped that the experimentally deter-
mined spin tensors will give new information about the
mechanisms of the particular reaction. We shall consider
these questions in more detail in the following section.

To conclude this section, we note that, in their turn, the
obtained A, (¢, ) enable us to calculate the angular correla-
tion function itself by using the relations (53) and (54) for
any 9, and @.. As an example, Fig. 6 shows the angular
correlation function recovered in this manner in the *C(?
He, a'y) '>C reaction for ¢, = 20°. The values of the angular
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FIG. 5. The same as in Fig. 4 for the 2 * state of the
"C nucleus formed in the *C(*He, ') *C(2 * ) re-
action at E.y;, = 22.5 MeV,47#¢

7 60 120 180 o 60 120
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FIG. 6. Azimuthal projection of the e@—y angular
correlation function in the *C(*He, a'y) "*C reac-
tion calculated in accordance with Eq. (50a) (Ref.
47) with the A, (¢,) given in Fig. 5 for ¢, = 20°.
The large symbols indicate the angles ¢, and «,, at
which W(4,,3,, ¢, ) was measured. The numbers

correlation function are given in the form of contours on the
hemisphere 180<¢, <360°. The direction of the beam of in-
cident helium ions coincides with the z axis (see the figure),
while the reaction plane coincides with the plane ¢, = 180°.

6. THEORETICAL ANALYSIS OF THE DENSITY-MATRIX SPIN
TENSORS IN THE DISTORTED-WAVE BORN
APPROXIMATION WITH A FINITE-RANGE INTERACTION

It was shown earlier that particle—y-ray correlation ex-
periments can, even without detection of the polarization of
the  rays (or final particles), enable one to obtain apprecia-
bly more information about the properties of excited nuclear
states than by measurement of the differential cross sections.
In particular, in 2+ -0 ™" transitions we obtain eight inde-
pendent additional quantities that characterize the given nu-
clear state. In a number of cases, even qualitative analysis of
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FIG. 7. Theinvariants R, forinelastic scattering of @ particlesby “Cat E,
= 30 MeV (Ref. 49).
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next to the corresponding curves give the angular
correlation functions.

these data permit certain conclusions to be drawn about the
reaction mechanism. We can give at least three qualitative
examples that illustrate the significant sensitivitiy of the spin
tensors A, (J,) to the reaction mechanism.

1. If the condition (60) is satisfied, i.e., the reaction
matrix element is Hermitian, then the spin tensors are de-
scribed by six parameters, the invariants R, (65) vanish, and
it follows from the relations (65a) that A, is always nega-
tive. As can be seen from Figs. 4 and 7, in inelastic a-particle
scattering A,, <0, while the deviations of the invariants R,
from zero exceed the statistical errors only in some angular
regions (as a rule, at the minima of the differential cross
section). For comparison, in Table I1I we give the invariants
R, in the "C(*He, a') '*C* reaction, for which the condition
(60) is not satisfied, irrespective of the mechanism. Note
also that in this reaction A,, may be positive (see Fig. 5).

2. If we have a single-nucleon transfer reaction on nu-
clei of the 1p shell, then the maximal rank of the spin tensor
ofa2 " state of the final nucleus obviously cannot be greater
than 2 (it cannot exceed twice the angular-momentum
transfer). Therefore, if for such reactions A,,, 70, then their
mechanism cannot be reduced to ordinary stripping or
pickup of a 1p nucleon. Table IV gives the A, obtained from
experimental data on the angular correlation functions for
the *C(*He, ay) '>C reaction. It can be seen that in the entire
region of angles the components A,,. are significantly non-
zero. The comparatively large values of A, with k = 4 for
9, = 160° may be due to the contribution of exchange pro-
cesses (the importance of this contribution in the analysis of
the angular correlation function was first pointed out in Ref.
62). The appreciable deviations of A, from zero with k = 4
at?, = 20, 43, and 57° show that in the forward hemisphere
too the mechanism of this reaction is not exhausted by the
mechanism of 1p-nucleon pickup.

3. Finally, the symmetry angle of the form of the angu-
lar correlation function for simple single-step mechanisms
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TABLE I Values of do/d £ and the invariants R ;, mb/sr, in the '3C(*He, ') 'C(2 *)

reaction for different  ,,, at E\;, = 22.5 MeV (Ref. 47).

do/dQ, R ‘ 20° 43° } 57° l 160°
4o /de 0.90(2) 0.30(1) 0,20(1) 0.18(1)
23! 0.62(9) 0.06(5) 0.09(5) 0.08(3)
Ry —1.60(3) | —0.96(6) | —0.84(5) | —0.44(4)
R, | —4.0(1) —6.0(5) —2.0(3) 0.34(8)

must depend monotonically on the kinematic variables (the
angles J,, and the energies E, and E, ). If the experimentally
determined parameters @, and @, exhibit a nonmonotonic
dependence on J,, E,, and E,,* then the reaction mecha-
nism must be fairly compllcated.

More detailed information about the reaction mecha-
nism and the structure of the nuclear states can be obtained
by comparing the experimentally deduced A,, (¢,) with
theoretical values obtained in the framework of definite
theoretical approaches. We shall analyze here the density-
matrix spin tensors [the parameters A, (##,)] in the frame-
work of the DWBA with a finite range of the interaction
(FRDWBA), which was developed in detail at the Institute
of Nuclear Physics®** on the basis of the pioneering studies
of Satchler et al.*®

According to Refs. 63 and 64, the matrix element of the
reaction 4 (x, y) B in the FRDWBA is treated in the approxi-
mation of a three-body problem, i.e., the way in which the
reaction takes place is fixed as follows:

+ie) + A~y + g+.4)
—y -+ B for direct processes

(75a)

z+ Ay

and
z4+A—>z+@Y+C)—y+ (z+0C)

— y + B for exchange processes.
(75b)
Since the direct and exchange processes in the three-body
problem correspond to different cluster decompositions, in-
terference does not arise between them, and the total reac-
tion cross section is determined by the sum of the cross sec-
tions of the direct and exchange processes.
In accordance with Refs. 63 and 64, the matrix element
of the reaction 4(x, y)B in the FRDWBA for direct pro-
cesses has the form

-
Ti_f o= 2.
J10M, T Mo lm,
T EXALA,

X Ty My oM, | T M) (—

— Mo My | Im) YV @T 4 1) @QTo + 1) 0255, B 1 (8)),

(76)
where ®j‘l *j‘,’ are structure factors, and £ f\‘i L ,) are
kinematic factors that determine the reaction mechanism.
The matrix element (76) in the FRDWBA can also be calcu-
lated for the exchange processes. In this case, it is necessary
in (76) to make the index interchange A = and replace the
angles ¢, by 7 — o7,.

Substituting the expression (76) in the definitions (6)
and (15), we obtain for the spin tensors of the state with spin
J; formed in the reaction 4 (x,y)B(J,) in the FRDWBA the
expression

(JaM T M| T, M)

1)[+111+A1+A: (J

oy (2T54+1) Mxallyp ky
Oue () = o715 iR R

X ;J V@IL+ D @I DY w (T T, 1 T k)
1 1 2
X 2 (=7 1 g | B
tl‘mlmj.l'c
ArA{AALT Y

XV@I+-1) QU+ D W (1 T5: Tok)

AiA,l AJALL pd E* wJ! E*
X 070,505 7153 ﬁA.A,Im! () I3A Fafvmg (Oy)e

(77

Expressions for calculating the structure factors ©7:%;' are
given in Ref. 66. For reactions with the participation of light
particles that do not have their own excited states (x, y<*
He) and with neglect of the dependence of the bound-state
wave functions on the excitation energy E * of the intermedi-
ate system, the sums over J, in the expressions for 7"}’ can
be calculated explicitly,* and the expressions themselves
greatly simplify, the total angular momenta J_ and J , being
replaced by the spins s, and s,

TABLE IV. Values of the spin tensors A, (4, ), mb/sr, in the '*C(°He, a’) *C(2 *)

reaction at Evy, = 22.5 MeV (Ref. 47) for different ¢

alab *

Spin tensor 20° 43° 57° 160°
Ay 0.90(2) 0.30(1) 0,200(8) 0.180(7)
20 0.27(4) 0.006(20) —0.01(2) 0.04(1)
A —0.13(3) —0.02(2) 0.007(12) 0.01(1)
0.11(2) 0.11(1) N.05(1) 0.02(1)
A5 —0,54(5) 0.08(3) 0.00(2) 0.02(2)
Ay 0,28(4) 0.03(2) —0.06(1) 0.05(1)
K 0.15(3) 0,06(1) 0,02(1) —0,05(1)
A —N.07(4) —0.01(2) 0n,02(1) 0.,06(1)
Ay, —0,04(3) —0.035(16) | —0.03(1) 0.00(1)

9% 18.5 10 11 10
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For such reactions the intermediate angular momenta
Jyand J, in the matrix element (76) can be replaced by other
intermediate angular momenta, namely, the total spin trans-
fer s and the channel spin j:

s =238, +8,j=J;+1=J4 s

Then the structure factors @' determined by Eq. (10) in

Ref. 66 for reactions with partlcles not heavier than “He take
the following form:
1. Direct processes:

Kost AT
05, =6A,06A,£§J,562 (—1) et
7

XV2+Tu( Jys.l: T1) O52e]* (78)
where
0135—-A+c Y N 1 Lf+LA+[ @]z—rL+c
Isj L. S:Lfsf( ) [ L.‘lLfSASf
XH(ZLAJfo:[ij)IG(LASAch:JASf). (783)
2. Exchange processes:
@AIAHI__ 1 1 J1=J32 @A_lAgl
iy = —r (—1) SEJ 5
XU (LT pT o8y 2 1T4) (88,70 4 2 8T 5), (79)
where
9$IA21 = Z @B_)igjlcsc@iz :9 aLcSe
L 48 4L8Lo8g
(2La+1) (28 AL Lo=Li+8 =S tA+A,
XV Groznesern (1 iy
w(L AL 4y : Lel)
KU (SpSeS 48, 0 Ses)u (1L ,J 1S Lgj)
KU (LS ajs: T 485). (79a)
In the expressions (78a) and (79a), @ﬂ:,’_‘égf, @i;}_;}j‘:sc,
S Lese are the amplitudes of the reduced widths in L-C
coupling.®’

When the angular momenta s and j are used, the den-
sity-matrix spin tensors for direct processes can be expressed
in the FRDWBA as follows:

LU +my+i-k

(20 1)8/2
Pr (B) = ST

Bxallyp Ky
(2T 4+1) 2

Qi) Ty

sjlt’mrmi

(—4)

X w (W02 k) V(20 1) (21 1) (L — myl mi | k)

’s—'— 1)

b4 ()ﬁTATC()B_» i Hﬁlm; (ﬂy) ﬁi'mE (ﬂy)' (80)

For the exchange processes the analogous spin tensors
Pi. () have the form

e IT; - 1)3/2 UrallyB .]fi A
P (By) = ’JA- 1)(2sx - 1) (2nh*)? ky

T

f—

l,l'«:‘m{u—j—h
rj'ii’mimz
X wlJ AT jk) Y QI QU+ 1)

A Azl ATALE

K AL—mgl'm)jhn) \1. e, 1o

Ardohia,
X Ba,am, (8y) ﬁz[“-’:i""' (). (81)
- i

The expressions (80) and (81) clearly demonstrate the ad-
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vantage of choosing the intermediate angular momenta s and
J; for over them there are only incoherent summations.

The kinematic factors 5, 4 1., (4,) in (76), (77), (80),
and (81) include double integrals over the distorted waves
of the initial and final channels of products of bound-state
wave functions and interaction potentials (the actual ex-
pressions for them are given in Refs. 63 and 64). In the
FRDWBA, as in other theoretical methods that take into
account the finite range of the interaction, the bound-state
wave functions are found by numerical calculations from the
given binding energy and number of nodes.®® As is shown by
the results of calculations made in more rigorous theoretical
approaches (few-body model,* resonating-group meth-
od’), these wave functions give a good description of the
structure of the ground states of light nuclei, though the
question of the description of the wave functions of excited
states is to some extent still open.

For practical realization of the theoretical formalism
for calculating the nuclear density matrix described above, a
program has been written that is a modification of the pro-
gram OLYMP-2,”' designed for calculating differential
cross sections of reactions. The new version of the program,
OLYMP-3,”* uses the main blocks of the program OLYMP-
2, but since the calculation of the density-matrix spin tensors
requires summation over the orbital angular momenta / and
{" and the spins s and j, the structure of the main program has
been partly changed in OLYMP-3 and an external memory
has been connected to the computer. The program OLYMP-
3 is written in FORTRAN-DUBNA and is adapted to the
BESM-6 computer. The operative memory required for the
programis 128 kbyte, and the external memory uses magnet-
ic drums.

Actual results will be given below for two reactions: '
C(a, a')*C* and ""B(a, t')'*C*. The choice of precisely
these reactions was dictated by the following considerations.
For the reaction '*C(a, a')'*C¥, as was shown in the pre-
vious section, all the even-rank spin tensors of the density
matrix of the 2 © state have been determined,***° so that one
can hope that comparison of the theoretical and experimen-
tal spin tensors will make it possible to determine the contri-
bution of the exchange processes to the inelastic a-particle
scattering. The reaction ''"B(e, ¢')'?C* has already been
studied in the framework of the FRDWBA,”* and it has been
shown that the direct and exchange processes together en-
able one to describe its experimental cross section, i.e., the
diagonal elements of the density matrix on the *C nucleus.
Further, calculation shows that the cross section of this reac-
tion is appreciably changed when allowance is made for the
incoherent contribution of the different angular-momentum
transfers /, and also the channel spins . It is interesting to see
to what extent too the nondiagonal elements of the density
matrix are sensitive to the contribution of the different / and
j.

2C(a, «')*C*. It is obvious in advance that the ex-
change processes (and it is they that determine the inelastic
scattering cross section in the FRDWBA ) cannot complete-
ly explain the angular distribution of the inelastically scat-
tered a particles, particularly at forward angles, where the
cross section is mainly determined by the coupling of the
channels due to excitation of a rotational band of the *C
nucleus.* In Ref. 26, the coupled-channel method was used
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TABLE V. Parameters of optical potentials for elastic (£, = 30 MeV) and inelastic

scattering of a particles by '*C and ground-state potentials.”™

5 a + SBe

Entrance and exit Yo rov | o Wo | g | agp T—
channels T | a,
a-12C (0%) 161.0 0.8 | 0,77 | 15.0 | 1.5 0,60 1 1.37 r (%

| PR = I \

o120 (24) [ 149.0 [ 1.20 | 0,69 [ 4.8 | 1.75 | 0.76 | 1.25 | 0.50

I1. 149.0 1.20 1 0,69 | 4.8 | 1.75 [ 0,76 | 1.01 | 0,65

I 1400 | 1.24 | 0.69 | 4.8 | 1.7 | 076 | 1.60 | 0.70

to calculate the differential cross section of inelastic scatter-
ing [the parameter A, (¢4, ) ] in the forward hemisphere of
a-particle emission and the parameters of the three-param-
eter form (63) for the angular correlation function in the
reaction plane. The results showed that for a given set of
parameters of the calculation it is not possible to describe
simultaneously the cross section and the angular correlation
function, i.e., even in the forward hemisphere the coupled-
channel method does not completely determine the mecha-
nism of inelastic scattering of « particles by the '*C nucleus.
At the same time, one can hope that at large emission angles
of the a particles, where the contribution of the exchange
processes must be fairly large, these processes will determine
the behavior of not only the differential cross section but also
the other spin tensors of the density matrix.

In Refs. 74 and 75, we calculated A, , (4, ) for the 2 *
level of the '*C nucleus formed in inelastic scattering of a
particles. The main parameters that determine the theoreti-
cal values of the spin tensors in the FRDWBA are the pa-
rameters of the optical potentials, and also the potentials of
the bound states in the virtual vertices of the ’C— *Be + «
decay. These parameters were fitted in the first place to de-
scribe the differential cross section of inelastic scattering,
i.e., the quantity A,,.

In the case of elastic scattering of @ particles by '*C
several potentials are known, both phenomenological® and
theoretical,”” that enable one to reconcile the cross section
with the experiments in a wide region of angles. For the en-
trance elastic channel we used a potential whose real part
agrees with the theoretical potential calculated in the four-
body problem’” and whose imaginary part agrees with the
phenomenological potential of Ref. 76 (the actual values of
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FIG. 8. Differential cross section of inelastic scattering of @ particles by *
C (E, = 30 MeV). The experimental data are from Ref. 49. The calcula-
tion was made in the FRDWBA”* with the parameters of the potentials in
Table V. The continuous curve is for potential I, the broken curve for
potential 11, and the chain curve for potential I11.
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the parameters of this potential are given in Table V). For
the exit channel (purely inelastic scattering), such informa-
tion is completely absent. Therefore, in selecting the interac-
tion potentials we were guided by qualitative physical argu-
ments:

1. Since the '>C nucleus in the 2 state is strongly de-
formed, the depth of the real part of the potential was taken
to be less, and the radius greater, than for the potential in the
elastic channel.

2.In order to ensure the experimentally observed rise of
the cross section in the region of large angles, the depth of the
imaginary part of the potential was reduced.

Table V gives values of the parameters of the optical
potentials and the potentials of the bound states giving a
perfectly satisfactory description of the experimental behav-
ior of Ay, as a function of +#, in the complete interval of
angles (Fig. 8). For all potentials in Table V, the dependence
of Ay, on ¢, hardly changes; only the normalizing factor is
different.

The dependence of 4, (¢, ) with & 0 on the param-
eters of the potential in the region of large angles is manifest-
ed mainly in a change in the values of the extrema rather
than in a change of their positions (Fig. 9). The greatest
sensitivity to a change in the parameters of the potential is
exhibited by the component A,  with kK =4. Figure 10
shows the ratio of A,, for A,, as a function of 3, for the
potentials I and III. It can be seen from Fig. 10 that A, ,
especially A,, and A,,, are more sensitive to a change in the
parameters of the potentials than A, in the region of inter-
mediate angles. In the region of backward angles, in which
the contribution of the exchange mechanisms to the charac-
teristics of the process must be decisive, not only the posi-
tions of the extrema but also their values coincide for the
different potentials, i.e., in this region the sensitivity of all
the A,.., including A, to the choice of the parameters of the
calculation is the same.

For comparison of the theoretical calculations with the
experiments, we also give in Fig. 9 the experimental depen-
dences of Ay, on ¥, It can be seen that for all A, satisfac-
tory agreement with the experiments cannot be obtained
even in the region of backward angles, the components A,,,
Ao, and A, being described least well. Since in this region
the sensitivity to a change in the parameters of the potentials
is least, and the set of potentials of Table V can be regarded as
realistic and giving a good description of the cross section of
the process, the discrepancy between the theory and experi-
ment is evidently of a basic nature and cannot be overcome
by merely varying the parameters of the potential.
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FIG. 9. Dependence of the theoretical A, for the 2 * state of the '°C
nucleuson #,.”* The continuous curve is for potential Iin Table V, and the
broken curve is for potential II. The experimental data are from Ref. 49.

""B(a, t')'*C*. In Ref. 73, an optimal set of parameters
of the optical potentials in the entrance and exit channels of
the reaction and of the potentials of the bound states was
determined, giving the best agreement with experiment. In
our calculations in Ref. 74 we used precisely these param-
eters of the optical potentials and the potentials of the bound
states.

As follows from the general expressions (80) and (81),
the spin tensors in the FRDWBA are determined by coher-
ent sums over the angular-momentum transfers / and their
projections, and over the angular momenta A, and A, at the
vertices of virtual breakup of the nuclei 4 and B. In addition,
the expressions for the spin tensors contain incoherent sums
over the spin transfer s and the channel spinj. For the 'B(a,
t')'2C* reaction, these sums contain the following terms:

1. Direct processes: A, =/=1,A, =0,5s=14,j=1

2. Exchange processes: A; =4, A, =3 (Ref. 78),
I=1,..4s5=j=1,2.

Numerical estimates showed that the contributions il-

563 Sov. J. Part. Nucl. 18 (6), Nov.-Dec. 1987

0.8

>

Auze/Agoy Tl nits

0 %0 80 0 30 180
0cms ] deg

FIG. 10. Sensitivity of A,,/A,, to the choice of the parameters of the
potentials.” The continuous curve is for potential I, and the broken curve
for potential II.

lustrated by the triangle diagrams (heavy substitution for
direct processes and ordinary substitution for exchange pro-
cesses) are suppressed in the spin tensors A, (¢, ) by several
orders of magnitude compared with the contributions of the
pole mechanisms. Therefore, all the following calculations
are given only for the pole mechanisms (stripping for direct
processes, heavy stripping for the exchange processes).

Figure 11 shows the A, (+#,) as functions of the angle
1, calculated by means of the program OLYMP-3 (Ref. 72)
for the direct and exchange processes. It can be seen from the
figure that A, (,) for the direct processes are mainly con-
centrated in the forward hemisphere, and for the exchange
processes in the backward hemisphere. The only exception is
A,, (4,), for which the contribution of the stripping mecha-
nism at angles equal to — 175° exceeds by a factor 2 the
contribution of the heavy-stripping mechanism. The contri-
bution of the direct processes to the A,, (13,) is strictly zero.
Nevertheless, the A,,, (¢#,) are not small even in the forward
hemisphere; this is particularly true for A,,(+#,), which at
small angles is comparable with Ay, (%, ).

The value and nature of the behavior of A, (#, ) for the
exchange processes depends strongly on the sums over the
angular-momentum transfers / and the spins j. It is interest-
ing to note that the components with different / make differ-
ent contributions to Ay,and A, (k #0); for in A, the main
contribution is made by the components with /= 1 and 3,
whilein A, (k #0) itis made by those with/ = 2 and 3. The
biggest change when allowance is made for incoherent sum-
mation over the spin j occurs in the A, (). As can be seen
from Fig. 12, the contribution of the component with spin
J = 2 appreciably exceeds the contribution of the component
with spin j = 1. Allowance for summation over j leads to a
significant change in the nature of the dependence of A, on
¢, for both A, (#,) and A, (&,).

To conclude this section, we compare the parameters
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FIG. 11. Values of A, (&,) for the 2* level of the '>C nucleus
from the '"B(a, ¢')'*C* reaction at E, = 25.1 MeV (Ref, 74).
The continuous curves are the total A,,, (¢, ), the broken curves

are A, (d,) for the direct processes, and the chain curves are for
the exchange processes.

A, (¢,) of one and the same state of the 'C nucleus formed
in different ways. As can be seen from Figs. 9 and 11, the
nature of the behavior of A, (¢, ) as functions of the emis-
sion angles of the final particles differs fundamentally. To
eliminate the common dependence on the angle associated

with the dependence of the differential cross section, we
compared the relative values A,,/A,, and A,, /A, for the
exchange processes in the (a, @') and (e, ¢ ') reactions (Fig.
13). We found that the ratios A,../A,, corresponding to dif-
ferent ways of formation of the 2 * state of the '>C nucleus

FIG. 12. Some A, (¥,) (continuous curves) for the 2 *
state of the '>C nucleus from the '"B(a, ¢ ') *C* reaction. ™

The curves with one and two cross strokes show the con-
tributions of the components with j equal to 1 and 2, re-

spectively.
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FIG. 13. The ratios A,;/Aq (broken curves) and A,,/Ay (continuous
curves) for the 2 * state of the 'C nucleus formed in the reactions '*C(a,
a')'2C* (heavy curves 1) and '"B(a, ") '>C* (light curves 2).

differ strongly, and in their behavior as functions of 4, it is
difficult to find systematic correlations. This evidently
shows [an analogous situation also holds, as we noted in the
previous section, in the reaction *C(*He, a’) '*C*] that the
spin tensors of the density matrix are mainly sensitive in the
FRDWBA to the type of reaction and not to the structure of
the given state of the nucleus. We have already noted above
that in the FRDWBA the structure of the bound-state func-
tions is determined only by the binding energy and the num-
ber of nodes. More detailed structural characteristics such as
the deformation of the nucleus are not taken into account in
the FRDWBA. It is this that evidently explains the low sen-
sitivity of the theoretical spin tensors to the structure of the
wave functions of the '>C nucleus.

7.SPIN CHARACTERISTICS OF EXCITED NUCLEAR STATES
AND THEIR THEORETICAL ANALYSIS

The experimentally determined model-independent
components of the spin tensors p,, (¢#,) [or, equivalently,
the parameters A,, (4,)] can be used to determine other
spin characteristics of the final nucleus without additional
experimental measurements. Above all, the measured
Pr. (9,) can be used to obtain the diagonal elements of the
density matrix itself, i.e., the populations of the substates of
the given level of the final nucleus, this being equivalent to
the determination of the spin orientation of this level. Obvi-
ously, to calculate the substate populations of the level it is
necessary to use a coordinate system whose z axis is perpen-
dicular to the reaction plane and along the direction of the
spin of the nucleus (see Fig. 2). Since the parameters
A, (8,) are found in a coordinate system whose z axis is
along the beam of the incident particles (see Fig. 1), the
required populations of the substate with projection m are
determined as follows:

7 Py, (m, m) iy
A v R L
1 Mf'u}

) or, My, MDY (0,50 F) 0 (82)

where p JI(M -, M }) is given by the expression (6). If we do
not detect the polarization of the final particles,
Py, (Ms, M) is symmetric not only with respect to the prin-
cipal diagonal but also with respect to the secondary diag-
onal. In this case, for transitions with J,= L =2 we can

><(0,-’.:,[—,
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readily obtain from (82) the following expressions for the
populations®:

p52+):i{1 _Aw 9 Ay ypAun 3

5 RAe 16 Ay 3 B a
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(83)

Ago AO[I 8 Ag
1 A 3 A . /7 A
(2= 20 3 Agg An
Py’ =75 {H' A 32 Ay V8 Au
e ¥ ’Eﬂ_l”_ﬁ.{\i}
8 2 Ag 32 A

[it is readily seen that the normalization condition
>3 f:f ’ = 1is automatically satisfied]. Since pf:f ’>0, the ex-
pressions (83) impose subsidiary restrictions on the A,,
with even 2.

If the condition (60) is satisfied, then in this case of
simplified parametrization the substate populations can be
expressed by the relations (see footnote 5)

1
T{— 2T~ T,

1 g . il Sl .
3 2 mymaem ) | s
: 1
T W o e
p(29]=__L_._—.._
= N T N T

Some general propositions can be formulated for the
substate populations. First, in reactions with spinless parti-
cles on even—even nuclei [ the condition (60) is satisfied ] the
populations of the substates with m = 4+ 1 are strictly zero.
Second, it can be readily seen from (80) that in single-nu-
cleon transfer reactions on 1p-shell nuclei for any mecha-
nism of the process the quantities p‘?},” in the case of a 2 *
—0* transition do not depend on the angle «}, and are deter-
mined by

2 (=16
RTINS iy

o)’ (85a)

T b (P U S

PP =114+ STo; : (85b)
i

ot 3 L e e B L
-T‘J

where the structure factor ®} depends only on the channel
spin j. For 1p-shell nuclei, the values of J, can be 3/2 and
1/2, i.e., the channel spin has only two values: j equal to 1
and 2. If the selection rules allow one value of j, the popula-
tions p2 /.’ do not depend on the structure of the wave func-
tion of the final nucleus. In Table VI, we give the values of
p'2,- calculated in accordance with (85) for different sin-
gle-nucleon transfer reactions with / = 1 and s = 1/2. In the
pickup reaction *C(*He,a')'*C(2 ) the channel spin j has
one value, equal to unity, and for this reaction p‘? |, ” have the
values 0.10, 0.15, and 0.30 irrespective of the wave-function
structure of the 2 * state of the '°C nucleus.

Figure 14 gives the populations of the substates of the
2+ level of the '*C nucleus formed in inelastic scattering of @
particles with energy E, = 30 MeV. The experimental data

N. S. Zelenskaya and |. B. Teplov 565



TABLE VI Valuesof p? . in single-nucleon transfer reactions with s =

+m

shell nuclei.

LY
2

,/=1on lp-

Reaction 11B (@, t7) 120 (2+) 13C (3He, ) 12C (27) | 11B (3He, d’)!12C (2+)
Po 0.2424 0,1000 0,2424
P+1 0.2212 0.1500 0,2212
D2 0.1576 0.3000 | 0.1576
|

onA,, were taken from Ref. 49, and the experimental values
for the populations were obtained in accordance with the
expressions (83) from these data. The theoretical curves
were obtained for the exchange processes in the FRDWBA
for potential I in Table V. It can be seen from the figure that
as the parameters of the potentials are changed the behavior
of the populations changes weakly, the main changes occur-
ring in the region of intermediate angles 17, ~90-120°. It can
be seen that the curves of the populations for the sublevels
withm = 0and m = + 2 have a well-defined oscillatory na-
ture, and therefore it is difficult to speak of a preferred popu-
lation of any sublevel, although the amplitudes of the oscilla-
tions are larger for the sublevel with m = 0.

Comparison with experiment shows that the theoretical
curves agree well with the experimental points, the positions
of all the extrema being almost coincident. In the region of
angles 90-120°, the calculation somewhat overestimates the
population of the sublevel with m = 0; for the sublevels with
m = + 2 the discrepancy with experiment is smaller.

In Ref. 35, the population p, of the 2 * state of the '*C
nucleus determined in the experiments of Refs. 31 and 32
was analyzed by the coupled-channel method in a coordi-
nate system whose z axis was directed along the momentum
of the recoil nucleus (inelastic scattering of @ particles was
considered). It was shown in Ref. 35 that the coupled-chan-
nel method cannot simultaneously describe the differential
cross section and the populations of the magnetic substates
of the 2% level. Figure 15 shows the theoretical values® of
Po. for which the parameters of the calculation were chosen
to give the best agreement between p,, and experiment. In the
same figure we give the theoretical values of p, calculated in

Po
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FIG. 14. Populations of the magnetic sublevels of the 2 * state of the *C
nucleus caiculated in the FRDWBA™ for inelastic scattering of & parti-
cles. The continuous curve is for potential I from Table V. The experimen-
tal data are from Ref. 49,
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the FRDWBA (analogous to the p, values in Fig. 14 except
for the change in the energy and the coordinate system). It
can be seen that the FRDWBA gives a better description of
the experimental data at large angles, and the coupled-chan-
nel method gives a better description at small and intermedi-
ate angles. We emphasize once more that the FRDWBA
describes simultaneously both do/d @ (see Fig. 8) and p,,,
while the coupled-channel method cannot do this.**

Figure 16 shows the populations p , ,, calculated in the
FRDWBA for the same >C level but formed in the "'B(a,
t')'>C(27) reaction. It is important to emphasize that the
behavior of p . ,, is fundamentally different in character
from that of p , ,, of the same state formed in inelastic scat-
tering. Further, the value of p , , for this reaction is deter-
mined for the direct processes solely by the structure factors.
Its value is 0.22 and does not depend on «J,. For the exchange
processes in the case when the selection rules permit several
values of /, the value of p , ,, is no longer constant, but never-
theless its dependence on the angle 4, does not have a well-
defined nature. We note also that the theoretically obtained
valuep ., = 0.15 for the *C(*He, a') '>C* reaction is com-
pletely confirmed experimentally.*’

Let us now consider what further spin characteristics of
the excited states of nuclei can be obtained by means of the
independent density-matrix parameters of these states. I is
obvious that in general a knowledge of the irreducible spin
tensors of the density matrix makes it possible to determine
the orientation of the tensor operators of different ranks (up
to rank k) that characterize a given state of a nucleus. In-
deed, it follows from the general propositions of quantum
mechanics that the expectation value of the spherical com-
ponent of any tensor operator is determined by

i1 Tan (8,) 1 = =

Sp (T ). (86)

Spe

120 160 9, deg

FIG. 15. Angular distribution of the population Py of the sublevel with
a=0ofthe 2" state of the "*C nucleus in inelastic a-particle scattering,
The experimental data are taken from Refs. 31 and 32. The continuous
curve is the calculation in the FRDWBA (it coincides with the contin-
uous curve of Fig. 14 exactly, apart from a rotation of the coordinate
system and a change of the energy); the broken curve is the calculation by
the coupled-channel method.**
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FIG. 16. Angular dependences of the sublevel populations of the 2 * state
of the '°C nucleus formed in the ''C(a, ¢ ') 2C* reaction, calculated in the
FRDWBA.* The continuous curves are the total populations, the broken
curves are the populations for the direct processes, and the chain curves
are those for the exchange processes.

We write out (86) in more detail and note that in accordance
with the normalization condition (15a) Sp p = pg- As a
result, we obtain
Poo (By) (T M s | T (B)| T 1M 1)
== 2 (T (M| psy (Mg, M3)|J 1M ( 1MF| T (8) | M ).
Mf

(87)

Using the Wigner—Eckart theorem,” we can transform the

expression (87) to

oo (8y) (7 M| T (8) [T M ) =

% ¥ (—1)

M;

Tl T N T 5

’2A+1

17MF g M — My

X (JiMi\prg (Mg, Mi)|J M7
1

= Voo T ll Ty (8) 11 T 1) 0re (By)s (88)
or, in more perspicuous form,
(Jf) (0,) = (T My | Ths (Oy)| T M)
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[—V/ 5sin 28, (7 cos? 0, —3) Ay

The relation (89) connects the ratio of a component of a
tensor operator of arbitrary rank to its reduced matrix ele-
ment (which contains all information about the structure of
the given state of the nucleus and reflects its dynamical char-
acteristics) to the geometrical properties of this state, i.e.,
the ratio py, (&,)/peo(#, ). The quantity ty f)(c?y) charac-
terizes the orientation of the corresponding multipole mo-
ment relative to the symmetry axis of the nucleus.
We shall show concretely how, using the parameters
A, (8,) with even k found experimentally, one can calcu-
late the orientations of the tensor operators of rank k equal
to 2 and 4. First of all, it must be noted that the relation (89)
is valid in the coordinate system whose z axis coincides with
the symmetry axis of the nucleus (with the momentum of the
recoil nucleus). But in Refs. 45-49 a coordinate system with
the z axis along the direction of the incident beam was cho-
sen. Therefore, when the experimental values of A, ()
are used it is necessary to convert them to a different coordi-
nate system with the z axis along the axis of the nucleus. This
transition is made as follows:
Ape (8) =3 DL

i (0’ ﬁQ| 0) Akn'(ﬂy)'r (90)

where the angle &, is given by
kx—ky cos Oy

cos U, = 4
8 YRR —2kgky cos B

Realizing the transformation (90), we can obtain for the
tensor of the orientation of the quadrupole moment

9+ ‘/?
Te 57 (0,)= — 37 A —— [(Beos2 ¥, — 1) Ay,
4V Gsin Zﬂqui—,—Vﬁﬂinzﬁ Agls
+ 77 6
T 0)= — 2= e Am [—5 V8 qin 20,4

(91)
+ 2 cos 20, Ay, + sin Zﬁquz] :

ey ¥i 4 F¥ey
5y = i 2
( y) .J]fil) Ago 2 s ﬁquo
—sin 2048, + (1 +c0s? ) A | . ]

One can similarly determine the components of the tensor of
the orientation of the hexadecupole moment:
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Figure 17 shows the values of the spherical components
of the unit tensors of the orientation of the quadrupole
t{2* (4, ) and hexadecupole t{>* (3, ) moments of the 2 +
state of the '>C nucleus formed in inelastic scattering of
particles. We do not give the results of the calculations for
the other potentials, since in the given scale they can hardly
be distinguished. It can be seen from the figure that
t2 ) (8,) and t2 (8, ) oscillate with respect to the sym-
metry axis of the nucleus, the nature of the oscillations re-
peating the oscillations of the differential cross section. The
frequency of the oscillations is practically independent of the
rank of the operator and is constant in the complete region of
angles for all components of the tensor of the quadrupole
orientation, in good agreement with experiment. This cir-
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(92)

|

cumstance evidently indicates that the oscillating behavior
of the orientation tensor is due to a common mechanism of
formation of the 2 * state of the '>C nucleus—the heavy-
stripping mechanism. In absolute magnitude, t2*°(#,) is
almost two times larger than the components t$2 *’ (#, ) and
t$3 7 (9,). This means that the quadrupole moment of the
"2C nucleus in the 2 * state is mainly oriented in the plane
perpendicular to the symmetry axis of the nucleus. The same
behavior is characteristic of the orientation tensor of the
hexadecupole moment—with increasing projection, the ab-
solute value of the component t{>*’ decreases, and for
t2%)(J,) and £+ (J,) we also observe a decrease of the
absolute values in the region of small angles, this being due to
the decrease in the absolute values of the spin tensors

FIG. 17. Angular distribution of the orientation tensors of the
quadrupole, #.*’(+,), and hexadecupole, t>*(,), mo-
ments of the 27 state of the "“C nucleus calculated in the
FRDWBA™ for potential I in Table V. The experimental data
are from Ref. 48.
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FIG. 18. Experimental angular dependences*® of the orientation tensors
of the quadrupole, 2+ (4, ), and hexadecupole {2’ (, ) moments of
the 2 * state of the '*C nucleus formed in the '*C(°He, ') *C(2 *) reac-
tion at B\, = 22.5 MeV.

A,, (¢,) in this region. In contrast to the components of the
quadrupole-moment orientation tensor, the oscillations of
the orientation tensor of the hexadecupole moment with
even and odd projections occur almost in antiphase.

Such behavior of t*?(J,, ) and t2* (1, ) indicates a
complicated form of the '*C nucleusin the 2 * state, one that
does not reduce to an ellipsoid of revolution. The compo-

nents of the tensor t2*’(«, ) agree better with the experi-
ment of Ref. 48 than t{>* (9, ). This is not surprising, since
the A, (&,) components that contribute to t{>*’ them-
selves agree poorly with the experiment (see Fig. 9).

Figure 18 gives the experimental values* of the orienta-
tion tensors for the same '*C state obtained in the '*C(*He,
a')2C(2 ") reaction. For the orientation tensor t2* ()
of the hexadecupole moment at small ¢/, the component
with » = 0 is the largest, i.e., this moment is perpendicular
to the symmetry axis of the nucleus and its precession is
slight. With increasing +,, the predominance of the compo-
nent with » = 0 does not become so appreciable, and the
precession of the hexadecupole moment increases. For the
orientation tensor t,, (¢,) of the quadrupole moment the
components with » = 0 and » = 2 in the region of intermedi-
ate angles ¢}, are comparable, and this ensures appreciable
precession of the quadrupole-moment orientation tensor
when the nucleus '>C(2 ™) is formed in the *C(°He, a')"?
C(27) reaction.

Figure 19 shows the theoretical values of the orienta-
tion tensors of the quadrupole and hexadecupole moments
of the '2C nucleus in the 2 + state formed in the !'B(e, t ') 2
C* reaction. Comparison of Figs. 17-19 shows that the de-
gree of precession of the quadrupole and hexadecupole mo-
ments depends strongly on the method of formation of the
2 " level of this nucleus—whereas in inelastic scattering the
precession of the hexadecupole moment is more strongly ex-
pressed than that of the quadrupole moment, for the (°He,
a') and (a, t') reactions this conclusion is not correct. In the
UB(a, t')'>C* reaction, the nature of their oscillations as
functions of the angle 1%, basically repeats the nature of the
do/d Q@ oscillations. It is also interesting to note that al-
though do/d @ is determined at small angles by direct pro-
cesses and at large angles by exchange processes, the orienta-
tion of the quadrupole moment in the complete region of
angles ¢, is due to the exchange processes. With regard to
the orientation of the hexadecupole moment (only the ex-
change processes contribute to it), it is here important to

d6/af, mb/sr
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FIG. 19. Angular dependences, calculated in the
FRDWBA,,* of the differential cross section of the ''B(a,
t")'*C(2%) reaction and of the orientation tensors
E2*(#,) of the quadrupole moment (the continuous
curves are the total values; the broken and chain curves
are, respectively, the contributions of the direct and the
exchange processes), and also of the orientation tensors
27 7(4,) of the hexadecupole moment (the curves with
one and two strokes across them correspond to the contri-
butions of the components with channel spin j equal to 1
and 2).
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emphasize the following circumstance. The orientation
ti2 " (#,) in this reaction with different x is differently sen-
sitive to the contribution of the different channel spins j—
whereas t{*’(«,) is determined by spin j =2, t2*+’(4,)
with % =2 and 4 in the region of angles ¢, ~100-140° is
determined by spin j = 1. In other words, by measuring the
orientation of the hexadecupole moment of '>C* one can
determine the structural characteristics of this state of the 2
C nucleus with given channel spin.

CONCLUSIONS

Thus, we have shown that measurement of the angular
correlation function of the final reaction product particles
and y rays emitted by the final excited nucleus on the transi-
tion to the ground state in different y-ray detection planes
relative to the reaction plane enables one in principle to re-
cover all the real parameters that determine the density ma-
trix of the nucleus. The proposed method for recovering the
density matrix is attractive above all by virtue of its relative
simplicity, since it enables one, using results obtained in a
single experiment, to find all parameters of the density ma-
trix without changing the method.

The method was theoretically justified and developed at
the Institute of Nuclear Physics at Moscow State University
and was also realized there for the first time experimentally.
In the case of inelastic scattering of o particles by °C, the
spin density matrix of the 2* state of the '>C nucleus has
been completely recovered, i.e., the nine real components of
its spin tensors of even rank have been determined. There
have also been experimental determinations of the spin ten-
sors of even rank of the density matrix of the same '*C state
formed in reactions with the participation of light particles
with spins. However, for such reactions the measured values
do not permit recovery of all the nonvanishing components
of the density matrix, since in reactions with the participa-
tion of particles with nonzero spins the spin tensors of the
density matrix of odd rank can, in principle, be nonzero. We
emphasize that the experimental data on the spin tensors of
even rank of the 2 state of the ">C nucleus obtained from
nuclear reactions are as yet limited and have a low statistical
accuracy, and from them it is difficult to establish the depen-
dence of the components of the spin tensors on the emission
angle of the final particles.

The theoretical analysis of the even-rank spin tensors of
the density matrix of the 2 * state of the '*C nucleus formed
in inelastic scattering made in the framework of the distort-
ed-wave Born approximation with a finite-range interaction
for the heavy-stripping mechanism has shown that, overall,
the method permits description of the experimentally ob-
tained density-matrix spin tensors. The results of the calcu-
lations have revealed an appreciable sensitivity of the spin
tensors of nonzero rank (at least, a sensitivity exceeding that
of the differential cross section) to the choice of the details of
the calculation, especially in the region of intermediate emis-
sion angles of the final particles. Nevertheless, even in the
region of large angles, where the theoretical spin tensors are
almost insensitive to the details of the calculation, the
FRDWBA does not explain the experimental values of the
spin tensors in a number of cases. To improve the agreement
between the theory and experiment, we evidently need to
take into account more accurately the structure of the nu-
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cleus; in particular, in the framework of the FRDWBA it is
necessary to introduce the strong coupling of the channels in
inelastic scattering associated with the deformation of the '
C nucleus.

The calculations of the density-matrix spin tensors of
the 2 state of the '>C nucleus formed in reactions with
particles with nonzero spin exhibit already in the framework
of the FRDWBA a sensitivity of the spin tensor components
to not only the reaction mechanism but also the wave-func-
tion structure of both the initial and the final nucleus. In
particular, the angular dependences of the spin tensors, par-
ticularly for the heavy-stripping mechanism, are changed
appreciably when allowance is made for the coherent sum-
mation of the contributions with different angular-momen-
tum tranfers and for the incoherent summation of the contri-
butions with different channel spins.

The calculated components of the density-matrix spin
tensors offer a unique possibility of both experimental and
theoretical determination of different spin characteristics of
excited nuclear states: the populations of the magnetic sub-
levels, the orientations of the tensor operators, etc. For in-
elastic scattering of a particles, all these characteristics have
been determined for the 2 * state of the '>C nucleus.

The spin characteristics of this state formed in reactions
with the participation of particles with spin, when the com-
ponents of the odd-rank spin tensors may also be nonzero,
have been incompletely determined. To recover the odd-
rank spin tensors it is necessary to measure either the circu-
lar polarization of the ¢ rays or the polarization tensors of
the 2+ state of the '°C nucleus. It is clear that such experi-
ments entail serious methodological problems. However,

their realization will make it possible to advance significant-
ly in the understanding of a complicated and subtle charac-
teristic such as the induced polarization of even—even nuclei.
Therefore, it is very desirable that such experiments should
be made.

The theoretical estimates of both the polarization ten-
sors and the polarization of the ¢ rays (at least in the frame-
work of the FRDWBA) present no fundamental difficulties
(to make such calculations, it is necessary to include the
spin-orbit interaction in the FRDWBA ) and will probably
be made in the near future.

VSince any density matrix satisfies the normalization condition (2), the
number of its truly independent parametersis (2J, + 1)2— 1 = 4J,.(J,
+ 1). In what follows, we shall always give the number of parameters of
the density matrix with inclusion of the normalization condition, mak-
ing the assumption that the number of its independent parameters is
smaller by one.

»Of course, this condition is not satisfied for real detectors, especially for
gamma detectors, which have a rather poor angular resolution. Never-
theless, in what follows we shall have in mind ideal detectors, introduc-
ing corrections for the finite resolution of the detector only when neces-
sary.

The normalization conditions (15) and (26) differ because in (15) we
sum over the spin states of the nucleus B, since in the given case it is the
final nucleus [the normalization in (30) is determined similarly]. In
(26), nucleus Bis the initial decaying system, and we must average over
its spin states.
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1n the majority of experimental studies, (1, 1) is measured in one
plane. Then corrections for the finite resolution of the gamma detector
cannot be correctly introduced for all parameters of this function. As
follows directly from the expressions (54), the correction coefficients
(74) can be introduced only in the form parameters s, and c,, since they
dependon A, (£, ) with the unique value k = 4. Itisin principle impos-
sible to carry through an analogous procedure for the other form param-
eters of the angular correlation function in the case of measurement in
one plane (including the plane with ¢, = 0), since the relative contribu-
tions of the correction coefficients to A, with different k are not known
a priori. Therefore, it appears to us that the inclusion of the corrections
for the finite resolution of the gamma detector made in Ref. 22 is not
entirely correct, although in practice this error is evidently not too seri-
ous, since the correction coefficients themselves are small (see below).

$)Unfortunately, in Ref. 44 the expressions for the populations p§* *'and
p'?5 ) are given with errors. As a result, the experimental values of the
populations of these substates given in Refs. 45-47 and 49 must be cor-
rected.
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