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The possible formation of nuclear matter in the phase of a quark—gluon plasma in relativistic
heavy-ion collisions is considered in the framework of a hydrodynamic approach. The main
results are obtained in a single-fluid model of the formation of a baryon-enriched plasma and
relate to nuclear collisions at energies up to 10 GeV/nucleon. At higher energies, a two-fluid
model predicts the formation of a plasma in the fragmentation region, but the baryon density is
much lower. In all the investigations, including scaling hydrodynamics in the baryon-depleted
region of intermediate rapidities, allowance is made for a delayed phase transition to the
deconfinement state. A generally covariant formulation of relativistic hydrodynamics is
presented as a useful numerical method, together with some extensions of the methods of the
standard theory (selection of comoving coordinates, allowance for sink terms, and two-fluid

interaction).

INTRODUCTION

Relativistic collisions of heavy ions occur constantly
when the cosmic-ray component containing heavy ions col-
lides with nuclei in the atmosphere. The main advantage of
the natural source—the high energy of the heavy ions—is
not yet available to modern accelerators. The real history of
relativistic heavy-ion collisions began with the systematic
experimental investigations undertaken with the accelera-
tors at Dubna (3-4 GeV/nucleon) and Berkeley (2.1
GeV/nucleon) in the middle of the seventies, although a
certain amount of data had been accumulated before that.

An important stimulus to the development of such ex-
periments was the prediction of new (so-called exotic) states
of nuclear matter such as a pion condensate and density
isomers. These states were predicted by extrapolating cer-
tain model ideas to the region of high nuclear densities. In
collisions at low and intermediate energies, one observes
only a slight change in the density and low excitation ener-
gies, whereas relativistic heavy-ion collisions can lead to ap-
preciable excitations and compressions of the nuclear mat-
ter. There is the hope that at certain sufficiently large values
of the compression new forms of nuclear matter could be
formed. However, it should be noted that according to the
current view the conditions produced in relativistic heavy-
ion collisions are not suitable for the occurrence of a pion
condensate and density isomers, and this explains the failure
of the experimental search for exotic signals. Although the
original stimuli (or at least some of them) have not found
confirmation in experiments, new ideas of scientific endeav-
or have arisen and generated interest among both theoreti-
cians and experimentalists.

The main problem in this field is the description of the
reaction mechanism. There is no doubt that with increasing
energy of the bombarding nucleus it is necessary to go over
from the average-field regime that governs the processes at
low energies to the high-energy regime of two-body nucleon
collisions. The mean free path of hadrons in highly excited
nuclear matter, which is of the order of a few femtometers, is
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small compared with the spatial scale (10-15 F) of a heavy
nucleus. In the general case, only a few collisions of particles
are sufficient for an arbitrary distribution to approach local
equilibrium. If the nucleons arrive in the state of local equi-
librium sufficiently rapidly, then the relativistic heavy-ion
collisions can be described by the methods of hydrodyna-
mics. If not, one must use a kinetic, or nonequilibrium, de-
scription. At the present time, the estimate of the mean free
path alone in such collisions does not yet permit us to estab-
lish which of the two regimes is realized in nature. (This, in
particular, is due to the presence of a maximum for forward
scattering in the interaction cross section of hadrons at rela-
tivistic energies, this hindering thermalization.) This cir-
cumstance, in conjunction with the fact that the two meth-
ods often describe the existing experimental data equally
well, leads sometimes to a contrasting of hydrodynamics and
a cascade. It is not our aim to discuss the essence of this
contrast, but we would nevertheless like to recall the connec-
tion between kinetics and hydrodynamics.

Indeed, the possible “proximity” of relativistic heavy-
ion collisions to the collective or hydrodynamic interaction
regime is the most attractive feature of these processes. The
hydrodynamic method makes it possible to describe the exci-
tation of nuclear matter by means of an equation of state that
can be estimated in the framework of a number of micro-
scopic models. Since investigation of the properties of the
equation of state of nuclear matter is one of the main aims of
experiments on relativistic heavy-ion collisions, the hydro-
dynamic approach may be a suitable way of studying the
dynamics of colliding nuclei. One of the most interesting
questions is related to the fact that at high temperatures and
densities quantum chromodynamics (QCD) predicts the
existence of a new form of nuclear matter—a quark—gluon
plasma. In the plasma, the quarks and gluons are no longer
confined in individual nucleons. They may be liberated and
travel large distances, determining thus a deconfinement re-
gion.

The idea of a change of the basic properties of hadronic
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matter was first advanced in Ref. 1 [not on the basis of QCD
but from a consideration of matter constructed from objects
classified in accordance with Gell-Mann’s SU(3) scheme],
in Ref. 2 for cold matter in quark stars, and in Refs. 3-9,
where the hot matter produced by relativistic heavy-ion
collisions was considered. The last two approaches are based
on the search for a region of intersection of the equations of
state extrapolated from two phases: the equation of state of
the hadronic phase extrapolated to the region of high densi-
ties and temperatures, and the equation of state of the plas-
ma phase extrapolated to the region of low temperatures and
densities. The presence of a point of intersection of the equa-
tions of state for these two phases is regarded as an indication
of a phase transition to the deconfinement state. The only
way of studying the deconfinement phase transition directly
by the methods of QCD is through numerical calculations of
the thermodynamic properties of quarks and gluons on a
space—time lattice. The results of the lattice calculations,
taken subsequently as the input data for the equation of
state, must be approximated. To select a suitable approxima-
tion, one can use certain relations obtained in the two-phase
model mentioned above or models that approximate by sim-
ple expressions the features of QCD calculations. Such mod-
els may be helpful in discussing variables that have not hith-
erto been considered in the lattice calculations because of the
cumbersome nature of the calculations, for example, surface
tension, which plays a central role in estimates of dynamical
transitions to the deconfinement state.

If the nature of the interaction in the relativistic heavy-
ion collisions is fairly close to the hydrodynamic regime, it is
predicted that for energies £ ~ 10 GeV/nucleon of the inci-
dent nuclei a short-lived plasma will be formed. The hydro-
dynamic description of the excitation of the plasma in such
collisions is the main subject of the present review. We do not
consider the experiments on relativistic heavy-ion collisions
so far made (see Ref. 10). We see our aim as that of discuss-
ing future experiments on accelerators that are planned or
under construction and showing what signals can be used to
detect a quark—gluon plasma.

It should be noted that the best possibilities for forming
a quark plasma are to be expected in ultrarelativistic colli-
sions of heavy ions with energy E = 100 GeV/nucleon. We
shall briefly consider how the hydrodynamic methods can be
applied to the description of collisions at such high energies.
It is interesting that many of the basic ideas in this field
derive from Landau’s hydrodynamic model of hadron—ha-
dron collisions.""

In the review, we present the basic concepts of relativis-
tic hydrodynamics, including some of its modifications, for
example, multicomponent hydrodynamics and the scheme
with a sink term, and we show the possibility of including a
mechanism of local relaxation for the dynamical description
of the deconfinement transition. The properties of matter
enter the hydrodynamics through the equation of state and
the transport coefficients. We briefly discuss the equation of
state and the calculation of the transport coefficients,
though their derivation is outside the scope of our treatment.
The central subject of discussion is the use of these methods
for predicting the conditions of attainment of the deconfine-
ment state. A general picture of the deconfinement phase
transition can be obtained from the reviews of Refs. 7 and
12-14.
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The main attention is devoted to a baryon-saturated
plasma, i.e., E ~10 GeV/nucleon, and the fragmentation
region in collisions with E ~ 100 GeV/nucleon.

The review is arranged as follows.

In Sec. 1, we give a consistent scheme of relativistic
hydrodynamics and the connection between hydrodynamics
and kinetics. In Sec. 2, we introduce a local description of
matter by means of an equation of state and transport coeffi-
cients. Section 3 is devoted to a volume-averaged model for
describing dynamical phase transitions. The shock-wave
formalism is used in Sec. 4 to clarify the possible states of the
plasma as a function of the energy of the incident nuclei (£
~ 10 GeV/nucleon). The part played by the delay in the
appearance of the deconfinement phase in the dynamical
processes is studied in Sec. 5. The main emphasis here is
placed on the circumstance that the state of the plasma de-
pends strongly on the time. The excitation of a baryon-satu-
rated plasma in the fragmentation region of ultrarelativistic
heavy-ion collisions is described in Sec. 6 in the framework
of a two-fluid model, which includes effects of nuclear trans-
parency. This section is completed by a description of the
basic propositions of Bjorken’s hydrodynamics for a longitu-
dinally expanding baryon-depleted plasma in the central re-
gion of rapidities, particular attention being paid to the dy-
namics of the deconfinement transition. In the concluding
section, we list possible signals of a plasma. Details about
hydrodynamics in a comoving coordinate system, the inclu-
sion of the charge-symmetric case, and the scheme for taking
into account a sink term for continuous emission of particles
can be found in the appendices.

1.BASIC HYDRODYNAMIC EQUATIONS

General equations of motion

Because of the conservation laws, or local balance with
respect to the number of particles, their momentum, and
energy, all forms of matter satisfy certain equations that de-
scribe the motion of the matter. The best known of these is
Euler’s equation for fluid dynamics.'® We first consider the
equations that control the motion of the hot compressed
strongly interacting nuclear matter expected to be formed in
heavy-ion collisions. Bearing in mind that in this case we are
dealing with relativistic motion of matter in an exotic state,
we attempt to make as few assumptions as possible concern-
ing the particular form of the equation in which we are inter-
ested. Therefore, we begin with the most fundamental prop-
erties, gradually augmenting them by simplifying
assumptions in such a way that at any stage the reason for
them is clear.

In high-energy heavy-ion collisions, a fairly complicat-
ed flow pattern is expected. Therefore, the different elements
of a volume of matter that are characterized by a definite
energy or particle content will have very different accelera-
tions, and if we wish to follow the development of such a
collection of matter elements, it is necessary to introduce
local noninertial frames of reference. This means that for the
correct kinematic description it is necessary to use Rieman-
nian geometry.'® The four-dimensional interval between two
points in a Riemannian space is defined as

ds® = g;;dxtdat, (1

where the Latin indices take the integral values 0, 1, 2, and 3,
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and g;, is the so-called metric tensor with signature ( —, 4,

+, + ). The distance must remain invariant on the transi-
tion from one coordinate system to another or, in other
words, under any nondegenerate continuous transformation
of the coordinates of the type

x-jr S :L,i‘ (xh)‘ (2)

The invariance of ds® gives the law of transformation of the
metric tensor g; (here, in accordance with Einstein’s rule, '
summation is understood over all indices that appear simul-
taneously as subscripts and superscripts). In the absence of
gravitation, space-time is a flat manifold, i.e., there exist
coordinate systems for which the metric tensor has the form
gy =diag( — 1, + 1, + 1, + 1). The condition of integra-
bility for the existence of a transformation (2) is written as

Riih! =0, (3)

where R, is the Riemann tensor. '

The matter in space-time can be characterized by dif-
ferent tensors. However, one of them, the energy—-momen-
tum tensor T'Y, plays a distinguished role, since:

i) the balance equations for this tensor,

T4, =0, (4)

can be obtained from Einstein’s equations of the general the-
ory of relativity'®!7,

ii) in flat space (but for an arbitrary coordinate system)
Eq. (4) enables us to construct four conserved quantities
that are volume integrals of 77 and can be identified with the
energy and momentum'3;

iii) Eq. (4) can also be derived from the relativistic
Boltzmann equation (see below).

Thus, Eq. (4) is regarded as the fundamental balance
equation.

The next task is to construct a symmetric energy—mo-
mentum tensor 77 for a definite form of matter. In principle,
TY can be measured by observing the gravitational effects of
the matter, but the practical difficulties which arise rule out
this possibility. Knowing the structure of the tensor 7% and
the conserved quantities generated by it, we can also find its
corresponding form.

Energy-momentum tensor for ararefied gas

We consider the simplest system—a rarefied gas of (al-
most) point particles. Of course, it is necessary to assume the
existence of some interaction between the particles, for oth-
erwise the gas would not evolve to the equilibrium state, and
this would be manifested in the form of a flow picture or a
local distribution. Therefore, we assume that interaction
does occur but only at very short distances. Then the life of
any particle can be divided into two periods: its free motion
between the remaining particles and motion in a field gener-
ated by the presence of neighboring particles. The ratio of
the mean free time to the collision time can be estimated by
comparing the range of the interaction with the mean free
path:

Tint/ Treee ~ N0 (5)

where 7 is the particle number density, o is the interaction
cross section, and r;,, characterizes the interaction range.
Thus, if nor,,, €1, then the distribution function of the parti-
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cles is determined primarily by the single-particle momen-
tum distribution, whereas the relative weight of the two-par-
ticle (or higher-order) configurations will, as expected, be
proportional to the ratio of the interaction times. In what
follows, we shall completely ignore the correlations, describ-
ing the single-particle distribution by the relativistic Boltz-
mann equation'’

7] X a
(" g —Toap'v* 55 ) 1 (1 =1, (6)

where I';, is the Christoffel symbol formed by the metric
tensor g,,'® and it does not vanish even in the absence of
gravitation if the basis is not Cartesian; fis the single-particle
distribution function; and I( f) is the collision integral,
which describes the abrupt changes of the momentum trans-
fer during the time of interaction at short distances. Of
course, the determination of the correct form of 7( f) is a
difficult problem. In what follows, we shall need not the
specific form of I( f') but rather a property that follows from
the condition of conservation of the 4-momentum,

\' I {j) p'dP =0, (7)

wheredP denotes the infinitesimal 4-momentum volume ele-
ment. If the particles are on the mass shell, then'*?°

dP = &p/p°, (8)

For computational purposes, it is convenient to express
I( f) in the relaxation-time approximation:

B i

Teol
where 7, is the mean time between two successive collisions
of a particle, #' is the flow velocity (sometimes expressed in
terms of the mean value of the momentum; see below), and
Jo is a root of the equation I( /) = 0, determining the equi-
librium distribution.
We now attempt to identify 7" with the second moments
of the momentum:

(W' pr) (f=—1o)s (9)

T™ = (pip*) = { fpip* dP.

v

(10)

In fact, this is the only possible tensor with two indices that
be constructed from quantities that characterize point parti-
cles. Then Eq. (4) must be satisfied, this being a direct con-
sequence of (6) and (7). Thus, Eq. (10) gives an energy—
momentum tensor with the required properties. Since our
system is sufficiently rarefied, the gas can be regarded as a
cloud of almost free particles whose behavior is controlled
by the Boltzmann equation, and any quantity can be ex-
pressed in terms of the single-particle function f (p,, x*), for
example, by forming the corresponding moments (for de-
tails, see Refs. 19 and 20). However, when one attempts to
apply this method to real systems, two serious problems
arise:

i) the single-particle distribution function f has infinite-
ly many degrees of freedom (more than the tensor 7'Y);

ii) for systems that are not too strongly rarefied it is
necessary to take into account correlations.

The first problem is absent in the limit of thermody-
namic equilibrium (or equilibrium in the momentum
space). We note that the characteristic time of momentum
equilibrium, i.e., of tending to f;, is approximately equal to
T.o1» OF at least it is when other processes such as expansion of
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the system do not hinder equilibrium. If 7, is much less
than any other time characteristic of the macroscopic behav-
ior of the matter, for example, the change of the flow pattern,
then it is reasonable to assume that

= o (1)

where f;, is determined by the gross structure of the collision
integral. The particular form of 7( /) depends both on the
differential collision cross section and on the population of
the final state,?® while f; is determined only by the last factor
and in accordance with quantum statistics is given as

fo(Prr 7% = o lexp (o + Bu7p,) -+ AT (12)

Here, @ and # do not depend on p’, although they may con-
tain a dependence on the coordinates, d is a factor that takes
into account the degeneracy with respect to the spin, isospin,
etc., and, finally,

+ 1 for Fermi statistics,
k = { 0 for Boltzmann statistics, (13)
— 1 for Bose statistics.

Thus, it follows from the relation (12) that the single-parti-
cle distribution function has five undetermined parameters,
namely, a, 3, and the three independent components u ‘ (be-
cause of the factor 3, the 4-vector u‘can always be normal-
ized to a unit timelike vector). These five parameters can be
determined by means of five equations for the moments of
the function f. Indeed, Egs. (4) and (10) give four evolution
equations. A fifth equation can be obtained by postulating
the existence of a balance equation for the particle flux n,
defined for particles with mass as

T (14)
where
ni= { fpidp, (15)

and m is the rest mass. [ For massless particles, it is necessary
to give a different definition of the flux (15).] In Eq. (14), v
characterizes the source. If the interaction cross section in
the collision integral I( /) does not contain processes of cre-
ation, annihilation, fusion, or decay of particles, then v is
zero.” The equations for the divergence of 7¥and n’ (with a
known source) now completely determine the five free pa-
rameters of the function f, and the particle number density n
is given as

A~ Vi (16)
while

i —pin (17)

u

is the four-dimensional velocity of the element of matter.
The quantities @ and 3 are interpreted as combinations of
the ordinary thermodynamic parameters /T and T, as can
be seen directly from Eq. (12).

Of course, there are several serious arguments in favor
of Eq. (12). First, f; must satisfy the Liouville equation or,
in other words, Eq. (6) with a vanishingly small right-hand
side, for otherwise the system cannot remain in the state fj,.
A necessary condition for this is an inertial nature of the
motion of the fluid elements.?® Thus, in the case of a more
complicated flow paitern we will observe deviations from
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the form of the equilibrium momentum distribution, these
being associated, for example, with transport processes (vis-
cosity, heat conduction, diffusion, etc.)?' or with detherma-
lization due to global accelerated motion of the complete
system.?” Second, even if f; is a solution of the Liouville
equation, a system with an initial distribution far from ther-
modynamic equilibrium need not reach the equilibrium state
if the lifetime of the system is long compared with 7, . We
shall see below that nonequilibrium features due to transport
processes can be readily included (at least, in a certain ap-
proximation) in the approach based formally solely on f,;in
other cases, it is possible to introduce special *“‘pseudother-
modynamic” parameters.”

Energy-momentum tensor for homogeneous fluids

The problem of including two-particle (or higher-or-
der) correlations is rather complicated. In principle, one
could replace the Boltzmann equation by an infinite set of
evolution equations for many-particle distribution func-
tions.?* Another possibility is to limit the set of evolution
equations to

58 (18)
??i;5=ﬂ, (19)

but take into account correlations in the structure of the
energy-momentum tensor. In other words, one can assume
the existence of thermal equilibrium in the case when the
local state is completely described by five parameters and
then not calculate the tensor T (10) in terms of the single-
particle distributions. In the present paper, we follow this
route.

If the many-particle distribution function f (p,,....px5)
cannot be expressed in terms of single-particle distribution
functions f;, then it is not possible to calculate 7% directly.
Nevertheless, even in this case the tensor 77 has a definite
structure, and it can be decomposed with respect to any
timelike vector field u' as

Ti.l{ - euiuh s qiuk = qkui s Pih‘
qiui = U, Pijltj =), (20)

For an observer moving with velocity %' in his own three-
dimensional space, e is the energy density, ¢’ is the energy
flux, and P; is the matter stress tensor. Now, if the state of
the matter is sufficiently coherent, then there exist in the
matter vector fields with respect to which the decomposi-
tions can be made. There are two obvious candidates: either
the energy flow rate, defined as'>*

T eyt = tieyt'y (21)
or the particle velocity
nd it (22)

Choosing one of them, we go over to a comoving coordinate
system, moving with the self-frame of the matter, in which
the matter is in a state of rest and ordinary three-dimensional
thermodynamics can be used, i.e., e, ¢', and P,, can be con-
structed in the usual manner from », T, and «’. Ignoring now
the transport processes (they are discussed in the following
section) and assuming that the stresses are isotropic, we ob-
tain
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Tik — eyiykt L P (g™ + uluh); (23)

nt = nui, (24)

where Pis a certain dynamical pressure. Equations (18) and
(19) now take the form

(e + P)ai = —P gi* _ pyi. (25)
e-+(e+ Pl = (26)
n - nur., =0, (27)

where the acceleration is
i i =
a =u'~;rur, (28)

the dot denotes the comoving derivative with respect to the
time,

P = B, (29)

and the comma denotes the partial derivative. These are the
relativistic Euler equations, expressing the balance with re-
spect to the particle number and energy. Methods of solving
them are described in Appendix A. It remains to specify the
connection between e, P, and #, after which Egs. (25)—(27),
which control the evolution process, will be completely de-
termined.

For rarefied gases in the state of equilibrium, the rela-
tions (10)-(12) directly give the necessary connection in
the form of the equation of state, for example, for a Boltz-
mann gas in the nonrelativistic limit

P:,%{e—mn):nl". (30)

For an interaction with a short but finite range, the correc-
tions to Pare usually calculated by means of the virial expan-
sion.”® For example, strong repulsion at short distances with
weak attraction at large distances leads to a van der Waals
correction of the type

P =nl (1 —nV)?!— bn?, (31)

where b and V are constant parameters of the interaction. If
the interaction is strong and nor,,, is of order unity, then for
such cases there is no systematic method for deriving the
hydrodynamic form from the kinetic form. Nevertheless,
even then Egs. (18) and (19) must be valid, and the tensor
TV has the structure given by the relation (20), so that Egs.
(25)—(27) still remain valid.

2.LOCAL DESCRIPTION OF THE MATTER

Equation of state
Thermodynamic relations

Therelations (23) and (24) lead to evolution equations
of the matter, although this system is not closed. It is neces-
sary to specify the relationship between P, n, and e, which
characterize the matter. We have already seen that such a
connection can be obtained for an ideal gas; however, in a
more general case it is not possible to guess the form of this
relationship in advance. In order to avoid discussing each
time each new particular example, we shall discuss this ques-
tion on the basis of general thermodynamic laws.

All three considered quantities are defined in the co-
moving coordinate system. We now assume that the local
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state of the matter can be described by the methods of ther-
modynamics.***” Then there exists a flux s’ of the entropy
density. In the most general case, the tensor 77 contains two
independent vector fields »’ and ¢’, so that s’ can be decom-
posed with respect to them:

8t = sut 4 g, (32)

where s is the entropy density, and the factor 3 is assumed to
be equal to 1/T in accordance with the well-known formula
dQ = Tds. We ignore all the irreversible processes. For an
ideal fluid, ¢’ = 0 and P; contains only the scalar P, as fol-
lows from (23) and (24). We now assume that the entropy
density s depends on a finite set of extensive parameters, as in
ordinary thermodynamics, and, in particular, that it is deter-
mined solely by the densities » and e, as for simple single-
component systems. Calculating the rate of production of
entropy by means of (23) and (24), we obtain

. I r - = r
s+ Suf-_,. =8 N8 8+ SU = [5— -S,nl‘l—(ﬁ’ L Pysu,.

(33)

By the second law of thermodynamics, the left-hand side of
(33) is a positive-semidefinite quantity, while the right-
hand side is not, despite the circumstance that

P=—e -+ (s.)7 (s —s5,n) =P (n e, (34)

which represents the first law of thermodynamics. The de-
rivatives are defined as

Ssp = —W'T; 8,0, =1/T, (35)

where u is the chemical potential, T'is the temperature,® and
P is the thermodynamic pressure. Choosing a particular
form of the function s(n, e) by certain physical consider-
ations, we can obtain from (34) the necessary relationship
between P, n, and e.

Microscopic methods of deriving the equation of state

The equation of state describes the considered medium.
In principle, it can be derived from the interaction between
the particles by means of the methods of quantum statistics.
In practice, only very simple “matter models” like that of an
ideal gas can be solved in explicit form. Below, we list the
basic methods of finding the equation of state.

1. Bethe—Brueckner—Goldstone method. This is based on
partial summation of the two-particle collision amplitudes
and introduces an effective interaction in the medium. The
most recent results can be found in Ref. 28.

I1. Hartree-Fock method. This is based on a Hamilto-
nian containing effective forces and introduces a self-consis-
tent mean field. For zero-range forces, the equation of state
is greatly simplified. The Skyrme interaction is often consid-
ered as an example. An equation of state at finite tempera-
tures is derived, for example, in Ref. 29.

IIL. Variational methods. The total energy of the system
is minimized by varying the three-particle function with the
Jastrow ansatz. Various forms of this method have been de-
veloped, for example, cluster expansions. Partial summation
leads to the hypernetted-chain method.*°

Basically, all these methods are nonrelativistic; meth-
ods I and III take into account the particle correlations.
Sometimes the equation of state violates the causality princi-
ple, i.e., the signal velocity may be superluminal.
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1V. Field-theoretical methods. Starting from a Lagran-
gian of interacting fields, one can derive equations of motion
from the components of the energy-momentum tensor’! or
by means of a partition function by applying a method of
path integration.* In the majority of cases, it is sufficient to
make a restriction to the mean-field approximation. An-
other method consists of finding the thermodynamic quanti-
ties in a discretized space-time (lattice) by direct computa-
tional methods. This approach is particularly popular in
QCD_12,33

In our review we shall not devote much attention to the
individual properties of different forms of matter. In the first
place, we are interested in dynamical changes that occur in
the matter during relativistic heavy-ion collisions. From this
point of view, it is quite adequate to use phenomenological
equations of state that reflect the experimentally observed
properties of matter and that follow from estimates made in
the framework of microscopic theories. Below, as an illustra-
tion, we give one of the possible forms of such an equation of
state.

Matter confinement and deconfinement

Hydrodynamic calculations require much computer
time, and it is therefore more convenient to use simple para-
metrized equations of state than ones which have been de-
rived microscopically. In this section, we give the parametri-
zation used in the present paper.

1. Nuclear matter. The specific energy W is usually di-
vided into two parts; the first corresponds to cold compres-
sion, and the second to thermal compression:

W (n, s) = W, (n) W (2, sA) — mig. (36)

Here, Wis a function of the baryon density » and the specific
entropy 8. The temperature T = (dW /d3), and the pressure
P=n*(8W /dn), can be obtained in explicit form from

(36). The first term in (36) describes the compression ener-
gy of cold matter, which has a minimum at the saturation
density of symmetric nuclear matter (n,~0.16 F ~*), and it
is often approximated by a quadratic function. Since we are
interested in reactions at high energies, where the tempera-
ture is above the Fermi energy, we use a high-temperature
expansion for the thermal part in (36). The equation of state
can now be written as

W= g (nlng— 1P 45 T+ 5 THn o (37)

s=25—1g {2 (4" }_;“ 73/n, (38)

4 \m,T

where K is the coefficient of nuclear compressibility, extract-
ed from relativistic heavy-ion collisions and monopole
modes in heavy nuclei (K ~200-300 MeV).** The second
term takes into account the thermal excitations of the nu-
cleons, while the third corresponds to thermal excitations of
pions. For simplicity, we ignore both the rest mass of the
pions and their interaction in the medium. We also ignore
excitation of & isobars (they would seriously violate the par-
ametrization). Since we consider a relativistic medium, we
take into account the nucleon rest mass, m, = 938 MeV.
Equation (38) for the entropy was obtained in the same ap-
proximation.

A different method of parametrization, proposed in
Ref. 35, is based on more accurate division of Winto poten-
tial and kinetic terms and appropriate allowance for the
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pions and & isobars. This method also makes it possible to
describe modern data on heavy-ion reactions, but it violates
the causality principle in the density region in which we are
interested. In contrast, our parametrization is free of this
shortcoming.

11. Quark—gluon plasma. In the zeroth order of pertur-
bation theory, the thermodynamic potential for the plasma
has the form™>>”’

37

—Qugy T—=P= QTII:T“--*}l;?‘:4-}lj.'232—8. (39)

The appearance of the bag constant B is a consequence of
nonperturbative effects and reflects the difference between
the QCD vacuum and the perturbative vacuum. We prefer to
use the value B = (235 MeV)*, which has been obtained
from hadron spectroscopy.®® Equation (39) includes two
quark flavors with degree of degeneracy d, = 12 (with re-
spect to spin, charge, and color) and gluons with degree of
degeneracy d, = 16 (with respect to helicity and color).
Knowing the thermodynamic potential, we can readily find
the energy density

a0 a0

e=Q—s T —nh -.'_I!.G =P -+ 4B (40)
and the baryon density
TR . L B N (41)

BRI
Here, 11, is the quark chemical potential; ., = 1/3, where u
is the baryon chemical potential. The terms of higher orders
are discussed and calculated in Refs. 5 and 37.

Transport coefficients
General introduction

We now turn to the more general case when the effects
of irreversibility are no longer vanishingly small but are still
rather weak. We assume that all irreversibility is associated
with transport processes; then the equilibrium state will be
an isotropic spatial distribution, and any nonisotropy may
lead to a disturbance of the equilibrium, this being an irre-
versible process. For moderate inhomogeneities, the princi-
ple of local equilibrium is valid,?”** i.e., in our case the local
state is completely determined by the matter density # and
the energy density e. We write

i £
4 =qan:

joi1 p(gu: L ”.rui;) L p”*‘ .- } (42)

where the index (tr) denotes the transport terms. Using now
the conservation equations 7' %u, =0 and (nu'), =0, we
can write down a positive-semidefinite entropy-production
function s; in the form

¥ . r r L i i o 3 ~
§=(B—5.) qirrrr A Gien (Br -+ 8,010 4 )— 8. Plintr; s=0.

(43)

The expected form of the transport equations is such
that ¢},,, and P(, can be expressed in terms of local densi-
ties and their gradients. Since the term ¢/; in Eq. (43) cannot
have a definite sign, the expression in the brackets must be
Z€ero:

f =g, = 1T, (44)
We arrive at the inequality
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Qo (T -+ Ta,) + TP, <0 (45)

To get further, we impose on the system three simplifying
conditions:

I. The temperature T is positive.

I1. The matter is “simple” in the sense that the inequali-
ty (45) is separable in the two individual semidefinite terms
that describe the different independent irreversibilities.

II1. The transport terms contain derivatives of the mini-
mally necessary order and degree.

Conditions I and II are the ordinary conditions that
lead to viscous and heat-conducting fluids; condition III is
needed from the practical point of view, since even the classi-
cal case has been poorly studied outside the framework of a
linear (Newtonian) fluid. Because of condition II, both
terms in the sum (45) must be negative-semidefinite, and,
restricting ourselves to terms linear in the first derivatives,
we can obtain the general formulas

Gy = —% (&7 +u'W) (T 1+ Ta,);

Pily=—0(; -+ ug ) (g7 +ule) (g% 4 )
P path Ak
—N" (gt

(46)

Here, the coefficients x, 7, and ' are non-negative and by
virtue of the principle of local equilibrium depend only on
the extensive densities # and e.

The physical significance of these coefficients is readily
seen from the relations (46), in which one can clearly trace
the connection with classical heat conduction and viscosity.
(Note, however, that the acceleration term g’ is neither a
Lorentz term nor a gravitational effect, indicating that the
general theory of relativity really is necessary here.) Then
we can interpret x, 1, and 5’ as the transport coefficients of
the thermal conductivity and shear and bulk viscosity. [In-
stead of %', one sometimes introduces a different coefficient
of bulk viscosity, £ = %’ — (2/3)7, which includes the shear
viscosity in such a way as to conserve the volume. ] Relativis-
tically, the thermal conductivity is expressed in terms of the
gradient of /T, whereas in the nonrelativistic approxima-
tion it contains only the temperature gradient.

The equations TJu, =0 and T9(g; + u,u,) =0 to-
gether with (46) form the relativistic heat-conduction equa-
tion and Navier-Stokes equation. On the transition to a co-
moving coordinate system, one can show that the
heat-conduction equation is an equation of parabolic type.
Thus, we come up against the fact that the relativistic theory
admits the propagation of superluminal signals. Some auth-
ors assert that well-chosen boundary conditions make it pos-
sible to avoid such signals.*® Other authors** include in (46)
additional gradients and introduce corresponding transport
coefficients. As a result, one actually obtains hyperbolic
equations like those derived microscopically from the Boltz-
mann equation by using Grad’s moment method.?!

Microscopic estimates of the transport coefficients

The structure of the dissipative terms in (46) is based
on the Boltzmann equation. Expanding the nonequilibrium
distribution about the equilibrium value f;,, we can express
the deviation from equilibrium in terms of f;, linearizing
with respect to the gradients (using the Chapman-Enskog
approach or Grad’s moment method*'). We then arrive at
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the structure of (46), and the phenomenological transport
coefficients can be calculated microscopically. The calcula-

tions for an ideal Fermi gas contain a strong dependence on
the density,*!

N= Vg (T4T9) (47)
80tot ’
where 0, is the total nucleon-nucleon interaction cross sec-
tion, and

T, = 9 (3a®n%/2)3/16m,

is the effective temperature of a cold nucleon gas. The im-
proved calculations made in Ref. 42 for nuclear matter lead
to values that significantly exceed the simple estimate.*’ The
bulk viscosity disappears in both the nonrelativistic and the
ultrarelativistic —cases. For example, the relation
&=n"— (2/3)5 =0 holds for nuclear matter and for the
plasma. Only in the intermediate region, in which the rest
mass is comparable with the momentum of the particles, do
we have { 0. The shear viscosity of the plasma can be esti-
mated by means of the expression*

N=al* a~1, ..., 3 (48)

In the case of charge symmetry (¢ =0), there is no heat
conduction in the medium.

3.DYNAMICAL PHASE TRANSITIONS
Model of a volume-averaged phase transition

In all dynamical processes, one observes a certain devi-
ation from the equilibrium state, and this leads to a relaxa-
tion process.’® Therefore, to describe such dynamical pro-
cesses, phase transitions, or chemical reactions, it is
necessary to use the methods of nonequilibrium thermody-
namics. We consider the formation of a new phase. This is a
particular example of the occurrence of a new component in
the medium.

We suppose that the following condition is satisfied:

Tij=xTij(1)4-(l —x) TU(E)Z }

nir‘;-:nil”%('lﬁl') ni (49)

2y
where x is the fraction of the volume occupied by phase 1.
Subsequently, we shall identify 7 ,, with the energy—mo-
mentum tensor, which includes all bulk properties of phases
1 and 2, and, thus, we ignore surface contributions. We shall
also assume that both phases belong to the common average
velocity field. In this case, the energy—-momentum tensor
and the baryon current have the form of Egs. (20) and
(24)-(26), but the thermodynamic quantities are now aver-
aged over the volume in accordance with

e=uxe; +(l —2)e; P=2aP,+ (1 —=2)Py ... (50)

The ordinary thermodynamic identities remain valid only
for the individual components but not for the averaged com-
ponents. It is expedient to introduce the specific weight of
phase 1 as

Zi=.an/n. (1)

From the equation of motion (4) we can derive expressions
for the change in the entropy:
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2
I'h+T,

{(;Lg—upl);-f—(Pi—Pz) ::v:f’nw—,—lJ r,—T,) A} >

A= x5,—(1—17) 5. (52)

The second law of thermodynamics, §>0, presupposes a di-
rection of the processes. In particular, there exist three types
of relaxation processes, these being generated by differences
of the chemical potentials, pressure, and temperature in the
two phases. During the time of the relaxation process
(3=0)

W = Mo Py =Py T, =T, (53)

These conditions are known as the Gibbs condition for equi-
librium of the two phases. In slow dynamical processes, one
often uses the approximation of an equilibrium transition.
Usually, the mechanical (pressure) and thermal (tempera-
ture) equilibria are reached more rapidly than the thermal
equilibrium.** Therefore, the conditions g, #p., P, = Ps,
T, = T, give a fairly good approximation for practical pur-
poses. In a medium in which the flux is not conserved
(¢ = 0), the analog of (52) can be written as
T A%TE {(Pt“ﬁpz) z -+ % (Ty—T,) (bu') :i} )

8= gs—(1—a)s;. (54)

(su');i =

Since specific quantities do not occur here, there exist only
two relaxation processes.

We shall call %, x, and A evolution variables, denoting
them below by #,. To close the system of evolution equa-
tions (23) and (24), we also need relaxation equations for
¥,. These may be either dynamical equations or additional
restrictions on the evolution variables ¢,. Below, we give
three examples.

Dynamics of phase transitions
Given boundary conditions

If the thermodynamic variables satisfy additional
boundary conditions, it is possible to determine the evolu-
tion in time of the variables ¥, by integrating the equations
of motion. A simple example is the case T = const and
Wy = P (p, T)#Py(u, T). A special case is an equilibri-
um transition, 7= T, where T is the critical temperature.

Linearized relaxation laws

In the spirit of linear phenomenological assumptions
for the thermodynamic force-flux relations,*® we can postu-
late the following relaxation equation for the evolution vari-
ables*:

'll:oc ST
where 7, is the relaxation time. The deviation from equilib-
rium, ¥, — ¢, leads to a change of the evolution vari-
ables. The equilibrium is approached in accordance with an
exponential law in the time 7. The relaxation time 7, must

be determined microscopically, i.e., by calculating transition
probabilities, nucleation rates, rates of growth, etc.

Voo—Ver, o
T &

(55)

Droplet model

If one goes beyond the relaxation approximation, it is
necessary to introduce a large number of input parameters.
As an example, we consider the droplet model in the frame-
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work of the classical theory of nucleation. It is based on two
concepts—nucleation and growth of a droplet. Let w be the
probability of the appearance in unit space—time of a spheri-
cal droplet with critical radius R, and growth rate v. Then

z (t) = exp {—h ()}, (56)

and the volume of the fraction is defined as

t
nty=2E fw®d R, @B+

. '|£¢ -
3 v (0)d0 ] @k

—_—

!['
Equation (56) cannot be derived rigorously, but it has often
proved to be a good approximation.*® It is convenient to
transform Eq. (56) into a differential equation of fourth or-
der and solve it simultaneously with the other dynamical
equations.
The classical expressions for the surface tension a of the
droplet, its critical radius R, and the nucleation rate w have

the form*’

@ = etle;
R, =2a/|Py— P,|;
10 = 1w, Thexp { — 161a3/3T (Py— Py)?). (57)

The exact determination of the slowly varying functions «,
and w,, which, as one expects, are quantities of order unity,
is the subject of the discussions in Ref. 46. Details can be
found, for example, in the literature on inflationary cosmol-
ogy.”

Phase transitions are phenomena of collective nature.
Therefore, one cannot assert in advance that the characteris-
tic time scale of the model theory will be equal to the relaxa-
tion time 7,,. It must be emphasized that the relaxation time
is determined by the dynamics. To demonstrate this, we con-
sider an expanding and cooling system. The dynamical scale
is tyy, ~T/ T, n/i,..., whereas the nucleation time scale is

fhye ~ {l‘sw}ﬁl’”. (58)

[ This expression follows from Eq. (56) after substitution of
R, =0and T = const.] Nucleation becomes important for
times 24, ~Z,,. precisely in the case when the reheating as-
sociated with the release of latent heat compensates the pri-
mary cooling. Thus, from the condition ¢,,, = ¢,,. one can
find the supercooling and the corresponding order of the
relaxation time. It was found that a critical ingredient is the
surface tension, which in the case of deconfinement is esti-
mated as @ ~ (80 MeV)? (Ref. 49).

4.IDEAL SHOCK WAVES

In compressible fluids, a perturbation propagates with
the velocity of sound v? = (JP/de);. Shock waves are
formed when special boundary conditions permit the ap-
pearance of supersonic velocities in the medium. The shock
front divides the fluid into two regions in different states. In
the limit of vanishing dissipative effects, i.e., for an ideal
fluid, the width of the front tends to zero. As the shock front
passes through the fluid, the change in the state is deter-
mined by the conservation laws for the number of particles,
energy, and momentum. The relation connecting the state in
front of the shock wave and behind it is known as the Ran-
kine-Hugoniot (RH) adiabat. It generalizes the ordinary
Poisson adiabat for abrupt changes leading to entropy gener-
ation.
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Several theoretical studies (Refs. 4-7 and 50-55) have
been made of the formation of shock waves in heavy-ion
collisions. The Rankine—Hugoniot relation makes it possible
to obtain a fairly complete picture of the hydrodynamic
problems without recourse to solution of the hydrodynamic
equations. In recent years, such investigations have been
made in connection with a cosmological phase transition,*®
the growth of bubbles in a supercooled plasma with vanish-
ingly small baryon density,' hadronization of an expanding
plasma with finite®® or zero®” baryon density, and the forma-
tion of a plasma with a high baryon density.*** The methods
of treating nuclear phenomena find application in technical
physics for the description of the change of materials under

the influence of a shock wave.*®
of treating nuclear phenomena find application in technical

physics for the description of the change of materials under
the influence of a shock wave.*®

Derivation of the equation of the shock adiabat

We consider a plane shock front propagating in a fluid
with velocity w’ = (3, yw). The regions to the two sides of
the front are the initial (0) and final (1) states. These states
are described by two thermodynamic variables (n and T)
and two velocities (#,and u,) in front of the shock wave and
behind it, respectively. It is convenient to introduce the vec-
tor A’ normal to the direction of propagation of the shock
front and possessing the property

;\.jlz:i — 0;

Al [ + 1 for spacelike vector,

el — 1 for timelike vector. (59)
Usually, the velocity w; of the shock wave is a timelike vec-
tor, and then A’ = (W, W/W)/y/1 — & must be a spacelike
vector. However, in the general case ' may well be spacelike
if one is considering a transition that takes place in the com-
plete volume of the fluid. By means of the normal vector A,
we can define the flux of particles that cross the shock front
as

Jo=ngut;;

Ji=nuiA,. (60)

Integrating the equations of motion (18) and (19) along the
direction perpendicular to the front, we find

/1 = [nuin;] = 0: (61)
[Ri] = [Tyl =0, (62)

where the symbol [ ] denotes the “jump” @, — @, of the
quantities across the shock front. At this stage, one intro-
duces the generalized specific volume x = (e + P)/n?
which plays the same role as the specific volume m ,/n in the
nonrelativistic case. Then the vector equation (62) is split
into two parts by means of the projection operators A’ and
P V= g"— A'A/A?, which are continuous on crossing the
shock front. From Eq. (60) and [R'A;] = 0 we find

= —ar 1Pl (63)

]

whereas from [R' Z R’ # ] = 0 we obtain

it = A% [(e - P)zl/[=?]. (64)
Equating the last two expressions, we can eliminate all the
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kinematic variables and arrive at the Rankine-Hugoniot—
Taub (RHT) adiabat®®:

Py— Py = (x,n% — z,nd)/ (g + 2,). (65)

Equation (65) is the relativistic generalization of the Ran-
kine-Hugoniot relation. It has the same form for normal (A?
= 1) and timelike (A* = — 1) shock waves. The velocities
of the fluid in front of and behind the shock wave in the
system in which the shock front is at rest can be calculated
from Egs. (60), (63), and (65) by means of the vectors A
= (0, 1) and A" = (1, 0), respectively, as
o (Py— Py) (e1+ Pg) A
el B s el (6a)
The expression for v, can be readily obtained from (66) by
interchanging the indices 0 and 1.
For A®> = — 1, a velocity relative to the timelike front
has no meaning, and therefore one can choose v, =0 and,
thus, obtain

vy, =05 [n] = 0; [e] =0. (67)

Since the two states are separated in time, the case A = — 1
signifies an instantaneous transition in the complete volume.
It follows from Eq. (63) that such a transition is impossible
if the Rayleigh line connecting the states 0 and 1 has a posi-
tive slope.

In the general case, when the state of the matter changes
its phase structure, it is necessary to distinguish two types of
wave'>*"*_detonation waves with v, < v, and deflagration
waves with v, > v,. Considering these processes in the self-
frame of the fluid in the initial state, one can see that a deton-
ation front advances inwards, whereas a deflagration front is
directed outwards with respect to the initial state.

Properties of the Rankine-Hugoniot-Taub adiabat

Figure 1 shows the RHT adiabat p(x) for the transition
from the initial state O to a set of states 1. Since in this case the
phase of state 1 differs from the initial phase, the point 0 does
not lie on the curve. The slope of the Rayleigh line between
the points 0 and 1 determines the particle flux in accordance
with Eq. (63). The change of this flux is associated with the
change of the specific entropy:

2
d-_i‘ 2Ty

dsy T T—ag)?

=0, (88)

This relation is obtained after differentiation of Eq. (65) and
the introduction of the specific entropy in accordance with

4 é . & § xp
X, GeV-F?

FIG. 1. Shock adiabat 4 for a complete phase transition from the initial
state 0 with Chapman—Jouguet point (C-J). Curves Band C are the shock
and Poisson adiabats that pass through the final point 1.
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the first law of thermodynamics: de = nTd5 41 (e 4 P)/
n}dn. The adiabat of phase 1 is drawn through point 1 in Fig.
1. The two curves have a point of tangency of the third order,
but they are not parallel to the RHT adiabat. The velocity
associated with the slope of the Poisson adiabat depends on
the velocity of sound as (u,,n, ), whereas the slope of the
straight line 0-1 is less, from which it follows that u, < u,;.

On the RHT adiabat there may exist a singular point, at
which the tangent passes through the initial point 0. Such a
point is known as a Chapman—Jouguet (C-J) point. At this
point, the variation of dj, — a by virtue of (68), and there-
fore d§ vanishes as well. Then the velocity of the fluid behind
the shock front is equal to the velocity of sound:

uy
i
1 44uf

—(&P/&.r); _yop
nt—(APdx). B_e),:' (69)

At the Chapman-Jouguet point, the flux and the entropy
reach extrema. Using Egs. (63) and (69), we can calculate
the change in the velocity of the matter behind the shock
wave compared with the change of the velocity of sound in
this fluid:

'El%(ul_'i_)c-J :%(_jz%)cfs =] (fif_;%)c—’
(70)

Thus, above the Chapman-Jouguet point the velocity be-
comes greater than the velocity of sound for a convex shock
adiabat, @>P /dx* > 0, and less than the velocity of sound for a
concave adiabat, d*P /dx* < 0. The existence of such a point
depends on the thermodynamic properties of the matter. In
the nonrelativistic case, such a point occurs only on a con-
cave adiabat and only for a thermodynamically anomalous
medium with @?(1/n)/dP? < 0.

Instability

A necessary condition for the existence of a shock wave
is a growth of entropy when the shock wave passes:

[suld;] = 0. (7D

However, this condition is not sufficient, and it is therefore
necessary to consider as well some dynamical aspects. A de-
tailed analysis of the conditions for stability in the nonrela-
tivistic case can be found in Ref. 62. Another necessary con-
dition for stability of a shock front, which prevents the front
from becoming smoother or breaking up, is that the pertur-
bations of the thermodynamic quantities in the final state
must propagate more rapidly than the front itself. In the
initial state, the perturbations must be concentrated in the
shock front. Since weak perturbations propagate in the me-
dium with the velocity of sound, the dynamical stability con-
ditions take the form

Ug = Uggy U < Ujge (72)

Considering Fig. 1, we can see that the branch above (re-
spectively, below) the Chapman-Jouguet point is stable for
a convex (respectively, concave) adiabat. In the simple case
without a phase transition, the condition (72) means that
for a normal medium (d *P /dx* > 0) in the process of con-
traction a stable shock front appears, whereas for a rarefac-
tion process there is no shock front.
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As an illustration of these conditions,®' we consider the
RHT adiabat (65) for transition from normal nuclear mat-
ter with x, = W,/n% = 6.3 GeV-F* and pressure p, =0to a
noninteracting quark—gluon plasma with equation of state
(41). Then the adiabats for the different values of the bag
constant B are determined as

;2 W,—4Br

K lg.:l--.)" e Gl
These adiabats, which are shown in Fig. 2, are hyperbolas
centered around (x,p) = (x,/3, —4B/3). For B'*

= (Wy/4)"* ~130 MeV, the RHT adiabat passes through
the initial point. For smaller values of B, the adiabat has a
Chapman-Jouguet point, above which the matter velocity
behind the shock front is less than the velocity of sound, as a
result of which the shock wave is stable. For
BY* = (3W,/4)"* =171 MeV, the RHT adiabats have the
property dP /dx > 0, a property that is unknown for nonrela-
tivistic problems. These curves have a further singular fea-
ture, namely, in the region to the left of curve (b) in Fig. 2 we
have dn/dj <0. However, this behavior does not lead to a
decrease of the entropy, in contrast to the nonrelativistic
case,'® for which the inequality dn/dj > 0 is equivalent to the
condition of increase of the entropy. In Fig. 2, curve (a)
corresponds to the condition of dynamical stability [see Eq.
(72)], in accordance with which all the adiabats with posi-
tive slope and the adiabats situated above the Chapman-
—Jouguet point correspond to stable shock waves, The condi-
tion (71) on the entropy is equivalent to the requirement
T>0, and is represented in Fig. 1 by curve (b). The RHT
adiabat for a phase transition of the first kind is more compli-
cated and is considered in Sec. 5.

Width of the shock front

Hitherto, we have ignored the finite width of the shock
front. From the microscopic point of view, the front must
have a width not less than the particle mean free path, this
ensuring the formation of the new state as a result of the
particle collision. In the hydrodynamic picture, this mecha-
nism of generation is simulated by the dissipative terms.
These terms also lead to an increase of the entropy in a shock
wave of finite thickness. For simplicity, we discuss the effect
of viscosity in the one-dimensional case, for which the shear
viscosity plays the same role as the bulk viscosity, and we
consider them together, introducing an effective viscosity:

S ECHHIE
Gl 1y a
2801 .
Elaz_ / I n‘r 1. ‘\ \\\\\ 2
& i ) L e -.L,_____g
¢ T N2 7.
,'I/’ R
Z |
-0.2 I 1 i } )
0 2 4 x, GeV-F

FIG. 2. Regions (hatched) of occurrence of a stable shock wave as deter-
mined by conditions on the dynamics (curve a), entropy (curve c¢), and

the pressure, P<0 (curve d). Curve b corresponds tc the condition
dn/dj = 0.
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T = (¢ + P) uind + (P + e’ p) g¥,

Net = 21" + M-
The second equation holds exactly only in the nonrelativistic
case. From the energy-momentum tensor (74), by analogy
with Egs. (25)—(27) and in accordance with the first law of

thermodynamics, é = nT5 + (e + P)#/n, we obtain the fol-
lowing expression for the change in the entropy:

(74)

— (_'1,)"-
n

et (75)

We apply (75) to the case of a shock front of width A/ Since
the RHT relation determines the change of the entropy, we
can, using the conservation laws, estimate A/, which is neces-
sary to find the dissipative forces. Making the approxima-
tion § ~ A3/AIW, we obtain for the width of the shock front a
value proportional to the coefficient of viscosity:

(ny— ng)*W

ny+ng \3 (1T A A
(B5) (B) d-w

An estimate of the viscosity force can be obtained from Egs.
(47) and (48). Using the value 7., ~ 100 MeV/F?, we obtain
Al~1F for transition to strongly compressed quark matter
in the case of a bombarding energy of 7 GeV/nucleon. This
width of the front is appreciably less than the nuclear diame-
ter. At lower energies, the width increases somewhat.

Another reason for the appearance of a finite width of
the shock front is the finite time 7 of the phase transition. It is
expected that the contribution is of order Al ~ (v, + v,)7/2.
This effect is important for slow phase transitions with 7> 1
F/sec.

Al= Ner

| (76)

&

Profile of the shock front

We can get a deeper picture of the behavior of the ther-
modynamic quantities on the shock front by solving the hy-
drodynamic equations in a system moving with the front. In
this stationary case, Egs. (18) and (19) simplify:

(nux) a—— (nux)o; T0x — (Tﬂx)n: TR (T.\‘.\')u. (77)

The asymptotic quantities on the right-hand side of (77)
must be calculated by means of Eq. (65). Using the energy—
momentum tensor (74), we can find two coupled equations
for the velocity and chemical potential**:

du _ P (14-u?)—eu?— (F*¥%), (14~ 2u%) 4-2 (719%), V1 2w |
dx Ner (1--u?) 2

d(WT) _ (e-P)nl—eu-t (T V10— (1¥¥)qu]

dz T2nu® .

(78)

In the case of vanishingly small coefficients of viscosity 7.¢
or thermal conductivity » the numerator of the first or sec-
ond equation, respectively, must also tend to zero. Equation
(78) must be solved for initial conditions corresponding to
small perturbations directed toward the final state deter-
mined by the RHT relation.

5.FORMATION OF PLASMA. ONE-DIMENSIONAL
TREATMENT
Phase diagram and stopping power of nuclear matter

We now discuss the excitation and decay of a quark-—
gluon plasma in relativistic heavy-ion collisions. The nature
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of the deconfinement phase transition is still far from a com-
plete understanding. This is due to the complexity of the
problem of describing matter that consists of strongly inter-
acting particles. The most reliable results are based on QCD
calculations on a lattice. In the framework of purely gauge
SU(3) theories it has been shown that there exists a phase
transition of the first kind, characterized by a transition tem-
perature of about 200 MeV and latent heat 1-2 GeV/F>%¢
When light quarks are included in the treatment, the phase
transition may become one of the second kind or even be
altogether absent, though this is accompanied by dramatic
changes of the energy density.®® For a plasma with finite
baryon density, the estimates of Ilgenfritz and Kripfganz™
indicate the possibility of a phase transition of the first kind.
Besides these lattice results, phenomenological approaches
are also often used to describe the phase transition. *>®*

Bearing in mind this complicated situation, we con-
struct the phase diagram on the basis of the equations of state
for nuclear matter (37) and (38) and for the quark—gluon
plasma (39). Using the Gibbs criteria (53), we obtain the
phase diagram shown in Fig. 3. The parameters of Eqgs.
(37)-(39) are fixed by choosing the values K =0.3m,,
ny,=0.16 F~%, and B"* = 235 MeV. The hatching in Fig. 3
indicates the boundary region in which the two phases exist
together. This region is fairly broad in the density interval
between 5n, and 12n, for zero temperature and is bounded
above by a temperature of about 170 MeV.

All our investigations which follow are based on this
phase diagram. A distinctive feature is the fact that the sig-
nificant difference between the degrees of freedom in the
confinement and deconfinement states leads to a large differ-
ence between the entropies of these two states and to a large
latent heat, of order 4B~ 1.5 GeV-F ~*. This energy is need-
ed to “melt” the hadrons into the plasma of the quarks and
gluons. This general picture is in agreement with the lattice
calculations. In this section, we investigate the processes of
formation of the quark—gluon plasma in connection with the
following questions.

What amount of energy is needed to attain the plasma
state? How rapidly must the phase transition occur? What
are the consequences of the finite time of the phase transi-
tion?

7, MeV

150

200+200
E/A =4 GeV

s
s

A ////
Hadrons ,///4/ /

FIG. 3. Phase diagram of the matter. The hatched strip is the region of
coexistence of normal nuclear matter and the quark-gluon plasma. The
dotted area corresponds to different trajectories in the phase plane in a
heavy-ion collision with energy E /4 = 4 GeV, calculated in the one-di-
mensional model. The small open circle gives the predictions of the shock-
wave model.
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We give the treatment in a one-dimensional model, ig-
noring the transverse expansion of the system,; as a result, the
estimate of the energy needed to attain the plasma state may
be somewhat too high. Comparison with two- and three-
dimensional calculations® shows that the overestimation
for the temperature and density is about 20%. Another
source of error is the transparency effect, which is complete-
ly ignored in single-fluid hydrodynamics. In our model we
assume instantaneous deceleration and local thermalization.
If the nuclei come to rest in the interaction, this approxima-
tion may be justified. Earlier estimates®® predict for the up-
per limit of complete stopping an energy of order 10 GeV/
nucleon in the laboratory system. The recent information on
the degree of deceleration of incident protons in nuclear
matter® contains the optimistic prediction that heavy nuclei
like those of uranium may be stopped in a central collision at
energies right up to 30 GeV/nucleon.*” In Sec. 6, we consid-
er this aspect in the framework of a two-fluid model. At the
same time we restrict ourselves to reactions with initial ener-
giesup to E /4 = 7-10 GeV, remembering that these results
will be only approximate in a discussion of processes that
occur in relativistic heavy-ion collisions.

Shock-wave model

An idea of the problems that arise in the study of phase-
transition dynamics can already be obtained at the level of
the RHT relations. In a subsequent stage, we shall make the
treatment more precise, investigating a linear solution of the
hydrodynamic equations. For attainment of the plasma
state, penetration into the region of phase coexistence is nec-
essary (see Fig. 1). In this region, the matter is a mixture of
nuclear matter and quark—gluon matter. A suitable variable
for describing the fractions of the matter in the two phases is
the evolution variable x introduced earlier by Egs. (49) and
(51). In the case of thermodynamic equilibrium, the evolu-
tion variable is a single-valued function of the density and
temperature,

Y ng(?) (n—ny (1)
eI n(ng (Ty=—ny (7)) ? (79)
whereas in the region of pure phases X takes the values 1 and
0. The quantities #,(7) and n,(T) in Eq. (79) determine the
lower and upper limits of the baryon density in the phase-
coexistence region calculated in accordance with the Gibbs
criteria (53). Figure 4 shows the RHT adiabat.®' The curve
consists of three parts, the first of which (OA) corresponds
to nuclear matter, the second (AB) to the mixture of the
phases, and the final part to the plasma state. The inset in
Fig. 4 shows that in the mixed phase the temperature is re-
duced by the transformation of thermal energy into latent
heat of the plasma.

In the mixed phase, a Chapman-Jouguet point appears
on a concave adiabat, and the points situated between this
point and B cannot be reached, since the shock wave is unsta-
ble. The possible existence of an unstable shock wave due to a
phase transition of the first kind has already been noted by
Bethe.®® In Fig. 5, this part of the diagram is shown on a
larger scale. Let us now consider whether breakup of the
shock wave is possible when the first wave leads to the Chap-
man-Jouguet point and the second wave to the final state.
Such investigations were also made in Refs. 56, 62, and 63.
We calculate the shock adiabat that emanates from the
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FIG. 4. The RHT adiabat for the two-phase model with Chapman-Jou-
guet point in the region of coexistence. The dependence of the temperature
on the density is shown in the inset for the same system.

Chapman-Jouguet point (broken curve in Fig. 5). It can be
shown that the initial velocity v, in the second shock wave is
always less than the velocity of sound. Therefore, the condi-
tion (72) is violated, and the second shock wave is unstable.
Above the Chapman—Jouguet point, where the initial veloc-
ity reaches the velocity of sound, only an isolated shock wave
is stable, whereas the second wave propagates faster than the
first. Thus, in the interval of energies £ /4 ~3.1-4.3 GeV, to
which the points of the interval (C-J, B) correspond, an
unstable double shock wave is expected. The distance be-
tween the front increases as the difference of the velocities,
multiplied by the time.

One can establish whether such an unstable shock wave
occurs in small systems such as nuclei from a dynamical
calculation, and the result depends on the amplitude of the
dissipative forces and on the particular initial conditions. *
In this connection, it should be recalled that the part of the
RHT adiabat that is stable in the region of the mixture of

—
p,GeV/F3
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036
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FIG. 5. The RHT adiabat (continuous curve) that begins at cold nuclear
matter and the adiabat that emanates from the Chapman-Jouguet point
(broken line). The tangent to the adiabat at the point C-J (thin line)
determines the maximal (C-J) and minimal (C) energy below and above
which shock waves are stable. The inset shows the entropy for both mech-
anisms as a function of the projectile energy.
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phases leads to a broadening of the shock front, since usually
the phase transition takes place more slowly than simple
compression.

Increase of both the bag constant B and, in the first
place, the compressibility parameter K leads to a shift in the
position of the Chapman-Jouguet point in the direction of
the region of nuclear matter. If this point reaches the bound-
ary A, beyond which phase mixing occurs, a double shock
wave may arise, as can be seen from Fig. 6. The two shock
adiabats are represented in the figure by the lines OA and
AB. A necessary condition for stability of the second shock
wave is that the slope of the adiabat above the Chapman—
Jouguet point be less than the slope of the Rayleigh line
C-J-B and that both be less than the slope of the line O—C-J.

These ideas about the shock waves were verified by nu-
merical solution of the hydrodynamic equations (18) and
(19) with allowance for viscosity effects determined by Eq.
(47). The results for initial collision energies E /4 = 2.5 and
5 GeV are given in Fig. 7. These energies are situated below
and above the instability region shown in Fig. 5, and lead to
the appearance of fairly sharp shock fronts For energies
E /4 = 3.5 and 4.2 GeV, this sharpness of the fronts is lost,
and their widths increase with increasing reaction time (Fig.
8). Despite this, the resulting final state is in good agreement
with the prediction of the shock-wave model. The phenome-
non of a double shock wave predicted in Fig. 6 is also con-
firmed in the numerical calculations (Fig. 9).

The detailed behavior of the density and temperature in
a stable shock front can be best investigated by solving Eq.
(78) for steady profiles. Figure 10 shows the density profiles
of shock waves for initial energy E /4 = 7 GeV. The non-
monotonic behavior of the temperature is a consequence of
the release of the latent heat of melting at the phase transi-
tion of the first kind, which takes place precisely at the shock
front.

Summarizing these investigations, we can say that the
simple picture of a stable shock wave is fully adequate for
reactions with relativistic heavy ions if the phase transition
takes place sufficiently rapidly. This is possible because the
stability of the shock wave persists in a wide range of initial
energies. Instabilities can arise in certain intervals of the
RHT adiabat in the transition region from the state of a mix-
ture of phases to the plasma state. The width of the shock
front obtained with allowance for the viscosity in accor-
dance with (47) is small compared with the dimensions of

o, GéV/F‘lJ B4 = 0.3 GeV
.. K=1.2GeV
08 Cy. g

o4t

FIG. 6. Shock adiabat that begins at cold nuclear matter and ends at the
point X in accordance with the condition T30 for some unrealistic values
of the parameters given in the figure. For £ /4 = 8.5 GeV, a stable double
shock wave OAB occurs.
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FIG. 7. Density profiles for a collision of two layers simulating the inter-
action of uranium nuclei as a function of the distance from the center of
the collision at different times .., The quantity a determines the relative
amount of nuclear matter in the region behind the shock front.

the system. Even for large values of the coefficients of viscos-
ity obtained in recent estimates,*® the mean width of the

:shock front remains of order 1 F. In accordance with Eq.

(76), the width of the front decreases with increasing initial
energy. However, the effect of the quark and gluon degrees
of freedom may lead to a significant increase of the viscos-
ity.*

Delayed phase transition

Hitherto, we have assumed that the phase transition
takes place fairly rapidly and that the state of thermodynam-
ic equilibrium is always attained. We now consider the case
when the transition time becomes comparable with the time
of the complete collision process. All hadron-hadron colli-
sions contribute to the thermodynamic (7, = T,) and me-
chanical (P, = P,) equilibrium, whereas the chemical equi-
librium (g, = u,) is realized by hadron reactions, which can
be hindered by potential-barrier effects. '* Therefore, in (53)
we omit the condition s, = y, and will describe the state of
the matter by the three variables #, T, and .

To solve the problem, we need one further equation for
the variable X, which characterizes the composition of the
matter; in accordance with (55), we take this to be the lin-
earized relaxation equation

.
A A A

Tr—= — (.1"-_‘]:&(|)/T" (80)

where %, is determined by Eq. (79). The relaxation time 7 is
usually taken to be equal to the characteristic QCD scale,
#i/B'"* ~ 1 F/sec. As yet there have been only a few attempts
to give more realistic estimates of the relaxation time; these
are in the interval from 7= 0.1 (Ref. 70) to 1 F/sec.* It is
possible that the inverse transition from the plasma state to
the state of hadronic matter may be hindered, since it is nec-
essary to form a color singlet from quarks distributed ran-
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FIG. 8. The same as in Fig. 7 but for collisions in the region of formation of
an unstable shock wave (see Fig. 7 for an explanation of the notation).
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FIG. 9. Density profiles for the stable double shock wave predicted in Fig.
6.

domly with respect to the color quantum number. There-
fore, we shall use different values of 7 in the compression
(% <0) and expansion (%> 0) stages.

In the case of a delayed phase transition, the validity of
the shock-wave model is not obvious, since the expected
width of the shock front is Al ~ 7~ 1 F. For this reason, Egs.
(18) and (19) are solved numerically. The one-dimensional
relativistic calculations were made by a method that was
first used in nuelear physics. This method is based on the use
of a synchronous, comoving curvilinear coordinate system
and has hitherto been used only in astrophysical problems.”"
We modified it for the case of plane-wave geometry. The
heavy-ion collision is modeled by the collision of flat layers
of thickness 11 F, corresponding to a collision of two uran-
ium atoms.

The influence of the finite transition time 7 on the width
of the shock front for initial energy E /4 = 7 GeV isshownin
Fig. 11. The estimate given in Sec. 4 is in good agreement
with this numerical result. We shall show below that a relax-
ation time of order 1 F/sec already leads to a significant
smearing of the shock front and an appreciable decrease of
the final density in comparison with a fast transition. Even
longer relaxation times completely wash out the shock-wave
picture and lead to a moderate compression of the matter,
for which it is no longer possible to achieve a complete phase
transition. The effect of a very slow phase transition can also
be described by increasing the effective viscosity.*

For the central fluid element, Fig. 12 shows typical tra-
jectories in the temperature—density plane. In the hadronic
phase, the temperature initially increases rapidly, but then,
as soon as the boundary of the phase region has been
reached, begins to fall because of the loss on latent heat. In

T, MeV
MF  Ea=7Gev 7

120
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40

0o 1 2

4
> zF

FIG. 10. Profiles of the density and temperature (broken curve) at the
shock front. The values of the shear viscosity 7, were calculated in accor-
dance with Ref. 42.
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FIG. 11. Density profiles calculated for different relaxation times 7. For
7<0.1 F/sec, the central density is lower than the value predicted by
shock-wave theory.

the quark—gluon matter, the temperature again increases un-
til the turning point is reached. For energy below E /4 = 4
GeV, the turning point is in the region of phase coexistence,
and its position is very sensitive to a change in the energy and
the relaxation time. This can be seen in Fig. 13, in which the
conditions of stability are not satisfied and all fluid elements
describe different trajectories.

A remarkable property of these calculations at an ener-
gy below 10 GeV/nucleon is the fact that the temperature
never exceeds the value 160 MeV, although our model over-
estimates the temperature. The same upper limit on the tem-
perature has been found by other authors (Refs. 3, 55, 72,
and 73). For energies £ /4>4 GeV, a stable shock wave ap-
pears under the condition 7< 1 F/sec. Otherwise, one ob-
serves a weaker shock wave, which compresses the matter in
the state of a mixture and which is followed by a region in
which the matter is slowly transformed into the plasma. As
an illustration, Fig. 13 shows the evolution of X, which is
fairly sensitive to the relaxation time 7. In the expansion
stage, the quark matter is cooled until the phase boundary is
crossed, after which the hadronization process commences
and the latent heat is released. Irrespective of the initial ener-
gy, the matter reaches a very low density and high tempera-
ture (about 155 MeV), which is somewhat below the critical
point of the phase transition.

As a result, we find that with increasing initial energy
the formation of the plasma takes place rather smoothly.
Evenatenergy E /4 ~2 GeV acertain percentage of the mat-
ter undergoes transformation. This fraction increases with
increasing energy of the bombarding nuclei, though it is also
sensitive to the transition time. This circumstance makes it

7, MeV
150

125

700

FIG. 12. Typical trajectories in the n-T phase plane for heavy-ion colli-
sions at two values of the collision energy. The hatching identifies the
region of phase coexistence.
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FIG. 13. Evolution in time of the composition of the nuclear matter for
different values of g = 1/7, the rate of transformation from the stage of
compression and expansion of the matter.

difficult to observe a definite threshold behavior when the
phase transition occurs, since the appearance of the plasma
is a gradual process.

Growth of the entropy

During the time of the collision, the heavy ions, which
were initially cold, are heated, and the kinetic energy of their
relative motion is redistributed in a random manner between
many degrees of freedom. In a microscopic approach, the
process can be modeled by means of the relativistic Boltz-
mann equation. In Ref. 74, this equation was solved for a
spatially uniform distribution of particles. It was found that
there is a rapid growth of the entropy, which reached satura-
tion during a time 3-5 F/sec at energy E /4 ~2 GeV. The
value of the entropy was found to be very close to the value
obtained by solving the RHT equation. More detailed calcu-
lations made in the framework of the intranuclear-cascade
model”7® also lead to values of the entropy close to the pre-
dictions of the RHT theory. Similar results have been ob-
tained in hydrodynamic calculations.

The determination of values of the entropy from experi-
ments is based primarily on analysis of the relative yields of
the light fragments. Siemens and Kapusta’® were the first to
relate the entropy to the measured deuteron-proton ratio.
The high values of the entropy obtained in this way were a
long-standing puzzie for physicists. It has now become clear
that many different mechanisms influence the production of
light fragments: the finite size of the clusters™ and the
source,” suppression by virtue of the Pauli principle (nu-
clear Mott effect)®' and decay of unstable light fragments,”’
and the appearance of a phase transition of the liquid-gas
type.%?

In hydrodynamics without allowance for viscosity, the
entropy cannot increase as long as we are dealing with con-
tinuous solutions. The only possibility is provided by the
shock-wave mechanism considered in Sec. 4. Then the
change in the entropy can be estimated in terms of the RHT
relation. In numerical calculations based on the use of a fin-
ite grid, the integral form of the hydrodynamic equations is
used in implicit form and also leads to an increase of the
entropy. In hydrodynamics with viscosity, a growth of the
entropy is ensured by the action of the viscosity terms. It
follows from the results of our calculations that the increase
of the entropy in the shock wave does not depend on the
value of the viscosity as long as the width of the shock front is
small. This fact was used in (76) in the derivation of the
expression for the width of the shock front. Such a treatment
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FIG. 14. Entropy per baryon as a function of the collision time in the
center-of-mass system for relaxation time r = 0.1 F/sec (broken curve)
and 1 F/sec (continuous curve). The lower part shows the excess entropy
calculated in accordance with Eq. (81).
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cannot be used in the expansion stage of the system, when the
shock wave is unstable. Here, an increase of the entropy
arises because of the influence of the viscosity. Estimates
showed that in this stage there may be an additional growth
of the entropy by 10-20%.5°

A source of additional entropy is a delayed phase transi-
tion. If the collision process is slow, then the Gibbs condi-
tions are satisfied and the phase transition is reversible.
However, for a rapid change the Gibbs conditions are violat-
ed and the entropy increases in accordance with Eq. (52). In
the model used in the previous subsection, the amount of
additional entropy can be calculated as

$3= — 3 (I — o) .
In the general case, the two mechanisms (75) and (81) oper-
ate simultaneously but not additively, since cross terms ap-
pear on account of the influence of the nonequilibrium na-
ture of the velocity field. Despite this, (81) enables us to
estimate the excess entropy associated with the finite trans-
formation time, which we compare with the total entropy.
We use the same model as in the preceding section. Fig-
ure 14 shows the time evolution of the total and the excess
entropy 3, for the typicalinitial energy E /4 = 7 GeV and for
relaxation times 7 =1 and 0.1 F/sec. At these energies, a
stable shock front is formed. The greater part of the entropy
arises during the compression stage as the shock wave passes
through the fluid. After this, additional entropy can be
formed only in a phase transition. In the expansion stage, the
entropy increases by only about 7%. Much the same value
was found for expanding quark bubbles with zero baryon
charge.*® Figure 15 shows the entropy as a function of the

(81)

B E/A=7GeV
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FIG. 15. The produced entropy as a function of the relaxation time
7= 1/q. (The upper curve is the total entropy, and the lower curve is the
excess entropy. The broken line is the entropy for an instantaneous phase
transition.)
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relaxation time. Maxima of both the total and the additional
entropy occur near the value 7 = 0.5 F/sec. It is worth not-
ing that the difference between the values of the total and the
additional entropies depend on the transition time, this indi-
cating the influence of the phase transition on the dynamics
of the process. For small 7, the entropy is close to the value
obtained from the shock-wave model. For all values of the
energy E /A4 between 5 and 10 GeV, the maximal increase of
the entropy is ~ 1.5. An excess of the entropy when the sys-
tem decays could be a possible signal of a phase transition to
a short-lived state of a quark-gluon plasma.

6. ULTRARELATIVISTICHEAVY-ION COLLISIONS

In accordance with Landau’s idea of a growth of the
longitudinal distances (see Ref. 89) after a collision with a
target nucleon, the high-energy nucleon requires a certain
time and distance to be materialized. Owing to the effect of
the relativistic increase of the formation time, this distance
increases with increasing energy. In the spatial (rapidity)
interval between the target and the incident particle, second-
ary products, mainly pions, appear. The total baryon charge
remains in the region of rapidities of the target nucleus and
the incident nucleus, whereas in the central region of rapidi-
ties the meson density is approximately homogeneous and
the baryon density is almost zero. This picture of individual
nucleon—nucleon collisions was applied to the description of
ultrarelativistic heavy-ion collisions in Ref. 91. An impor-
tant aspect of this approach is the assumption of penetrabi-
lity (“transparency’) of the nucleus and materialization of
particles with zero total baryon charge between the separat-
ing highly excited nuclei.

Central region of rapidities
Bjorken hydrodynamics

In Refs. 52, 90, and 92 it was estimated that the particle
density is sufficiently high for hydrodynamics to be valid.
We consider the longitudinal expansion of the system (the
effects of the transverse expansion are discussed in Refs. 52,
53, 58, and 70). The equations of motion (4) are considered
in a system of coordinates with line element (light-cone co-
ordinates)

ds? = —dt? 4 t2dn® + dy® + dz?, (82)

where the Minkowski coordinates are obtained by the in-
verse transformation

it =7cosh#; z = 7sinh 7.

(83)

It is assumed that the initial velocity u'= y(1, v, 0, 0) is
determined by the relation v = x/¢. This fact expresses the
invariance of the initial distribution with respect to a Lor-
entz transformation in the x direction, reflecting the as-
sumed invariance with respect to the rapidity in the central
region. Then in the light-cone variables the velocity is '
= (1,0, 0, 0). It follows directly from Eq. (26) that*

de

ﬁ;-i-(e-}- P)yt=0., (84)

This equation determines the longitudinal expansion of the
system. The dissipative effects are taken into account in Ref.
43.1
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Equilibrium confinement

For a relativistic gas of gluons and massless quarks with
equation of state P= — B + (377°/90) T* the solution of
Eq. (84) can be expressed as

T = T, (14/7)43, 15 = const. (85)

Assuming that the plasma is transformed into a purely
pionic state [P = (7°/30) T*], the equilibrium transition at
T =T, occurs in a time

34

Y—%=73 T (To/T )3 (86)

where T, is the initial temperature, and 7, is the time at
which the dynamical expansion begins. Equations (85) and
(86) mean that the plasma remains for a large fraction of the
time in the mixed phase, whereas the pure plasma stage is
comparatively short. Since in an equilibrium mixture the
velocity of sound is zero, transverse rarefaction cannot pene-
trate into the system and disturb the longitudinal motion.
Therefore, the majority of the signs of the plasma state relate
to the transition stage.

Delayed transition to the confinement state

The time of transition to confinement increases in the
case of a nonequilibrium phase transition. We first consider
a simple transition model for T = const. Equation (84)
leads to

uth - 4 (e,—e;—B)
b="% ( T 3(ei—e)

81—3 )8 s
ey "

' (87)

where 7, and 7; are the times of the beginning and end of the
transition. The increase of the entropy in the comoving vol-
ume element is

3

S

$oTy o8 e e
T ) 68
It can be seen from these equations that a 20% supercooling
of the system leads to an increase of the entropy by 2.5 times
and a lengthening of the transition time from 7~ 127; to
7~ 307;.

To clarify the possible effects of the supercooling, we
use the relaxation law (55) with

e—ey (T
o™ T‘(T(!J —2"'(.' (;?c)

for eZ=ey;

g for e<e,. (89)

The development of the temperature in time is shown in Fig.
16 for two values of the relaxation time.

Te=2Tp, To=0,1F/sec

0,4 *I I A .
0 2 4 § 8 t,F/sec

FIG. 16. Evolution of the temperature in the longitudinally expanding
central region of rapidities for x = 0 and 7 = . The continuous line corre-
sponds to an equilibrium transition, the dotted curves to the relaxation-
time approximation (the values of the relaxation time 7 are given), and
the broken curves to classical nucleation theory (the values of the surface-
tension parameter @, are given).
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To compare the results obtained in the relaxation-time
approximation with the classical nucleation picture (57), it
is necessary to specify the law of the rate of growth of the
phase v(T). We choose the form known from the study of
materials and which reproduces the limiting cases olT)
=0and v(0) = 1:

v(I)=1—exp {k(T —T)T,}, k=6. (90)

The results of the comparison are also shown in Fig. 16. It
can be seen that in the classical treatment the reheating is
much stronger than in the case of the relaxation-time ap-
proximation. It is only in the case of a very slow rate of
growth that the two models lead to similar results. These
examples show that the relaxation-time approximation,
which is regarded as one of the simplest realistic models of a
nonequilibrium transition, is in this case a good instrument
for describing the phenomena under discussion. (However,
this approximation is not valid for cosmological transi-
tions.) The surface tension, estimated in Ref. 49 as @ ~ (80
MeV)?, leads to a comparatively small supercooling (of or-
der 5-10%), accompanied by a negligibly small increase of
the entropy. Recent investigations®**** indicate the impor-
tance of the effect of the expansion of the system in the trans-
verse direction. The general scheme of numerical solution of
the hydrodynamic equations encounters serious difficul-
ties'” when a complicated equation of state is used. There-
fore, the methods mentioned above do not take into account
in the equation of state the possibility of a deconfinement
phase transition. The approach described in Appendix B
makes it possible to apply the method of Lagrangian coordi-
nates described in Appendix A to the description of the
charge-symmetric central region of rapidities.

Formation of a baryon-saturated plasma

Since the nuclei pass through each other in ultrarelati-
vistic collisions, they may be compressed and heated. Pre-
liminary estimates of the energy accumulated in a nucleus®
give hope that the nucleus may undergo a phase transition.
This process cannot be described in the framework of a sin-
gle-fluid model, since the two phases may be different during
the time of the complete collision.

Below, we shall use the two-fluid model. If the differ-
ence between the rapidities of the target nucleus and the inci-
dent nucleus, 7 — 7, is sufficiently great that the particles do
not succeed in stopping, the baryon charge of either of the
two fluids is conserved:

(nu'), = (nu') ; =0, (91)

Here, the quantities with the bar correspond to the fluid of
the incident nucleus. The particles of the target and the pro-
jectile can exchange only energy and momentum. Therefore,
Eq. (4) can be generalized to

ik, = Fi; Tik, — Fi, (92)

The force F' arises because of the coupling between the two
fluids and must be calculated by means of the relativistic

Boltzmann equation. Approximately, we can obtain®*°¢
Fi= —F'=Dnn (u'—u). (93)

Owing to the asymmetry with respect to interchange of the
velocities #” and #', the total energy and momentum of the
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two fluids are conserved. The coefficient D in Eq. (93) can
be expressed in terms of the elementary cross sections of
particle-particle interaction and the longitudinal momen-
tum transfer®>°®;

D = (g (p e + Oinel {P1 Jiner)- (34

Using on the one hand the elastic part given in Ref. 96 and
estimating the contributions of the inelastic interaction as
P Yina = m{n,)/m, where (n_) is the number of created
pions with transverse mass m, = 0.4 GeV, we obtain the co-
efficient D as a smoothly increasing function of the energy
which reaches the value D = 2.5 GeV+F? in the ultrarelati-
vistic limit. On the other hand, analysis of the data on the
stopping power of protons with energy 100 GeV leads to the
value D = 1.2 GeV-F~

Equation (94) does not take into account the energy
stored in the baryonless plasma that is formed between the
separating nuclei at collision energies £ /4 > 50 GeV. To
take into account such processes phenomenologically, we
can introduce the additional term

F=D @i —wh, (95)
where w' is the mean velocity of the two fluids, determined
by the mean rapidity ,, = (% + 7)/2. In the general case, D
is not a local function.

Figure 17 shows the results of a calculation with
D = 1.2 GeVF” obtained in the “layer-on-layer” geometry
introduced in Sec. 5 for energies £ /4 equal to 40 and 160
GeV. Under the assumption of a rapid process of transfor-
mation (7= 0.1 F/sec) the matter reaches a maximal com-
pression exceeding 4 and 6 times, respectively, the normal
density in nuclei; moreover, almost all the matter is trans-
formed into the quark phase. The values of the calculated
densities are appreciably less than those predicted in single-
fluid calculations (for comparison, see Fig. 12). For a long
relaxation time (7= 1 F/sec) the matter is compressed
much more strongly, but at the time of greatest compression
only a small fraction of the matter (about 25%) is subjected
to a phase transition. During the time of the stage of expan-
sion and cooling following the compression stage, the super-
heated matter changes continuously, and at comparatively

T
T MeV
200+ 160 GeV
40 GeV
1001
o 10 mFE-3 20

FIG. 17. Trajectories of the state of the matter at the center of a heavy
target crossed by an ultrarelativistic nucleus at two collision cnergies. The
continuous curves correspond to 7= 1 F/sec, and the broken curves to
7= 0.1 F/sec; the region of phase coexistence is hatched.
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low densities (of order 2.5n,) a state close to the state of
pure quark matter is reached. In the further development the
hadronization stage commences, this occurring as in the sin-
gle-fluid model. Our hydrodynamic estimates lead to a
somewhat higher energy density than the estimates based on
study of the production and absorption of secondary parti-
cles.® During the time of existence of the plasma state, col-
or-neutral particles like photons or leptons can undergo
scattering and leave the reaction region. In Appendix C, we
describe a method suitable for estimating the flux of particles
leaving the system. This scheme was already used in connec-
tion with the problem of pion emission in relativistic heavy-
ion collisions at not too high energies.

7.CONCLUSIONS

In this paper, we have considered the collision of heavy
ions at relativistic energies by hydrodynamic methods. We
have demonstrated that these methods in combination with
thermodynamics are very suitable for describing collective
effects like phase transitions. In the framework of this ap-
proach, we have paid particular attention to the deconfine-
ment phase transition, which leads to the formation of a
quark—gluon plasma.

Relativistic hydrodynamics is a well-established theory
whose formalism is based on conservation of the local ener-
gy, momentum, and baryon charge. The general foundations
of hydrodynamics and its relationship to kinetic theory were
discussed before it was applied to relativistic heavy-ion colli-
sions. It must, however, be remembered that the extension of
hydrodynamic methods to such collisions is an idealization
of the physical situation. Because a nuclear system is small,
significant fluctuations in individual collisions are expected;
there can be deviations from local equilibrium due to kinetic
effects; and the ignored effects of anisotropy, finite size of the
system, and surface effects may compete with the influence
of the bulk properties of matter.

We have demonstrated the great flexibility of the hy-
drodynamic methods. By means of the equation of state, one
can consider very different media; the transport coefficients
take into account the deviation from equilibrium; the multi-
component formalism enables one to understand the passage
of one nucleus through the other; and sink terms describe the
fluxes of particles out of the reaction region.

We have presented a new scheme for solving the hydro-
dynamic equations for the case of a symmetric collision; this
is very convenient for computer calculations even when a
complicated equation of state is employed.

QOur main problem is to consider the transition to de-
confinement in central relativistic heavy-ion collisions at en-
ergies in the laboratory frame of order 10 GeV/nucleon in
the framework of single-component one-dimensional hydro-
dynamics. It is obvious that this is also the simplest ap-
proach. Since it is easily realized, it can be regarded as a
suitable scenario for comparison with all the other, more
refined approaches. Among the first problems that must be
attacked, we must mention the need to include transverse
fluxes, transparency, and the stopping power of nuclei, and
also the study of asymmetric collisions and full three-dimen-
sional hydrodynamics. With regard to these important ef-
fects, the predicted threshold energies for the excitation of
quark—gluon degrees of freedom in nuclear matter must be
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regarded as lower bounds, which are, moreover, insufficient-
ly well determined, owing to our lack of knowledge of the
detailed behavior of the equation of state (particularly the
bag constant and the coefficient of nuclear compressibility ).
But even with these shortcomings our results indicate the
need to take into consideration the dynamics of the decon-
finement phase transition. All calculations that use only the
static properties of one phase can at best only predict that a
crossing of the phase boundary line does indeed occur under
certain conditions, but they are not able to predict what hap-
pens to the matter or what is the nature of the dynamical
feedback.

In the dynamical approach, we have investigated a de-
layed deconfinement transition and the idealization of a
shock front. Some general results relate to the plasma life-
time, the temperature, density, and entropy, the degree of
homogeneity, and the flow pattern. The prediction of the
escape of hadrons from the plasma®>*® is outside the field of
applicability of hydrodynamics. Our list of signals indicat-
ing the occurrence of a plasma includes a change of the col-
lective flow, an enhancement of fluctuations correlated with
an increase of the entropy due to the effects of bubble
growth, and (for particular equations of state) the appear-
ance of a double shock wave.

For completeness of the exposition, we list below the
signals by means of which a plasma may be distinguished
from an ordinary nuclear fireball:

a) Entropy: Owing to the large number of excited de-
grees of freedom, the entropy in the plasma is appreciably
higher,”” and a nonequilibrium phase transition increases
the entropy still further.®!

b) Collective flow: A phase transition has a strong in-
fluence on the flow.*""’

¢) Spectra of photons and lepton pairs: The rate of for-
mation and the shape of the spectra in the plasma are differ-
ent from those in the case of a nuclear fireball.'®

d) Hadron yields: Of particular interest here are
strange particles and strange antiparticles, and also antinu-
clei formed with large probability in the plasma.>*®®

e) Fluctuations: The kinetics of the “bubbles” in the
course of hadronization may lead to characteristic fluctu-
ations with respect to the rapidities.

f) The p, distribution: The distribution with respect to
the mean transverse momentum as a function of the particle
number density must become less steep or flatten and have a
plateau, this indicating a phase transition.*

g) Pion correlations.'*

h) Excitation of the residual nuclei.'”’

It appears that at the present time only a combination of
different measurements will make it possible to identify a
plasma, since each of these signals has a competitor among
the background events and in the ordinary nuclear fireball.
The existing results offer hope of the possibility of formation
of a quark—gluon plasma during relativistic heavy-ion colli-
sions. The hopes are based on the use of hydrodynamic
methods, which have proved to be a very helpful tool in de-
scribing rather complicated collisions of heavy nuclei al-
ready at the energies of the accelerators at Dubna and Berke-
ley.

Many of the results presented in this review were ob-
tained in collaboration with L. P. Csernai. We are very grate-
ful to him for advice during this collaboration. We also
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thank V. D. Toneev for helpful comments made during the
preparation of this work.

APPENDIX A: HYDRODYNAMIC EQUATIONS IN A COMOVING
COORDINATE SYSTEM

In Secs. 1 and 2, we presented the fundamental equa-
tions of hydrodynamics. If the appropriate formalism of Rie-
mannian geometry is used, these equations can be cast in a
generally covariant form and are then, therefore, valid in an
arbitrary coordinate system. However, to find solutions of
these equations it is necessary to select a definite system.

There are two obvious candidates.
1. The center-of-mass system of the collision (from

which one can go over to the laboratory system by means of a
Lorentz transformation). This is an inertial coordinate sys-
tem, and therefore the metric tensor g, is the tensor of Min-
kowski space-time, and all the covariant derivatives become
partial derivatives. (If necessary, it is possible to introduce
cylindrical or polar coordinates.)

2. Comoving coordinate system. In this case, the veloc-
ity field becomes trivial, but the metric tensor is nontrivial,
since the flow is not inertial.

In principle, these two coordinate systems cover the
same possibilities; nevertheless, from the practical point of
view there are certain differences. The comoving system is
more suitable, since in it the changes of the variables that
characterize the fluid are minimal.

We choose a comoving (or Lagrangian) coordinate sys-
tem and restrict ourselves to plane-symmetric and spherical
configurations, these being standard approximations for
high-energy collisions of heavy ions. Details of the formal-
ism will be published elsewhere,*" and here we merely men-
tion the most important aspects for a fluid element for which
the irreversibility of the evolution is taken into account only
through bulk viscosity.

We consider a single-valued continuous and regular
vector field with vector indices 4. Then there always exists a
regular transformation of the coordinates of the type (2) by
means of which it is possible to obtain new coordinates:

ui =8}, (A.1)
The remaining free transformations are

2V =20 (%) 2% =a® (aP); a=1, 2, 3. (A.2)
We begin with the line element and the velocity field:

dst= — ¢29 gr2-1- 2" gy2 gns def ¢z,

P=G(T, Y), L=A(T, Y)

fix=dx (T, ¥, &), I=2, 3;

ut=@T (T, ), «¥ (1, ¥), 0, 0). (A.3)

This is the case of a plane-symmetric flow, where Y is mea-
sured in the direction of the beam,p =1 = 0,g,, = g, = 1,
823 = 0. Similarly, for the spherical problem, for which ¥ is
the radial coordinate, p =1 =0, g,, = Y2, g,; = Y ?sin%6,
823 = 0. Then the motion of the particles can be described

parametrically as
T=7T(nY=Y(@r; 2 =axrd=const, (A4)

where r and x* denote individual particles or mass elements,
while ¢ characterizes the evolution of the system. Using ¢, r,
and x| as new coordinates, we obtain®*
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ds? = —e " 2P gp2 | o2A gt pp o o R g0,

A=A, r), ©=D (¢, r);

ui=(e"T, 0, 0, 0). (A.5)
This form is conserved under the transformations

?=? (&) :ﬂ’:(r); :A =74 (.'rB)- (A.6)

Thus, the velocity ﬁeld becomes trivial, since the unknown
functions occur in the geometry. The angle terms in ds” take
the form

grsdz®dz® = ¥ (¢, r) (d02 4- 22 (0) ). (A.7)

For spherical symmetry X(6#) =sin ¢, whereas for the
plane-symmetric case £(6) = @ and ¥ = 1. In this coordi-
nate system, the hydrodynamic equations (25)—(27) can be
rewritten in the form

W—Pn/n*=0; &' =P"j(e-|-P); n=N,Be~A¥~2. (A.8)

Here, the dot denotes the derivatives with respect to the
time, and the comma the derivatives with respect to 7; N, is a
constant of integration; B = 1/4# for spherical symmetry
and 1/F for plane symmetry (F is the surface of the model
nucleus); finally, W is the specific energy in units of the
nucleon rest energy. If there exists a bulk viscosity, then P
must be replaced by P:

P=p—_tu'y, (A.9)
where £ is the coefficient of bulk viscosity. There are further
equations which reflect the fact that the metric (A.5) is flat,
i.e,, equivalent to Eq. (1). Using these equations in conjunc-
tion with (A.8) for the new variables # and T, which are
defined in the spherical case as

u=e-F, I=e~A¥, (A.10)
we can obtain the relations

e~ Pu=— 4aTVP /i, T=y TFul, (A.11)
Here, @ is the dimensionless enthalpy:

w=(e - P)/mpn (A.12)
with

ud® e =Te", (A.13)

The particle density can be readily found from (A.8) by
rewriting it in the form
1 TN

"
For the plane-symmetrig_ case, one can use Eq. (A.4) for the
coordinate Y instead of Y and again obtain, by the substitu-
tion 477 Y* — F, the first equation of (A.11) together with the
relation

(A.14)

weP—=eAAT

(A.15)

and, thus, again have Eqgs. (A.13) and (A.14).

The present equations can be solved by means of the
difference scheme described in detail in Refs. 71 and 84. It is
important to note that the evolution equations in the La-
grangian coordinates admit appropriate weighting of all
quantities. Then the structure of the equations has the form
{4t + A0} = {B(1)} with {4} = (u, ¥), and {B(#)} can
be calculated directly from {4 (#)} by means of the remain-
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ing algebraic equations. Other schemes used to solve the hy-

drodynamic equations are based on the use of mixed Euler-
ian and Lagrangian coordinates (see Refs. 93 and 94); in the

case of complicated equations of state they require much
computing time.

APPENDIX B: CHARGE-SYMMETRIC CASE

The formalism presented in Appendix A uses the parti-
cle densities in explicit form, and therefore it cannot be di-
rectly used in the cases when the thermodynamic description
does not contain particle degrees of freedom, i.e., when there
is no conservation of particles except, perhaps, a charge-
symmetric mixture of particles and antiparticles. One of
these very important cases is the central region of rapidities
in high-energy nucleus—nucleus collisions. "

Since the possibility of hydrodynamic description of
this region is very attractive,” it is necessary to extend the
formalism in such a way as to include in it this situation as
well. This can be readily done in the absence of irreversibili-
ty, when the entropy is a conserved quantity:

(B.1)

(sul).; = 0.

Then instead of the special system with thermodynamic po-
tential

(B.2)

s =5 (e)

(where s is the entropy density), we can define a new system
as

e=e n=Cs; 5=5(n, e)=5(e)y(n/s. (B.3)

If C is a dimensionless constant, then the dynamical behav-
ior of this new system remains the same as before (P = P).*’
Here, y is an arbitrary (positive) function whose actual val-
ue is taken to be constant by virtue of the second equation in
(B.3).

Thus, one introduces a ‘“‘spurious” particle, which is
conserved in accordance with (B.1). In the general case, this
spurious number is not equal to the number of real particles,
except for particles of negligibly small mass.*’

APPENDIX C: SINK TERMS

In some stages of the expansion of the system there may
be direct emission of particles. In this case, strictly speaking,
there is no well-defined velocity field in the matter, so that
the hydrodynamic formalism is not fully justified. Despite
this, such bulk emission can sometimes be simulated by
means of nonconserved terms. We first consider a single-
component system, dividing it into two subsystems: particles
that remain in the given (expanding) volume and particles
that leave the system. Since neither the particle flux nor the
energy—momentum tensor of the first subsystem is con-
served, we can write

(C.1)

(ﬂui);i = —qn,

where g is the rate of loss of particles, a constant quantity in
the simplest model.

Further, for TY there also exists a vector loss term. As-
suming that each emitted particle carries away with it cer-
tain mean values of the momentum and energy, we can ob-
tain
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Ti = —qTiiu (C.2)

(details are given in Ref. 84). After this, rewriting the hy-
drodynamic equations (23) and (24), we can obtain modi-
fied balance equations for the particles and the energy:

(C.3)

ndn = —an; e (e+P) ulr=—ge.

The equation for the acceleration is unchanged (here, the
dot represents 'V, ). After this, one can again introduce a
bulk viscosity and repeat the calculations of Appendix A.

Because the velocity field does not have a unique value,
Lagrangian coordinates are inconvenient for describing the
baryon loss. For nonbaryon losses, this problem does not
exist. For further discussions, see Ref. 88.

DBjorken’s original paper®™ corresponds to zero baryon density in the
central region of rapidities, i.e., n = 0. However, recent investigations®
have shown that baryon charge is dispersed over the complete region of
rapidities. In this case, the baryon density is determined by the continuity
equation (27) as 7n = const.
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