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Different ways of constructing two popular nuclear models—the truncated quadrupole-phonon
model (TQM) and the interacting-boson model (IBM)—are analyzed. The main results of
studies of the possibility of establishing the equivalence of the two models are presented. The
latest development and application of the TQM to the description of odd and odd—odd nuclei on
the basis of the method of dynamical symmetries and supersymmetries are reviewed.

INTRODUCTION

In the theory of nuclear structure, it is now generally
accepted that the properties of the low-lying states of medi-
um and heavy nuclei are basically determined by quadrupole
vibrations of the average field." This is the basis of the phe-
nomenological model of Bohr and Mottelson,>® in the
framework of which the quadrupole excitations of nuclei
have traditionally been studied.

During the last ten years, the very successful descrip-
tion of the properties of the collective states of medium and
heavy nuclei has made the interacting-boson model (IBM)
very popular. The basic physical concept of the IBM is the
same as in the collective model of Bohr and Mottelson—only
the quadrupole degree of freedom is considered. One of the
characteristic features of the IBM is the presence of a clear
algebraic structure in the Hamiltonian, which is constructed
from the generators of the unitary unimodular group SU (6)
in six-dimensional space. Thus, SU(6) symmetry entered
nuclear spectroscopy and began to play an important part
when the IBM appeared. It needs to be emphasized that this
symmetry is dynamical.® It is broken by the IBM Hamilto-
nian down to the symmetry group SO(3) (the physical
group of rotations). Dynamical symmetry groups (or, more
precisely, their unitary irreducible representations) are ex-
tremely helpful not only for explicit determination of the
excitation spectra but also for the matrix elements of other
physical operators (for example, the transition probabili-
ties), i.e., for the entire dynamics of the system.

With regard to the history of the creation of the IBM,
two different versions of the model were proposed by two
different groups. First, a Dubna—Rossendorf collabora-
tion® led to the construction of a microscopic variant of the
IBM, this being known in the literature as the truncated
quadrupole-phonon model (TQM), its Hamiltonian being
expressed solely by means of operators of quadrupole bo-
sons. Later, as a result of the Tokyo-Gréningen collabora-
tion®'° the s-d version of the IBM was proposed, and this
gave the name to the model (besides quadrupole d bosons, a
scalar s boson was also introduced). This variant of the mod-
el (IBM-1) was introduced purely phenomenologically—it
was postulated that the Hamiltonian is the most general ro-
tational invariant constructed from the generators of the
SU(6) algebra.

As regards microscopic justification of the Hamiltonian
of the IBM-1, and also the IBM-2 (a variant in which dis-
tinctions are made between the proton and neutron bosons),
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such attempts were made in Refs. 11-14. However, these
attempts at justification of the IBM-1 and IBM-2 are not
consistently microscopic and, in our view, the criticism and
objections made in Ref. 15 are entirely valid.

In such a situation, in which two models constructed
independently to describe the same group of phenomena
coexist in the theory of nuclear structure, it is clearly worth-
while comparing them, in the first place with one another,
but also with the Bohr-Mottelson model. Indeed, as soon as
the IBM-1 had appeared discussions began in the physics
literature on its relationship to the truncated quadrupole-
phonon model (Refs. 8, 9, 16, and 17) and the Bohr—Mottel-
son model.'® 22

As already noted, the microscopic versions of the trun-
cated quadrupole-phonon model and IBM-1 are radically
different. But one can compare the phenomenological Ham-
iltonians of the two models, regarding the parameters of the
models as absolutely free. The fact that the TQM and IBM-1
are identical in the most important respect—both are based
on the same dynamical symmetry—suggests that at the phe-
nomenological level the two models may be equivalent and
can be regarded as two forms of the IBM. If the question of
establishing the equivalence of the TQM and IBM-1 is rigor-
ously approached, some complex questions requiring de-
tailed mathematical investigation arise.

The equivalence of the TQM and IBM-1 was first point-
ed out by the authors of these models themselves. They
showed”** that the matrix elements of the Hamiltonians and
the electric quadrupole operators (in appropriate bases) of
the two models are identical. It was asserted in Ref. 16 that
the Hamiltonians of the TQM and IBM-1 (as operators con-
sidered without regard to their basis) are exactly the same.
The equivalence “at the level of operators” was rigorously
proved in Ref. 24. It was noted in Ref. 17 that in the TQM the
boson form of the Hamiltonian is constructed by means of
the Holstein—Primakoff (HP) realization of the SU(6) alge-
bra, whereas in the IBM-1 a boson representation of
Schwinger type (S) is used. This circumstance and the fact
that the TQM and IBM-1 are based on dynamical SU(6)
symmetry evidently led the authors of Ref. 17 to regard the
TQM and IBM-1 as two realizations of a single “phenome-
nological SU(6) boson model,” i.e., the IBM in our termin-
ology. Such a unification is, strictly speaking, justified if and
only if it has been shown that the Holstein—Primakoff and
Schwinger representations are isomorphic (equivalent) re-
alizations of the SU(6) algebra. This was shown in Ref. 25
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by means of the formalism of the theory of representations of
abstract algebras. The establishment of the equivalence of
the TQM and the IBM-1, which required the complete series
of studies of Refs. 9, 16, 17, and 23-25, can now be regarded
as fully completed.

In our view, particularly serious attention needs to be
paid to the results of the analysis of the different ways of
constructing the collective nuclear model based on dynami-
cal SU(6) symmetry. The importance of such analysis is
explained by the fact that, first, it facilitates a deeper under-
standing of the content of both models, which have now
firmly entered the arsenal of the theory of nuclear structure,
second, the equivalence of the TQM and IBM-1 is used es-
sentially in the consideration of the relationship between
these models and the Bohr—Mottelson model,?"**?" and,
third, the experience acquired from the use of the algebraic

formalism of the theory of dynamical symmetries can be
used to extend the IBM, the need for which is clearly indicat-

ed by experiments.

The aim of the present paper is to present the main re-
sults of studies of the possibility of establishing the equiv-
alence of the TQM and IBM-1, and also some results of the
latest development of the TQM as applied to the description
of odd and odd-odd nuclei on the basis of the method of
dynamical symmetries and supersymmetries.

Our review is arranged as follows.

The microscopic Hamiltonian of the TQM is construct-
ed. The main attention is devoted to the appearance of dy-
namical SU(6) symmetry (Sec. 1). The basic propositions
postulated as the basis of the phenomenological Hamilto-
nian of the IBM-1 are presented.

The algebraic and geometrical aspects of the IBM-1 are
discussed. The equivalence of the TQM and IBM-1 are
proved at the level of the matrix elements, operators, and
representations. The justification for combining the TQM
and IBM-1 is given in Sec. 2, in which we also prove the
equivalence of the two in the classical limit. The relationship
between them in the description of two-nucleon transfer re-
actions is discussed in Sec. 3. Section 4 is devoted to the most
recent developments of the TQM as applied to odd and odd-
odd nuclei. The conclusions are formulated in Sec. 5.

1. ANALYSIS OF DIFFERENT WAYS OF CONSTRUCTING THE
COLLECTIVE HAMILTONIANS OF THE TQM AND IBM-1

The interacting-boson model" is used with great suc-
cess to describe the collective states of medium and heavy
nuclei (see, for example, Ref. 28). The development of a
mathematical formalism for the unified description of the
collective states of nuclei is the important theoretical
achievement of the IBM (Refs. 5-10, 29, and 30). The re-
view of Ref. 31 is devoted to the physical justification of the
IBM and its intensive applications. However, it should be
emphasized that the achievements of the IBM are made up
of the independent achievements of the two versions of it—
the TQM and IBM-1—each of which developed in its own
way.

Microscopic approach to construction of a collective
guadrupole Hamiltonian of the TQM

The truncated quadrupole-phonon model was devel-
oped by Jolos, Donau, and Janssen.™® The physical bases of
the TQM and the explicit construction of its Hamiltonian
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were considered in detail in Refs. 5, 6, 29, and 31. Below, we
shall follow Refs. 5 and 29, paying particular attention to the
appearance of SU(6) as the dynamical symmetry group of
the family of quadrupole excitations. As we noted in the
Introduction, the quadrupole degrees of freedom play a deci-
sive role in forming the properties of the low-lying collective
states. It was for this reason that only these degrees of free-
dom were taken into account in the construction of the
TQM, the main task then consisting of separating explicitly
in the microscopic Hamiltonian of the nucleus the depen-
dence on the collective quadrupole variables. In Refs. 5 and
29, this problem was solved by introducing generalized co-
ordinates and momenta:

g 1 ¢ + ! =1
Guro =5 2 T2 [ALar (ab) -+ (— D" Ap_y (ab)];

ah
" - (1)
Puryr = — 2y P ALy (ab) —(— D" Af_p (ab)],

ab
where
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Afy (@)= > (jamjm, | LMY abn aim,;
mamb a b

% is an additional quantum number that distinguishes opera-
tors with the same L and M.

By means of the operators p.; v,4 .. and their commu-
tators, we can obtain expressions for any bifermion opera-
tors (a; a; .a; ag,aza,). The operators §,p and all their
commutators form the algebra SP(2£)), where £ is the num-
ber of single-particle states. The structure constants for this
algebra are sums of products of four amplitudes, which de-
termine the two-quasiparticle structure of the operators of
the generalized coordinates and momenta.

Among the operators of the generalized coordinates
and momenta, only the operators with L = 2 are of interest
for constructing the TQM. They are subdivided into the col-
lective operators (x = 1), which characterize the apprecia-
ble contribution of the large number of two-quasiparticle
components, and the noncollective (nearly two-quasiparti-
cle) operators. For the construction of the TQM, one uses
(in the spirit of all collective models) only the collective
operators §y,,,, P12, and their commutators. But this set of
operators does not form a closed algebra; for the double
commutators of the collective operators §,,, and p,, con-
tain, in addition to the collective operators, terms that are
proportional to noncollective operators. Since interest at-
taches to matrix elements of the operators and their commu-
tators taken only between the collective states, and the ma-
trix elements of the noncollective operators are small, it is
possible in all the commutators of the collective operators to
ignore the noncollective terms. This approximation is
further justified by the smallness of the structure constants
in front of the noncollective operators. As a result, we close
the algebra of the collective operators. Since we thereby
break the equivalence of the sets of operators
(a] .ag.a; ag.aga,) and (§,p,(4,1,14,41,[p,p]), the struc-
ture constants characterizing the algebra of the collective
operators no longer automatically satisfy the Jacobi identi-
ties. If we require rigorous fulfillment of the Jacobi identi-
ties, then there are additional restrictions on the amplitudes
that characterize the quasiparticle structure of the collective
operators.
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Thus, we arrive at the following algebra of collective
quadrupole operators (ACQO):
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where §, =q,,, /L, Bp =P, /NK . The constants K and L
are determined in Refs. 5 and 29 and are not needed in what
follows. One can show that among the operators in (2) there
are 35 that are linearly independent and have vanishing
trace. Therefore, the ACQO is isomorphic to the Lie algebra
of the group SU(6).
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where N is the quantum number of the linear Casimir opera-
tor of SU(6), which characterizes the completely symmetric
representation of SU(6); d ; and d,, are the operators of
creation and annihilation of a quadrupole boson with projec-

Thus, under the assumption that the collective branch
of excitations is weakly coupled to the other degrees of free-
dom we have shown that the hidden symmetry of the qua-
drupole mode is the group SU(6).

Using the equivalence of the sets of operators (a *a +
aa, a*a) and (§,p,[4,p1.(8.4],1p,p]), we can express the
microscopic Hamiltonian of the nucleus in terms of the oper-
ators §,p and their commutators. Then, retaining only the
collective operators ¢ and p, we can separate the collective
part of the microscopic Hamiltonian (H., ):
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The symbol ( ).,,, denotes vector coupling, and
Pu=(—1)*p_,. One can show that H,, is rotationally
invariant and invariant with respect to time reversal. Infor-
mation about the average field and the residual interaction is
contained in the nine constants e,u,v,W,t, .

For the generators of the ACQO, the Holstein—Prima-
koff realization is valid:

(4)

»

1
tion u onto the z axis of the laboratory system.

Using (4), we can readily obtain from (3) the familiar
form of the TQM Hamiltonian2°:
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Here, fi# =(—1)"#d_,. The set of coefficients {hosh1sho,
hs,h,; + and the quantum number N are related to the coeffi-
cients in (3).° Explicit expressions for these quantities in
terms of the single-particle energies and matrix elements of
the residual interaction are given in Ref. 5.

In the framework of the TQM, the electric quadrupole
operator is defined as a second-rank tensor constructed from
the generators of the ACQO (2):

ar.oil = NMyqy, + my [q2v Pz](gmv (6)

where m, and m, can be uniquely expressed” in terms of the
amplitudes g5; and p;. R

After substitution of (4) in (6), we obtain for Q_,, the
expression

@TQM;ml (dﬁ ]//—3\-'—2 dyd,

N

+(—1* )/ N=Tdid, d_,)

+ My (d+d)(2u)' (7)

Thus, we have constructed Hygy and Qrqy micro-
scopically; they have a closed form that is convenient for
practical calculations. The appearance of the square root
JN —=,d d, is due to the use of the HP realization of the
ACQO.

The main difference between the microscopic TQM and
the other microscopic group-theoretical approaches to the
description of collective motion in nuclei**>® is that in the
other approaches the problem is, as a rule, formulated in
terms of the coordinates of the nucleons, and not in the sec-
ond-quantization formalism, and the conservation laws are
satisfied more rigorously.

The properties of a number of transition nuclei have
been investigated on the basis of the Hamiltonian (5) and
the quadrupole operator (7). The SU(3) and SU(5) limits
of Hygy have also been obtained.”*

Phenomenological description of collective states in the
framework of the IBM-1

The IBM-1 was proposed by Arima and Iachello. On
the basis of an analysis of experimental data, they proposed
that a fundamental role in the model must be played by the
group SU(6), which contains a number of important sub-
groups, such as SU(5), SU(3), and SO(6), which could be
related to a definite shape of the nucleus. A characteristic
difference of the IBM-1 Hamiltonian from the TQM Hamil-
tonian is the introduction of not only the quadrupole bosons
(d f.d,) but also the scalar s boson (s *,s). The IBM-1
Hamiltonian was postulated as the most general rotational
invariant that can be constructed from the generators of the
SU(6) group.*:

~

Hypapy = €48+ €4 2 didy + v [((d3d3)y d)ony $ + h.c.]

d
u
vo
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— 4
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The Hamiltonian (8) contains nine free parameters: €;,&,,
Uy sUgslg ty, and ¢ (L =0,2,4).
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The operator of the quadrupole moment was expressed
in the form

Oronet = my [d3ys + h.c] + m, (d*d) - (9
An important step in the establishment of the IBM-1
was the systematic and intensive application of the group-
theoretical approach to the description of the spectra of
complex nuclei by the authors of the IBM-1 (Refs. 8-10 and
30) as well as by other authors.?>**® A complete analysis of
the group structure of the IBM-1 Hamiltonian is given in
Ref. 30, where it is shown that breaking of the SU(6) sym-
metry down to the physical rotation group SO(3) is possible
through only three reduction chains:

/SU(S) > 80 (5) > 80 (3) D 0(2); (D

SU(6) — SU (3) > 80 (3) >0 (2); (1I)
NS0 (6) = 80 (5) > 80 (3) >0 (2). (1II)

Each of these chains determines a complete basis, which is
characterized by the quantum numbers of the “embedded”
subgroups. It was shown in Ref. 37 that the Hamiltonian (8)

can be expressed as a sum of the Casimir operators of the
groups SU(5), SO(5), SO(3), and SU(3):

Hpma = €Cpp5 + @Cas + PCosors + VCesow + 6Casp(n)

-+ NCasoe)- (10)
The expression (10) contains not all the invariants but only
those of spectroscopic interest. Here, ¢, a, 5, ¥, 6, and 7 are
free parameters. The indices 1 and 2 (in front of the group
symbol) indicate which Casimir operator is used—the linear
or the quadratic one. This form of expression of the Hamilto-
nian is convenient in that by means of it one can find all
possible particular cases for which the eigenvalue problem
can be solved analytically. When this occurs, one says™ that
a dynamical symmetry arises.” Such cases occur when
Higm.: can be expressed in terms of the Casimir operators of
just one of the reduction chains (I)—(III). They are asso-
ciated with the vanishing of certain of the coefficients in
(10). The existence of a connection between the reduction
chains (I)—(III) and the nature of the phase transition from
the spherical to the deformed nuclei was poirited out in Ref.
36.

One of the first successes of the IBM-1 was associated
with the prediction that the SO(6) limit is realized in nu-
clei.* In this limit,e =a =8 =0and
(SO (6) | Hipma | SO (6)) = B2t (x + 3) + y2L (L + 1)

+ 20 (0 + 4),
where 7, o, and L are quantum numbers charactering the
SO(6) representations. Such a spectrum was found in '
Pt.** One can find other nuclei too whose spectra are close to
those realized in the limiting cases (I) (''°Cd) and (II)
(**Gd), but the majority of nuclei have spectra intermedi-
ate between these limiting cases.

Besides the algebraic properties of the IBM-1, consider-
ation was also given in Ref. 30 to the geometrical properties
of the model, which can be described in terms of shape vari-
ables of the nuclear surface. Study of the geometrical proper-
ties of the IBM-1 made it possible to relate the limiting cases
(I)=(III) to definite nuclear shapes.®’ It was shown that a
spherical shape corresponds to the limiting case (I), an ax-
ially deformed elongated shape to (II), and a deformed nu-
cleus with ¥-independent potential energy to (11I).
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2.ESTABLISHMENT OF THE EQUIVALENCE OF THE TQM
AND IBM-1

Establishment of the equivalence of the TQM and IBM-1 by
comparing the matrix elements of the Hamiltonian and the
quadrupole operator

We consider the matrix elements of the Hamiltonian
and the quadrupole operator in the TQM and IBM-1 bases,
respectively.

The Hygy, eigenfunctions can be expanded with re-
spect to the states |s"d "[ N ]xLM ), which form a complete
basis in the six-dimensional Hilbert space. Here N is the
eigenvalue of the operator of the total number of bosons:

¥ ’ -
N=s's43 dpd, =ns+ny,
n

and x is an additional quantum number needed for the com-
plete characterization of the basis states. The Hamiltonian
Hrgy is diagonalized in the basis of quadrupole bosons
|d "xLM }, where n<N.

Since Hyqy, contains seven parameters (if Nis eliminat-
ed) itis convenient, for finding the matrix elements, to trans-
form Higy,., as well from the standard nine-parameter form
to a seven-parameter form. Since the operator N is the linear
Casimir operator for the algebra SU(6),

ng + ng = N = const.

(11)

With allowance for this fact, and also using the identity
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a
a

ng=
we can transform Hygy,, to the form**
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. i =
e =cr+—5 uy— U,/ Y 3.

We turn to the comparison of the Hygy and Higy,,
matrix elements in the corresponding bases. To shorten the
expressions, we shall retain only the symbols that character-
ize the numbers of s and d bosons in the basis vectors:

(dnd| H1om 1(3““) =hgd o+ hngb

ﬂd'lid H'.rllé

+ by [V IN—ng) (N—rg— 1) (d"*|(d3d3) o0y |d") —+ Dr.c]

+ hy [V N —=ng (@d"|(d5 (d3d2),) 00 1d"%) —h.c.]

+ 5 b VIET L@ (@35 Goold ). (14)

Further,

"éi' N- n& .\'—nd 1
(d s | Hipmot|$ dy=g0, .

”(1"{1

--€angb

?lr_rl'l(’t

+ ];‘g [V(N—n,) (N—n,—1)
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na,=2

A N- 2 7
x(@"s "\ didz)op| 57"
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It can be seen that because the basis is orthonormal the
dependence on the s bosons disappearsin (15) and under the
condition

ho=EN 5 v, (N—1);
1
hy=€4—€, + (!75‘ uz"*l’o) (N—1);
hy =1,/ 10; L
hs=,/V'5;
By =cy +~;—uu—uzﬂ/5

the right-hand sides of (14) and (15) are identical. One can
prove similarly the identity of the matrix elements of the
operators Qrgy and Qs for equal values of m, and m s
Thus, the equivalence of the TQM and IBM-1 “in the weak
sense” can be regarded as proved.

Operator equivalence of the TQM and IBM-1

In Ref. 16, a stronger assertion was made, namely, that
the Hamiltonians of the TQM and IBM-1 are as operators
(irrespective of the basis ) identical. To prove this, it is neces-
sary to eliminate the cause that masks the equivalence of the
operators of the two models (they have different boson
forms). One of the possible ways of solving this problem is to
obtain the Schwinger representation for the operators of the .
TQM and then compare them with the corresponding opera-
tors of the IBM-1.?* (The possibility of using the Schwinger
representation for the generators of the SU(6) algebra by
introducing monopole bosons 3 *, 8 was pointed out by the
authors of the TQM in Refs. 6 and 23.)

In what follows, we shall for brevity denote the genera-
tors of the collective quadrupole algebra (ACQO) .
[, Py 1,18,,G, 1} by {4, }. The SU(6) algebra has 35 gen-
erators, and its fundamental representation is six-dimen-
sional. As for any Lie algebra

(21, 8ol = Vo8 (17)

(summation over 7), where A,,p, Ttake thevalues 1, 2,...,35
and y7,, are the ACQO structure constants.

Let the set of six-dimensional matrices {g,} generate
the fundamental representation of the ACQO. By definition,
the Schwinger (S) representation of this algebra is generated
by the operators*®

]

& =g
b2l
d_y

t=(s"dtodty ... d}); z= d:—t i (18)
\d, )
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Using (17), (18), and the Bose commutation relations of the
operators s,s *,d,,,d,”, we can show that

[gir 8§]=Y},pg§ 1

i.e., {g5} is a realization of the ACQO.
We shall show that if the parameters of H_; in (3) and
Hipu.y in (8) are related by

€s=—10e+5(u+v+tg) +d;

4
Ca=2etutvio 3 QL+ 1)t +d;
L=0
uy=102;
u2=21/3(u+v—tﬂ); (19)
vo=]/m(u —0);
n=V5w;
k&
22L
cr=2 D)t (—1) (21+1) {92z }
L=0 =
then the following equations hold:
HS  =H%u = H gy s Oprow = Quimma) - (20)

A connection between the parameters of the two models
in the form (19) was first introduced in Ref. 49. It has cer-
tain advantages over the other forms of connection that in-
clude the quantum number N explicitly. The distinguished
role of the quantum number N among the remaining free
parameters of the TQM was emphasized in Ref. 49. In addi-
tion, the relations are between the same numbers of param-
eters of the two models [in contrast to the relations (16)]
and the correspondence between them is one-to-one (see
Ref. 49). The parameter d appears on the right-hand side of
(19) if (3) is augmented by the ninth term d-N [N is the
36th generator of U(6)].

The Lie algebra of the group SU(6) is one of the classi-
cal Lie algebras®>*? (4, in the notation of Cartan). For the
construction of {g5 }, we shall use the powerful formalism of
the theory of classical Lie algebras.

It is well known that the SU(6) algebra has rank 5, i.e.,
among the 35 generators five commute with one another.>
The canonical form of the commutation relations of the
SU(6) algebra and the explicit form of the matrices of the
defining representation are well known. We give some for-
mulas that we shall use in what follows. The standard form
of the SU(6) algebra is*!~>*

[Hy, H]1=0, (k, 1=1, 2, ..., 5); (21)

{Hha Eia]=rh (ia) Ei‘o_! (C"'= is 2’ LIS | 15); (22)
5

(Bay Egl= 2 o (@) Hy; (23)

[Eyy Epl=N3Es. (24)

In (24), there are no summations.

We explain the notation. The six-dimensional matrices
{H,} are elements of the maximal Cartan Abelian subalge-
bra. They are diagonal and can be chosen in the form*

“«— k-

6
Hh=[12lc(k+1)]”‘/2diag(1, sdyoliy, sl Mg 0));

Tt (HyHe) = 836

(25)
The raising and lowering canonical generators have the form
j
__ (0 0
EQZI/T{Z( 1 \i; E_,=E% (26)
0 0

wherej>i=1,..,6.
There is the following connection between a and
(10i + j):

14

10i4-j 12 13 14 15 16 23 24 20 26 34

35 3

46 56

The operators {H, } and {E , , } are called the Cartan-Weyl
canonical generators. The five-dimensional root vectors
r(a) satisfy the conditions

F{— )= —rial; ;‘;rn (&) 7y (2) = By

We turn to the problem of finding {g3 }. We use a purely
algebraic method of finding 35 six-dimensional matrices sat-
isfying the ACQO. It is based on a general theorem of Car-
tan, according to which the ACQO can be reduced to a ca-
nonical form for which a matrix realization is known:
(25),(26). The essence of this method is as follows. We form
linear combinations of the {g,} that satisfy the relations
(21)—(24). Therefore, these combinations can be associated
with {H, } and {E .}, and for them a representation in the
form of matrices is known. Making the inverse transforma-
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tion, we find in explicit form the matrices {g, }.
1. We fix a basis in the ACQO:

{gx}ﬁ{[(f;xf]-u]v (}L:I; 2);
Gus Pus (}L:O, ii, iz)’

i['];l! Pu]’ (“._wo’ 1, 2);
i[gu! P—;J: (il:j:l, iz);

ilg_oy pily (Llg0s Pyl p=1, 2);

ilgy poly 1lgy, pols

(1 [q2! pu]! !-":ioq il),

(['7—‘_’! ‘1'11]1 L= 0, ‘J_I);

([([21 (J'g.l]v H"'nv il); [qui qud’ [FfU‘ ’111}-

2. We find the Cartan subalgebra in the ACQO. Using
the commutation relations (2), we can readily show that this
subalgebra consists of the five generators

{i [!7,” Pu]; (E«L:"O! 17 3)* [Qﬂ! ﬂ—u]? (}l = l’ 2)}

They commute with each other and can be simultaneously
reduced to diagonal form. We introduce the notation
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(915 -] Hy
[22s -] H,
H'=|1ilgo pl |3 H=| H, (27)
ilgy pil H,
igy, psl H;

It is clear that H' and H are connected by a linear transfor-
mation

H = MH, (28)
where M is a five-dimensional and as yet unknown matrix.

3. As operators E __, it is possible to choose the following
30 operators:

A Lo 4
"hVT 12}/3' 0 ?] e |
1 il 1 1
M= 7y 7 Gy 5
5 i R e TR A 3 T
?l/‘ﬁ ~y F?"/W ¥"§]/15
1 T 1 | T
0 ‘Tl/"-ﬁﬁl/m V& -
0 —=2V2 1 V15 0
Vil B e 715—1/“3 —%Vﬁ
M=|—2V6 —2V2 —8 0 0 ;
—2Y6 —4V2 —1 —V715 0

—3V8 —VZ -1 -3V Ly

fp+ipy=2 Vﬁ Ey;
g—ipy=—2 VE E,;
Go+ipy=2V 12 Ey;
gu—ipy=—2 VEE:,;
g_2+ip2=2VT§E5. }

The other five combinations can be obtained by taking the
Hermitian conjugates of (32).

Since the explicit forms of the matrices M ~ ' and M are
known, it is easy to find the correspondence between the
1

gs=V 12 (E_,+ Ej); P-2=1V12(E_,—E,);
Q—1=V’E(E-2_"E4); Poy== '_'IVTQ (i + Eo);
7%=V 12 (Es+ Ey); py=iV 12 (Eg—Ey).
ilgy, pyl=2 Vﬁ E_y
gy pal =2V 12 Ey;
g Pl =V 12(Es—Ey), il pod=V 12 (Ey—Eq);
ilge, pyl= Vﬁ(l’:‘w_Ew)? 1{g2y pol = 1/E (Bt Bo)i
ilgo, Pl =V I2(Ey 4+ Eq); ilge pl=V12(E_y—E);
g4 pol =1’IE(E—13—E—10)1 ilge, pil=V 12(Es—E);
[q-2: @] =VE (E:—Ey); (g2 q4]= —Vﬁ (Bt E_s5);
(920 gl = —V12(Es+ Eys);  g20 g1 = —V 12 (Es+E_p);

(g0 @1l = ‘—VE(EG'!'Em); [0s ']-:]=—"Vﬁ(E—w+E-1a)-
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{quxip), p=0, £1, £2; (ilgy, p_ulsit= 41, 12);}
([Qus Q'u'l Z‘:i[aur p—u‘])}-

(29)

One can show that the operators (29) satisfy the commuta-
tion relations (22)—(24).

4. We find the exact correspondence {p, (uu')}
«>{ + a}. The solution of the problem is greatly facilitated
by knowledge of the matrix M. Omitting the details,?* we
give the final result:

1 1
T]'/T
RPN e
ol Ay
1
F ; (30)
L X
?l/ﬁl
L ip
'l'/%‘
(31
(32)

I

operators in (29) and {E_, }.

5. Making the inverse transformation, we find {g, } ex-
pressed in terms of {H ,E , ,}.

The final result is

(33)
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The remaining operators can be obtained by using the
properties of Hermitian conjugation of the operators.

The relations (33) give the required matrix realization
of the ACQO. The corresponding Schwinger representation
obtained by means of (18) has the form

g = sdi+ (— 1) ds"s )
P;S:——‘i(("“i)u""dtu"_ydu)'r L

ilgys P’ =didy + (— DM At d — 28008 |
s qul® = (=" dfdop— (=) diode )

It follows from (10) and (34) that

[N, ¢ 1=0 (35)

forall 4, i.e., NS is a Casimir operator of the SU(6) algebra.
Substituting (34) in (3) and (6), we obtain expressions
identical in their boson structure to the corresponding ex-
pressions of the IBM-1. The parameters of the two models
are connected by the relations (19).
Thus, we have shown that the Hamiltonians and the
quadrupole operators of the two models agree identically.

Unitary equivalence of the TQM and IBM-1 in the physical
subspace

The question of the equivalence of the TQM and IBM-1
can be formulated as the question of whether or not the
Schwinger and Holstein—Primakoff realizations of the
ACQO are isomorphic® and, in particular, unitarily equiva-
lent. Questions of this kind have arisen in various branches
of theoretical physics.***” A central role in such questions is
posed by a certain abstract algebra, the concrete physical
theories corresponding to definite realizations of it.

This abstract algebra can have isomorphic (=, ie,
equivalent) and nonisomorphic representations. Physical
theories corresponding to inequivalent representations may
differ strongly. However, if the representations are isomor-
phic, there is a similarity between the physical theories. Fin-
ally, if the representations are unitarily equivalent, the phys-
ical theories are identical.

We introduce the support spaces, i.e., the spaces on
which act the generators {g} } and {g7*} [given by means of

(4) and (34) as operators on the corresponding Hilbert
spaces] of the collective quadrupole algebra, regarded as an
abstract algebra. It is known’*** that the set of vectors

2 1
(M ngings = 11 (a2 @)™ ()= (010},
y=-2
(36)
such that

2

ng= Eqnv; ng+n;=N,
v=-2

(37)

form a basis for the completely symmetric representation of
SU(6) having dimension (N + 5)!/N!5!. In (36), |0) is the
vacuum of the s and d bosons.

It can be seen from the explicit form of the ACQO gen-
erators in the Schwinger representation (34) that the set of
vectors {|[N]n, = {n,})} is invariant with respect to the
action of {g5 }. By definition, the space formed by the vectors
{|[N1n,{n, })s} is called the support space.
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Let {M} be the set of vectors (36). The generators {g3 }
are well defined on {M?}. Let N be fixed: N = N,, i.e., we are
in a given completely symmetric representation of SU(6).
Any subset of vectors {|[N'1n,{n,})s} such that

ng +ng = N' < N,, (38)

forms a subspace in {M} invariant under the action of {g3 }.
In terms of {M?} and {| [N '1n,{n,})s}, the support space of
the Schwinger representation of the ACQO is the factor
space**
{I| [Nol ng {nv}) s }
= {MY{|[IN]ln; {m,}}s },

i.e., from the set of vectors (36) with N = N,,Ny — 1,...,1,0r
0 all vectors for which (38) holds are eliminated, and only
those for which ¥ = N, remain. Since the space (39) is in-
variant under the action of {g5 }, this is the support space for
the Schwinger representation.

We introduce the support space for the HP representa-
tion. The set of vectors

(39)

2 1 L
{ivoimpee = {1 ()= @Ghnr B} 5 (40)
y=-2

(41)

Ry = E nvéNU
y=-2

forms a basis for the completely symmetric irreducible rep-
resentation [N, ] of the group SU(6).%* Here, |ﬁ) is the
vacuum of the b bosons. For convenience when considering
the generators in the HP representation, we shall use not the
operators d,- and d ', as in (4), but b ,b,. It is readily
seen that when the generators {g3 } are applied to the vectors
(40) they do not carry them out of this subspace. The basis
states (40) are to be regarded as physical states, and the
vectors with n, > N, as unphysical states, since the genera-
tors g)¥,ph" have a meaning only if the condition (41) is
satisfied.

We introduce the operator that maps the support space
of the Schwinger representation onto the support space of
the Holstein—Primakoff representation:

P»\'o T E !.['{VOI {nv}> HP-S ({nv} g [Nol |

ny,

We shall prove the unitary equivalence of the TQM and
IBM-1 by using the intertwining operators. First, we recall
some concepts from the theory of representations of Lie al-
gebras,®>%

Let g* and g* be two representations of a certain ab-
stract algebra 4 acting on the spaces M*and M, respective-
ly. One says that g* and g" are partly isomorphic (equiva-
lent) if there exists a continuous linear mapping P: M*— M*
such that

(42)

Pgt=gkP; gicA; gt A. (43)

A mapping with this property is called an intertwining oper-
ator for the representations g* and g*. If in addition P has a
continuous inverse operator, the representations g* and g~
are said to be isomorphic (equivalent). If Pis isometric, i.e.,
preserves the norm, one says that g and g" are unitarily
equivalent. The set of points of M* that are mapped to the
null vector of M~ is called the kernel of the mapping P and
denoted by the symbol ker P. The set of points {M*} ob-
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tained by applying P to {M"} is called the image of P.

It is readily verified that the operator Py, has the prop-
erty (43), i.e., intertwines the S and HP representations of
the collective quadrupole algebra:

Pr,g® =g™F Py, (44)

for any generator in {g°} = (g2.P5ila,.p. 15, g g, 1) and
&Y= Pl i 2 1™, (408 1)

We investigate the zeros of Py, . It follows from (36),
(37), (40), and (42) that outside the physical space where
2,n, >Ny, Py —0 and, therefore, an inverse operator does
not exist. Hence, Py, is well defined only on the physical
subspace.

We find the set of points mapped to the null vector of
the set {|[Ny]{n,})up}. Using n, +n, =N'<N, and
(42), we obtain

Pg|[N'] ng{n,}) s =0. (45)

It follows from this that Py has a nontrivial kernel. In this
case, it is natural to introduce the corresponding factor space

{MY{IIN"]1 n{n,})s = {M}/ker Py,
and rewrite (39) as follows:
{ l[NDI Ty {nu})} = {M}/ker PNQ-

The factor space consists of the classes {|m) + ker Py} of
equivalent elements of the set {M}. [Two elements are said
to be equivalent, i.e., to belong to one and the same class, if
and only if ([m,) — |m,))eker Py .] On this factor space,
we can define®® the operator P £, setting

Pl (|m) +ker Py,) = Py,|m, (46)

where |m)e{M}.

The relation (46) means that P { maps {M}/ker Py,
isomorphically onto the physical subspace {][N,1]
X{n,})up }. For the operator Py, this is not the case, since
it has a nontrivial kernel.

Let g7 be the Schwinger representation of the ACQO
induced by g* in the factor space {M}/ker Py, . We consider
the expression

P{vo g (Im)+ ker Py,),

where |m) is any state in {M}. Bearing in mind that ker Py,
is invariant with respect to the action ot g7, and taking into
account (46), we obtain

Pl ( 8 |m)+ ker Py) =Py, & [m).

We have used the fact that by virtue of (45) Py *‘does not
note” the elements of its kernel. Using the fact that P inter-

twines g5 and g™" [see (44)], we can write
Progs |m)= g% Py,|m) = g"* P%, (|my+ ker Py,). (47)

To write down the second equation, we have again used the
definition (46). In addition, we can write

Py, (Im) -+ ker Px,) € [INo] {n,}) ste,

since the image of the operator P, is simply the physical
subspace. Thus, the right-hand side of (47) can be rewritten
as '
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g’;‘){hl;s P{\'ﬂ(lm) o B ker PNQ)!

where gfi*  is the restriction of the HP representation to the
physical subspace. Thus, for any |m)e{M}

Plgs (Im)+ker Py) =g PL (1m)+ker Py,), (48)

from which it follows that P g =ghr P %,. Bearing in
mind that P { has a well-defined inverse operator, the rela-
tion (48) means that the Schwinger realization of the ACQO
{g}} induced by the representation {g%} in the factor space
{M}/ker Py, is equivalent to the HP realization of the
ACQO restricted to the physical subspace.

Note that if we work in the physical subspace (i.e., for
ny <Ny, n,>0), the operator P} preserves the norm in
{])s}, and (P§,)* preservesit in {|)yp }:

| PeliVol my{nyys ||
= s {n}ny [No]|(Phe)* PhollNol medny}) s
= ne({ny} [No] |[No] {n,}) uv
=1=s {(n}n, [N,]|[No] n,{n,}
= [l (Nol ne{nsy s |Is
| (Pivo)* 1ING] {7} see || = || [NVo] {n}) see |-

The facts that P, is isometric and g7 and gir, are isomor-
phic mean, taken together, that g} and g/ are unitarily
equivalent:

& = (Pho)™ g Pl }

(49)
gll;lh};'s= P}f\-o‘g; (P-{‘n)-i-

From the unitary equivalence of the Schwinger and Hol-
stein-Primakoff realizations of the ACQO we obtain imme-
diately the unitary equivalence of the IBM-1 and TQM,
since

Hyom = vao Hipm (p{\,o)-i-, (50)

Qrom = Pty Quomact (Pryy) ™ (51)

This circumstance was already pointed out in Refs. 66 and
67. The significance of the propositions (50) and (51) is
indeed very transparent. However, the unitary equivalence
of the two models holds only in the physical subspace. [ Oth-
erwise {g3 } and {g5"} are only partly isomorphic, and the
operator Py is partly isometric (it makes the orthogonal
complement to the physical subspace vanish).] Wenote that
the fact that it is necessary to consider the TQM and IBM-1
in the physical space was previously assumed, and it was this
that served as the basis for establishing the equivalence at the
level of the matrix elements. But here, the region in which
the unitary equivalence of the TQM and IBM-1 holds—the
physical subspace—is obtained as a result of the derivation
of the fundamental relation (48).

Unification of the TQM and IBM-1: phenomenological SU(6)
boson model (IBM)

The unifying point of departure of the two models is the
collective quadrupole algebra (2). Having shown that the
Hamiltonian and the physical operators of the TQM and
IBM-1 arise as a result of the Holstein-Primakoff and
Schwinger bosonizations of the ACQO, respectively, we
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have ascribed its fundamental significance and studied these
two representations of the ACQO in their interconnections.
Since by virtue of (50) and (51) the TQM and IBM-1 are
unitarily equivalent (if, of course, the operators from {g};" }
and {g5} are given the same meaning), these models are
indistinguishable. It has therefore been established that the
TQM and IBM-1 are two unitarily equivalent forms of a
single phenomenological SU (6) boson model—the interact-
ing boson model—with the Hamiltonian (3) and quadru-
pole operator (6), i.e.,

-ﬁ!BM =f1coll; amm = Qeons (52)

where the operators {§,5,/[§,p1,[§,4]1} which occur in H,,
and Q,,, close the SU(6) algebra (2) of the ACQO.

Thus, our approach to the establishment of the equiv-
alence of the IBM-1 and TQM (the study of the representa-
tions of the ACQO in their mutual interconnections) even-
tually unifies the two models into one—the inter-
acting-boson model (see footnote 1). One can also take the
diametrically opposite point of view, namely, take as a basis
the IBM defined by (52). We construct the Schwinger repre-
sentation and, substituting it in (52), obtain the IBM-1 with
the Hamiltonian Hg,, (8) and quadrupole operator
Oisv: (9). We then construct the HP realization of the
ACQO (see Ref. 25) given by (4), substitute it in (52), and
obtain Hyqy (5) and Qron (7). Thus, the chosen approach
to the study of the realizations of the ACQO and their inter-
connection permits a deductive derivation of the TQM and
IBM-1. Moreover, in the framework of this method one can
derive a new collective model [also based on dynamical
SU(6) symmetry] corresponding to the Dyson boson real-
ization of the ACQO. The derivation of this “finite quadru-
pole-phonon model” (FQM) is given in Ref. 68 (see also
Ref. 25). The Dyson realization of the ACQO is constructed
explicitly using generalized coherent states and the root vec-
tors of the SU(6) algebra. The explicit form of the Dyson
representation of the ACQO in terms of the quadrupole bo-
sons is

a2 =by (N—; byby) +(—1)" by
P :i[(—l)“b*_u(}\f—; W0, —b.l;
ilge purl=Dbibys
A (= )P B, — 28,0 (N =) 3B, ); |
o )
(53)

Substitution in (52) leads to the FQM Hamiltonian, which
has the form

Hrom = 2¢ 2 bib,— 10e (N — 2 b3b,)
v v

(qu quel = (— " b — (— 1) Bfby

+dy (5—2 2 byb,) (N — 2 bib,)
v v
+ 2 dn (= 1) (b2bo) Lar (BB

+ (s —v) 12} (= DFopbt (N — X b3by) (V=2 biby—1)
K Y Y
+ % (“ 1)“ bub—u]
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+(s+v) [(5+2 2 bib,) (N—gj bsb,) 4 2 bib,]
+w [EM (6553 g by (N — \_ biby) + h.c.]. (54)

Thus, in addition to the existing SU(6) Hamiltonians H gy
and Hpy,., we have obtained the SU(6) Hamiltonian Hegy
constructed as a rotational invariant from the generators in
the Dyson representation (53) of the ACQO. A Hamilto-
nian of such type was discussed in Ref. 69 in connection with
the group O(8), and not in the context of dynamical SU(6)
symmetry.

Although Hpqy, is non-Hermitian for s#v and w+#0,
it has the advantage that it is finite; it is regarded hopefully
and methods of solution are being developed,** especially in
connection with the microscopic justification of the boson

models.”
Since the finite quadrupole-phonon model is still being

developed, it has not achieved the popularity of the IBM.
Therefore, the question of the relationship between these
two models is not yet topical. A different question is of inter-
est: Is the unitary equivalence of the TQM and IBM-1 that
holds in the quantum case preserved in the classical limit or,
in other words, will the classical limits of the TQM and IBM-
1 give identical energy surfaces and, therefore, lead to the
same classical trajectories? We shall show that the answer to
this question is in the affirmative.

Establishment of the equivalence of the IBM-1 and TQM in the
classical limit

We recall that the classical limit of a quantum-mechani-
cal operator is defined as its mean value in a generalized
coherent state.**”" Such a state is a convenient tool for con-
structing the classical limits of quantum observables, en-
abling one to remain nevertheless in the quantum domain.”

The generalized coherent state for the canonical SU(6)
algebra (21)-(22) is determined**”' by the action of repre-
sentatives of the factor space SU(6)/U(5) on the highest
vector |j) of a completely symmetric SU(6) representation:

—

ley p=exp{ X &E] ). (55)
r(x)j>0

Here, {c*} is a set of complex parameters with index corre-
sponding to the number of the root vector r(a), j is the high-
est weight, and the remaining notation is given after the com-
mutation relations (21)—(24). To obtain the classical limits
of Hyqy and Hygyy, We must construct in explicit form the
coherent states corresponding to the TQM and IBM-1. The
generalized coherent states |c, j) tom and ¢, @) ;g can be
constructed by particularizing (55) with allowance for the
following:

1) in the case of the SU(6) algebra (21)-(24), contri-
butions to the exponential factor are made by only the five
lowering operators {E_z} (8= 1,..,5) corresponding to
the simple root vectors r(f3) (see Appendix A in Ref. 25);

2) the explicit form of {E3 ;} and {EF"} can be readily
found by means of the relations (32)-(34) and (4);

3) |j)s and |j)yp are the vacua for the d and b bosons,
respectively, and have the form |j)s = (N!) ~'2(s7)"|0)
(condensate of N s bosons), |j)yp = |0) from (40). Intro-
ducing an additional @ boson (Refs. 25 and 46), we can also
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represent |j}yp in the condensate form [j)yp = (N) ~1/2
(a*)M|0) (see also Sec. 3):

2 /9
|{Cu}1 j)TQM — (1 +% 2 lculz)—.‘\_.'_
p=-2
N
x {1+ urw@—1)...

=1

!
(N—z+1)]”2 1T ( 1_‘—Cﬁmb;m)}(N!)"1/2(a+)N 10);
m=1

V12
(56)
2
(e D = V)2 (14 5 e, l2) ™ (s
p=-2
+ E caj}Tﬁ‘(Iﬁ)N|0)- (57)
p=-2 =

By means of these expressions, using the explicit expres-
sions for Hrgy (5) and Hygy, (8), we can calculate the
mean values of the latter in the states (56) and (57), respec-
tively. It is readily verified that the equation

oM {{cu} J1H rom e 1) Tom = Bma e} 314 v ey ) 1) ema

(58)
will hold if the corresponding parameters are connected by
the relations (16). Therefore, the equivalence of the TQM
and IBM-1 also holds in the classical limit if there is the same
relationship between the parameters that was used to estab-
lish the equivalence at the level of the matrix elements. Note

that if we use the connection between the parameters H. TQM
(5) and H; (3), which has the form

hoy="5N (u—+v-+ Nt,— 2e); h
hy=12e+4- (2N — 6) (1 +v)

+to (F—12N) +1 3 2L+ 1y f
L=1 (59)
hy=u—v;
by =w;
by =cr—2(u+v)+ 7, J

we find that the equivalence in the classical limit expressed
by (58) holds for a relationship between the parameters in
the form (19).

3.CONSISTENCY OF THE IBM-1 AND TQM FOR THE
DESCRIPTION OF TWO-NUCLEON TRANSFER REACTIONS

In a study of the relationship between the TQM and
IBM-1, it is necessary to distinguish two situations.

1. The Hamiltonian and physical operators are con-
structed from the generators of the ACQO. This means that
one is describing the physical properties and processes in a
given nucleus, for example, the spectra and probabilities of
electromagnetic transitions. In this situation, one calculates
in the theoretical description only the matrix elements
between states belonging to a fixed completely symmetric
representation of the SU (6) algebra. As we showed in Sec. 2,
in this case there is unitary equivalence. Physically, this
means that all the calculated results relating to the spectra
and electromagnetic transitions, as well as the analytic ex-

509 Sov. J. Part. Nucl. 18 (6), Nov.-Dec. 1987

pressions for the dynamical symmetries [SU(3), SU(5),
SO(6) ], will be the same.

2. The physical operators are not tensor operators con-
structed from the generators of the ACQO.

This means that we are considering physical processes
relating different nuclei, for example, two-nucleon transfers.
The two-nucleon transfer operators that are used in the
IBM-1 are not generators of the SU(6) algebra’™" (see be-
low). In addition, in the TQM there is no s boson, and the
quadrupole bosons do not change the nucleon number. One
could get the superficial impression that two-nucleon trans-
fer reactions cannot be described in the framework of the
TQM.

In Ref. 46, two of the present authors, taking as their
point of departure the corresponding operators used in the
framework of the IBM-1, succeeded in constructing their
TQM analogs and showing that the two-nucleon amplitudes
calculated in the IBM-1 can be expressed in terms of matrix
elements that are standard for the TQM. This means that in
case (II) as well the TQM and IBM-1 agree.

In the framework of the IBM-1, the transfer of two nu-
cleons is treated in a first approximation as the addition or
removal of one boson. Accordingly, the operators for trans-
fer of two bound nucleons (p'* and p©) ) are assumed to be

T

proportional to the basis operators of the IBM-1:

PO=A4,3, pfh=A;s* (transfer with [ = 0);

= Aod,, PPy = A,d}, (transfer with L = 2);

} (60)
where 4, are normalization constants. The superscript L
denotes the angular-momentum transfer, and the subscript
identifies protons (7 = p) or neutrons (7 = Sk

The idea of constructing two-nucleon transfer opera-
tors in the framework of the TQM is very simple, namely,
one attempts to express the s and 4 bosons in terms of the
basis operators of the TQM, using the connection between
the Schwinger and HP realizations of the ACQO. It is not
difficult to express the quadrupole bosons of the TQM in
terms of the s and d bosons of the IBM-1:

b= (sts 4 1)V sd = E d}; (61)

by=d,s* (s*'s+1)"2 =d,E}. }
One can show by direct verification that on the replacement
ofb, and b in accordance with (61) the HP realization (4)
goes over into the Schwinger realization. However, we need
the inverse transformation. The problem of finding it is not
entirely trivial. The difficulty is that in the TQM the degree
of freedom associated with the conservation of N [see (11) ]
becomes unimportant and is frozen. Clearly, to construct the
inverse transformation {d, d *, s, s T } = {b, b * } it is neces-
sary to introduce an additional @ boson. In Ref. 46, this bo-
son was introduced as follows:

9
at = (s*‘s—[—g d:’ta’,{)““ Ef
m

(62)
a=E, (s*s%—% d;du) i

The relations (62) are more rigorously justified in Ref. 25.
We can now express {d, d*, 5, s* } in terms of {b, b, a,
a* }. The inverse transformation has the form*®
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st=E} (a*a—zﬁ bib, + 1)”2 l
v
s=(aa—3 bibe+1)"" Eu; i (63)
v
dﬁ. = b;E; du = Enbu’ *

where E;f =a* (a*,a+ 1)L E,=E})".

It should be noted that in the derivation of the inverse
transformation we again come up against the existence of the
unphysical orthogonal subspace in the domain of definition
of the HP realization (4). Strictly speaking, the operators
{E*,E,}and {E;, E,} are, as we have shown, only partly
isometric, and as a result projection operators arise. This
complicates the treatment, but, as was shown in Ref. 46,
their effect is exactly equal to zero if we remain in the phys-
ical subspace. If we substitute the expressions for b, b;’
from (61) in (40) and take into account the fact that
0y = (N1)~"2(a*)™|0), then we can readily verify that
(40) goes over into (36). Conversely, ifin (36) we replaces,
¥l d;' by means of (63), then (36) goes over into (40),
i.e., the direct and inverse transformations are such that the
basis spaces of the TQM and IBM-1 are carried into each
other. This circumstance is used essentially in the calcula-
tion of the amplitudes of the two-nucleon transfer reactions.
We now turn to the amplitudes. As was noted in Sec. 2, the
eigenvalue problem is solved in the framework of the TQM
by diagonalizing Hrqy in the basis of the quadrupole bosons
|d ™[N 1xIM ), where n, <N. This is a basis of the type (40),
but the total angular momentum is a good quantum number.
As we have noted, the IBM-1 eigenvectors can be expanded
with respect to a basis of the type (36), in which the d bosons
are coupled to angular momentum I. We shall denote the
Hyom and Hygy, eigenvectors by |E, I; N )1y and |E, I
N )imu1 » respectively.

For the purposes of the following treatment, we sepa-
rate explicitly the dependence on the @ boson in the wave
functions of the TQM:

|E, I; N)zaw = (V)2 @) | E, I; M) rou , (64)

where |E, I; N )1oum is the standard space of the TQM, i.e.,
without the g boson. Having in mind the relations (60),
(63), and (64), we can readily express the matrix elements
of P2 in the IBM-1 basis in terms of the standard TQM

+ 7

matrix elements. We have
st {(Epy Iiy N A4-11P%|Eis T N)isma
= FoMdEy, I5i N+1|P4lEvy s N) Fom
= 4, O|[(NV + 1) 117 2a¥+1 (a*a)~"* a* (N)™* (@)™ |0)
x rou (Epy Iy N|(N—2 03+ 1)1, 1y Nyrom
= Aorqu (Epy Iy N| (Nﬂ@ biby+ 1) 1B 1 Nxou.
(65)

As in the case of (65), we obtain

w (Epy Ipg N -4 | PR Ey Iy N isma
= Aarqm Ey, Iy N + 1|8 | By, Iy N)om. (66)

We see that the matrix elements of the two-nucleon transfer
operator in the IBM-1 basis can be expressed in terms of the
matrix elements on the right-hand side of (65) and (66),
which are standard for the TQM: They couple TQM wave
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functions calculated for different N (AN = 1). In the case of
two-nucleon transfer with L = 0, the corresponding ampli-
tude  (65) contains the  “weight  operator”
(N—3,b )b, +1)"% which reflects the effect of the s bo-
son. The only operator that changes the number of nucleons
by two is the @ boson [see (61) and (62)]. In the IBM-1, s
and s* are treated as nucleon pairs bound to zero angular
momentum. However, by virtue of the factorization (64) the
@ boson was eliminated in a natural manner from the ampli-
tudes (65) and (66).

As an example, we consider the amplitude of 0;" -0,
two-nucleon transfer in the SU(5) and SU(3) limits of the
TQM.

In the framework of the TQM, the ground-state wave
function in the SU(5) limit is a state without quadrupole
bosons and, of course, with zero spin:

IE=01 I=O; N)TQM= ]nb=0,1=0)-
Then the amplitude of 0;% —0;" two-nucleon transfer in the
SU(S) limit is
orqm (E=0, I=0; N|(N—2 bib, + 1)”2 |E =0,
v

]:0; N) TOM :AB(‘:V“'_:I')UZ' (67)

In the SU(3) limit, the TQM ground state can be represent-
ed approximately in the form™

|E=0, I=0; N)r1om

= SR (N 2 (2) 30 ),
"y
where |n,, 0) is a basis state of the type (40) with / = 0 for
which the seniority quantum number is minimal for the giv-
en n,. In the considered limit, the amplitude of 0;" -0,
two-nucleon transfer is

Agrom (E=0, I=0; N| (N——;: b;bv+1)1"2|5=0,

I=0; N)ram
= Aol + /3 T V) ()" 37
"y
=A, [(N -+ 1)/3]112' (68)

It follows from (67) and (68) that the ratio of the squares of
the amplitudes of two-nucleon transfers with L =0 in the
SU(5) and SU(3) limits of the TQM is 3. Exactly the same
result is obtained in the IBM-1.7%7

Thus, for the description of two-nucleon transfer reac-
tions the TQM and IBM-1 again give identical numerical
results and analytic expressions in the case of exact SU(3)
and SU(5) symmetries.

4. LATESTDEVELOPMENTS AND APPLICATION OF THE
TRUNCATED QUADRUPOLE-PHONON MODEL

The collective Hamiltonian (3) and quadrupole opera-
tor (6), based on dynamical SU(6) symmetry, have been
widely used in their two equivalent forms [ (5), (8) and (7),
(9), respectively] to calculate specific properties of many
nuclei belonging to different regions of the periodic ta-
ble.?®?*! Because of the basically successful description of
the experimental data, the IBM has recommended itself as a
very felicitous form of phenomenology, the so-called new
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phenomenology. At the same time, the calculations have re-
vealed a number of discrepancies between the theoretical
predictions of the IBM and the experiments. These discre-
pancies are due, in the first place, to the initial limitations of
the model. The creators of the IBM-1, and also other auth-
ors, have proposed a number of generalizations and modifi-
cations of the IBM making it possible to go beyond the limi-
tations inherent in the IBM-1 in its original formulation.
The need to introduce not only the quadrupole but also other
collective degrees of freedom was recognized from the mo-
ment of creation of the IBM-1. Accordingly, additional bo-
sons were introduced: dipole p, octupole £,*” and hexadecu-
poleg. Additional s’ and d ' weakly collectivized bosons were
also considered in order to take into account the effects of
interaction of the collective and noncollective degrees of
freedom. A review of studies on the generalization of the
IBM-1 by the inclusion of new bosons (collective and weak-
ly collectivized) is given in Ref. 75 (see also Ref. 49). The
authors of the IBM-1 and their collaborators have developed
a new variant of the model—the IBM-2 which contains pro-
ton and neutron bosons.''* An interesting example of a
modification of the IBM-2 associated with the abandonment
of conservation of the total number of bosons*® is the
allowance for mixing of different boson configurations with
a view to explaining coexisting collective structures in the
framework of the IBM-2.7¢

It should be noted that not only the original versions of
the TQM and IBM-1 but also the modifications of the IBM-1
listed above can be used only to describe even—even nuclei.
An important step in the development of the IBM is its gen-
eralization to the case of odd nuclei, which has been imple-
mented in the so-called interacting boson—fermion model
(IBFM).”” In recent years, a detailed experimental study
has been made on a wide front of the structure of odd nuclei,
and this has resulted in the accumulation of extensive mate-
rial on their low-lying collective states. The development of
the IBFM was due to the need to give a theoretical interpre-
tation of the experimental data in the framework of a com-
paratively simple model, such as the IBFM is. The model
was used to describe odd nuclei in Refs. 78-81, in which the
IBFM Hamiltonian was diagonalized numerically. Some-
what later, different variants of the IBFM were developed on
the basis of dynamical symmetries and supersymmetries.
Reviews of the theoretical and experimental aspects of this
direction are given in Refs. 82 and 83, respectively.

The modifications and improvements of the IBM dis-
cussed above relate to the IBM-1, i.e., to the IBM in the s, d
representation. The results of these investigations have
found a fairly complete reflection in Refs. 31, 75, 82, and 83.

At the same time and independently, a group of theore-
ticians from the University of Zagreb has made a series of
studies on the further development and extension of the ap-
plicability of the TQM. This series of papers includes:

1) A formulation of a modification of the TQM suitable
for describing odd nuclei, called the particle truncated qua-
drupole-phonon model (PTQM).™ It has been shown™ that
the PTQM is equivalent to the IBFM.™

2) Application of the PTQM to the description of spe-
cific properties of odd nuclei.

3) The development of a systematic model based on
SU(3) boson—fermion dynamical symmetry, by means of
which the rotational properties of even—even and odd nuclei
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can be treated on a unified basis.® In the framework of the
SU(3) boson—fermion model [SU(3)-BFM ],%87 limiting
cases that are analogs of the weak and strong coupling of the
IBM and intermediate coupling in the rotational-alignment
model (aligned-coupling scheme)®® have been found. An
analytic solution of the SU(3)-BFM with supersymmetric
properties and with no analog in the Bohr—Mottelson model
has also been found.

4) The construction of a modification of the TQM suit-
ed for phenomenological description of odd—odd nuclei. 3!

5) The study of the part played by truncation of the
phonon basis.*?

This list does not include studies on the construction by
the group at Zagreb of the physical operators of the IBM-1
and TQM for single-nucleon transfer reactions, since these
studies go beyond the scope of the present paper. These stud-
ies on the development and application of the TQM have not
yet been reflected in the review literature and will be dis-
cussed in the present section.

Calculation of the structure of low-lying states of 5 Se,, and
proton-hole states of ®'Co on the basis of the PTQM

The explicit form of the PTQM Hamiltonian is given in
Ref. 74. The nucleus studied in the "Se(#, ¥) reaction, the
nucleus 73Se,,, is treated® in the PTQM as an even—even
core of 13Se,, , to which a neutron quasiparticle is bound.
Accordingly, in the first stage of the calculations in the
framework of the TQM the spectrum of "*Se was calculated
with the Hamiltonian (5). The parameters {#} in (5) were
chosen to reproduce the experimental "*Se spectrum as well
as possible. It can be seen from Fig. 1 that the "Se spectrum
can be described very satisfactorily. The PTQM Hamilto-
nian was then diagonalized in the basis |jnxl; 77), where j is
the angular momentum of the neutron quasiparticle, |nx/
are the quantum numbers of the state of the quadrupole »
phonons, and .7 is the total angular momentum. The results
of the calculation of the spectrum of excited states of positive
and negative parity of "*Se are given in Fig. 2.

The additional (with respect to the even—even core)
parameters used in the description of the odd system are
given in Ref. 84. Despite a certain discrepancy in the ener-
gies of the states (reaching 300-450 keV for the positive-
parity states) and in the succession of the levels, overall sat-
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FIG. 1. Spectrum of excited states of "*Se. The experimental data (E) are
given on the left, and the results of the calculation based on the TQM on
the right (T).
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FIG. 2. Theoretical (PTQM) and experimental values of the energies of " Se excited states.

isfactory agreement with experiment was achieved.

The wave functions obtained by diagonalizing the
Hamiltonian were used to calculate the probabilities of E2,
M], and EI transitions between the low-lying 7°Se states.

It can be seen from Table I that the agreement between
the experimental data and the theoretical results is entirely
satisfactory. The free parameters were fixed in such a way as
to reproduce the experimental value of I, for the transition
(5/27),-(3/27),. The probabilities of the E1 transitions
(5/27),=(5/2%),and (5/27),—(7/2%), were calculat-
ed without free parameters and are in good agreement with
experiment, although the B(E1 il values for these transi-
tions are very small. The calculations were made both with
the renormalization (2) and without the renormalization of
the effective charge (1).

In the framework of the PTQM, the spectroscopic fac-
tors for the *Ni(d, *He) °'Co reaction were calculated. The
®1Co energy spectrum was calculated under the assumption
that a proton quasiparticle is bound to the even—even **Ni
core, which was described under the assumption that the
SU(5) limit is realized. In Figs. 3 and 4, the results of the
calculation are compared with the experimental level
scheme. Figure 3 also gives the results of shell-model calcu-
lations. The parameters used in the calculations are given in
Ref. 85. The wave functions of the low-lying ®'Co states
found in the PTQM and the ®Ni ground-state wave function
found under the assumption that the SU(5) limit is realized
were used to calculate the spectroscopic factors for the
©2Ni(d, *He)® Co reaction. Figure 5 gives the averaged spec-
troscopic factors for single-nucleon transfers with 1 =0, 1,
2, and 3 as a function of the excitation energy. The theoreti-
cal results were obtained in the PTQM and in the framework
of the shell model. The PTQM calculations agree very well
with experiment, while the shell model does not give a good
description of the experimental data for /= 1 and / = 3.

Approximate supersymmetry and new coupling schemein
the SU(3) boson-fermion model

The SU(3)-BFM, which was proposed and investigat-
ed in Refs. 86 and 87, has been discussed in most detail in
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Ref. 93. As is well known,”'*?" the description of the rota-
tional properties of even—even nuclei in the framework of the
IBM is associated with the so-called SU(3) limit of SU(6)
dynamical symmetry [chain (II)]. The SU(3)-BFM was
developed to describe the rotational properties of odd nuclei
and is in essence the SU(3) limit of the PTQM. This simple
model contains the well-known weak, intermediate, and
strong coupling schemes of the Bohr—Mottelson rotational
model, and also a new analytic solution with supersymme-
tric properties.

The Hamiltonian describing a particle with angular
momentum j coupled to an even—even core whose properties
are determined by the SU(3) limit of the TQM can be repre-
sented in the form

hprqu (SU (3)) = hrom (SU(3))

+ T (GBGF) gy 1 exchange term, (69)

where
hrom (SU (3)) = —a (GBGB) oy + &' (17 1%)gp
=—2CF 48 (I"I)aor 70)

and, since we consider the SU(3) limit of the TQM, the
boson HP realization for the operators G2 and I® can be
used:

GBu=bi (N— 2 63y) o+ (M — 3 1idy) " (— 1),

Forpa
== V_z (bzbz)(mﬁ (7 I
I =V10 (6")sm- (72)

It is known®’ that the five components of the mass quadru-
pole operator {G,,, } (Ref. 94) together with the three com-
ponents of the angular-momentum operator {1,,, } close the
SU(3) algebra. The positive and negative signs in (71) cor-
respond to the oblate and prolate shapes of the even—even
core, respectively.

The fermion operator corresponding to the particle-
core interaction has the form
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TABLEI Comparison of theoretical and experimental values of the probabilities of E2, M1, and E1 transitions between low-lying "*Se

states.
B (E2) B (M1) B (E1) i

Transition | gxperiment | Theory | Experiment | Theory iilrﬁri- ) e @ %E:;t u)T - (2)
(%)1 (5—2")1 0.40+0.08 | 0.400 | 0.03240.005| o0.126 |— s # - » B
(%), (%), | 0.0 0.076 | — - - - - » 1.0 r
. | - 0.340 | 0.084 0.085 [— - - - 0.3 -
E).E), | - - - = 1.4-107 | 1.4.107 | f.bet0-7 | — - -
$.E), | - 0,0001 | 0.18 0.238 |- = . = = .
)G, | - - - = 1.40-7 | 4.4-10-8 | 8.6.10-8 | 2.9 | 1.2 (0.9)
GhE&h | - - - = 5.10-8 | 5.1.108 | 4.8-108 [0.5 | 0.5 (0.5)
(§2;)1 (37_)1 o= 0.371 = 0.038 |— - - 4.5 4.5 =
E).E), | - - - = 5.10-8 | 6.5-10 | 7.8.10= [o0.& | 0.08 | (0.0m
&), | - 0.028 | — 0.084 |- = - 0.1 | 4.7 -
GG | - 0.168 | — 0.030 |- - s 6.0 | 6.0 =
(‘15)1(5’31)1 = 0.014 | — - - - - 6.0 6.0 =
(.G | - - - - 9.10-9 | 1.7-10°% | 1.6.10-0 | 0.02 | 0.004 | (0.004)
CONESR - - - - 3.10-7 | 0.8.108 | 0.7.108 | 0.6 | 0.02 |(0.02)
(%)2(%‘-)1 & 0.006 = 0.007 | — - - 0.8 4o v
). &) - 0.012 o 0.039 | — - = 2.8 | 2.8 %
(%‘)Z(B_;)I = 0.001 e - - - - 0.2 0.01 -
). &), - - - - 5.10-7 | 5.6.10-9 | 1.5.10® | 0.09 | 0.004 | (0.0008)
(_;')2('5_2-_)1 i = - = — 2.6.10"10 2.9.10-11 - 0.000 (0.000)
2. - - - - 0.8-10-8| 1.0.10-8 | 1.3-10-8 | 0.08 | 0.40 | (0.51)
). (5 = - - - 9.10 | 2.8.10-% | 2.5.10® | 0.2 | 0.06 | (0.00)
. (P - 0.011 = 0.002 | — x = aE il ®my =
(&) s - 0.0001 - - » - e 0.00| 0.0 |-
(). G - 0.020 =3 0.001 | — = e 05 | 0.35 | =
1 3, - - = - 6-10-% | 4.1-40-8 | 4.0.40%8 |0.08| o0.01 | (0.0D)
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Continuation of Table I

B (E2) B (M1) ByE1) I,
iti i- Theory Ex—. Theory
“ERREELY Experiment | Theory | Experiment | Theory fﬂ);z{:n 0 I & peri- = s
ment
(), ), = - -~ " 2.40-7 | 5.4-10-8 | 4.9.10-8 |o0.10 | 0.01 | 0.01)
(%): (%), = = = = = 3.6-10-8 | 3.1-10-% | — 0.02 | (0.02)
(12.: 1 ("32:)1 = 0.141 = = - - - 0.21 | 0.57 a
h ) - 0,250 - 0.041 | — . = 0.54 | 0.5% | —
(7—;)1 (‘;)z - 0.031 - - - "= = = 0.0007 | —
(7‘2:)1 (%t)z =) = = T — 3.3-10-? 1.6—10-12 | — 0.000 (0.000)
(77‘)1(57_)g - 0.001 - 0.008 | — = = 0.01 | 0.000 |~
(i;)s (3;)1 - - - - 5-10-8 | 0.9.10-10 | 6.6-10-10 [ 0.05 | 0.0001 | (0.0007)
(5—;)3 (32:)1 - = e - - 1.2.10-11 | 2.3.10-11 | — 0.000 | (0.000)
(%)3 (22:)1 = 0.0005 - 0.006 | — - s 0.76 | 0.18 -
(5—;)5 (17—)1 - 0.179 = - = - - 0.58 | 0.84 -
)s G ~ 0.0002 - 0.069 | — - = 0.75 | 0,75 | —
5)s &), = 0.048 - 0.062 = . - 0.2t | 011 | =
(251)3(22:)2 = - - - - 1.5-10-9 L.5.10712 | — 0.000 | (0.000)
('7_)3(5?_)2 = 0.077 = v.002 =3 = - 0.03 | 0.001 —
(3—;)1(%)1 - 0.0001 = 0.058 = = - 8.7 8.9 =
(%:)g (1;;)1 - 0.008 — - - - - 0.1 | 0.12 -
(3—;)1(3_;)1 - = = = = .h-10-12 5.5-10-11 | — 0.000 (0.000)
3;)1(1‘2_)1 = - = - - 7.5-10-10 | {.2.10-0 | — 0.0001 | (0.0002)
(EZ:)I(E’T:)l = = = = = 3.9:10-10 2.9-10710 | — 0.000 | (0.000)
(3—«;)1(;2:)5 ™ - - - - 5.0-10-8 5.7-108 | — 0.0008 | (0.0007)
(3‘;)1 (%)1 - 0.071 = 0.284 - — = 0.4 | 0.37 -
(?g)l (%t)z - 0.152 - 0.124 = - - 0.8 0.13 —;
(3—;)1(%)3 - - - - % .2-10-11 | §.3-10-11 | — 0.000 | (0.000)
- oN
Gl = (€10)) 21 (73) kT M)y = 3 By (GRIOIT ) |(i1) T M); (74)

where c, is the second-order Casimir operator of the SU(3)
algebra. The exchange term was not taken into account in
Refs. 86, 87, and 93, so that the results should be compared
with the results of the particle—rotator model.! The authors
of Refs. 86, 87, and 93 concentrated their attention on the
states of the odd system associated with the rotational band
of the core ground state. These states can be obtained by
projecting | jk )|c) onto the state with angular momentum
.7 anc its projections M and k (Refs. 84 and 85):
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le) = exp (b, (N —Z3 biubas) 2} |0y

is the coherent state of the boson SU(3) group with
B =vZ( —v2) for the prolate (oblate) shape of the core,
and | jk ) is an adiabatic state of the odd system (see Ref. 96).
The states
G T My = X (jmdmg| T M)|jmy)|Imy,
mmy

which form a convenient basis for diagonalizing the Hamil-

(75)
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FIG. 3. Energy spectra of %'Co: calculated in accordance with the shell model, the experimental spectrum, and the PTQM calculation. The theoretical
levels labeled ( + ) have spectroscopic factors (G)<0.005. The identification of experimental levels with theoretical levels is tentative.

tonian (69) for small coupling constants, are analogs of the
basis states of the collective rotational model in the case of
weak coupling, but with the difference that the angular mo-
mentum [/ is bounded by the value I,,,, = 2N [see (74)]. It
will be seen from what follows that the basis given by (74)
possesses the properties characteristic of the cases when dy-
namical supersymmetry is realized (hence the index ss).
The states |1 ) can be expanded with respect to a basis
constructed from the quadrupole bosons as follows:

|Iy = B; 2 Apwz|nnel).
n4

Explicit expressions for B, and 4,,, are given in Ref. 84 [see
Egs. (50)-(52)].

If we limit the treatment to the states (74), the operator
C? gives only a constant energy shift, and therefore the cor-

responding part of the Hamiltonian (69) (with the exchange
term ignored) can be written in the form

8 hpem (SU(3)) = 6 (I°1%) g + T (GEGF) o0 (76)

and the wave functions will depend only on the ratio I'/8.
The states (75) are eigenstates of the Hamiltonian
hgenv (SU(3)) for T/6=0. As will be shown below, the
states |k =j7 M), become eigenstates of figpy (SU(3))
for a definite value of I'/6, which we shall denote by (I'/8)

The states |k.7 M ), with different k are nonortho-
gonal, and they are therefore orthogonalized by means of the
Gram-Schmidt procedure.’” Two orthogonal sets of states
{|k7 M)} are of physical interest.

a) The upper orthogonal set. For its construction for
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FIG. 5. Dependence of the experimental spectroscopic fac-
tors £C2S;; (continuous lines) on the excitation energy and
the predictions of the shell model (broken lines) and PTQM
(dotted lines).
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fixed 7 one begins with the & = j state. One then constructs
the state with k = j — 1, which is orthogonal to the state with
k = j, and so forth, the process terminating with orthogona-
lization of the state with k =1. The quantum numbers k
obtained as a result are denoted by ky;, and the correspond-
ing states by |ky.7 M ). By construction, the state
|ky =77 M) isidentical to |k =5 M),.

b) The lower orthogonal set. For its construction for
fixed 5~ one begins (states with k= 1) and completes the
process of orthogonalization by the state with k =;. The
corresponding quantum numbers k are denoted by &, , and
the basis states by |k; .7 M ). By construction, the state
|k =47 M) is identical to the state |k =17 M ). The
matrix elements of figg,, (SU(3)) in the basis |k.% M ) can
be calculated explicitly by using (74), (75), the Wigner—
Eckart theorem, and the Wigner coefficients for the SU(3)
group® and by noting that the generators {I7, 8/3G 5, }
transform in accordance with the octet representation (1,
1).”° Then, knowing the coefficients, which are obtained by
Gram-Schmidt orthogonalization, we can also calculate the
matrix elements

(kT M| hpn (SU (3)) ke o7 M). (77)

It is difficult to obtain the matrix elements (77) in analytic
form because of the complicated form of B, and the ortho-
gonalization coefficients. The calculations showed that the
matrix (77) is always tridiagonal, i.e., it has nonvanishing
elements only along the principal diagonal (ky = k{;) and
for |ky — k {; =1 (Tables II and III). It should be empha-

TABLE II. The matrix elements (k.7 = 17/2|I° I |k {,.7 = 17/2).

sized that tridiagonality of the Hamiltonian SU(3)-BFM
matrix holds only when the upper set is used, and this distin-
guishes this set from the others.

It is not surprising that the matrix /°/® was found to be
tridiagonal, since IT = (.%” — j) (. — j) contains the Cor-
iolis interaction .7 +j, for which the selection rule Ak = 1
holds.! What is surprising is the fact that the Ak = 1 rule
also holds for the G5G} interaction matrix. One would ex-
pect the explicit presence of the fermion operator G?Y tolead
to violation of the selection rules that hold in the collective
subspace.

The tridiagonality property of the matrix (77) can be
used to construct a special solution having properties char-
acteristic of Hamiltonians based on dynamical supersymme-
tries.

We fix I'/§ to ensure that
ko =17 MIUI°I )0+ (L/8) s (GECE)om ku= j— 1.7 M) =0.

(78)
For the special case j = 11/2, we obtain (I'/§),, = 46.3. In
realistic cases, §~0.015 MeV. It follows that I ~1 MeV,
this corresponding to intermediate coupling. It was also
found that the (I'/6),, obtained from (78) depends neither
on the maximal number N of bosons nor on .7". This means
that for I'/6 = (I'/8),, the entire ky = f= 11/2 band will
be exactly described by the vector (74). Indeed, if (78)
holds, then it is easy to show that the state |k = 11/2.7 M)
becomes an eigenvector of the Hamiltonian matrix (see Ta-
bles IV and V). As can be seen from Fig. 6, the contribution
of the component &k, =j = 11/2 to any of the states of this

r |
ky
11/2 9/2 772 5/2 3/2 1/2
ki

11/2 40,350 | —17.821 0 0 0 0
9/2 —17.821 56.265 | —26.719 0 0 0
7/2 0 —26.719 70.913 | —32.760 0 0
5/2 0 0 —32.760 92.203 | —28.278 0
3/2 0 0 0 —28.278 141.906 —9.980
1/2 0 0 0 0 —9.980 208.362
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TABLE III. The matrix elements (k.7 = 17/2|GY G3)olk 4.7 = 17/2).

ky
11/2 9/2 T/2 5/2 3/2 1/2
kg
11/2 —2.121 0.385 0 0 0 0
9/2 0.385 | —0.844 0.462 0 0 0
7/2 0 0.462 0.076 0.425 0 0
5/2 0 0 0,425 0.618 0).245 0
3/2 0 0 ) 0.245 0.872 0.043
1/2 0 0 0 0 0.043 1.399

band is exactly 100%. It should be noted that the ky
=j=11/2 band is an ideal rotational band. For other
bands, deviations from the .7 (. + 1) rule are observed,
these being larger, the smaller &, . One can also see signature
effects, as in the Bohr—Mottelson model.! Thus, the energies
of the states of the band with ky; = 11/2 are given by

Ez (ky=]j=11/2)=8F (7 +1), (7

where § is the same parameter as in the expression E,
— 8I(1 + 1) for the energy of the states of the ground rota-
tional band of the even—even core. It is for this reason that
the basis (74) was said to be supersymmetric (the even—even
and odd systems are described in a unified manner, and the
moments of inertia are equal).

The properties of the Hamiltonian (76) forT' = — ',
were also investigated. (This corresponds to a particle
bound to a core having a prolate shape, or a hole bound to an
oblate core.) In this case the upper set was found to be incon-
venient, and the lower set was used. It was found®® that in
this basis even the matrix 7°/® is not tridiagonal. The Hamil-
tonian (76) mixes the bands with different k. The &, con-
tribution is given as a percentage next to each state in Fig. 7.
It can be seen from the figure that the band with k; = 1/2 s
the lowest band and exhibits a strong signature effect. The
band with k; = 11/2 is situated above all of the others in
energy and has an unusual parabolic shape [in the
(7 + 1) scale]. In this band, the state with .7 = 29/2
has the greatest energy. The subsequent lowering of the
states is evidently due to the truncation with respect to the
phonon number N. We now consider the yrast states (Fig.
7); these are all states in the bands with k; = 1/2, then the
states with 7 = 21/2 and .7~ = 23/2 in the band with &,
= 3/2, etc., up to the states with .7 = 37/2 and .7 = 39/2
in the k; = 11/2 band. The B(E2) values for transitions

TABLE IV. Matrix elements of the Hamiltonian H/,

between these states are given in Fig. 8. It can be seen that the
states are divided into two groups according to the depen-
dence of B(E2) on.7 for the transitions with A.7 = 2. The
E2 transitions .7~ + 1.7 between these groups are weaker
than the E2 transitions .7~ + 2—.7". This served as the basis
for a new classification of the states, which is shown in Fig. 9.
The states are distributed over rising bands, exhibiting a sig-
nature effect, this being the stronger, the lower they are in
energy. These bands are identified by the quantum number
ki . As can be seen from Fig. 9, the bands with k] = 1/2,
3/2, and 5/2 have branches of different signature, connected
by the broken line, and along these branches the B(E2) val-
ues are enhanced. The lower branch of the band with k|
= 1/2, which includes states with .7 =j, j 42, j+ 4,...,
39/2, recalls the decoupled band of the rotational-alignment
model, for which the projection of the angular momentum
onto the rotation axis is j.*

In this model, the following relation holds®:

E‘?=Ia$3+3' (O'J=f)=EIGSB (core), (80)
where i
EI('.,‘-B (CO[’C) = 6[‘;}5}3([0.\‘}3 —‘L 1)' (81)

In the lower part of Fig. 9, the dotted line connects states
whose energies were calculated by means of (80) and (81)
and the value § = 0.015. It can be seen that these states are
close in energy to the exactly calculated states of the lower
branch of the k; = 1/2 band.

The connection with the rotational-alignment model
was also established by comparing the wave functions. In-
stead of the functions d-','ca (7/2) the authors of Ref. 86 used
the Clebsch—Gordan coefficient (2N 0jk |2N + ak ), which
in the asymptotic limit 2V — o is equal to d%_(7/2). Thus,
inthecaseI’ = — ', thek{ = 1/2 band is the analog of the

I°I® 4+ (T/8) (G2GYE), for

PTQM =
(I'/6),, =46.3.
ky
11/2 9/2 7/2 5/2 3/2 1/2
kg
11/2 —57.9 0 0 0 0 0
9/2 0 17:2 —5.3 0 0 0
7/2 0 -5.3 T4.4 —13.1 0 0
5/2 0 0 —13.1 120.8 —-17.0 0
3/2 0 0 0 —17.0 182.3 —8.0
1/2 0 0 0 0 —8.0 273.1
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TABLE V. Eigenvalues and eigenfunctions of the Hamiltonian from Table IV.

kU
15 =117,2, n

n Eial2, n .

ey=11/2 |ku=9f2 [ku=72 [ky=5/2 [ky=3/2 [ky=1/2
1 —57.9 1.000 0 0 0 0 0
2 16.7 0 0.995 | 0.084 | 0.012 | 0.004 | 0.000
3 71.3 0 —0.094 0.958 0.267 0.041 | 0.002
4 120.0 0 0.014 | —0.268 | 0.929 | 0.254 | 0.043
5 186.1 0 —~0.001 0.030 | —0.256 0.962 | 0.088
6 273.9 0 0.000 [ =0.001 0.010 | —0.089 | 0.996

decoupled band of the rotational-alignment model, but in a
space with a restricted number of quadrupole phonons.
The wave functions (75) can be used as a basis for con-
structing analogs of Nilsson states in the framework of the
SU(3)-BFM. In the general case, we can write

E/e 9 T
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FIG. 6. Spectrum calculated in accordance with Eq. (76) for the case
j=11/2,N=1,T/6= (I/),, = 46.3. The Hamiltonian was diagonal-
ized in the basis{|k ;.7 M ), }. For the angular momenta, the.7 (.7 + 1)
scale was used. Next to each state we give the percentage of the dominant
component ky; in the wave function of this state. The energy along the
ordinate is given in units of 8.
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k7 M) =2 fyr (1) GRIOIT )| (i1oe) M), (82)

where the nature of the quantum number k is determined by
the form of the weight function fy. (I). In the two cases
considered above, the weight function

fny ()= B

was used. To treat the limiting case of strong coupling in the

E/&
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FIG. 7. The spectrum calculated in accordance with Eq. (76) with the
same parameter values as in Fig. 6 but with the opposite sign of T', i.e., for
/6= — (I'/8),,.Inaddition, the lowerset{|k, 7 M },, } was used. For
each state we give as a percentage the dominant component k in the wave
function of this state. The energy along the ordinate is given in units of &.
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FIG. 8. Calculated values of B(E2) transitions between states of the lower
branch (corresponding to the @ =j= 11/2 decoupled band) between
states of the upper branch of the band with k] = 1/2 and between the
states of the two branches. The wave functions correspond to the same
parametrization as in Fig. 7, but the upper set |k % M ), has been used.
The effective charges are ¢*"#'™" = .5, ¢"* = 2, and the radial matrix
element is (7 2) = 1.444%3, where 4 = 100.

framework of the SU (3)-BFM, the weight function must be
taken by analogy with the rotational BFM in the form

Inrlll= (7] s (83)

This limiting case of the SU(3)-BFM was considered in de-
tail in Ref. 87. The corresponding transformation has the
form

2%
My, 3 |

I==0

L2 GRIOLTIN (Hac) 7M.
(84)

The unitarity of the transformation is violated if the triangle
rules admit values />2N + 2. The maximal angular momen-
tum .7 for which (84) is unitary is .% ., =2N —j+ 1. In
the general case, the maximal angular momentum in the &
band is

Tk, =2N—j+ 2k (85)

It follows that (84) is unitary for all states of the k = 1/2
band. In the other k bands, the transformation (84) is not
unitary for the angular momenta that do not occur in the
k = 1/2 band. For these states, the Gram—Schmidt proce-
dure must be used. In the basis (84), the matrix I®I® is al-
ways tridiagonal for.7” <.7 .. This property is also pre-
served when .7 >.7 ., if the upper set is used. However,
the interaction matrix is never tridiagonal in the basis
|kZ M ). In this case, it behaves in exactly the same way as
in the rotational model, for which the selection rule Ak =1,
which holds for I® I'®, is violated for the term describing the
particle—core interaction. Since the matrix GEG § cannot be
reduced to a tridiagonal form in the basis (84), there also
does not exist a finite coupling constant I" for which the
states (84) will be eigenstates of the Hamiltonian (76). [An
exception is the trivial case of a 2 X2 Hamiltonian matrix
(76).] By construction, it is to be expected that the states
(84) will give a good approximation to the eigenstates of the
SU(3)-BFM Hamiltonian in the limit of large I and N. It
was shown®’ that
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FIG. 9. The same spectrum as in Fig. 7, but the classification of the states
in terms of k{ has been used. The decoupled @ = 11/2 band in the model

of rotational alignment, calculated in accordance with (80) and (81), is
shown by the dotted curve.

lim « (kT M|(GBGE)ou| k' T My,

N—>oo

5 ()0 T ¥ S
= —2VIN [ggr] BRI+ 1)1 8. (86)
This means that at large N only the Coriolis interaction 7°7®
can be the source of the nonvanishing nondiagonal matrix
elements.

It was also shown that

. Ts {(6Pehy, TN
_\I:Ln; B (IBIB)s 3 _6—’ (87)

i.e., for N> 1 the term describing the interaction of the fer-
mions with the core is dominant. In addition, it was found
that signature effects are manifested only for the band with
k = 1/2, in complete agreement with the strong-coupling
limit in the Bohr—Mottelson cranking model.

Thus, for two of the limiting cases considered in the
framework of the SU(3)-BFM,I' = — ', and "> |, a one-
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to-one correspondence has been established with the inter-
mediate (rotational alignment) and strong couplings of the
cranking model.

If T = I',,, then a paradoxical situation arises. The en-
ergy of the decoupled |k, =j=11/29"M ) band follows
the 7 (9 + 1) rule remarkably accurately, as in the crank-
ing model. At the same time, I',, = 1 MeV, but this does not
at all correspond to the strong-coupling limit. Moreover,
since ', was found to be independent of N and .7, there is
no hope that with increasing N it could increase and the
interaction term becomes dominant.

Generalizations of the TQM to the case of odd-odd nuclei

In the most recent years, there has been a sharp increase
of interest in odd-odd nuclei. Their spectroscopic study can
give valuable information about the proton—neutron residu-
al interactions.

In Ref. 91, a generalization of the TQM to the case of
odd-odd nuclei (OTQM) was proposed. The OTQM Ham-
iltonian has the form

HOTQM=H(m +H91-)QM_HTQM 3 H:;V)

Bron (88)

Here, HiTom and HiYgy are the Hamiltonians of the
PTQM" of an odd nucleus with an odd proton and neutron,
respectively; H'Z” is the residual proton-neutron interac-
tion. A program was created for diagonalization in the ba-
sis|( jmjv) jmv, nxl; ), where nxI are the quantum
numbers that characterize the even-even core, andj_ and j,
are, respectively, the proton and neutron angular momenta,
which are coupled to angular momentumj ., this, in its turn,
being coupled with I to the total angular momentum 7.

This program was used to calculate the spectrum of the
odd-odd system under the assumption that the SU(3) limit
of the TQM is realized for the even—even core. The exchange
terms were not taken into account in Hprgy -

The calculated spectrum consists of two low-lying
bands based on states with angular momenta I' =/ _ +j,
and.7 = |j, —j,| and bands that lie higher in energy.

It was shown that the wave functions of the state with
angular momentum .7 belonging to the (/. +j,) band can
be represented in the same form as the wave functions (74)
for the odd system, except that it is necessary to make the
substitutions

173 = 1(Fnfy) jav)s
half-integral k —integral k;
half-integral /"M —integral .7 M.

The energies of the states of this band are proportional to
T(T +1)

E(k=jatjuw T)=087 (7 +1), (89)

where § is the same parameter as in the case of the even-even
and odd systems. It was established that these two lowest
bands, i.e., |k =/, +j,,7 )and |k =|j. —j,|.7),arean-
alogs of the Gallagher-Mozkowski bands based on (£,
=j., 2, =j,). The results obtained in the framework of
the OTQM indicate that the difference of energies of the
bases of these bands is sensitive to the residual spin—spin
interaction. As in the case of the parabolic rule, 100 the spin-
—spin interaction leads to a lowering of the bases of the bands
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with k= |j, —j,|orwithk=j, +j, forv=00r |v| =1,
respectively, where v=j,_ — I +j, — [, is the Nordheim
number.

Direct analysis of the wave functions of the states be-
longing to the band with k = + j, showed that their struc-
ture is analogous to the structure of the wave functions (75).
This fact, and also Eq. (89) indicate that in the considered
odd-odd system the approximate dynamical supersym-
metry associated with the SU(3) symmetry of the even—even
core is realized.

The concept of supersymmetry is a generalization of the
concept of symmetry to the case of mixed systems consisting
of bosons and fermions. The concept was first introduced in
the physics of elementary particles.'”"'” The mathematical
formalism of supersymmetry theory is the theory of graded
Lie algebras,'® instead of ordinary Lie algebras. It should be
noted that at the present time nuclear physics appears to be
the only branch of physics in which one can test whether or
not supersymmetries are realized in nature. The approach
based on dynamical supersymmetries makes it possible to
describe even—even, odd, and odd-odd nuclei on a unified
basis. Initially, an approach was developed in the framework
of the interacting-boson—fermion model to a unified descrip-
tion of even—even and odd nuclei using exact boson—fermion
symmetries, the so-called spinor symmetries.'*"'* Some-
what later, in Ref. 89 and in the framework of the OTQM,
this approach was generalized to the case of odd—odd nuclei.
The basic idea of the generalization of the method to this
type of nucleus is to construct the maximal group of trans-
formations for the odd fermions (7 and v) and to use embed-
ded chains that lead to the necessary spin composition of the
considered nuclear system. Once this structure has been
found, it is necessary to analyze all possible couplings of the
two odd fermions to the core. As a result of this analysis, one
obtains corresponding mass formulas for the spectrum of the
odd—odd system. In Ref. 89, a study was made of the case
when odd fermions in configurations with j = 3/2 are cou-
pled to a collective core described under the assumption that
the SO(6) limit is realized. The following chain of embedded
boson—fermion groups was considered:

UP(6) @ U« (4) @ U (4)

U SU = (4)

Spin  BF 4, (6)
9]

Spin BF 4, (9)
U

Spin BE ., (3)

U
SpinBF ., (2). (90)
When the boson and fermion groups were combined into
boson—fermion groups, essential use was made of the homeo-
morphism SO(6) =SU(4). By analogy with the case of odd
nuclei, ' % the generators of the spinor groups in the chain
(90) were obtained by combining the generators of the bo-
son and fermion groups in such a way that the algebra of the
corresponding spinor groups closes. The basis states corre-
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sponding to the chain have the form

[ [V], {«f‘un:i}; M,=1}. Z, (&1» Esy Ea)s (o4, Oy, O3),
(T T ) (”6)5’, M),

where the quantum numbers N, M, M, 3, (£, £, £3), (o,
05,03), (.7 ,.7,), (ns),.7, and M characterize irreducible
representations of the groups that participate in the chain
(90): UP(6), UT"(4), U™(4), SOP(6), SU"™(4), Spin®
(6), Spin™ ™ (5), Spin®"™(3), and Spin® ™(2), respective-
ly. Using the group-theoretical methods developed in Refs.
44, 111, and 112, the authors of Ref. 89 constructed repre-
sentations of each of the subgroups in (90) contained in a
corresponding larger group.

In the case when the OTQM Hamiltonian (88) can be
expressed in terms of the Casimir operators of the subgroups
that occur in the chain (90), its eigenvalues, i.e., the spec-
trum of the odd—odd system, can be represented as follows:

E=E® (N,M.=1), M,=1)
— A8 B+ )+ B (- 2) + B
1
— TAE (E+4)—1 A0, (0,+4)+ 0, (0, +2) +02]
5 BIT T+ 94T (T o+ D1 +CT (7 +10). (O1)

The parameters 4,, A,, B, C were introduced in such a way
that the expression (91) resembles the form of the Spin(6)
mass formula for odd nuclei.'” The expression E¥ (N, M =
M, ) contains terms linear and quadraticin N, M_, M, that
contribute only to the binding energy.

Figure 10 gives the spectrum of eigenvalues calculated
in accordance with (91) with the parameters of Ref. 113
corresponding to the typical Spin(6) spectrum of odd nu-
clei.

Figure 11 shows the yrast bands: the 0, band, 3/2,
band, and 3, band in the even—even, odd, and odd—odd sys-
tems, respectively, calculated in accordance with the SO(6)
mass formula,*® the Spin(6) mass formula, ' and in accor-
dance with the formula (91), respectively. The total number
of bosons was taken to be seven, and the remaining param-
eters were the same as in Fig. 10. Manifestation of the
Spin(6) boson-fermion symmetry is to be expected in the
Ir-Pt-Au region, where SO(6) boson symmetry is realized
in the even-even nuclei and there are low-lying 7d,,, and
VPss single-quasiparticle states. If certain restrictions are
imposed on the constants of the boson—boson, boson—fer-
mion, and proton-neutron residual interactions, the oTQM
Hamiltonian (88) for j, =j, = 3/2 can be rewritten in
terms of the Casimir operators of the chain (90), and this
leads to the spectrum given by Eq. (91). This means that in
(91) allowance is made for the neutron—proton residual in-
teraction but with a constant fixed in a definite manner.

In Ref. 89, it was assumed that both odd fermions are
particles. New possibilities arise if one bears in mind that the
odd fermion may be either a particle or a hole. In Ref. 114, it
was shown that for the isotopes of Au (Z =79) with
N =117 and N = 119 one can achieve a good description of
the spectra of excited states by assuming that the odd neu-
tron is a particle and the odd proton is a hole.

The Spin(6) symmetry considered in Ref. 89 can be
extended by embedding the group U® (6) @ U "(4) U™ (4),
with which the chain (90) begins, in the graded Lie algebra
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I
7T

FIG. 10. Spectrum of excited states of the odd nucleus calculated in accor-
dance with Eq. (91). The parameters are typical of odd nuclei described
by means of the group Spin(6): 4, =0, 4 /4 = 90 keV, B /6 = 60 keV,
C=10keV,N=2, 4, = 0. For ¥ = 2, the states with (&1 80 = (1,
0,0) and (1, 1, 1) are shown by the squares and circles, respectively. Each
group of states with the same values of (£, &,, £,), (0y,0,,0;),and (7,,
7, ) is connected by a straight line. To each group the quantum numbers
(0y,0,,05) and (7, 7, ) have been ascribed. The states of the four bands
nearest the yrast band are joined by the broken lines.

U(6/4m + 4v). This generalization of the idea proposed in
Ref. 107 makes it possible to treat on a unified basis not only
the even—even and odd nuclei but also odd-odd nuclei. In
this case, the superalgebra has proton and neutron subsec-
tors in its Fermi sector.

On the effect of truncation of the phonon space of the TQM

A characteristic feature of the TQM is that it operates
with a finite-dimensional phonon space. The Hamiltonian
and physical operators of the TQM are defined on a phonon

E,MeV

Jo0

FIG. 11. Yrast bands constructed on the states 0,, (3/2),, and 3, in
even—even, odd, and odd-odd systems. The bands are identified by the
quantum numbers (o, 7;,03) = (7,0,0), (15/2,1/2,1/2),and (8,1,1)
for the even—even, odd, and odd-odd systems, respectively. For each level,
its angular momentum is given.
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TABLE VI. Normalization coefficients of collective fermion states.

N N JNSU B N AN 4 NSU (6
1 1 | 8 0.060 0.018

2 0.90 0.90 9 0.028 0.004

3 {173 0.72 10 0.012 0.0004
4 0.535 0.504 11 0.005 0

5 0.356 0.302 12 0.0019 —_

6 0.215 0.151 13 0.0007 —_

7 0.119 0.060

space whose dimension does not exceed NV [see (5) and (7)].
(Finiteness of N is also a specific feature of the IBM-1, in
which the total number N of bosons is postulated to be equal
to the number of valence pairs of nucleons of the considered
nucleus.) It was shown in Ref. 115 that the appearance of the
square root in the TQM operators is the result of the ap-
proximations made in the calculation of the norms of the
many-fermion states. It was demonstrated in the same paper
(Table VI) that in the general case the solution of the recur-
sion equations for the norms of the many-fermion states does
not agree with the result of the SU(6) approximation. It can
be seen from Table VI that the corresponding normalization
coefficients . /'y decrease smoothly with increasing N and
do not vanish anywhere [in contrast to the. 7"y found in the
SU(6) approximation], this corresponding to an unrestrict-
ed space of collective states. Because of the restriction of the
phonon space in the SU(3) limit of the TQM (IBM-1), rota-
tional bands that terminate at I = 2N arise.”'° This termina-
tion is not observed experimentally. The part played by the
truncation effect was studied in Ref. 92, in which it was
shown that the occurrence of the rotational bands is a prop-
erty characteristic of a large class of quadrupole-phonon
models independently of the SU(3) symmetry. To demon-
strate this, the authors of Ref. 92 introduced a collective
Hamiltonian containing cutoff factors in the form of an arbi-
trary function of the operator of the number of quadrupole
bosons:

H' = RN 4 Iy {00 o0 (N) F (N + 1)+ hoc.}

1 g {5 *Denf (V) ~ o) + S R (B B5) L oors
=092, &

In this case fIfEfITQM [see (5)];

2) (M) == VRoWN—N), (o7
where the operator step Q(N — R’ ) is defined as usual;
T |nxl)  for n<<N;
BN =MD ={ o @ p=N. (98)

As was noted in Ref. 74, H in this case corresponds exactly
to an anharmonic quadrupole-phonon Hamiltonian of
fourth order of special form (see Ref. 74 and the references
given there). This Hamiltonian was diagonalized in an N-
dimensional phonon space. The results of the diagonaliza-
tion depend on N. This dependence was studied in Refs. 116
and 117 before the introduction of the TQM and the IBM-1;
LT N .

3) [(N)=—5 VN (1__..;.._) 8 (N —AN). (99)

This case was first considered in Ref. 92. Figure 12 gives the

diagonal matrix elements f (n) = (nxl | f (N)|nxl ) corre-
sponding to the three forms of the cutoff factor: 1, 2, 3.

It is known”?° that in the case when the SU(3) limit is
realized the parameters {h} ={,, hs, b3, hag, Py gy } canbe
expressed by means of N and two parameters: @ and 5. We
call this parametrization the SU(3) parametrization of {n}
SU(3). [The explicit form of the {h}go 3, <>{a, B, N} con-
nection is given in Ref. 74; see Eq. (38) in Ref. 74.]1 The
spectra of the Hamiltonians H'were calculated for the three
forms of £ (N) given by (96), (97), and (99); the same
SU(3) parametrization was used in all three cases, and it
was assumed that N = 7. The calculated spectra are shown

(92)  inFigs. 13-15, respectively. The cases when f (V) are deter-

where j\} =3, b #+ b,. mined by the relations (97) and (99) do not have any bear-
Sinee ing on the SU(3) symmetry. However, it can be seen from

& Figs. 13-15 that the spectra corresponding to the three

fN) | nxl) = (n) | nul), (93)  forms of the cutoff factor are remarkably similar. A similar

the matrix elements of A/ (92) in the basis {|nxJ )} differ
from the standard matrix elements of the anharmonic qua-
drupole-phonon Hamiltonian of fourth order only by the

result is obtained for the electromagnetic properties calcu-
lated in the three cases. On this basis, it was concluded in

factors f(n). Two restrictions were imposed in Ref. 92 on i
FN: WG -Retw-n) i
b (1\";) |7 = Nnl) =0 (94) V7 '
N i=n '
! ) _ 27
Sf(ﬂ}fhr:%f\’m. (95) ==

0

Note that the conditions (94) and (95) are in no way related
to_symmetry considerations. Three particular choices of
f(N) were considered:

1) F(N)=(N =N (96)
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FIG. 12. Diagonal matrix elements /' (n) = (nx1|f(ﬁf) |nael ) for three
different forms of the cutoff factor for N = 7.
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FIG. 13. The spectrum of 2 forf{f\\") = (N-— R’) 12, The following parametrization was used: 'hl =0.0225, hy = —0.0224, hy= —0.0592, h,,
= —0.1175, hy, = —0.0811, A,, = 0.285, and N = 7. This corresponds to the parameters @ = 0.1 and B = 0.2 for the SU(3) parametrization. The

numbers next to the levels give the spin.

FIG. 14. The spectrum of A/ for £ (N) = (2/3)/NO(N — N). The parameters are the same as in Fig. 13.

FIG. 15. The spectrum of H for f (N) = (4/3)yN (1 — N/N)8(N — N). The parameters are the same as in Fig. 13.

Ref. 92 that the occurrence of finite rotational bands ( Figs.
13-15) is not due to realization of the SU(3) limit of the
TQM but rather reflects definite relationships between the
constants of the collective Hamiltonian acting on the re-
stricted phonon space. The circumstance that the conditions
of occurrence of rotational bands must be weaker than
SU(3) symmetry requires was pointed out earlier by Bohr
and Mottelson.''®

5.CONCLUSIONS

Our review consists of two main parts. For those inter-
ested in the mathematical formalism of the theory, greater
interest attaches to the first part (Secs. 1-3), where we have
presented the results of a detailed mathematical investiga-
tion of the relationship between the two very popular collec-
tive models (TQM and IBM-1); this connection was a con-
troversial one. We have established equivalence of the two
models at the level of the matrix elements and operators. We
have given a rigorous proof that in the physical subspace of
the boson state space the TQM and IBM-1 are unitarily
equivalent. The question of the relationship between the
TQM and the IBM-1 can now be regarded as completely
studied.

For the reader having more interest in the physical ap-
plications Sec. 4 will be more relevant; for here we give the
results of the latest development and application of the TQM
to particular physical systems.

We are very grateful to E. Nadzhakov for helpful dis-
cussions of a number of questions considered in the review,
andto V. G. Solov’ev and I. N. Mikhailov for their interest in
this paper.
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Y Although the TQM and IBM-1 are equivalent (see Sec. 2), each has its
own specific features. When there is no need to distinguish the TQM and
IBM-1, we shall use the general designation IBM.

PIt must be emphasized that this is a somewhat nominal definition.
Usually, a dynamical symmetry is defined**! in terms of concepts such
as algebra, generating spectrum, enveloping algebra, irreducible repre-
sentation, etc.

*The Lie group SU(6) has not only algebraic but also geometrical struc-
ture**; for the points of the SU(6) factor space stand in a one-to-one
correspondence with the SU(6) coherent state, which can be parame-
trized by means of variable forms and Eulerian angles.

¥ An isomorphism is a generalization of unitary equivalence [see (43)].

“ A model of many interacting bosons was recently formulated. '® As an
example, 2 model of interacting spdf bosons was considered.

'A. Bohr and B. R. Mottelson, Nuclear Structure, Vol. 2 (Benjamin,

Reading, Mass., 1975) [Russ. transl., Mir, Moscow, 1977].

2A. Bohr, K. Dan. Vidensk. Selsk. Mat.-Fys. Medd. 26, No. 14 (1952).

*A. Bohr and B. R. Mottelson, K. Dan. Vidensk. Selsk. Mat.-Fys. Medd.
27, No. 16 (1953).

“G.N. Afanas’evand P. P. Raichev, Fiz. Elem. Chastits At. Yadra 3, 436
(1972) [Sov. J. Part. Nucl. 3, 229 (1972)].

*R. V. Jolos, F. Dénau, and D. Janssen, Teor. Mat. Fiz. 20, 112 (1974);
Preprint R4-7144 [in Russian], JINR, Dubna (1973).

D, Janssen, R. V. Jolos, and F. Dénau, Nucl. Phys. A224, 93 (1974).

"R. V. Jolos, F. Dénau, and D. Janssen, Yad. Fiz. 22,965 (1975) [Sov.I.
Nucl. Phys. 22, 503 (1975)].

®A. Arima and F. Iachello, Phys. Rev. Lett. 35, 1069 (1975).

°A. Arima and F. Iachello, Ann. Phys. (N.Y.) 99, 253 (1976).

'°A. Arima and F. Iachello, Ann. Phys. (N.Y.) 111, 201 (1978); O.
Sholten, F. Iachello, and A. Arima, Ann. Phys. (N.Y.) 115, 325
(1978); A. Arimaand F. Iachello, Ann. Phys. (N.Y.) 123,468 (1979).

"A. Arima, T. Otsuka, F. Iachello, and I. Talmi, Phys. Lett. 66B, 205
(1977).

T. Otsuka, A. Arima, F. Tachello, and I. Talmi, Phys. Lett. 76B, 139
(1978).

T. Otsuka, A. Arima, and F. Iachello, Nucl. Phys. A309, 1 (1978).

"Progress in Particle and Nuclear Physics (Pergamon Press, New York,
1983); Vol. VIII: Collective Bands in Nuclei.

"*V. G. Zelevinskif, Izv. Akad. Nauk SSSR Ser. Fiz. 48, 79 (1984).

Jolos et al. 523



16V Paar, Interacting Bosons in Nuclear Physics (Plenum Press, New
York, 1979), p. 163.

173 P. Blaizot and E. R. Marshalek, Nucl. Phys. A309, 453 (1978).

18M. Moshinsky, Nucl. Phys. A338, 156 (1980).

197 N. Cinocchio and M. W. Kirson, Phys. Rev. Lett. 44, 1744 (1980).

04 E. L. Dieperink et al., Phys. Rev. Lett. 44, 1747 (1980).

214 Klein and M. Vallieres, Phys. Rev. Lett. 46, 586 (1981); A. Klein
et al., Phys. Rev. C 25, 2733 (1982).

2R Gilmore and D. H. Feng, Phys. Rev. C 26, 766 (1982).

2R. V. Jolos, F. Dénau, and D. Janssen, Preprint R4-8077 [in Russian],
JINR, Dubna (1974).

%G, Kyrchev, Nucl. Phys. A349, 416 (1980).

3G, Kyrchev and V. Paar, Ann. Phys. (N.Y.) 170, 257 (1986).

26M. V. Kirson, Ann. Phys. (N.Y.) 143, 448 (1982).

27A . Faessler, Nucl. Phys. A396, 291 (1983).

28R . F. Casten, Nucl. Phys. A347, 173 (1980).

2R V. Jolos and D. Janssen, Fiz. Elem. Chastits At. Yadra 8, 330 (1977)
[Sov. J. Part. Nucl. 8, 138 (1977)].

3F. Tachello, Lecture Notes in Physics (Springer-Verlag, Berlin, 1982).

3R, V. Jolos, I. Kh. Lemberg, and V. M. Mikhailov, Fiz. Elem. Chastits
At. Yadra 16, 280 (1985) [Sov. J. Part. Nucl. 16, 121 (1985)].

2V, Vanagas, Fiz. Elem. Chastits At. Yadra 7, 309 (1976); 11, 454
(1980) [Sov. J. Part. Nucl. 7, 118 (1976); 11, 172 (1980) ].

¥G. F. Filippov, V. I. Ovcharenko, and Yu. F. Smirnov, Microscopie
Theory of Collective Excitations of Nuclei [in Russian] (Naukova
Dumka, Kiev, 1981).

3G Rossensteel and D. J. Rowe, Ann. Phys. (NY) 96, 1 (1976); 104,
134 (1977); 123, 36 (1979).

3R Buck, L. C. Biedenharn, and R. Y. Cusson, Nucl. Phys. A317, 205
(1979).

3V, Vanagas and E. Nadjakov, Bulg. J. Phys. 2, 558 (1975); V. Vanagas,
E. Nadjakov, and P. Rayehev, Preprint 11/75/50, Trieste (1975).

30, Castanos, F. Chacon, A. Frank, and M. Moshinsky, J. Math. Phys.
20, 35 (1979).

3 A Georgieva, P. Raycher, and R. Roussev, J. Phys. G 8, 1377 (1982).

31, T, Todorov, High Energy Physics and the Theory of Elementary Parti-
cles [in Russian] (Naukova Dumka, Kiev, 1967), p. 237.

407 A. Malkin and V. 1. Man’ko, Dynamical Symmetries and Coherent
States of Quantum Systems [in Russian] (Nauka, Moscow, 1979).

#1G. F. Filippov, V. S. Vasilevskii, and L. L. Chopovskii, Fiz. Elem. Chas-
tits At. Yadra 15, 1338 (1984) [Sov. J. Part. Nucl. 15, 600 (1984)].

424  Arima and F. Iachello, Phys. Rev. Lett. 40, 385 (1978).

4] A Cizewski, R. F. Casten, G. J. Smith et al., Phys. Rev. Lett. 40, 167
(1978).

“R. Gilmore, Lie Groups, Lie Algebras and Some of their Applications
(Wiley, New York, 1974).

4P, Ring and P. Schuck, The Nuclear Many Body Problem (Springer,
New York, 1980).

#C. Kyrchev and V. Paar, Nucl. Phys. A395, 61 (1982).

47p_ Q. Lipas, Prog. Part. Nucl. Phys. 9, 511 (1983).

48] Schwinger, The Quantum Theory of Angular Momentum ( Academic
Press, New York, 1965).

“E_ Nadjakov, in: Proc. of the Fifth Intern. School on Nuclear Physics,
Varna, 1981 (Bulg. Acad. Sci., Sofia, 1982), p. 83.

50%4\2"::3'1, The Classical Groups (Princeton University Press, Princeton,

)

1B, L. Van der Waerden, Math. Z. 37, 446 (1933).

2E, B. Dynkin, Am. Math. Soc. Transl. II 6, Appendix.

S3A. Pais, Rev. Mod. Phys. 38, 215 (1966).

*@G. E. Barid and L. C. Biedenharn, J. Math. Phys. 4, 1449 (1963).

*G. Emch, Algebraic Methods in Statistical Mechanics and Quantum
Field Theory (Interscience, New York, 1972).

S6A. S. Wightman, Phys. Rev. 101, 860 (1956).

*TR. Haag and D. Kastler, J. Math. Phys. 5, 848 (1964).

5“R1.9<_:’}i51m0re, C. M. Bouden, and L. M. Narducci, Phys. Rev. A 12, 1019
( )

], Dobaczawski, Nucl. Phys. A369, 213 (1981); A380, 1 (1982).

%F. R. Marshalek, Nucl. Phys. A347, 253 (1980).

%1G. Kyrchev and V. Paar, Fizika 18, 197 (1986).

92C. Itzykson and M. Nauenberg, Rev. Mod. Phys. 38, 95 (1966).

%D. P. Zhelobenko, Compact Lie Groups and their Representations
(Amer. Math. Soc., Providence, R. I., 1973) [Russ. Original, Nauka,
Moscow, 1970].

524 Sov. J. Part. Nucl. 18 (6), Nov.-Dec. 1987

64y K. Dobrev, G. Mack, V. B. Petkova et al., Lecture Notes in Physics,
Vol. 63 (Springer, Berlin, 1977).
65\, T. Naimark, Normed Algebras (Wolters-Noordhoff, Amsterdam,
1972).
66y M. Mikhailov and R. V. Panin, Izv. Akad. Nauk SSSR Ser. Fiz. 47,
889 (1983).
1A Klein, in: Progress in Particle and Nuclear Physics, Vol. 9 (Pergamon
Press, New York, 1983), p. 71.
%8G, Kyrchev and V. Paar, Fizika 16, 291 (1984).
$9A Arima et al., Phys. Lett. 101B, 209 (1982).
Y. A. Gambhir, P. Ring, and P. Schuck, Nucl. Phys. A423, 35 ( 1984).
"I A. M. Perelomov, Usp. Fiz. Nauk 123, 23 (1977) [Sov. Phys. Usp. 20,
703 (1977)].
72A  Arima and F. Iachello, Phys. Rev. C 16, 2085 (1977).
73C. Scholten, Ph. D. Thesis, Groningen (1980).
74y, Paar, S. Brant, F. Cantol et al., Nucl. Phys. A378, 41 (1982).
7SA. Arima and F. Iachello, Adv. Nucl. Phys. 13, 139 (1984).
76R. D. Duval and B. R. Barrett, Phys. Lett. 100B, 223 (1981).
"7E. Tachello and O. Scholten, Phys. Rev. Lett. 43, 679 (1979).
78R. F. Casten and P. Smith, Phys. Rev. Lett. 43, 337 (1979).
70. Scholten and N. Blasi, Nucl. Phys. A380, 509 (1980).
®0y. Kaup, A. Gelberg, and P. von Boentano, Phys. Rev. C 22, 1738
(1980).
8 Interacting Bose—Fermi Systems in Nuclei, edited by F. Iachello (Ple-
num Press, New York, 1978).
82F. Tachello, Physica 15D, 85 (1985).
#3R. F. Casten, Physica 15D, 99 (1985).
%y Tokunaga, H. Sayfarth, O. W. Schult et al., Nucl. Phys. A430, 269
(1984).
85A Marinov, W. Gelent, S. Copal et al., Nucl. Phys. A431, 318 (1984).
87, K. Sunko and V. Paar, Phys. Lett. 146B, 279 (1984).
87D, K. Sunko and V. Paar, Fizika 17, 201 (1985).
8F §. Stephens, Rev. Mod. Phys. 47, 43 (1975).
8T Hiibsch, V. Paar, and D. Vretenar, Phys. Lett. 151D, 320 (1985).
9T, Hiibsch and V. Paar, Z. Phys. A 319, 111 (1984).
915, Brant, V. Paar, and D. Vretenar, Z. Phys. A 319, 355 (1984).
92V Lopas and V. Paar, Z. Phys. A 319, 351 (1984).
9D, K. Sunko et al., Nucl. Phys. A461 (1987).
%43, P. Elliott, Proc. R. Soc. London Ser. A 245, 128, 562 (1958).
95V . Paar, S. Brant, and H. Kraljevic, Phys. Lett. 110B, 181 (1982).
%[,. F. Canto and V. Paar, Phys. Lett. 102B, 217 (1981).
9G. A. Korn and T. M. Korn, Mathematical Handbook for Scientists and
Engineers (McGraw-Hill, New York, 1961) [Russ. transl., Nauka,
Moscow, 1970, p. 460].
9], D. Vergados, Nucl. Phys. A111, 681 (1968).
K. T. Hecht, Nucl. Phys. 62, 1 (1975).
190y, Paar, Nucl. Phys. A331, 16 (1979).
191V, Volkov and V. P. Akulov, Phys. Lett. 46B, 109 (1973).
102 Wess and B. Zumino, Nucl. Phys. 70B, 39 (1974).
103y, G. Kac, Adv. Math. 26, 8 (1977).
14E  Nadjakov and I. N. Mikhailov, Preprint E4-86510 [in English],
JINR Dubna (1986).
105F, Tachello, Phys. Rev. Lett. 44, 772 (1980).
106 Tachello and 8. Kuyucak, Ann. Phys. (N.Y.) 136, 19 (1981).
107 A B. Balantekin, 1. Bars, and F. Iachello, Nucl. Phys. A370, 284
(1981).
108 A B. Balantekin, I. Bars, R. Bijker, and F. Iachello, Phys. Rev. C 27,
1761 (1983).
190y 7. Sun, A. Frank, and P. Van Isacker, Phys. Lett. 124B, 275 (1983).
190z Vallieres, H. Z. Sun, D. H. Feng et al., Phys. Lett. 135B, 339 (1984).
IR Slansky, Phys. Rep. 79, 1 (1981).
120\ Fischler, J. Math. Phys. 22, 637 (1981).
'3F Iachello, in: Interacting Bose—Fermi Systems in Nuclei, edited by F.
Iachello (Plenum Press, New York, 1981).
1144 B. Balantekin and V. Paar, Phys. Rev. C 34, 1917 (1986).
1SR V. Jolos and S. P. Ivanova, Preprint R4-86507 [in Russian], JINR
(1986).
116D, R, Bes and G. Dussel, Nucl. Phys. A143, 623 (1970).
7G, Gneuss and W. Greiner, Nucl. Phys. A171, 449 (1971).
1A Bohr and B. R. Mottelson, Phys. Scr. 22, 468 (1980).

Translated by Julian B. Barbour

Jolos etal. 524



