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The review considers mechanisms of spontaneous compactification of the additional dimensions
and the vacuum configurations that result from them in multidimensional Einstein—Yang-Mills
theories; N= 1,d = 11,and N = 2,d = 10 supergravities; and N = 1, d = 10 supergravities +
SO(32) and E; X E; Yang-Mills theories (these being the low-energy limits of superstring
theories). Particular attention is devoted to the mechanism in which gauge and spin connections
are identified as the most attractive from the geometrical and physical points of view, since in the
listed Kaluza-Klein theories it ensures the possibility of formation of compact vacuum
configurations having topological and geometrical properties capable of giving a realistic
spectrum and dynamics of field interactions in the effective 4-dimensional theory.

INTRODUCTION

A fundamental tendency in physics throughout its en-
tire development has been the striving of theoreticians to
understand and describe all possible physical processes on
the basis of fundamental principles that unify superficially
different phenomena. After the discovery of the weak and
strong interactions of the elementary particles, and also their
gauge nature, the creation of a unified theory of all known
interactions, including gravitation, became a fundamental
task. The first successful steps in this direction have already
been taken. A unified gauge theory of electromagnetic and
weak interactions has been created, and, after the remark-
able experiments at CERN which led to the discovery of the

W= and Z° bosons (the massive partners of the photon in
transmitting the electroweak interactions), hardly anyone'

doubts its correctness. There has been intensive study of nu-
merous grand unification models, in which the strong and
electroweak interactions arise through the spontaneous
breakdown of the symmetry of a single fundamental interac-
tion characterized by a single coupling constant and a gauge
group that contains as a subgroup the symmetry group
SU(3) x8U(2) xU(1) of the standard model.

The development of modern elementary-particle phys-
ics (both theoretical and experimental) determined to a
large degree the construction in the seventies of relativistic
field-theory models invariant with respect to supersym-
metry transformations, i.e., symmetry transformations
between particles possessing different statistics: bosons and
fermions. This made it possible to unify in a nontrivial man-
ner the space-time and internal symmetries. Supersym-
metry possesses a number of remarkable properties. It fol-
lows from many theoretical constructions that
supersymmetry effects could already be manifested in the
range of energies accessible to modern accelerators (around
100 GeV). It is believed that the existence of superpartners
of the elementary particles, with masses M ~ 100-200 GeV,
could solve the mass hierarchy problem in the electroweak
scheme. Many experiments are now aimed at the search for
superpartners; we may mention, in particular, the search al-
ready made using the proton-antiproton accelerator at
CERN. The presence of supersymmetry can lead to a cancel-
lation of divergences in quantum theories. An example of a
completely finite theory is the N = 4 supersymmetric Yang—
Mills theory. It is therefore with supersymmetric theories, in
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the first place those with extended supergravity variants
and, more recently, superstring theories, that the main hopes
as paradigms of a future unified theory are associated.

The construction of extended supergravities with N>4
in four-dimensional space-time by the methods used for the
construction of N = 2 and N = 3 supergravities encountered
serious difficulties." This led to the construction of supergra-
vities in spaces of d =4 + n dimensions, in particular,
d = 11and d = 10 supergravities,>” after which supergravi-
ties with V>4 were obtained from the multidimensional the-
ories by dimensional reduction.®~'° This approach revealed
several interesting properties of extended supergravities, in
particular, the presence of hidden internal symmetries. It
could be that the multidimensional supergravity variants are
not merely a convenient description of 4-dimensional theor-
ies but have a more fundamental significance—it may be
necessary to construct a unified theory of the gravitational,
strong, and electroweak interactions on the basis of multidi-
mensional theories. In recent years there has therefore been
a strong growth of interest in multidimensional unified the-
ories of gravitational and gauge fields of Kaluza—-Klein type.

In this review, we consider mechanisms of spontaneous
compactification of the additional dimensions and the vacu-
um configurations that arise from them in multidimensional
Einstein—Yang-Mills theories; N=1, d =11 and N = 2,
d = 10 supergravities; and N=1, d= 10 supergravity

+ 80(32) and Eg XE; Yang-Mills theories (these being
the low-energy limits of superstring theories). But particu-
lar attention is devoted to the mechanism of embedding the
gauge connection in the spin connection and vice versa as the
most attractive from the geometrical and physical points of
view, since in the listed Kaluza—Klein theories it ensures the
possibility of formation of compact vacuum configurations
having topological and geometrical properties capable of
giving a realistic spectrum and dynamics of field interactions
in the effective 4-dimensional theory.

In Sec. 1, we give a brief history of the development of
the Kaluza-Klein ideas, and we discuss the main problems
that arise in the construction of a unified multidimensional
theory.

In Sec. 2, we consider mechanisms of spontaneous com-
pactification of multidimensional Einstein—Yang-Mills the-
ories; the Cremmer-Scherk mechanism and the connection
identification mechanism. The relation between these mech-
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anisms and their differences are established.

In Sec. 3, the 10-dimensional Einstein-Maxwell theory
is used to demonstrate the basic possibility of constructing a
unified Kaluza-Klein theory.

Section 4 is devoted to mechanisms of spontaneous
compactification and vacuum configurations of N=1,
d = 11 supergravity.

Compactification in d = 10 supergravity and the con-
nection between the compact vacuum configurations of
N = 1,d = 11 supergravity and nonchiral N = 2, d = 10 su-
pergravity are discussed in Sec. 5.

In Sec. 6, we consider the possibility of realistic sponta-
neous compactification of N = 1, d = 10 supergravity inter-
acting with N =1 supersymmetric SO(32) and Eg XE,
Yang-Mills fields.

The following notation is used in the review:

The signature of the (4 + n)-dimensional metric is
(_9+y---9+);

XM (M, N=1,...,4+ n) are the coordinates of the
(4 + n)-dimensional space-time M**";

XM are the coordinates of the 11-dimensional space-
time of d = 11 supergravity;

** (g, v,...=1,2,3,4) are the coordinates of the 4-
dimensional space M' ** (Minkowski space, anti-de Sitter
space AdS*);

Y2 mon pse= 1,
the n-dimensional space K;

Y™ are the coordinates of the 7-dimensional compact
subspace in 11-dimensional supergravity; indices in brackets
(M), (n), (i), etc., are indices of the tangent space;

V,,. is the covariant derivative containing the Riemann
connection;

['iv are Christoffel symbols;

D,, is the covariant derivative containing the Rieman-
nian, I'%,y, and gauge, 4 §;, connections;

A 5, are gauge fields of the group G, and @, B, ¥, . . . are
indices that label the generators of G;

A, B, C, D are indices of a subgroup H of the group G;

Fon =8yA% — A% + Cg, %A 5 A}, istheintensity
tensor of the gauge fields 4 3; (X);

R,v.” is the Riemann curvature tensor;

Ry ™ = Ry, is the Ricci tensor, and R = R™,, is the
scalar curvature of the space M**",

The transition from the world basis (indices M, N, . . . )
to an orthogonal basis [indices (M), (N), ... ] is made by
means of vielbeins ey (X) (which determine the compo-
nents of the moving frame on the space M**") and the in-
verse vielbeins efy, (X), for example, R nw
=R, pebin et ; eNPes Ny = &np(X) is the metric of
M** " Qo is the (4 + n)-dimensional Minkowski met-
ric, and

, n) are the coordinates of

E ==det ef\}m= lr"—_g= }f—dethN.

1. KALUZA-KLEIN THEORY: BRIEF HISTORY AND
PROBLEMS

In the twenties of this century, Kaluza and Klein'"*?
proposed a unified theory in which the gravitational and
electromagnetic interactions in 4-dimensional space-time
are different manifestations of a gravitational interaction in
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a 5-dimensional space—time for which one of the spatial di-
mensions is a circle of a small radius (5! sphere) and, thus,
not directly observable. The § ! sphere has the symmetry
group U(1).

From the point of view of an observer living in 4-dimen-
sional space-time, this group is an internal gauge group re-
sponsible for the existence of the electromagnetic interaction
ind = 4. The presence of the fifth dimension, forming the § L
sphere, is also responsible for quantization of the masses and
electric charges of the fields of the effective 4-dimensional
theory.

The ideas advanced by Kaluza and Klein were devel-
oped by a number of well-known physicists, in particular,
Einstein, Bergmann,'* and Rumer.' After the creation by
Yang and Mills of the theory of non-Abelian gauge fields,
attempts were made at a unified description of the gravita-
tional and gauge interactions using spaces of higher dimen-
sions (see Refs. 15 and 16 and the references in them) in the
spirit of Kaluza-Klein theory. However, the subspaces of
additional dimensions in such theories played only an auxil-
jary role, being responsible for the existence of internal
gauge symmetries in the 4-dimensional space-time; they
could not be regarded as real physical dimensions, since the
form of the metric of the multidimensional space was chosen
“by hand” and did not satisfy multidimensional Einstein
equations.

If one is to consider additional dimensions having the
same physical significance as the spatial dimensions in 4-
dimensional space-time, it is necessary to assume that these
dimensions form (for certain reasons resulting from the in-
teraction of the fields of the original theory) compact spaces
K™ of small size, so that their existence does not contradict
everyday experience. There exist models in which both spa-
tial and time dimensions are additional dimensions, '™ and
also models in which noncompact subspaces of small volume
can be formed.'® The inclusion of timelike and noncompact
subspaces of additional dimensions leads to new possibilities
for solving the problem of the smallness of the cosmological
constant and the existence of chiral fermions, i.e., the asym-
metry between the left and right fermions required by the
electroweak scheme, in the effective 4-dimensional sector of
Kaluza-Klein theory. However, it also generates a number
of new difficulties: 2) the existence of additional time dimen-
sions leads to the appearance of ghosts and tachyons in
d = 4; these can be eliminated in the massless sector by a
restriction on the possible topological and geometrical struc-
ture of the timelike subspaces'”; b) if the additional dimen-
sions are noncompact, it is difficult to obtain a discrete mass
spectrum of the 4-dimensional fields; this difficulty can be
overcome by the choice of suitable boundary conditions for
solutions of such type."

We shall limit ourselves to Kaluza—Klein theories in
which the additional dimensions are spacelike and form
small compact subspaces. Such spaces are manifested
through the symmetry properties of the fields of the physical
4-dimensional sector of the theory (for reviews of the mod-
ern approach to Kaluza-Klein theories, see Refs. 20-22).
The fields in the 4-dimensional space-time arise as excita-
tions over a ground state with a compact subspace of addi-
tional dimensions (Kaluza-Klein vacuum) of the (4 4 n)-
dimensional theory. Such excitations can be taken into
account systematically by expanding the wave functions of
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the fields of the multidimensional theory in eigenfunctions
of the mass operator on the space K" corresponding (when
K" has a group of motions G) to the irreducible representa-
tions of the group of motions of the compact space. The ex-
pansion coefficients then represent the wave functions of the
fields in the effective four-dimensional theory. After the sub-
stitution of such an expansion in the Lagrangian of the mul-
tidimensional theory and integration over the volume of the
compact space, one can obtain a Lagrangian that describes a
system of infinitely many interacting fields in the 4-dimen-
sional space-time. Only some of these fields, for example,
the gravitational and gauge fields of the group G, are mass-
less. The symmetry of the Kaluza—Klein vacuum ensures
that these fields are massless. (If the compact vacuum con-
figuration permits the preservation of supersymmetry in the
effective d = 4 theory, then the superpartners of the gravita-
tional and gauge fields will also be massless.) However, the
remaining fields have masses inversely proportional to the
scale of the compact space (M~ 1/1). If I~ 10 ~* ¢m (the
Planck length), then the massive fields have masses of the
order of the Planck mass (~10' GeV), and, generally
speaking, cannot be observed at the energies currently at-
tainable. When one is considering low-energy phenomena in
theories for which the 4-dimensional space-time of the
ground state is Minkowski space, one usually makes a re-
striction to the massless modes. (The situation is much more
complicated when the 4-dimensional space~time is the anti-
de Sitter (AdS*) space; this happens, for example, ind = 11
and 10 supergravities. In this case, even the “massless”
modes have anti-de Sitter masses, and it is difficult to take
into account consistently the contributions of the different
fields to the low-energy sector.?*)

It is not usually required that the massless fields satisfy
the equations of motion of the original multidimensional
theory, since it is assumed that these equations will be satis-
fied when allowance is made for the complete spectrum of
massive fields, i.e., after the construction of the complete
effective d = 4 theory. However, if one considers the low-
energy sector (massless fields plus a restricted number of
massive fields) as closed and not interacting with the com-
plete massive spectrum, then the requirement that the wave
functions of the fields of the low-energy sector satisfy both 4-
dimensional equations of motion and the equations of the
complete theory acquires particular importance and leads to
a restriction on the possible form of the Kaluza-Klein an-
satz. This was pointed out in Refs. 24-26 in connection with
the difficulties that arise when d = 4 supergravity theories
are derived from d = 11 supergravity with a compactified 7-
dimensional subspace, in particular N = 8, d = 4 supergra-
vity with compactification into S7.22 The problem of a self-
consistent Kaluza—Klein ansatz is also intimately related to
the problem of choosing the true ground state of the multidi-
mensional theory.?

The existence of compact subspaces must not be incon-
sistent with the equations of motion of the original multidi-
mensional theory. This is possible if in the multidimensional
space—time not only the gravitational field but also matter
fields are present, for example, gauge or scalar fields.?’*? In
this case, the compactification of the additional dimensions
can be due to the interaction of the gravitational field with
the nontrivial vacuum expectations of these fields, i.e., it can
have a spontaneous nature. It should be noted here that al-
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though the formation of Ricci-flat compact spaces (for ex-
ample, in SO(32) and E; XE, superstring theories*®) can
also occur without the participation of matter fields, one can
hardly hope to obtain a realistic spectrum of 4-dimensional
fields without them. For example, the presence of a vacuum
condensate of the original gauge fields with nontrivial topo-
logical structure (monopoles, instantons, etc. ) is a most im-
portant condition for the existence in the effective 4-dimen-
sional theory of chiral fermions that, depending on their
chirality, transform in accordance with different representa-
tions of the gauge group; this is a necessary condition for
Kaluza—Klein theory to be consistent with the standard
electroweak scheme (the left fermions are doublets of the
SU(2) XU(1) group, and the right fermions are sing-
lets):33 2"

As examples, we can give the 6- and 10-dimensional
Einstein-Maxwell theories, in which compactification of ad-
ditional dimensions occurs as a result of interaction of the
gravitation with the original Abelian gauge field. It has been
shown®® that there exist solutions of the equations of motion
of the d =6 Einstein-Maxwell theory corresponding to
spontaneous compactification of a two-dimensional sub-
space into the S* sphere [having symmetry group SU(2)]
with the square of its radius proportional to the ratio of the
gravitational and gauge coupling constants, x3/¢e3, of the
effective 4-dimensional theory. Thus, if it is assumed that e
and x? take the experimentally observed values, then the
compact subspace has a scale of the order of the Planck
length /, ~10* cm. The effective d =4 theory which
arises as a result of such compactification describes the grav-
itational field and gauge fields of the group SU(2) X U(1).
We note that the constants e? and 2 are related to the origi-
nal gauge, €%, and gravitational, %*, constants of the multidi-
mensional theory by e ~e/¥, x2 ~x%/V, where V is the
volume of the compact space. In the case of a 10-dimensional
Einstein-Maxwell theory one can obtain after compactifica-
tion an effective d = 4 theory describing gravitation and
gauge fields of the SU(3) X SU(2) X U(1) group.’**! It is
interesting that in both theories the fermions can be trans-
formed in accordance with chiral representations of the
gauge groups.

However, when gauge fields are included in the multidi-
mensional theory, it would seem that the main reason for
using higher dimensions for a unified description of the dif-
ferent interactions is lost. This problem can be solved in the
framework of multidimensional variants of supergravity,
whose supermultiplets necessarily contain not only the grav-
itational field but also different types of gauge and scalar
fields. Therefore, the main hope of constructing a realistic
Kaluza-Klein theory has rested on multidimensional
(d = 10 and 11) supergravity theories and, in recent years,
mainly on those of them that arise as the low-energy limits of
the anomaly-free SO(32) (type 1, Ref. 42) and SO(32) and
E; X Eg heterotic (hybrid) superstring theories.

Itis possible that it is precisely spontaneous compactifi-
cation of the additional dimensions in these theories that
gives rise to a definite group structure of the internal symme-
tries, the chirality of the fermions, the number of genera-
tions, etc.; it may also give the key to an understanding of the
sequence of spontaneous breakdown of the internal symme-
tries and supersymmetry, determining thus the phenomeno-
logy of all known interactions.
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In this connection, great attention is being devoted to
the study of different mechanisms of spontaneous compacti-
fication in (4 + n)-dimensional Einstein—Yang-Mills the-
ories, d = 11 and 10 supergravities, and superstrings, and
also the properties of the resulting Kaluza-Klein vacua,
which represent the first step in the construction of a realis-
tic theory. The second step is the study of the spectra of the
fields of the effective 4-dimensional theories, the dynamics
of their interactions, and the possibility of associating these
theories with the actual physics of the elementary particles.

We note that up to 1984 the main attention of theoreti-
cians studying Kaluza-Klein theory was concentrated on
N=1,d=11 (Ref. 22) and N=2,d =10 supergravities,
whose chiral” and nonchiral®® variants appeared to be the
most general of the supergravity theories that could be con-
structed. The supermultiplets of these theories contain only
Abelian gauge fields. Therefore, the main problem in the
study of the spontaneous compactification of the N = 25
d = 10and N = 1, d = 11 supergravities was to find mecha-
nisms of spontaneous compactification for which the inter-
action of the gravitational field with a minimal number of
gauge fields would ensure the formation of compact 6-and 7-
dimensional spaces with the maximal possible symmetry
groups; thus, the complete symmetry group of the Kaluza-
Klein vacuum would contain the group SU(3)
% SU(2) X U(1) corresponding to the symmetry group of
the strong and electroweak interactions.*****!

In 1984 a remarkable property was discovered—the
cancellation of the gauge and gravitational anomalies in the
S0(32) and E; X E, superstring theories****; serious argu-
ments were also advanced for their being finite. The low-
energy limit of these theories is N = 1, d =10 supergravity
interacting with N=1, d =10 Yang-Mills superfields
(N =1, d=10 supergravity + Yang-Mills) with gauge
groups SO(32) and Eg XEg. The action of N =1, d=10
supergravity + Yang-Mills with an arbitrary gauge group
was constructed by Chapline and Manton* and generalized
by Green and Schwarz* by the addition of terms with higher
derivatives (Lorentz Chern—Simons terms) that arise in the
low-energy limit of the superstring. The distinguished posi-
tion of the SO(32) and E, X E4 superstrings stimulated in-
tensive investigations of these theories (especially the heter-
otic string*® with the group Eg XEg) as the most likely
contenders for a realistic Kaluza-Klein theory providing a
framework for the solution of important problems in N =2,
d = 10and N = 1,d = 11 supergravities as, for example, the
fermion chirality. Since the original gauge groups of the
anomaly-free superstring versions are very high, in theories
of such type it is not necessary for spontaneous-compactifi-
cation to lead to the formation of compact spaces with high
symmetry. In fact, the spontaneous-compactification mech-
anisms must act in such a way as to break suitably the origi-
nal gauge group SO(32) or E; X E; [for example, one of the
E, down to E; or SU(5)] and lead to a realistic effective
grand unification theory.*

Despite the difference between the requirements im-
posed on the outcomes of the spontaneous-compactification
mechanismsin N = 2,d = 10and N = 1,d = 11 supergravi-
ties and in SO(32) and E; X E, superstring theories, they
are united by the fact that in both approaches a fundamental
role is played by the mechanisms of identifying gauge and
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spin connections on the compactified subspace.?®!

We recall briefly the ten-year history of the study of
spontaneous-compactification mechanisms.

The first spontaneous-compactification mechanism ina
(4 4 n)-dimensional Einstein-Yang-Mills theory was pro-
posed by Cremmer and Scherk *’ for compactification into
the S" sphere and was later generalized by Luciani®® to the
case of symmetric spaces G /H (G is the symmetry group,
and H is the holonomy group of these spaces). In this mecha-
nism, the gauge fields that participate in the compactifica-
tion are associated with Killing vectors of the symmetric
space and, thus, transform in accordance with the group G.

A more universal spontaneous-compactification mech-
anism was proposed in Refs. 29 and 30 and, later, in Ref. 31.
It is based on associating the vacuum expectation values of
the gauge fields that participate in the compactification with
the components of the spin connection of the compact
space.” Thus, for example, the formation of the compact
symmetric space G /H is ensured by gauge fields of the group
H. In the case when H is a direct product of groups,
H=H,XH, X...XHjg, the formation of the space G/H
can be ensured by interaction of the gravitational field with
gauge fields that transform with respect to one of the invar-
jant subgroups of the group H.*® For example, if H contains
an Abelian subgroup, then for the formation of the space
G /H it is sufficient to have the participation of one Abelian
field, whose components are equated with the components of
the spin-connection form of G /H, this form transforming in
accordance with the Abelian invariant subgroup of H. As
investigations showed, the mechanism of equating (or em-
bedding) gauge and spin connections plays a decisive rolein
the formation of physically interesting vacuum configura-
tions in Kaluza-Klein theories whose multiplets contain dif-
ferent types (vector and tensor) of gauge fields, in particular
d = 10 and 11 supergravities®*"*’~>! and anomaly-free su-
perstring versions.*

We note that the monopole and instanton mechanisms
of spontaneous compactification considered in Refs. 35 and
36 are special cases of this mechanism of identification of
connections.

Other mechanisms of spontaneous compactification of
subspaces of multidimensional theories are also known. One
of them is based on allowing for the Casimir energy of the
matter fields that arises after formation of the compact space
as a manifestation of quantum effects and can ensure its sta-
bility.”>** Also possible is a compactification mechanism
that leads to the formation of parallelizable compact spaces
(i.e., spaces that possess zero curvature but, in the general
case, nonvanishing torsion), such as group manifolds and
the 7-dimensional sphere. In this case, the spontaneous com-
pactification is the result of the interaction of gravitational
fields with tensor gauge fields 4,y and 4 5z, , which play the
role of the torsion of the parallelizable manifolds.**-*® Spon-
taneous compactification can also occur when the gravita-
tional field interacts with scalar o-model fields.*

To eliminate a large (in absolute magnitude) cosmolo-
gical constant A, which arises in d = 4 after compactifica-
tion of the additional dimensions in many variants of Ka-
luza-Klein theory, mechanisms have been proposed in
which smallness of A is ensured by the vacuum condensate
of fermions.*"*®
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The most popular mechanism of spontaneous compac-
tification in 4 = 11 supergravity is the Freund-Rubin mech-
anism,* in which an 11-dimensional space-time is compac-
tified into the direct product of a 4-dimensional anti-de
Sitter space (AdS*) and a 7-dimensional compact space K.
However, here too the mechanism of associating the connec-
tions has its influence, ensuring in a number of cases a
successive compactification of the 11-dimensional space—
time.***° The Fruend-Rubin mechanism has yielded a num-
ber of interesting variants of Kaluza—Klein theory based on
11-dimensional supergravity (Refs. 22, 47-50, and 60).Ina
number of cases, the simultaneous action of several mecha-
nisms of spontaneous compactification can lead to the for-
mation of new vacuum configurations not obtained when
only one of them is operating. For example, the simulta-
neous action in N = 1, d = 11 supergravity of the Freund—
Rubin,* Englert,>* and connection-identification® "™ mech-
anisms leads to the occurrence of a vacuum configuration
called a “stretched” S’ sphere with symmetry group
SU(4)."

The class of possible Kaluza-Klein vacua and effective
d = 4 theories is significantly extended if one includes for
consideration vacuum configurations with the metric

bgn (A—l (Y) gﬂl\f“ (1‘) 0 )
EMN = i

0 g nKm (Y)
which corresponds to a space-time of the ground state that is
not a direct product M' +?x K " (Refs. 72 and 73).

The classical stability of the Kaluza-Klein vacua was
investigated in Refs. 74-78.

The composition of the (super)multiplets of fields that
arise in the effective d = 4 theories from d = 11 supergravity
as a result of Freund-Rubin compactification was studied in
Refs. 23 and 79-84.

Of particular interest from the physical point of view is
the spectrum of massless 4-dimensional fields that arise as
excitations over the compactified ground state of the
E; X Ey superstring including gauge fields of the E, group
and four generations of chiral fermions.*

It must, however, be said that the realization of the
beautiful and attractive Kaluza—Klein ideas contains many
important questions which must be resolved before a unified
theory based on the idea of the existence of additional dimen-
sions can be called realistic. We emphasize the basic prob-
lems already mentioned:

1. In a realistic effective d = 4 theory (as follows from
experiment) the cosmological constant A must be zero or
very small in absolute magnitude. When the N=2,d = 10
and N = 1, d = 11 supergravities are compactified in physi-
cally interesting cases, a large cosmological constant of anti-
de Sitter type arises as a rule. At the same time, the spontane-
ous breakdown of supersymmetry and allowance for
quantum corrections®® can lead to the appearance of a cos-
mological constant of equal magnitude but opposite sign.

On the other hand, in N=2, d =6 supergravity

+ Yang-Mills®*® and anomalously free N=1, d=10
S0(32) and E; XE; supergravity + Yang-Mills the phe-
nomenological requirement of the retention of N = 1 super-
symmetry in the 4-dimensional space leads to a choice of
vacuum configurations in which the 4-dimensional space-
time is Minkowski space without the fitting of any param-
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eters.” The main problem in this case is to find a mechanism
of spontaneous breakdown of N = 1, d = 4 supersymmetry
that does not lead to a large positive vacuum energy density,
i.e., to alarge A of de Sitter type.

Thus, the general solution to the problem of the cosmo-
logical term is intimately related to the solution of the prob-
lem of spontaneous breakdown of supersymmetry.

2. The chirality problem. As was noted by Witten,** in
d = 11 supergravity there are no classical solutions with
M'" =M'**xK" that could ensure the appearance of
chiral fermions in d = 4. However, chiral fermions can evi-
dently arise if the spontaneous compactification of M"! is
accompanied by the production in M"' +3 of Kaluza-Klein
monopoles.®” The difficulties in obtaining chiral fermions
also exist in N = 2, d = 10 supergravity, in which there is no
minimal interaction of the spinor fields with the Abelian
gauge field.

Of the currently known variants of solution of this
problem (noncompactness of the additional dimensions, *
Kaluza-Klein monopoles,*” quasi-Riemannian geometry in
many dimensions,® etc.) the one that is currently most at-
tractive is the connection-identification mechanism, which
ensures the possibility of appearance of chiral fermions in
the Kaluza-Klein theories that admit minimal interaction of
the spinor fields with the gauge fields (multidimensional
Einstein-Yang-Mills theories, N =2, d = 6 supergravity

+ Yang-Mills, anomaly-free N=1, d =10 supergravity
+ Yang-Mills).

3. An important problem is the selection of the true
Kaluza-Klein vacua on the basis of verification of the classi-
cal (absence of ghost and tachyons) and quantum (tunnel
transitions) stability of the possible vacua configurations.
The complexity of allowing for quantum gravitational ef-
fects makes it difficult to study the quantum stability of the
vacua in many physically interesting cases.

4. The problem of infinities in (super)gravity and (su-
per)string theories. There are grounds for hoping that the
SO(32) and E; X E; superstrings are free of divergences and
that a consistent quantum theory of gravitation can be con-
structed on their basis.

2.MECHANISMS OF SPONTANEOUS COMPACTIFICATION IN
(4+n)-DIMENSIONAL EINSTEIN-YANG-MILLS THEORY

In Secs. 2-5, we shall adhere to the classical philosophy
of Kaluza and Klein (which we shall dub the “principle of
economy”’), which was dominant up to 1985 (until the dis-
covery of the anomaly-free SU(32) and E4 X E, superstring
versions) and proceeded from the assumption that the mul-
tidimensional theory must contain a minimal number of
nongravitational fields (d = 11 and N = 2, d = 10 supergra-
vities) and that the majority (or all) gauge fields observed in
4-dimensional space-time arise as a result of spontaneous
compactification of additional dimensions into spaces with a
fairly high group of symmetries. It was on the basis of these
assumptions that the mechanisms of spontaneous compacti-
fication in Einstein-Yang-Mills theories were discov-
ered.””*!

Gauge fields in mechanisms of spontaneous
compactification

We consider the system of interacting Einstein and
gauge fields defined by the following Lagrangian in (4 + n)-
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dimensional space-time M* * "
1 , ’
L=—E gz R+ FinF™ 4 1), (1

where A is a cosmological constant introduced into the La-
grangian of the multidimensional theory to ensure that after
compactification the 4-dimensional space~time remains flat
(in the multidimensional variants of supergravity, in partic-
ular in N=2, d =6 supergravity <+ Yang-Mills,*® the
vacuum value of the interaction potential of scalar fields can
play the role of ), and @' is the index of the gauge group G ".

The equations of motion that arise from the variation of
the Lagrangian (1) have the form

1
RMN—?gMNH
1 ¥ ’ 1 ’ ¥
= — 20t [ 5 P bR — (o FEoF™™ 4+ 1) gaw | 5
(2a)

(D PM™)* = 3Dy (EF™H)™ =0, (2b)

When one considers the spontaneous compactification

of the additional dimensions of (4 + n)-dimensional Ein-

stein—Yang-Mills theory, one seeks, as a rule, solutions of

(2) for which the space M** " is the direct product of 4-

dimensional Minkowski space M'*?* and an n-dimensional

compact space K”. ? The metric of such a space has the block
diagonal form

Buw(®) 0
s =" ) 5

It is assumed that the compactification occurs as a result of
interaction of the gravitational field with the vacuum (in the
classical sense) expectation values of the gauge fields:

(Ag=0; (4a)

(A Y A% (YY), (4b)
The condition (4a) ensures that Lorentz invariance is pre-
served in M' *3, The main task is to establish the minimal
number of Yang-Mills fields and find the form of the vacu-
um expectation values of the gauge potentials (4 7,) that
ensure spontaneous compactification of the space M* * " and
the formation of the compact subspace K" with a sufficiently
high symmetry group G that includes as a subgroup, for ex-
ample, SU(3) XSU(2) XU(1), which corresponds to the
gauge group of the strong and electroweak interactions.
Such spaces are the homogeneous spaces K" = G /H, where
G is a group of motions and H is the group of isotropy (sta-
tionary subgroup of G), whose action leaves the origin of the
space G /H fixed. For simplicity, we restrict our considera-
tion to n-dimensional symmetric spaces G /H, which possess
the maximally possible symmetry groups in the class of ho-
mogeneous spaces K. The generalization of the results given
here to the complete class of homogeneous spaces K" does
not contain fundamental difficulties and is presented in de-
tail in Ref. 90.

The isotropy group H of a symmetric space is identical
to its holonomy group, and this ensures simplicity and clar-
ity of the mechanisms of spontaneous compactification that
lead to the formation of spaces of such type.

The curvature tensor of a symmetric space satisfies the
condition of covariant constancy

VmBinpg =0, (3)
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and in an orthogonal basis has the form
Rimmay™ = KCmyny*Caw®™, (6)

where k is the mean curvature, which characterizes the size
of the compact space, and C,,,,,* are the structure con-
stants of the group G. The transition to a natural basis (with
local coordinates ¥™) is made by means of vielbeins e}™ (¥)
of the space G /H. Depending on which group of transforma-
tions, G or H, is associated with the group of local transfor-
mations of the vacuum expectation values (4b) of the gauge
fields, there are two mechanisms of spontaneous compactifi-
cation of the subspaces of the additional dimensions in the
case of interaction of Einstein fields with gauge fields.

In the mechanism proposed by Cremmer and Scherk,?’
and subsequently generalized by Luciani,*® the vacuum val-
ues (4) of the gauge fields that transform in accordance with
the group G are associated with Killing vectors K 7, (Y) of
the symmetric space. It was shown that when this is done it is
possible to choose the gauge and cosmological constants in
such a way that the equations of motion are satisfied not only
for the gauge fields (4) but also for the Einstein fields deter-
mined by the metric (3). The intensity tensor of the gauge
field (49) =K% (Y) corresponding to the compactified
solution has the following nonvanishing components in an
orthogonal basis:

(Fonyny) = —kCmyny D% (¥), (7

where D § (Y) = D (Ky) are the components of the matrix
of the adjoint representation of the group G, and Ky is a
transformation of the group G that belongs to the space of
G /H cosets.

A more economic mechanism of spontaneous compac-
tification was proposed in Refs. 29-31. In this mechanism,
only the gauge fields of the group H participate in the forma-
tion of the symmetric space G /H. To find nontrivial solu-
tions (4) of Eq. (2) possessing a sufficiently high symmetry
(so that they can be regarded as vacuum solutions), it was
proposed in Ref. 29 to impose on the vacuum values of the
gauge fields (4) (G’ = H) the condition of parallelizability
(covariant constancy ), analogous to the condition (5):

D Fu))* =0, (8)

the Yang-Mills equations being satisfied identically when
this holds.*’ To find solutions of (8) on a given symmetric
space G /H, we consider the condition of integrability of
these equations:

[D,, D,,] (Féy=0. (9)

Because of the Maurer—Cartan structure equations of the
group G, a solution of (9),

Flmm) = —kComm™s (10)

is also a solution of (8) and corresponds to a spontaneous
transition from a flat vacuum configuration to a compact
configuration with metric (3). The constants A and £, as in
the first mechanism, take the following values:
1 A I3
).=F<an)z, k=-2x—g .
Using the structure equations of the group G, one can
show®*®! that the vacuum values {4 2 ), characterized by
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the intensity tensor (10), have the same form as the compo-
nents of the Cartan forms 6 2 (Y) of the group,

(Am) =05 (Y), (11)

these components specifying the Riemannian (spin)
connection on the symmetric space G/H(o{,
= —0,C{,). Thus, this mechanism of spontaneous
compactification “works” by associating the gauge and spin
connections.

We note that on compactification into homogeneous
asymmetric spaces G /H the conditions (5) and (8) are not
satisfled, and the validity of choosing the vacuum values of
the gauge fields in the form of the spin-connection compo-
nents of the space K™ must be confirmed by direct solution of
the equations of motion (2).

The symmetry group of the vacuum configurations that
arise as a result of the action of both mechanisms is the group
SO(3,1) X G if the original gauge group G’ of the multidi-
mensional theory does not exceed G or H, respectively
(“economy” principle).* Therefore, when allowance is
made for excitations above Kaluza-Klein vacua (Refs. 28,
35, 39, and 40), gauge fields of the group G arise in the effec-
tive 4-dimensional theory. We emphasize that the original
gauge group G or H (in the general case) is broken when
nonvanishing vacuum expectation values (4) arise. (From
the point of view of a 4-dimensional observer, (4 %) corre-
sponds to the vacuum expectation values of scalar fields in
the space M" **.) However, when the spontaneous compac-
tification takes place through the connection-identification
mechanism and the group H contains an Abelian invariant
subgroup H, or is identical to it, the Kaluza-Klein vacuum
has an additional symmetry H,, this corresponding to the
appearance in the physical sector of the theory of gauge
fields of the Abelian subgroup H,.”

It should be noted that the symmetry group G of the
irreducible symmetric space is a semisimple group, and
therefore in the case of Cremmer-Scherk—Luciani spontane-
ous compactification the original gauge symmetry G is al-
ways completely broken.

Because of the similarity considered above between the
vacuum configurations that arise as a result of the action of
the two possible mechanisms of spontaneous compactifica-
tion, it is natural to consider whether they are connected.
Such a connection does indeed exist, i.e., in the Cremmer—
Scherk-Luciani mechanism not all the gauge fields of the
group G participate effectively in the spontaneous compacti-
fication, but only those of its subgroup H. At the same time,
the additional components of the gauge fields of the group G
can be eliminated by a gauge transformation that belongs to
the group G and is specified by the matrix (D2)~!in (7).
After the elimination of these purely gauge degrees of free-
dom, the Cremmer-Scherk-Luciani spontaneous-compacti-
fication mechanism reduces to the connection-identification
mechanism.®!

Despite this similarity of the spontaneous-compactifi-
cation mechanisms and the vacuum configurations to which
they lead, there is an important difference between them,
which is as follows. An important criterion in the selection of
the real Kaluza—Klein vacua is their stability with respect to
small fluctuations, i.e., the absence of tachyon modes. As
was shown in Ref. 74, tachyon modes do not arise after com-
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pactification into the homogeneous space G /H if the original
gauge group of the multidimensional Einstein-Yang-Mills
theory is isomorphic to the holonomy group or one of its
subgroups. Thus, the vacuum configurations that arise as a
result of the action of the connection-identification mecha-
nism are classically stable. But if the original gauge group is
larger than H, for example, G (as in the case of Cremmer—
Scherk-Luciani compactification), the corresponding vacu-
um configurations may be unstable. Therefore, the connec-
tion-identification mechanism is preferable to the first
mechanism of spontaneous compactification not only be-
cause it is more economic but also because it always leads to
the formation of classically stable Kaluza—Klein vacua of
(4 + n)-dimensional Einstein-Yang-Mills theory. A de-
tailed investigation of the stability of vacuum configurations
in multidimensional Einstein—-Yang-Mills theories was
made in Ref. 75. We also note that precisely the connection-
identification mechanism is the most natural in the case of
compactification into spaces that do not possess a group of
motions (there are no Killing vectors), for example, into
Calabi-Yau spaces (see Sec. 6).

Spontaneous compactification into spaces with holonomy
L]
group h'=’11 X H,

The economy principle is realized to the maximal de-
gree by the connection-identification mechanism in the case
of the formation of compact spaces whose holonomy group
is the direct product of simple and Abelian groups:

H = [] XH, (sis their number). Of this type there is a large

i=1

class of symmetric spaces, including ones with orthogonal,
unitary, and symplectic groups of motion (SO(p, + p,)/
S0(p,) X80(p,), SU(p, + p2)/SU(p;) XSU(p,) X U(1),
Sp(p; + ) /Sp(p,) XSp(p,)). Spontaneous compactifica-
tion into such spaces can be realized by gauge fields of the

group H = [ X H; with independent coupling constants e;
i=1

corresponding to each subgroup H; and, in particular, only

the gauge fields of one of the subgroups H,, this leading to an

additional reduction in the number of gauge fields that par-

ticipate in the spontaneous compactification. *?

Since in this case the values of the Yang-Mills fields
that ensure the compactification are equated to the spin-
connection components of the space G/H that transform
only with respect to the subgroup H,, the connection-identi-
fication mechanism consists of embedding a gauge connec-
tion in the spin connection. For example, the vacuum expec-
tation values of the gauge fields whose interaction with
gravitation leads to the formation of symmetric spaces with
H= H X H, have the form (10) and (11), where the index

i=1
A can take values corresponding to one of the groups (for
more details, see Ref. 92).

The economy principle is realized to the maximal extent
when the spontaneous compactification is produced by a sin-
gle Abelian field. This occurs when the holonomy group of
the compact space contains invariant Abelian subgroups.
This last circumstance is very important for the possibility of
the formation of physically interesting vacuum configura-
tions in d = 11 and N = 2, d = 10 supergravities, since the
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supermultiplets of these theories contain only Abelian (vec-
tor and tensor) gauge fields (see Secs. 4 and 5).
Note that in the considered case of compactification
s

into symmetric spaces with holonomy group H = H XH,;

i=1
the Cremmer—Scherk-Luciani mechanism does not reduce
to the connection-identification mechanism; for although
the gauge group G of the first mechanism can be reduced to
the gauge group H of the second by local transformations of
the gauge fields, the further reduction of H to one of its in-
variant subgroups is not possible.

3. TEN-DIMENSIONAL MODEL OF KALUZA-KLEIN THEORY

As asimple and clear example, we consider the connec-
tion-identification mechanism in 10-dimensional Einstein—
Mazxwell theory. It is worth studying this theory, since, on
the one hand, it possesses elements of a realistic Kaluza-
Klein theory (there is the possibility of compactification
with the formation of gauge fields of the group
SU(3) XSU(2) X U(1) and realistic values of the coupling
constants, and in d = 4 chiral fermions arise), and this dem-
onstrates the basic possibility of realizing the Kaluza-Klein
ideas; on the other hand, it is a constituentin N=1,d = 10
supergravity + Yang-Mills and nonchiral N=2, d =10
supergravity (which, in their turn, are low-energy limits of
superstrings) and, therefore, indicates the possibility of real-
istic spontaneous compactification in these theories.

Ground states with a compact 6-dimensional subspace

As was shown in the previous section, interaction of the
gravitational field with an Abelian gauge field can lead to the
compactification of subspaces and the formation of a nontri-
vial Kaluza-Klein vacuum in which the (4 + n)-dimension-
al space—time is the direct product of 4-dimensional space—
time M'*? and an n-dimensional homogeneous compact
space K" = G /(H X H,) whose isotropy group (for sym-
metric spaces, this is identical to the holonomy group) con-
tains an Abelian invariant subgroup H,. Thus, in d =10
Einstein-Maxwell theory the subspace of the additional di-
mensions can be compactified by virtue of the connection-

identification mechanism into the following manifolds®**":
K8==CP3, 5482 CP2x 82 S5%x8%x82
50 (5) Sp (4) SU (3) (12)

S0@XS0® ' SHOXUM’ TH=UD
(Sp (4) ~ SO (5), Sp (2) ~ SU (2)).

The symmetry group of the Kaluza-Klein vacuum with M
of the form (12) is G' ** X G X H,, where G' ** is the group
of motions of M! *3, G is the group of motions of M®, and H,
is the gauge group of the original Abelian field that is not
broken after compactification (see Sec. 2).

The equations of motion of the system of interacting
Einstein—-Maxwell fields in d = 10 have the form (2), where
n = 6, and Fyy is the intensity tensor of the Abelian field.

From the point of view of physical interest, spontane-
ous compactification of the 6-dimensional space into the di-
rect product of the projective space CP?=SU(3)/
SU(2)XU(1) and the two-dimensional sphere 52
= SU(2)/U(1) is most worth studying. The ground state
that results from such compactification is invariant with
respect to transformations of the group G'*°
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% SU(3) XSU(2) XS(1). Thus, in the effective d = 4 the-
ory gauge fields of the group SU(3) XSU(2) XU(1) ap-
pear. !

It is interesting to note that the formation, as a result of
K® compactification, of the space SU(3)/[U(1)XU(1)]
[see (12)] can be regarded as a topological deformation of
the space CP? X §'? due to the appearance of instanton exci-
tations above CP?, which break the SU(2) group.***® From
the geometrical point of view, the occurrence of instantons
over CP? results in transformation of the space CP* X S into
a nontrivial associated fiber bundle E(CP?, S?
SU(2))~SU(3)/U(1) xU(1) with base CP?, standard fi-
ber S?, structure group SU(2), and connection given by the
field of the SU(2) instanton on CP? (Refs. 39 and 48).

The metric of the ground-state space M' +3 X CP?>x S
has the following nonvanishing components:

EMN = (guv (*)y &av (1), g (2)), (13)

whereg,,, (x), 8 (¥): 8 (2) are the metrics and x*, y°, z' are
the coordinates of the spaces M" *3, CP? and 57, respective-
ly.

The curvature tensors of the symmetric spaces M’ *?3,
CP?, and 5? satisfy the conditions of covariant constancy and
have the form

ard’ n? .
Riveanm= Tk A (g Bmim— Zmm L)

CcpP: 8 A =
Riyaveray =E1 (foxm” Fatera) + fraw* faena)s (14)

sz 3
Ry =kl *Camrs

where A is the cosmological constant in the effective 4-di-
mensional theory (for A >0, M"' * *is de Sitter space with the
group of motions SO(4,1); for A<0, M 1+3 is the anti-de
Sitter space with the group of motions $O(3,2); and for
A =0,M"'*?is Minkowski space);d' = 4;k, >0and k, >0
are the mean curvatures, which characterize the size of the
spaces CP? and S% f%, are the structure constants of the
group SU(3) in the Gell-Mann basis (4 = 1, 2, 3 are the
indices of the generators of the subgroup SU(2); 8 is the
index of the generator of the subgroup U(1) of SU(3); and
(@), (b), (¢), (d) are the indices of the generators belonging
to the space of SU(3)/8U(2) XU(1) cosets, these being
identical to the indices of the space tangent to CP? in an
orthogonal basis); C S, are the structure constants of the
group SU(2) (3 is the index of the generator of the subgroup
U(1) of the group SU(2); (i), (/). (k), (!) aretheindices of
the generators belonging to the space of the SU(2)/U(1)
cosets, these being identical to the indices of the space tan-
gent to S? in an orthogonal basis).

The generators of the groups SU(3) and SU(2) are nor-
malized in such a way that the Killing-Cartan metrics of
these groups have the form

” 3
Bap= far®fop? = 5 Oup; Bap=CacPCppf =845 (15)

For this normalization of the generators, the structure con-
stants f$; and C §; are equal to each other, and this is con-
venient for what follows.

The transition from the world basis to the orthogonal
basis is made by means of the vielbeins e/ (x), e;”’ (), and
e? (z) of the spaces M' +3, CP? and S, respectively.

The metric (13) is form-invariant, i.e., has the same
functional form in different coordinate systems, with respect
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to transformations of the group of motions
G'**XSU(3) XSU(2) of the spaces M' +*x CP2x.S 2. The
infinitesimal transformations of the coordinates under the
action of the elements of this group have the form

Sak=e'K7 (z), Sy*=e2K5 (y), 82 =eK iy (z),  (16)

where K%(x), K% (y), and K/, (z) are the Killing vectors of
the spaces M' *3, CP? and S?, respectively; £”, £°, £ are the
parameters of infinitesimal transformations of the group of
motions G' **XSU(3) X SU(2) (ris the index of G' +3).

Since we study the spontaneous compactification of K
into CP? X S? through the connection-identification mecha-
nism, the nonvanishing vacuum expectation values of the
gauge field have the form

=4, =) 5 £ 202 w); (17a)
(A=A, (2) =B 76 (2), (17b)

where p, and p, are numerical parameters, and 82 (y) and
03}(z) are the components of the Cartan 8 forms on the
spaces CP? and $? that relate to the U(1) subgroups of the
groups SU(3) and SU(2), respectively. The form of the co-
efficients in (17) is chosen for convenience in the subsequent
calculations.

The corresponding values of the components F(
and F, (z) of the Maxwell field tensor are found by means of
the Maurer—Cartan structure equations for the groups
SU(3) and SU(2) and have the form

T 8 (e .
Far @)= — 1/ 3 ooy Hexaed) (v) e (u); } o

Fin (2) = —p.Cipppeld (2) €D (2).

By virtue of the transformation properties of the Cartan
@ forms, the solutions (17) are invariant (up to Abelian
gauge transformations) with respect to the transformations
(16). Note that in contrast to non-Abelian gauge fields, for
which the values of the coefficients in the expression (10)
are uniquely fixed by the term in the equations of motion
that describes the self-interaction of the non-Abelian gauge
fields, in the Abelian case there exists a freedom in the choice
of these coefficients. The domain of values of the parameters
P(py,p,) can be restricted only by the features of the topol-
ogy of the compact manifolds. The field (17b) is none other
than the field of a monopole on the S2 sphere, and therefore
p2€°/2%*k, satisfies the Dirac quantization condition; more-
over, since k, = p,e*/2x* [see (20) ], p, is inversely propor-
tional to an integer n (p, = 2y/2/n).>% A restriction on the
parameter p, arises from the difficulties of introducing a
spin structure on the space CP? that are associated with the
global properties of this space. As was shown in Refs. 41 and
93, fermions can exist on CP? if they interact with the Abe-
lian field (17a), whose parameter p, satisfies the quantiza-
tion condition p, = 6/(m + 1) (m is an integer).

Substituting in (2a) the expressions (14) and (18) and
using the equation f ., £ * =18, » We obtain for A,
k,,and k, the values

4, i e Hiei)

A=7 7 OL+M -7 X |
2

kl:—_ﬁ(?)pﬁ—pg)--ﬁ—xzk; i (19)

2
ko= g (1o —p) +3h. |

449 Sov. J. Part. Nucl. 18 (5), Sept.—Oct. 1987

If A([%/(42%*)%]( p? +p3), then A>0 and the space
M +3 is de Sitter space; if A = [€°/(4x%)2]( p? + p?), then
A =0and M'*+* is Minkowski space. For A = 0, the rela-
tions (19) become

e’

2 2

h=Tgar i), ki=fzel =5z 0l (20)

Thus, the Kaluza-Klein vacuum state with the metric
(13) and nonvanishing vacuum values of the gauge-field
components (17) is invariant up to a U(1) transformation
with respect to the group of motions G' +3 x SU(3) x SU(2)
of the space M' *3*x CP?x S2,

All the possibilities of compactification of the 10-di-
mensional space listed in (12) are realized in the nonchiral
variant of N = 2, d = 10 supergravity (see Sec. 5).

Excitations above the Kaluza~Klein vacuum

We consider the contribution to the action of
excitations above the possible ground-state configuration
of 10-dimensional Einstein—-Maxwell theory with K° = CP?
x Sz- 40

To take into account systematically excitations above a
ground state with a compact subspace of additional dimen-
sions (Kaluza-Klein vacuum), it is necessary to expand the
wave functions of the fields of the multidimensional theory
in a series in the harmonics corresponding to the irreducible
representations of the group of motions G of the compact
space.”>* For example, the expansion of the vector wave

function has the form A4 5 YD) = 2 z BB, 00,
n gl

where D, are the matrices of the irreducible representa-
tions of the group G, n is the number of the representation of
dimension d,, p is the matrix index corresponding to the
restriction of the representation D" to the isotropy group H,
asubgroup of G, and / tells us how many times the represen-
tation D(h) (ke H) occurs in the representation D"( g)
(g € G).*** After the substitution of such an expansion into
the action of the multidimensional theory

W 1 1 M
S B g Bt Pl ™ 0} 0% (2m)

and integration over the volume of the compact space, we
can obtain a Lagrangian that describes a system of an infinite
number of interacting fields with spins 2, 1, 0 in 4-dimen-
sional space—time. Only some of these fields (corresponding,
for example, to the terms of the expansion relating to the
trivial and adjoint representations of the group of motions®*)
are massless; the remainder have masses whose values de-
pend on the size of the compact region.

We restrict ourselves to considering excitations that
correspond in the 4-dimensional space-time to massless
fields with spin 2 (gravitational field) and 1 (vector gauge
fields). In seeking such massless excitations, our point of
departure will be the requirement of invariance of an excited
state with respect to local transformations, i.e., ones whose
parameters depend on the coordinates of the 4-dimensional
space-time, of the groups SU(3), SU(2), and U(1).

In the considered case, when the 6-dimensional sub-
space of the ground state is the space CP? xS 2, the massless
excitations over such a vacuum correspond to a system of
interacting gravitational and gauge fields of the group
SU(3) XSU(2) xU(1) in 4-dimensional space—time.

Indeed, the requirement of local SU(3) X SU(2) invar-
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iance can be satisfied by extending the Cartan forms of the
groups SU(3) and SU(2) by means of quantities that trans-
form in the same way as gauge fields of the SU(3) and SU(2)
groups in 4-dimensional space-time (as occurs when a gauge
interaction is taken into Yang-Mills theory by extending the
derivatives (dy —da + Ay ). Thus, we shall consider a
state of the 10-dimensional Einstein-Maxwell theory in
which the vielbeins of the space M'® have, in the notation of
differential forms, the form (Kaluza-Klein ansatz)
e = dav e (2);

— duy® 1 a .
0 = o9 1)+~ G0 (@) D3 (1) ds

i (22)
e = dz* &) (z) +- 7 i (z) D) (z)dav,
and the field 4,, has the form
g 2

A(z, y, 5)=da* A, (z) + ]/ —g— ;’;;kl (dy°0% (v)

+ dat Gy (z) Dg (v))

2 s
+ gy (4201 (2) + dzHy (2) DA (), (23)

where G 2 (x) and H i (x) are gauge fields, and D% (y) and
D38 (z) are elements of matrices of the adjoint representa-
tions of the groups SU(3) and SU(2), respectively.

The contracted curvature tensor R corresponding to
(21) and the components of the field intensity tensor (23) in
the orthogonal basis have the form

=Rl\ll+:+ RCP! o RSS —‘;——‘,i:‘—Kaa (y) K(é (y) Gﬁw (.1"') Guvﬁ (.‘1‘)

+ o KA. (2) K5 (2) Hy () H*® (2); (24)

Fonm = F (u:tv)+ l/ uak Gl wDo’(Y)
i 2,{5;‘ H(u}(ﬂD ¥(2),
3 2 2
=1 ‘/ 7 pz:l%nf(ﬂ)(b)a! o ?T‘;C(f)(h)a) 5 (25)
where

Gy (2) = 0,G%— 8,6% 1+ f5GEGY; Hity (z)=0,H3
— O HE + ChcHLHS: Fuy(2)=08,4,(x)—08,4, ().

Substituting (24) and (25) in the action (21) and integrat-
ing over the volume of the compact space using the integral
properties of the matrices D% (y) and D §(z) (see Refs. 20
and 28), we can obtain a Lagrangian that describes a system
of interacting Einstein fields and gauge fields of the group
SU(3) XSU(2) XU(1) in 4-dimensional space-time:

1 148 1 1
Ly~ — (det e (=) (g B™™ + g5 (Ful® + 57 (Hi)?

+ Zyg €asGnG")

where %2 = x%/V, g8 =é/V, g2 = (3/2)p38i. &5 =pi&;
(V= V- ¥5" is the volume of CP?X 5 2) are the effective
gravitational and gauge coupling constants of the groups
U(1), SU(2), and SU(3), respectively. [ The form of (26)
corresponds to the case when A = 0 and k, and k, have the
form (19).] It is interesting to note that the coupling con-
stants in such a model can have values close to the coupling

(26)
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constants of the standard model of the strong and
electroweak interactions. For example, tan Oy
—=2g,/8, =n/\6 (O is the Weinberg angle, and 2
arises because of the chosen normalization of the SU(2) gen-
erators) for n = 2 has the value 2/3, which is close to the
asymptotic value y3/5 of the SU(5) grand unification mod-
el. After normalization of the coupling constants to the ener-
gies ~100 GeV currently accessible to experiment, sin%Gy,
takes a value close to the experimental one (0.22-0.23). This
fact, first noted in Ref. 20 in the consideration of d = 6 Ein-
stein-Maxwell theory, shows that it is in principle possible
to obtain realistic parameters of the standard
SU(3) XSU(2) X U(1) model as a consequence of sponta-
neous compactification in Kaluza-Klein theory.

If the considered SU(3) X SU(2) X U(1) vacuum con-
figuration of d = 10 Einstein-Maxwell theory is to be a con-
tender for the role of the true Kaluza-Klein vacuum, it must
be stable. A vacuum configuration is classically unstable if
the excitation spectrum contains tachyon modes. The results
of Refs. 74 and 75 indicate that in the considered model
tachyons are absent.

Chirality of the fermions

As already noted, one of the most important problems
that arise in the construction of a realistic Kaluza-Klein
theory is that of obtaining in the effective d = 4 theory a
spectrum of massless Weyl fermions transforming in accor-
dance with different complex representations of the gauge
group, i.e., one must obtain chiral fermions. In the case of
compactification of M**" into M"' **>X K", the number of
massless fermions in M' *? is equal to the number of zero
modes of the Dirac operator that acts on the compact sub-
space. The condition that determines the occurrence of
chiral fermions on the compact subspace is a nonvanishing
index of the Dirac operator. This indicates (by virtue of the
Atiyah-Singer index theorem; see Ref. 95) that the vacuum
field configurations must have a nontrivial topological
structure. As was shown by Witten,’® chiral fermions can
arise in M' T3 (M**"=M"'"3*xK") only if the original
multidimensional theory itself contains chiral fermions.
Therefore, the dimension d of the multidimensional space-
time must be even.

Let us consider, for example, the 10-dimensional La-
grangian for a massless Weyl fermion field interacting mini-

mally with the gravitational and gauge fields of d = 10 Ein-
stein—-Maxwell theory:
Ly <HEWT™h (27)

I‘M:DM = @y + 0p+idy), ¥ =T,V

The Dirac equation which results from the variation of this
Lagrangian has the form

™D ,¥ = 0. (28)

In the case when contributions are made to (28) only by

fields corresponding to a ground state with M

= M'*"3x K¢ [for example, (14) and (17)], the solution
of Eq. (28) can be sought in the form

V=19 (z) ®n (), (29)

where #(x) is an anticommuting spinor in M"' *3, and %(Y)
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is a commuting spinor in K®. The I' matrices of the 10-di-
mensional space can be conveniently chosen in the form

Fu=m%®I Tp=1 ®1_’ma Py=v® -\;7 (30)

(¥u» s and 7,,, 7, are Dirac matrices on M'*? and K¢,
respectively).

The Dirac equation (28) takes the form

(0, 0) ® N (¥) +¥59 @ YD (V) = 0, (31)

from which it follows that the field #/(x) will be massless in
d = 4 if and only if

T Dy (V) =0. (32)

Note that by virtue of (30) the Weyl spinor W can be repre-
sented in two different ways in the form (29):

V=, @ @nr (Y); ¥=1vg@®nr@)

where ¢  and 7,  are eigenfunctions of the operators ¥s
and ¥,.

Thus, if chiral fermions are to arise in d = 4 there must
be different numbers (N, — N #0) of left (N_) and right
(Ng ) zero modes of the operator (32) that transform in
accordance with equivalent representations of the symmetry
group of the ground state; for all paired zero modes form a
vector representation of the gauge group. The difference
Ny — Ny is called the index of the Dirac operator r’"D and
can be determined by means of the Atiyah-Singer
theorem.”

If only the spin connection w},)/,, contributes to the op-
erator (32), then Ny — Ny vanishes for compact spaces
with any topology,”® and, therefore, chiral fermions cannot
arise. However, ifin the ground state there are nonvanishing
vacuum expectation values of gauge fields whose values are
equated with the values of the corresponding components of
the spin connection, N; — Ny becomes nonzero and chiral
fermions can arise in M* *3.

For example, in the model which we consider of 10-
dimensional Kaluza-Klein theory with an SU(3) XSU(2)
X U(1)-symmetric vacuum the presence of monopoles on S?
and CP? “suppresses,” as it were, some of the zero modes of
one of the chiralities and ensures the formation of chiral
fermions in the effective d = 4 theory. 14550

The chirality problem was studied in detail in Kaluza—
Klein theories in Refs. 34-37 and 96.

(33)

4.SPONTANEOUS COMPACTIFICATION OF SUBSPACES IN
d=11SUPERGRAVITY

Mechanisms of spontaneous compactification ind = 11
supergravity began to be studied particularly extensively
after Witten* had shown qualitatively the possibility of for-
mation of a 7-dimensional compact subspace with the sym-
metry group SU(3) X SU(2) X U(1), which corresponds to
the group of the strong, weak, and electromagnetic interac-
tions of the physical sector of the theory.

In this section, we consider the structure of the compact
vacuum configurations of = 11 supergravity that arise as a
result of the Freund-Rubin spontaneous-compactification
mechanism®' and also the connection-identification mecha-
nism generalized to the case of antisymmetric gauge fields
(Refs. 47-49, 69, and 70).
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The supermultiplet of N = 1, d = 11 supergravity con-
sists of the gravitational field eW’ (X ), a Rarita-Schwinger
Ma_]orana field Wg;, and an antisymmetric Abelian field
Az (M N T 1, ,11), which determines the torsion of
the 11-dimensional space.g”“

We shall assume (as is customary when compactifica-
tion is being considered at the classical level) that the fer-
mion fields do not participate in the formation of the com-
pact subspaces ((Wj3;) = (\P\I’) 0), and we shall consider
only the boson sector of the theory. Imposition of this condi-
tion leads to the study of vacuum configurations that have
the highest symmetries. The Lagrangian of the boson sector
of 11-dimensional supergravity has the form>

1
L=—E(gz Rt gp (Fyen)?

MNL P
2% a 2
L s ol ol Y e
& 1 11 A
(6-41)2 E M,...M, M;...M, M.M.DM,.)’ (34)

where Fjaip =495 Apzp is the intensity tensor of the
antisymmetric gauge field 43z3; [ ] is the operation of anti-
symmetrization with division by the number of permuta-
tions of the indices.

In the Lagrangian (34), all interactions are determined
by a single coupling constant—the gravitational constant s,
whose dimensionis / ‘“ ~#72, where / has the dimensions of a
length. In the following formulas, we shall take » equal to
unity.

The equations of motion for the fields e;,M ' and Agz,
that follow from the Lagrangian (34) have the form

Raﬁr'_T gifa'Rz—QTﬁIR'; (35)

NATAR 1 A e
SIMINP . oM, ...M,INP R, e - 36
Vm @neE ® : F_‘\I‘. M, Ms...M, (38)

where Ty5 is the energy—-momentum tensor of the gauge
fields 4 j;!j\‘;ﬁ‘
Too= (FAAA‘FLKP ((FA.AAVg.A) (37)

MLK LEKPS MN

Freund-Rubin spontaneous compactification

The simplest and most natural and, therefore, most po-
pular mechanism of spontaneous compactification of d = 11
supergravity is the Freund—Rubin mechanism,* in which
compactification of the 11-dimensional space into the direct
product of space-time M"' ** and a 7-dimensional compact
space is ensured by the “vacuum condensate” of the field
A&, whose intensity tensor has the following nonvanish-
ing components:

(Fuvag) = (det e () Bme,,y;. (38)

where m is a parameter which characterizes the size of the
compactified subspace. Note that the tensor (38) satisfies
the condition of parallelizability (A,F,, ,, =0), analogous
to (8). At the same time, the so]utlons of the equations of
motion of the fields of the boson sector of d = 11 supergra-
vity, Egs. (35) and (36), determine the vacuum configura-
tion of the space-time as the direct product of 4- and 7-
dimensional Einstein spaces with Ricci tensors given by

(39)
(40)

Ry =12m2g,, (z),
Ra a=—0bm2g. (f’).

mn

where g, (x) is the metric of the 4-dimensional space—time,
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which we shall throughout assume is the anti-de Sitter space;
PN Y) is the metric of the 7-dimensional space with coordi-
nates Y.

‘We note that there are no solutions of (39) correspond-
ing to flat 4-dimensional space-time except for the cases
when the curvature of the compact subspace is equal to zero
(m = 0). On the other hand, if we impose the requirement of
asmall size of the compact subspace, this leads to the appear-
ance of a large cosmological term in the effective 4-dimen-
sional theory. This is an important but as yet unsolved prob-
lem of Kaluza—Klein theories based on d = 10 and 11
supergravitites and is due to the impossibility of including in
these supergravity variants an original cosmological term
capable of compensating the effective 4-dimensional cosmo-
logical term, in contrast to what happens in multidimen-
sional Einstein—Yang-Mills theory (see Secs. 2 and 3). One
of the possible ways of solving this problem was proposed by
Duff and Orzalesi,”” Wu,*® and Candelas and Raine®* and
involves allowance for nonvanishing vacuum expectation
values of bilinear combinations of fermion fields that con-
tribute to the torsion of the compactified subspace and lead
to flattening of the 4-dimensional space-time.

There exists an infinite set of Freund—Rubin solutions
characterized by the relations (39) and (40). The main task
is to identify in this set candidates for the most content-rich
vacuum configurations of the theory. The vacuum configu-
rations are selected under the assumption that the ground
states must be stable and have a sufficiently high symmetry.
We note, however, that the true quantum-mechanical vacu-
um can be determined by a superposition of different vacu-
um configurations with allowance for possible tunneling
transitions from one configuration to another.

It was shown that solutions in which the 7-dimensional
space is a direct product of spaces, for example, CP?xS?
and S*XS?, are unstable.” Compactification into such
spaces completely breaks the supersymmetry in the effective
4-dimensional theory. In contrast, compact vacuum config-
urations that preserve supersymmetry ind = 4, and also spa-
tial configurations obtained from supersymmetry configura-
tions by changing the orientation (i.e., by the vielbein
substitution e{™ — — ey™) and break supersymmetry, are
classically stable.”®

The number of unbroken supersymmetries in the
Freund-Rubin solutions is characterized by the number of
Majorana spinors 7 (Killing spinors) of the 7-dimensional
compact subspace satisfying the equation®**

(r?n ——3: (o»(")“)r(;u(f)—imea)I‘(?,)) =0, (41)

2

where T, are 8 X 8 Dirac matrices. Equation (41) follows
from the requirement of invariance of the ground state with
respect to supertransformations. In particular, the supervar-
iation of the Rarita—Schwinger field must vanish:

An A A

w PR
8¢y =(v;+ o (X

INpLDQ > -
—88k'T )FM;E?) (e ®@m)=0 (42)

(T4, are 11-dimensional Dirac matrices, and £(x) is the
parameter of the supertransformations in d = 4). It can be
seen from (41) that a change in the orientation of the space
K’ is equivalent to a change in sign of the parameter m. The
condition of integrability of (41) is the equation
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. @
C I‘U)I‘pn

(m)(n)

mzﬁ(l) 6(!1} )

[m) (n)] (43)

= (R & » D — ~m=0.

{(m)(n) (!) (1'3)

The matrices Cysya = C (niisy Ty T'py and all their com-
mutators generate the holonomy group of the tensor
Cycny » this being a subgroup of the group Spin(7). There-
fore, the number of solutions of Eq. (43) is equal to the
number of singlet representations of this subgroup.®

As examples of supersymmetric Freund-Rubin vacu-
um configurations, we can take the 7-dimensional sphere
with the symmetry group SO(8); this preserves N = 8 su-
persymmetry in the d = 4 theory (in accordance with the
assumption of Ref. 22), equivalent tothe N = 8 supergravity
of De Wit and Nicolai'®% the squashed S” sphere (i.e., a mani-
fold topologically equivalent to the standard 57 sphere but
with a different Einstein metric) with symmetry
SO(5) xSU(2) ~Sp(4) xSp(2) and N =1 supersym-
metry (a survey of the Freund-Rubin and Englert solutions
with the topology of the 7-dimensional sphere is given in
Refs. 4 and 62); SU(3)xSU(2)xXU(1)/SU(2)
x U’ (1) X U"(1)y spaces, a subclass of which admits pres-
ervation of N =2 supersymmetry®; SU(3)xU(1)/
U'(1)xXU"(1) spaces, with N =3 and 1 supersymmetries
(Refs. 47, 48, 64, 67, and 68); and a number of other exam-
ples (Refs. 47, 48, 65, 66, and 100).

A list of the 7-dimensional compact spaces that are
Freund-Rubin solutions of d = 11 supergravity is given in
Table I.

AdS5x G/(Hx H,) vacuum configurations ind=11
supergravity

Apart from the Freund-Rubin mechanism, other
mechanisms of spontaneous compactification of subspaces
in d = 11 supergravity have been found. In particular, Eng-
lert™ considered the possibility that the formation of the
compact subspace M " might involve not only a Freund—Ru-
bin field but also vacuum expectation values of a field (4, )
with indices of the space K’, these playing the role of the
torsion of these spaces. Details of the investigation of 11-
dimensional Kaluza—Klein supergravity can be found in the
review of Ref. 22.

We shall consider a different possible mechanism of
spontaneous compactification of d = 11 supergravity lead-
ing to vacuum configurations of 11-dimensional space~time
that are a direct product of a 5-dimensional space AdS*and a
6-dimensional symmetric space K ¢ = G /H X H, (Refs. 69
and 70). The compactification in this case is through the
connection-identification mechanism, generalized to the
case of antisymmetric gauge fields.

The solutions of Eqs. (35) and (36) for 4537 or, equiv-
alently, for Fi773 that ensure spontaneous compactification
have nonzero values only for components with indices of the
compact space, and in an orthogonal basis can be expressed
in terms of the structure constants of the group G, one of
whose indices (0) corresponds to the Abelian subgroup H,
and the other to the space G /H X H:

Fimmwim = — PCrammCaam® (44)

examples of possible spaces M® are CP?, CP*X S? §*xS§?,°
and SO(5)/80(3) xS0O(2).
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TABLE I. Freund-Rubin solutions of d = 11 supergravity.

e . Holonomy [No. of su- ycuum invariance
Compact 7-dimensional spaces group of Cm,, Ele;sy:m;n Sroap
T7=T8 x §1' I N=8 Sug(egf('f)i:acaré
S'=P(CP3, 8Y) ~ U (4)/U (3)
~ P (E (S%, S2, SU(2)), SY) I N=8 | OSp(4,8)
~ E (8%, §3, SU(2)) ~ P (54,8U (2))
K33 T3= (K3 X T2) % S su@ | N=4 S“fg‘:‘i’)i;“’“é
SU®) _ p
3 ~ P(E(CP?, 82, SU (2)), S1) 5
U (1) e
WP, 8. ST~ P (CP™. SU (2) N=3 | 0Sp (4 3) X SU (3)
SU (2)) ~ ST (3)% S (2)/S0 (2) XU (1)
OSp(4, 2
SUGXSU@XUW _ oo | 7O W= fORP L B, © o
Sggzz) yf?{j; L S0 (3,2) X SU(3)
’ M) R X SU2) X U (1)
S0 (5) X §0(2) gl ( S0 (5)
50(3) X 50 (2) SO@XSO@’| sy@) | N=2 | 0Sp4,2) x50 5)
st )
SU (3) N=2 | 0Sp(4, 2)x SU (2R
(SU (:‘é): XS?) (1)U (12 ~ P (52 < 82
X 5%, ;
som | w=o |SO@BxsUER
< 4 Super-Poincaré
CY % §t# SU(3) N=2 U (1)
Squashed S7 ~ P (E (5%, 8%, SU(2)), -
S1) ~ E (84, 88, SU (2)) ~ P (84, G N OSp(4,1)XS0(5)
SU (2) ~ (SO (5) % SU (2)/8U" (2) 2 X 8U(2)
X SU” (2)
SU(3) "
Squashed — ~ P(CP*, SU(2)
Uy ’ 0Sp(4,1)xXSU(3
~ P(E(CP2, §2, SU (?&'(gl) i Gy N=1 ;13( )gx (3)
; o~ BU(8) X8V (2)
~ E(CP*, 5% 8U (2)) ~ 5 ORI
SU@BXUW)  ,f_ SU3) ) Ml 0Sp (4, 1)xSU (3)
o m = \voxe oS | e e XU (1)
84 % 83=P(§* X 82, §%) 50 (7 N=0 50}%3)@50 (5)
SU(3) = 80 (3, 2)x 8U (3)
SO xS 50 (7) N=0 50 ()
S0 (5)/50 (3) max Gy N=1 0Sp (4,1) X SO (5)

“Calabi-Yau spaces are discussed in Sec. 6.

Note that this compactification mechanism can result
in the formation of only symmetric spaces K, since the in-
tensity tensor (44) must satisfy the equations of motion
(36), and this is possible when V,C?¢,,,,, =0, a condition
that is satisfied only if the space K ¢ = G /H X H,is symmet-
ric (see Sec. 2).

The possibility of subsequent compactification of five
dimensions into the direct product of 4-dimensional Min-
kowski space and the S sphere is associated with the solu-
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tion to the problem of the cosmological term and cannot be
solved in the framework of the considered compactification
mechanism.

We consider in more detail the case when the compact
space K® is the direct product of the space CP? and the S”
sphere. The symmetry group of such a Kaluza-Klein vacu-
um is 80O(4,2) XSU(3) XSU(2) (Refs. 69 and 70).

To find solutions of Egs. (35) and (36) for which the
metric has the form
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&uv(z) O 0
Biemiif D Bar(¥) O 5 (45)

=y 0 0 gin (2)

[where g, (x) is the metric of AdS®, and the 6-dimensional
subspace of additional dimensions is the CP? $ 2 symmet-
ric space with structure determined by (14)], we assume
that the nonvanishing values of the tensor Fgaz3 of the
gauge fields A3 are the components

Fapea) = Fapea U);  (Finap? = Finap @y, 2)  (46)

and that these components satisfy the parallelizability con-
dition that generalizes the conditions (8) to the case of ten-
sor gauge fields:

ViFaveda = VaFinas = Vilinea = 0. (47)

The fulfillment of the condition (47) has the consequence

that the equations of motion (36) are satisfied identically.
From (47), we find the following values for the compo-

nents (46) of the intensity tensor in the orthogonal basis:

Fawienar = — 301/ ta®* fenan®; (48)

Fiamm = — PCom* fam®s

where p, and p, are arbitrary parameters.

The method employed here is based on finding mani-
festly covariant entities, i.e., intensity tensors. As in Refs.
29-31and 91, the transition to the gauge fields is made in the
standard manner using Cartan forms. For the components
of the antisymmetric gauge field 4,,., 4,,;, and 4, we ob-
tain the following expressions in terms of the 8% (y) and 83
(z) components of the Cartan forms, corresponding to the
U(1) subgroup of the groups SU(3) and SU(2):

3 (a) (b)ps . |
Aabc = 5 }pc_i f(a}(b)se[ﬁ Cy ec].

Aipe = z—i Coin’el el 65, () ¢ (49)

(a) (b)n3
Agpi :% fraww®ea eb 05 (2), ‘

wherep, + p; = p is the parameter in the definition of F,, .
From Eq. (35), taking into account (14) and the contribu-
tion to the energy—momentum tensor (37) of the vacuum
solutions, we obtain for the curvatures k, and k, the values

by== 5 (03402 ko= (40°— 5 0}). (50)
If k, and k, are to be positive, p and p, must satisfy the
inequality p® > (1/8)p}. It follows from Eq. (35) that the 5-
dimensional space determined by the curvature tensor ( 14a)
(d' =5) isan anti-de Sitter space with A that depends on the
quantities which characterize the vacuum solutions (48):

A= —o (g rite). (51)

Thus, the possibility of spontaneous compactification
of the 11-dimensional space into AdS® X CP? .S 2 due to in-
teraction of the gravitational field eg" » and the gauge field
Agwz (as in Einstein—Yang-Mills theories; see Secs. 2 and
3) is essentially related to the structure of the holonomy
group of the space CP?, which makes it possible to associate
definite components of the gauge field 4537 [see Eq. (49)]
with only the part of the connection on the space CP? deter-
mined by the U(1) subgroup of the group SU(3). We em-
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phasize once more that the subsequent separation in the 5-
dimensional space-time M'** of the M'*t3xS!
ground-state configuration cannot have a consistent solu-
tion without a solution to the problem of the cosmological
term in this supergravity variant. However, in the frame-
work of the proposed spontaneous-compactification mecha-
nism it is possible to study cosmological models in which the
expansion of the 5-dimensional universe occurs much more
rapidly in three spatial directions than in the fourth.”

As already noted, the Kaluza—Klein theories based on d
= 11 supergravity encounter a serious difficulty—the ab-
sence in the 4-dimensional theory of chiral fermions. One of
the ways of solving this problem is to consider preon models
on the basis of hidden symmetry groups of the type SU(8) in
N = 8 supergravity.'®?* However, at the present time such
an approach does not appear promising in view of the great
complexities associated with the description of the dynamics
of particles of composite models.

Another possibility is to study the influence of the fer-
mion spectrum of Kaluza-Klein monopoles.'°'° The oc-
currence of such monopoles leads to a more complicated
(fiber) structure of the ground-state space (different from a
direct-product structure of spaces) and, as is suggested in
Ref. 87, may ensure the formation of chiral fermions.

5.SPONTANEOUS COMPACTIFICATIONINd=10
SUPERGRAVITIES

Three variants of supergravity in 10-dimensional
space-time are currently known. They can all be obtained as
low-energy limits of 10-dimensional superstring theories**:

a) N =1, d = 10 supergravity interacting with N = 1
Yang-Mills fields arises as the low-energy limit of 10-dimen-
sional theories of interacting open and closed superstr-
ings**** or the heterotic string*’;

b) the chiral [c) nonchiral] variants of N =2, d = 10
supergravity can be obtained from the d = 10 theory of a
closed superstring; in addition, nonchiral ¥ = 2, d = 10 su-
pergravity can be obtained from d = 11 supergravity by di-
mensional reduction.*”

In chiral N = 2, d = 10 supergravity Kaluza—Klein va-
cua sufficiently interesting from the physical point of view
have not been found. A list of the known solutions can be
found in the papers of Ref. 103. We note that the structure of
the vacuum configurations with M'° = M '**% K * can be
investigated in the same way as in d = 11 supergravity by
means of the connection-identification mechanism.***°

The possibilities of realistic spontaneous compactifica-
tion of N = 1, d = 10 supergravity interacting with N = 1
Yang-Mills fields are considered in the following section.

In this section, we consider variants of spontaneous
compactification of nonchiral N = 2, d = 10 supergravity
and the connection between the 10-dimensional compact
vacuum configurations and the Freund—Rubin solutions of
the 11-dimensional theory.

Spontaneous compactification in nonchiral N=2, d=10
supergravity

We obtain NV = 2, d = 10 supergravity by compactifica-
tion of one dimension of d = 11 supergravity into the !
sphere and by requiring all fields to be independent of the S’
coordinate. The supermultiplets of N =2, d = 10 supergra-
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vity contain the gravitational field e§;”, antisymmetric fields
Ay and By, a “Maxwell” field 4,,, ascalar ¢ =exp o, a
Rarita-Schwinger Majorana field #,,, and a spinor field 4,
which can be decomposed into Weyl components. >

The fields 4,, and ¢ appear in d = 10 through the
choice of the metric of the d = 11 space in the form

1
Brh = ( ¢ 4 gay (X) + Rip*Ay (X) Ay (X) Rop?Ay (X)) i
Ryp?Ay (X) $* (X)

(52)
where g, (X) is the 10-dimensional metric, and R, is the
radius of the S' sphere.

The form of the metric (52) is the same as in the classi-
cal 5-dimensional Kaluza—Klein theory.

As is customary in finding classical vacuum configura-
tions, the values of the fermion fields are taken to be zero and
one considers the equations of the bosonic sector of N = 2,
d = 10 supergravity; these have the form™¢

9 R} 9
Ryn=-¢ 8McsaNU+2—“ exp (T 0)

1
X[FM'PFK""WgMN (FPQ)z]

+exp ( = % U) [HMPQHE-'Q = Tiz— 8mn (HPQR)Z]
"r% exp (—2* U) I:F:\IPQHFE\?QR*S% Emn (F%Qﬁs)z];

(53)
—36 O o+ 9exp (—% (r) (Fan)? Ry
— 8 exp (——% CF) (H pnp)®
-+ exp (;2- 0') (Fi;_‘\;pq)z =0 (54)

where

FI"INPQ = F.\I}\'PQ e 4RﬂA[nIH.VPQ]; HNPQ i a[ NBPQ]'

In addition, there are Maxwell equations for the fields
Apne s By, and 4,, analogous to Eq. (36) of d = 11 super-
gravity. The explicit form of these equations is not given
here, since they are satisfied identically for the considered
mechanism of spontaneous compactification.

It can be seen from Egs. (53) and (54) that for the
compactification of the six additional coordinates of N = 2,
d = 10 supergravity it is no longer sufficient to have just one
Freund-Rubin vacuum field (38), in contrast to the 11-di-
mensional theory. Itis also necessary for the field 4 ,, to have
nontrivial vacuum values on the compact space. This is due
to the fact that the equations of motion (54) of the scalar
field o require fulfillment of the following relation for the
vacuum values of 4,, and Ay, ({@) = (Bpy) =0):

(Fanrp)? + ORY (Fpyn)? =0. (55)

In Sec. 3, we pointed out the possibilities of spontaneous
compactification of 10-dimensional Einstein—-Maxwell the-
ory, which is a constituent part of nonchiral N =2,d = 10
supergravity. It can be seen from Egs. (53)-(55) that all
these possibilities are also realized in the complete N = 2,
d = 10 theory when F,y; » is chosen in the form (38) and

Fyy in the form
Faod =03 (Fammp = — -,%?; Camm’s (56)

where C,,,,,, " are the structure constants of the symmetry
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group K ® = G /H X H, (0is the index of H,), and p is a nu-
merical parameter whose range of values may be restricted
by the topology of K . At the same time, the relation (55)
determines the connection between the Freund-Rubin pa-
rameter m” and the parameter p?, which characterizes the
scale of compactification of the subspaces by the Abelian
field (56). Thus, the compact spaces K® listed in (12) are
solutions of nonchiral N =2, d = 10 supergravity. How-
ever, in contrast to d = 10 Einstein-Maxwell theory (see
Sec. 3), the considered variant of supergravity contains diffi-
culties associated with the formation of chiral fermions in
the 4-dimensional space, since there is no minimal interac-
tion of the field 4,, with the original spinor fields.

The properties of the known vacuum configurations of
N =2, d = 10 supergravity are given in Table II.

Connection between the d=11 and d= 10 vacuum
configurations

Since N = 2, d = 10 supergravity is obtained as a result
of reduction of d = 11 supergravity, and the solutions of the
d = 10 theory mentioned above arise as a result of a com-
bined compactification mechanism, including a Freund—
Rubin field and the Abelian gauge field 4,, (which appears
in d = 10 supergravity as a consequence of compactification
of one dimension into S* in the spirit of Kaluza and Klein), it
is natural to assume that all d = 10 vacuum solutions of such
type must be related to corresponding Freund—Rubin solu-
tions of the d = 11 theory.

A relationship was established in Refs. 5 and 47-50 and
takes the form that the vacuum configurations of d = 11 su-
pergravity corresponding to the d = 10 solutions can be rep-
resented in the form of fiber bundles K’ = P(K ©, §') with
base K®, structure group U(1) ~ 8", and a definite choice of
the connection in the fiber bundle corresponding to the vacu-
um solutions for the field 4, in the d = 10 theory (see Table
I). From the physical point of view, this means that sponta-
neous compactificationind = 11 supergravity canoccurina
sequence. In the first stage, an S' cycle is formed together
with the field 4,, (asin classical Kaluza-Klein theory), and
in the second stage the field 4 ,, together with the field 4 ,,y,
ensures compactification of the six additional dimensions.
Moreover, in the case of §7 and SU(3)/U(1), compactifica-
tion can occur in three stages. The first is as above; in the
second, 4,, ensures compactification of a two-dimensional
subspace into S* and the formation of gauge fields of the
SU(2) group of instanton type, which in the third stage en-
sure the compactification of a 4-dimensional subspace. Geo-
metrically, this means that K, in its turn, can be an associat-
ed fiber bundle E(K*, 5%, SU(2)) with base K*, fiber 52, and
structure group SU(2).

It must be emphasized that despite this correspondence
between the vacua of the two theories, the effective 4-dimen-
sional theories that result from compactification of the
d = 10 and 11 supergravities are different, since a conse-
quence of the reduction is that N = 2, d = 10 supergravity
does not contain the complete spectrum of fields of the
d = 11 theory. This difference is already manifested when
one studies the supersymmetries of the corresponding 4-di-
mensional theories.*>*

All the vacuum configurations of N = 2, d = 10 super-
gravity corresponding tod = 11 vacua with V> 1 supersym-
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TABLE II. Vacuum configurations of nonchiral N = 2, d = 10 supergravity.

Compact subspaces K® g:mofms::; Vacuum symmetry group
T8 (m2=0) N=8 Super-Poincaré X U (1)7
CP3=SU (4)/8U (3) x U (1) N=6 | 0OSp(4,6)xSU 4% XU )
K3 % T?(m2=0) N=4 Super-Poincaré X U (1)3
o L ol

Squashed SC;)P;)— Sp (2) x U(1) s L 08p (4, 1) X S0 (5) X U (1)

TS XU
SU @)U (1) X U’ (1) e
545 8 L SO>£36_2()1)><SU(5)><SU (2
82 852 % 82 N=0 |850(3,2)x8U@2PxU{)
0 (5)/ SO (3) X S0 (2) N=0 |80(3,2)x80(G)xU1)
CP2x 52 Ne.g |80 )23{,}2()1 )>< SU (3) % SU (2)
CY (m?=0) N=1 Super-Poincaré

metry and nonvanishing Freund—Rubin parameter (m2#£0)
contain two fewer supersymmetries (see Tables I and II).
For example, the vacuum configuration with K¢ = CP* cor-
responding to the “round” sphere 87 in d = 11 with N =8
supersymmetries possesses /N = 6 supersymmetry, and the
ground state with K°= CP?>xS? (associated with K’
=8U(3)xSU(2) xU(1)/SU'(2) xU'(1) xU”"(1) and
N = 2 supersymmetries) does not possess a supersymmetry
at all.

The number of supersymmetries preserved in d = 4 is
the same for the connected d = 11 and d = 10 vacua if the
d = 11 vacuum configurations have N = 1 supersymmetry
or if the compact subspace of the ground state is Ricci-flat
(m? =0) (Tables I and II).

6. TOWARDS A REALISTIC KALUZA-KLEIN THEORY

In the previous sections, we have considered mecha-
nisms of spontaneous compactification in Kaluza-Klein
theories (for example, N=1,d=11and N=2,d = 10 su-
pergravities) based on the “economy” principle, namely,
that the original theory should contain 2 minimum of non-
gravitational fields (in particular, gauge fields), so that it is
necessary to ensure the occurrence of a larger group of inter-
nal symmetries by a minimal number of gauge fields partici-
pating in the compactification. However, the discovery at
the end of 1984 of the cancellation of all anomalies in the
“modernized” N = 1, d = 10 supergravity interacting with
fields of N = 1 supersymmetry and Yang—-Mills fields of the
S0O(32) and E; X E; groups, and also in the theory of a type-
I superstring with gauge group SO(32) (Refs. 44 and 45)
(the low-energy limit of which is N = 1, d = 10 supergravity
+ S0(32) Yang-Mills), stimulated intensive study of these
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theories, which contain a large set of gauge fields, in the
framework of the Kaluza—Klein approach.

Since the group E; X E; cannot be a gauge group of a
type-I superstring,*” and N=1, d=10 supergravity

+ Eg XEg Yang-Mills is an anomaly-free quantum theory,

it was suggested that this theory is the low-energy limit of a
new string theory based on a bosonic string in d = 26.'%
Such a theory was constructed in Ref. 43 and is called the
heterotic (hybrid) string (mixture of a bosonic 26-dimen-
sional string and a fermionic 10-dimensional string).

The gauge fields that arise in such a theory as massless
vibrations of the string can transform only in accordance
with the groups SO(32) or E; XE;.

The main advantages of the SO(32) and E; X E; theor-
ies compared with the ones considered earlier are the follow-
ing:

1. There are good grounds for believing® that the type-I
superstring and the new heterotic strings with gauge groups
S0(32) and Eg X E; may be theories completely free of di-
vergences, i.e., mathematically consistent quantum theories
of gravitation.

2. The low-energy limits of these theories (N = 1,
d = 10 supergravity + SO(32) or E; XE, Yang-Mills)
contain a minimal interaction of Majorana-Weyl fermions
with gauge fields, and this, as noted above, may lead through
the connection-identification mechanism to the appearance
ind = 4 of chiral fermions; this, in its turn, indicates a possi-
bility of constructing a theory realistic from the phenomeno-
logical point of view.

Following Ref. 33, let us consider howin N=1,d = 10
supergravity interacting with EgXE; supersymmetric
Yang-Mills theory [there are grounds for believing that the
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gauge group Eq X E; is better suited to the phenomenology
than SO(32) ] spontaneous compactification leading to a re-
alistic effective d = 4 theory can take place. Note that in
considering such a theory we can abandon the “economy”
principle, since the original gauge group is large. Moreover,
one of the tasks is now the breaking of this group in such a
way that a realistic 4-dimensional grand unification theory
arises.

The supermultiplet composition of N =1, d = 10 su-
pergravity + Yang—Mills is as follows: (e§*”, ¥a, Bas A,
#), a gravitational supermultiplet (see Sec. 5); (45, ¥®), a
gauge supermultiplet (y® are Majorana-Weyl fields, and a
is the index of the adjoint representation of the gauge group,
identical in the case of the group E; X E; to the fundamental
representation).

As before, we shall assume that the compactification of
M is realized by fields of the bosonic sector, whose Lagran-
gian is chosen in the form

E Eil
Lo R L ptoupdy
_f?‘fbpi (tr Py P — (Rygyp)?)
3u2E | _ E¢-1
— 5 7 (Harwp) + o (R2— 4Ry yRMY),
(57
where H=H\npdX™AdX"ANdX* =dB — 0,y + w,,,
and w@;y =tr(AAF— { AAMAA), w,; =tr(wAR

— 4 @ AwAw) are Chern-Simons corrections to the intensi-
ty field B,y in the notation of differential forms.*

It is assumed that the Lagrangian (57) arises from con-
sideration of the low-energy limit of the heterotic string.** In
contrast to the Chapline—-Manton Lagrangian,* it contains
terms with higher derivatives of the gravitational field (of
the form R?), and in the general case this leads to the appear-
ance of fields of ghost states in the spectrum. However, in the
theory with the Lagrangian (57) this does not occur, since
the terms with higher derivatives occur in (57) in a definite
combination (Lz; =R%— 4Ry R ™ 4 RipysR 5
see Ref. 105). The presence of such terms in the Lagrangian
makes it possible to avoid the no-go theorem of Ref, 106
(which prevents realization of realistic spontaneous com-
pactification in the Chapline-Manton theory*) and to satis-
fy all the equations of motion that follow from the Lagran-
gian (57).%

The main requirements imposed on the compactified
vacuum configurations of the theory are the following:

1. Preservation of Lorentz invariance in the effective
d = 4 theory. As a consequence of this, M'° must compactify
into M' **X K °, where M" ** is a space-time with a maxi-
mal symmetry group (Minkowski space or de Sitter or anti-
de Sitter space).

2. The presence of N=1 supersymmetry in d =4
(since N = 1 supersymmetry can solve the problem of the
gauge hierarchy of masses).

3. The spectrum of fields in the d = 4 theory must be
realistic.

It is found that these requirements strongly restrict the
choice of possible vacuum configurations of the theory, since
the quantum numbers of the fields of the effective 4-dimen-
sional theory are determined by the topological characteris-
tics of the space K® and its symmetry group, and also by the
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vacuum values of the gauge fields of the group E; X E; de-
fined on K®.

The requirement of preservation of N =1 supersym-
metry ({(¢) =8, () =0) has the following consequences:

a) M'*? is Minkowski space;

b) K®is a Ricci-flat Kiihlerian manifold with holonomy
group SU(3) (Calabi—Yau space). For details of the Calabi—
Yau spaces, see Refs. 33 and 107. However, if requirement 2
is given up, the class of compact spaces K® is greatly ex-
tended. For example, it is possible to have compactification
into the spaces listed in Table II.

Requirement 3 (and, in particular, the existence of
chiral fermions) has the consequence that:

¢) the vacuum values of the gauge fields must be equal
to K® spin-connection coefficients that transform in accor-
dance with the group SU(3) (i.e., the mechanism of embed-
ding of the spin connection in the gauge connection must
operate):

(A%) = omey (= (I, p)),

and then one of the groups E; is broken down to Eq
(E¢ XSU(3) CEy), the chiral fermions form a 27-plet of
this group, and the number of generations of fermions in
such a theory is equal to half the Euler characteristic of the
space K® (N = |y (K ®)|/2).%

At the present time, a considerable number of Calabi—
Yau spaces are known; they include spaces with
N=y/2=1,2,3,4°'% The fields that transform in accor-
dance with representations of the other (unbroken) group
E; interact with the fields E¢ only through the gravitation
and form a “hidden” sector of the theory. This sector may
play an important part in the mechanism of spontaneous
breakdown of N = 1 supersymmetry.3*!!¢

A very important problem in the considered theory is to
find a mechanism of spontaneous breakdown of supersym-
metry that does not lead to the formation in the spontan-
eously broken phase of a large positive vacuum energy den-
sity, i.e., to the transformation of the space M'*? into de
Sitter space (a consequence that would contradict experi-
mental data).

Thus, the problem of the cosmological term still awaits
its solution in the Kaluza—Klein theory based on string the-
ory.

Searches for a realistic variant of supersymmetric Ka-
luza-Klein theory are continuing (see, for example, Ref.
108).

It should be emphasized that the compact vacuum con-
figurations considered in the present section are possible
ground states of the N =1, d = 10 supergravity 4 Yang—
Mills theory that arises from superstring theory in the limit
when the string “size”” tends to zero (a'—0). However, the
question of what is the ground state of the complete string
theory and why and how spontaneous compactification of
the additional dimensions occurs in it remains open. The
most promising approach to its solution appears to be the
effective string-action method proposed in Ref. 109.

CONCLUSIONS

We note in conclusion that in string theories too at-
tempts are being made to return to the traditional philoso-
phy of Kaluza and Klein, i.e., to take as a basis a multidimen-
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sional theory in which there are no original gauge fields. The
26-dimensional bosonic string is considered, for example, as
such a theory (Refs. 104, 110, and 111). One of the possible
variants is the theory of the heterotic string formulated in
26-dimensional space-time.** In such a theory, 16 dimen-
sions are compactified into a 16-dimensional torus 7'° and,
despite the fact that the symmetry group of 7"¢is Abelian,
gauge fields of the non-Abelian group SO(32) or E; XEg
arisein d = 10; this is a specific feature of the string theory of
Ref. 43 and is an example of a new mechanism of generation
of non-Abelian gauge symmetries radically different from
the Kaluza—Klein mechanism.

Duff, Nilsson, and Pope''? (see also Ref. 104) have sug-
gested that one should not stick to 26 dimensions but take as
a basis the theory of a closed bosonic string in a 506-dimen-
sional space-time. Such a theory will be consistent from the
quantum point of view if 496 dimensions are compactified
and form the group manifold of the SO(32) or Egz XE;
group.'™® As a result of such compactification, the bosonic
sector of the heterotic string arises in d = 10 dimensions. '"

It could also perhaps be the case that the additional
dimensions of the space-time in which the strings “live”
have a nature analogous to superspace harmonic coordi-
nates. 114,115

Which variant of the unified theory are we to choose?
We hope that the intensive investigations being made in the
field of Kaluza—Klein theories will provide the answer to
this question.

Our understanding of the problems touched upon in
this review is to a large degree due to collaboration with D.
V. Volkov, to whom we are deeply grateful. We are also
grateful toR. E. Kallosh, V. I. Ogievetskii, and V. N. Pervu-
shin for discussion and helpful remarks.

DThis mechanism was used earlier in Ref. 51 to study the influence of
gravitation on the topology of Yang—Mills fields.

?)As we have already noted, more general possibilities, when the space
M** " is not a direct product of subspaces”" or K" is noncompact, are
also studied.

Note that the condition of parallelizability is a generalization of the
condition of constancy of the vacuum values of the scalar fields in theor-
ies with spontaneously broken symmetry to the case of curved space—
time and tensor fields.

“But if G' D G, then the complete symmetry group of the Kaluza-Klein
vacuum that arises as a result of the first mechanism will be SO(3,
1) XG X N(G) and, as a result of the second, SO(3, 1) XG XN(H)
(where N(G) and N(H) are subgroups of G’ that commute with G or H,
respectively). Such a situation is realized, in particular, in the SO(32)
and Eq X E; superstring versions.
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