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The present status of the bag model—the composite quark model of hadrons—is reviewed. The
basic idea of the model is of quarks that move quasi-independently in a finite closed region of
space. The Dubna formulation of the model is given together with versions of it (MIT, chiral
model, and others). The most promising directions of development are identified. The parts
played by symmetry and physical principles are emphasized, a critical review of mass formulasis
given, and the relationship between the bag model and solitonlike models (in particular, the

Skyrme model) is considered.

INTRODUCTION

Since 1964, composite quark models of hadrons have
been developed at Dubna.!® The first studies and those that
followed them dealt basically with the formulation of the
symmetry and dynamical principles of quark models. The
introduction of quark color degrees of freedom, +* the formu-
lation of dynamical models of composite particles,”* the
proof of scaling of the asymptotic form factors in local field
theory,® and the quark counting rules® are the essence of the
most important results obtained during a decade of work by
N. N. Bogolyubov and his pupils in the field of high-energy
physics. This work had a direct influence on the creation in
1967 of the quark model of hadrons,”® which subsequently
became known as the bag model.

The basic postulate of the model is the dynamical as-
sumption that quasi-independent relativistic constituent
particles (quarks and gluons) move in a finite closed region
of space. Any relativistic model that contains this proposi-
tion may be called a variant of the bag model.

The attractive side of the bag model is above all the fact
that it gives a clear picture of hadrons and processes in which
they participate. Over an almost 20-year development the
model has not lost its significance. On the contrary, it can be
readily refined and enriched by new experimental and theo-
retical data on the nature of strong interactions and still re-
mains today an important tool for describing this domain of
elementary-particle interactions. The model also owes its
success to the simple practical calculations with it based on
approximate solution of the model.

In this review, we wish to characterize the logical devel-
opment of the model, its most important achievements, and
also some problems that arise in the description of the prop-
erties of hadrons and the justification of the model and its
structure. During the 20 years since its creation, a huge
amount of material has been accumulated, and therefore we
do not fear a considerable degree of overlap of our exposition
with the well-known reviews on the bag model.*'"” In partic-
ular, we shall devote more attention to the Dubna formula-
tion of the model, to the discussion of the correspondence
between the parameters of the model and QCD, to the de-
scription of the properties of nuclear matter, to questions
that go beyond the framework of the static approximation,
and to some other questions.

At the end of the forties and the beginning of the fifties
the development of cosmic-ray physics and experimental
techniques caused the number of detected elementary parti-
cles to begin to grow strongly. This fact was responsible for
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the development of composite models of elementary parti-
cles, among which one of the first was the Fermi-Yang mod-
el.'® A development of this model was the Markov-Sakata
model.'” This model was valuable in drawing the attention of
physicists to the use of the group SU(3) in the theory of
elementary particles, and it was thus a direct predecessor of
quark models.

The prediction and subsequent discovery in the indicat-
ed mass range of the {}~ particle made the symmetry ap-
proach the most attractive for hadron classification. The de-
velopment and deepening of these ideas made it possible to
abandon the assumption of true elementarity of the strongly
interacting particles, the hadrons, and to introduce new
structural objects—fractionally charged quarks. !

In this scheme, it is assumed that there exist several
species (flavors) of quarks (u, d, s,...) carrying the following
quantum numbers: electric charge ( + 2/3 or — 1/3), spin
projection ( 4+ 1/2) and isospin projection ( 4+ 1/2, 0),
strangeness ( + 1, 0), and baryon charge ( + 1/3). Mesons
are represented as quark—antiquark bound states (gg), and
baryons as bound states of three quarks (gqq). The corre-
sponding combinations of quarks completely reproduce the
dimensions of the lowest-lying observed mesons and bar-
yons:

qaz-.:ﬂ,z-_?v=‘l®8;
qua=3-3-3=1@8&8& 10.

Here, the symbol g =3 means that the quark wave function
transforms in accordance with the fundamental (three-di-
mensional) representation of the group SU,(3).

In the construction of the wave functions of baryons, a
fundamental difficulty arose—three-quark states symmetric
with respect to all variables (spatial, spin, unitary),
W = W peiy » Where P(ijk) is any permutation, reproduced
well the spectrum of ground states of the baryons but contra-
dicted the Pauli principle, one of the fundamental principles
of quantum theory.

To resolve this difficulty, Struminskii suggested* in Jan-
uary 1965 that the quarks have an additional degree of free-
dom; this was subsequently called color. Antisymmetriza-
tion of the baryon wave function with respect to the color
solved the problem:

1
\.IJ'“.k &3 V»-G Babuqriu. by ket

The final formulation of the new principle was completed in
publications of Dubna physicists working under the guid-
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ance of N. N. Bogolyubov."? Independently and almost si-
multaneously, Han and Nambu®® and Miyamoto?' also con-
cluded that quarks should be ascribed a new quantum
number. Because the quarks have color degrees of freedom
but there is the principle that only colorless states are ob-
served, the formation of many-quark hadron states differs
radically from the formation of nuclei from nucleons.

The Dubna studies'™ were among the first that posed
the problem of developing the dynamical principles for the
construction of quark models of hadrons. Relativistically in-
variant equations of motion for the constituent particles
were taken as the basis of the approach.

Among the other ideas that preceded the appearance of
the theory of quark bags, we should mention the hypothesis
of heavy quarks. By means of this assumption, which simu-
lates modern ideas about the complex vacuum structure of
quantum chromodynamics, the nonobservation of quarks in
the free state was explained. However, it was found to be
difficult dynamically to combine the assumption of a suffi-
ciently large quark mass with the values of the magnetic
moments of the baryons composed from the Dirac magnetic
moments e/2M, of the individual quarks. A mechanism for
increasing the magnetic moment of a quark in a bound state
was indicated in the pioneering work of Bogolyubov, Stru-
minskif, and Tavkhelidze." They noted that the magnetic
moment of a quark in a strong scalar field is determined by
the energy of the bound state, which plays the part of an
effective mass of the particle: u, ~e/2¢,>e/2M .

This result does not depend on the chosen form of the
scalar field. As was shown by Lipkin and Tavkhelidze,?* an
enhancement of the quark magnetic moment can be ob-
tained only when a scalar potential is used and is completely
absent for potentials with other transformation properties.*

The results mentioned above, obtained in the Dubna
studies, provided the basis for the development of a new di-
rection in elementary-particle physics that subsequently be-
came known as the quark bag model. Essential here was the
assumption of relativistic quasifree color SU,(3) quarks
moving in a scalar confinement potential that prevents the
escape of quarks to large distances. The “Dubna bag” model
was finally formulated in Ref. 7 (see also Ref. 8), in which
the far-reaching possibilities for applying the model to the
calculation of the static properties of elementary particles
were simultaneously demonstrated.

Before we pass from the prehistory to the main part of
our exposition, we make two further introductory com-
ments.

At the beginning of the seventies, the interest in quark
models receded somewhat. This pessimistic stage was due to
the absence of direct experimental proofs for the existence of
quarks despite the intensive investigations made in this di-
rection for almost ten years. A new stimulus to the develop-
ment of quark models was obtained after the discovery in
1974 of the J /4 particles, which were interpreted as bound
states of quarks with a new quantum number C called
charm.

To this period there belong the formulation of QCD and
the proof of its asymptotically free behavior at short dis-
tances,”** and also the formulation by the MIT group of
their variant of the hadron model*® (MIT bag).

At the first glance, it seems remarkable that for more
than a decade there have coexisted a formulation of QCD,
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which lays claim to being the theory of the strong interac-
tions, and a model of strong interactions. The explanation is
that methods of calculation are restricted to perturbation
theory and we have a poor understanding of the structure of
QCD at large distances, at which the quark confinement
forces are formed and the mechanism of spontaneous break-
ing of chiral symmetry works. A possibility to resolve these
problems rigorously would lead to construction of the had-
ron spectrum in the framework of theory. The models are
needed to fill the gap in our theoretical knowledge in the
domain of interactions at large distances. Perturbation the-
ory gives a description of strong-interaction physics at short
distances in agreement with the experimental data.

There exists an important method of analyzing high-
energy physics processes that does not rely directly on per-
turbation theory with respect to the coupling constant. This
is the sum-rule method®” developed in high-energy physics
by A. A. Logunov and his collaborators. This method has
been widely used in QCD,*® and its field of application has
also covered the static characteristics of the low-lying ha-
drons.?® The most important thing in this approach is that by
a comparison with experiment one can determine the values
of the vacuum condensates that characterize the ground-
state structure of QCD. This makes it possible to compare
the results obtained by the QCD sum-rule method with the
parameters employed in the bag model and must serve as a
further stimulus in the refinement of the model.*® (Here, we
should also mention the existence of the lattice approach to
the solution of the QCD equations®'; this method, which
does not rely on perturbation theory, is an alternative which
has been actively developed in recent years.)

The second remark relates to the principles that deter-
mine the development of the bag model. In listing them, we
characterize the structure of the present review.

The starting point of the evolution is the Dubna bag
model. It contains two basic elements—the characteristic
scale of confinement (the bag radius) of the relativistic
quarks and the SU;(N)®SU,(2)®SU_(3) symmetry
structure of the hadron systematics. The first direction is
associated with the attempt to use the model to describe the
complete set of experimental data in processes in which had-
rons participate. The second direction is also the global
problem of understanding by means of the bag model the
microscopic nature of nuclear forces. The inclusion in the
structure of the model of experimentally established symme-
try principles is the essence of the third direction. These
principles must include the gauge, relativistic, and chiral
symmetries. The fourth direction is associated with techni-
cal problems that arise in the model itself (the finding of a
solution of the model and calculation of its parameters). We
have here questions concerning the justification of the model
and the derivation of its relationship with QCD.

1. THE DUBNA BAG MODEL

In this part, we consider the symmetry and dynamical
principles of the Dubna bag model. Among the former we
include here the rules for constructing the wave functions of
the hadrons with respect to their internal quantum numbers,
and in the latter we include the choice of the equation of
motion. In the review, we shall basically have in mind the
case of the light u, d, and s quarks (unitary triplet).

The quarks are, in the first place, the carriers of the
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internal symmetry properties of the strong interactions. By
hypothesis, their wave function transforms in accordance
with the fundamental representation of the 33 group
SU,(3) X8U,(3) and the spinor representation SU,(2)
(the antiquarks g transform in accordance with the conju-
gate representations):

‘]_Aia =l aXihas
Qata=gqra =ty

(D

where y; is the spin function (i = 1,2), ¢, is the function in
the unitary space (4 = 1,2 (3 =n,)), and A, is the color
function (@ = 1,2,3). The quarks possess fractional electric
(e, = +2/3, e, =€, = —1/3, ¢ = —e¢,) and baryon
charges (B, = — B; =1/3).

The hadron wave functions are formed as combinations
of the quark wave functions (1) and are constructed in ac-
cordance with the laws for forming the elements of a repre-
sentation of the symmetry group that characterizes the spin,
unitary, and orbital degrees of freedom of the interacting
quarks.” The resulting states have the values of the quantum
numbers of the observed particles and, as noted in the Intro-
duction, completely reproduce the dimensions of the ground
states of the low-lying mesons and baryons: the nonets of
pseudoscalar (J® =07) and vector (J© =17) mesons
(B=0), and also the singlet (J°=1/2"), the octet (J*
=1/2"), and the decuplet (J* =3/2%) of baryons
(B—=11):

For the proton, for example, representation theory de-
termines the combination
P = ‘]_I[T €abe “1——; (Par, s¥ar, s+ Par, aXar, a) W (ry, T2, 1),

(2)
where W is the symmetric spatial part of the wave function

and y and ¢ are spin and unitary wave functions of mixed
symmetry*%:

Car, 5= —,‘—,: [(ud + du) u—2uud];
. Ve

(ud —du) u, etc.

Ivi]

1
Far, A T

The combination (2) has the quantum numbers
Q= +1,s=1/2,I=1/2, c = 0, which correspond to the
quantum numbers of the proton. Applying the standard
technique of lowering and raising operators for the spin and
isospin, one can obtain from the proton wave function the
remaining wave functions of the baryon octet (J* = 1/2*).

It is important to emphasize’ that the spin-isospin part
of the hadron wave function is constructed in the same way
as in the nonrelativistic model based on the group SU(6). It
is merely necessary to bear in mind that in the bag model we
are dealing with the total angular momenta of the quarks. As
will be seen below, the replacement of the nonrelativistic
Pauli spinors by Dirac spinors, proposed in Ref. 7, is impor-
tant for studying the effects of the breaking of the SU(6)
symmetry by the relativistic motion of the quarks.

The main dynamical postulate of the model of Ref. 7
was the assumption of a quasi-independent nature of the mo-
tion of relativistic quarks in a hadron. The single-particle
method of describing the quarks makes it possible to treat in
a unified manner not only systems consisting of two but also
a larger number of quarks (baryons, many-quark states).
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This principle makes it possible to avoid the serious difficul-
ties that arise when one attempts to treat many-particle sys-
tems on the basis of relativistically invariant equations. On
the other hand, it subsequently became the fundamental
principle in the construction of the spectroscopy of a huge
number of hadronic states. The assumption of independence
of the quarks was subsequently strengthened by the theoreti-
cally and experimentally discovered asymptotically free na-
ture of the motion of the quarks at short distances. However,
we do regard it as important to find the power-law correc-
tions that give the deviations from this hypothesis.

As the equation of motion determining the single-parti-
cle quark wave function, ¥ (x)exp( — iE?), the relativistic
Dirac equation with a scalar confinement potential was cho-
sen:

Y-+ M =V ()] ¥ BV,
o oLl @

In particular, for a confining potential in the form of a
spherically symmetric rectangular well (bag of radius R)

o, T >R
e e 4
we have as the solution for the nth mode of the quark wave
function (s wave, massless quarks)

Ja (1)

i (O'l') j\ (an}} :

Y, (x, t)= Nexp (—iw,i) ( 55
where the single-particle quark energies @, = x, /R are de-
termined from the boundary condition

Jo (.("NH) =T ((X}MR}- (6)

In the Introduction, we have already noted how a scalar
confinement potential, ensuring the mechanism of enhance-
ment of the quark magnetic moment, is unique as regards its
Lorentz structure. We give one further independent argu-
ment for this assertion.*>** If the confinement potential were
to be transformed as the fourth component of a 4-vector, a
Klein paradox would arise—the steeper the potential, the
more free quark-antiquark pairs would be created in the
exterior region of the hadron.

The Klein paradox does not occur for a scalar field.
Physically, the following picture arises. A quark of fairly
large mass M, that is in a bound state acquires an effective
mass m = — V, + M, €M,, where ¥, is the depth of the
well. The probability of finding the quark outside the well is
proportional to [¥|*> — exp[ — M(r — R)].Inthelimiting

1r— o
case M — «, m = const, a regime of absolute confinement of
the quark within the bag well occurs.

Asalready noted above, a fundamentally important fea-
ture of the model is the relativistic motion of the quarks. The
use of the Dirac wave functions also makes it possible to
clarify the nature of the relativistic corrections for the color,
weak, and electromagnetic quark currents.

We consider gauge interactions introduced minimally:

idy, — 18, +ed,;
id, — id,, + G/2vstl;

18, — i8,+ gAA%.
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The proton magnetic moment and the ratio g,/g, of
the axial to the vector weak coupling constant take the form

Bp= _2:_q oo+ L, 14

galgv=—5/3(1| 6,1,
where ¢, is the binding energy of the quark in the proton,
and 1/2¢, and L, denote the operators of the spin and orbi-
tal angular momenta, respectively. Taking the expectation

value for the state in which the z component of the quark
angular momentum is + 1/2,

AUTICIE SEADES S

we obtain

e

by =g, (1—8);

galgy = —(5/3) (1—28). (7

In these expressions, the parameter § [calculated with the
wave functions (5)],

8= (L, Ih = | dr¥ () LY (1) = 2L

#o— 1

-

characterizes the magnitude of the relativistic corrections to
the predictions of the naive relativistic SU g (6) model. For
massless quarks (x,=2.04) 6 =0.17, and for the ratio
g./gy this gives a correction of about 30%. The relativistic
corrections qualitatively improve the results of the
SUng (6) model.

Subsequently, the idea of using Dirac wave functions
that take into account the internal motions of the quarks in a
hadron was employed** to study the breaking of the SU ;. (6)
symmetry. These studies estimated, in particular, the decay
characteristics of radially excited states of charmonium and
other mesons with L = 1.

The only parameter of the model is the bag radius,
which is fixed, for example, by the proton mass. An interest-
ing prediction obtained in the Dubna model is the estimate
for the mass of the Roper state (M §P = 1470 MeV). As-
suming that this resonance is a bound state of a quark in a
radially excited state and two quarks in the ground state, and
that the radii are equal, R, = Ry, we have

Mp _ 2%+ — . B My ew=
My = 3u IR M,

1.567,

where %, = 5.396 is the energy of the radial excitation of the
quark. The agreement between the theoretical estimate of
the mass and the experimental value was one of the most
remarkable results of this model.

The discovery in the second half of the seventies of the
J /¢ and Y families of particles led to a mass of studies on
quarkonium spectroscopy.*® For the description of a two-
particle system of heavy quarks, one mainly used a Schro-
dinger equation with a potential that confined the quarks at
large distances and took into account exactly the QCD inter-
action at short distances.’’

However, it can be shown that in composite particles in
which the confinement forces are decisive the corrections in
(v/c)? to the energy levels of the excited states may be very
appreciable. In this respect, the results obtained on the basis
of the Dubna bag model are more definite. The model was
successfully applied to the description of the vector mesons
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(p, J /4, D, Y, and others).* The phenomenological poten-
tial used in the Dirac equation was

V(r) = — a/r -+ br,

(where @, is the running coupling constant ), whichis a com-
bination of a linear scalar term responsible for the confine-
ment of the quarks in the hadron and a Coulomb term corre-
sponding to allowance for quark interaction by one-gluon
exchange.

For the description of the quarkonium states, the hy-
pothesis that the potential is independent of the quark flavor
was advanced.** This resulted in satisfactory agreement
between the calculations and the experimental data on the
energy spectrum of the vector mesons (p, J /¢, D, Y, and
others) using only two potential parameters and the quark
masses m, = My, M, M., M.

To conclude this section, we must also mention that in
the work of the Dubna group'~ the main principle underly-
ing the construction of the composite models of elementary
particles is the relativistically covariant approach (Dirac
equation with a factorized potential,>* the Logunov-Tavk-
helidze relativistic quasipotential equation®). In this con-
nection, the semirelativistic nature of the model of quasi-
independent quarks was noted at that time, and the problem
was posed of taking into account within this model the mo-
tion of the composite particle as a whole and the construc-
tion of relativistically covariant local currents of composite
particles.*

Therefore, the logically next step in the development of
the model, which began with the work of the MIT group,**!
was associated with the construction of relativistically invar-
iant forms of the bag model. We shall be concerned with a
class of such models in the following section.

The solution to the problem of constructing relativisti-
cally covariant local currents in such models proved to be a
more subtle matter. It has been solved at the semiclassical
level only recently.** A section in which we discuss correc-
tions due to the recoil effect will be devoted to this question.

2.SYMMETRY PRINCIPLES IN THE BAG MODEL
A.Conservation laws

Symmetry principles play a fundamental role in the
construction of physical theories. Fundamental in the phys-
ics of elementary particles is the assumption of relativistic
invariance of the theory. A large body of experimental mate-
rial indicates that in strong-interaction processes conserva-
tion laws hold with a high degree of accuracy for the baryon
number and flavor, and chiral SU(3) symmetry and a num-
ber of other internal symmetries are manifested. It is there-
fore necessary to include these principles in the formulation
of the bag model. This problem determined the further de-
velopment of the model. From the phenomenological point
of view, the establishment of each symmetry principle in the
model leads to the introduction of either a new field or new
parameters.

Symmetry principles can be most conveniently treated
in the Lagrangian formulation of ficld theory. We consider a
possible field-theoretical formulation of the model in which
the quarks, as in the Dubna variant, can move freely in a
finite region of space:
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- 5 #2 (z) [i0—m] ¥ (). (8)

Bag

We verify the fulfillment of the conservation laws corre-
sponding to global transformations of the space-time sym-

metry:
z—>2 = Az +a); Y-V =8SA)Y ) (9)

and the internal symmetries:

J
¥ (z) - W' (2) =exp (—i6]) ¥ (x);
¥, (z) > Yy(z)=exp(—i0 ) ¥, (z), A=1, ..., Np (10)
Y. (2) > Y (2) =exp(—i8,TH ¥ (x), a=1, ..., Ni—1;
W, (x) = Yo (2) =exp (—1i0,T%;) Yo (2), a=1, ..., Ni—1.
I
Using the Lagrangian (8) and Noether’s theorem, we write invariant condition
d ies: o -
own the currents of the symmetries G (FY, n,Fy¥)—0, (143

1% — L F () 0, ¥ (2) — - 0,7 (2) ¥ (2);
1

()4 =T2 (2) Y3 (2), A=1, .. (11)

Vi =T (@) v (T%)45 Y (2);
Alt == g (2) 45 (T) a0 Y2 (2)-

i3 Nj;

In the model with the Lagrangian (8), all currents have
a discontinuity on the bag surface. Therefore, in order to
restore the condition of continuity of the currents on the bag
surface it is necessary to introduce compensating terms in
some manner.

B. Relativistically invariant formulations of the bag model

The most popular formulation in which the problem of
constructing a Poincaré-invariant model of hadrons is
solved is the variant proposed by the MIT group,*®

L= | @7 (@) liy#d,—m] ¥ () — B},
}f?lg

(12)
My = o (Tyrd ¥ — 3, Tyh ) = j#|,, = Bnb.

Here, n* is the 4-vector of the outer normal to the surface.
Thus, it is here assumed that the potential energy of the field
that ensures the quark confinement is proportional to the
volume of the bag, i.e., the volume of the region of motion of
the quarks. Using geometrical arguments, one can also as-
sume that this energy is partly or fully due to surface-tension
forces of the bag.*>**

In the model (12), one can choose relativistic equations
of motion and boundary conditions for which the additional
physical requirement of quark confinement is satisfied:

i'\?ﬂ-nu"{”s:qfls_ (13)

We have already described one way of deriving the equa-
tions. It reduces to considering the limit in which the mass of
a quark outside the bag becomes infinitely large.” It was in
this manner that the correct confinement boundary condi-
tions were obtained in the work of the MIT group.

We present a different derivation,*’ which is more tradi-
tional for the derivation of equations of motion by means of
variational principles. In Ref. 45, it was suggested that the
equations of motion of the bag model should be sought by
varying the action subject to the subsidiary relativistically
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which is determined by the quark confinement requirement

Y| = — - [0, Ppp0"¥ — (0" F) n, y+¥] |, — BnY =O0.
(15)
The variational problem (14)-(15) with a moving
boundary arises*’; it is assumed in this problem that the vari-

ation of the field depends on the variation of the boundary.
As a result, we obtain the equations of the bag model:

G=VYV,;

(i0 —m) ¥ = 0; in the bag (16)
inty, ¥ =¥,  on the boundary|

{ inuau (ITHI}) = 2B.0fthe bag J

Aswasshown in Ref. 47, to obtain the correct equations
the usual variational principle can be applied to the action
function

S = | d (0o @ (¥ @ livd — mI¥ (@) —B)

1 Apug (FW)), R
where
1 in the bag,
B 4 =
pag (%) { 0 outside the bag,

and A, is the surface § function of the bag.

Thus, in the MIT model the quarks move within the
hadron freely. On the bag, boundary conditions are satisfied
that ensure continuity of the quark density V¥ and absence
of a quark energy flux through the bag surface. These condi-
tions guarantee invariance of the classical bag theory® with
respect to transformations of the Poincaré group.

The sharp boundary separating the region of free mo-
tion of the quarks from the outer region in which their mo-
tion is forbidden is a three-dimensional surface in a four-
dimensional space. This surface is parametrized by infinitely
many dynamical degrees of freedom, which, by virtue of the
boundary conditions (17), are not independent but are func-
tionals of the quark fields.

In the adiabatic approximation (to be discussed be-
low), the MIT model with a sharp boundary reduces to a
potential model with an infinitely deep spherically symmet-
ric well. This approximation is a special case of the Dubna
bag model."’
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For numerous reasons, a sharp boundary of the bag is a
physically unsatisfactory approximation. For example, the
nucleon form factors become negative**** at momentum
transfers g2 1/R?, and a too large Casimir effect arises in
the bag.”® Taken together, these facts indicate that the MIT
model is invalid in processes in which the influence of the
boundary on the results is not small.

To overcome these difficulties, we proposed®! a relativ-
istic model that generalizes the Dubna bag model.” The ac-
tion proposed for the model was the functional

i'z
8, :!5 dt

{S dr[ TV —U (g}, ) vv]- { dy (r) B} .
1 W
(18)

Here, U({g}, x) is a scalar function characterized by a set of
parameters {g} and possessing the property

U{g}. 2)

—r 00,

(19)

t fixed

The term fdy (r) B is the potential energy needed to en-
sure energy stability of the system. The measure u(r) is a
given functional of U({g}, x) with the asymptotic behavior

——— 0(=).

t fixed

p(U, x) (20)

The parameters {g} determine the geometry of the bag sur-
face. The MIT variant of the model is obtained with the
choice

: | Mg in the bag,
U ({g}, -T)#I co outside the bag, (21)
0 U= co,
p(U,g):{ 1 U=m<oo

The dynamical parameters of the model determined by the
action S, are the quark field ¥ and the set of parameters {g},
which determine the dynamics of the geometrical degrees of
freedom of the bag. Assuming that the variations of the field
V¥ are independent of the variation of the parameters {g}, we
obtain the equations of motion

[i0—U] ¥ (2) =0, )
Ty e I
f fixed I} (22)
dp  oU
fdr—-‘wmegd |

In Ref. 51, a specific realization of the model (18)—(19)
was considered, a solution of it was found in the adiabatic
approximation,

U —

dp (x) —B(g.r—E) Az, v, (23)
and it was shown that “softening” of the confinement in this
manner leads to a finite contribution of the sea of quarks to
the nucleon structure functions. Investigation of the scatter-
ing characteristics at g*~ 1/R* must give more detailed in-
formation about the form of the function U, i.e., about the
dependence of the size of the confinement region on the in-
ternal state of the quarks within a hadron.

Some other relativistically invariant formulations of the
bag model are known,**"** for example, a hadron model with
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surface tension* and the Salam-Strathdee model.’>** The
topological (spatial) aspects of models of extended objects
of bag type can be found in Ref. 54.

Thus, relativistically invariant bag models can be con-
structed in different ways. In particular, there is consider-
able uncertainty relating to the specification of the geometri-
cal properties of the bag itself (the confinement properties).
Moreover, the choice of a preferred model by comparison
with experiment is limited by the serious computational dif-
ficulties that arise. Therefore in each model one can obtain
only a number of estimates. In this sense, the most advanced
variant of the bag model is the MIT bag.

In the standard formulations of the model, the electro-
magnetic current in the configuration space, for example, is
represented by a sum of single-particle operators of the indi-
vidual quarks. As was noted in the Introduction, this inde-
pendence is approximate. Using the ideas of the quasipoten-
tial approach,® Gerasimov proposed a formulation of the
model®® in which the behavior of the quarks has an essential
dependence on the quantum numbers and behavior of the
neighboring quarks. In this theory, the quark velocities are
not assumed to be small but the energy functional has a qua-
sinonrelativistic form:

»

W= /IF'” Ll' 2 q:l {521 - p"_E_l:nl ” 2] s(r”):l
=i
H[ ’tV Z Vo (r,,)‘| } W—A Z Vo (r:s) ‘yp:ﬂ
j==i i<j
(24)

The quasipotentials ¥, and ¥, of the universal g7 interaction
are determined in the framework of the bag model. Thus, an
attempt is made here to use the achievements of the nonrela-
tivistic models and the advantages of the relativistic treat-
ment.

C.Color symmetry

Quarks are objects with color [SU_(3) triplets]. Their
interaction with the Yang—Mills gauge field is introduced
minimally: id, —id, + gA ;A “. From the variational princi-
ple, we obtain the boundary condition

nuFllvlaZO' (25)

which guarantees the absence of a color flux into the exterior
region in accordance with the principle of color neutrality of
the hadrons. A color singlet in the bag can be formed from
purely gluonic states. Such particles are usually called glue-
balls.”’

The color degrees of freedom play a key role in many-
quark systems.*® The wave function of such systems is repre-
sented in the form of an expansion with respect to a complete
system of more elementary states, among which there exist
components with “hidden color”:

1@
#=(308B0={ gqg

i.e., in such a state the color of any of its parts is compensated
(*“‘covered”) by the color of the remaining part. In recent
years, such states have attracted interest in connection with
the problem of taking into account the quark degrees of free-
dom in the description of the structure of nuclei and their
interactions at short distances.*
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Thus, the color symmetry is taken into account rigor-
ously in the bag model, the boundary conditions ensure dy-
namical fulfillment of confinement, and the color degrees of
freedom must be taken into account in constructing the had-
ron spectroscopy.

D. Chiral-invariant bag models

A new stimulus to the development of the bag model
came after studies were made of the chiral symmetry in the
model. The chiral symmetry of the strong interactions is one
of the symmetries that has been established experimentally
most accurately. It is assumed that in the limit of massless
pions the axial current is conserved and there exists the alge-
bra of vector and axial currents corresponding to the sym-
metry SU(2) XSU(2). The effects of the partial conserva-
tion of the axial current (PCAC) are attributed to the
nonzero (but small) pion mass. The PCAC hypothesis has
been confirmed by numerous experiments, and there are no
facts which contradict it.*

All this shows the importance of considering the princi-
ple of chiral symmetry in the bag model. In Refs. 61 and 62 it
was pointed out for the first time that the axial current is not
conserved in the formulation of the MIT bag model. The
reason for this is that the quark confinement in the model is
realized by a scalar field (the bag is an object with a scalar
nature). This can be interpreted as an effective quark mass
that depends on the distance to the center of the bag. It is
well known that mass terms explicitly break the symmetry
between the left and right components of the spinors:

¥, —exp (ityse) ¥ W — exp (ity;e) Ya. (26)

With this transformation there is associated in the model
(16) the axial current

A" (@) =T (2) s ¥ (@) O,
whose divergence is proportional to the surface 4 function:

3, A" (1) = —i¥ (2) 5 ¥ () A

To restore the chiral symmetry, it was proposed in Ref.
61 that on the bag surface the quark degrees of freedom
should be coupled to the exterior pion field:

Ly = — ¥ (2) (0 (1) +itnys) ¥ (2) A, n= (0> )72
(27)

Subsequently, interest in such hybrid models was re-
vived in connection with attempts to explain internucleon
forces on the basis of the bag model. In such models, the pion
is treated as a Goldstone boson, and in the considered ap-
proximation its internal structure is completely ignored.
Such a situation leaves one somewhat dissatisfied, since in
the bag model the pion is regarded as a bound state of quarks
moving in a cavity on an equal footing with other particles. It
must be pointed out that up to the present day we still do not
have an unambiguous dynamical treatment of the pion in the
bag model, and nor do we have a complete understanding of
the part played by the pion in nucleon structure.

Chiral symmetry can be realized in the bag model in
infinitely many ways. The problem consists of finding solu-
tions of such models and establishing the correspondence
between these solutions and the description of the hadron
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world. A detailed exposition of different approaches based
on the hybrid models can be found in the review of Ref. 14.
Here, we can only dwell briefly on some aspects.

In 1979, Brown and Rho published a paper® with con-
clusions that revived interest in the problem. They consid-
ered a two-phase system in which the pion field exists only
outside the bag. Chiral symmetry is realized nonlinearly:

n=§ + B2 o= 1 + g2/,

Among the qualitative results obtained in Ref. 63, one of the
most impressive was the reduction of the bag radius to 0.3 F.
This generated the hope that the nucleon core might be inter-
preted as a quark bag.

However, the problems that arise in such a treatment
are more serious. The interaction of the bag with the pions
was found to be too strong, and the bag itself was unstable
with respect to collapse.®* Attempts were made to stabilize
the bag by taking into account as well its coupling to the
mesons.®® In addition, the significant reduction of the bag
radius was due to the application of nonperturbative calcula-
tions. This strongly distorted the quantitative successes in
the description of hadrons obtained in the MIT model.

Later, Jaffe®® and Musakhanov®’ concluded that the
pion field must be described in the long-wave approximation
if the MIT results are not to be strongly changed. To this
end, a nonlinear realization was chosen in the form

a— [@sin (|O|/f), where o*+n2=f2, |
o feos(|OI/f), |®| =Y T2, O=d/|0|.

The expansion parameter in this model, which deter-
mines the degree of interaction of the pion field with the bag,

e = ga/@BnfrR?)

takes a value £~0.2 at R~1 F and £~2 at R~0.3 F. This
model not only preserves the main MIT results; the pion
contribution also makes a perturbation-theory contribution
to the N-A mass splitting and, in addition, the numerical
values of the magnetic moments of the proton, neutron, and
A particle are improved.®®

In the model of Ref. 66, the pions are coupled to the bag
on its surface and do not penetrate into the interior. The
contribution of these surface pions to the axial current in-
creased by 1.5 times the value of the constant g, compared
with the satisfactory result of the bag model.*! The calcula-
tions of the higher corrections in the pion interaction made
this situation still worse.

To overcome this obstacle, it was proposed in Refs. 69—
71 that pions should be considered in the complete region of
space, including the bag interior. Then the chiral-invariant
Lagrangian of the bag model takes the form

Legpar =(1ﬁ é‘i"—— B) 6y — —;— ﬁ‘PAS - % (Gp,(D)z

1 i

— = miD2— o Yyt P DA,. (28)

2

Allowance is here already made for the fact that the
treatment is given in the long-wave approximation, i.e., only
the terms linear in ® are retained in the interaction, and the
breaking of the chiral symmetry is due to the nonzero mass
of the pion. From the point of view of QCD, the penetration
of the pion field into the bag can be treated as a condition of

P. N. Bogolyubov and A. E. Dorokhov 397



correlation within the bag of the quark-antiquark pairs with
the pion quantum numbers.

The quark and pion fields are treated quantum me-
chanically. The bag surface is assumed to be a static classical
sphere of radius R. The main technical difficulty in the mod-
el is to prove rapid convergence of the perturbation series in
the quark—pion interaction and that, accordingly, the lowest
orders of perturbation theory give the main contributions.
One can, in fact, obtain on the one hand results for the static
properties of the hadrons that do not differ too strongly from
the standard results,”® and, on the other, describe the 7N and
NN scattering processes.”! Moreover, one can construct the
total chiral-invariant Lagrangian in such a way that it en-
ables one to obtain the basic results of current algebra for
low-energy pion scattering and generalize the well-known
Weinberg Lagrangian.”

In 1983, after the publication of Witten’s paper,* inter-
est in the Skyrme model™ as a model of baryons was reani-
mated. The Skyrme Lagrangian corresponding to the chiral
SU(2) xSU(2) group has the form

L= = ATr (L4 =4 oTr (L, LI, (29)
where L, = U*3,U,
U = exp {fz' [0 (z) + it (@)1}

/= is the pion decay constant, £ is a parameter of the model, o
is the scalar meson field, and 7 is the triplet Goldstone boson
(pion) field. Witten showed, in particular, that the effective
Lagrangian (29) arises in the leading order of the 1/N, ex-
pansion of QCD. The Lagrangian (29) contains only effec-
tive Bose (meson) fields. The model has a soliton solution,
the skyrmion

UtU =1;  (30)

U (r) = exp livd (1), (31)

whose topological charge is identified with the baryon
charge. In Ref. 75, it was argued that in the limit of large N,
the mass of the Skyrme baryon is proportional to N, and in
the tree approximation for the Lagrangian (29) the validity
of the low-energy theorems of current algebra was estab-
lished. Thus, two opposite approaches to the description of
baryons began to coexist: the quark bag containing three
(almost massless) quarks and the skyrmion, determined
solely by effective boson fields and making no explicit appeal
to quark degrees of freedom. Moreover, both approaches
described the region of low-energy physics.

Very soon after this a phenomenon was discovered’®
that made it possible to combine the two approaches and
raise the question of the reasons for this unexpected agree-
ment. Under fairly general assumptions, it was found that in
the bag model with boundary conditions on a sphere

n MY = oxp (inty;0 (R)) ¥, (32)

which guarantee chiral invariance of the model, the baryon
charge for 6 0 is not completely concentrated within the
bag:

By —1——-[0 (R)— sin 20(R)]. (33)

There is a leakage of baryon charge from the bag. Polariza-
tion of the negative Dirac sea within the bag is considered as
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a cause of this. For @ 50, #/2, 7 the boundary conditions
violate the CP symmetry between the positive and negative
energy spectra of the quarks. Because of this, the negative
sea disappears on the transition 8: 0— 7. This phenomenon is
due to the anomaly in the baryon current associated with the
boundary conditions for the time-dependent chiral angle 6.
At the same time, the baryon current ceases to be con-
served.””"?

It was then noted® that the lack of baryon charge can be
identified with a skyrmion emerging through the bag. In-
deed, the solution (31) of the model (29) carries the baryon
charge

Bnut:%l:o (R)_%sin 28(1{’)] (34)

and, thus, the total charge is B,,, = B,, + B,,, = 1.

On the other hand, the leakage of the baryon charge
must obviously be accompanied by leakage of other charges
(electric charge, magnetic moment, axial charge). The skyr-
mion must compensate the leakage, and in the limit of zero
bag radius it must determine the total charges. If one as-
sumes in addition that on variation of R, which separates the
region of the bag and the Skyrme solution, the charge g ,, for
example, remains fixed, then it can be shown that the other
physical quantities (energy, magnetic moment, charge radi-
us) vary weakly with R. Thus, R is not fixed in this picture.

Rho® assumed that R can be determined solely by a
process in which a baryon participates. This could explain
qualitatively why the pion degrees of freedom behave quite
differently in different processes. They dominate in the de-
scription of the electrodecay of the deuteron, an axial transi-
tion, the magnetic form factor of *He, and elsewhere. How-
ever, in processes in which the asymptotically free behavior
of the quarks is decisive, the pion degrees of freedom can be
hardly noticed. In other words, in some processes the bag is
small, in others large. In such a picture, the skyrmion and
the bag represent two limiting QCD regimes, and the radius
R is an arbitrary scale parameter that determines the physics
of the phenomenon in an optimal manner. However, the na-
ture of the regulation of R remains obscure.

3.MASS FORMULAS OF THE BAG MODEL

In the previous section, methods were developed for
constructing different formulations of the bag model invar-
iant with respect to the relativistic and internal symmetries.
Neither at the quantum nor the classical levels is it possible
to solve the corresponding equations of motion exactly.
Therefore, the success of the model depends on the choice of
the zeroth approximation of the theory.

It is generally assumed”***? that the static properties of
the hadrons are basically determined by a system of nonin-
teracting quarks moving in a bag, and that their interaction
at short distances can be regarded as a weak “residual”’ inter-
action that can be taken into account by perturbative meth-
ods.

Even such a problem is unsolvable, owing to the essen-
tially nonlinear coupling that determines the dynamics of
the bag surface through the quark fields. (The classical
equations of motion of the model have been solved only in
two-dimensional space-time.?®) It is necessary to introduce
further simplifying but not readily controllable assump-
tions. *** The most widely used approximation is that of a
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static cavity.® In the static approximation, a spherically
symmetric cavity of radius R is the stable form of the bag
surface.*

In this case, the equations of the bag model (16) take
the form

fvo—m)¥ =0 (35)
within the sphere, while on its surface

—iyn¥ =¥, (36)

—ny (FY¥) = 2B. (37)

Then, as is well known,® the general solution of the
Dirac equation in a spherically symmetric field has the form

LY (l'! i) i I%m athmqrnJlm (l‘) exp (“ﬂ isnlt), (38)
where
IP-nJIm (l‘) = (
1+1'=27;

I (€n?) L () ) )
igl' (S'n.’.r)g.ﬂ’m (l’l) !
oninm o Qn!'m-

The explicit form of the functions f(7) and g(r) is found
by solving the radial Dirac equation with the boundary con-
dition (36). If the left-hand side of the boundary condition
(37) is to be independent of the time and angles, the quark
field must be represented by one fixed mode @, with J = 1.

We give the form of the quark wave function with total
angular momentum J = i:

TR wir
o WO R ) U
Y, (r) = —= i
] "/',/4_—1 ]/‘ Dp— m]' ( xflr ) U (0;‘)
o 1 m
\ Wy R /

where N7 *=R%*3 (%) [20,(@, —1/R) + m/R |/
[@, (@, —m)], and

(39)

P

s Wy + Kl
)/ Setn g (X
Np Wy R

) cr;'Um

Yt =——= s g » (40)
¥ 4n On—m | u,’;’r -
V On ]U ( .R ) Lm
where N 2=R%(x8)[20,(®, + 1/R) + m/R |/

[@, (@, —m)].
Here, U, is the two-component spinor corresponding
to the projection of the angular momentum onto the quanti-

zation axis z, and @, is the single-particle energy of a quark
with mass m:

0, = (m* + w5/R)V2, (41)

The solutions ¥, and ¥, correspond to states with dif-
ferent parities (s: k = — 1; p:k = 1). The boundary condi-
tion (36) determines the rule for quantization of the energy
values:

e
W, —m

iy (x) = 1/ &

Oy —

ol —m
i (o) = —1/ sl B (43)
wh +4-m

The numerical values of the solutions of these equations
for m =0 are »} = 2.04, »% = 3,84, x5 = 5.40, etc.

jo (%3)3 (42)
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We assume that in the hadron ground state all the
quarks are in the lowest s state. Then in the approximation of
a static cavity, the energy of such a state takes the form

4n

Enag =% + B & RO 4 By (R). (44)

The condition of pressure balance (37) on the bag sur-
face reduces to minimization of the total energy of the had-

ron with respect to the bag radius R (for fixed value of the
“external” pressure B):

0Ep,g/dR =0. (45)

The relations (38)-(44) represent the solution of the
equations of the MIT bag model in the approximation of a
static cavity. The solution (38)—(40) and the conditions of
quantization (42) and (43) of the Dirac modes are identical
to the solutions (5) and (6) of the Dubna bag model.”®

In the original model, without inclusion of additional
types of interaction between the quarks, one could only esti-
mate the centroid characteristics of the energy spectrum of
the mesons and baryons and estimate the static properties of
the hadrons. As was noted earlier,” such estimates give satis-
factory results if one takes the bag radius to be R~ 1 F(B'*
~140 MeV). To describe the energy spectrum of all the ha-
drons and their static properties, it is necessary to introduce
an interaction between the quarks, which generates a struc-
ture of the spectrum.

It is usually assumed that the splitting between the had-
ron multiplets is due to processes of one-gluon exchange be-
tween the quarks within the bag.

The quarks within the bag, as color-charged particles,
are sources of color electric and magnetic fields. Within the
bag, these fields satisfy the Maxwell equations

curl Bf =jf; divBi{=0;

: (46)
div Ef = j& curl Ef =0,

where j% = g¥,7#A *¥, is the color current of the quarks,
and on the bag surface the fields satisfy the boundary condi-
tions
;(EE?):O, ;X(SB?):O. (47)

The boundary conditions guarantee that there is no es-
cape of the color-electric field from the bag. The form of the
boundary conditions enables us to regard the vacuum within
the bag as a perfect color insulator (see below).

The contribution to the hadron energy due to the
quark—quark one-gluon interaction is determined by the
expression

8
AE,=a, ) % S dx [E°E* — B°B"] = AEE 4+ AE}. (48)
a=1

In the considered order of perturbation theory, diagrams of
two types contribute; they are an exchange diagram (a) and
a self-energy diagram (b):

=Lk

While the exchange diagrams can be calculated exactly,
some assumptions are made about the self-energy diagrams.
It is usually assumed that the diagrams (b) in some manner

a ot e e
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renormalize the quark masses, which, generally speaking,
are parameters of the model. However, some of the self-ener-
gy contributions must be kept in order to guarantee fulfill-
ment of the boundary conditions. Indeed, for a color-electric
field having radial direction the boundary condition can be
satisfied only for color-singlet states:3,4 ¢ = 0. For states
that are a combination of identical quarks, the contribution
to the energy of the color-electric field is zero, AEF = 0, and
for different quarks it does not exceed 5 MeV.

The color-magnetic interaction of the quarks has a
more important influence on the formation of the spectrum
of ground states. The magnetic field B? of each quark satis-
fies the bag-model boundary condition (47), and therefore,
to describe its contribution to the energy, one uses the for-
mula

8
Bi'=—a, 3+ | axBiB

a={i<j

8
3 3
el ;s 2 Z\' 0‘!.1)(0 u
a=1i<j

X]F(m-,-, m_,‘, H)r = N

%)
(49)

On the transition to the final row, we have taken here the
expectation value for the color-singlet state (% = 1 for bar-
yons and % = 2 for mesons); M (m;,m;,R) is the integral
over the wave functions of the quarks.

The non-Abelian structure of the theory is manifested
in the identity of the signs of the forces for both baryons and
mesons. The expression (49) determines the contribution of
the color-magnetic forces to the hadron mass.

The most important aspect of the application of the bag
model in the static approximation to the description of the
hadron spectrum is the choice of the mass formula (44). In
the MIT version of the model, the mass formula was given by
the expression

0 (\ njo (mi, R) i 3 %y Ju

z (50)

flav

The first term in (50) is the kinetic energy of the
N = Zn; quarks confined in the bag of radius R, and the w
are the eigenvalues of the solutions of the Dirac equation in
the cavity. By hypothesis, the second term determines the
(volume) energy needed to create the confining potential.
The constant B characterizes the degree of disruption of the
physical vacuum within the bag. In the papers of the MIT
group, it was assumed that the quarks within the bag interact
in accordance with perturbation theory with the stron g cou-
pling constant @, and that the physical vacuum within the
bag is completely destroyed. The term — Z, /R contains
contributions identified with the energy of “‘zero-point vi-
brations,” a correction due to the center-of-mass motion,
and other possible contributions.

The quantities B, Z,,, &, , and m, were obtained by com-
parison with the experimental masses of the A Q andw
particles. The bag radius is fixed by the balance condition
(45). The constant B determines the energy scale of the had-
ron masses, & is responsible for obtaining the correct split-
ting between the hadron multiplets (the N-A splitting), the
parameters N, (the number of quarks) and Z, characterize

400 Sov. J. Part. Nucl. 18 (5), Sept.—Oct. 1987

the choice of scale of the meson and baryon masses, and,
finally, the quark masses m,,,m,,m, determine the electro-
magnetic mass splitting in the isospin multiplets and the
mass difference of the strange and nonstrange hadrons. The
values obtained in Ref. 41 were

BY4 = {45 MeV, Z, =484, o, =22,

(51)
ms = 279 MeV  for my =my =0

or
BY* =125 MeV, Z, = 1.95,
mg = 353 MeV for

a, = 3,0,

m, = mg = 108 MeV.

Except for the pion, the predictions for the masses of the
ground states of the other hadrons agree reasonably well -
with experiment. An analogous procedure, containing new
model assumptions that made it possible to reduce the num-
ber of independent parameters of the model, was carried out
in Ref. 86, which used the mass formula

M%iaﬂr=E2bag“‘ Z n; (%)2 B ‘%: 0,

i

(32)

which makes it possible to take into account explicitly the
contribution of the center-of-mass motion of the quarks to
the bag energy.*"*® The following values of the parameters
were obtained by comparison with experiment:

BYY = 228 MeV, Z,= 233, o, = 0.96,
s = 288 MeV, m, = my; = 0.

(53)

In Ref. 86, Z, behaved like a color-electric energy, a, was
assumed to be the running coupling constant, and B was
calculated in accordance with the QCD-vacuum model of
Ref. 89.

Great efforts were then made to calculate the param-
eters of the model and compare their values with the analo-
gous parameters in other approaches. On the basis of these
data, it was found that the use of the MIT mass formula (50)
is not self-consistent.

In Ref. 90, which used the standard MIT assumptions,
the formula (50) was generalized to the case of hadrons con-
taining one heavy quark Q and light quarks:

E(]?).:mo-i—EﬁmJ——BBLﬁ———r—AE (54)
where AE, is the color-magnetic correction to the energy.
This case is important in that the theoretical uncertainty in
the estimate of the parameters is much less than for light
quarks alone. It was shown later in Ref. 91 to be impossible
to describe by means of (50) the observed D *~Dand 3_-A,
mass splittings, and the need to introduce additional, spin-
dependent terms was noted.

In addition, in all the calculations (for light quarks) the
A-N splitting can be described only if a fairly large constant
a, =~ 1-2 within the bag is chosen. Recent calculations of the
quark self-energy have indicated the invalidity in this case of
perturbation theory, since the first correction to the quark
self-energy was found to be almost 50%.°% Hopes of obtain-
ing a large negative value of the parameter Z,, by taking into
account the geometrical Casimir effect were also not ful-
filled.”

Another source indicating inconsistency of the mass
formula (50) is comparison with the results obtained by the
QCD sum-rule method.*® The most important conclusion
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from applications of the sum-rule method is that the static
characteristics are determined primarily by effects associat-
ed with the presence in the QCD vacuum of different con-
densates. It was found that the bag constant B, which char-
acterizes the degree of disruption of the vacuum, is an order
of magnitude smaller than the “‘depth” of the vacuum deter-
mined by the quantity ((a,/7)G |, G, ), which was esti-
mated by the sum-rule method of Ref. 28. Thus, one of the
basic hypotheses of the MIT version of the model—that the
vacuum within the bag has a trivial structure—is not con-
firmed. Allowance for the interaction of the valence con-
stituents with the condensate fields has the consequence that
the parameters of the bag model acquire an essential depend-
ence on the considered state. In all probability, such an inter-
action may have a dominant effect on the formation of the
hadron spectroscopy.****

Among the other factors that influence the description
of the static properties of the hadrons, we must mention the
pion interactions®”*® and the interaction with high-frequen-
cy vacuum fields, an example of which is instantons.*>*?

The contributions of a chiral and instanton quark—
quark interaction to the energy of the hadron states are anal-
ogous to the color-magnetic contribution. For example, the
diagrams corresponding to one-pion exchange have the form

S—
I

O R - | _.._.4.,_:__:.".\_ b
Diagram (a) leads to a spin—-isospin structure of the
interaction of the form

(tio;) (150;).

For correct allowance of the pion field outside the bar-
yon, one must also take into account the pion self-energy
diagram (b). But summation over all possible intermediate
quark states leads to divergent expressions.”® Such a situa-
tion is analogous to the bag-model calculations of the contri-
butions of the quark sea to the structure functions of deep
inelastic scattering. It is a consequence of the inclusion in the
sum of intermediate states with very high momentum, for
which semiclassical ideas about confinement are unreliable.
Therefore, one usually retains only the principal term in the
sum, or, alternatively, introduces an effective cutoff of
the contributions of the high-momentum intermediate
states."%?

In its totality, this procedure is very successful in de-
scribing the static properties of the ground states of the bar-
yons and the decay widths of the excited baryon states N *
and A*.°® However, for many years there has existed the
problem of describing the energy spectrum of excited baryon
states. In Refs. 99 and 100, the first attempt was made in the
MIT model to calculate the masses of negative-parity bar-
yons in which two quarks are in the ground state and one
quark is excited to the P, ,,- or P,,- state.”® A fuller tech-
nique for calculating the spectrum of excited states with
allowance for interactions due to one-gluon and one-pion
exchanges was developed in Ref. 101. This yielded a signifi-
cant improvement in the results of the bag model for the
calculation of the spectrum of excited negative-parity N *
and A* states. However, problems remain. For example, to
obtain the required splitting of the N *(3/27) states unreal-
istically large values of the constant a, are needed.
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The calculation of the excited N * and A* states is also
important from the point of view of the attempt to reproduce
in the framework of the bag model the long-range nucleon—
nucleon forces. We assume that in this situation the effects of
the interaction of the quarks with the QCD vacuum must
also play an important part.

Everything that we have considered above has been re-
lated to the problem of taking into account the residual inter-
action between the quarks. In Sec. 2 it was already noted that
one of the basic assumptions of the bag model”*° is that of
quasi-independent behavior of the quarks in the bag, and the
need to go beyond this approximation was pointed out. We
also mentioned there one of the attractive ways of taking into
account the many-particle forces proposed by Gerasimov.*®

This approach is based on the mass formula for a state
|W) of the quarks with momenta p;, energies £;, and masses
m; at the points 7;:

N
E=(¥p0| D m- {0+ [mi+ o= 3 Vo]
i=1 FECE!

1 . e 1 ;
_I:gu\'_“ 2 I’u(r!‘j,_‘ }+_.V—l 2 V, (r,-j)l‘-lfp,, ()>
iFi i<i
(55)
and on the variational principle

E/do, = 0; 9Eldz; =0 (z; = e4/E), (56)
where the varied parameters are the single-particle quark
energies £, and the set of potential parameters {a,}, which
determine the trial wave function of the hadron state with
total momentum p = 0:

Yoo (Bay « v 3 P13 {2}y (57)

where py = [1/yn(n + 1) ] (27_,r; —nry, ) are Jacobi
coordinates (n = 1,2,....N — 1).

In the derivation of (55), the following assumptions are
made. There exists a universal interaction ¥V (r) (r is the
relative interquark distance) of the quark—antiquark system
(gq) described by the wave function

1
‘I’qa:Nexp(———z—vr). (58)
The interaction potential of the IV quarks is found in terms of
Vo

v, 2, :

vy N)=W‘j‘2 Valrig),

i<}

(39)

where r;; is the distance between quarks i and /. Such a choice
involves regarding the interaction of quark / with its neigh-
bors as a universal gg interaction of the ith quark g with the
“antiquark” ¢" ~ . It is assumed that the trial wave function
of the state has the form
Yo, wmo =N exp[ — g @@+ ...+0k_ ] (60)
In the approach of Ref. 56, the spin interactions are
taken into account by perturbation theory in such a way that
the results of minimizing E with the wave functions (58) and
(60) are compared with linear combinations of the masses of
the physical particles, from which the contributions of the
spin—spin interaction are eliminated approximately.
The variational principle JdE /dx; =0 postulates a
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method for taking the particles off the “mass shell” when the
interaction is introduced. As can be seen from (55), the in-
teraction is introduced as a (quasi)potential that depends
parametrically on the energy of the particles.

To determine the potential of the universal ¢g interac-
tion, one uses the expression for the energy of two color

charges gq at rest obtained in the framework of the bag mod-
31102:

Ve=uar; V,=ar—ulr,

(61)

where ¥, and V, are the scalar and vector parts of the con-
finement potential that arises in the model.
With the parameters @ =0.055 GeV, m,, =0, m,
=0.33 GeV, m_ = 1.65 GeV, m, = 5.1 GeV the masses of
the ground states of the hadrons and the radiative decay
widths of the vector mesons are well reproduced. The mag-
netic moments of the baryons have the same form as in the
nonrelativistic SU(6) model—the expressions for the quark
moments e;/2¢; contain the energy of the quarks, which de-
pends on the state of the hadron and the state in which the
quark neighbors are. We have specially devoted attention to
the approach of Ref. 56 in order to emphasize the promise of
the ideas developed in this paper.

4.SOLITONLIKE BAG MODELS

The problem of justifying the bag model can be ap-
proached from several points of view. We may include here
the problem of the formal consistency of the model, the
problem of reconciling it with other well-known approaches
to the description of elementary particles (nonrelativistic
models, quasipotential approach, Reggeistics, behavior of
the structure functions), and attempts to calculate the pa-
rameters of the model from QCD (QCD sum rules and, in
particular, the instanton approach). In this section, we shall
dwell on connections between the bag model and local quan-
tum field theory and consider the principle of dynamical
breaking of chiral invariance.

In the MIT formulation,?® the bag model is a theory of
nonlocal objects (bags). The dimension of these objects is
equal to the dimension of the space of the considered theory.
In a two-dimensional theory (x,?), the bag is a relativistic
string. This circumstance makes possible the furthest ad-
vance in the formal solution of the bag model in the two-
dimensional model (Refs. 26, 42, and 103-105), since the
theory of a relativistic string has been fairly well devel-
oped.'” But even in this case, the problem of ordering the
operators that arises on quantization presents difficult ob-
stacles if one attempts to extract complete information about
the theory from the resulting solutions. Only in the finite-
mode (effectively, single-mode) approximation'® can one
overcome the resulting problems. The main result that can
be extracted in this way is the construction of a translational-
ly invariant approximate solution of the bag model. We shall
return to this question in an appropriate place.

In theories with higher dimension, in particular, in a
four-dimensional theory, one cannot even construct the clas-
sical bag theory. Therefore, in practice one uses two assump-
tions that drastically impoverish the dynamics—that the bag
is static and that it be described classically.

Since the middle of the seventies, there have been inten-
sive investigations of field-theory models with nontrivial
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particlelike solutions. The methods developed for quantiza-
tion in the neighborhood of such solutions'”” have made it
possible to give a real meaning to classical extended objects.
Usually, the energy spectrum of the model’s excitations con-
sists of several discrete levels and a band of the continuous
spectrum. The first excitations correspond to bound states,
and the continuum excitations correspond to processes in
which excited quanta are scattered by the soliton. As a rule,
the soliton is regarded as a baryon and the excitation quanta
as mesons.'® Many-soliton solutions make it possible to
consider baryon scattering processes.

Whereas in the study of the two-dimensional bag model
knowledge of solutions of the relativistic string model was
helpful, for the four-dimensional model, for which there is
no such information, it would be natural to use the methods
of local field theory. This approach generated an entire class
of so-called solitonlike models, '®-''* whose (classical) solu-
tions reproduce qualitatively the structure of the solutions of
the bag models. Indeed, in the approximation in which the
dynamics of the bag surface is given and is classical (in the
approximation of a static cavity, for example), the bag can
be regarded as an extended classical object, quantization
around which leads to an infinite discrete spectrum of excit-
ed states—Dirac quanta in the cavity.

The general idea in the construction of solitonlike La-
grangians is to introduce not only a spinor field ¥ (x) corre-
sponding to the quark degrees of freedom but also an effec-
tive (scalar) field o(x) which determines the effective quark
mass and whose self-interaction forms an extended object—
abag. The bag is a spatially inhomogeneous vacuum state of
the theory possessing its own momentum P and energy E.
The quarks are determined as single-particle fermion excita-
tions above such a vacuum. Note that in contrast to the MIT
model the field o is an independent variable.

We consider the Lagrangian of the Friedberg—Lee mod-
el,'"? which is the most advanced model of this type:

L=—T¥ (%—m) q’——;-g?(r‘}’——b’ (o)

27

+ 5 (VuoP—f (1= =) Guo, (62)

where
U (0) =1 0* + 5 0* +-5- 02 4 B.

It is assumed that the quarks effectively interact with
the gluon field G,,, in accordance with perturbation theory.
The Lagrangian (62) may, in general, also include effective
pseudoscalar Higgs fields as well as other fields; in addition,
to construct a renormalized perturbation theory it is neces-
sary to introduce counterterms. ( The requirement of renor-
malizability of the theory leads to a choice of the self-interac-
tion U(o) in the form of a polynomial of fourth degree.) But
to describe the qualitative picture in the semiclassical ap-
proximation, these modifications are unimportant.

From the point of view of modern ideas about QCD,
any model of hadrons is determined by the information
about the vacuum structure contained in it. The nontrivia-
lity of the QCD vacuum structure is a manifestation of the
self-interaction of the gluon field and is important at scales
characteristic of the strong interactions.

In the Friedberg—Lee model, these QCD features are,
by hypothesis, approximated by the effective scalar field o
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with self-interaction U(o) chosen in the form of a function
of o having one local minimum at o = 0, U(0) = B and an
absolute minimum at o(x,?) = o,, U(o,) = 0. Such behav-
ior corresponds to a picture of two phases separated by a
sharp closed boundary (a bag); in the exterior region we
have the vacuum o, which is transparent for the quarks and
gluons, while in the bag we have the hadronic phase with
o = 0. Quarks exist in the vacuum “well.” The constant B is
determined from the condition U(c,) =0, and o, is deter-
mined through the parameters of the self-interaction U(o).
Confinement in the model is ensured by fulfillment of the
boundary conditions

—mlg,

0, — 0o,

ra Tt

B r>R,

(63)
for which the quark mass tends to infinity, M, — oo, in the
exterior region. The limit of the theory in which the energy
and thickness of the transition zone between the vacua tend
to zero and all the masses except those of the quarks within
the bag are assumed to tend to infinity''° corresponds to the
bag model (Fig. 1).

It is not possible to construct the quantum theory of the
model (62), and therefore one uses semiclassical perturba-
tion theory, which is based on consideration of the classical
equations of motion, the solution being a nontopological so-
liton.'? The topological charge of such a field is zero; in
other words, o(x) - |, .., 7, . Stability of the solution is en-
sured by the conservation of some Noether charges (electric
charge in a charged scalar field, fermion number in a spinor
theory) and is directly related to the existence of valence
(quark) degrees of freedom. This is a consequence of Der-
rick’s well-known theorem. '*° In the classical equations, the
spinor fields are c-number Grassmann functions.

It was shown in Ref. 112 that for a definite choice of the
model’s parameters the soliton solution is energetically more
advantageous than the plane-wave solutions and, therefore,
is stable with respect to decay.

Functional-integration methods and equations that
take into account the vacuum-polarization contributions are
considered in Ref. 115.

In the classical limit, the self-consistent solution of the
coupled system of equations for the Dirac and scalar fields is
a bound state of strongly interacting fermions (A3»1).

The wave functions W(x) of the quark states and the
field o in the mean-field approximation satisfy the equations

[—iay + pm + Pgo ()] Wy (r) = &,y (r);

—Vgcr(rH*%:—g 21 7 (1) Wy () (64)
G ey
i
Gl e
v #

FIG. 1. The function U(c). The bag model corresponds to the following
choice of the parameters: B fixed, B-0, l<y/B<l fixed,
a=kf—(p+4), A=kf—-(P+2), (>0,k>00<p<p
P10
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ui-y? G u=v <y

5
a b =

FIG. 2. Behavior of the functions o(r) and (u*> — v?) (7): a) MIT variant
(a>»1,g~1); b) SLAC variant (a~1, g>1).

with the normalization condition
5 Wi (r) ¥y (r) dr = 1,

where a and 3 are the Dirac matrices, and g is the constant of
the coupling of the quarks to the field . The sum in (64) is
over all the populated states minus the contribution of the
Dirac sea of levels.

Compared with the static-cavity approximation in the
bag model, the solitonlike models have a number of particu-
lar features.

First of all, the “degree” of confinement is determined
in such a model by a certain limit of the self-interaction func-
tion U(¢) for a specially chosen limiting behavior of the four
parameters of this function. In fact, depending on the choice
of the parameters, one can realize variants of the bag model:
the MIT bag (quark in the volume of the bag) or SLAC
model (a quark that “lives” on the surface of the bag) (Fig.
2]

In Ref. 116, in which great attention was devoted to the
development of numerical methods, solutions were obtained
to the classical equations of the Friedberg-Lee model for a
wide range of variation of the parameters of the function
U(o). (In the last paper, solutions for excited states of the
model were studied. )

One can, however, show that the qualitative behavior of
these solutions can be obtained from solution of the Dirac
equation with scalar confining potentials which depend on
parameters that have a meaning analogous to the parameters
in the Friedberg-Lee model.

In the studies cited above, it was shown that one cannot
reconcile quantitatively the static characteristics of the nu-
cleon with the parameters of the model, and it was concluded
that it is necessary to introduce new effective fields and take
into account some further effects.

In addition, the Friedberg-Lee model admits in princi-
ple many-soliton solutions. This fact makes it possible to
study in the framework of this model processes in which
hadrons participate, namely, the collision dynamics of non-
static bags, the normal modes of bag oscillations leading to
decay, and a meson field gg surrounding the hadrons as a
representation of the oscillations of the effective fields

(o,m).

From this (physical) point of view it was interesting to
study in the model the change in the properties of the nu-
cleon in a nucleus."'” If in a nucleus one distinguishes a cer-
tain arbitrary nucleon and for simplicity assumes that all the
nucleons surrounding it form homogeneous nuclear matter,
then in the model language such a situation reduces to re-
placement of the external physical vacuum by the external
nuclear medium. Moreover, the latter is, in general, semi-
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transparent for quarks. The corresponding calculations in-
dicate a swelling of a proton bag introduced into nuclear
matter, in qualitative agreement with the behavior of the
structure functions found from the EMC data. The calcula-
tions also indicate''® a modification of the electromagnetic
form factors of the nucleon in the nucleus that is consistent
with an increase in the size of the nucleon.

For the description of the EMC effect, it is not only the
changes in the properties of the nucleon in the nuclear medi-
um that are important but also the change in the properties
of the medium itself with increasing mass number.>!'"® In
particular, nuclear matter need not be simply “pure” nu-
cleon matter but may be a homogeneous mixture (hetero-
phase) of different states of quark matter characterized by
different numbers of quarks in one bag: n =0, 3, 6, 9,... (the
phase with n = 0 takes into account the nontrivial nature of
the QCD vacuum). In Ref. 120, the possible existence of
such phase states of bags was estimated approximately. It
would be interesting now to combine the dynamical ap-
proach of the solitonlike bag model with study of the static
properties of nuclear matter.

The following clear ideas of a color-insulating vacuum
provide an explanation of the confinement of the color gluon
fields in the Friedberg-Lee model. The color fields 4 £i(x)
are introduced as in QCD, except that they interact with the
soliton field through a permittivity k(o) chosen such that
k(0) = 1and k(o,) = 0. For example, k(o) = |1 — o/0,|.

Color confinement arises from these general require-
ments on k. In accordance with Gauss’s law,

div D* = J§.

If the total color charge does not vanish within a certain
finite cavity, then the D field behaves in accordance with the
law 7~ ?~# as r— o and the color-electric energy in the
medium behaves as

1 D (n)]?

i Sdl‘ [k({r))] 0

Within the bag, where k ~ 1, the gluon field is practical-
ly free. In such a picture, the use in the calculations of a series
expansion in a, acquires a qualitative explanation. Estima-
tion of the higher corrections is a technical problem. How-
ever, it is known from the calculations of Ref. 121 that the
corrections arising from allowance for the quantum fluctu-
ations of the quark fields due to their interaction with the
gluons are small.

Treating the gluon field by perturbation theory, one can
develop a technique of Green’s functions in the spherical
cavity and solve the linearized equations, which have the
same form as Maxwell’s equations for a field in a medium.
An estimate of the N-A splitting enables one to fix the con-
stanta,. As in the MIT model, it is approximately equal to 2,
which rules out the use of perturbation theory and forces one
to assume that there are more important contributions to the
N-A splitting.>®

The Friedberg-Lee model has proved to be convenient
for developing methods to take into account QCD perturba-
tion theory in a cavity,'*"'? for study of the problem of the
center-of-mass motion,**'**'2* and for the study of chiral
invariance."'*''® In Ref. 114, the ideas developed in Refs.
125-128 (pion-Goldstone mode, etc.) were used to recover
chiral invariance of the theory.

since K (r) —— 0.

404 Sov. J. Part. Nucl. 18 (5), Sept.-Oct. 1987

5.RELATIVISTIC EFFECTS IN THE BAG MODEL

Throughout the preceding exposition, we have fre-
quently emphasized the importance of relativistic effects in
the predictions of the bag model. In this section, we examine
especially ways of taking into account this most important
principle of the model. All the relativistic aspects are due to
the fact that quarks are spin-} particles whose dynamics is
described by the relativistic Dirac equation. We list these
aspects.

The transition from the Pauli spinors used in nonrelati-
vistic models to Dirac spinors’ made it possible to take into
account the relativistic spin—orbit coupling. The corrections
due to the contribution of the lower component of the wave
function to the static characteristics of the hadrons are not
small and improve qualitatively the results of the nonrelati-
vistic SUyg (6) theory™ (see Sec. 1). Another important
point here is the use of the scalar field to produce the quark
confinement forces.

In addition, it is well known that under relativistic
transformations the components of the Dirac field are trans-
formed. It is essential to have the possibility of describing the
motions of the hadron bag when one is calculating the form
factors and the structure functions of scattering processes. It
is important to emphasize that the static quantities too, for
example, the magnetic moments, characterize the reaction
of the particle to its motion (this point frequently gives rise
to confusion). Therefore, the calculations should be made
not in the rest system with p = 0 but as the limit when p— 0.
In this section, we shall examine in more detail the calcula-
tion of the effects due to the transformation properties of the
quarks.

Another problem is associated with the composite na-
ture of the hadron. This problem arises because the quarks
move in a closed space bounded by the bag surface. The cen-
ter of mass of the quarks is in motion. It makes a fictitious
contribution to the energy and to the other parameters and is
particularly important for light quarks.*”%® We have already
considered an alternative approach to the solution of this
problem.>®

Finally, the effects due to the influence of the Dirac sea
of quarks are an important manifestation of relativity in the
model. We have earlier noted the contribution of the sea
when calculating the baryon number in the bag model.”
Even more important is the part played by the Dirac sea in
the recently developed approach to the low-energy phys-
ics-129

Progress in the solution of each of these problems re-
sulted in a significant improvement in the predictive power
of the bag model. Below, we consider in detail a method for
taking into account the effects of recoil and the center-of-
mass motion of the quarks.*

The problem of taking into account these effects arises
from the fact that the usually employed solution in the ap-
proximation of a static cavity explicitly violates the relativis-
tic and translational symmetries and the corresponding con-
servation laws. The reason for this is the classical treatment
of the bag surface. Problems of this kind are well known, and
there exists Bogolyubov’'s method of collective coordi-
nates,'*® which enables one to take into account rigorously
the original symmetries of the theory.'®'

For a systematic exposition of this approach to the bag
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model, it is convenient to use the formulation of the model in
the Friedberg—Lee variant (62), whose Lagrangian

L= 4{@1{%&—%%VMK—UW)

— @ (—iyko, + ho) ¥}

was determined in Sec. 4. An advantage of the local formula-
tion is, in particular, that the fields ¥ and o are determined
in the complete region of space—time and satisfy the (usual)
canonical commutation relations

[o(x, t)o(y, t)] = igd (x—y); }

(65)
{l_If (X, t)v IP‘+(.V'» t)} = ga (x_'y)'l

where g is the parameter of the semiclassical expansion of the
theory.

Applied to the considered case of the relativistic sym-
metries, the idea of Bogolyubov’s method is to separate from
the dynamical variables of the theory those that describe the
motion of the extended object (bag) as a whole and relate
them to the symmetry parameters (collective coordinates).
Collective coordinates are introduced only for those symme-
try transformations that are broken by the classical solution.

We shall assume for simplicity that the static approxi-
mation of the bag model violates only the translational in-
variance and that the space of the collective coordinates is
spatially homogeneous. The problem can be examined more
consistently by using the method developed in Ref. 42.

As a result, in the semiclassical approximation one can
construct the Heisenberg operator corresponding to a quark
moving in the bag*:

¥ (x, t) = 5 df do exp [i (07 (x. £) 9

— 1§ (x, 1)1 D’ (0, §) Di; (0 (P));
D (o, f):S fgﬂi? exp[—i(po—fa)]Q (o, B); |}

(66)

O (Gﬁ, ﬁ) = “_S—‘Iw bmqrm (a) exp ("_ ikmﬁ');

{bms b;} = Nnin

where ¥, and k,, are the wave functions (38)—-(40) and
energies (42) and (43) of the quarks in the static bag,
D(6(p)) is the matrix that is the irreducible spinor compo-
nent of the representation of the Poincaré group, and the
form of the operators &, (x),

1 (x, t)=Ht—Pz—D;
E:(x, t)y=Hz—P,t—L,
Ne=X1—4q,

(67)

which commute with each other and depend on the genera-
tors of the Poincaré group [ L is aboost in the direction z, and
D is the operator of longitudinal (%,z) scale transforma-
tions ], guarantees the fulfillment for the spinor field ¥ (x) of
the correct transformation properties with respect to the rel-
ativistic transformations.

The bag state | {2, ) is a vector with respect to relativistic
transformations,

pulgp) = pulgy)s P:El._" M2 '

(68)
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and is the vacuum with respect to the second-quantized field
v

bn | Qli) = 0. (69)
We make two remarks concerning the choice of the
variables. First, they are sufficient for representation of a
spherically symmetric bag in the Breit system when the par-
ticle moves along a straight line during the entire process.
For arbitrary motion of such a bag (or for a deformed bag),
it is necessary to use the variables constructed in Ref. 132.

Second, the composite nature of the hadron means that
each constituent particle possesses independent energy-mo-
mentum eigenvalues. Allowance for this fact leads to a
further generalization of the coordinates and to a consistent
solution of the problem of the center-of-mass motion.'** In
both of these cases, in contrast to (66), problems arise with
regard to the commutativity of the operators £,. As in the
case of the canonical transformation (66), one can satisfy
the canonical relations (65) by systematically expanding the
fields in a series in g(#),"** and in this case too the problem of
ordering the noncommuting operators £, can be solved by
additionally expanding the fields in series in v/c."**

The procedure outlined here makes it possible to con-
struct local currents of the composite particle and calculate
the various matrix elements of them. Relativistic invariance
is guaranteed.

We give the results of calculations, by means of this
method, of the mean-square electromagnetic radius and the
magnetic moment of the proton®*:

M

2y (r2y(s1). 2 G
(%) = (I, pp=g— WO+ App,

(70)

where the correction to the static approximation has the
form

Apy = ‘ZTM 5 drr® I:uz (r)—_;_ i (r)] ,whereW (r) = (L;((:))) .
)

If the model parameters are fixed by means of the ex-
perimental proton radius, {(#*) 1/2 — 0,83 F, then the correc-
tion to the magnetic moment calculated in the approxima-
tion of a static cavity is positive and has the value Au,

= 0.65¢/2M,,.

The paper of Ref. 49 also gives the form of the proton
electric, magnetic, and axial-vector form factors. At g°~0.5
GeV?, their form becomes physically unsatisfactory. This is
due to the use of the quark wave functions in a cavity, which,
as noted in Sec. 1, is unjustified in this region of momentum
transfers.

We end with some comments. Recoil effects in the bag
model have been studied in many papers.'**""*” Inconsisten-
cies in the approaches led to a diversity of results, some of
which were found to be incorrect. The method considered
above decisively eliminates the uncertainty in the calcula-
tions of the static properties of hadrons made in the approxi-
mation of a static cavity.

For the solution of the problems considered in this sec-
tion, wide use is made of the Peierls—Yoccoz projection
method,'*® which is widely used in nonrelativistic nuclear
physics. Being in essence a particular realization of Bogolyu-
bov’s method, the projection method comes up against cer-
tain difficulties if it is directly generalized to the relativistic
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case. This is due to a dilemma that then arises'**—the use of
a basis of localized functions to describe fluctuations in the
neighborhood of the classical solution violates the transla-
tional invariance of the vacuum and leads to a problem that
cannot be solved in such an approach, namely, the calcula-
tion of the overlapping of bags situated at different space—
time points. On the other hand, use of a plane-wave basis
makes the solutions manifestly translationally invariant, but
one then completely loses the property of localization of the
solution. As we have shown above, use of a Bogolyubov
transformation in the “‘double projection” form (66) elimi-
nates this contradiction.

Finally, as was shown in Ref. 42, the solution of the two-
dimensional model obtained by the method of collective co-
ordinates is identical to the well-known solution of the trans-
lationally invariant L, approximation'®*!% obtained as an
approximate solution to the exact solution. In the four-di-
mensional bag model, the exact solution has not been found
and, therefore, it is impossible to construct the L, approxi-
mation. By analogy with the two-dimensional model, one
can probably regard the solutions (66) as solutions corre-
sponding to the L, approximation. Finally, a topical prob-
lem in the relativistic bag model is the need to go beyond the
semiclassical approximation.

CONCLUSIONS

The bag model is a composite quark model of hadrons.
The fundamental principles of the model are relativistic co-
variance, gauge symmetries, and the idea that quasi-inde-
pendent quarks move in a finite closed region of space. The
bag model is a theory with “built-in” confinement, and its
parameters characterize the vacuum structure of the theory
of the strong interactions.

The model has the greatest success in describing the
static properties of hadrons. By going beyond the static ap-
proximation, one can also consider scattering processes. For
interpretation of the complicated situation that arises in
hadron spectroscopy, bag-model investigations of the excit-
ed states of hadrons and multiquarks are important. These
investigations, and also the study of dynamical problems
(deformed bags), help us to achieve a better understanding
of the microscopic nature of internucleon forces.

In this review, we have identified the main directions of
development of the bag model. We should emphasize that
besides the successes of the model several problems await
their resolution. Among these, the most important are, in
our view, the construction of a field-theoretical solution of
the model, and also the inclusion in the principles of the
model of information about the structure of strong interac-
tions that follows from the experimental data and the other
independent theoretical approaches (QCD sum-rule meth-
od, lattice models, etc.). These directions will probably de-
termine the positive part that the model plays in the future
ahead of it.
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