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We discuss the Bogolyubov functional hypothesis and its fundamental role in the construction
of the best possible description of multiparticle processes in the approach to equilibrium in

macrosystems.

INTRODUCTION

The study of transport phenomena occurring during
the hydrodynamical stage of the approach of a macroscopic
system to equilibrium is one of the most important applica-
tions of kinetic theory.

Throughout the long period of development of statisti-
cal mechanics it was quite naturally assumed that these phe-
nomena can be described by local hydrodynamical equations
which, in turn, could be obtained by constructing approxi-
mate solutions of the local kinetic equation.

Even in the very early stage of development of kinetic
theory it was realized that the locality of the kinetic equa-
tions in statistical mechanics is a consequence of neglecting
the finite size of the interaction region of the particles of the
system and the duration of this interaction. However, it was
assumed that both the nonlocal effects related to the finite
extent of the binary interaction process and multiple-scatter-
ing processes could be taken into account as corrections to
the local equation.

Prior to the development of rigorous mathematical
methods of constructing the kinetic equations associated
with the name of Bogolyubov' the attempts to study these
effects were heuristic in nature (for example, in the Enskog
equation for hard-sphere systems the Boltzmann collision
integral was modified by taking into account the sizes of the
colliding spheres).

Bogolyubov created a dynamical theory of kinetic phe-
nomena and clearly laid down principles amenable to an ex-
act mathematical formulation, making it possible to obtain
local kinetic equations or the hydrodynamical equations di-
rectly, taking into account effects due to both multiple colli-
sons and the spatial and temporal extent of the binary colli-
son process.

Analysis of the features of approximate solutions of the
exact dynamical Louiville equation permitted Bogolyubov
to formulate his remarkable functional hypothesis, which
provides the key to understanding the relation between the
microscopic particle mechanics and the kinetic equations
and serves as the basis for all the subsequent development of
nonequilibrium statistical mechanics.

As is well known, the physical meaning of the func-
tional hypothesis amounts to the introduction of the concept
of different stages in the approach of a macroscopic system
to equilibrium, with each stage characterized by a time scale
and amethod of reducing the description of the nonequilibri-
um states. Here the local Boltzmann equation and the corre-
sponding local hydrodynamical equations arise as the ap-
proxxmatlons of lowest order in the dimensionless parameter
(nr3), where n is the number density of the particles of the
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system and r, is the characteristic size of the interaction re-
gion.

Until the 1970s, most efforts were directed to the micro-
scopic justification of the phenomenological laws of Newton
and Fourier and the calculation of the transport coefficients
entering into them. These coefficients determine the relation
between the stress tensor, the thermal-flux vector, the defor-
mation-rate tensor, and the gradient of the local tempera-
ture:
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Here 4, 77, and  are the coefficients of thermal conductivity
and the shear and bulk viscosity, u and & are the hydrodyna-
mical velocity and local temperature, k 5 is the Boltzmann
constant, and p is the local pressure. If the particle interac-
tion is short-range (which is certainly true in the case of hard
spheres), bulk viscosity effects can be neglected for gases of
moderate density (nry ~0.1-0.3, where # is the equilibrium
particle number density and #, is the sphere diameter).

Use of (1) and (2) in the macroscopic conservation
laws leads to the familiar Navier-Stokes equations:
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[p(x,t) = mn(x,¢) is the local equilibrium mass density].

In the theory dealing with the local kinetic equation for
the one-particle distribution function £, (z,r,v) (Refs. 1-3)
of the form

afy Ofy
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the equations (3) are the result of the lowest-order approxi-
mation in the macroscopic gradients when the solutions of
(4) are constructed by the Chapman—Enskog method. The
structure of the functional ® is determined by the dynamics
of the particle interaction in the system.

Bogolyubov' gave a method of calculating the succes-
swe terms in the expansion of ® in powers of the parameter
nry, where the k-th term contains the contribution of
(k + 1)-particle collisions and also effects of the nonlocality
of collisions of smaller numbers of particles. This sort of
structure of the functional ® naturally leads to a virial ex-
pansion for the transport coefficients. However, subsequent
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complicated analysis of the properties of the three- and four-
particle collision operators revealed®™ that the higher terms
in the virial expansion diverge, that is, the transport coeffi-
cients are not analytic functions of the parameter nr3 in the
neighborhood of the point nry = 0. Cohen and Dorfman et
al. (Refs. 2 and 3; see also Ref. 4 and references cited there-
in) determined the reason for the divergences in virial ex-
pansions in three-dimensional systems: they are due to cor-
related, successive double collisions in the four-particle
system occurring at distances much greater than the mean
free path. Since higher-order collisions necessarily occur at
such distances, to eliminate the divergences it is necessary to
successively take into account of arbitrary multiplicity.® In
fact, divergences arise in dynamical processes in isolated
small groups of particles. In a macroscopic system such
groups are necessarily subjected to an external influence
during a time 7., ~ (n75) ' foy - This must lead to the can-
cellation of all divergences upon summation of the series
determining the functional

D {f, (¢ r, v), 1y, vy} = Q@@ {f, 1y, vi}
+ nrifb‘” {fh Iy, "1}
'i" (nrz)ch(z) {f].! 1'1., vl} |

but this procedure leads to nonanalyticity of the local kinetic
equation in the parameter (n7p ) near the point nrg = 0. Phy-
sically, the appearance of divergences of this type indicates
that there is no sharp boundary between the period of initial
chaotization and the kinetic stage of the approach of the
system to equilibrium. If we want to preserve the local struc-
ture of the kinetic equations, in order to derive them system-
atically and consistently we need to use a technique different
from expansion of the functional ® in a series in the param-
eter nr). Up to now no such technique has been found. It is
not completely clear whether or not it is possible to preserve
the local structure of the kinetic equation (4) in this case.

However, these difficulties with the local theory do not
create any problems in the construction of higher-order ap-
proximations in the gradients, which lead to the Burnett
equations, etc., instead of (3).

The evolution of the distribution functions is deter-
mined by the Bogolyubov-Born—-Green-Kirkwood—Yvon
(BBGKY) hierarchy, which for hard-sphere systems has
the form?®
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cle collision operator,
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and o is the unit vector. The solutions of the sytem (5) must

377 Sov. J. Part. Nucl. 18 (4), July-Aug. 1987

satisfy the boundary condition corresponding to damping of
the correlations:
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The assumption of locality of the kinetic equation for
fi(t,r,v) follows from the more general hypothesis that
S (1,...8) is represented in the form of functionals
S [X e [f1 (221 sef1 (8%, ) ]. As already noted above,
here the formal evaluation of the hierarchy (5) neglecting
higher-order correlations leads to divergences for the trans-
port coefficients. In the experiments of Refs. 6 and 7 on ma-
chine modeling of the evolution of systems of hard disks and
spheres evidence was obtained which favors the existence of
long-range correlations due to particle interactions with col-
lective excitations in the system—hydrodynamical modes
which are weakly damped in time.

In particular, for systems of hard disks these long-range
correlations are incompatible with the description of the hy-
drodynamical stage of relaxation to equilibrium by the Na-
vier-Stokes equations, since the integrals of the time correla-
tion functions of the microscopic currents, which determine
the coefficients A and 7, diverge for t— o (Ref. 4). For
three-dimensional systems such divergences appear at the
stage of the calculation of the Burnett coefficients.”'® The
experimentally observed asymptotic dependence of the cor-
relation functions {(J(0)J(¢)) on the time is of the form
(J(0)J(t)) ~t 47, where d is the dimensionality of space;
for d = 2 the divergence of the integrals of the correlation
functions is logarithmic. We note that in the linear approxi-
mation the Boltzmann local kinetic equation leads to expo-
nential falloff in time of the correlations of any microscopic
quantities.

These facts, which are indicative of the inconsistency of
the description of the hydrodynamical regime on the basis of
the local kinetic equation, led to the formulation of a new
approximation in the BBGKY hierarchy. This is associated
with the names of Bogolyubov,'" Ernst, and Dorfman.'?

The approach of Ernst and Dorman was originally di-
rected to the microscopic justification of the phenom-
enological theory of interacting modes,'” which has been
used successfully to describe the asymptotic behavor of time
autocorrelation functions and kinetic phenomena near the
critical point in liquids, and was formal in nature.

Bogolyubov established a paradoxical analogy between
the new approximation chain and approximations in the mi-
croscopic theory of a nonequilibrium plasma known since
the mid-fifties. He also made a fundamental contribution to
the mathematical formulation of the latter approximations.
In fact, collective phenomena due to long-range correlations
play the dominant role in plasma dynamics. The idea pro-
posed by Bogolyubov is that the approximation methods de-
veloped in plasma theory can be used to describe similar
effects in a hard-sphere system (variations of the distribu-
tion function over distances and time intervals much greater
than the mean free path and time). Therefore, in contrast to
the traditional scheme,"'*'* where the functions f, are ap-
proximated by series in powers of the density,

oty Nyooouy 8) = 1D, s 8) Friley 1)

N. G. Inozemtseva and B. |. Sadovnikov 377



. fl (tv S)

Hrfd (SR @ ), L A+

and the expressions for £{* are found from (5) taking into
account the dampmg of the correlations, in the new approxi-
mation'"'? it is assumed that particle interactions with col-
lective excitations can be described in lowest order in the
density neglecting the three-particle correlation function
g5(4,1,2,3) in (5):

3
g3 (t, 1, 2, 3):](3 (r! i? 27 3)_l_i1f1 (t’ I)
3
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where
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Here there are no a priori assumptions about the time depen-
dence of g,(2,1,2). This dependence must be determined di-
rectly from the equations (5), which under the condition
(7) form a closed system:

DD L) 118 O =n [ asT (4, 2 (4, (5, 1)

.fi (ta 2)—|—g2(t, 15 2)}: (83)
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For the ordering of the notation here we have introduced the
operators .%’ (£,f) (Refs. 11 and 12), the action of which on a
function of argument (/) is defined as

Lt )y =1Ly x @
—n [ dayT G 3) (6 0% B) + i (6 3) 1 @ (9)

(8b)

The factor T(1,2) on the left-hand side of (8b) is usually
dropped; in the linearized variant it leads to corrections of
higher order in the density. However, as noted in Ref, 1 1, the
neglect of this factor can significantly change the behavior of
8,(41,2) in the region |r, — r,| ~r,. If, however, we are in-
terested in correlations at distances comparable with the
mean free path, the neglect of this factor is fully justified.
The solutions of (8a) and (8b) can be determined com-
pletely by specifying the initial conditions for f£,(#,1) and
8-(1,1,2) at some value ¢,. Neglecting the contribution of the
initial correlations'? (which lead to terms of higher order in
the density than deviations of f) (#,,1) from the equilibrium
value), we can write the solution of (8b) in the form'®

&t 1= [00e WT 12/ (x 1)/, (x 2 dr, (10)
0

where

t
QW=Texp ( (£ ( )+ 2, 2)dr), (11)
0
in which T is the time-orderig operation, which is needed
here because the operators .% (7,i) taken at different in-
stants of time do not commute. In (10) and (11) for conven-
ience we have set 7, = 0.
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Substitution of (10) and into (8a) leads to a nonlocal
kinetic equation for the one-particle distribution function Fis
and it is to be expected that it also contains new nonlinear
effects arising from the functional dependence of the opera-
tors . (7,i) on f; (Ref. 10).

1. CONSTRUCTION OF THE HYDRODYNAMICAL
APPROXIMATION

The asymptotic behavior of the solutions of (8a) and
(8b) for arbitrary initial conditions is unknown at present,
because even a formulation of the statement analogous to
Boltzmann’s H theorem is lacking. We note that a similar
situation was encountered in the case of the (generalized)
Enskog equation before 1978, when a proof of the H theorem
in this important case was found by Resibois.'® It is natural
to assume that also in the system described by (8a) and
(8b), during a time interval not exceeding the time for the
mean free path #,,q, ~ (173 (6 /m)"/?) " a state is reached
which is close to the “quasi-equilibrium” state described by
Maxwellian distribution functions

fi @ 1) ~fa (1);

(12)
22 (¢, 1, 2) ~far (1) far (2) g (x; — 1),
where
3/2
In)=p . 0 (z7o—s)
m(vy—u(ry, 1)
(Bt 0). B

We note that the qualitatively new features of the solu-
tions of the system (8a) and (8b) mentioned above are
simpler to study if we neglect effects of the finite size of the
collision region in the operators T,j Henceforth, instead of
7, 5 we shall use the operators 7}, the action of which on
functions of the form y (i,j) is determined by the formula

T, )y, j)
| domuo (x, vin, v —y
v”u;—ﬂ
(i, Vi, 15 V530 (r;—1;). (14)

To ensure that this approximation is self-consistent we must
setg(r, —r,) =0in (12).

The conservation laws for binary collisions contained in
(8a) and (8b) admit the standard formulation in terms of
the macroscopic parametersp, u, and 6 determining the qua-
si-equilibrium distribution function (13):

a a
6—5'+¥(P“):0;

G e ST
‘;‘P(;t + uy —— arn ) e——(chSsh"}“S}qE) )

where
Py = \ (vi—ug) On—up) fr (2, 2y) dVy; }

(16)
5 (Cn— ) (s — 1) Fy (2, 2,) AV,

=73

In accordance with the structure of the collision operator
(14), in (16) we omit the “potential” parts of the stress
tensor and the thermal-flux vector, the inclusion of which
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leads only to corrections to the Boltzmann values of the
transport coefficients.

Therefore, the problem of constructing the hydrodyna-
mical equations amounts to calculating the integrals (16)
with approximate solutions of the system (8a) and (8b) of a
special form: these solutions must be determined by the gra-
dients of the macroscopic parameters entering into (13).
The method of constructing approximate solutions of this
type actually originated with Chapman and Enskog. In the
current formulation given by Bogolyubov in Ref. 17 it
amounts to introducing a formal uniformity parameter y
into those terms of (8a) and (8b) which contain time and
space gradients. This must be done in such a manner that the
presence of the factor u corresponds to the assumption of a
small change of the properties of the system under spatial
translations of the sytem as a whole'” (at the end of the
calculations we take u = 1). Then the solutions of the equa-
tions modified in this manner are usually written as series in
the parameter u. For the system (8a) and (8b) these solu-
tions look like the following®:

fulty =1y (1) (141 (&, 1)+ 12 (2, 1)+ .. ),
g (t, 1, 2)=Fy (1) Far (2) (W (8, 1, 2)

R (1, 2) ),

(17)

However, detailed analysis of the resulting system of equa-
tions for ¢, and 7, shows that already the third term of the
first of the series (17) contains divergences® due to the sin-
gularities of the so-called ring operators, the properties of
which will be discussed below. This indicates that the modi-
fied system (8a) and (8b)

a 1) d ;
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(18b)
s P=n—r

has no solutions {f,,g-} clsoe to {f,; (1),0} and analytic in u
near the point u = 0.

Let us explain the above using a simple example.’ If the
system is so close to equilibrium that the difference of n(r,?),
u(r,t) and @(r,t) from their equilibrium values can be ne-
glected on the right-hand sides of (18a) and (18b), then
from (17), (18a), and (18b) it follows that

Yo (E, &4y o) = [(Vi—"’z)'—'—n (Do (1) F A (2))_]

X T (1, 2) (14 Py, 2) @ (8, 2)— (o +25"2 o1 )

) [25Y 2 (A )+ Ao@)]

xT1,2)(P),+1) =f(t, 1), (19)

niyy z

where P , is an operator which interchanges the arguments
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of functions P, , ¥(1) = 4(2), Ay(i) is the linearized Boltz-
mann operator

Ao ()% (@, =73 | danfeq (en) T (GR) (4 (2, )+ (R, 1)
20
(2, 1) = e (D1 (2 Vi) Fae (1) Sy

and Z is a ring operator, whose action on the function 7 (z,1)
is given by

w(t, )=  doaT (1, 2) [ (=) —n

(Ao () +4,2) ™
X T (1, 2) (1+ Py, o) w (8, 1),

The contribution to ¢, (£,1) corresponding to (19) contains
components of the form

s 1 (vy— Vo) — 1 (Ag () + Ag (2)))2

1 arn (¢, R, v1)
n (Mg (1)+2) ot (2n

The expression  {i, (v, — v2) — n(Ag(1) + Ap(2)} 2
X x(v,,¥,) has a singularity at small q which comes from
those terms of the expansion of y(v,,v,) in a double series in
eigenfunctions of the operators + iqv; — nA,(i) for which
the eigenvalues of these operators vanish for g—0. In fact,
the operator

S (q, vi) = iqv; — nAG (1) (22a)
has five such eigenfunctions corresponding to hydrodynami-
cal modes. In zeroth-order perturbation theory in the small
parameter iqv, these functions have the following form:

1. Functions corresponding to sound modes with eigen-
values { + i|q| (56 /3m)~'’T'¢*}:

(q) my? qv m \1/2
W= (%)

. LR 22
ev3o_t|ql 20 (220)

2. A function corresponding to a heat mode with eigen-
value — D,g*:

WP = (B2 ).

3. Functions corresponding to shear viscosity modes

with eigenvalue — D, ¢*:

(22¢)

W)= (5) v, ea=0, ei=1. (22d)
Here D, and Dy are the coefficient of kinematical viscosity
and thermal diffusion, ' = 2/3(Dr + 2D, ), and all the
eigenvalues have been calculated in the ﬁrst two orders of
perturbation theory in the small parameter [g].

Comparing the above eigenvalues of §(q,v,) with (21 ),
it is easily seen that the integrand in (21) can have a 1/ q
type of singularity at small q. This causes the integral deter-
mining the function of the second-order approxxmatlon of
the Chapman—Enskog method ¢, (1) to diverge.®

Therefore, the expansion (17) does not lead us to the
desired singularity-free hydrodynamical equations, so it is
necessary to seek a different method of constructing ap-
proximate solutions of (18a) and (18b).

Such a method was porposed in Ref. 10 and consists of
choosing the following form of the solutions:
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where the order of ¢@,(#,1|u), ¥,(¢,1,2|u) must be found
fromn the system (18a) and (18b).

Since the conservation laws permit us to move products
Jar (D)far () to the left of operators T'(i,j), the equations
(18a) taking into account (23) acquire the form

e (O [ 57+ Ve | Far () = A (1, 7,) 4 (8, 1)
+n | dvalag (0 ¥ T (1, 2942 13, 05 v v), (240)
where we have introduced the notation
Yot 1, 2 [ pw) =19, (£, R, p; vy, vy);
T2 =71, 20 k)
Al B x ) = dvidar @& v T (0, 3)
[ (vi) + 5 (va)l, i = 1,2,

We note that because of (23), Eq. (24a) does not explicitly
contain the uniformity parameter.

The second equation of the system (18a) and (18b)
acquires the form

[k (T + 2 o) + (=) 2
+RL (& R, Vi v)—n(A(L, 8)+ A2, §) ]
i (¢ R, 0, vy, W)

=8(0) T (1, 2)[9s(t, R, V) + 0, (L, R, v,)].

Here we have introduced the notation

(24b)

Z(t R, p; vy, vy)

_I:_Q_ Vi+t-ve
T Lat 2

X 1n far (&g vy) Far (Bas W),

Isolating in (24b) the terms of zeroth and first order in M, we
find

{i—v) -—nAyt, B+ 4,2, R))

a 1 9
A e

g VitV

Linx] A, (1, R) _ 9A, (2, R)
2 R ~oR

)+ %]} w

(t, R1 P; v!a Vz)

S

=8O T (1, 2)[9:(t, R, v)+95(t, R, V)i (24c)

2
Zo= 2 (e R, vl [ 57+ Voo | Fae (R, V),
1

o=

e (v = [ avy BB Ty, 1y v+ (v,
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where Ko( i,R) are linearized operators of the type (20) with
Jeq (x) replaced by the quasi-equilibrium Maxwell function
JSum (R,v;). Expressing the time derivatives dfp /9t in (24b)
in terms of the zeroth-order hydrodynamical equations (15)
for P, = (0/m)é,,.q =0, we obtain

ndo (L 2) @it vy V)40 | dvify oy v)

TA, 9., r 0; vy, vy)

1 a0
"ﬁ‘g;A(Vi)%—g'SmBzh(vlﬁ (25a)
T (0 | itv) 8 mp [0Ag(l)  9Ay(2)
[+ G+ — 2 (252 ) + 20)
+i=vo) gr—n(do (L, B+, 2, R)]
Py (2 R, 15 vy, vy)
=80T (1 2)[¢:(t, R, v)+q5(t, R, vp)],  (25b)

where

2 2
1 a0 2
L=y 3 A(Vo)+ 5 S D) Bun(V,);

a=1 o=1

Vo ; 3
A(V,)=V, ( me i 5) i Bip (Vo) =V, V hoc_"-_; 8., Vas
V=v—u(r, t).

We note that the system (25a) and (25b) is linear. When the
term linear in y is discarded in (25b), the solution of this
equation contains divergences. Keeping this term, we can
write the solution of (25b) in the formal form

i

T 2 A

Pt Ry w vy, )= o | Q6 w0 (r, w8 () T (1, 2)

0

(g1 (t, R, i)+ ¢ (¢, R, V) dr,

where

i
Q(t, W=Texp |
0

{_ it o _ _n_p( Ao (1) Ay
2 dR 0 IR dR )

“‘l-li ((Vi—V2);_p—n(Ag(1, R)+"10 2, R)))} s
(26)

where in the integrand of (26) all the operators KU and also
the term .%°, must be taken at the time f = 7. Using (26), itis
not difficult to find the solution of (25a) which, according to
(16) and (23), gives the desired hydrodynamical equations:

4 1 a0 m
P11y V)=t = A (V) + 2= S1aBip (V) ),
; )= oy (e AT+ SuBa(vy)

where

(v V)= [ dvofy (r v) (1, 2)

Ot WOt (x, WS T (1, 2) (% (r, r, v

+x(t 1, o)) dr|p_,. ("

X

S

Here at the final stage, after isolating the leading sing
in g for 4 -0, we must set u = 1 in the final exXpres:. . .
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Naturally, this requires the explicit calculation of all the in-
tegrals entering into (23), (26), and (27) and cannot be
done in practice. In the following sections we shall see how
we can construct solutions of such hydrodynamical equa-
tions in simple cases.

2. THE LINEARIZED EQUATIONS AND DEPENDENCE OF
THE FREQUENCIES OF THE HYDRODYNAMICAL MODES
ON THE WAVE VECTOR

The method of constructing the hydrodynamical equa-
tions using the kinetic equations (8a) and (8b) which was
described in Sec. 1 is simplified considerably when the sys-
tem is in a state so close to equilibrium that all but the first
power of [n — p(r,t)|, |u(r,t)|, and |8, — O(r,t) | can be ne-
glected in (23)—(27). In this case it is much easier to start
directly from the kinetic equations (8a) and (8b) (Ref. 12),
assuming that

(6, 1) =fq (1) (1 4 8 (& 1))
gt 1, 2) = fog (1) feq (2) (8eq (ry — 1) + 88 (4, 1, 2)),

and neglecting all but the first power of §f(#1) and
8g(1,1,2). The resulting system of linear kinetic equations is
much simpler than the original one; in particular, the opera-
tors .%(t,{) (9) become ordinary linear operators which
commute at different times, so that a relation between
8g(1,1,2) and 8f(z,1) of the form (10) does not contain the
T-ordering operation. The investigation of this system by
Ernst and Dorfman led to the discovery of a new effect aris-
ing from the nonlocality of the kinetic equations—a nonana-
lytic dependence of the frequencies of the hydrodynamical
excitations on the wave vector. For example, for sound
modes it was found that

o (k) =ck+ (Th + 3} k9-2"Cpt+dik2Ink+...) |
n=1

where ¢ and T are the speed of sound and the damping coeffi-
cient obtained from the linearized Boltzmann equation.
Analytic expansions were obtained for the shear viscosity
and heat-conduction modes which contain both an infinite
power series in k with exponents between 5/2 and 3 and
logarithmic terms. The coefficients are functions of the den-
sity and temperature.

It was later shown that expansions similar to these also
occur in the phenomenological theory of interacting hydro-
dynamical modes.'® Therefore, the frequencies as functions
of k have a branch point at k = 0, and the Riemann surface
of the function @ (k) contains an infinite number of sheets.

By means of the Laplace and Fourier transformations

87 (z, 1)= | dte-=6f(t, 1);
0 (28)

~
~

87 (z, k, v)= 5 dr,e~ikn18] (z, 1)

from (8a) and (8b) we can obtain a linear integral equation
for 6f (Ref. 10):

[z ui-ikv—miu(v)——nf{ (k, v, 2)]
87 (5, k, v)=067(0, k, v), (29)
where 8f(0,k,v) is the value of the Fourier transform of
8f(2,1) at the time ¢ = 0 and R (k,z,v) is a ring operator:
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R(k, 2, v,) (v) = | d¥aleq (Vo)
j- B T(i 2) z4+iqv,+Hi(k—q) v,

—ndg (v)—ndg (Vo)) T (1, 2) (14 P, 5) 1 (vi).

The hydrodynamical equations can be constructed from the
solutions of (29) in the following manner. Macroscopic
variables are introduced as velocity averages of functions
corresponding to the hydrodynamical modes (22b) and
(22c):

(30$)

ad (v, 1) = 3 Jeg (V) W (V) 87 (¢, 1, V) av

= @® (v), 8/ (¢, 1, V)), (3D

where (...} stands for the scalar product with weight £, (v).
In the Hilbert space of the functions {f} defined by this sca-
lar product one can introduce operators which project onto
the hydrodynamical space and its orthogonal extension via
the expressions'®

Bl & 29 () @ (v), £V,
PJ(V)—(i—P) f(v).

We note that these operators are Hermitian. By projecting
(29) on both of these spaces we can find the desirgd linear-
ized hydrodynamical equations for the quantitites a‘* (k,z):

(32)

Br o
Zlai,am (k, 2)=ad(k, 0)
+ @, £P, (z—P, EP )P0, k. v),  (33)

where

Gry=2B,— (YR, Faptiy
— R, EPy(s—P P, ) P g
z= —ikv—i—n!iu (v) +nﬁ (k, z. v).

(34)

Let us discuss the roles of the various terms on the right-
hand side of (33). The first is the value of the Fourier trans-
form of one of the macroscopic variables at the time ¢t = 0
and is of zeroth order in |k| and z. The second term can be
rewritten as

(£, Py (s — PLLP )P 8 (0, k, V).
Using the relations

Agg® =0, R (k, 2, v) 4% =0, (35)
it can be shown that this term is of order |k| and can be
dropped in the hydrodynamical limit. The physical reason
for this is obvious: the initial values of the projection of the
distribution function on the space orthogonal to the hydro-
dynamical space must not affect the evolution of the macro-
scopic variables according to the principle of reduction of
the description. Therefore, the problem is to calculate the
matrix e]ementsG = z6; + k), (k) + k? u; (k,z), thatis,
scalar products of the form

iy (k) = 1 (@, kv ); (36)
Kuy (k, 2) = %), kvP, (z — P, $£P,)™
Pk v ). (37)
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We note that we have used the relation (35) to write the
matrix elements (34) in the form (36) and (37). The inte-
grals (36) are easily calculated taking into account the ex-
plicit form of the functions {#y™}. As a result, we find

Qy = — Qy, = (5m/30)12, (38)

All the other elements of the matrix {2 are equal to zero. It is
also easy to find the functions of the form P, (k)% (v).
Application of the formula (32) for the projection operator
P, gives

uy (b, 2)= (0, (a—P g Py ji, (39)
where

my? - ev m y1/2 RPN e
(m , (V)= ( o) T (zﬁ) ((e‘)z : ‘z) .

o) = (25— 5) s s = () e eam)

+

e =k/|k|, and e, and e, together with e form an orthonor-
mal basis. We can immdeiately conclude that
Uy =y =06 ugandus; = u;s = 85 uss, i.e., the matrix 7
(39) splits into an upper (3X3) and a lower dlagonal
(2X2) block. Equation (39) can be simplified further using
the fact that in the hydrodynamical region, where z and |k
are small, the quantities zand P, (kv)P, in the expression
(=P, P, )_ appearing in (39) can be neglected. Using
the relations P, j*’ and P, A, = A,, we can rewrite (39) in
the form

wip (K 2) = — = GO, (A + R (k. 2, V)70 ). (40)

The action of the operator ﬁ (k,z,v) (30) on functions of the
argument v, can be rewritten in the form

Rk, z, v)y(v)

= {dvafeq @ | 29 F(q, ‘ST'—*—’—“

(2 ) ~ z—z;(q)—sz;(k—q)

.

A0 (V) G (va))) (40 (v,) 10 (v, )

T(1, 2)(14+ 2y, ) %(vy)
+ Rreg (k. v, 2) g (vy)
-}}s(k$ Z, V) % (vy) i“zeg (k, z, vi) 5 (v,y) (41

The region of integration over q in the first term in (41) is
bounded by a sphere of radius g,, where g, ' is of the order of
the mean free path; the summation runs over all values of the
indices (i) for which the sum of the eigenvalues corre-
sponding to the functions ;@ (v,), ;%" %(v,), and
2:(q) +z; (k — q) is of order %, k*, and kg for [k|, |q| - 0. It
is prec1sely this term (the second is determined by the rela-
tion R,L8 =R R ) which has interesting singularities at
small k and z, whereas ng leads only to corrections of high-
er order in the density.

The transformations (41), which amount to computa-
tion of the action of the operator 7 on functions
¢,V (v)e; "~ ¥ (v,), lead to the following result:

s = Ao (V) Sk, 280 (v),

where
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S 1) =3 3 [

i,J

H (9) b~ 9hv)

X m) (W=D (v) YD (v), % (V). (42)

Making the replacement R —»ﬁs in (40) and using the rela-
tion

A+B)r =471 — ABA 4, .,

we find an interesting singularity in the hydrodynamical ma-
trix u; (k,z):

Lotg. & 0
u;; (k, z)zufig)_t?(}(ik), Sk, 1), (43)
where
o e )
e 1 Guo A-1im
) = —— (R, A; 705

The first term in (43) corresponds to the Laplace and Four-
ier transformation of the linearized Navier-Stokes equa-
tions. The second can be written as

~ rwh gk, @ wl ok, @
“”( 5= dq 2 o, p cc ﬁ

' 44
K "t) 3 (2n)? 2—3g () —zg (k—q) ki
@, B

where
Mtic.ﬁ k, q) = <j\|i-'), q:rg) ¢(:;—q))_

The function #; (k,z) at small (k| and z has singularities
related to the singularity of the integrand in (44). In particu-
lar, fork =0, @, ~constyz, and for z ~k, k2, ‘~const\/‘
+ O(kInk,k ?, Ink). These singularities are doubled in the
solutions of the generalized hydrodynamical equations
(33). First of all, the frequencies of the hydrodynamical
modes determined by the condition

det (ad;; -+ ikQy; + kuy; (k, 2) = 0, (45)
are not analytic functions of the wave vector |k|. Since at
small k|, z~k, k* and @, ~const|k , it is clear that the

general form of the k dependence of z given by (45) is

2o=a ki (55) " — 5 TP+ [kj92A,,

30
Bg= —DTA‘Z—E— ;.\.3 ikla'fz; (46)
Zy, 5= *—anz s A‘i. 5 Iklaiz'

Explicit expressions for the A, can be obtained by direct
calculation of the coefficients of the leading singularities in
the integrals (44) (Ref. 16):

Ay o= (1F1) (dnyt ( 50 )”*i[ 14

12m mn W
9 19/2
+ 32+ 2! 32];
9 (Dy+Dp) (AT T%
— g [0 R0 372,
Ay=(21m) ( ) — T~

oy f B0 \1/4
Alu.b' (‘{ ) 1 (Tﬁ'n?)
where I' = 3(D; + 2D, ) and D; and D, are the coeffi-
cients of the kinematical viscosity and heat diffusion in the
hard-sphere model determined from the relations

= 1"-3/2
mn

Dy= _He_":t {(e,v) (e2v), AG!(eyv) (e,v));

%<(*mg—2~—5) (ev), Agt ( my
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Detailed calculation of the roots of Eq. (45) based on the
method of successive approximations shows that the expan-
sion (46) also contains terms of the form |k|* 2 ",n =2,....
This fact, which was first noticed in Ref. 13, indicates that
logarithmic branch points of the functions z; (k) may be
present. The relative magnitude of the terms in (46) which
are nonanalytic in |k| is very small in gases of moderate den-
sity. This makes it extremely difficult to detect such terms in
experimental studies of the propagation of hydrodynamical
perturbations in gases and liquids. At the same time, the
existence of such a nonanalyticity is in conflict with the de-
scription of the hard-sphere system using the linearized Bur-
nett equations.

The existence of branch points of u;; (k,z) also leads to
new singularities in the solutions of the hydrodynamical
equations (33). In particular, the time dependence of these
equations is determined by the inverse Laplace transform

- )
2 (k, t)= g i

oo (24 1kQ (k) + k2 (k, )7 2 (k. 0),

(47)
where the contour I runs parallel] to the imaginary axis to
the right of all the singularities of the integrand. In addition
to the poles determined by (45), (47) can also receive con-
tributions from integrals along the branch cuts
50

Im

2 1
-—oo(z-‘ri[kl( )” <0, —oo <z Dr ok?

which correspond to the branch points of #; (k,z) in the
complex plane.'**°

The asymptote of the hydrodynamical modes a‘” (k,t)
for t— oo determined by the pole contributions has the stan-
dard form:

@t (k, 1) ~exp o ik (22) "~ Thet} (10 (),

@0 (&, 1) ~ exp {(—kDqt} {1+ O (k).
WS (k, 1) ~ exp {—kDyt} {1 4 O ()}

Atsmall ¢ /7; (7, ={2/Tk? 1/D;k? 1/D, k*}) the pole
contribution dominates. The contribution from the cuts be-
comes important for t/7; » 1, since the branch points of
u; (k,z) lie to the right of the corresponding poles. In partic-
ular, for the hydrodynamical viscosity and heat-conduction
modes the asymptote for 7 — oo due to the branch cuts has the
form?°

a® (k, t) ~ exp {—ﬁ,;— D;rﬁ} fr(8); }

2 i (48)
@ (k, 1) ~exp { — 2= Dut} fa (),

where f7 (#) and f, (#) have a power-law falloff for 1— co.
We also note that the z dependence of the hydrodynamical
matrix (47) does not permit us to write the hydrodynamical
equations for @'” (k,z) in a local form in the variable ¢.

3. DESCRIPTION OF NONLINEAR TRANSPORT PROCESSES
IN A STATIONARY FLUX WITHOUT HEAT EXCHANGE: THE
NONANALYTIC DEPENDENCE OF THE VISCOSITY ON THE
VELOCITY GRADIENT

Here we shall study the simplest nonlinear phenome-
non occurring in the generalized hydrodynamical theory for
a hard-sphere system, which arises in the study of a station-
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ary uniform flux with a given simple distribution of the local
macroscopic velocity u(r):

u (r) = e (u, + xr), (49)

where the vectors e and x are perpendicular (for simplicity,
we shall henceforth assume that u is directed along te y axis
and that the velocity gradient x lies along the x axis). The
value of x is assumed to be so small that effects ~ |x|* (in
particular, heat exchange) can be neglected. We can there-
fore consider the values of all the macroscopic variables as
given [p(r,t) = @(r,f) = const], and the probelm is to cal-
culate the stress tensor (16) and, in particular, its nondia-
gonal component:

R, :5 folt, 1 V) dv (v, (0, — uo — | X | ). (50)

Standard calculations using the Boltzmann equation in
the  Navier-Stokes  approximation  show  that
lim (P,,/|x|) = — =, where 5 is the constant viscosity co-
|x| -0 <
efficient. The Burnett approximation must lead to an expan-
sion for P, /|x| of the form
Piy

= — N+ x), (51)

that is, to a linear dependence on the velocity gradient. How-
ever, as was first shown by Kawasaki and Gunton,*' when
the effects of singularities in the ring operator are taken into
account the dependence (51) does not occur, since the
expression for 77y contains divergent integrals. The authors
of Refs. 21 and 22 used a phenomenological approach taking
into account the interaction of the hydrodynamical modes
and showed that the |x| dependence of P,, is not analytic.
We shall show how this result arises in the hydrodynamical
theory based on the kinetic equations (8a) and (8b) (Ref.
23).

For finding the distribution function f(z,r,v) determin-
ing the stress tensor it is possible, as in Sec. 1, to use the
generalized Chapman-Enskog method, introducing expan-
sions similar to (23):

fi(ts vy ¥)=Ta () (A + x| 2 (r, ¥)+8h(r, v; {x]))

82 (Tyy Toj Vyy Vo) =
‘ ri—F
=fa (1) far (2) Og (—“'““1 ) L, Ty—Ty Vi, ¥y, X)~

(52)
where the distribution function f, (1) is fixed:
i) =n (_'L) s exp |:--- 26 (v m (i) ]

2a8 20 4

(33)

and the coordinate dependence of the macroscopic velocity u
is given by (49). Substitution of the functions (52) into (8a)
and separation of terms of different order in |x| leads
to two equations, one which determines /(r,v), while
the other gives the relation between 6k (r,v;|x|) and &g
(Tg,rg,vl,VQ;Jxl):

h(r, v)= Jg— AL(V) (V.. V),

dk

Sh(r, v; |x|)=—nA"! (V)S @n)?®

% 5 AV, D, (Vo) To (1, 2) 85 (r, k; vy, Vs). (54)

Here we have introduced the notation
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O va=n (25) " sn {~ 51}

8g (r, k, vy, vy)
= dog (r & Vi, Vai |x ), V= v —u 0.

The equation for g, which together with (54) can be
used to find 84 (r,v;|x| ), should be obtained from Eq. (8b) of
the kinetic system taking into account (52). The linear coor-
dinate dependence of the macroscopic velocity (49) is ex-
tremely important for writing (8b) in a compact form. In
fact, it follows from (49) that 8g depends only on the x com-
ponent of the vector r. Therefore, instead of x, we can intro-
duce into (8b) a new variable u, = u, + x|x| and write the
differential operator

IS

d a a (Vi+Vs) 4
= s =l i —_ —— + LR LIR LN
Q Vi 31'1 i~ V2 ry (vl v2) ag 2

dr

in the form

Q= (vi— Vi) g5 + 5= (it v2) 5o (55)

Next, in the operators .%°; (9) we can expand in powers of
|x|, using the § functions in the operators 7'(1,2) and 7°(2,3)
and the definition of f),:

T(1, 3)fi(3)=8(ri—r) T (1, 3)fi(rs, Vs)
=08(r;—r) T (1, 3)fi(x+5§, vy)=8(xr;—ry) T (1, 3)

1
=Dy (Vo) [+ & x| G Vo + x| 2 (r, ¥)1. (56)
Calculation of the Fourier transform of both sides of (8b)
with respect to the variable £ taking into account (55) and

(56) allows us to write the desired equation for 8g(r,k,v,,v,)
in the form??

ik (vy — vg) — A (v)) — A (vy)
+1x1 R (&, vy, v)] 82 (v, k, vy, V)
=|x|T {121+ Py h(vy), (57)

where to simplify the notation we have introduced the nota-
tion A(r,v,) = h(v,),

ﬁ(k? Vi Vz)x(k, Vi, Vz)

=[_%(vix'i'vzx) (%"‘ %)—'%

"d%x"(i_‘Pi.z)A("il mgely)

—(A+ P Ay ) ]| 10K, vy, V), (58)

A (vy 1% (va) % (v)

= nS dvaT (1,2) (1 + Pyy) Dy (vo) $ (va) % (v1)

We note that it follows from (57) and (58) that &g is
independent of the first of these arguments. According to
(52) and (54), the component of the stress tensor P,, (50)
can be written as a sum of two terms, the first of which is
linear in |x| and determined by the function f;(r,v) in the
Navier—Stokes approximation. The second term is defined
by the function 8g(r,k,v,,v,):

6ny= —mn? Y '(% 5 dvydvy, @y (vy)

X @y (Vo) yayy At (v) T (1, 2)82 (k, vy, va).  (59)
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It follows directly from (57) that 6P, contains a regu-
lar part, which is proportional to |x| and represents a higher-
order density correction to the ( — 57|x|) Navier—Stokes ap-
proximation. Expansion of the solution of (57) in powers of
|x| leads to divergence due to the mechanism discussed in
the preceding sections.

In fact, writing 8g as

8 = | x| 6gM -+ | x |2g® L ..
we see that from (57) it follows that

630 = QT (1, 2)(1+ Py, h(V), } (60)
5E(Z)= '—QR (k, Vi, "2) QT(1i 2) (1+P1-3J h (V1)

where @ = [ik(v, — v,) — K(vl) — K(vz)]f‘.

It follows from (60) that at small |k|, §2°*’ contains
terms ~const/|k|* for which the integral (59) diverges.
Therefore, the solution (57) is not an analytic function of | x|
near the point |x| = 0. It is easy to study its leading singular-
ity qualitatively: we write 5g as a double series in the eigen-
functions of the linearized Boltzmann operator gl:}""(v,),

¢L_k)(vz):
65 ~ 2 2 WO (VD YP (V) B () + 86y (61)
+ B

The symbgl 2’ in (61) denotes summation over those eigen-
values of A, for which the eigenfunctions (22a)-(22c) are
also eigenfunctions of the zeroth approximation for the op-
erators  ikv, + A(v,) and ikv,+ A(v,), where
Q’,b,(i,kj(vl)w( 7k)(v2) ok (k 2)_11,/},(1”("[)!;9( fk)(vz) at small
|k|. It follows from (57) that at small |k| the quantities
B* (k) have corrections of order (k 2 4 const x) ~'. Substi-
tution of (61) into (59) allows us to find the magnitude of
the contribution of these quantities to 6P, , (x):

(62)

~ |x|¥2.

ko
dk k2
6P“’” | 5 k2®-}-const |x|
0

The result (62) is in qualitative agreement with the predic-
tions of the phenomenological approach.?!?? Therefore, the
Burnett approximation leading to the expansion (51) for
P, is not valid in this theory: the dependence of P,, on the
velocity gradient is not analytic, and it is possible to go be-
yond the Navier—Stokes approximation only by construct-
ing the generalized hydrodynamical equations. The exact
calculation of the coefficient of [x|*/? in (62) goes as follows:
Eq. (57) must be projected onto the subspace of products of
the functions (22b)-(22d) corresponding to the hydrodyn-
amical modes, and then the expansion (61) must be used,
neglecting the term 6g,.,. As a result, we obtain a closed
system of equations for the functions B* (k) (Ref. 23):

2 1823840 (Dy -+ D) k24 2R3 (k)] B (k)

{v, 0}
nm

= — g~ (PO (vy) Y0 (vy) vy0y). (63)
The summation in (63) runs only over those values of the
indices v and p for which the eigenvalues of the operator
ik(v, — v,) — A(v,) — A(v,) corresponding to the func-
tions % (v,)¥$ ~*(v,) are of order k * for 4 = 1,2.

r

= A=1.2,
Dv=1 Dy, 2=3,

Py Rl 5,
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where I', Dy, and D, are the coefficients of the sound-mode
damping, thermal diffusion, and kinematical viscosity in the
Navier—Stokes approximation. The quantities R ﬁ;,‘(k) are
matrix elements of the operator R (k,v,,v,):

H;\:g (k)= S dv dvy®y (vy) Dy (Vo) w&m

(vy) 113{!_‘” (va) IP(\F) (v4) IP(D"k' (V).

Since R (k,v, v,) contains the derivative operator d /dx,,
(63) is a system of first-order linear differential equations.
Its solution can be obtained as an expansion in powers of |x|,
which, however, is not applicable to the calculation of 6P,,
because each term of this expansion will give a contribution
to the integrand of (59) which diverges for small |k|. In the
region |k|~k,~nr,? it is natural to expect that the exact
solution of (63) for |x| €k,2D, will correspond to the first
term of this expansion. This allows us to write down the
boundary conditions for B*(k,|x|), which together with
(63) determine these functions, in the form

" B"™ (ky, 0)= —1g- (Dy+ D) i

QR0 () YK (V) 04204

Calculation of the integral (59) with the functions
B* (k,|x|) obtained in this manner leads to the following
expression”® for the coefficient of [x|>? in the asymptotic
expansion of P, at small |x|:

BPL == A Y] |x|3fze[ﬂ— (64)

M,
[FIINEE _1':17?] ’
where M = — 0.002 59 and M = — 0.004 06.

In experiments on computer modeling of multiparticle
dynamical events***° attempts have been made to establish a
dependence of 6P,, on the velocity gradient of the form
(64). Tt turned out that such a dependence of 6P,, does
actually occur, but the coefficient of |x|*/? is roughly two
orders of magnitude greater than the theoretical value. One
explanation®® for this is that the experiments have studied
very dense systems, in which in important role can be played
by more complicated mechanisms giving rise to contribu-
tions to P,, which are nonanalytic in |x|. In addition, rela-
tively large values of |x| have been used in experiments.

For two-dimensional systems divergences arise in P,,
in the application of the standard Chapman—Enskog method
already at the stage where the Navier—Stokes approximation
is constructed®®**: a modification of the method similar to
that discussed above leads to a logarithmic dependence of
the generalized viscosity coefficient on |x|:

P, (x) ~ const— (32%) (DRt 4T 1y 1n % (65)
The appearance of the logarithm in (65) is easily understood
by estimating an integral analogous to (62) for the two-di-

mensional case:
kg

g [ kd k
§P,, ~ |x| 5

) Troonst a7~ I oy -
We note that Eqgs. (64) and (65) have been obtained in the
simplest case where the macroscopic velocity depends lin-
early on one of the coordinates. Up to now it has not been
possible to find any more complicated nonlinear problem for
which it would be possible to obtain a compact expression

1
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for the stress tensor and the thermal-flux vector starting
from the kinetic equatons (8a) and (8b).

CONCLUSION

At present the problem of constructing the hydrodyna-
mical equations on the basis of a kinetic theory which gener-
alize the Navier—Stokes equations is far from a final resolu-
tion. As shown by experiments on the modeling of molecular
dynamics, such equations should be nonlocal and should
contain nonanalytic dependences of the characteristics of
transport processes on the gradients of the macroscopic vari-
ables. These effects are of higher order in the particle density
of the system than for the dynamics of binary collisions lead-
ing to the usual dissipative processes in the Navier-Stokes
approximation. They are due to the slow damping of long-
range correlations, which are extremely small for gases of
moderate density and are present even in hard-sphere sys-
tems. However, the existence of such effects indicates that
there is no sharp boundary between the kinetic and hydro-
dynamical stages of the approach of the system to equilibri-
um. This is manifested in the divergence of the formal expan-
sions in the small parameter of the theory. Divergences are
also characteristic of the kinetic state, where they arise from
correlated successive collisions of duration much greater
than 7,,¢, -

Therefore, study of the features of the Bogolyubov
functional hypothesis with reference to the problem of con-
structing the equations of hydrodynamics has proved to be
extremely fruitful and has led to an understanding of the
important role played by kinetic phenomena in macroscopic
time intervals for hard-sphere systems. Further study of this
group of problems, first posed by Bogolyubov several dec-
ades ago, will in the near future probably result in the discov-
ery of the most suitable approach to describing the multipar-
ticle dynamical processes establishing equilibrium in
macrosystems. This will apparently require significant
changes in the existing mathematical technique based on ex-
pansion in the small parameters of the theory. One thing is
certain: the further dynamical investigation of the problem
will involve the development and justification of the func-
tional hypothesis concerning the properties of solutions of
the equations of the Bogolyubov chain.

The authors are deeply grateful to Academician N. N.
Bogolyubov for his constant interest in the study and for
valuable advice and remarks.
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