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The low-energy bremsstrahlung accompanying particle scattering is described using the
Feshbach-Yennie approximation, that is, including only an external contribution to the
amplitude of the process. A modified derivation of the Feshbach—Yennie approximation is
given. Its range of applicability is analyzed. Expressions are given for the bremsstrahlung
spectrum in the region of isolated and overlapping resonances for both monoenergetic and
broadened beams of incident particles. The quantities needed to calculate the bremsstrahlung
spectra, the current methods of calculating these spectra, and the information which can be
extracted by analyzing the experimental data are discussed. The relation between the
bremsstrahlung photon spectrum and the time behavior of a nuclear interaction is studied. The
experimental studies on proton bremsstrahlung are reviewed.

INTRODUCTION

It has long been known that gamma transitions due to
the interaction of nucleons with an electromagnetic field can
be studied to obtain accurate information about the nuclear
structure and the nuclear reaction mechanism. From the ex-
perimental point of view this is a consequence of the effi-
ciency and simplicity of photon detection, the ease with
which photons can be detected in the presence of back-
ground from other radiation, and the high accuracy with
which excited-state energies can be determined. In addition,
electromagnetic radiation has been studied more thoroughly
than nuclear radiation. This is in large measure due to the
possibility of using perturbation theory in electrodynamics,
whereas great difficulties are encountered in the perturba-
tion theory of the strong interaction.

There are two important problems in the quantum the-
ory of radiation:

1. Electromagnetic transitions between bound states. 2.
Bremsstrahlung or transitions between continuum states.

In the first case the excitation energy of the system is
smaller than the particle separation energy, and the most
probable mechanism for the system to make a transition
from an excited state to the ground state is via interaction
with the electromagnetic field. Since the bound-state wave
functions have zero asymptote, the strength of the electro-
magnetic transitions is basically determined by the size of
the system.

In this case we obtain information on the initial and
final states of the radiating system. This problem for a nu-
cleus is analogous to the problem of transitions between
bound states of an atom.

In the second case the initial and final states of the radi-
ating system belong to the continuum and the radiation is a
consequence of the accelerated motion of one charged parti-
cle relative to the other. The theory of bremsstrahlung in the
scattering of an electron in the Coulomb field of a stationary
source can be found in Refs. 1-3. The approach used in these
studies differs considerably from that in the case when both
states are bound. It is assumed that the bremsstrahlung spec-
trum is formed at distances significantly larger than the size
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of the force center, so that the latter can be assumed to be a
point source.

The situation is more complicated when the brems-
strahlung is related to the motion of a nucleon or another
particle in the field of a nucleus. In this case it may not be
possible to fully describe the particle-nucleus interaction by
a potential. The particle might penetrate inside the nucleus
and form long-lived states of the compound nucleus. As a
result, the bremsstrahlung spectrum might give information
about the characteristics of the compound system and might
serve as a tool for studying the mechanism of the nuclear
reaction accompanied by bremsstrahlung. The latter possi-
bility was first demonstrated in the case of direct nuclear
reactions by Dubovof and Shapiro.* The possibility of using
the bremsstrahlung spectrum for identifying the direct-reac-
tion mechanism is based on the appearance of deviations of
the spectrum of radiation with frequency @ from do/o,
which become important if the reaction amplitude has singu-
larities near the physical region. A review of the work done
on this problem up to 1971 can be found in the lectures of
Kondratyuk.®

The bremsstrahlung spectrum is determined by the
time dependence of the acceleration, that is, the mechanism
by which the incident particle interacts with the nucleus.
Neglecting radiation due to the motion of the recoil nucleus,
there are two segments of the particle trajectory in which the
particle is accelerated—when approaching the nucleus and
when leaving it. The time separation of these two processes is
equal to the delay time of the particle in the nucleus 7 and,
accordingly, the bremsstrahlung spectrum depends on 7.
The use of bremsstrahlung to determine the time for a reac-
tion was first suggested by Eisberg, Yennie, and Wilkinson
in 1960.° The quantum-mechanical description of brems-
strahlung was developed by Feshbach and Yennie.” They
proposed a method for describing bremsstrahlung based on
the expansion of the reaction amplitude off the mass shell in
the photon energies. In this method the bremsstrahlung
cross section is expressed in terms of the experimentally
measured elastic scattering cross section and the reaction
time. Therefore, in those cases when the method is applica-
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ble it becomes possible to extract the reaction time by com-
paring the experimental results with the calculation. The
appraisal of the applicability of the Feshbach—Yennie ap-
proximation is thus an important problem in bremsstrah-
lung studies.

The stationary quantum-mechanical approaches to de-
scribing bremsstrahlung which are currently used can be di-
vided into two groups. The first contains the so-called mod-
el-independent theories. They are based on the expansion of
the bremsstrahlung amplitude in a series in the photon ener-

gy E,:
Tyi=T_ B+ T B34 T\E + ... (1)

The coefficients T'_, and T, were first obtained by Low
for nonresonance behavior of the elastic scattering ampli-
tudes £.°* The expressions for 7_, and T, o were calculated by
Feshbach and Yennie (Ref. 7; see also Ref. 9) in the case
where f varies strongly in an interval of order E,. Strictly
speaking, the derivation of the relation for T o in that study
was rather qualitative; it was later done more accurately (us-
ing the potential approach) in Refs. 10~13. The first two
terms of the expansion (1) are determined by the behavior of
the elastic scattering amplitudes and do not contain any off-
shell information. This makes it possible in the case of low-
energy photons to calculate the bremsstrahlung cross sec-
tion using elastic scattering data—it is sufficient to have
some parametrization for £,

In the second group of approaches'*? the starting
point is an explicit expression for the particle-target-nucleus
interaction potential. In Refs. 15-17, 21, and 22 the brems-
strahlung amplitude was calculated after solving the Schro-
dinger equation for the continuum wave functions in a given
potential. This method is quite time-consuming, owing to
the slow convergence of the matrix elements corresponding
to the electromagnetic interaction between continuum wave
functions. At present its application is limited to either few-
nucleon systems or the one-particle description of brems-
strahlung.

Dipole radiation was studied in Refs. 18-20. The Eh-
renfest theorem was used to improve the convergence in co-
ordinate space. By approximating the nuclear part of the
potential by a square well, simple relations were obtained for
the parametrization of T;. The validity of the Ehrenfest
theorem in the description of bremsstrahlung was proved in
Refs. 23 and 24.

Bremsstrahlung was studied in Refs. 25 and 26 in the
nonstationary quantum-mechanical approach using wave
packets. Eremin, Melikov, and Tulinov® first described the
dependence of the shape of the bremsstrahlung energy spec-
trum on the energy spread of the incident particle beam and
on the detector resolution. It was assumed that elastic scat-
tering occurs on an isolated resonance, and only the first
term of the expansion (1) was included in the amplitude T';.
This approach made it possible to study the range of applica-
bility of the stationary description for bremsstrahlung. If the
level width is much larger than the experimental energy
spread, the expression for the intensity of bremsstrahlung
photon emission coincides with that obtained in the station-
ary quantum-mechanical approach. Otherwise, the expres-
sion for the radiation spectrum is obtained from that in the
stationary approach after averaging over the experimental
energy spread.
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The expression for the amplitude T; in the form of a
series expansion in E, can be used to relate the characteris-
tics of the bremsstrahlung spectrum to the time delay of the
particle in the field of the nucleus,57-25-30 g0 let us study its
derivation.

1. A MODIFIED DERIVATION AND DISCUSSION OF THE
VALIDITY OF THE FESHBACH-YENNIE APPROXIMATION

According to Refs. 31 and 32, in first order in the elec-
tromagnetic interaction we have

Tpi= (4 Ve, (A)

where ¢(;*’ ({7 ) is the wave function of the initial (final)
nucleon with relative momentum #k, ( fik;), which asymp-
totically is a plane wave plus a spherically diverging (con-
verging) wave. To simplify the notation we have omitted the
spin indices on ¢ *’.

If we restrict ourselves to electric transitions, in the
c.m.s. of the nuclear subsystem in the entrance channel the
electromagnetic interaction potential Ven normalized to
unit volume is

r
. eh? 27

Vem =1 m E (BQ)!

. (2)
Q:[j—: exp (—inrd,/A)— ::: exp(ixrA,-/A)] Ve- }

Here, £ and x are the photon polarization and momentum
unit vectors, respectively, e and m are the proton charge and
nucleon mass, Z, and 4, are the charge and atomic number
of the incident particle @ =  and the target nucleus (a = 1),
A=A4; + A,,andristhecoordinate of the relative motion of
the particle. Therefore,

Tu=i S/ 25 (iB), B=(iQuk). (3)

According to the general rules of quantum scattering the-
ory,** in the c.m.s. the bremsstrahlung differential cross
section [ 10 cm?/ (keV -sr) | is related to the vector ampli-

tude B as

S
&0 k1

—F 05— = const 2k 1/ —_— M

aEy a0y df, Bk B, Tion 2 M,

(2m)%. 104 €2

const = o

20,073983, p=A,4,/(4;,+4,), (4)

where for an elliptically polarized photon?®
2n
M= { ae i),
5 0
X is the angle between the polarization vector and the unit
vector of the axis of abscissas in the plane perpendicular to
the photon momentum, I= V2T +1, I, and s, are the tar-
get-nucleus and particle spins, /7 1, and m,_are their projec-
tions, and E,, is the energy of the relative motion of the
particle in the entrance (a = /) and exit (e =f) channels.
In writing down the expression (4) it was assumed that the
functions ¢ *’ are normalized by 8(k-k').
In the c.m.s. of the entrance channel E,=E, .
— E,, where E, is the energy of the motion of the center of

mass of the nuclear subsystem. We shall approximately take
E.=~0and
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By By, —Ep (5)

According to Ref. 36, even for proton bremsstrahlung on
carbon the particle characteristics in the c.m.s. and the labo-
ratory frame coincide with an accuracy of up to <17%.
Therefore, in what follows we shall neglect the difference
between these frames. The rigorous transformation to the
laboratory frame can be done as in Ref. 37.

For simplicity we restrict ourselves to the bremsstrah-
lung of a spinless charged particle (4, = Z;) on a heavy tar-
get nucleus with 4, > Z,, so that

Q — e—ixrvr.

We rewrite the expression (3) for the B-vector amplitude of
the process using the Lippmann-Schwinger equations. % As
a result, we find**

3
B=2 B;

qe={
B, = kit (kj, k;—x: Ey,) G (kyk;—n) =
kit (kj, ki —2; Ey )

Ey [1— (Bi)]

=k,t(k,+u, kl; EkE)G(k” k]-J[—N) (6)

B

4]

kit (k4% ki By )
Ey[1— ()]

B,= | daG (ks @)t(k;, a; Fi) 06 (ki a+2)t

X (g4, ki Ex);

(B, = Volc, Ey=Tex, x=xlx, v=nk/(mp),G (k, q)

=1/(Ex—Eq+in),
Ey = R2k?/(2mp),

where #(q, k, E)={q|T(E)|k) is the T matrix of off-shell
nuclear scattering. Here we have dropped the term (k,
|Q|k;} and the terms proportional to x, since they do not
contribute to the amplitude T’;.
|Q|k;) and the terms proportional to x, since they do not
contribute to the amplitude T.

According to (6) the amplitude for the probability of
the emission of a bremsstrahlung photon is the sum of three
terms: (1) the amplitudes for emission before (B,) and after
(B,) the nuclear interaction (external emission), which
dominate at distances larger than the nuclear-force range;
(2) the amplitudes B, for emission when the particles are
close to each other (internal emission or rescattering). Out-
side the range R of the interparticle potential ¥ the term B,
is proportional to % and does not contribute to the brems-
strahlung amplitude.

In the case of proton—proton bremsstrahlung the term
B, is smallin the c.m.s.,*”*® and for incident-proton energies
from 10 to 300 MeV its effect is S 15% (Ref. 15).

Let us obtain the expression for B; accurate to terms
linear in E, . We use the identity
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t(k21 ki_K! Eﬂ)_t(k2+x’ kla Ez)
= {dat(k @ E)(G(K, @)

—G(z, q+2%)t(q+%, ky; Ey)l,

which follows from the integral equation for the off-shell T’
matrix. This relation is satisfied for local interactions and
has been obtained in Ref. 11. We have written it hére using
different notation. If we set u =k, and z = k; and take the
gradient with respect to x, then for E, — E, =E, =ficnwe
obtain

{dat (e, @ Bx)6 (ks @) a6 (ki a0t
x(q+*%, ki Ex,)

= 28 Vit (kg %, ki Ei)+o8 Vig, _ub
X (ky, k;—x; Ek})
+ B, { dat(ky, @ Bi) G, k) {55V
X (q+=, ki Bx)
+ [46 @ k) — 35 @)V +%1] G (a4, k)t
X (q+%, ki Eki)}

g
(c)?

[ dat(ky @ E)G(a, k) VoG atn, k)t
X (q+%, k; Eki)- (7

Therefore, B, does not contribute to the term T}, of the ex-
pansion (1), and

Bsiﬂ% ka_%_"t(kj—i“xv k!.’ Ekf)

4+ I Vit (kg ki, E)+0(gE), (8

where 87 is the energy range of the characteristic variation of
the integral terms on the right-hand side of (7).

Let us isolate the dependence on the unit vectors kin the
matrices ¢, Taking into account (5), up to terms linear in £,
we have

t(ky+, ki Bx)=1t (kek; (1—Ey/ B>+, ki Ex))

i = s
ot (K kiy B + By [ 2521 Vo, t (0 ki3 By

t(ky, kj—n; By ) =tk ki Ey)
+ & I: ;‘ll;:f —%] fo t (kg, pys Ekf)s (9)

where t(k,, k; E,) =t(kk,k;E,) and t(k, &, E,)
= a;(kfk-,- kf;AEkf) are the on-shell 7 matrices, p;
=k/k,;,p; = k;Kk, and terms of the form V ,z are gradients of
the T matrix half off-shell with subsequent passage to the
energy shell.

Substitution of (9) into (6) and (8) gives
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Bom(—— o e B

( = (ks ki3 Bx))
_k_ﬁt(kh k;; Ek))E‘
(1 — (@)

L[ mu Bi

% (F[i—_p:*)]—[ — (B:%) ﬂx]fot (ks psi By

L Y S R o BT i ki Ex))E
granere %) Bsl Vot (p; “)"

(10$)

The discarded terms are small, of order O(E,, /min{61,
8E,}), where §E}, is the interval of the charactenstlc energy
variation of the gradients from ( 10). Since SE p» is of order of
the energy interval 8E in which the elastic-scattering proba-
bility amplitude varies significantly, the accuracy of (10)
can be estimated to be O(E,8E /(E8I)).

The approximation in which the first term in (10) is
kept is usually referred to as the Feshbach-Yennie approxi-
mation (FYA). The coefficient of E in (10) is essentially
the same as that obtained in Ref. 7 after the transformation
using (5). An approximation of the form (10) in which the
terms T, and T}, of the expansion (1) are included is called
the Feshbach-Yennie approximation with the correction
term (FYCT). The result of Low® is obtained by further
expansion of the elastic-scattering probability amplitudes in
the average energy (E, + E r)/2.

Separating the angular (V;) and the modulus-depen-
dent terms in the gradient, we find that in the case of particle
bremsstrahlung on a heavy nucleus only the angular compo-
nents of the gradient remain in B, and

B:(_k_

t (k}'r kz'.l Ekf)
(1"_‘@:

"—t(kh kh Ek )) E\’
(L —Bsn)

b vtk ks By
g [1— (Bsx)] ' K

Bs 2 e EySE
= — wVa t (ks k;; E, 0= . (11
hv; [1—(5111)]" ky (ks» ki k) + (E*M ) ()

The expression for the bremsstrahlung amplitude was ap-
parently first written in this form and is a consequence of the
relation (5). In Ref. 40 the relation for B was obtained start-

150
nE

dsfdRpanyak g cm?/ (keV-sr2)

= 12,5
=<, 100}

N ]
& =1 o

0

ol NN L
__h‘aaa‘qhgmo
| g e

n
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Bra1s10KEY " Togr =1 aigjag,an k0 cm?/ (keV-s
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ing from the requirement of gauge invariance, viewing the T
matrix as a function of the energy and the square of the mo-
mentum transfer. The terms with the gradients in (11) are
the analogs of the derivatives with respect to the momentum
transfer from Ref. 40 and, in accord with the picture of the
time behavior of the scattering,*” determine the displace-
ment of the particle perpendicular to the initial direction
owing to the interaction between the particle and the nu-
cleus.

The recoil of the target nucleus can also easily be includ-
ed by using Eq. (2) for Q. The amplitude B will contain eight
terms of the same type asin (11).

The accuracy of approximating the bremsstrahlung
amplitude by the first terms of the expansion (1) was studied
in Refs. 9, 17, 24, 35, 36, 39, and 41-44. Tt was shown>>*!
that in the case of bremsstrahlung in the pp reaction at pro-
ton energies 105 E; 5200 MeV the Low approximation,
which in the absence of resonances is equivalent to the FYA,
describes experiment with an accuracy of up to 25% even for
E, /E; ~1. In the case of bremsstrahlung in the aa (Refs. 9
and 17), per, and dp (Ref. 35) scattering processes an impor-
tant role is played by the kinematic constraints, and the FY A
is valid for particle emission angles near 90°in the c.m.s. and
small photon energies.

The validity of the FY A was studied in Refs. 36, 40, and
42-44 by comparing the calculations with the results of ex-
periments on the bremsstrahlung of protons with resonance
energies on carbon. The radiation for protons with energies
1.504-1.895 MeV (Refs. 36, 40, 42, and 43) and 0.461 MeV
(Ref. 44) was studied. The R-matrix parametrization was
used for the elastic scattering amplitudes. The data of the
Maryland group*® were used for the reduced widths and res-
onance energies in Refs. 40, 42, and 43. It was shown® that
the calculated bremsstrahlung cross sections are quite sensi-
tive to the resonance parameters. The cross sections for
bremsstrahlung photon emission in the FYA and FYCT are
similar far from the resonance in the final channel, while
near the resonance they can differ by 40% (Refs. 40 and 42).
The FYCT gives the best description of the experimental
data near the resonance in the final channel. On the whole,
the agreement with experiment obtained in these two ap-
proximations is about the same. Several results from these

studies are shown in Fig. 1. For protons with energy near the
resonance E, = 0.461 MeV the FYA also gives a better de-

FIG. 1. Bremsstrahlung spectrum of protons on carbon: (a) at the
mcndent-proton energy E; =1.765 MeV, b= 0,=157 (b)
E; = 1.795MeV, 8, = 157", (c) yield of bremsstrahlung radlatlcm Gy
relatlve to the elastic scattering cross section for E, = 1.81 MeV and 6

= 155°. The solid lines are calculated using the FYCT the dotted ]mms
are calculated using the Low approximation, and the dashed lines are
calculated using the FYA. The data in Fig. 1(c) are averaged over the
photon solid angle.

V. A. Plyulko and V. A. Poyarkov 162



scription of experiment than the FYCT (Ref. 44) (Fig. 2).
Newer data on the reduced widths and resonance energies
were used in Ref. 36. It was found that the shape of the
bremsstrahlung photon spectrum is in agreement with that
given by the FYA, although the absolute values differ at
proton energies above the resonance in the entrance channel
(see Sec. 4).

We have studied®* the possibility of using the FYA to
describe the interaction of a particle with a heavy nucleus as
a function of the ratio of the photon and incident-particle
energies and also the particle emission angle. We considered
dipole radiation. We studied the differential cross section for
bremsstrahlung in a model problem close to the case of
bremsstrahlung of photons with energy below the Coulomb
barrier on the carbon nucleus. We took the potential to be a
square well with a step barrier (P1). Its parameters were
selected such that there is a resonance of width I' =85 keV,
in the s wave at the energy 0.216 MeV.

In Figs. 3 and 4 we show the differential cross sections
a(6,, E,) =d’0/dE,dQ,dQ,, calculated in the exact ap-
proach [0, (8, E, )] and using the FYA (0pya (6, E,)) at
various incident-particle energies E; = E, and particle

Eb =5687keV
0t

501
201

1.0

50k 592keV

Grpy o107 0keV~1gr 1
=
=1
1

729keV
5ot

E o) keV
FIG. 2. Yield of bremsstrahlung radiation o, compared to the elastic
scattering cross section near the resonance E, = 461 keV. The solid lines

are calculated using the Low approximation, the dashed lines are the
FYCT, and the dot—dash lines are the FYA.
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FIG. 3. Dependence of the bremsstrahlung differential cross section on
the photon energy for 8, = 37/7 and E; = 0.226 MeV. The solid line is
calculated using the FYA, and the dashed line is the exact calculation.

emission angles 6, relative to the incident beam with @,
=w/2and @, =@, =0.

In Tables I and II we show the coefficients a[o (8,
E,)-0wya (0, E,)]/07(6;, E,) describing the difference
between the differential cross sections calculated in the FYA
and the exact values as functions of A = E,, /E, and 6, at E;

= 0.226 MeV. To calculate the cross sections in Table I we

used the potential P1, and for those in Table II we used the
potential P2, of the same form as P1 but with a barrier so
narrow that there are no elastic-scattering resonances in any
of the partial waves.

We see from Table I that the validity of the Feshbach—
Yennie approximation depends not only on the energy ratio
A, but also on the particle emission angle. As the incident-
particle energy E; increases for fixed A, the difference be-
tween o (6, E,.) and opys (0, E,) grows. For example,
for the potential Pl with E,=0.226 MeV and
0.005<A<0.97 the modulus of a averaged over the eight

10°%%m2/(MeV-sr2)
X B~}
2

T
&

3 .
& 0 0F 08 12 16 20 2%
N 48
g g
ui'"4!04
2.0
o 3.2
£t

2441

a8

L1 il

14 \
08 3

1
- o
A N e
0 04 08 12 16 E;, MeV

FIG. 4. Bremsstrahlung differential cross section for E; = 2.5 MeV. The
notation is the same as in Fig. 3. The arrow indicates the value of the cross
section at the maximum.
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TABLE 1. The coefficients @ (%) describing the difference between or

(04 E,) and opy, (8, E,) for the potential P1 and E, = 0.226 MeV.

6;, rad
A

0 a7 ‘ 2n/7 ’ 3a/7 ~ La/7 5m/7 n
0.005 —0.01 | —0.2| —0.2| —0.1| —0.05| —0.01 | —0.01 | 0,00t
0,008 0.06 0.8 3 6 3 0.09 0.1
0.2 0.4 —0.8 | —10 —20 —10 —3 —0,3 0.2
0.44 0.8 —3 —25 —32 —18 —7 —1 0.3
0.97 —38 —44 —56 —065 —b64 —56 —48 —45

angles 6, from Table I (|a|,,.) varies from 0.07 to 52%,
while for E; = 2.5 MeV and 0.04<A<0.92 the coefficients
|at| o Vvary from 6 to 173%, and for 0,=2m/Tand A =0.8
we have @ = — 570%. The differences between the exact
and approximate calculations are considerably smaller for
the potential P2. For example, for 0.004< A <0.92 the coeffi-
cient |@/,,. varies only from 2 to 25%.

Comparison of the results of Tables I and II shows that
the presence of a resonance in the elastic channel leads (fora
given value of A) to deterioration of the validity of the FYA.
In the resonance region the monotonic dependence of the
coefficient & on A is spoiled.

On the whole, the studies indicate that in the absence of
resonances the FYA gives a quite good description of experi-
ment and that its accuracy is determined by A, the ratio of
the bremsstrahlung-radiation energy and the incident-parti-
cle energy. The presence of a resonance at the same A causes
the approximation to become less accurate. For sufficiently
heavy nuclei, when the differences between the c.m.s. and
the lab frame can be neglected even for small A, the shape of
the bremsstrahlung photon spectrum given by the FYA is in
agreement with the experimental spectrum.

The range of applicability of the FY A for describin gthe
bremsstrahlung accompanying elastic scattering can be de-
termined, following Low,® by introducing the bremsstrah-
lung formation length, namely, the distance R, over which
the particle loses an amount of energy E,. Neglecting the
variation of the particle velocity, this length can be estimated
as R, =Atw=vfi/E,. In the FYA the scattering and the radi-
ation are separated, so this approximation will be valid if the
range R of the forces leading to scattering is significantly
smaller than R,,. We can assume that R =#v/8E ¢ + w/SE,
where 8E; and 6E '+ are the intervals of the characteristic
energy variation of the elastic-scattering probability ampli-
tudes in the initial and final channels, respectively. The con-
dition R €R,, implies that

E,< (8ESE,)/(E, + 8E,).

In the absence of resonances for short-range interactions
OE,, = v,p, ~2E; and the condition for the FYA to be appli-
cable becomes

E,< E;. (12)

Near the resonances in the exit channel (£ r=E ) the energy
8E is of the order of the resonance width I, and the FYA
will describe the resonance part of the bremsstrahlung spec-
trum when the corresponding energy E, = E, — E, issignif-
icantly smaller than the resonance width (E,<T). Other-
wise, in this part of the photon spectrum the FY A will not, in
general, be valid and can be used only as an approximation,
These qualitative conclusions are consistent with the results
which we have discussed.

In the region of strongly overlapping resonances the
elastic scattering amplitude fis the sum of a large number of
terms differing by, in general, random phases. It can there-
fore be assumed that £ will be close to its average value and
that the interval of its characteristic variation will approxi-
mately coincide with that of the average amplitude. As a
result, the range of applicability of the FYA for overlapping
resonances will apparently be given by the relation (12).

It should be noted that in addition to the upper limit on
the bremsstrahlung energy at which the FYA can be used,
there is also a lower limit related to the necessity of including
multiphoton processes in the emission of ultrasoft pho-
tons.*

2. RELATION OF THE LOW-ENERGY BREMSSTRAHLUNG
SPECTRUM TO THE TIME BEHAVIOR OF THE SCATTERING
PROCESS. ISOLATED RESONANCES

Keeping the first two terms of Eq. (11), the expression
(4) for the spectrum of bremsstrahlung accompanying pro-
ton scattering takes the form

TABLE II. The coefficients a (%) describing the difference between o1(6, E,) and

Ogya (0, E, ) for the potential P2 at E, =0.226 MeV.

8;, rad
A
0 T . 2m/7 37 | 4my7 | 57 ’ 8a1/7 ‘ a
0,045 0.02 | —0.4 +0.5 [—0.4] —0.2 | —0.1 | —0,02 | —0.01
0.44 0.05 —1 —2 —2 —2 —1 —0.3 —0.1
0.97 —0.3 —0.5 —0.9 | —1 —1 —1 —0.8 —0.7
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(13)

Here do, (k;, k3 E)/dQ; = 35, fs, (k;, KB [/ (813 is
the differential cross section for elastic scattering,
@, (k, k; B, Ep) = (1/81})  ReZ} fs, (k ky, E)
% (kk;, E;) is the real part of the correlation function of
the elastic scattering amplitudes, f;, (k; k;, E)
= — (2m)*mput( f;f k,, E)/#is the elastic-scattering proba-
bility amplitude, and the indices 6 and  denote the spin
degrees of freedom of the particles in the entrance and exit
channels. The recoil of the target nucleus has been taken into
account by using for the protons the effective charge eN /4
(N is the number of neutrons in the nucleus).
If we introduce @5, as the argument of the elastic-scat-
tering probability amplitude, the function ®, can be rewrit-
ten as

d)c (l;il l:f; Eh E})=
=t D Ufoy (ikys E)) fo (ki3 Eg)| cos Agey,

sili 8,y

where

A@gy = gy (kiky; E;) — oy (kiky; E)
Ei "
y \ dos, (kK g E)_

./ dE
Ey

dE.

For monoenergetic beams Ag,, can be related to the
time delay 75, = #idp,,/dE in plane-wave scattering**":
E;
1 A~ A
Aoy = Toy (&1, Ky, E) dE = Aty Eylh.

E;~E,

Here, according to the mean-value theorem for integrals,
Ars, is some average time. For weakly varying 75, on the
interval E,,, that is, far from resonances,

AT(,?% Toy (ki! k‘:f, E,) = Tay (ki, kf, Ef).

For an isolated resonance 75 (E)= (Al'/2)/

[(E—E,)*+T?4] and
ATy, = .9 arctg 5 8 :
Ey T 4(E—E,—Ey) (Ef—Ey)

In this case, strictly speaking, the average time Ar,, will
coincide with 75, (E;) only for E,/[T*+4(E;
e Er )2] 172 @ 1

For spinless particles the real part of the correlation
function is obviously related to the elastic-scattering differ-
ential cross sections as

4001 (i) d0e1(E7) o6 A, - (14)

q)c‘ (kil;lf; El! E!) w0 dgf dQy

where
Ap = ¢ (kik;, E;) — @ (kik;, E)) = AtEJh.
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In the case of the interaction of spin-} particles with a
spinless nucleus we have f=g+ A(k, xl_(f)o'/lk,- Xky|
(Ref. 33), where g and # are scalar amplitudes depending on
the energy, the scattering angle, and the nature of the inter-
action, and o is a vector formed from the Pauli matrices. Asa
result, the function ®_ will have the form (14), but

Re [gigf + hihj) (15)
(lgi)®+ 1 1%) (lgs 12+ Thg1®)
where g;, h; and g, h; are the scalar amplitudes in the en-
trance and exit channels, respectively.

It follows from (15) that in general the phase ¢ - cannot
be identified with the phase shift of the elastic scattering
amplitudes in the entrance and exit channels and therefore
have no simple relation to the time delay of the particle in the
nucleus. However, the latter can be done near an isolated
resonance. In this case®

cos Ap=cos g;; =

g, = igP, (cos 6) exp (2i8 (E,)),
h,, = hPj (cos 0) sin 0 exp (2i6 (E,)),

where g and h are smooth, real functions of the energy which
can be assumed to be constant, and the expression for @,
takes the form

@, (l::l;ﬁ E, E)= Wcos (2A8),
AB = & (E;) — b (Ej) = AvE,/ (2),

which is similar to that for the case of spinless particles.

The spectrum of bremsstrahlung of resonance protons
on carbon was measured experimentally in Refs. 27 and 36,
and the quantities cos Ag were determined using (14). Then
therelation Ap = A7E,, /fiwas used to extract the quantities
A7, which were interpreted as the delay time of the protons
in the field of the nucleus. This interpretation is limited in
two respects—the phase difference A@ from (15) can, in
general, be expressed in terms of the average time only near a
resonance, and A7 cannot be identified with 7(E,) for all
energies E;.

The concept of a delay time in stationary scattering is
rather artificial. It can be introduced rigorously in a tempo-
ral description of the collision process using wave pack-
ets. 22344750 Iy this case the instant that the collision occurs
is determined with accuracy no better than #/AFE, where AE
is the energy spread in the wave packet, and for sufficiently
large AE it can be considered fixed. One can therefore speak
of time intervals 7 during which secondary particles appear
and also of their probability distribution P(7).

The time distribution function has been determined for-
mally by Ericson and Mayer-Kuckuk.’' A physically moti-
vated expression for P(7) was first obtained by Kopylov,
Lyuboshits, and Podgoretskii***°:

2AE
P()=pr T W (e, )™ **/" d (16)
ke | g, 0)e €,
—2AE

where
W (e, 6)= j o (E', E' +5) dE’

Sf(E. 0) 1* (E—e, 0) p (E, E—¢) dE
X

=

5 If (E, O)|%p (E, E) dE
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Here p(E\E') =c(E — Ey)c*(E — E,), c(E—E,) is the
weight function describing the energy spread in the wave
packet near the average energy E,, fp(E, E)dE = 1, and
f(E,6) Ef(k,—kf, E).

In the case where the normalized correlation function
between the amplitudes

(/ (E, 01 (E—e, 0)p
TE Mg

F. (9= (17)
where the symbol {...) £, Stands for averaging over p (E, E),
satisfies the conditions (A) that (i) it is concentrated near
€ = Oand (ii) the characteristic energy range of its variation
OEy, close to the range of the characteristic variation of the
scattering amplitude, is much smaller than the averaging
interval

SE-< AE,
it can be identified with W(e, 8) and the definition (16)
takes the form
6EL

5 F, (e) e~="de
-8E,

1
B e
£ w)= 2ah

R

- 5 F,(e) e~ ge. (18)

Up to terms of order £/AE,
Fc (8) et F: (_E‘)'

Because of this the function P(7) defined by (18) will be
real, which is consistent with its physical interpretation.
It follows from Eq. (18) that
400
7, lejcs j dz P (1) /", (19)

—-09

When the conditions A are satisfied, the contribution of
negative 7 can be neglected, that is, it can be assumed that the
integration over 7 runs from 0 to op.2*°

Averaging, at fixed energy E,,, the expression (13) over
the incident-beam energy with weight function p(E, E),
when the conditions A are satisfied we have2®°

: d’c : dOg] (ii;, f(f, B
Ey < dEy dQy dQf >E‘, = dQy >E.,

X [ b+ b3 —2 (bby) fdrP(T)wS(t? )]
0

E, < 8E, < AE. (20)

When the spread AE is sufficiently large, the average
values (do, /d(),) and F, are not sensitive to the form of the
weight function p (E, E) (Ref. 52). For example, this occurs
for AE> D, T, where D is the average distance between com-
pound resonances and I is the average width of these reson-
ances. Therefore, the average values in (20) can be under-
stood as the corresponding quantities for monoenergetic
beams averaged over the experimental energy spread AE,
=AF of the incident particle.

The expression (20) for the bremsstrahlung spectrum
coincides with that obtained by Eisberg, Yennie, and Wil-
kinson®> using the classical approach. As was first shown
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by Kopylov, Lyuboshits, and Podgoretskif,” this agreement

between the classical and quantum results occurs only for
spectra averaged in the interval AES E ; the classical ap-
proach becomes meaningless in the scattering of monoener-
getic particles. In fact, it is not possible to go to the case of
monoenergetic beams in the expression (20), since the con-
ditions A were used in its derivation.

It follows from (20) that the averaged spectrum of the
bremsstrahlung of low-energy photons gives information on
the real part of the correlation function F,:

ReF, (E,) = S dt P (1) cos (vE,/h), (21)
0

that is, on the Fourier component of the probability distribu-
tion of the delay time of the particle in the field of the nu-
cleus.

In general, the distribution P(7) has a complicated de-
pendence on the particle emission angle. This dependence is
simplified in the case of an isolated resonance or for strongly
overlapping resonances, when they all have the same orbital
angular momenta. In the former case

F,(e)=(1—1ie/T)H,

P (v) =0 (1) exp (— T't/h) T/h. (22)

Therefore, the resonance width can be determined by
studying the averaged bremsstrahlung spectra near an iso-
lated resonance.

In the second case, when the level widths are identical
and the level separations obey a Poisson distribution, P(r)
consists of two components, an instantaneous component
and a component with a normal distribution.?**

In reality, the case where all the resonances have the
same orbital angular momentum is of low probability. In the
general case it is necessary to explicitly isolate the depend-
ence on the angle 6, between the directions of the particle
motion in the entrance and exit channels.

3. LOW-ENERGY BREMSSTRAHLUNG IN THE REGION OF
OVERLAPPING RESONANCES

The averaged differential cross section for the emission of
bremsstrahlung photons taking into account the spin
structure of the channels

We represent the scattering amplitude [s, as an expan-
sion in Legendre polynomials P, (cos 8,) and use thej repre-
sentation for the S-matrix elements.*® As a result, the elastic
scattering cross sections and the correlation function will be
determined by

g (kiky; By, Ey) =
Jrar
= Z AIJ (Bf) (S;pr_ (EJ) = 6P5Pf) lSp}.;; (EZ) _ﬁpgp}) ]
whereS; ', =S , .. arethe S-matrix elements for scat-
tering with total spin J and parity 7, the @, are the quantum
numbers characterizing channel ; which are different from / :

and j;, the orbital and total angular momenta of the relative
motion of the particles in channel /, and from J™:
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Az-f(ef)=‘—"—~ ) Py (cos )

Ahyhysil}

n

X B (Lijilijis I, J'5 n) B (4idiis T, J'5 n),

e (I
e, [ }{ }
i | 1's, i'il;

a - is the Clebsch-Gordan coefficient, and {3} are the
6 j symbols; the summation runs over the quantum angular
momenta ;, j;, 11, ji, I, 1 1, Jf» J and J'. Here for the elastlc
scattering cross sections do, (ki, kf, E)/dQ, = g(k, kf, .
E), and in the case of the correlation function ®,(¢) =
g(kk,, E,, E, =E, —¢).

In the resonance interaction of a particle with a nucleus
it is possible to isolate the instantaneous stage related to the
average S matrix, which is usually identified with direct pro-
cesses.” It is therefore convenient to split the scattering ma-
trix into two components, the average component <S> and
the so-called fluctuation component S = § — (S'), and to
use this representation for studying the average bremsstrah-
lung spectrum. If we now average the expression (13) in the
interval AE near the energy E, satisfying the conditions A,
we obtain"

B(jl'j'; JI'n)

= (_._)Ei“*'f'“i”fl'

dig : dﬂ'g{)
E <dE~;d9def T aEToT (b; —by)?
io (fl\
et L (bi-+ ) — 2 (byby) Be D) (E,), By < AE, (23)

where

dcj(d)

dfy

=24,/ (0) S p, Em— apf,,imsg?p'; (E:)ym,—8,]

is the direct (‘“‘instantaneous”) contribution of elastic scat-
tering to the cross section,

da””

1
el _ ¥ J“(l’l) SJ“ (tiy» . do "m 1)(91)
oy = 2411 0) (S, " (E1) (E)E,

d.Q

is the fluctuation contribution, which is related to the pro-
duction of long-lived states of the compound system, and

DU (g) = ZA;; (0)) \SJ"(“) (E;) SJ" (“)* (E;—¢)g, (24)
is the fluctuation component of the amplitude correlation
function.

Therefore, in the general case the averaged spectrum of
low-energy photon bremsstrahlung is determined by the di-
rect and fluctuation contributions to the elastic scattering
cross section and by the fluctuation component of the corre-
lation function. The latter quantities are bilinear combina-
tions of the fluctuation components of the S matrices. The
calculation of these quantities is a complicated problem
which has been studied intensively in connection with the
statistical theory of binary nuclear reactions.***

Methods of calculating the averaged products of elements
of the scattering matrix

The techniques for calculating the averaged bilinear
combinations of the S matrices consist of parametrizing
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them in terms of the averaged elements of the scattering ma-
trix. The latter are calculated using either the usual optical
model or the strongly-coupled-channel method. It is as-
sumed that the energy is automatically averaged over when a
complex potential is used.

In the derivation of the expressions for the fluctuation
contributions the scattering matrix is replaced by some ran-
dom function and the energy averages are replaced by aver-
ages over the ensemble. Let us discuss the validity of this
approach.

In the general case the scattering matrix S  with fixed
total spin J and parity 7 is a function of the energy and of the
matrix elements H,, of the Hamiltonian H of the system
between states of the discrete ({/, m} = d) and continuous
({l, m} = c) spectra: §,, =S, (E, {H,,}). In principle,
the elements S, can be calculated from the known {H,,, }.
However, for systems with a large number of states this
method of calculating the scattering matrix cannot be used
in practice. Numerical studies®*** have shown that at a fixed
energy for a sufficiently complicated system the matrix ele-
ments H,, and H,, are a sample from the statistical ensem-
ble specified by some distribution f(E, {H, H.,}). Since
the quantities H,, vary with energy, the distribution also
depends on the energy. In the interval 6E, where the func-
tion f'can be assumed to be uniform in E, the elements of the
scattering matrix.S,, will be determined by different samples
H_, from the ensemble f. If the elements H . vary just as
weakly in the interval §E, quantities averaged over the ener-
gy in the interval AE S8E can be identified with ensemble
averages:

Sav={ Sup(Es Hear Had)) [ (Hear Haa)) d{Hoar Ha)-

The replacement of the averages is valid if the ensemble
of random S matrices is ergodic. This property has been veri-
fied numerically for a number of situations®” and has been
proved analytically. >+

Let us consider the case where the energy averages and
the ensemble averages coincide and find the limits on the
averaging interval AE for which this replacement will be
valid. As in Ref. 66, we shall use the criterion of the rms
deviation.

If the interval 5E on which the distribution function fis
independent of the energy is larger than or equal to AE, then
in the averaging interval S, it is independent of the ener-
gy—it is not changed by repeated averaging over the ensem-
ble and ( S,,) =S5,,. Without loss of generality we can
choose the weight function for the averaging to be a square
step of width AE, and then we find

AE AE
IASnb |2 l(Sub>_"Sabl e (AE)2 5 dt S ai' Kab(t, tr)’
0

(25)
where

’ ' AE
Ko (8, t')=8% (B, +1) 8" (B, 1), E,=E,——-

(26)

is the complex correlation function of the fluctuation com-
ponents of the S matrix.

A random process specified by an ensemble of random
functions S, is stationary on the interval 8E, so that®®
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Kub (t, t') = Kab (t - t') == *b (tl — t)'

As a result, we obtain

| ¢Sap)— S |2< = 1560 () 12,

where the quantity

AE
Ee= | dv|Re Ky, (1) /K5 (0) (27)
0

will be referred to as the energy length of the correlations.
Therefore, if AES6E is significantly larger than the
correlation length E,, the modulus of the squared deviation
of the average of the S matrix over energy from the ensemble
average is small and the ergodicity condition will be satisfied
by the matrix elements S,,. Similarly, for bilinear combina-

tions we find
*

[(Sap S&a) — Sap Saa 2 << A:i‘

abed (0),

where
AE
Et=2 [ dv|Re Kapea (%) |/Kapea (0);
0

Kabcd (t_ tr)

=S8op (B +1)Sta (B +1) 83 (E; +t')Soq (B, + 1)
— | Sap (E)) 8L (E)) 2. (28)

Therefore, the ergodicity condition applied to binary prod-
ucts of the S matrices will be satisfied for AE < SE signifi-
cantly greater than E *,

The correlation length E, and E * can be found after
computing the corresponding ensemble averages and are
discussed later in this section.

As a consequence of the invariance under rotations and
time reversal there is no general condition like the unitarity
relation which would lead to a relation between scattering
matrix elements with different J™. It is usually assumed that
the wave functions of compound states are so complicated
that their phases are random functions of J, so that the en-
sembles §7 ™" are independent and uncorrelated, that is,

S (B ST W% (B — 81548 SID (B) SE™E). (29)

We have dropped the indices J” on the right-hand side of
(29) and in the formulas below.

In the studies of Weidenmiiller ez al.5%° and Mol-
dauer’! a method was proposed for calculating § @5 (™ *
for S,,,, #0 (a = b), that is, when there are direct 1ne:Iast1c
transitions between channels, which is consistent with the
unitarity of the scattering matrix. This method is based on
the Engelbrecht-Weidenmiiller unitary transformation,
the matrix of which, U, diagonalizes the averaged scatterin g
matrix,

(UASTUT) =‘§ab =5absa, (30)

where U is the transpose of U.
The Satchler transmission matrix is diagonalized simul-
taneously:

PabE 5ab—-2 gac"s_’;m
. (31)

(UPU_i)ab o pasab! Pa=1— 83.
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A method of calculating U and s,, using the relation (30) was
described in Ref. 72 and realized in Refs. 73 and 74.

The transformation U effects a transition to new effec-
tive channels between which there are no direct inelastic
transitions. The average values of products of the fluctuation
components of the S matrix satisfy the relation

SIS = 2 UtUtU,Upa $SPSEP", (32)

where 3’23@ < * are the corresponding averages when in-
elastic channels are not directly coupled. As a result, for
averaging intervals which are mgmﬁcantly smaller than the
intervals of the characteristic variation of §,,, it is possible
to explicitly isolate the correlations related to direct inelastic
transitions.> Here

S(")(E )S(fl)* (Ez)

sl

= (Begafh o Behafg) (1 . ef) Sej (Ei) Sm)* (Ez)
+ 8,889 (B 88 (B).  (33)

Genera] expressions for the averaged binary products

‘“’ (E)S < *(E;) which are convenient for applications
have been obtained in Refs. 67, 70, 71, and 73-75. Weiden-
miiller ez al.°"° have used the method of numerical model-
ing of the random S matrix on the basis of the K-matrix
representation, which automatically preserves the unitarity
of the scattering matrix independently of the distribution of
the resonance parameters of the K matrix. Approximation
formulas were proposed which accurately reproduce the nu-
merical calculations.

Moldauer’"” used the pole expansion of the S matrix
and the so-called M-compensation hypothesis, according to
which terms related to correlations between the amplitudes
of the reduced widths are cancelled by terms containing cor-
relations between the amplitudes of the reduced widths and
the resonance energies. This leads to formulas of the same
form as those in the case of weak absorption (p, €1) in all
channels. In the general case the validity of the M-compen-
sation hypothesis is confirmed indirectly—by the agreement
between the fluctuation cross sections calculated by differ-
ent methods.

In Refs. 73 and 74 numerical modeling was used to for-
mulate and study a modified computational technique. In
contrast to Refs. 67 and 70, an expression’ valid for a large
number of closed channels was used as the initial approxima-
tion formula.

An integral representation for S ‘“’S ()% has recently
been obtained”””” in the limit of a large number of resonance
levels (A— o). A unitary expression® close to that of the
shell model®' was used as the initial scattering matrix. The
matrix elements of the residual interaction ¥, and V., were
assumed to obey a normal distribution.

When the resonances overlap weakly or strongly (I" <D
and I'> D, respectively) a large number of different, fairly
simple expressions is again obtained for the averaged binary
products of the scattering matrix. However, the ratio I'/D of
the average resonance width to the average separation for
fixed J” is determined by the averaged scattering matrix >
(the Moldauer—Simonius theorem),

| det S | = exp (—=nI'/D),
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that is, using (30),
I/D=—(In|detS |)/a= —(In[] s,)/n

g

= (2 In(t/(1 —p))(2m), (34)
and, in general, before calculating and diagonalizing Sitis
impossible to say which situation actually occurs in a specif-
ic case.

Calculational methods and expressions for the correlation
function. Relation to Ericson fluctuations

In the calculation of the two-point (E, #E,) averaged
binary products of the scattering matrix these products are
expressed in terms of the one-point (E, = E, ) products, de-
fining @,, (€) as the autocorrelation function of the fluctu-
ation components of the scattering matrix (|E, — E,|<8E):

S5 (Ey) S5 (Ey) = @b (Ey— By) |88 (E,) |2
According to Eq. (26), ¢, (e) =K, (£)/K,,(0) and its
]

Cap (8) = Can(e)

real part characterizes the ergodicity of the scattering ma-
trix.

It follows from Eq. (33) that in the absence of direct
inelastic transitions [@,, (6)=@,(€)] the binary two-
point products of the fluctuation components of the scatter-
ing matrix (with the possible exception of the case e = f,
g = h, e£g) are expressed in terms of the normalized auto-
correlation function @, ().

The function @, (¢) is also related to the normalized
autocorrelation function of the cross sections c,, (¢) in the
theory of Ericson fluctuations®"-®*:

Tab (E+#) Oap (E) —(0an)"

(Eab)z i
where o,, = (7/k2)g|8,, — S, |* is the partial cross sec-
tion for the transition between channels @ and b with fixed
J7, and k, and g are the wave number in the channel @ and
the statistical weight.

For S, =4,,5,, and when the matrix elements S\’
obey a normal distribution, which holds with good accuracy
when the number of open channelsis 2 10 (Refs. 84 and 85),
we have

Cab (B) =

— Bap | 1—Faa |* Re SUNE+e) SU* (B)+| 5 (E+e) SG™ (B) |*

(kaGqp/m)

whereitis assumed that e < AE 5 8E, so that the averages are
identified at £ and E + .
Therefore,

Cap (&) = | Pap (&) * (a 5= B).

In accordance with the relations (28), in the case S, = 8.,
S, with a#b the autocorrelation function &, (£) = K spus
(£)/K 3. (0) determines the ergodicity of binary products
of the scattering matrix.

The autocorrelation functions of the amplitudes and
cross sections were first calculated in the Ericson fluctuation
theory.**? In this theory the scattering matrix is not uni-
tary. Its real and imaginary parts are represented as sums of
a very large number of Breit—-Wigner terms with constant
width, and it is assumed that the residues at the poles are
uncorrelated and that they have random phases, zero mean
values, and identical dispersions. The autocorrelation func-
tions in this case are identical for all channels and, as in the
case of isolated resonances (22), are Lorentzian®"***:

Pas (e) = oz, (&) =iv/ (& + iv), (35)
where
y=T. (36)

In this case the correlation length is E_ =y [see Eq.
(27)], and the ergodicity condition for the elements of the
scattering matrix will be satisfied for energy averaging inter-
vals AE>my.

It was originally thought that the assumptions about
the behavior of the elements of the scattering matrix are sat-
isfied in the region of strongly overlapping resonances, and
the condition for the validity of (35), (36) was determined
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F
in Refs. 51 and 83 as '> D. Subsequent studies (Refs. 54,
69, 75, 79, and 86-89) showed that this is not correct.

Agassi, Weidenmiiller, and Mantzouranis®” gave an
analytic derivation of the expression for the autocorrelation
functions in the limit of strongly overlapping resonances
(I'> D). It was assumed that the matrix elements of the re-
sidual interaction V,; and V,; obeyed a normal distribution
with zero averages and known second moments. It was
shown that, independently of the distribution of the reso-
nance energies and the presence of direct processes, the auto-
correlation function for the elements of the scattering matrix
is Lorentzian, although the correlation width does not coin-
cide with the average width I', but is equal to

Y= DTrP/(2m). (37)

According to (34), the width ¥ will coincide with the aver-
age width in the range

D« T« Dln,

where n is the number of open channels.

The same results for the autocorrelation functions of
the cross sections, that is, &(¢) =|@, (£)?|, in the absence of
direct inelastic processes was obtained by Moldauer” by nu-
merical modeling. The K-matrix representation was used for
the scattering matrix. The amplitudes of the reduced widths
were assumed to obey a normal distribution, and the reso-
nance spacings were assumed to obey the Wigner distribu-
tion. The model of statistically equivalent channels, that is,
p.=p#f(a), was used. The values of the ratio
27"/ (Dn)were found to lie in the range from 1.1 to 2.7.

Bauer, Mello, and McVoy®® have shown that for the
Lorentzian form of the autocorrelation function ¢ (&) the
width ¢ will always be given by Eq. (37).
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FIG. 5. Autocorrelation function of the cross sections 7 n = 20, the upper
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line is calculated using (35) and (37).

Verbaarschot™ has studied the behavior of the function
¢(£) numerically, starting from the integral representation
for the averaged bilinear combinations of the scattering ma-
trix (see above). He has considered the case® of statistically
equivalent channels with the quantity 27T/ (nD) equal to
0.01, 0.05, 0.105, and c. The form of the function &(¢g) is
nearly Lorentzian with y given by (37) (Fig. 5). The calcu-
lated autocorrelation functions fall off somewhat more slow-
ly than é; (£). Lyuboshits®***# hag studied the autocorre-
lation functions (&) in connection with the probability
distribution of the particle delay times in a compound nu-
cleus. The unitary representation of Simonius® was used as
the initial § matrix. The model of equivalent channels was
formulated and used in the case of a large number of open
channels. In this model one has

det S = det 3§,
det S (E) S+ (E — &) = (det S (E) S+ (E — ¢)),
(E)ab = Saaba

(S (E) S* (E—&))ap =184,
Pan (e) =@ (e).

In addition, it was assumed that all the resonances have
the same width and that their energies obey a Poisson distri-
bution.’® As a result,

9 (e) = 0 4 (&) = lexp [id/(i - y)] — 1)/ (exp (6) — 1),
8 = 2al/(nD), y = e/T. (38)

In general, autocorrelation functions of this form oscil-
late and do not have the Lorentzian shape. For example, for
the overlap parameter § > 2.2, Re ¢, (£) passes through zero
and goes into the region of negative values. For §% 1 it oscil-
lates, taking positive and negative values, and only for 6«1
does it go into the Ericson expression (35), (36). This is
illustrated in Fig. 6 of Ref. 50.

The autocorrelation function determines the probabili-
ty distribution P, (7) of the particle delay times in a com-
pound nucleus by formulas similar to (16)—(19), that is, %

o i
=R

=H1rfj e(E)e " de. (39)

P, (1)

Therefore the difference of @, (¢) from the Lorentzian
shape s related to the divergence of the time-delay probabili-
ty distribution from the damped exponential (22). Accord-
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FIG. 6. Real part of the autocorrelation function @4 (E).

ing to (38) and (39), for > 1 the time-delay probabilities
obey a normal distribution.>%*!

We note that a nonexponential distribution P, () has
also been obtained in Ref. 92 for the one-channel case. Kad-
menskii and Furman®** have studied the problem of possi-
ble deviations of the compound-nucleus decay law from the
exponential form in a physically realistic situation. They
used Eqs. (34) and (37) to calculate the ratio of the widths
y/T for states with J™ = 117 /2 of the nucleus **Os in the
excitationenergy range 6 < E * < 100 MeV. The transmission
coefficients were calculated using the optical model, and de-
cay channels with nucleon, deuteron, and a-particle emis-
sion were included. The contribution of direct inelastic pro-
cesses was neglected. The ratio /" grows up to excitation
energies =45 MeV, and then it saturates, never exceeding 3
(Ref. 94). In the equivalent-channel model

YT =8/ (1 — exp (—8)),

so that in this case the “total-absorption” regime, that is, §
> 1, is not realized. It was stated in Ref. 93 that the relation
&> 1 does not hold in general and that the time-delay distri-
bution therefore differs little from the exponential law.

Let us calculate the ratios /T and & in the model with
identical transmission coefficients ¢, =1 — [§,, |*=r. We
consider the case when

t=1—A, (40)

where A is the “transmission window” of the nucleus and the
relative contribution (8 ) of direct inelastic processes to
the average cross section &, is identical for all channels g,
that is,

a=00/0, = f4. (41)

According to Ref. 73, there are at least three cases in which
the eigenvalues of the Satchler matrix p, (31) can be calcu-
lated analytxcally and are p,=P,=1-3,[5, =
— 32, 4|8, % (1) when thereis a large number n> 1
of open, identically coupled channels; (2) when the contri-
bution of direct inelastic processes is small; (3) when there is
strong absorption in all channels. Using the unitarity condi-
tion for the scattering matrix and neglecting the compound
contribution in the elastic channel, we obtain Pa
= (1 —f 2)t,. Returning to Eq. (34), we see that the pres-
ence of direct inelastic processes causes the ratio T to de-
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crease to D. For the model defined by (40) and (41) we have

8§ =—In(l —p) =—1In(A+B—BA)

__Ind—p __ In@A+p—pA)
=== =~ u-pu=a

Since A<1 and B<1, the presence of either a direct inelastic
process or a transmission window A leads to the same
effect—the decrease of the overlap parameter § and the ap-
proach of the correlation width y to the average width I.
The calculated values of § and I'/y are shown in Fig. 7. For
A = 0 the value of g coincides with /3, while for =0t is
equal to A. For ¢ <0.1 the scale on the horizontal axis is
logarithmic. We see that in the case of a completely black
nucleus (¢ =1) a 10% contribution from direct processes
already leads to an overlap parameter smaller than 3. When
direct processes are absent, this occurs for AX0.1. This is
consistent with the results of Kadmenskii and Furman.’>**

As arule, either A0 or B #0, so that large values of §
and the differences between the widths I" and y should not be
expected. For example, when the dominant contribution
comes from neutron decay channels, assuming that A =0
and taking, as usual, B8 = 0.1 (Ref. 95), we have § <2.5 ac-
cording to the result in Fig. 7.

On the whole, at present there is no single view about
the behavior of the autocorrelation functions ¢ (¢) or, equiv-
alently, about the time-delay distribution P_(7) in a com-
pound nucleus. The overlap parameter has been calculated
only in the cases studied above. This problem is interesting
from the viewpoint of investigating the dynamics of the be-
havior of compound systems and deserves further study. Im-
portant information about the behavior of the autocorrela-
tion functions might be obtained from experiments on
low-energy bremsstrahlung in the region of overlapping re-
sonances.

The relation between the averaged bremsstrahlung
spectrum and the autocorrelation function

Let us express the bremsstrahlung differential cross sec-
tion (23) explicitly in terms of the autocorrelation function
@(£). According to (33), the averaged bilinear products of
the fluctuation components of the § matrtx (S > =0asS0a)
are expressed in terms of s WS and s ““S .

It follows from the foregomg discussion that the first
product can be rewritten in terms of the autocorrelation
function @ which does not depend on the channel indices:

360 @ 847 (E—e) =0 ()] S B) I (42)

The second product with e4g can be treated in either of
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two ways; one can assume that it satisfies a relation of the
type (42), or one can drop this relation. The latter alterna-
tive will be a good approximation in the case of a large num-
ber of open channels, since the number of such products is
roughly n* times smaller than that of the others. In either
case, using Eqs. (32) and (33) we obtain the following
expression for ™ (), the fluctuation component of the
amplitude correlation function (24):
I

DU &) = 3 o7 (¢) dUei (A)
Jn
Here do;ﬁm)/dﬂf is the fluctuation component of the

cross section for elastic scattering with given total spin J and
parity 7 of the compound system, and the dependence of the
function ¢ (&) on J” has been noted explicitly.

The expression (23) for the low-energy bremsstrahlung
spectrumn takes the form

d3a
E, <¢;1Ev dQvdQ; >

dol®) doth
=w( b;)2+ o (bi+b) —

—2(bib) 2 %Reéf‘ (B, (43)
J®

Independently of whether or not direct processes are pres-
ent, the spectrum (43) depends on the autocorrelation func-
tion @ (&) for the S matrix with no coupled channels.

The autocorrelation function varies weakly with J for
heavy nuclei and when the elastic scattering receives contri-
butions from compound-nucleus states with spins which are
not too large. If in addition the incident-particle energy is
sufficiently high, the appearance of states with 7 = 4 1is
equally probable and it is possible to use the approximation

@7 (&) = (&)

We note that an approximation of this type is frequently
used in fluctuation analyses of the cross sections based on the
Ericson method.***’

As a result, according to (43)

/ d3g b
By 7, a0y de>
(d) U'i

dg,
=g, bi—b)+3

(B2 -+ b} — 2 (b;b,) Re @ (E,)].

Therefore, from the averaged spectrum of bremsstrah-
lung of low-energy photons with AE»yX E, and E, > E,, it
is possible, in principle, to extract the direct and the fluctu-
ation contributions to the elastic cross section and also to
obtain information on the autocorrelation fluctuation, that
is, on the Fourier component of the time-delay probability
distribution in a compound nucleus: Re@(E,) = (& d7
P_(7)cos (TET/ﬁ).

We note that in the usual methods of studying correla-
tion functions based on the study of the Ericson fluctuations
of the cross sections, one determines not Re ¢, but rather the
modulus squared of the autocorrelation function. In addi-
tion, in the study of the correlation properties of strongly
overlapping resonances using the bremsstrahlung it is possi-
ble also to employ nonmonoenergetic incident-particle
beams of width®’ AE> v, whereas in the case of Ericson fluc-
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FIG. 8. Scheme of the reaction '>C(p, yp') *C.

tuations a sufficiently accurate determination of ¢(£) can be
obtained only for AE<7.

4. EXPERIMENTAL METHODS OF STUDYING THE
BREMSSTRAHLUNG ACCOMPANYING PROTON
SCATTERING

According to the expression (13) for the experimental
determination of the correlation function and, consequently,
the temporal characteristics of the interaction with a nu-
cleus, it is necessary to measure the differential cross section
d’0/dQ,dOVdE,.

The first measurements of this differential cross section
for proton bremsstrahlung were carried out at the University
of Bologna,?” the JINR Neutron Physics Laboratory, and
Kiev State University.”*'”! Later the studies of the Brooklyn
Group,“**** the Tokyo Group,*® and the Group from the
Scientific Research Institute of Nuclear Physics, Moscow
State University'®* appeared. The reaction '*C(p, yp') '*C at
proton energies 0.5-3.0 MeV was studied. The reaction
scheme is shown in Fig. 8.

For proton energies E; <4.5 MeV there are three possi-
bilities: proton elastic scattering on the nucleus '>C, radia-
tive capture, and bremsstrahlung. There are resonances in
the N nucleus at the excitation energies 3547, 3511, and
2365 keV.”® The widths of these resonances (in the c.m.s.)
are 47, 62, and 33.7 keV, respectively, and the proton reso-
nance energies are 1734, 1699, and 457 keV.?® The cross sec-
tion for the elastic scattering of protons with energies 1.5-
2.0 MeV is shown in Fig. 9.

400 - 20 (p,0"72C
_~"é-° ef= 1552
=
B 300 3
8

32001
S

i
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1600 1700 1800 5%, keV
FIG. 9. The cross section for proton elastic scattering on the nucleus '*C.
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In all their studies except for Ref. 44, the Bologna,
Brooklyn, and Tokyo groups studied bremsstrahlung in the
proton energy range 1.6-1.8 MeV, that is, near the reson-
ances of the '’N nucleus with excitation energy 3511 and
3547 keV.

The study of low-energy bremsstrahlung in the energy
range 10-200 keV, the cross section for which is do/dQ),
~107% keV~'-sr~! of the differential cross section for
elastic scattering, is a complicated experimental problem.
The main difficulty is the high level of background in this
energy range. The background is due to x rays, rescattered
rays, and bremsstrahlung from § electrons. Since the intensi-
ty of this background is several orders of magnitude greater
than the bremsstrahlung intensity, the only possible proce-
dure here is to measure the ¥ spectrum in coincidence with
protons. The Bologna group used the traditional technique
of fast-slow coincidences. In this technique it is difficult to
correctly take into account the contribution of background
and random coincidences and also the distortions of the
spectrum related to pulse pileup in the spectrometer chan-
nel.

The more refined technique of two-dimensional analy-
sis was used in Ref. 36. An electrostatic accelerator served as
the proton source, and the beam current was ~0.5 LA, A
self-supporting carbon target of thickness 30 mg/cm? was
used, and the current was measured by means of a Faraday
cup. The gamma radiation was detected by a scintillation
detector with a thin ( ~6 mm) Nal(TI) crystal placed at an
angle &, = 90°. The protons were registered by solid-state
surface-barrier detectors placed at angles of 85 and 157.5% in
thelab frame (90 and 158.9°in the c.m.s.). Two sets of detec-
tors were used in order to increase the detection efficiency.
The experimental setup is shown in Fig. 10. In Fig. 11 we
show the two-dimensional spectrum of p—y coincidences at
the incident-proton energy E,., = 1795 keV and @ b

= 157.5%

The diagonal line of Fig. 11 marks the events for which
E ., — E, = const and corresponds to coincidences of pho-
tons detected at the total-absorption peak with the corre-
sponding protons. The two-dimensional analysis makes it
possible to determine the momenta corresponding to the
photons detected through Compton scattering and to cor-
rectly take into account random coincidences. The charged-
particle detector operates under high-charge conditions,
owing to the pulses from elastically scattered protons. In
order to take into account the dead time and pulse pileup,

FIG. 10. Experimental setup for studying bremsstrahlung.
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FIG. 11. The two-dimensional spectrum of p—y coincidences.

pulses from a generator of stable frequency are input to the
detectors. The background pulses from proton inelastic scat-
tering on >’Na are visible in the two-dimensional spectrum.

In Fig. 12 we show the bremsstrahlung spectrum E,
d?c/(dQ,dQ,dE,) for the proton energies 1700, 1765,
1795, and 1835 keV.

The results were analyzed using Eqs. (13) and (14).
The values of cos Ag and then the averaged times Ar were
extracted. Whereas in the other studies cos Ap was found by
simultaneous counting of elastic protons and proton-photon
coincidences,?’ the authors of Ref. 36 used the relative rates
of proton-photon coincidences at c¢.m.s. angles of 90° and
158.9°. The values of cos A@ and AT extracted from experi-
ment are shown in Figs. 13 and 14 together with the values of
these quantities calculated using the FYA. The difference
between the experimental and calculated values character-
izes the degree of accuracy of the FYA.

A hybrid approach was proposed in Ref. 30 for experi-
mentally determining the average delay time. This approach
is based on the description of the bremsstrahlung spectrum

using the FYCT approximation (see Sec. 1). The values of
A7 extracted differ by roughly a factor of two from those
obtained using the FYA.

As was shown in Sec. 2, the times Ar and 7(£,) do not
always agree. The extent of agreement is demonstrated in
Fig. 15 for the case of proton elastic scattering on carbon
near the resonance with E, = 1735 keV and I' =60 keV. The
solid line corresponds to the times 7(E,) given in Fig. 8 of
Ref. 26, the dashed line to A7 at E; = 1765 keV, and the dot—
dash line to A7 at E; = 1795 keV. The values of Ar were
found using the theoretical values of cos Ag from Ref. 26.
We see that near the resonance (E ,=E,) the discrepancy
between the values of A7 and 7 increases with increasing
energy E, =E, —E,=E; — E,; for example, for (E,
—E,)/ T ~0.5 we have (7 — A7)/7~20%, while for (E;
— E.)/ ' ~1wehave (7 — A7)/7~60%. The experimen-
tal results on bremsstrahlung in the region £, €E,;, where
the FYA can be used, can be viewed as direct experimental
proof of the presence of interference between the two exter-
tributions to the bremsstrahlung amplitude.

" The bremsstrahlung of protons on carbon was studied
at the JINR Neutron Physics Laboratory with the proton in
the exit channel near the s, resonance E, = 2365 keV of the
nucleus ®N. The EG-5 electrostatic generator was used to
supply a 5-8 uA current of protons of energy 1200-1450
keV. The self-supporting carbon target of approximate
thickness 20 ug/cm® was obtained by spraying reactor
graphite in a vacuum. In order to decrease the background
the reaction chamber contained a tube of length 1.5 m for
withdrawing the beam after its passage through the target.
The measurements were monitored by means of a current
integrator and an Si solid-state detector which registered
protons elastically scattered at an angle of 135°. The ¥ radi-
ation was detected by a Ge(Li) detector of volume 40 cm?
and resolution 3 keV along the 1.17-MeV line of the *°Co
source. A 4000-channel amplitude analyzer was used to ana-
lyze the spectrum.

The energy calibration of the spectrometer channel was
carried out using the lines 186.1, 241.9, 351.9, 609.3, 768.4,
934.1, 1120.3, 1377.3, 1764.6, 1847.4, 2204.1, and 2447.6
keV of a *Ra source.

The points obtained in the N, —E, plane (V, is the

FIG. 12. The triple bremsstrahlung differential cross section

E,d°0/d,dQ,dE, for the reaction “C(p, yp')'*C at 4,

=157.5. The sohd line was calculated using the Feshbach—
Yennie formula.
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channel number corresponding to the maximum of the pho-
topeak) were approximated by a parabola at the minimum of

X
E,=a,+a,N+a3Vi.

Here a, =8.5 keV, @, =1.956 keV/channel, and a,
= — 6.4 10~° keV/channel>. With this calibration the
photon energy was determined throughout the entire energy
range with an accuracy of better than + 1keV. Data on the
relative intensity of the ¥ lines were used to obtain the curve

200 E,, keV

describing the relative efficiency of the Ge(Li) detector.

The spectra of photons from the reaction '>C(p, yp') 1>C '
(E; = 1230, 1350 keV) in the energy range 500-900 keV are
shown in Fig. 16.

There are clearly expressed maxima of approximate
width 40 keV at the energies 821 and 712.5 keV correspond-
ing to the photons from proton radiative capture on the reso-
nance state. The energy (in keV) of these photons at the
maximum can be determined from the formula

Ey = E,on — 2366 + Q. (44)

FIG. 14. The values of Ar extracted from experiment and calcu-

lated theoretically.
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FIG. 15. Dependence of A7 and 7 on the photon energy.

The positions of the maxima in the measured spectra are in
rough agreement with those given by (44).

The cross section for the capture of protons of energy
1230 keV on the 2366- keV resonance in the nucleus °N was
measured in Ref. 104: do/dQ, ~1.5X 10~ cm®-sr ~' (de-
tection of y radiation at 90°). Photons from capture on the
ground state of *N were observed simultaneously with the
photons accompanying the capture on the resonance. The
photopeak from these photons is shown in Fig. 16. The
width of the photopeak is determined by the target thick-
ness, the instability and energy spread of the incident proton
beam, the resolution of the ¢ spectrometer, and the stability
of the electronics. The continuous observation of the photo-
peak made it possible to continuously monitor these param-
eters during the measurement process. It was possible to ne-
glect Doppler broadening for the measurement geometry
that was chosen. The width of the photopeak at half-max
was 8.4 keV. The measured cross section for the capture of

N
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protons of energy 1230 keV on the ground state of the "’N
nucleus was do/dQ, = 4.5x 10~ cm®sr .

A large part of the background in the measurements
was due to the natural activity of the surrounding materials.
In order to decrease this component of the background the
Ge(Li) detector was surrounded by lead. The background
measured during a period of 32 h for the same geometry as
for the principal measurements was normalized to the prin-
cipal measurements according to the area of the photopeak
from the most intense background line (the 1461-keV line of
4K ) and was then subtracted. This normalization of the
spectra made it possible to take into account random pulse
pileups.

In Fig. 17 we show the photon spectrum for the reaction
2C(p, vp')'*C (after subtraction of the background) at the
incident-proton energy 1230 keV. We see that the back-
ground related to the proton beam is negligible (at least in
the energy range considered, E, = 500-900 keV).

The photon spectrum consists of two components—a
smooth component (dashed line) and a resonance compo-
nent with maxima near the energy given by (44). After sub-
traction of the background and inclusion of the efficiency of
the ¥ spectrometer, the number of counts corresponding to
p-y coincidences was approximated by the function (Fig.
17)

b ¢ (AN)?
Ny=atFtm temar ey 482

which is the sum of a polynomial describing the first compo-
nent and a Lorentzian term for the second component; NV, is

FIG. 16. Spectrograms of the y radiation from the reaction '*C(p, yp") '*C
at E; = 1230, 1350 keV and E; in the vicinity of the resonance with
E* =2365keV for 8, 90° (lab frame). The lower figure shows the back-
ground in this energy range.
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the channel number at the maximum, and AN is the half-
width in units of the channel rate. The parameters of the
curve were found by the method of least squares. The pres-
ence of the term a in the expression for V, can apparently be
viewed as the deviation of the shape of the spectrum from
that given by the FYA for E, /E, =0.5.

Interference between the amplitudes of the various con-
tributions to the bremsstrahlung spectrum was sought at the
energies E; =1230 keV and E, =715 keV in Ref. 101. The
authors studied the variation of the shape of the spectrum for
small changes of the incident-proton energy without specify-
ing the analytic form of the curve describing the spectrum
near the maximum. The criterion for such a variation was
taken to be a shift of the position of the center of mass (E2,)
of the experimental spectrum relative to the position of the
maximum given by Eq. (44). The energy difference E,,

— E?, as a function of the incident-proton energy is shown
in Fig. 18. The dependence of E,, — E?, on the incident-
proton energy is related to the change of the shape of the
resonance component of the bremsstrahlung spectrum and
can be viewed as an indication of the presence of interference
in the vicinity of the maximum of the bremsstrahlung spec-
trum, thatis, for £, /E, ~0.5, where the FYA is apparently a
poor approximation.

The p—y coincidence technique is preferable from the
viewpoint of studies of bremsstrahlung on other nuclei and
in a wide range of E, . The experimental setup is complicat-
ed, but does not require any special components or devices.
The technique of multidimensional analysis makes it possi-
ble to reliably separate the true events from the background.
The greatest difficulty arises from the need to use spectrom-
eter channels which enable spectra of high intensity to be
measured without significant distortions. This is particular-

o
X 14
bl M
|
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FIG. 18. Dependence of the parameter characterizing the shape of the
maximum E,, — E?, on the incident-proton energy.
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FIG. 17. Cross section for the reaction C(p, yp') 2
Cat E; = 1230 keV and E near the resonance E,
=461 keV for 6, = 90" (lab frame). The dashed
lines show the smooth component of the brems-
strahlung spectrum (Ref. 101).

620 660 700 740 780 = *E,, keV

ly important for the spectrometer channel used to detect the
protons. It is loaded mainly by pulses from elastically scat-
tered protons which are ~ 10° times larger than the brems-
strahlung pulses. This also makes it difficult to use solid-
state detectors with good energy resolution for the
spectrometry of low-energy bremsstrahlung. The use of scin-
tillation detectors can limit the amount of information
gained from the experiment.

The high charges and rather poor time-resolution capa-
bility (greater than 7 nsec) make it necessary to carry out
special measurements of the spectra of randomly coincident
pulses, which significantly complicates the processing of the
results for £, below the proton-detector resolution, that is,
when the pulses from elastically scattered protons cannot be
distinguished according to their amplitude from the pulses
corresponding to bremsstrahlung protons. In this case the
bremsstrahlung photon spectrum (or the spectrum of the
corresponding protons) is obtained by subtracting the spec-
trum of random coincidences from the observed spectrum of
true plus random coincidences, which greatly increases the
error.

The energy resolution of the proton spectrometer can-
not really be made better than 20 keV, so the most effective
way of improving the effect-to-background ratio is to de-
crease the resolution time by selecting coincidences.

As was shown in Secs. 2 and 3, to measure the distribu-
tion of the reaction durations P(7) one can measure the ¥
spectra averaged over the incident-particle spectrum. Here
it is assumed that the flux of these particles is described by a
wave packet of width AE. Such a wave packet can be ob-
tained by studying reactions with protons in the target with
energy loss AE in it. Under these conditions the particles
involved in the reaction will, according to Ref. 103, possess
the properties of a wave packet. Information can be obtained
about the proton distribution in the target by studying the ¥
spectrum of radiative capture on low-lying states of the tar-
get nucleus.

When it is necessary to detect photons of energy of or-
der 10 keV, it is possible to use proportional gas-filled detec-
tors, which are widely employed in rentgeno-fluorescence
analysis. These detectors possess good recharging character-
istics, satisfactory energy resolution, and low efficiency in
detecting high-energy background y radiation. However,
the problems involved in separating the true coincidences

V. A. Plyutko and V. A. Poyarkov 176



from the intense background of random ones require the
design of experimental setups possessing a high degree of
time resolution (better than 1 nsec).

CONCLUSIONS

Analysis of the theoretical and experimental studies of
the y radiation accompanying the bremsstrahlung of light
particles on nuclei shows that in the absence of kinematic
constraints the low-energy part of the  spectrum can be
approximated by the FY A, which can be used to obtain new
data on the general features of particle-nucleus interactions,
in particular, to study the interference between the elastic
scattering amplitudes.

In the case of bremsstrahlung of monoenergetic protons
on even—even nuclei the interference term is expressed in
terms of cos ¢, [see Eq. (15)]. Strictly speaking, near an
isolated resonance it is possible to determine the average
time A7 from this. The question of the relation between At
and the delay time 7 of a plane wave in the field of a nucleus
must be studied separately for each individual case. The esti-
mates presented in Secs. 2 and 4 indicate that these quanti-
ties can differ by a factor of two. In this case an additional
uncertainty arises, owing to the use of the FYA near the
resonance, and this also increases the error in the determina-
tion of A7 by about a factor of two.*

As in the classical case, the spectrum of low-energy
bremsstrahlung photons averaged over the incident-particle
energy depends on the Fourier component of the probability
distribution of the delay times in the nucleus and, in particu-
lar, contains information about the dynamics of the nuclear
system in the region of overlapping resonances. We note that
when the formulas of Sec. 3 are used to analyze the results of
experiments involving broad incident beams the conditions
AE>yRE, and E;>E, must be satisfied. In addition, for
the identification of only the bremsstrahlung accompanying
elastic scattering it is necessary that AE + AE, <&, where
AE, is the energy resolution of the detecting apparatus and
£, isthe energy of the first excited level of the target nucleus.
Otherwise, the spectrum will contain photons from inelastic
scattering, whose spectrum can also have a continuous com-
ponent.

The agreement between the theoretical description of
the ¥ spectrum near the resonance and at large photon ener-
gies can be improved by including terms of order E? in the
bremsstrahlung amplitude T, that is, by using Eq. (11) for
the vector amplitude B. In this case it is possible to extract
from experiments with monoenergetic beams information
on the phase shift of a plane wave in the field of a nucleus (see
Sec. 2) or, from the viewpoint of classical physics, the im-
pact parameter of the scattered particles.

By using Eq. (2) for the potential of the interaction
with an electromagnetic field, it is possible also to obtain an
expression for the spectrum of nuclear bremsstrahlung ac-
companying heavy-ion scattering.*’ According to Refs. 106
and 107, the measurement of the bremsstrahlung in such
reactions will give insight into the nature of the observed
quasimolecular structures.

From the experimental point of view the study of low-
energy bremsstrahlung on intermediate and heavy nuclei in
coincidence with particles is a complicated problem requir-
ing fast detectors and electronics and the use of multidimen-
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sional analysis. However, the present level of experimental
technique apparently allows such investigations to be car-
ried out.

The authors are grateful to V. M. Strutinskii, Yu. P.
Popov, 1. V. Sizov, S. N. Ezhov, and S. Yu. Kun for useful
discussions.

Y As usual, the range of the characteristic variation of the elements of the
average scattering matrix is assumed to be much larger than AE.

YWe note that the situation S, #8,,5, can arise, owing to the presence of
states of the intermediate structure. The information on such states is
contained in 5, and U.

*The upper limit on AE is discussed in the concluding section.

“The theory of bremsstrahlung in reactions involving heavy ions based
on classical electrodynamics is given in Ref. 105.
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