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The construction of physical variables in gauge theories is considered in the framework of
canonical quantization. It is shown that a consistent treatment requires specification of a class
of functions for the Lagrangian multiplier 4,, the time component of the vector potential. In
theories with a nontrivial minimum of the scalar potential, vacuum degeneracy is possible only
under certain restrictions on 4,. However, this degeneracy does not bear any relation to the
appearance of a mass of the vector bosons and is not manifested at all in perturbation theory.
In non-Abelian theories, the boundary conditions for 4, must be taken into account when the

realization of the algebra of global charges is studied.

INTRODUCTION

In this paper, we study some general problems of the
quantum theory of gauge fields. We concentrate our atten-
tion on a gauge-invariant formulation and on the possibility
of vacuum degeneracy in gauge theories.

The treatment is based on the formalism of the canoni-
cal quantization of systems with constraints developed by
Dirac.! In particular, the concept of a physical, i.e., gauge-
invariant, quantity is due to Dirac, as is the idea of formulat-
ing the theory in terms of gauge invariants.

It is true that there is an extensive literature"" on the
quantization of gauge theories, but in our view numerous
problems still require further discussion.

1. The traditional scheme of quantization® regards the
zeroth component 4, of the vector field as a Lagrangian
multiplier. From what class of functions is 4 ; to be chosen?

2. In canonical quantization, the class of the functions
A, is the class of gauge transformations with respect to
which all physical quantities must be invariant. In other
words, the very concept of gauge invariance is based on a
definite A, class. Thus, if 4, is regarded as a completely
arbitrary function, then locally or globally invariant, i.e.,
uncharged or colorless states, will be physical. On the other
hand, in electrodynamics one operates with charged states.
Does it follow from this that the Lagrangian multiplier 4 5
cannot be arbitrary?

3. Suppose that some restrictions are imposed on 4.
For example, one can consider the theory in a finite volume
and require 4 , to vanish on the boundary. This corresponds
to the requirement of local gauge invariance of all the phys-
ical states. Such a restriction on 4, allows the existence of
physical variables on the boundary of the volume in addition
to the ordinary degrees of freedom. Are there any real mani-
festations of such variables? Indeed, does the physics depend
on the boundary conditions for 4 ,?

4. In gauge theories, the appearance of a mass of the
vector fields is frequently attributed to spontaneous sym-
metry breaking and degeneracy of the vacuum with respect
to the corresponding charges.™® However, there are in-
dications that the occurrence of massive vector particlesisin
no way related to the phenomenon of spontaneous break-
ing.'>"'* If the situation is to be clarified, it is necessary to
find a gauge-invariant characterization of the Higgs mecha-
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nism. What are the conclusions with regard to vacuum sym-
metry breaking in this case? Is indeed the appearance of mas-
sive vector bosons impossible without spontaneous
symmetry breaking?

All these questions can be fully investigated in theories
with weak coupling. This is the subject of the present paper.
We shall see that in the framework of perturbation theory
the choice of the boundary conditions for A , does not affect
physical processes. In particular, in the formalism with arbi-
trary 4 , it is possible to reproduce the ordinary electrodyna-
mical results. Vacuum degeneracy with respect to charges in
theories of Higgs type is possible because of the presence of
additional (not related to the local fields) variables, but it is
in no way manifested in the framework of perturbation the-
ory. In addition, it bears no relation to the appearance of a
mass of the vector particles.

Section 1 describes the formalism, part of which is, in
essence, standard. Only the restriction to the case of finite
volume warrants discussion. In infinite volume, there are
difficulties in the definition of the charges (for a review, see
Ref. 16). In a finite volume one need not worry about the
convergence of series of improper integrals, such as one has
for the charge, Hamiltonian, etc. Of course,’ in a finite vol-
ume spontaneous symmetry breaking—the presence of uni-
tarily inequivalent representations of the algebra of observa-
bles—is not possible at all. Therefore, in all that follows we
shall, as usual, mean by spontaneous symmetry breaking the
presence of vacuum degeneracy with respect to the corre-
sponding charges in the infinite-volume limit.

In Sec. 2, we consider scalar electrodynamics with zero-
value boundary conditions on 4 ;.

Section 3 treats the same theory, but 4 ; is now regarded
as an entirely arbitrary function. Non-Abelian theories with
a scalar potential of Higgs type are discussed in Sec. 4. The
main attention is devoted here to investigation of the realiza-
tion of the algebra of non-Abelian charges in the space of
physical states in its dependence on the boundary conditions
imposed on 4, (x).

1. DESCRIPTION OF THE FORMALISM

In this section, we present the classical theory of gauge
models, concentrating mainly on the way in which the prop-
erties of the physical quantities depend on the postulated
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class of allowed gauge transformations. As already noted,
we consider the theory in a finite volume V, eliminating
thereby the problem of convergence of the integrals that de-
termine the charges.

Our point of departure is the Lagrangian of an arbitrary
gauge theory with scalar fields:

£ = — 7 P+ 5 o —igl 49—V (). (D

Without loss of generality, we have here chosen for the scalar
fields a real and, in general, reducible representation. As
usual,

Fiy=0,4%—0,A5%+ gf™ A} A%
[T“, Tb] o ifabcTc_
The Lagranian L = §.% (x)d *x can be represented in the

form characteristic of a generalized Hamiltonian system
(Ref. 3),”

L= | d (pog-+ BIAT) — H— | do (B10, 43+ J343), (2)
where
p=0p—iglAjq; Bi=Fg; (3)
\ 1 pa 1 ra
H=\d (5 B+ F*+3p°

4 % (@19 —1eT°Alq)2 +V (@) - (4)

In Eq. (2), J§ are the zeroth components of the Noether
currents associated with the global color rotations:

Ji =g (pT°¢) + g/** B} As. (5)
The corresponding charges are
Q* =.{ dhavs, (6)

It can be seen from (2) that (¢, p) and (A4, B ¢) are canoni-
cally conjugate pairs, H is the Hamiltonian and

E(40) = | a2 (— Bto, 47— 124 (7

is a constraint on the dynamical variables, the functions 4 ,
playing the part of Lagrangian multipliers.

Following Dirac,! we write the constraint (7) in the
form of the weak condition

E(dy) =~ 0. (8)

Such conditions can be used only after calculation of the
Poisson brackets

U ah e D=5, 3 50"
The constraints (7) satisfy the relation

{§ (Ao), & (A7)} = gk (A7), (9)
where

A;a - fabcAsA;c.

We emphasize that the expression of the weak condition (8)
contains explicitly theA . Since weregard the 4 , as Lagran-
gian multipliers, the question arises of the class £} of func-
tions from which they are chosen. This class of functions
plays a central part throughout the following treatment.

Dirac’s scheme' presupposes the introduction of a gen-
eralized Hamiltonian
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H, = H+E(4,) 0
The evolution of the dynamical variable X is given by

¥ =(Z, Hi}
and does not depend on the choice of A , €€ only if

{X, £} =~o0.

In this case, X is said to be physical.!

Note that £ (4, ) is simply the generator of gauge trans-
formations:

{E(40), Af (2)} = 0,45 (2) 4 g/ ALAS; }
{E(40), ¢ (2)} = ig4] (1) T° ().
Therefore, quantities invariant with respect to gauge trans-

formations with parameters given by the class of functions
for A, are physical.

In particular, if the 4 , are assumed to be entirely arbi-
trary, then, setting A, = const in (8), we obtain for the
charges

Q* ~0,

(11)

(12)

Exactly the same results are obtained if the method proposed
by Dirac,' in which 4, is regarded as a dynamical variable
like any other, is followed.

Time derivatives of 4 , being absent from the Lagran-
gian, there is a constraint on the conjugate momentum,

B (z) dz =~ 0,

where A? are arbitrary functions.

In such an approach, (8) is regarded as a secondary
constraint; it can be obtained by analyzing the condition of
consistency of

d =
+ j BE (z, ) A* (2) d®z ~ 0.

Therefore, in (8) completely arbitrary functions are also al-
lowed. From this global invariance of all the physical quanti-
ties follows.

In Abelian theory—scalar electrodynamics—this re-
duces to the vanishing of the electric charge of all physical
quantities:

Q@:=i0, (13)

Scalar electrodynamics with arbitrary 4, is considered in
Sec. 3.

To retain in the theory nonvanishing charges Q°, it is
sufficient to restrict from the beginning the class of functions
from which the 4, are chosen in such a way as to exclude
from it all nonvanishing constants. In what follows, we shall
concentrate on the case when this is achieved by imposing on

A, zero-value boundary conditions:
A% () =0, z€S8. (14)

Integrating in (7) by parts, we obtain a constraint in the
form

j’ (0,B% —J%) Atddz ~ 0, (15)
ie.,
£ (x) = ;B —Ji~0
for all interior points.
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We begin the detailed discussion of theories with the
boundary condition (14) with the simplest model—scalar
electrodynamics.

2. SCALAR ELECTRODYNAMICS WITH ZERO-VALUE
BOUNDARY CONDITIONS FOR A,

This section is devoted to the construction of the quan-
tum theory of scalar electrodynamics in the case when
A, (x) vanishes on the boundary of the volume:

4, (x) =0, (16)
The Lagrangian of scalar electrodynamics with a real repre-
sentation of the scalar fields

0
'p=( ‘) @t =qT

zeS.

Pz
and generator

0 —i
3 (i 0)
is obtained from the general expression (1).
We shall be interested in the expressions for the asymp-
totic states in models with different forms of the scalar po-

tential, and also the possibility of vacuum degeneracy with
respect to the charge

Q= S.I[,dazv; Jo = ig (pTq). amn

An important step in the solution of these questions will be
the formulation of the classical theory in terms of gauge-
invariant, physical, quantities. For this, it is sufficient to find
a canonical transformation from the variables (¢, p) and
(4,, B,) to certain new variables such that in the new vari-
ables the constraint

S(B,B,—JG)Audsx ~0 (18)

is expressed solely in terms of the coordinate and momentum
corresponding to just one degree of freedom (“diagonaliza-
tion” of the constraint). Then all the remaining coordinates
and momenta will certainly be physical.

We emphasize right away that there are different ca-
nonical transformations that diagonalize the constraints.
The corresponding sets of new variables are, of course, them-
selves canonically equivalent. We first of all discuss the for-
mulation of the theory in terms of the variables proposed by
Dirac.”

The Dirac variables

Dirac variables are introduced by the canonical trans-
formation

(¢: py 4;. B)) > (@, P, *‘Ira Er);
® —exp (ig | £ (v, 2) 4; () T @i
P=exp (ig | & (s, ) A () T ) p;
AT A, A -4l

T = 1 L 3}
B =B,
Bi= B} (z) — 5 81z, y) Jo (y) @%.

(19)

We have here used the function g; (x, y), the gradient of the
Green’s function of the Laplacian with zero-value boundary
conditions:
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gi (z, y) = —9G (z, y); (20)
&g (2, y) = —A*G(z, y) = 8 (z — p); 2n
G (2, y) les = 0. (22)

The same function g; is used when the longitudinal and
transverse components of the vector field are separated, for
example,

A=A AY

A= | gu(2, 1) 0un ) &, | 5"

where by virtue of the boundary condition (22)
5 dizA} () AV (z) =0.

The constraint (18) is then expressed solely in terms of the
longitudinal field component B,

5 8,B\4, (x) d*z ~ 0.

Therefore, the variables ®, P, 4 ", B " are physical. The lon-
gitudinal component 4 | (x) is obviously not physical for x
within the volume. At the same time, since the constraint is
absent on the boundary, one can in principle construct a
physical variable from the boundary values of the field
A '(x). Itis sufficient to take the projection of this longitudi-
nal component onto the plane tangent to the surface, i.e.,

A} (2)—ny () (n-A") (@), z€S,

where n(x) is the normal to the surface at the point x. How-
ever, for our choice of the boundary condition [see (22)] it
simply vanishes. In other words, we have defined the longi-
tudinal component of the vector field in such a way that it is
entirely unphysical. Therefore, no locally gauge-invariant
quantities arise apart from ®, PA Y, B}

Under global transformations of the original fields,
only @ and P change, and therefore we say that they are
charged, whereas A" and B are neutral.

We rewrite the generalized Hamiltonian of the theory
in terms of the variables (19). With allowance for the prop-
erties (20)—(22) of the function g; it can be reduced to the
form

em e (3 B B4
+ % (0,® —igTAY D)2V (m)}

rﬁ% 5 d3zd®yJ, (%) G (2, ¥) Jo ()

+ | @208, [ 4— | @G (2, 9) (1o ) +30Bi)].
(24)

Since the last integral vanishes weakly, for physical quanti-
ties the Hamiltonian can be expressed solely in terms of @,
A", and the conjugate momenta. The Coulomb interaction
of localized objects is ensured by the well-known asymptotic
behavior of G(x, y) for large V:

\ i lz|+1yl
G (z, y)=4ni.r--y| +0( VI'“ )'

Instead of diagonalizing the constraint, one can separate the
physical variables by using a scheme with fixing of gauge
conditions. This scheme reduces to choosing an arbitrary
gauge-noninvariant functional y(A4,), which depends on
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the generalized coordinates and momenta. Because y (4 ) is
gauge-noninvariant, i.e.,’

det { (4o), §(4p)} 0, (25)

itis possible to go over by means of a gauge transformation to
variables for which simultaneously

%Ay =0; E(4y) =0.

The first of the conditions (26) is the gauge condition. By
virtue of (25), the system (26) is, in the terminology of
Dirac, a system of strong constraints and can be solved
uniquely. As a result, the generalized Hamiltonian of the
system is reduced to an ordinary Hamiltonian, containing
one fewer degree of freedom, and all the remaining variables
are physical. One can show that the variables (19) are equal
to the fields in the Coulomb gauge

(26)

((a,-Ai)A(, (2) &z = 0. (27)

Colorless variables

The second choice of variables that we discuss is par-
ticularly interesting for the following reasons. In some re-
cent studies'”'* it has been argued that the asymptotic
states in a theory with a nontrivial minimum of the scalar
potential are invariant with respect to global charge trans-
formations, i.e., they are colorless.

Colorless variables can be introduced by means of the
canonical transformation

(fP| P, A!v Bi) _*(FH pp! 91 Pas Xta 'Ei);
; 0 —

@ =exp (i61) (p) o=Ve%

. L
pp_‘ p (pq))’
+ (o= 0B+ [ ds, ) Bi ) 8 (=) 5
~ 1 .
A== 00;

(28)

I

Pe

Et =B!|

Note that to ensure canonicity of the transformation every-
where, including the boundary, we have used in the expres-
sion for p, the surface integral fds; () B, (¥)8(x — y). Then
the momentum p, becomes singular on the boundary. In the
new variables, the constraint becomes

Spg () A, (z) Pz ~ 0,

i.e., py (x) vanishes everywhere inside the volume. If p, (x)
is continuous on the boundary, then we have p, ~0 in the
complete closed volume. Generally speaking, there are no
reasons for extending the constraint to the points of the sur-
face, so that in the general case

Po @)~ {ds (1) v (1) 8 (e — ).

The form of the singularity is fixed by considerations relat-
ing to the integrability of p,. Since the charge can be ex-
pressed from (17), (28), and (29) as

(29)

0=¢ [ poz=gf ds)v )

¥ acquires the significance of a surface density of charge.
By virtue of the boundary condition (22) the longitudi-
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nal component is orthogonal to the surface, and therefore,
bearing in mind that in general B [(S) #lim, (B !(x), we
obtain

0B, (&) = 0B + | ds (9) Biny — B) (1) 6 (& — );
B = lim (B,m).

Here, d, B [® is the regular part, which can be assumed con-
tinuous from the interior.

Of the variables (28), p and A4 ; together with the conju-
gate momenta are physical, i.e., locally gauge-invariant, and
so are &(y) and y(y) if yeS. Further,

Oy} =0 —y) v ye€Ss,
where 8 is the surface § function:

S 8s W —¥)ds(y') =1, yE€S.
Under global transformations, only #(y) changes:

6 (y) -6 (y) + const.

The Hamiltonian of the theory can be written down using
only the listed physical variables:

Hr [ 0o {3 B+ L Pt L pp+ 3 02+ L g
+V 0)+ g (4B [ a5 0) (60 0) B @) 6 e— 1))}
(30)

Note that the expression (30) contains a dependence on
the variables on the boundary. One can therefore expect the
energy of the states to depend on their charge. This problem
is investigated in detail below.

Since all the singularities have already been taken into
account in the derivation of (30), we shall in what follows be
concerned solely with the regular parts of the corresponding
expressions, omitting the symbol “reg,” believing that this
will not cause confusion.

Just as the Dirac variables in the previous subsection
became identical to the fields in the Coulomb gauge, the vari-
ables (28) become identical to the fields in the unitary gauge

SB(x)Ao(x)d3x=0. (31)

It must be emphasized that the gauge condition (31) con-
tains explicitly a dependence on the choice of the class of
functions for 4 ;. In particular, when

A, (S) =0

the condition (31) does not impose any restrictions on the
values on the boundary. By the introduction of 4, in the
gauge condition we ensure the complete equivalence of the
scheme with gauge fixing and the approach using weak con-
ditions.

But if we fix the unitary gauge by the condition'*'*

z€V 32

which is independent of the allowed functions 4 ,, this equiv-
alence is lost. In addition, in this case there is no canonical
connection between the variables in the different gauges.
This is already evident from the fact that in the gauge (32)
there are no charged quantities, whereas in the Coulomb
gauge, for example, they are in general present.

0(zx) =0,
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In summary, we have at our disposal two sets of vari-
ables, and in both the constraint can be expressed solely in
terms of one of the generalized momenta. As a consequence,
we have achieved a gauge-invariant formulation of the the-
ory—the Hamiltonian has been rewritten entirely in terms of
physical degrees of freedom. There is canonical equivalence
between these sets of variables. Our next task is to quantize
the theory and find its ground state in the framework of the
approximation of weak coupling. As we shall see, the differ-
ent sets of variables are not equally suited to the construction
of perturbation theory.

Perturbation theory and Bogolyubov transformation

When systems with weak constraints are quantized, or-
dinary commutation relations are fixed' :

lg, pl =i {g: P}+

The weak constraints are transformed into conditions that
distinguish physical states, in particular

E(dy) |®>=0.

In Abelian gauge theory with small coupling constants,
perturbation theory is valid. We shall now consider which
variables are best adapted to the construction of perturba-
tion theory for a particular form of the scalar potential. The
question of the choice of the variables is intimately related to
the problem of constructing asymptotic fields in the consid-
ered model.

In the framework of perturbation theory, one of the
necessary requirements on the choice of the variables is the
possibility of interpreting the quadratic part of the Hamilto-
nian, expressed in terms of these variables, as the Hamilto-
nian of free particles. In other words, these variables must be
classified by representations of the Poincaré group in accor-
dance with the masses obtained from the quadratic Hamilto-
nian. In what follows, we shall call this condition the re-
quirement of diagonality of the quadratic part of the
Hamiltonian. We shall establish how this condition is satis-
fied in particular variables for different forms of the scalar
potential.

We consider first the case when the scalar potential has
a trivial minimum, @ = 0. From the expressions (24) and
(30) we separate the quadratic parts. In the Dirac picture,
we obtain the diagonal expression

Hy= | @ {5 B+ P+ 5 P2

v

+3 OO+ 3 5555 oo PiP1

-
At the same time, the colorless variables lead to an expres-
sion singular for p = 0. Therefore, in the case of the trivial
minimum of the scalar potential the Dirac fields can corre-
spond to the asymptotic states.”

Determining the perturbation-theory vacuum in the
usual manner by means of the annihilation operators con-
structed from the fields @ and 4 ", we obtain a spectrum that
consists of a charged, in general, massive scalar and a neutral
massless vector particle with two polarizations.

We now consider a potential with a nontrivial mini-
mum, @° = v. We begin with the analysis of the Hamiltonian
(24) in the Dirac variables. We set

5 Sov. J. Part. Nucl. 18 (1), Jan.-Feb. 1987

o~(()=

It is important to emphasize that by itself such a choice
has nothing in common with spontaneous symmetry break-
ing. We merely fix the point of the classical equilibrium, in
the neighborhood of which we shall quantize.

We separate from (24) the bilinear part in terms of
D=0

Hy={ d%a {5 B2+ Pt TP (0,0

g @y
i 0% 2 h!
+ 7 50, 59, |o=v i }
-I-% S dézdiygs?P, (z) G (z, ¥) Py (y).

This expression is nondiagonal but can be diagonalized by
the linear transformation

gv
1 — P
Py= (0B [ ds@) sy 1) —B W) 8 e— 1)
which is actually a Bogolyubov transformation.** The Ham-
iltonian becomes
Hy= dba {5 B+ Pyt g 22 (A2 43 g2 (AT

4 = 1 oW . 1 ; RS
. (B§)2+??‘)—g— T (@2 + 5 (0, D)+ 5 Pi

+ g (0B + [ ds ) (v ) —B () 8 2—1))*}.

This is identical to the bilinear part of the Hamiltonian (30)
in the colorless variables if we also set

Ay -, Br—B
T 11 g = 11
p==2, p,= P,.

Thus, in the case of a potential of Higgs type the color-
less fields can be asymptotic. However, we have seen that
when zero-value boundary conditions are imposed on 4,
there appear in addition to the colorless fields physical vari-
ables on the boundary, and these are charged. Therefore, the
physical state space in perturbation theory can be represent-
ed as the product of the Fock space constructed by means of
the colorless fields and the state space of the quantum-me-
chanical system [6(S), ¥(S)]:

[ph) = |Fock ) X F (8 (S)).

We now discuss the vacuum structure. We pose the
problem as follows: To find the eigenstates of the Hamilto-
nian with minimal energy in the sector in which the operator
of the surface charge density ¥ (S) takes a definite value, say,
(1/g)f(S). If for the states of the quantum system (6, y) we
choose the coordinate representation, i.e., the representation
by functionals of the boundary values of #(x), then the most
general state of this sector can be written in the form

| D)y =exp |+ [ 7(5)8(8)ds] | Fock).

(33)

The question is now the following: What Fock state must be
chosen in order to make the vector |®) an eigenvector for the
total Hamiltonian? This is most readily done by arguing ini-
tially at the classical level.

Vlasov et al. B



Since in (30) the square of the § function is a noninte-
grable infinity, for states with finite energy it is necessary to
set the difference B — gy equal to zero. Thus, we shall now
seek the point of the classical minimum for the Hamiltonian
(30) with allowance for the boundary condition

:éini s =1 (8).

To this point there obviously correspond zero values of all
the colorless variables except for the longitudinal compo-
nent of the field B; . Substituting this component in the form

Bl
Bi == Eiiu

for the “potential” u, we obtain, from the minimality of the
quadratic Hamiltonian, the equation

Au —mPu = 0; m? = gh? (34)
with the boundary condition
dnue 15 = 1 (S). (35)
Indeed, the quadratic part of the Hamiltonian is
A = | da {5 (B + o (0,B1)?)
= 5 &3z {%(afu)u_ o (A2} (36)

Varying with respect to « with the fixed conditions (35)
on the boundary, we arrive at Eq. (34).

The solution of the boundary-value problem (34)—(35)
is

w(a)= | F(z,9) ¥ w) ds (),

exp(—m | z—y|)
Tl 5y Taent (37)

F(z, y) =
where the function ¢ is determined from the integral equa-
tion corresponding to the boundary condition (35).!° Sub-
stituting (37) in (36), we obtain for the energy of the consid-

ered classical configuration
M =[ds@d@) I OE)FEy). (38

This expression admits a simple interpretation. We have
here the energy of the Yukawa interaction of the surface
charge having density f(.S) with the potential of the simple
layer with density #(.S).

In the leading order in m V'3,

b ) =1 @),

so that we obtain the possibility of estimating AH as a func-
tion of the total charge

Q = | dsf (8).
Restricting ourselves, for example, to f(S) = const, we have
AH ~ Q% (mV2B) (39)

apart from terms of higher order in m V3.

Our classical investigation makes it possible to recover
the Fock state in (33) directly. In the coordinate representa-
tion for the longitudinal vector field, we have

| ®); — exp (El j £(5)0(8) as)

X exp (1 | 4} (2) du (@) &5z ) | @)y,
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where u is determined in (37). The classical energy (38) can
be identified with the difference between the energies of the
“vacuum” with the given value f(S) and the vacuum with
f(8) =0, the difference being calculated in the tree approxi-
mation. Since for f(S) #0 the energy (38) is certainly posi-
tive, there is no vacuum degeneracy in the finite volume.
However, if we first go to infinite volume and then consider
the choice of the vacuum, degeneracy of the vacuum with
respect to the charge does arise, as can be seen, for example,
from (39).

Traditionally,™ vacuum degeneracy and spontaneous
symmetry breaking are regarded as an invariable sign of the-
ories with massive vector bosons. However, we see that,
strictly speaking, vacuum degeneracy and a mass of the vec-
tor particles are in no way related.'*'* Indeed, the vacuum
degeneracy that we have obtained in the limit ¥ — oo is di-
rectly related to the existence of physical variables on the
boundary, and it, in its turn, is due to the postulated class of
functions for 4 ;. For the formalism with arbitrary 4 o vacu-
um degeneracy with respect to the formal charge is obvious-
ly impossible.

At the same time, irrespective of whether or not there
are any additional charged physical variables, the colorless
Fock space of states above the vacuum |0) ensures the pres-
ence in the spectrum of a massive vector boson and a scalar
particle.

The Higgs regime is characterized by the formation of a
vacuum condensate of the colorless quantity p,'*

8,9

{(vac |p | vac}) = v £ 0,

but this by itself does not, of course, indicate that there is
symmetry breaking.

Nevertheless, vacuum degeneracy with respect to the
charge in theories with definite restrictions on A, warrants
an independent study. A natural question that arises in this
case is this: Does the existence of many vacua lead to new
physical effects compared with the theory that uses one of
them? As examples we may take the degeneracy with respect
to the topological number in non-Abelian theories and the
related & structure of the vacuum.

It is clear that in our case there are no transitions
between the different vacua, since the operator ¥ commutes
with the Hamiltonian. In addition, in the framework of per-
turbation theory the dynamics of the colorless fields in the
limit of infinite volume does not depend on the choice of the
vacuum state. This is an obvious consequence of the fact that
all interactions in a theory with massive vector bosons van-
ish exponentially with the distance, and therefore the influ-
ence of a distant surface charge density on physical processes
can be ignored.

With this we conclude the discussion of the theory with
A, that vanish on the boundary and now turn to the case of
arbitrary 4 ;. )

3. SCALAR ELECTRODYNAMICS WITH ARBITRARY 4,

As already noted, a distinctive feature of the theory
with arbitrary 4, is the vanishing of the global electric

charge of all physical states:
Q= j’JOdﬂx ~ 0. (40)

In the case when the scalar potential has a nontrivial mini-
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mum, no problems with the gauge-invariant formulation
arise. The theory can be formulated entirely in terms of
colorless variables, and there is no vacuum degeneracy. The
vector bosons acquire mass by the formation of a condensate
(0|p|0), where the field p is introduced in (28).

In what follows, we shall therefore concentrate our at-
tention on theories with a trivial minimum of the scalar po-
tential. Here, a very interesting situation arises.

For the formulation of the theory without a condensate
in Sec. 2, we used the Dirac variables (19), which include
among their number the charged fields ® and P. However,
these expressions are now not physical. Therefore, the prob-
lem arises of finding variables suitable for constructing per-
turbation theory in the case of a trivial scalar potential.

We now show that any choice of locally and globally
invariant variables that depend on only one spatial coordi-
nate leads to singularities in the equations of mdtion. This is
most readily seen in the formalism with gauge fixing. We
consider the constraint (40) and choose a function y (¢,
A;,...) that satisfies the condition of nondegeneracy

8% &y A 1
(o2 (Rl w@—gme@) =0 @D

at least near the points ¢ = 0 of the classical equilibrium.
From (41), we obtain

{Q, x}=+0

i.e., y is nonanalytic at the point ¢ = 0:

8y 1 oy 4

[T T

The singularity of the gauge condition leads to nonana-
lyticity at the point ¢ = 0 of the equations of motion for the
variables that could play the part of a colorless *“‘electron or
“positron.”’” Thus, a gauge-invariant formulation of the
theory in terms of local (i.e., dependent only on one spatial
coordinate) quantities having nonsingular equations of mo-
tion is impossible. Ultimately, this is due to the fact that the
global transformations in no way rotate the point of the clas-
sical equilibrium.

But there are physical variables that depend on several
spatial coordinates for which singularities do not arise in the
equations of motion. Consider, for example,

ulz, g t) =91
X exp l—iggg; (z, ¥, 2) 4; (3, 1) @] @* (y, 1), (42)
where
@ = ig; + @
g (x, y, 3) = &G (z, y, 2);
NG (z, y, 2) = —0° (. —2) + 8 (y — 2)s
g-n(z) les =0.
The expression (42) can be regarded as a pair consisting of a
particle and an antiparticle at the points x and y, respective-
ly.

Our next task will be to obtain a number of ordinary
electrodynamical results in a scheme in which the concept of
a charged particle is absent. The idea of what follows is that
when the spatial coordinates x and y are separated the
expression (42) retains its formal uncharged nature, while

at the same time the principle of correlation weakening
comes into play.>> We define the vacuum by the conditions

Q |vac{0; H|vac) =0.
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We note that the vacuum introduced in this manner is identi-
cal to the vacuum in the formalism with 4, (§) = 0.

We now show how it is possible to define the total pro-
pagator of the “electron,” although asymptotic fields corre-
sponding to one particle do not exist in the theory. We con-
sider the Green’s function

G ("51 .'I-"., Y, y” tla t2)
= {vac | Tu (z, z', ;) u (y', y, t) | vach.
The assertion of correlation weakening (cluster decomposi-
tion property)?*?' is as follows:

G(.TC, SC', tla y1 .U'7 ti) +G1 (J’f, y1 t11 t?)

X Gy (@', Yy tyy o) as [z —2" | »o00, |y —y' | »o00.

(43)

The transition of the distances in (43) to infinity is under-
stood in the sense that the points x and y remain fixed while
their “partners” x' and y' tend to the boundary of the vol-
ume, so that (43) is valid to terms O(¥ ~'/* ). The assertion
(43) can be verified explicitly in the framework of perturba-
tion theory. We now define the total electron propagator by
setting

0 (z, ty, ¥, ta) = Gy (2, ¥, Ly ta)- (44)

We can define similarly any other Green’s functions. One
can show!” that they are identical to the Green’s functions
with 4, (S) =0 in the large-volume limit. This identity
holds, of course, only in the case when the calculations in the
theory with 4, (S) = 0 and in the theory with arbitrary 4,
are made in the same gauge. For example, the total electron
propagator determined in (44) is equal to the analogous
Green’s function for the Dirac variables (19), since in both
(19) and (42) the functions g; are chosen in purely longitu-
dinal form (Coulomb gauge).

Thus, the presence of the constraint (40) does not lead
to difficulties in the calculation of the observables, since this
constraint can be satisfied by introducing “compensating”
charges in a very distant region, so that their influence on the
physics on ordinary scales will be negligible.

Following the same philosophy, we define the physical
charge

Qpn = ( J oz,
Vo
where V, is a certain macroscopic interior region. The sig-
nificance of such a definition is very transparent: Q,, is the
charge contained in the region ¥,,. The physical charge Q,,
does not vanish weakly and has a number of properties nec-
essary from the practical point of view:

gu, €V, y&Vy,
1. [@pn (t), ulz, y, i) = —gu, 2LV, yeV,,
0, =z, yev,

We recall that the commutator of the “formal” charge Q
with u is equal to zero independently of x and y.

2. To calculate the physical charge, we can use Gauss’s
theorem

Op = SdsjBi.

So

3. Generally speaking, Q,, is not conserved, but this
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nonconservation is entirely due to the possibility of particles
leaving the region V,:

Opn =5 | ds: (Dig*-9—D-g%).
So
We note that states with nonvanishing physical charge also
exist in the theory with a scalar condensate. Consider, for
example, the state

%) = exp {ig[dg: 4. 2) 4, W} 10) =¥ @) 10,

which is a coherent superposition of longitudinal compo-
nents of the massive vector field with Coulomb behavior of
the electric field intensity,

(| B, () | 0y ~ =20,

[z—=a [®

and for xeV, [¥) has physical charge equal to g.

However, since | W) is not an eigenstate of the free part
of the Hamiltonian, such a state is unstable. In addition, the
amplitude for production of such states in local collisions is
exponentially suppressed because the vector field is massive.
Indeed, let the vector |in) denote a set of colorless particles
that enter into a reaction near the origin. We calculate the
mean physical charge of the scattering state at the time #:

(in | exp (iH?) Qpp exp (—iHY) | in)
exp (—mr)

= | ds; () (in | B (g, 1) | in) ~ 2=

r

where r is the radius of the region ¥, and m is the mass of the
vector particle.

Summarizing the content of this section, we emphasize
once more that the vanishing of the generator Q on the com-
plete physical space does not contradict the existence of a
local electric charge Q. It is important to note that the
possibility of defining Q,,,, in the Abelian theory is related to
the fact that the zeroth componentJ, of the current is gauge-
invariant. In the non-Abelian theories, to the discussion of
which we now come, the J§ are not invariant even with re-
spect to local transformations. This leads to certain difficul-
ties when “physical” non-Abelian charges are introduced.
However, we shall not dwell on this question, since in what
follows we shall discuss exclusively non-Abelian theories
with weak coupling, in which an emitted charge is always
Abelian,

4. NON-ABELIAN GAUGE THEORIES

In this section, we consider non-Abelian theories with
weak coupling, so that all the methods used earlier for scalar
electrodynamics apply. In the non-Abelian models, weak
coupling is ensured by the formation of a large scalar con-
densate,

((p+€{3 ) > Az,

where A is the reciprocal confinement radius; this can be
achieved, for example, by choosing a scalar potential that
has a nontrivial minimum.* In addition, the “surviving”
massless vector bosons must belong to the Abelian sub-
group.

Although the last requirement strongly restricts the
class of theories that come within our ambit, the generaliza-
tion of the Abelian results is nevertheless not entirely direct
on account of the possible presence in the non-Abelian case
of massless vector bosons. In what follows, theories with
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massless vector bosons will in fact be the main subject of our
consideration. More precisely, we shall be interested in real-
ization of the algebra of the non-Abelian charges Q°,

{Q°, @°} = gf*¢*» (45)

in the physical state space.
Since in the formalism with arbitrary 4, we have

Q° =0,

the realization of the algebra (45) is nontrivial only for cer-
tain restrictions on 4 . As in the Abelian case, we impose on
A, zero-value boundary conditions. We note that the
charges 0 are locally gauge-invariant. We shall see that the
validity of (45) is ensured by the presence of physical vari-
ables on the boundary of the volume.

It is helpful to begin the discussion of the non-Abelian
theories with a general group-theoretical analysis.

General treatment

In this subsection, we shall mainly follow Weinberg’s
paper,® but we draw particular attention to the part played
by the adopted restrictions on 4 ,. If the scalar potential
V(@) has a nontrivial minimum, then by virtue of the sym-
metry this minimum is necessarily degenerate. We choose
some vector ¢, that minimizes ¥(¢). The degeneracy is
manifested in the fact that in the space of the vectors @ there
exist directions in which motion from the point ¢, is not
accompanied by a change in ¥(¢). These flat directions are
specified by the vectors T” ¢,, wherea = 1,...,N,N being the
dimension of the group. In principle, some of these vectors
may be linearly dependent. In other words, one can form
orthogonal linear combinations 6, of the generators 7% such
that

ei%#o, i=1, ceoay My
8;9,=0, i=m+1, ... N, (46)

The projections of an arbitrary ¢(x) onto the first m vectors
(46)

IL; = (¢0:0) (47)

for x strictly within the volume are gauge-noninvariant
quantities—they are “Goldstone” fields. Therefore, one can
choose a local gauge transformation

¢~ = U,
in such a way that everywhere within the volume
((P (‘t) ei‘Pa) a 0!

This is equivalent to fixing the unitary gauge for all the inte-
rior points.

In contrast, for x lying on the boundary the fields IT; are
not affected by the local gauge transformation and, thus, are
included among the physical variables. As in the Abelian
case, we now introduce the vector field

i=1,... m (48)

A= Argn
by means of the matrix U. The mass matrix of the vector
fields is®

Moy = g (8,90, 85%0)s

fi=0 @ (A—k0,) U @), } -
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i.e., m fields are massive, and the remainder are massless.
In the Abelian theory, the field (49) was invariant with
respect to both the local and the global transformations.
Now there are two cases:
1. The matrix U(¢) for given ¢ is determined uniquely.
Then for any matrix A of the gauge group

U (Ag) Ag = @,
ie.,

U(Ag) A =T (9)- (50)

From (50), we find that A ; is invariant with respect to all
transformations.

2. There is a complete family of U(¢, @) such that for
any @

s

(U (g, @) @ (z), 0ipo) =0, 2 € VNS, i =1, ..

A necessary and sufficient condition for the existence of a
nontrivial a set is that in the gauge group the subgroup that
carries @, into itself should be not equal to the identity. The
generators of this subgroup are the 6, for which®

8:9, =0,

i.e., precisely the N — m generators to which massless vector
bosons correspond. The presence of massless vector bosons
is, thus, a criterion for the realization of the given case.

In the simple examples that we shall consider in what
follows, there exists a unique vector ¢ satisfying (48). In this
case, for all

Ulg, @) 9=,

and instead of (46) we can consider the equivalent condition
0ip=0 i=m+1,...,N. (46a)
Instead of (50), we now obtain
U (Ag, o) A =T (g, a'), (51)

where a and a' are in general different. As a consequence,
the vector field (49) [without loss of generality, it can be
assumed that it is introduced by U(¢) = U(e, a =0) ] will
no longer be either globally or locally invariant. Under the
gauge transformation A it is changed by means of the matrix
U(g, 2’ )U " (@), where @' is determined as a function of A
from (51) witha = 0.

In specific models, having determined a'(A), one can
then construct physical (locally invariant) fields, which, in
general, will not be colorless.

Putting it in other words, in the presence of massless
vector bosons the number m of nonvanishing fields Il; (47)
is less than the dimension of the group, and therefore the
unitary gauge (48) cannot fix the complete existing arbitrar-
iness. We require additionally N — m further conditions,
and these can be imposed now only on the vector fields. As is
well known,'* conditions of this type are not capable of en-
suring global invariance.

Of course, charged variables are also present when all
the vector bosons are massive. However, in this case, as in
the Abelian theory, the entire charge is concentrated in the
variables IT; (S) on the boundary, and these bear no relation-
ship to the ordinary Fock space.
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Thus, in the non-Abelian theories, depending on the
group and the representation of the scalar fields, either the
Fock space may be made completely colorless or it may con-
tain color states. In the following subsections of this section
we shall consider examples that illustrate this.

SU(2) model with scalars in the fundamental representation

The first example that we shall discuss—SU(2) theory
with a complex doublet—realizes the case of complete “de-
coloring” and in many respects is analogous to Abelian the-
ory.

Since the general treatment (asin Sec. 1) has been given
for real representations of the scalar fields, we shall find it
convenient here to adopt a form of expression for ¢ that
differs somewhat from the usual one, namely, we represent it
in the form of a four-component column (all the compo-
nents are real):

P4

P2

Ps

P
Thus, we have gone over to the fundamental representation
of the group SO(4), and we shall be interested in its SU(2)
subgroup with generators

q)=

: ; i\ i o
1 . —i . 1 . e v 1
Tl i R - ’
—i. —i
o —i
1fi .
T8=
2 i
. —_—1

(32)

The other three generators of SO(4) also satisfy the SU(2)
algebra. The corresponding SU(2) group is a global sym-
metry group of the Lagrangian. This is due to the fact that
the fundamental representation of SU(2) is pseudoreal, i.e.,
equivalent to its adjoint. In the given case, we can realize a
canonical transformation to colorless variables that is analo-
gous to the one discussed in Sec. 2 for the case of scalar
electrodynamics:

(g, p, 47, B?) — (o, 07, Ppy 1%, AN?; Eg)?
a=1, 253

@ =:exp (2i9“T”)
po = (p9)/p; (33)
A. = exp (—2i07) (A, _{? 9, ) exp (2i07);

A
~

B, = exp (- 2i67) (ér) exp (2i67)

where 6 is determined from the equation

it::m|6|-_=—ﬂ, a=1, 2, 3,
Pa

10]
18] =V 08 +6;+6;,

and 7 from the linear system

(54)
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bgb gl .
fabceh:l'tc-— 9"[(;!':])_:& BGJ(SF) cot |8 —mn |6 |cot |0
=+ (=B s e—n):

3
§'=0;Bt —J;. (35)

The rather cumbersome expressions (54) and (55) are de-
rived in the Appendix.

In connection with the foregoing general treatment, we
emphasize that the matrix U (@) that carries @ into Ps

P O3 — @ — Py
— 3 Py P11 — P2
Py, -— 1Py Py —P3
P4 Pz Ps P

U((p)=exp(—2i9T)=% » (56)

is in the given case unique, so that the fields pand 4, and
their conjugate momenta are colorless. The Hamiltonian
(4) can be entirely rewritten in terms of the variables (52).
The only difficulty here—and it is a purely technical one—is
the expression in terms of (52) of the momentum contribu-
tion

AH = | £ prasa. (57)

It is convenient to go over from the momenta o (i=1,2,3,
4) to the momenta p;:

p'="Up
[} must not be confused with (p,, 7™ )!],sothat AH hasthe
form

AH = S d*z %p{*.

Instead of the system of constraints (7), we can now intro-
duce the equivalent system of constraints £, where & (¢,
p’,4,, B,)* are the same functions (but of different vari-
ables) as £% (@, p, 4,, B, ). These systems of constraints are
equivalent because the transition (¢,p,4,,B,.)— (¢, p, A 5
B,), which is realized by the matrix U, is simply a gauge
transformation.> Therefore, E’ are more or less complicated
linear combinations of the &,
Using now the concrete form

P
we obtain from the equations

&= 0,B7 — g/ e By AT 4 8 po
and

Po= Dy
the following expression for AH (57):

(o — g, B2 L gfabe B jiye
1 (§*—a:B] ;ifa ¢BY A%) + S d%—}—p,“s.
2 g% 2

AR = ( a5z

where £ ~0 within the volume. This is completely analo-
gous to the corresponding contribution in Abelian theory.
The total Hamiltonian H is

He={ diz {1 Bep 3 Foprt Lo,
52200 (@2 4V (9)} + A, (58)
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The physical variables in this picture are pand 4, (and the
conjugate momenta), and they are, moreover, globally in-
variant, i.e., colorless® ; besides them, as in the Abelian case,
there are the variables & and 7 on the boundary. In general,
the latter are charged and lead in the limit V- o to vacuum
degeneracy. The question of degeneracy is studied in exactly
the same way as was done in Sec. 2, in view of the above-
mentioned analogy (58) with the corresponding Abelian
expression.

Thus, the SU(2) model with scalars in the fundamental
representation is completely analogous to scalar electrody-
namics, and, without going into details, we formulate the
results. In the theory, the physical variables forming the
Fock space are colorless, so that all the charges in the Fock
space are screened.'* There are (in connection with the
choice of the class of the functions 4, ) additional physical
variables, charged in general, and these lead to vacuum de-
generacy in the limit V- «. However, this phenomenon is in
no way related to the fact that the vector bosons have a mass,
since the Higgs mechanism is characterized'* by the fact
that the colorless field p has a vacuum condensate:

O ]p|0)s=0.

To realize the less trivial case of incomplete “decolor-
ing,” it is necessary to choose the group and representation
of the scalar fields in such a way that the number of ““phases”
of the scalar field is less than the number of group param-
eters. This can be readily achieved by a simple modification
of the already considered example. Namely, we propose to
extend the group by adding to it an invariant U(1) factor.

Incomplete “decoloring” in the case of the group
SU(2)x u(1)

The theory that we now consider is actually the boson
sector of the standard Weinberg—Salam model.

Besides the three generators (52) there is also the gen-
erator of the U(1) subgroup,

SR v
to which there corresponds the Abelian gauge field 4 ¥, This
makes it possible to construct the linear combination

Q s T3 _{_ Ys
which vanishes on the vector
0
2 0 2t
P= 0 1 Q(P T 05
Y

i.e., (46) holds.
Thus, the matrix of the transition from ¢ to ¢ containsa
one-parameter freedom,

U (g, &) = exp (iaQ) U (¢),

where U(q) is the matrix (56).
The matrix U(g, @) factorizes:

U ((P! (1) — Ul (CC) Ua (le &),
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so that U, (@) = exp(iaY) belongs to the U(1) subgroup
and U, (¢, a) = exp(iaT?)U to the SU(2) subgroup.

The formulas for the transition to the new variables
(49) must be modified to take into account the semisimple
structure of the group:

z;i,.:'Uz ((Ps 0!.) (Ar"‘% ar) U:! }

s : (59)
A? = ..42—#-;;,—0,0’.,

where g and g'are, respectively, the non-Abelian and the
Abelian coupling constants.

We now clarify the properties of the variables (59) un-
der the gauge transformation

A = exp (iT%¢ + iYAy). (60)

As we have pointed out, for this it is necessary to determine
a'(A) from (51) (in what follows, without loss of generality,
we take @ = 0). Since from (51)

a' = Ay
we have under the transformation (60)
AT - exp (iT3)) (A",E‘T“—-% 3,) exp (—iThy),
a=1, I_Z, 3;
A Aoy }1— 8%

In other words, the variables (59) are completely invariant
with respect to the SU(2) subgroup, but they are not invar-
iant with respect to U(1) and are therefore unphysical.
Note that the third component 4 2, like the Abelian
field 4 ? under (60), undergoes only a gradient stretching,

Ag = Aﬂ +- ‘é' ar?"m

so that the linear combination
_ —ediiga
T Vet
is invariant with respect to all transformations. The linear
combination
1

Vgt+g
which is orthogonal to (61), changes in accordance with the
law

(61)

(A2 + g A2

r=

£ L gy’
ET-—bEr+'e—ar}nﬂ, e-——'_"/.w .
By means of the fields (61) and (62) it is possible to con-
struct a set of physical variables:

Sy
I
where

WiTi =V (4T v+,

V = exp [ieS g (v, ) E, (y) Qdy].
We have here used the same function g, as in Sec. 2 in the
analysis of Abelian theory. This function g, is the gradient of

the Green’s function of the Laplacian with zero-value
boundary conditions, so that

(62)

(63)

agr (@ ¥) = b (z —y).

The conjugate momenta can be obtained similarly. In addi-
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tion, the set (63) must be augmented by the physical vari-
ables on the boundary.

Note that the quantities (63) are equal to the fields in
the “unitary-Coulomb” gauge:

¢ (2) = @ (#) = @3 () = 0; 9,E; () =0

for all x strictly within the volume.

We now consider the charge properties of the Fock
states obtained on quantization of the theory in terms of the
variables (63). The perturbation-theory spectrum consists
of three massive gauge bosons, one massless particle, and a
Higgs particle. The charges corresponding to the SU(2)
generators are completely screened in the Fock space. Only
the charge corresponding to the generator Y is nonzero. It
takes unit value for the linear combinations

-_ 4 wi—iwa. v b s
W=z W —iWD; Wr=—rs (Wi iW2).

The remaining particles are neutral. Therefore, this charge
can be identified with the electric charge.”

The appearance of a mass of the W* and Z bosons is
explained solely by the presence of the condensate {0|p|0)
and has nothing in common with spontaneous symmetry
breaking.

Thus, in the SU(2) X U(1) model only one out of the
four charges survives in the Fock space. This one charge is
well defined in perturbation theory and takes definite values
on the Fock states. It should be noted that this picture is
largely due to the simplifications that arise from the group’s
semisimple structure. In a certain sense, the most general
scenario is realized in the case of SU(2) theory with a triplet
of scalars.

SU(2) theory with a triplet of scalars
To the triplet (real) representation

Py
Pp={ P2
D3

there correspond the generators

Tij(' * ——i)i Tzﬂ( =i ')5
o e = R

Since for the standard vector

0
q’=(0)v P;V?
p

we have

e (S
T3=(i . -).

Ty =0,

we have in this case too an arbitrariness in the matrix of the
transition from ¢ to @:
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Ulg, o)
o T R 1)_&
I RS L 2 (p - )
2 2
= exp (iTy0) [ (1) FEn-a
2 () 9
p [ [
= exp (iT;2) B (),
I? =@} + 5, (64)

in which « is an arbitrary parameter, and therefore the quan-
tities analogous to (49),*

p==V g% Pp=%(l’q});
A, =B(g) (4—0) B @)

B, =B () B,B" (¢) (65)

have nontrivial transformation properties with respect to the
gauge group:

Ps pp— are invariant;

A~ X (g o) (B—1-0,) X7

B, — X (¢, &) B, X*;

X (9 o) =U(p, @)U (g, a=0).
From the general form of (64) we directly obtain X (¢,

a') =exp(iT;a'), where @’ is determined from the condi-
tion (51):

Ulg o) = U (A, @ =0) A. (67)

Itissimplest tosolve (67) for A = A; = exp(iT;4 ;). Atthe
same time,

& = Ay

When A=A, =exp(iT ;4,) or A=A, =exp(iT,A4,),
the expression for &’ is much more complicated. For our
purposes, it will be sufficient to give it for small A, and A ,,
restricting ourselves to the first approximation.

We obtain, respectively,

=1, B (—148);

a’="“lz% (—1+%3-).

We emphasize that the vector fields in (65) are noninvariant
not only globally but also even with respect to local transfor-
mations, i.e., they are not physical. However, physical vari-
ables can be constructed from them by repeating the proce-
dure of the previous section. For this, we note that under the
transformations (66) the variable 4 ? undergoes only a gra-
dient stretching:

“T?_"‘Zi‘l'%ara’!

whereas A ! is subject only to an isotopic rotation.
Therefore, the physical variables can be defined as

0y Ppy ]
Ao ~ 1 »
Az :W(Ar_'iar)w1 l (68)
BE* =W (BT + (BY)* T W+, ]
where
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W =exp {ig S 2, 2) X?T“d’”} i
AR = ATV'TU 4 APVT3 4 (APY)T 7,
and similarly

BP™— BPMT1 | BPVT2 4 (BPY)r TS,

We also give the expression for the tensor of the “elec-
tromagnetic” field,

Guv i auAlvm' T8 B,A{ih',

in terms of the original fields. This tensor arises in the mag-
netic-monopole problem.?* Using the matrices (64) and
(68), we obtain G, =F2 (9,/p)— (1/8)e® (¢°/
p)D, (¢°/p)D, (¢° /p), which agrees with the formula giv-
en in Ref. 22.

We now study the global (charge) properties of the
variables (68). In other words, we are now interested in the
casewhen4 ,4,,4; in (67) donotdepend atall on the point
of space. Under such global transformations, we obtain for
the quantities (68)

p is invariant;

i i
ART V(AP TY Ve, i=t, 2
(AP™)*" is invariant

(69)

with corresponding expressions for the generalized mo-
menta. The matrix V is

(exp (iAsT5), A=Ay
"em{i(ew-[awaow ey}, 0
A=Ay,

In quantum language, (69) means that the charge Q, is de-
fined on a Fock space constructed in the given case from the
Fourier components of the fields (68). The Higgs particle
and the massless vector boson are neutral, while the massive
bosons have a definite charge. The situation is different with
regard to the operators ; and Q,. The argument of the
exponential (70) obtained for A = A, is simply the addi-
tional physical variable on the boundary, and this cannot be
expressed in terms of the Fock degrees of freedom. Therefore
@, and @, carry us out of the Fock space and cannot be
considered in perturbation theory. Nevertheless, their com-
mutator

101» QZ] = nga

leaves the Fock space invariant overall. Thus, the algebra
(71) isrealized in the given case in a very nontrivial way. We
emphasize that the impossibility of determining @, and Q,
in perturbation theory has nothing in common with the well-
known fact that the generators of spontaneously broken
symmetries are not well defined.'"'? The point is that in this
model too the Higgs mechanism is characterized by the pres-
ence of a condensate of the colorless field:

©01p10)=0.

It is obvious that this is, quite generally, a property of all
theories of Higgs type.

(71)

5. CONCLUSIONS

Thus, the analysis of gauge theories from the point of
view of a gauge-invariant formulation, the possibility of
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vacuum degeneracy, and the realization of the algebra of the
charges requires specification of the class of functions for the
Lagrangian multipliers 4 ;.

Ifthe A , are arbitrary functions, then the theory can be
formulated in terms of colorless variables and vacuum de-
generacy with respect to the charge is impossible.

But if the 4, satisfy zero-value boundary conditions,
then there exist physically charged states. In models with a
nontrivial minimum of the scalar potential, the charged vari-
ables are concentrated on the boundary of the volume and
are additional with respect to the colorless Fock degrees of
freedom. The presence of these additional variables leads to
vacuum degeneracy, which, however, is not in any way man-
ifested in the framework of perturbation theory. In addition,
it has nothing in common with the appearance of a mass of
the vector bosons. In the non-Abelian theories, the variables
on the boundary are important in order to ensure the correct
commutation relations of the charges.
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APPENDIX

In this Appendix, we obtain the expressions (54) and
(55) for the unphysical sector in the SU(2) model with sca-
lars in the fundamental representation.

We first of all establish what restrictions are imposed on
the functions of the original variables, which are unphysical
coordinates and momenta. These restrictions derive, first,
from the requirement that the transformation from the origi-
nal coordinates and momenta to the new coordinates (both
physical and unphysical) be canonical. In particular, the
constraint algebra (9) must be preserved.

Second, this transformation must diagonalize the con-
straints in the sense that the constraints must be expressible
exclusively in terms of the unphysical new variables.

It is convenient to choose for the scalar field the para-
metrization (for the notation, see Sec. 4)

¢ = =xp (2i0,T)(000p)T, a=1, 2, 8. (A.1)

We denote the momentum conjugate to 8, by p§. In terms of
the original variables, the constraints have the structure

ta = Fa -4 G2 (0, pe),

where the function F ¢ does not depend at all on the scalar
degrees of freedom, while G* is the zeroth component of the
current of the scalar fields. In the parametrization (A.1), G*
depends only on 6, and p§, so that p is a charge singlet. This
circumstance makes it possible to express the constraints £*
in terms of the new variables (9, 7) by means of the same
function G“:

=6 n+ \ ds; () B (9) 8 (& — o).

At the same time, from the fact that F ¢ does not depend on
the scalar variables it follows that one can consistently set

ﬁa =0a,
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If G° is now found from Noether’s theorem, and @ is ex-

pressed in terms of @ ,..., @ 4, We arrive at the expressions
(54) and (55).

! The indices i and j take only the spatial values 1, 2, 3.

) Itis interesting to note that variables analogous to ( 19) were obtained in
Ref. 15 by requiring the perturbation theory to be infrared-finite.

3 Of course, the arguments presented below make no pretence at a rigor-
ous construction of the quantum theory. We are speaking rather of a
scenario of such a construction.

) To unify the notation, we have introduced ¢' = (000 p)". We empha-
size that ¢’ and p’ are not canonically conjugate.

%) We emphasize once more the inadmissibility of identifying this gauge
transformation, introduced for purely technical requirements, with the
canonical transformation (53)-(55).

 With respect to the additional SU,(2) group, the field p is a singlet,
while the fields 4 ¢ form a triplet. The Hamiltonian H is SU;(2)-
invariant.

7) Traditionally, the electric charge is associated with the generator
Q= T* + Y. However, we shall see that on the Fock space this reduces
to our definition.

8) To determine the new variables, we have used the matrix Uwitha = 0.
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