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The subject of the review is the behavior of nuclear matter formed in heavy-ion collisions in a
wide range of energies—from moderate energies corresponding to the formation of a two-phase
liquid—gas state, to high energies leading to the formation of the hadron-gas phase, and
ultrahigh energies associated with the possible transition of the hadrons into a quark—gluon
plasma. Ways of obtaining information about the equation of state of heated and compressed
nuclear matter and also the results of experimental and theoretical studies in this direction are

discussed.

INTRODUCTION

One of the most attractive aspects of heavy-ion physics
is the possibility of investigating the properties of nuclear
matter under unusual conditions very far removed from
those that characterize the behavior of nuclei in the ground
state. Beams of high-energy heavy ions make it possible to
investigate the response of a nuclear system to a significant
change in the energy density in a spatial region encompass-
ing many (in the limit, all) nucleons, whereas beams of ele-
mentary particles “‘dump” their energy in a small part of the
nucleus and thus can give information about the response of
the nucleus to a strong but localized perturbation. The theo-
retical analysis of the process of redistribution of the pri-
mary energy and momentum of the colliding nuclei between
the various degrees of freedom and its final distribution over
the accessible phase space is very complicated. The tradi-
tional approach, which makes it possible to treat the entire
interaction process in the framework of comparatively sim-
ple phenomenological models, consists of using two limiting
cases: perturbation theory and the thermodynamic approxi-
mation. A small-parameter expansion is widely used in the
kinetic description of nuclear collisions (for example, ver-
sions of the cascade model ), and the assumption of the estab-
lishment of global or local equilibrium is explicitly contained
in a number of other popular models (nuclear fireball, fire-
streak, hydrodynamical model, etc.). The complementary
nature of the equilibrium and perturbative regimes must be
borne in mind. The different approximations evidently cor-
respond to different space—time regions occupied during the
development of the reaction, and their relative importance
can change, depending on the process considered or even the
reaction characteristics. Conceptually, both of these ap-
proximations must find their place as limiting cases in a
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more general fundamental theory. Although such a theory,
suitable for practical applications, does not at present exist,
many interesting experimental consequences can still be un-
derstood at a phenomenological level.

The analysis of the experimental data begins with the
attempt to understand the main features of the reaction, the
mechanisms of the processes of compression and heating of
the nuclear matter, the establishment of statistical equilibri-
um in the system, the mechanisms of the various types of
interaction in the final state, and so forth, and one then tries
to establish the state of the matter from the distributions of
the observed particles and their characteristics. The final
aim is to discover the conditions under which the basic equa-
tion of state of nuclear matter is valid in the framework of the
dynamics of relativistic heavy-ion collisions and to deter-
mine the extent to which the predictions made by the nu-
clear-matter equation of state can be experimentally veri-
fied.

One cannot say that the properties of hot and (or) com-
pressed nuclear matter are well known, since they have been
obtained by model extrapolation of the properties of nuclear
matter at zero temperature, which has a saturation density
Po=0.17F~? and abinding energy pernucleon £, = — 16
MeV. The compression modulus, the value of which is
known experimentally with considerable uncertainty,
K ~220 + 20 MeV, usually restricts the accuracy of the
theoretical predictions. Thus, any experimental information
about the nuclear equation of state outside the region of the
saturation density is of fundamental interest for the develop-
ment of general many-body theory and makes it possible to
test existing theories.

The discussion of the possibility or impossibility of var-
ious phase transitions in nuclear matter, for example, transi-
tions to the isomer state of anomalous nuclear density, pion
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FIG. 1. Phase diagram of possible states of nuclear matter. The curves
indicate the regions of densities and temperatures attained in nuclear
collisions at different bombarding energies.

condensate, or a quark—gluon plasma, depends to a large
degree on the form of the effective nucleon—-nucleon interac-
tion and the employed approximate computational schemes.
From the general point of view, nuclear matter at low densi-
ties and temperatures can be described as consisting of struc-
tureless hadrons, and the baryon and meson degrees are the
corresponding degrees of freedom. When the energy density
is increased, by an increase in the temperature and (or) den-
sity, a state of nuclear matter may be reached in which the
quarks and gluons are deconfined. Recent estimates made in
the framework of the lattice theory of quantum chromodyn-
amics (QCD)'* show that the deconfinement temperature
is T=200 + 50 MeV at zero mean density of the baryons in
the system. At zero temperature the phase transition appears
at densities that are 5-10 times greater than the normal den-
sity of nuclear matter.* In Sec. 3, we briefly describe the
present state of this extremely interesting field, which, how-
ever, is not the main subject of the present review.

Our main attention will be devoted to discussing the
physics of heavy-ion interactions in the region of primary-
beam energies from approximately 100 MeV/nucleon to 3.5
GeV/nucleon. To be more specific, Fig. 1 shows the well-
known phase diagram of nuclear matter in density—tempera-
ture variables; this gives a picture of the new interesting
phases of nuclear matter. In discussing the various phases, it
is important to emphasize that at the present time we have
reliable information from experiments only near the region
p=pyand T'=0,

It is expected that at densities below the nuclear satura-
tion density p, and at temperatures 7= 20 MeV nuclear mat-
ter behaves as a liquid—gas mixture like the classical van der
Waals gas. In Sec. 1, we consider this interesting region in
the density—temperature plane and discuss possible 51gnals
of the occurrence of a phase transition.

Figure 1 also shows the region of pion condensation,
which was intensively discussed some years ago. It is expect-
ed that this phase will be manifested at densities p R 2p, and
at low temperatures through the appearance in the system of
long-range correlations.™® If the compression is increased
still further, then the attractive potential due to two-pion
exchange can give rise to another phase transition, in which
an anomalous state of nuclear matter with high density is
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formed (see Ref. 7). In the present paper, we shall not dis-
cuss these two types of phase transition but refer the reader
to the literature quoted above. Also omitted from the review
are some other forms of nuclear matter not shown in the
phase diagram, for example, neutron and supernova stars,
though these can in principle give valuable information
about the equation of state.

We shall call the wide region in Fig. 1 bounded at high
temperatures by the critical curve for the transition of the
hadrons into the quark-gluon phase, at high densities and
low temperatures by the region of the pion condensate, and
by the two-phase liquid-gas region the hadron-gas phase.
This phase has been the subject of intensive experimental
and theoretical investigation during the last decade. As can
be seen from Fig. 1, the hadron-gas phase corresponds to the
transitional region from ordinary nuclear matter to the
quark—gluon phase. We call it the “hadron-gas phase’ be-
cause, when the system is heated to a temperature T~m,, ¢*,
the main components of the system are various types of (ex-
cited) mesons and baryons (here, #2,. is the pion rest mass).
At T>m_c?, so many hadrons are formed that their quark
wave functions overlap appreciably, and the transition to the
quark-gluon plasma can take place.

The investigation of the transitional region has given us
much valuable information about the behavior of nuclear
matter under extremal conditions. It is a necessary interme-
diate step for the development of new methods and experi-
mental facilities, for the testing of existing theoretical pre-
dictions, and ultimately will permit relativistic heavy-ion
physics to enter the unexplored region corresponding to a
new form of nuclear matter—the quark—gluon plasma.
Therefore, the greater part of the present review is devoted to
the theoretical and experimental analysis of the hadron-gas
phase.

In this review, we consider heavy-ion physics in the
three energy regions shown in Fig. 1, in which we have also
estimated the densities and temperatures that can be
achieved at different energies of the colliding nuclei. The
complete p-T plane can be divided into three principal ener-
gy regions:

(i) the two-phase (liquid-gas) region of nuclear mat-
ter, reached at a primary beam energy E, =200 MeV/nu-
cleon;

(ii) the hadron-gas region, the attainment of which re-
quires an energy in the range 0.2 S E, = 3-4 GeV/nucleon;

(iii) the region of the quark-gluon phase transition,
which, it is assumed, can be realized at E, 2 10 GeV/nu-
cleon.

The two-phase region is considered in Sec. 1. We derive
a simple equation of state of nuclear matter and discuss the
occurrence of two-phase instability. The following part of
the section is devoted to the description of the fragmentation
of nuclear matter in the framework of a statistical model.
Possible experimental indications of the occurrence of a
phase transition and the multifragmentation regime are dis-
cussed at the end of Sec. 1.

In Sec. 2, we consider the hadron-gas region. We dis-
cuss the details of the equation of state in this phase and
theoretical models that describe the dynamics of heavy-ion
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collisions. The main attention in this section will be devoted
to the description of possible ways of obtaining information
about canonical parameters of the equation of state such as
the temperature, the volume (density), the entropy, and the
pressure in the system. We also devote much attention to the
results of the analysis of this information. The available ex-
perimental data on the production of strange particles from
the hadron-gas phase are discussed in the final part of the
section; this is of interest in connection with the search for
signals indicating the formation of a quark-gluon plasma.

In Sec. 3, we briefly consider the present situation in
heavy-ion physics at ultrarelativistic energies. Here, the ex-
perimental data are obtained from the interaction of cosmic
rays with nuclear photoemulsions.

In Sec. 4 we make some concluding comments.

1. FRAGMENTATION OF NUCLEAR MATTER AT MODERATE
EXCITATION ENERGIES

As can be seen from Fig. 1, temperatures 75 30 MeV
and a density p = 2p,, are attained in heavy-ion reactions at
beam energies up to 200 MeV/nucleon. One of the funda-
mental questions that arise in the investigation of this region
is that of the manner in which this intermediate highly excit-
ed nuclear system will decay. This process is extremely com-
plicated, and its complete theoretical description is very dif-
ficult and involved. It is therefore necessary to look for
approximate schemes that reflect the main physical facts.

Wide use is made of models in which the decaying nu-
clear system is regarded as infinite and experimentally ob-
served quantities such as the yield of light particles (nu-
cleons, deuterons, tritium nuclei, helium-3, @ particles) are
calculated using the concepts of thermodynamic and chemi-
cal equilibrium.

For a temperature below the critical value (7, =~ 15-20
MeV), the equation of state predicts the typical van der
Waals behavior that is currently widely discussed in the li-
terature.®'® The existence of a liquid—gas phase transition is
characteristic of systems with short-range repulsion and
long-range attractive forces. The presence of the long-range
Coulomb repulsion does not affect this property of the sys-
tem. If the temperature exceeds the critical value, the surface
energy of a “hot” fragment disappears,®® and transition to
the gas phase becomes unavoidable. This transition is re-
vealed by the fact that in nucleus—nucleus collisions at high
energies only the lightest nuclear fragments are observed ex-
perimentally.

In Sec. 1, we discuss the expansion and fragmentation
of a nuclear system that is not too highly excited. Using a
nucleon-nucleon interaction of Skyrme type, we consider a
nuclear-matter equation of state that preserves all the inter-
esting features of the coexistence of two phases. We then
investigate the process of expansion of the initially heated
region of the nucleon participants and its transition into the
region of phase instability, and we establish the characteris-
tic time scales; we then discuss the experimental conditions
needed for separation of the phases. We present models of
statistical multifragmentation, which combine elements of
thermodynamics and the important effects of a finite nuclear
system. Signals of a phase transition and a brief description
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of the experimental data on multifragmentation are given in
the final part of the section. The dynamical conceptions un-
derlying the multifragmentation process are not considered
in the present review. The dynamical theory has not yet been
developed to the level of predictive strength, although the
first successful attempts in this direction have already been
made (see Refs. 21 and 22).

Nuclear-matter equation of state at moderate excitations

The properties of nuclear matter are usually character-
ized by two canonical variables—the density p of the system
and its temperature T It must be borne in mind that nuclear
matter is a simplified picture of real excited systems. A
heavy-ion collision does not realize a situation correspond-
ing to infinite nuclear matter, and global equilibrium cannot
be reached at high bombarding energies. The assumption
that statistical equilibrium is established in nuclear colli-
sions must be tested by the application of microscopic theor-
ies and investigation of the evolution of the system from the
nonequilibrium stage to the stage of at least local equilibri-
um.

The investigation of the thermodynamic properties of
nuclear matter is usually based on an equation of state de-
rived from microscopic models for the nucleon-nucleon in-
teraction,” or from phenomenological models of nuclear
matter like the Skyrme model,>* or from the relativistic
mean-field theory of Walecka.?® In Refs. 26 and 27, the first
attempts were made to go beyond the mean-field approxima-
tion and investigate the properties of composite particles
(clusters) embedded in a hot nuclear medium.

For the following discussion it is desirable to have a
reliable equation of state that reflects all the interesting fea-
tures of the coexistence of two phases but is at the same time
sufficiently simple and transparent. We consider a nuclear-
matter equation of state obtained on the basis of a nucleon—
nucleon interaction of Skyrme type.”® If this interaction,
which ignores the velocity dependence of the forces, is used,
the nuclear-matter equation of state takes a very simple
form.

We consider symmetric nuclear matter. At temperature
T =0, the energy density of the system is written as

E (p) =1 (0) + v (o), (1)
where
") =53 ()" 0 @)

is the kinetic-energy density and v(p) is the density of the
effective interaction. Various parametrizations of v(p) ex-
ist.'* As restrictions on the parametrization of v(p) we use,
in addition to the binding energy

Eg = E (py)lp, = —16 MeV (3)

per nucleon and the saturation density p, = 0.17F ?, the
compressibility

a2 (E
¥ gpz ( a[()g)fp) oy (4)
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FIG. 2. Density dependence of the pressure (a) and temperature (b): a)
the chain curve is the T isotherm, the continuous curve is the isentrope
calculated by means of the Maxwellian construction for the equilibrium of
two phases, and the broken curve is the same for a superheated liquid; b)
the thin continuous curve is the 7-p phase diagram, the thick continuous
curve and the broken curve are the same as in (a), and the chain curve
bounds the metastable region determined by the condition dP /dp = 0.

In the following calculations, we shall use the analytic
expression

v (p) = ap® + axp"/ + ag®? (5

of Ref. 29 with the parameter values a, = 8818.25 MeV/
F~* a,=1371.06 MeV-F*, and a, = — 556.55 MeV-F>,
for which we obtain K = 180 MeV.

To obtain the equation of state at finite temperature, we
assume that the effective interaction will be the same as in
the case T = 0, and we take into account the entire effect of
the temperature in the kinetic-energy density

1 ptdp
T(p. T)= = -
- 1= () S exp [(p¥/2m— 10)/T}+1 o6
of a Fermi gas with nucleon-number density
~ 2 2d
pu, T)= e \‘ L N

J exp [pY/2m—)/T1+1

Since the effective interaction does not depend on the
temperature, the specific entropy of the Fermi gas takes the
form

SJA:(%T —,’Ip)/pT. (8)

The chemical potential u can be calculated in terms of the
free energy, this giving

Bo= p + avdp. 9)
The pressure (equation of state) is determined as

pogplEES)| 2

22| =3 1—v @ +5- (10)

To discuss the effect of compression, it is convenient to sepa-

rate the total energy into the thermal energy £+ (p,T) and
the compression energy E, (p,T):
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E (p, T)=E'.,(p, T) + E, (p)p+EBPm (11)
where
E,(p) =E (p, T =0)lp — Ep. (12)

Extensive numerical investigations in the framework of
the liquid-drop model*® have provided the two most widely
used functional forms for E, (p):

E, (p) = K; (p — po)*(18ppo);
E¢ (p) = Kq (p — po)*/(18pg),

and these can be employed for the parametrization of the
equation of state.

Before we begin to discuss the main properties of the
equation of state, we give some approximate thermodynamic
relations needed for qualitative discussions in the following
sections. In the low-density limit (pA® €1) we have

(13)
(14)

p (1, T) =5 exp (uT); £
T(p, T) =3 T o

8 (p, I)/A == 5 —In (pA3/4); _—
Pr(p, T) = pT, (18)

where A = (27#°/my T)'/? is the nucleon thermal wave-
length. On the other hand, for temperatures below the Fermi
energy e = (#/2my ) (37°/2)p*'? =38 MeV the following
expansion can be used:

S/A=TX (22) rypus, (19)
T D= () T (20)

We now turn to a discussion of the equation of state.
The upper part of Fig. 2, which is taken from Ref. 31, shows
the pressure P as a function of the density p at fixed tempera-
ture (isotherm) and at fixed entropy (isentrope). It is readi-
ly seen that the nuclear matter behaves as a van der Waals
gas. The critical temperature is about 16 MeV. Walecka's
theory®® gives T, =20 MeV and a harder equation of state if
the parametrization (5) is used. In Ref. 27, the influence of
clustering effects on the critical temperature was investigat-

20k
>
©
=
[y 10k
12 Liquid
s )
0 1 1 1
=7 ) =7 f
loglp, F~2] So

FIG. 3. Phase diagram of hot nuclear matter. The boundary curves for the
coexistence of the two phases are calculated in the Hartree—Fock approxi-
mation without explicit allowance for clusters (curve 1), with allowance
for only deuterons (curve 2), and with allowance for all light clusters up
to A = 4 (curve 3). The clusters are taken into account in the *“ladder”
approximation.®!
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ed. As follows from the results presented in Fig. 3, the criti-
cal temperature is lowered when correlation effects are taken
into account, but this takes us outside the framework of
mean-field theory.

The lower part of Fig. 2 shows the phase diagram of
nuclear matter. The boundaries of the phases (the thin con-
tinuous curves in Fig. 2) are identified by the symbols pg
andp, forthe gas and liquid phases, respectively. The spino-
dals s, and s, bound the region in which the nuclear matter
becomes dynamically unstable, i.e., the region in which the
compressibility K [see (4)] becomes negative. The region
between the boundary curves ps and p; and the spinodals s,
and s, corresponds to the metastable region. The signifi-
cance of the region of metastability and the region of dynam-
ical instability will be discussed below when we consider the
evolution in time of an initially compressed droplet of nu-
clear matter in the direction of the region of coexistence of
two phases.

The stage of expansion of the nuclear system and liquid-
gas phase transition

In order to discuss the phase-transition processes, we
assume that the heated and compressed intermediate nu-
clear system expands, say isentropically, until it reaches the
region of phase instability. During this expansion stage, the
density of the system decreases to the value of the decay
density, which is fixed at the moment when the mean free
path of the various clusters that have formed becomes com-
parable with the diameter of the system."

We consider the various situations that can be realized
in heavy-ion collisions.

Static treatment

We first discuss the static case and consider the isen-
trope for a superheated liquid with S /4 = 3 (broken curve
in Fig. 2). In this case, the experimental conditions are such
that the pressure remains positive in the complete range of
densities. If we assume that the density of the system is ap-
proximately p, /3, then the intermediate nuclear system de-
cays before the region of coexistence of the two phases is
reached. As can be seen from Fig. 2, the curve S /4 = 3isthe
critical isentrope, above which the nuclear matter is always
in a homogeneous phase. In Ref. 18, the value S /4 ~3.3 of
the critical entropy was found on the basis of an equation of
state that differs only little from the one given above. The
connection between the critical entropy and observable ef-
fects will be discussed below.

If we follow along the isentropes with § /A4 values equal
to I and 2 to the region of coexistence of the two phases, the
two different limiting situations shown in Fig. 2 are possible.
The broken curve shows the path in the p-T plane if the
existence of the two-phase separation is ignored, i.e., if the
liquid becomes superheated without decaying into liquid
and gas phases. The path must be continued into the instabil-
ity region, where the matter becomes hydrodynamically un-
stable. The process of decay of the system takes place as a
spinodal breakup into constituent parts,*® i.e., this is a pro-
cess that takes place from a homogeneous system which has
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arrived at a situation in which the smallest fluctuations of
the density will spontaneously grow until the nonlinear ef-
fects restrict the growth. In contrast to the nucleation mech-
anism, i.e., to the formation of nucleating centers of a new
phase, which takes place in the metastable region, the spino-
dal breakup into constituent parts does not require an activa-
tion energy (see the review of Ref. 34 on this subject). It
appears to us that the formation of fragments from an initial-
ly homogeneous medium by chaotic growth of instability is
an attractive scenario for multifragmentation of nuclei.

The other situation depicted in Fig. 2 is realized under
the condition that thermodynamic equilibrium between the
phases is established at any instant of time. The entropy of
the two-phase mixture can be calculated by means of the
Maxwell construction,

SIA=z(p, IS¢+ U —=z(@p, 7)) Sy,
where

Pe _pr—p __ 4g

o — _— =
P (Pr—pc) A

is the mixing coefficient, equal to the ratio of the particles in
the gas phase to the total number 4 of particles. The probabi-
lities given by p; and p; are shown in Fig. 2.

We now turn to the metastability region. Here, the tran-
sition to the gaseous phase becomes the only one possible if
the thermal quantum fluctuations make it possible to over-
come the corresponding potential barriers, this leading to
the formation of critical bubbles (nucleating centers), which
ultimately grow into the new phase.”** Nucleation due to
thermal and quantum fluctuations was investigated in Ref.
32 on the basis of a field-theoretical approach. It was shown
that a phase transition of nuclear matter can develop only in
a very restricted region of the phase diagram for tempera-
tures that remain only a few mega-electron-volts below the
critical temperature. This is due to the fact that for lower
temperatures there always exists a potential barrier that
strongly hinders the formation of bubbles or droplets that
could then grow into the new phase. The phase transition is
restricted to the region near the spinodal. For small values of
the entropy, S /4 < 1, there exist only compound nuclei that
shed their excitation basically by the evaporation of parti-
cles, the emission of y rays, and by fission. This estimate is in
close agreement with the results of the statistical model of
multifragmentation, in the framework of which it was shown
that compound nuclei do not exist at a temperature above
the “cracking” temperature of 4-6 MeV and the correspond-
ing specific entropy S /4 =1 (see the discussion below of the
statistical theory of fragmentation for more information).

Dynamical treatment

The possible development of a phase transition depends
to a large degree on the time needed for the system to pass
through the region of metastability. Using the Maxwellian
construction, we assume that the region of coexistence of the
two phases is formed instantaneously, and we consider the
stage of expansion of the heated droplet of nuclear liquid—
the fireball. The equations that must be solved are®!
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FIG. 4. Time evolution of the density in two volume elements for adiaba-
tic expansion and different initial compressions x = p/p,: 1) peripheral
cell situated at distance 0.8 of the fireball radius at the initial time of
expansion; 2) central cell. The metastable region is hatched. For § /4 = 1
and x = 1 one observes a monotonic expansion (dotted curves) when the
Maxwellian construction is introduced or oscillations appear (broken
curve) which could be associated with monopole vibrations.

AR (m, t)/ot = v (m, t);

av (m, 1)/8t = —4nR*OP/dm,;

1 _4n | R*\ AR . O9E __ P &

F_T(‘H) Tm " Tat o pE oot

where R (m,t) is the radius of a mass shell containing mass m
and moving with velocity v(m,t). The initial condition is
specified by the compression » = p(¢t =0)/p, at the time
t=0.

Figure 4 illustrates the expansion of a nuclear droplet
containing 200 nucleons. It shows the time development of
cells situated at the center and at the periphery of the fire-
ball.

For isentropes with §' /A4 > 2 there is no pronounced dif-
ference between the cases when one does and does not con-
sider the Maxwellian construction, since the pressure
P(p,T) is basically positive and the rapid expansion is not
retarded. The situation is significantly changed for § /4 = 1
and x = 1. In this case, the droplet of nuclear liquid is stable
but expands very slowly, since the controlling force is almost
zero. If the Maxwellian construction is ignored, the mass
shell begins to oscillate when the system enters the metasta-
ble region (see also Ref. 36). The obtained oscillation period
is approximately 40 F/c and agrees well with the time of
monopole vibrations given by the relation 7yp = #/15
MeV = 41 F/c. Since the isentrope S /4 = 1 is very close to
the isotherm 7= 8 MeV (see Fig. 2), we expect that for a
temperature below 8 MeV the heated liquid drop will strong-
ly resemble an ordinary compound nucleus in its properties.
Compared with the conclusion drawn above for the static
picture of the phase transition, the treatment of the final time
of the expansion restricts the development of the coexistence
of two phases to a region close to the critical temperature.
For temperatures below 8 MeV, the expansion of the fireball
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is strongly retarded, so that the instability region can be
reached only when the initial compression of the fireball is
comparatively great, » > 1.5, but such conditions cannot be
realized experimentally.

The situation can be characterized as follows. For tem-
peratures below 8 MeV (§/4=1) compound nuclei are
mainly formed. For temperatures between 8 and 12 MeV
(158 /A4 =2) the formation of two coexisting phases is very
difficult, but the introduced energy and the initial compres-
sion are sufficient to carry the intermediate system to the
instability region, where the system decays. For tempera-
tures near the critical value a phase transition can occur, but
clear signals of the actual transition are absent, since the
majority of the produced particles are light.

Statistical theory of nuclear fragmentation

Using a simple equation of state, we have considered
above how an initially compressed and heated nuclear sys-
tem can evolve into the region of instability or into the two-
phase region. In this section, we shall consider the final stage
of the interaction, namely, the decay of the excited nuclear
system. For the theoretical description, we use the statistical
approach. We assume that the degree of excitation of the
intermediate nuclear system can be characterized by a tem-
perature that does not exceed the critical value T, =20 MeV.
Figure 5 illustrates the variety of fragmentation processes in
the different temperature regimes. At low temperatures, we
have only compound nuclei, but with increasing tempera-
tures we obtain a fairly characteristic set of distributions,
which range from a U shape to a rapidly decreasing distribu-
tion function at high temperatures. The appearance of the U-
shaped mass spectrum serves as a signal that we are observ-
ing a multifragmentation process in which fragments are
produced in a wide range of masses with almost equal proba-
bilities. The rapidly decreasing mass spectrum indicates that
the system decays mainly into light particles such as nu-
cleons, deuterons, tritium nuclei, helium-3 and « particles,
which are components of the gaseous phase of nuclear mat-
ter. Figure 5 also shows a fission-type process, which, ap-
pearing already at an excitation energy of order 10 MeV,

Na

Intermediate fragmentation regime (7> 7 MeV)

Hadron gas (7> 75 MeV) r

Onset of multifragmentation regime
(T=4 MeV)

Fission-type processes

Compound nucleus (7< 3 MeV) \

0 2,72 .

FIG. 5. Schematic representation of the mass distribution for different
types of fragmentation process as a function of the temperature 7T of the
complete system. The scale is logarithmic.
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differs from the fragmentation processes and will not be con-
sidered in the present paper.

Fragments with Z > 2 have been observed at high and
intermediate energies in proton—nucleus interactions (see,
for example, Refs. 37-44), and also in nucleus-nucleus colli-
sions in a wide range of energies of the primary nucleus.*>>!
With regard to proton-nucleus reactions, in which complex
fragments have been measured for proton energies of several
giga-electron-volts, the multifragmentation process is pre-
ceded by the knocking out of several nucleons from the tar-
get nucleus by the high-energy proton. In accordance with
the scenario described above, the excited residual nucleus
begins to expand and breaks up when a certain critical den-
sity is reached. The theoretical description of a nucleus—nu-
cleus collision and the subsequent transition to the fragmen-
tation regime is even more complicated, since it is necessary
to take into account the dependence of the interaction pro-
cess on the impact parameter, and also simultaneously con-
sider the decay of not only the excited spectators but also the
nucleon participants.

Various models are used for the theoretical description
of the multifragmentation of comparatively weakly excited
nuclear matter. They include the modified evaporation ap-
proach to decay of compound nuclei,** direct ““cleaving” of
a fragment (cold fragmentation),™** statistical emission of
fragments from an excited intermediate nuclear system
(Refs. 15, 26, and 55-64), breakup of the target nucleus into
“small pieces” by means of the projectile nucleus,**" dy-
namical treatment of the fragmentation in the framework of
mean-field theory,”’ and the use of percolation theory to
describe the fragmentation process.®®%’

In this section we shall consider the statistical model of
multifragmentation, following Refs. 61, 63, and 64. The
model is fairly general and contains interesting features
characteristic of a finite system. Further, we shall present
some interesting predictions of the model about the tempera-
ture at which the compound nucleus “expires,” the connec-
tion between multifragmentation and possible experimental
manifestations of a liquid—gas phase transition, and also the
percolation approach to fragmentation. At the end, we dis-
cuss some characteristic experimental data on multifrag-
mentation.

Statistical fragmentation model

Following Refs. 61, 63, and 64, we assume that at the
time of decay the intermediate nuclear system consists of M
fragments, each of which is characterized by a mass and
charge (4,Z), energy E, ., and other quantum numbers
needed to determine the internal state. The number of frag-
ments with given values of 4 and Z, N, ,, is related to the
total multiplicity M by

M= N, (21)
A2
The set of numbers {N, ; } characterizes the various ways of
breaking up the system into fragments. The conservation
laws for the mass 4 ,, the charge Z ;, and the total energy E ,
require fulfillment of the relations
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The last equation of (22) shows that for a simplification
we have assumed for all nuclei with the same (A4, Z) the same
total energy. We shall see below that the energy E, , is a
known function of the temperature, so that the temperature
of the system can be found in terms of the energy conserva-
tion law.

The probability of the given configuration {N, , } is

I-I\I-—-l
W (N 4, 2)) =+ !
S 1 L\3/2 ( myAT \3/2
(A—DA%N-"ZA') ( gmg )
% I [Fragr (6a 2e® 27)Va. 2], (23)
A, Z

where £ is the normalization constant, and g,  is the degen-
eracy factor of the internal quantum state of the fragment. In
the derivation of (23), we have taken into account the con-
servation of the total momentum and the position of the sys-
tem’s center of mass. This is particularly important in the
case of a low total multiplicity M, this case corresponding to
the low-temperature regime, which is precisely where the
fragmentation process occurs. In (23), the quantity V; is the
volume accessible for free motion of the fragments. For a
given observable quantity @, which may be, for example, the
temperature, total entropy, multiplicity M, mass distribu-
tion, etc., the mean value is found in accordance with

Q=20 ({Na,z}) W({Naz). (24)

The direct calculation of (24) is in practice very difficult
because of the large possible number of ways in which the
nucleus can be broken up. Even if one does not consider the
isospin degrees of freedom, one obtains about 2-10®* differ-
ent possibilities for a nucleus with mass number 4, = 100.
Therefore, wide use is made of approaches (Refs. 15, 26, 55—
57, and 59) in which one considers infinite systems, and the
most probable division of the system is calculated. The total
mass, charge, and energy are conserved only on the average.
In this case, one does not take into account at all one of the
most important effects of the finite size of the system—the
effect of the Coulomb interaction between the clusters,
which is something that is particularly important in the case
of low-temperature decay. In this energy region comparati-
vely large fragments can be formed. At higher temperatures,
when the system decays into small pieces, the neglect of the
Coulomb interaction becomes more justified.

In Refs. 61, 63, and 64, the Monte Carlo method was
used to calculate the mean values in accordance with Eq.
(24). This method permits a complete treatment of the ef-
fects of the finite size of the system without recourse to artifi-
cial restrictions on the possible ways in which the nucleus
can fragment. In other words, the use of the Monte Carlo
method makes it possible to simulate to a certain degree the
complicated process of decay of originally homogeneous nu-
clear matter into arbitrary fragments. This in fact is the final
stage in the evolution of an excited and compressed ““piece”
of nuclear matter when the instability region is reached. The
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main process of matter redistribution is due to spinodal de-
cay and (or) a randomly growing instability, as discussed
above in connection with the consideration of the behavior
of an excited droplet of nuclear liquid.

The crucial quantity that determines the probability of
a definite breakup {N, 2} of the nucleus is the associative
entropy. It can be calculated by means of the liquid-drop
model, generalized to finite temperatures. For the energy
and entropy we have, respectively,

3r_B, A<s,
E,- %T+(W0+€—:)A+(f5—T§)Am+v@
+im(1-2as), 4>
(25)
g AR ast
7—'!"111(”;2,,«: ) +%A—'§—?A2/31 ey

(26)

exp

where B §% are the experimental binding energies of the
fragments (4, Z), W, = — 16 MeV, y = 25 MeV, and the
constant £, = 16 MeV characterizes the internal energy
T?A4 /e, of afragment. Equations (25) and (26) contain two
new elements. First, the surface energy 4 >/*8(T) depends on
the temperature and tends to zero for T>T,, since in this
case, as we have seen above, a liquid phase of nuclear matter
does not exist. This is a direct consequence of the van der
Waals behavior of the nuclear matter, which disappears
above the critical point. Details of the calculation of the sur-
face energy can be found in Ref. 20. Second, the Coulomb
interaction between the clusters has been calculated in the
decay stage in the Wigner—Seitz approximation, which was
found to be very effective. The parameters R, > and R »
are, respectively, the radius of the cluster (4, Z) and the
radius of the Wigner—Seitz cell in which the fragment is em-
bedded.

The free volume accessible for the motion of the frag-
ments is not an adjustable constant, as in Refs. 55 and 62, but
depends on the widths 2d of the “gap” between the frag-
ments and the total multiplicity of the decaying system,

Vy = {[1 + d (M¥® — )[R, — 1} V,,

where R, = 1.174 '/? and ¥V, = (4w/3)R ] is the volume of
the system at zero excitation energy. Thus, the free volume
V' given by (27) possesses the necessary properties at low
and high values of the multiplicity.

(27)

Model predictions and comparison with experimental data

Mean temperature and mean multiplicity. Figure 6
shows the mean temperature as a function of the excitation
energy for three different regions of mass numbers. The re-
sults were obtained by the Monte Carlo method described
above.**’ It can be seen from Fig. 6 that the behavior
changes rapidly in a narrow region near the cracking tem-
perature T *; at the same time, the compound-nucleus state
expires and the multifragmentation process comes into play.
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The onset of the multifragmentation regime is signaled by a
rapid growth in the specific heat of the system (see Refs. 62
and 70). The rapid transition is due to the fact that at the
cracking temperature the gain in the surface energy of the
system by the formed fragments is compensated by transfor-
mation of excitation energy into translational motion of
these fragments. The mutual influence of these two compet-
ing processes is a typical manifestation of the effects of the
finite size of the system. At temperatures somewhat exceed-
ing T *, the mass spectrum has a U shape, indicating that all
fragments have an approximately equal probability of for-
mation.

There appear to be strong experimental indications of
the existence of a cracking temperature. Compound nuclei in
the mass region 4 ; ~200 with degree of excitation charac-
terized by a temperature 5-6 MeV have recently been ob-
served.”!

It can be seen from Fig. 6 that at excitation energies
above 7 MeV/nucleon the system behaves like a free gas if
the initial nucleus is sufficiently heavy. For lighter com-
pound nuclei the free-gas limit is reached only in the case
when a sufficient number of fragments is produced. Figure 7
shows the multiplicity M as a function of the excitation ener-
gy for three different nuclei. It can be seen that near the
cracking temperature the total multiplicity is low and that it
then gradually increases with increasing excitation energy.
At T'=11 MeV, the total multiplicity increases more sharp-
ly, indicating that the fragments must be only light. This is
illustrated for the case 4 , = 100 by showing additionally the
multiplicity M _ with fragments 4 < 4. This transition is also
a physical consequence of the model. Since light clusters,
which, it is assumed, are constituents of the gaseous phase,
do not have excited states, they occupy a comparatively
small part of the accessible phase space. But at temperatures
above T=11 MeV the total multiplicity can be increased
only by the formation of a large number of light fragments.
Therefore, M _ increases, whereas the multiplicity of heavy
fragments decreases. The temperature corresponding to this
transition point is below the critical value 7, = 16 MeV but
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FIG. 6. Dependence of the temperature on the excitation energy for three
different initial masses 4,. The broken line shows the limiting relationship
for a gas of classical particles.
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FIG. 7. Multiplicity of primary fragments as a function of the excitation
energy. The continuous line shows the results for the case 4, = 100 when
only clusters with 4 < 4 are considered.

varies monotonically with it. The transition temperature
would be equal to T, if the gas phase consisted solely of
nucleons.

Our discussion (see also Ref. 70) shows the close con-
nection between the transition at 7'~ 11 MeV and the liquid—
gas phase transition discussed mainly for an infinite sys-
tem.®'® Therefore, T~11 MeV could be called the equiva-
lent temperature of the liquid—gas transition in finite sys-
tems.

Liquid—-gas phase transition. It is now of interest to com-
pare the results obtained for fragmentation of a finite system
with the result that follows from considering infinite nuclear
matter, as was done at the beginning of this section. In Fig. 8,
we show once maore the phase diagram for infinite nuclear
matter [cf. Fig. 2(b)] together with the density—tempera-
ture dependence obtained in the multifragmentation model.
For § /4 51, the system can be regarded as a heated com-
pound nucleus. This agrees well with the predictions of Refs.
31, 32, and 35. The system then becomes superheated, and
large fluctuations appear in the decay density. The calculat-
ed decay density is near p, /3 and is in the region in which
infinite nuclear matter becomes dynamically unstable. At
the critical point (I, ~16 MeV, p = p,/3) the total specific
entropy is 8 /A4, =~ 3.2, in reasonable agreement with the re-
sults of the calculation for infinite nuclear matter.'®

In Refs. 17 and 42, the experimental cross sections for
the fragment yield were described by a power-law depen-
dence 4 ~7 in agreement with Fisher’s condensation the-
ory.”” From the obtained behavior of the exponent 7 it was
concluded that the liquid—gas phase transition occurs at the
critical temperature 7, ~ 12 MeV. In contrast, in Ref. 70 it
was shown that the power-law dependence gives in the best
case information about the cracking temperature 7%, at
which there exists a relatively wide fragment mass spectrum,
but not about the critical temperature T, when light clus-
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ters are dominant. Moreover, it must be borne in mind that
the power law 4 ~7 was used to describe the experimental
mass spectrum, which is not primary and, therefore, in-
cludes the effects of evaporation and secondary decay pro-
cesses.

Percolation theory of fragmentation. Recently, percola-
tion models®®*® have been used to describe the manifold of
mass spectra shown schematically in Fig. 5. The percolation
treatment is based on a simple criterion for the binding of
nucleons into a complex fragment. The nucleus is regarded
as a lattice whose faces are occupied by nucleons. The prob-
ability of occupation of a particular face is determined by the
percolation parameter #. If % ~ 1, then all faces are occu-
pied and one large nucleus if formed. For % ~0.6, formation
of a compound nucleus is impossible, and the mass spectrum
has a U shape. For still lower values of the parameter & the
mass spectrum goes over into an exponentially decreasing
function, indicating that only light clusters are formed. In
Ref. 73, some predictions of the percolation theory, which
describes fairly well the mass spectrum without recourse to
any nuclear information, were compared with the predic-
tions obtained in the framework of the multifragmentation
model. Comparison of the behavior of the multiplicity of
particles with 4>4 calculated in the percolation approach
with the corresponding results of the multifragmentation
model revealed that the quantity 1 — &7 is approximately
proportional to the excitation energy of the system. Of
course, the qualitative agreement between these two theories
is not complete. For example, the onset of the fragmentation
regime takes place very rapidly in the multifragmentation
model but rather smoothly in the percolation approach. This
is explained by the fact that in the percolation theory the
temperature dependence of the binding energy of the nucleus
is not taken into account. These problems are discussed in
more detail in Ref. 73. One of the reasons for the successful
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FIG. 8. Phase diagram for infinite nuclear matter. The heavy curve shows
the boundary of coexistence of the phases p; and p . The thin continuous
curves illustrate the path of the system in the case of isentropic expansion
(the corresponding values of the specific entropy are shown). The broken
curve plots the results of calculation of the decay density and mean tem-
perature of our finite system. The numbers next to the curve are the corre-
sponding values of the excitation energy and the entropy (in brackets).
The uncertainty in the value of the decay density in the region of tempera-
tures 5=7 MeV is due to the onset of the multifragmentation regime (see
Figs. 6 and 7).
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FIG. 9. Primary (open circles) and averaged secondary (curve) fragmen-
tation spectra calculated by the Monte Carlo method. The mean multi-
plicities of the fragments for these cases are, respectively, M, = 1.5 and
M, =12.6.

application of the percolation model is that the inclusive
mass spectrum does not contain sufficient physical informa-
tion to permit separation of the purely statistical elements of
the experimental data from the essential physical content.

Statistical multifragmentation and secondary decays of
Jragments. So far we have discussed only the primary mass
spectrum without considering the subsequent decay of the
produced fragments. In Ref. 64, a two-stage model was de-
veloped to calculate a mass spectrum that can be compared
with experiment. The first stage describes the formation of a
fragment as a result of breakup of an excited intermediate
nuclear system in the framework of the fragmentation model
presented above. This process takes place in a time of ap-
proximately 10~2* sec, i.e., almost an order of magnitude
faster than the ordinary evaporation process. The evapora-
tion of nucleons and heavier composite particles is treated as
a second stage, following the initial breakup.

Figure 9 shows the change that occurs in the primary
spectrum, which has a U shape, due to the inclusion of the
evaporation processes. The most pronounced effect is the
significant enhancement of the yield of light particles, this

leading to a broadening of the distribution with respect to
the total multiplicity. This effect is not so pronounced when
the primary mass spectrum already has an exponentially de-
creasing shape. The higher the excitation energy of the inter-
mediate nuclear system, the less important is the secondary
decay, since at high energies the production of light frag-
ments is dominant.

Figure 10, which is taken from Ref. 64, gives a represen-
tation of the typical description of experimental data at dif-
ferent bombarding energies. The theoretical results, which
are in reasonable agreement with the experimental data, also
agree with the theoretical predictions of Ref. 62. Both mod-
els predict a temperature of the decaying system well below
the value 15 MeV used in Ref. 52.

The theoretical analysis would be more convincing if
the existence of the U shape of the mass spectrum could be
verified experimentally. This is particularly important in or-
der to know whether the complete mass spectrum can be
characterized by a single temperature. For example, the
presence in the spectrum of heavy fragments with mass up to
the mass of the target nucleus (Fig. 10) is a clear indication
that not all fragments derive from a single source. Very
heavy fragments are probably formed in distant peripheral
collisions. In order to obtain a deeper picture of the reaction
mechanisms, we require correlation measurements between
the heavy fragments and light particles.

2. HADRON-GAS PHASE

We now turn to the consideration of the part of the
phase diagram in Fig. 1 designated as “hadron gas.” This
phase is formed in collisions of nuclei with an energy above
about 200 MeV/nucleon and is accompanied by strong heat-
ing (T'Z 30 MeV) and compression (p X 2p, ) of the nuclear
matter. Under these conditions, as was shown in Sec. 1, a
liquid—gas phase transition does not occur, and one could
therefore expect the equation of state to have a simpler form
and to be able to extract this information more readily from
observable quantities. However, with increasing energy the
mechanism of the nucleus-nucleus interaction becomes even
more complicated, since possibilities appear for the produc-
tion of new particles, meson—and under certain conditions
quark—degrees of freedom are “unfrozen,” relativistic ef-
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FIG. 10. Comparison with experiment of the calculated mass dis-
tribution for the reactions p + Xe at energies 80-350 GeV (Ref.
42) (a), p + Ag at 480 MeV (Ref. 41) (b), and 11.5 GeV (Ref.
74) (c). In the figure we show the adopted initial excitations of
the nuclei (per nucleon) and the corresponding temperatures.
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fects occur, and the interaction process becomes strongly
nonequilibrium. Therefore the acquisition of information
about the hadron-gas state requires as a necessity a theoreti-
cal and experimental study of the conditions of establish-
ment of complete or local thermodynamic equilibrium in the
system.

Canonical parameters of the equation of state such as.

the temperature, density, entropy, pressure, etc., can be ex-
perimentally estimated only using the decay products of the
system. It is therefore extremely important to understand to
what point of the interaction a measured quantity corre-
sponds. The solution to this problem depends on the experi-
mental method employed to obtain the data. This being the
case, it is particularly important to investigate quantities
that are conserved during the interaction process or some
stage of it, for example, the entropy, and also to study
“tagged” particles, for example, particles with nonzero
strangeness.

We begin with a brief discussion of the nature of the
equation of state in this region of the phase diagram and the
main theoretical models used in this range of energies, and
we then turn to an analysis of the variables that characterize
the equation of state. We discuss the conditions of thermali-
zation of the excited intermediate system and the behavior of
the temperature as deduced from the slope of the inclusive
particle spectra, and also a method of estimating the volume
of the decaying system and the baryon density associated
with it. Knowledge of the temperature and density gives us
an indication of the part of the phase diagram occupied. We
also consider a possible estimate of the entropy using the
measured ratio of the numbers of deuterons and protons. We
give the results of an analysis of the momentum flux of the
particles produced in a heavy-ion collision; this can give in-
formation about the pressure due to the compression of the
nuclear matter. We also attempt to estimate the compression
coefficient of the excited nuclear matter using the pion exci-
tation function. In the final part of the section, we present
the results of investigation of the production of strange parti-
cles, which carry information about the local properties of
the hadron phase formed in the early stage of heavy-ion in-
teractions.

Equation of state of the hadron gas

At the beginning of Sec. 1, we presented a simple equa-
tion of state of weakly excited nuclear matter, the potential
energy depending only on the density, while the kinetic ener-
gy contained the contribution of the ordinary thermal ener-
gy. At high excitation energies (high temperatures), the
equation of state must be improved in several aspects. First,
the equation must be relativistically covariant and, second, it
must reflect the new features of this energy region, which
arise largely through the production of particles such as
pions and kaons and through the excitation of resonances,
among which the A(1232) is particularly important. Kaon
production introduces a further new element, namely, con-
servation of strangeness.

From what has been said it is clear that a complete field-
theoretical treatment is hard to realize; in fact, it may not be
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necessary for the dynamical approach to heavy-ion colli-
sions, in which a number of simplifying assumptions (see
below) and phenomenological approximations can be made
in order to achieve a description of the essentially new char-
acteristic features.

With regard to the nucleon degrees of freedom, there
exists the relativistic mean-field model developed by Wa-
lecka.*”*7 This theory is relativistically covariant, self-
consistent from the thermodynamic point of view, and re-
normalizable. In Walecka’s field-theory model,®® the
nucleon field interacts with the scalar meson field o and the
massive vector field ./* . The corresponding Lagrangian is

$ =E [?M_(iau_gu'ﬁu)_'(mf\f—gsa)] ‘l’

0,0 (9"0) — 5 mio* — TR Ll mid, 4", (28)

where my, m,, and m, are, respectively, the masses of the
nucleon, scalar meson, and vector meson. Further, g, and g,
are the scalar and vector coupling constants, and

L AN L (29)

is the field tensor of the vector field. In Refs. 75 and 76, the
sigma potential is taken in the form of a potential of fourth
degree in o, this permitting a more realistic fitting to the
experimental data of the compressibility and the effective
mass.
The partition function for the system is
Z* —Tre-(H-pN)T,

(30)

where the chemical potential i can be expressed in terms of a
path integral in Euclidean space and calculated in the mean-
field approximation for infinite nuclear matter. The equa-
tions for the baryon-number density, the scalar density, the
energy density, and the pressure can be represented in the
form

pa= o (22=)° § k2die (7t () — - (); 31
ps= e () mr | Bl (P 0+ 10 (32)
E = i G303+ it (1 —mpe
2R [ Rk (e me) (B () (33)
e -l e (o (DR ol () N €7
where
= =[exp (B2 + m*)2 F 4)/T 411", T=T/myet  (35)

are, respectively, the nucleon and antinucleon distribution
functions. The values of C? = (g%/%ic) (my/m,)* = 195.7
and C2 = (g2/(#ic)?) (my/m,)* = 266.9 were adjusted in
order to describe the binding energy and density of the nu-
clear matter. The chemical potential u is related to v by

2 (fic)®

p=vmyct+ C;0p e
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and the effective mass must be determined in a self-consis-
tent manner from the equation

e (e et @
The energy per particle, E,, is given by
E, = Elp — myc®, (37)

and the specific entropy can be represented in the form

S/IA=(E—P — pupg)Tpp. (38)

We now consider some limiting cases.
For py A’ €1, we obtain the equation of state of a rar-
cfied gas (see Sec. 1):

=3 Tps+pas P=Tps. (39)

For densities p <pp and TS T, ~21 MeV the equation
of state given above reflects the van der Waals behavior stud-
ied recently in connection with the liquid-gas phase transi-
tion in Refs. 32 and 35.

In thelimitpz — o0 and for arbitrary T (infinite-density
limit)

1 fic)? 3
E= ciph—rmr 3 kroshics (40)
1 (Re)® 1
P=Cip} W—l—?kﬂ)ahc, (41)
and the high-temperature limit (7— w0 ) gives
Tn2 T4 1
=% g’ P=3F (42)

Thus, Walecka’s equation of state covers the entire re-
gion of the energy—density variables in which the nucleon
degrees of freedom play the decisive part. Despite the fact
that relativistic mean-field theory has such attractive and
realistic features, its inclusion in the dynamics of heavy-ion
collisions is still far from realization.

For example, the compression energy of nuclear matter
was calculated in Ref. 76. It was found that the equation of
state is extremely sensitive to the choice of the compressibili-
ty K and the nucleon effective mass m* at the saturation
density p,,. Variation of m* and K in the range 10-20% leads
to a change in the compressibility energy by several times.
This demonstrates the impossibility of predicting the prop-
erties of nuclear matter on the basis of the currently known
properties of the ground state, and is one further indication
that for reliable extrapolations it is necessary to study the
region of high densities.

At the present time, the equation of state of hot nuclear
matter is frequently described in the limit of a noninteracting
relativistic gas, as given by Egs. (33) and (34), in which, in
addition, the dependence on m* is ignored and it is assumed
that C} = C} = 0. The description of the hadron gas is then
improved by taking into account the production of other
particles and resonances, which are characterized mainly by
their masses and degeneracy factors. In the case of pions and
other Bose particles, the Bose—Einstein distribution is used
instead of the function (35). It is assumed that these Bose
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particles have zero chemical potential, i.e., that they can be
freely produced or absorbed in the hadron gas. Then the
equation of state of the hadron gas is determined by the cal-
culation of the chemical potentials, which fix the number of
different particles and, ultimately, permit calculation of the
pressure P(p, T'). This simplified equation of state, which
treats the noninteracting gas of hadrons as consisting of sev-
eral particle species in thermal equilibrium, must be im-
proved in the case when the potential and the interaction
effects still play a certain part. For example, an additional
potential energy, dependent only on the total baryon den-
sity, was introduced in Refs. 77 and 78, it being assumed that
all the nucleon resonances are subject to the same interac-
tion.

It should be noted that the thermodynamic approach
provides no answer to the question of what and how many
particles and resonances must be included in the treatment.
The question is answered purely practically—one chooses
the minimal number of particles that make it possible to ob-
tain agreement with experiment in a particular case. How-
ever, from the general theoretical point of view the introduc-
tion of new particles into the scheme for describing the
hadron phase as a mixture of ideal gases is tantamount to
taking into account the strong interactions. As was shown by
Hagedorn™ in the framework of the bootstrap hypothesis,
systematic allowance for the strong interactions requires the
introduction of a continuous spectrum of masses m with an
exponentially increasing density of states:

Ty \3 m

pH(m)=a (_;:—) exp (T_n) i
where T, is the limiting temperature. Of course, the equa-
tion of state and thermodynamic properties of such a hadron
gas will differ from what is expected for a mixture of nonin-
teracting gases.

It becomes obvious from this discussion that relativistic
heavy-ion physics gives us a great stimulus for investigating
the behavior of nuclear matter in the region of energy densi-
ties in which the equation of state is known very poorly.
Comparison of theory with experimental facts will give in-
formation about the degree to which investigation of the ha-
dron gas in the framework of the simplified equation of state
corresponds to reality.

(43)

Models of high-energy nucleus-nucleus collisions

At the present time we are forced to use simplified and
phenomenological approaches to describe the inelastic colli-
sions of two nuclei at high energies. The reason for this is
that the traditional low-energy schemes of approximation of
the many-body Schridinger equation are here invalid. For
example, the time-dependent Hartree—Fock method,®
which became an effective tool at energies up to 10 MeV/nu-
cleon, cannot be used, since it presupposes a large mean free
path and ignores two-particle collisions. Moreover, because
particle production processes appear at sufficiently high en-
ergies, a rigorous quantum-mechanical description becomes
even more complicated.

As a rule, the phenomenological approaches are re-
stricted to the use of classical representations. The main
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models and approaches currently employed are as follows:

(i) the method of nuclear—molecular dynamics;

(ii) the intranuclear-cascade model;

(iii) the hydrodynamical description.

We shall give here a very brief description of their main
distinguishing features. For a more detailed review, we refer
the reader to Refs. 81 and 82.

The method of nuclear-molecular dynamics. The colli-
sion of two nuclei can be described at the classical level in
exactly the same way as the interaction of two molecular
beams. For a given nucleon-nucleon potential, the system of
classical equations of motion for interacting nucleons is
solved (see Refs. 22 and 83-90), and the total distribution
function of the 4 particles is found. Actually, one solves the
classical Liouville equation, and in this respect the proce-
dure is more fundamental than the solution of kinetic equa-
tions. The main problem in the method is that the classical
potential does not give a good approximation to NN scatter-
ing or to the description of the nucleus as a bound system.
Fundamental difficulties arise when one attempts to extend
this method to relativistic energies and to take into account
pion production processes.

Depending on the relationships between the character-
istic space—time scales for the actually considered problem,
the method of nuclear-molecular dynamics can be simpli-
fied. The characteristic spatial scales are the range of the
forces #i/m,, ¢, the mean free path A = 1/poy, of a particle
in the nucleus, and the radius R = 4 /> of the nucleus. If
fi/m_.c<€A (p/p,<1), the cascade model is a good dynami-
cal approximation, whereas the hydrodynamical description
must be used when A €R. In practice, these inequalities are
not satisfied all that rigorously, and therefore it is not that
simple to estimate the internal accuracy of the hydrodyna-
mical and cascade descriptions.

Intranuclear cascade. In the intranuclear-cascade mod-
el, the complicated process of nuclear collisions is represent-
ed as a succession of nucleon—nucleon collisions and is de-
scribed by a kinetic Boltzmann equation for the
single-particle distribution function. The main input infor-
mation consists of the integral and differential cross sections
of elastic and inelastic interaction of the particles. The cas-
cade models that have been developed®'®* take into ac-
count many additional effects, for example, Fermi motion of
the nucleons, Pauli-principle restrictions, the effects of bind-
ing of the nucleons in the nucleus, the relativistic kinematics,
the production of pions, A isobars, kaons, and other particles
and their subsequent interaction in accordance with the ex-
perimental cross sections, and final-state interaction of the
nucleons, which leads to the formation of clusters.

The cascade model is only the first, fast stage of the
interaction. When the cascade has been completed, the spec-
tator nucleons form excited residual nuclei, and their subse-
quent behavior must be described in the framework of frag-
mentation theory (see Sec. 2).

Hydrodynamical description. The hydrodynamical
equations are equations for the moments of the single-parti-
cle distribution function for the conserved quantities. In
contrast to the cascade models, the hydrodynamical descrip-
tion (see Refs. 9, 102, and 104-126) does not proceed from
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consideration of individual elementary events but from the
nuclear-matter equation of state.

In contrast to the cascade model, the effects of the po-
tential energy are taken into account in hydrodynamics
through the equation of state. The nonequilibrium nature of
the interaction process can be taken into account by means
of the effects of viscosity and heat conduction. In the hydro-
dynamical approach, one can describe fairly reliably the pro-
cess of expansion of strongly compressed nuclear matter,
whereas the cascade model applies, in principle, only for the
case of low densities. However, it is important to recall that
hydrodynamics is valid under the condition A € R and when
local thermodynamic equilibrium is established. Neither of
these conditions is satisfied in peripheral collisions, and even
in the more appropriate case of central collisions one cannot
expect that the nucleons which interact in the surface layer
of the nucleus attain the state of local thermodynamic equi-
librium.

Despite the obvious restrictions, both the cascade mod-
el and the hydrodynamical model can be successfully ap-
plied to the description of data on high-energy nucleus—nu-
cleus collisions and have made it possible to extract from
experiments valuable information about the reaction mecha-
nism and the basic equation of state of nuclear matter.

Tendencies in the further development of the models.
The apparent contradiction between the hydrodynamical
description and the cascade model as representatives of the
kinetic approach does not have deep significance, since we
are concerned merely with a different level of approximation
in the description of one and the same physical process.
From the kinetic equations giving a more detailed picture of
the process one can deduce the hydrodynamical equations.
Therefore, in the comparison of the kinetic and hydrodyna-
mical approaches, the key question is that of the equation of
state to which a given dynamical equation corresponds. In
this connection, great interest attaches to the tendency,
which has developed recently, to combine collective and sin-
gle-particle effects; it consists of constructing models on the
basis of other kinetic equations having an equation of state
that differs from the ideal-gas equation of state.

In Refs. 127 and 128 the Vlasov—Uehling-Uhlenbeck
equation was used. This theoretical approach includes not
only the average field of the nucleons but also two-particle
interactions with allowance for the Pauli principle. The
equation for the single-particle distribution function has the
form

af _ af . of
—_— b i, e
di ot ar

X [ffa(1—1)(1—12)
— s (=D (=18 (p+ pa— Py —pa)-

The main input information for this equation is the potential
U of the average field and the nucleon-nucleon differential
cross sections o (). The potential of the average field is cal-
culated in the framework of the Skyrme model, U(r) being a
function of the local density. When the collision term in (44)
is omitted, we obtain the Vlasov equation. The intranuclear-
cascade model follows from Eq. (44) when U = 0.

In Ref. 129 the use of the Boltzmann—Enskog equation

af ( d®p, d3pi dQy N
=) " 0

(44)
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FIG. 11. Temperature field of cascade nucleons produced in central
Ar + Ar collisions (800 MeV/nucleon) at different instants of time ¢ (the
values on the contours of constant temperature are given in mega-elec-
tron-volts). The broken circle of radius R, = 1.074 /? F indicates the
position of the undisturbed target nucleus; the arrow corresponds to the
position of the center of the projectile nucleus if it were to pass through the
target nucleus without interaction.

was proposed. Compared with (44), it does not contain the
potential U(r) of the average field, but in the collision term
allowance is made for the two-particle correlations, which
prohibit the approach of two nucleons to each other, to dis-
tances less than ~ 1 F. This leads to an equation of state of
van der Waals type.

This developing tendency is very attractive for the theo-
retical investigation of the basic properties of hot and com-
pressed nuclear matter formed in the course of a high-energy
heavy-ion collision. It must, however, be borne in mind that
the measured characteristics are sensitive to different de-
grees to the equation of state. Therefore, the search for quan-
tities that are most sensitive to the equation of state and
make it possible to discriminate between the different mod-
els is of exceptional interest (see also the discussion of the
compression effects below).

Temperature of the hadron gas

The temperature of the excited system of hadrons is one
of the most important canonical parameters that determine
the state of the system. It characterizes the mean energy of
the random motion per particle. However, the concept of a
temperature is a simplification of the real situation, since it
presupposes the establishment in the system of thermody-
namic equilibrium. The time of relaxation of the excited sys-
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tem to the state of thermodynamic equilibrium can be esti-
mated in the framework of kinetic theory. The solution of
the Boltzmann equation for an infinite medium'*® and the
estimates made in the framework of the cascade model®®'*!
for the collision of nuclei in the range of energies 0.8-2 GeV/
nucleon show that each nucleon must undergo three or four
collisions before the equilibrium state is established.
Allowance for the meson degrees of freedom accelerates the
attainment of the equilibrium regime.

Figure 11 shows the evolution of the temperature field
for a central Ar + Ar collision at energy 800 MeV/nu-
cleon.'® At the initial time, the heating has a local nature
with large temperature gradients, which is an indication that
the state of the hadron-gas system is formed far from equilib-
rium. In the stage of expansion of the excited system, the
temperature field becomes more uniform. This indicates that
the concept of a temperature is better suited to the descrip-
tion of this final stage of the interaction.

In what follows, we shall consider how far the excited
system of nucleons formed in a heavy-ion collision is from
the state of thermodynamic equilibrium, and we shall dis-
cuss the experimentally deduced values of the temperature.

Thermalization and complete stopping of the nuclei

If the excited system of hadrons, the fireball, decays
from the state of thermodynamic equilibrium, its decay
products must have an isotropic angular distribution in the
coordinate system in which the fireball is at rest. Therefore,
the proximity of the state of the decaying system to the equi-
librium state can be characterized by the ratio of the mean
transverse momentum of the particles to their longitudinal
momentum:

7 2 Etp_l” i
H = e T 1

where the numerical factor 2/7 takes into account the differ-
ence between the numbers of degrees of freedom for motion
in the longitudinal and transverse directions. In the case of
complete thermalization, 77 = 1.

In recent experiments,'** the value of # for the proton
participants was measured in collisions of the symmetric
systems Ca + Ca and Nb + Nb. Figure 12 shows the distri-
bution with respect to # in the {(p, }, {p, ) plane for individ-
ual events. It can be seen that in the case of Ca + Ca colli-
sions at 400 MeV/nucleon the main bulk of the events is
rather far from the region % = 1, which is represented in the
figure by the diagonal line. The clearly observed peak at
small (p, ) but large (p, ) corresponds to the peripheral in-
teraction of the heavy ions, where fragments of the projectile
nucleus make the dominant contribution to #. Naturally,
there is no contribution to this region if one goes over to
central collisions by selecting events with high multiplicity
M, of the secondary charged particles. Then the maximum
of the distribution is displaced significantly to the side of the
diagonal, but only very few events take place in the region
Ho=],

It should be noted that for symmetric systems the indi-
cator of hadron thermalization, % = 1, is identical to the
indicator of complete stopping of the colliding ions, when
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FIG. 12. Contours of constant yield for the distribution with respect to the
mean transverse and longitudinal momentum of charged particles pro-
duced in all inelastic and central (with high particle multiplicity M)
Ca + Ca and Nb -+ Nb collisions at energy 400 MeV/nucleon.'*?

the entire energy of their relative motion is transformed into
the random motion of the nucleons and the energy of the
produced particles. In this connection one may say of the
central Nb + Nb collisions shown in the same Fig. 12 that in
a large number of cases they lead to complete stopping of the
nuclei, since the maximum of the distribution is situated pre-
cisely in the region # = 1.

A comparison of the degree of thermalization attained
in different combinations and at different energies of the col-
liding ions is shown in Fig. 13 as a function of the fraction
N, /Z of the total charge of the particles that can be detected.
Theincrease in the value of 2 with increasing multiplicity of
the charged particles is due to the decrease in the relative
yield of spectator nucleons in a central collision. The specta-
tor nucleons from the projectile nucleus carry a large longi-
tudinal momentum, and this leads to small values of % in the
case of peripheral interactions.

Thus, analysis of the ratio of the mean values of the
transverse and longitudinal momentum components indi-
cates that for central Nb ++ Nb collisions at 400 MeV/nu-
cleon almost complete stopping of the nuclei occurs and the
system is in a state very close to thermodynamic equilibrium.
On the transition to peripheral collisions, or to lighter nu-
clear systems, or to higher collision energies, the angular
distribution of the particles ceases to be isotropic, this being
due to the admixture of leading particles and fragments of
the projectile.

The possibility of complete stopping of colliding heavy
ions is intimately related to the problem of attaining the
maximal energy density needed for the phase transition of
the hadrons into a quark—gluon plasma (see Sec. 3). In ac-
cordance with the hydrodynamical estimates,'® two uran-
ium nuclei can still completely dissipate the energy of their
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FIG. 13. Dependence of the ratio #, which characterizes the proximity to
the state of thermodynamic equilibrium, on the relative number of pro-
duced charged particles.'* The type of reaction is indicated in the figure.

relative motion if the energy of the bombarding ion does not
exceed 4-5 GeV/nucleon. The energy density then attained
is close to the critical value for the phase transition of the
hadrons into quarks. With a further increase in the energy
and entry into the ultrarelativistic region, complete stopping
of the colliding nuclei becomes impossible because of the
change in the interaction mechanism, which leads to an in-
crease in the “transparency” of nuclear matter.

Determination of the inclusive temperature

If a source that emits particles is in thermodynamic
equilibrium, it is possible to estimate from the slope of the
observed inclusive spectrum the “apparent” or “inclusive”
temperature by using the relation®

dic

E d_pa'zcoEcms exp ( — Eems/Tinc) (45)

Although the inclusive temperature 7}, extracted in this
manner reflects the temperature of the decaying hot fireball,
it must be borne in mind that the description of the excited
system by the introduction of a single temperature is a rather
crude idealization. We have seen above that the temperature
field corresponding to the effective source is nonuniformly
distributed in space and varies with time. Figure 14 shows
the time dependence of the mean temperature (7"} calculat-
ed from the temperature field (see Fig. 11) and T;,. deter-
mined by (45). The uniform decrease of the temperature
{T) in the fireball expansion stage is due to the fact that as
the particles separate their thermal energy is transformed
into the energy of the collective motion of the particles as a
common flow. Near the point of decay of the system, the
collisions between the particles cease and, therefore, from
this moment on, the shape of the momentum distribution of
the particles hardly changes. This means that the inclusive
temperature 7T},., determined from the slope of the spec-
trum, will no longer depend on the time, this being true up to
the time at which the particles are detected. It can be seen
from Fig. 14 that the time dependence of T},. does indeed
tend to a constant.

Secondary processes like final-state interaction, decay
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FIG. 14. Time dependence of the mean temperature {T' ) and the inclusive
temperature 7;,. for a central Ar + Ar collision (0.8 GeV/nucleon).
Above we show the relative position of the nuclei at the time indicated by
the arrow under the assumption that they pass through each other without
interaction; the radius of the circles corresponds to R, . = 1.074 /%,

of the A isobars, and so forth lead to an additional difference
between T, and (7).

The practical application of Eq. (45) to data obtained
in nucleus-nucleus collisions requires a certain degree of
care. The presence in the inclusive spectrum of particles hav-
ing a different origin (for example, from the decay of specta-
tor nuclei) or a small admixture of incorrectly identified
particles (for example, deuterons in the proton spec-
trum'*") can lead to serious distortions of T,..

It should be noted that instead of (45) one can also use
the noninvariant inclusive distribution d *0/dQdE, but it is
then necessary to take into account correctly the pre-expo-
nential factor. This method is, in particular, popular at non-
relativistic energies for the determination of the effective
temperature and the velocity of the “moving source” from a
simultaneous description of the particle spectra at several
angles. The experimental data are fitted by the relation

—dtgi—ﬁ,=const Etfexp [ —(E 4 E,— 2EY2EM? cos 0)/Tnel,
(46)

where E, is the kinetic energy of the moving source, corre-
sponding to approximately half the velocity of the bombard-
ing ion.

The results of such an analysis are presented in Fig. 15,
where, to separate the participant particles, the spectra have
been taken at angles 8 > 40°, at which the evaporation com-
ponent is discarded.'**

The tendencies in the behavior of the temperature as a
function of the bombarding-ion energy E, can be qualitative-
ly understood in terms of the Fermi-gas model. From the
relation (19),

P (3a) () o

For a qualitative estimate of the density that can be attained
and its relationship to the energy E,, we can use the approxi-
mation of a shock adiabat'*:

(47)

pTPT;)(Sﬁ-Mcms (E)). s

Since the specific entropy S /4 varies weakly with E,, the
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FIG. 15. Dependence on the initial energy of the inclusive temperature of
fast protons, deuterons, and tritium nuclei produced in collisions of a light
nucleus with a heavy nucleus.'** The continuous curve corresponds to the
Fermi-gas relationship (47) between the energy and the temperature; the
broken curve corresponds to the fireball model.

temperature must increase with the energy of the primary
beam approximately as a power, in agreement with the re-
sults shown in Fig. 15. The applicability of (48) breaks down
in the region E,2 1 GeV/nucleon, where it does not repro-
duce the appreciable retardation in the growth of the inclu-
sive temperature T;,. (E,). Such behavior of the tempera-
ture indicates the need to include in the treatment the
production of resonances, in the first place A isobars. The
Hagedorn model,”!*® which takes into account a contin-
uous spectrum of resonances with an exponentially increas-
ing density of masses [see Eq. (43)], predicts the existence
of a limiting temperature T, In Figs. 16 and 17, we have
plotted the theoretical curves for two values of 7, equal to
134 and 200 MeV. The first value of 7, reproduces well the
experimental mass spectrum of the resonances, while the
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FIG. 16. Inclusive temperature of the baryons as a function of the primary
energy for the collision of identical nuclei, The experimental points are
taken from Refs. 137-139; the black circles correspond to all inelastic
interactions, and the open circles and open triangles to central collisions;
the broken curve is the dependence obtained in the Fermi-gas approxima-
tion (47); the continuous curves are calculated in accordance with the
Hagedorn model with the indicated values of the limiting temperature T},
[see (13)].
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FIG. 17. Inclusive temperature of mesons as a function of the energy of the
bombarding ion for a collision of identical nuclei. The notation is the same
as in Fig. 16.

second corresponds approximately to the critical tempera-
ture of the phase transition of the hadrons into quarks (see
Sec. 3). Unfortunately, the existing data do not permit an
unambiguous conclusion as to the existence of a limiting
temperature. Experiments at higher energies of the primary
beams are needed.

With regard to the dependence of the inclusive tempera-
ture on the combination of colliding nuclei, for nucleons it is
reflected qualitatively correctly by Eq. (47); namely, the
transition to heavier systems leads, through the effects of the
finite size of the nuclei, to a higher compression and, there-
fore, to an increase in T, . In the case of pions, it is necessary
to take into account the resonance nature of their produc-
tion.

In Refs. 137 and 138 it was shown that the inclusive
temperature depends on the species of observed particles. As
can be seen from Figs. 16 and 17, the temperatures of the
pions, protons, and K * mesons satisfy the relation

e < Tine <Tﬁ;:,
i.e., in the language of the time dependence of the tempera-
ture (see Fig. 14) the kaons are emitted in an earlier stage of
the interaction. In agreement with this conclusion is the fact
that the mean free paths A = 1/0p for these particles are
related in the same manner:

il VU e
whereas for the thermodynamic treatment of the primary
temperatures one would expect 7], P T

— ;!
mc — mc

Population temperature

There exists one further way of determining the tem-
perature of a decaying system—using the relative population
of the ground and excited states of the nuclear fragments.
Such experiments are much more complicated than the in-
clusive ones. It is necessary to detect y rays in coincidence
with a fragment or the products of its decay, if it is unstable.
Moreover, the investigated excited states must cover a suffi-
ciently large part of the excitation spectrum but must not be
populated by the decay of other unstable nuclei or more
highly excited states of the given nucleus. Recent correlation
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measurements in the Ar + Au reaction at 60 MeV/nucleon
with production of °Li, °Li, and *Be fragments determined a
temperature around 4.5 MeV."*® This value of the tempera-
ture describes well the yield of fragments with respect to the
masses in the framework of multifragmentation theory (see
Sec. 1) but is much lower than the value T}, ~20 MeV de-
termined from the slope of the energy spectrum of the frag-
ments.'*' This discrepancy remains an open problem.

Volume and density of the decaying system

" Inthe investigation of the equation of state, the volume
V or density p of the system, as canonical variables, play the
same part as the temperature. Besides the heating of the nu-
clear matter, it is also made denser in the initial stage of the
interaction of the nuclei, this leading to the formation of a
region of hot and compressed matter. When the maximal
density is attained, the system goes over into the expansion
stage with subsequent decay. These features can be traced in
the evolution of the density profile shown in Fig. 18 for the
case of Ne + U collisions at 400 MeV/nucleon.'”!

Thus, the density and volume of the hadron gas change
appreciably during the reaction. However, the experimen-
tally measured characteristics correspond to the moment at
which the system decays, when the interaction between the
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FIG. 18. Diagram of the evolution of the density of nucleons in a central
Ne + U collision (400 MeV/nucleon). The outer contour corresponds to
the density level 0.02 F 3, and on the transition to each next level the
density increases by 0.04 F ~*. The arrow indicates the position that the
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FIG. 19. Correlation function (with allowance for Coulomb cor-
rection) of two 7~ mesons emitted in an Ar 4 KCI collision at
energy 1.8 GeV/ nucleon.'s' The fitted curve is calculated in ac-
cordance with Eq. (53).

particles basically stops. Moreover, the extraction of infor-
mation about ¥ or p is a more complicated problem than that
of estimating the temperature, since information about the
temperature is already contained in the single-particle distri-
bution function, whereas to determine the interaction region
it is necessary to measure correlations between the particles.

We begin by considering the correlations of identical
particles and the discussion of the results obtained by this
method. We shall then present a different method of estimat-
ing the decay density of the system using the coalescence
radius of composite particles. We conclude this section by
considering the dynamical trajectory of the reaction in the
T-p plane, which makes it possible to estimate the experi-
mental conditions that can be attained in the given reaction.

Determination of the size of the emission region from the
interference of identical particles

Pion—pion interferometry. Measurement of the correla-
tions between identical particles with small relative momen-
tum in problems of hadron and nuclear physics in order to
determine the space-time dimensions of the emission region
was proposed for the first time by Kopylov and Podgor-
etskii.'**'** This method was a generalization of the Han-
bury-Brown-Twiss method used in astronomy to determine
the radius of stars by means of photon-photon interfer-
ence.'*

The method is based on the fact that the wave function
of a system of two identical particles must possess a definite
symmetry, this leading to interference phenomena at small
relative momenta. In particular, if two pions are produced
independently with 4-momenta k, and k, at the space—time
pointsx, and x,, their symmetrized amplitude can be written
in the form

Y = exp li— (kb +k.2,)] + exp [—i (kyzy + kozy)l.
(49)

Then the probability W(k,, k,) of observing two pions with
momenta k, and £, is expressed as

Wik k) ~ [ 10 P o (e 20) dtadia, (50)

where p (x, x,) is the probability density for detecting these
particles in a source at the points x,, x,. For uncorrelated
particles p(x,, x,) = p(x,)p(x,), and the relation (50) re-
duces to

W (ky, ky) ~1 4+ |p (k, —ky) |2, (51}
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where p(k, — k;)=p(q) is the space-time Fourier trans-
form of the source function. The actual form of the correla-
tion function depends on the shape of the source. If we as-
sume that the pions are emitted instantaneously from the
surface of a homogeneous sphere of radius R ;;, then'*?

a7 (qlﬂg)] 2

Wi (kyy k) ~ 14 [—

(52)

where J,(y) is a modified Bessel function. For a Gaussian
distribution p(x), if the pions are emitted with a difference
in time 7, we have

We (ky, kg) ~1 + exp {— [qR; + w?t?)/2},  (53)
where

q=k;—k, nu o=Vl +m Vi, s+ m2.

It can be seen from (53) that the correlation function
W(k,, k,) contains information about not only the spatial
distribution of the source but also its lifetime, i.e., the inter-
ference method is a means for studying not only geometrical
aspects of the reaction but also the dynamics of the process.

In order to estimate correctly the geometrical and time
parameters of the source distribution function plx), it is
necessary to take into account the possible correlations of
the particles in the volume of the source, this leading to the
appearance of an additional free parameter A in front of the
interference term in (52) and (53), and also the effects of
Coulomb interaction, the absorption of slow pions by the
ambient nuclear medium, and final-state interaction of the
particles (see Refs. 145-147).

Proton—proton interferometry. The correlations of two
protons with nearly equal momenta are governed by their
Fermi nature. The wave function of a pair of protons con-
tains a singlet and a triplet part, ¢ = ¥ + ¥, [cf Eq. (49)],
and this leads to an “anticorrelation” effect: The two-proton
correlation function W(k,, k,) has at k, = k, a minimum,
and not a maximum as in the case of the 7# correlations.
Moreover, the effects of the interaction of the protons in the
final state due to the Coulomb and nuclear forces have a
large influence on the shape of the correlation curve, 148150

Main results of measurements. Figure 19 shows the cor-
relation function for a pair of negative pions produced in an
Ar 4 KClI collision at 1.8 GeV/nucleon. Fitting of the ex-
perimental points by means of the distribution (53) yielded
R = 3.0 + 0.3F.""' This value corresponds approximately
to the region of overlapping of the nuclei for the most prob-
able impact parameter.

Comparing the results of different experiments, one
must bear in mind that the deduced parameter R depends on
the chosen form of the source function p(x). The existing
data on the determination of the emission region by pion—
pion interferometry are given in Table I together with the
radius R, of the equivalent homogeneous sphere.'s It can
be seen that the size of the source is appreciably greater than
the region of strong hadron-hadron interaction and in-
creases on the transition to heavier projectile ions or to
smaller impact parameters for a fixed combination of the
colliding nuclei. In the study of Ref. 156, made at 3.4 GeV/
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TABLE I. Radii of pion emission sources.'*?

Radius, F. from data of
Reaction E,, GeV/nucleon loriginal studies (references g F
| in square brackets) i
Ar--Bal, 1.8 3.05:-1.10 [153] 3.74+1.35
Ar-Phy0, 1.8 3.30=0.93 153 4.041.14
Ar—+ ]'bgo,l (center) 1.8 3.984-0.78 [153 4.874-0.96
Ar--KCl 2.1 3.124-0.33 [151 3.824+0.40
Ar+KCl 1.5 4.934-0.44 [154 6.044-0.54
Ar-+KCl (center) 1.2 3.80=0.55 [155 4,.065-+0.61
d--Ta 3.4 2,20+-0.50 [156 2.2040.,50
iHe - Ta 3.4 2.9040.40 [156 2.9020.40
C+Ta 3.4 3.40--0.30 [156 3.40+0.30
C4-C 3.4 2.754-0.76 [157 2.75+0.76
C—+-C (center) 3.4 3.76-4-0.88 [157] 3.76::0.88

nucleon, it was shown that the emitting region does not de-
pend on the sign of the charge of the detected identical pions.

The correlations of two identical protons were mea-
sured in Refs. 156-158. For C + C collisions at 3.4 GeV/nu-
cleon it was shown that for protons from the target fragmen-
tation region (p < 300 MeV/c) R = 3 F is almost twice the
radius of the source for fast (p> 300 MeV/c) protons and
does not change on the transition to central events.'”’

Even in the case of “‘central” collisions, the data given
above are averaged over a fairly wide range of impact param-
eters. In the recent study of Ref. 159, proton interference
measurements were made at fixed multiplicity N, of the
charged particles participating in the interaction, these be-
ing mainly protons. Figure 20 shows the dependence of the
parameter R g of the spatial distribution of the source as a
function of N, . For both combinations of the colliding nuclei
the radii of the distributions increase monotonically with
N, . If these dependences are approximated by a function of
the form

Reg=ro(V, 4125 ) 3, (54)

where A /Z takesintoaccount the presence of neutronsin the
source, and the factor \/5/2 transforms the parameter R  of
the Gaussian distribution into the equivalent radius R, of
the homogeneous sphere, we obtain r, = 1.9 F. Comparing
this value with the value », = 1.2 F for nuclei in the ground
state, we find that the density of the decaying source is about
25% of the saturation density p,.

This result differs strongly from the estimate of the de-
cay density that was also made by the interferometry method
in Refs. 138 and 160, in which approximately twofold and
fivefold increases in the density were obtained, respectively,
in the reactions Ne+ NaF-pp+X and Ne+ Pb
—K *K* + X fordataaveraged overallimpact parameters.
The difference is evidently due to the use in Refs. 138 and
160 of R ; instead of R, in the estimate of the interaction
volume, i.e., it is due to the loss of the factor (5/2)*>.

Coalescence of nucleons and the size of the interaction
region

Another possibility for estimating the size of the baryon
interaction region is the experimentally detected property of
scaling of the inclusive spectra for the fragments. It has been
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found that the cross section for the production of a fragment
with mass number 4 i can be represented as

d3a A
Ap d%ap F
—=Ca, | B, o 17+

if the difference between the proton and neutron spectra is
ignored and the fragment momentum is p, =Agp,. It is
found that the constant C,_does not depend on the fragment
emission angle or on the energy of the bombarding nu-
cleus.'®!

In the framework of the coalescence model,'® nucleons
within a sphere of radius p, in the momentum space coalesce,
forming a fragment. Then the coefficient C,_ can be ex-

pressed in terms of the coalescence radius py:
(COAL _ (N/Z)

Ap-Zp Ap-1
Ap T ZH (Ap—ZF)! ]
where N and Z are the numbers of neutrons and protons in
the complete interacting system, and oy is the reaction cross
section.

The thermodynamic theory, which presupposes
the establishment of chemical equilibrium in the system, also
makes it possible to represent the differential cross section
for the emission of a composite particle in the form (55).
Then for the coefficient C,_ we obtain

Ea (55)

F dp“AF

[ 47pg (56)

3mNOR

56,163

CTHERM — A3

e _ gy ()% oxp (i) (22)

Thus, from comparison of the experimental spectra in accor-

(57)
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FIG. 20. Radius of a Gaussian source as a function of the proton multi-
plicity deduced in the experiment of Ref. 159 for the two systems Ca + Ca
and Nb + Nb at 400 MeV/nucleon. The approximating curves are calcu-
lated in accordance with Eq. (54).
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FIG. 21. Dynamical trajectories in the T—p phase plane for the state of
nuclear matter in a central Ca + Ca collision at energy 800 MeV/nucleon.
The hatched region corresponds to the results of h ydrodynamical calcula-
tions'®” with allowance for the uncertainty in the input parameters; the
continuous curves are calculated in accordance with the cascade model %2
with a linear dimension of the cell equal to 1.5 F (curve 1) and 3.0 F
(curve 2).

dance with (55) we find the coefficient C A which can be set
equal to either the coalescence radius, C,, = C 324, or the
radius of the equilibrium system, C,, = C3'*™™. The stud-
ies of Refs. 161, 162, and 164 are still far from a systematic
investigation. The baryon decay densities found by this
method are ~ (0.4-0.6)p,, a result that does not contradict
the size of the region found from the experiments using the
identity correlations of two protons. Nevertheless, the phys-
ical content of the spatial parameters deduced by these two
methods is different. Whereas the interference method car-
ries information about the region from which the particles
were emitted, the thermodynamic description uses the vol-
ume in which not only thermodynamic but also chemical
equilibrium is established. In this connection, it is of interest
to note the first results obtained in the determination of the
region of emission of complex particles. Interference mea-
surements of dd and ¢ correlations have given a value 1.5-2
times greater than the pp correlation radius for the '°0 + Au
reaction at 25 MeV/nucleon,'®® whereas the coalescence ra-
dius was found to be practically constant for all fragments up
tod g = 14 produced in the Ar + Au reaction at 92 and 135
MeV/nucleon.'%®

Dynamical trajectory in the plane

The information about the evolution of the system
shown above in Figs. 11 and 18 can be represented in a com-
pressed form in the T-p phase diagram in the form of a dy-
namical trajectory that indicates the state of the system (or
its parts) at a given timez.”” An example of such a dynamical
trajectory, calculated using the cascade and hydrodynami-
cal models for a central Ar + Ar collision at 800 MeV/nu-
cleon, is shown in Fig. 21. For the case of the cascade model,
the state in the cell with the maximal baryon density is
shown. The hydrodynamics is represented by the calcula-
tions of Ref. 167 using the shock adiabat and, therefore, refer
to the mean value over all the matter.

Note that the models predict opposite directions of the
motion of the states in time, although the final ( observed)
states of the system agree well. It must be borne in mind that
the hydrodynamics presupposes local thermodynamic equi-
librium between all particles in the considered volume ele-
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ment. In the cascade model, the hypothesis of local thermo-
dynamic equilibrium is used only to translate the calculated
energy distributions into temperature language. The cascade
results given in the figure imitate the hydrodynamics, which
presupposes the establishment of thermodynamic equilibri-
um between all baryons in the given volume element. In the
final stage of the interaction practically all the nucleons are
involved, and therefore the predicted cascade and hydro-
dynamical trajectories differ very little.

The dynamical trajectories enable us to obtain an idea
of the extremal values of the temperature, the baryon den-
sity, and the energy density attained for definite combina-
tions of the colliding heavy ions and, on this basis, to choose
the optimal reaction.

The experimental determination of p and 7 opens up
the basic possibility of testing the behavior of the dynamical
trajectories of the state in the phase plane. Unfortunately,
the densities determined at the present time by the interfer-
ence of identical particles correspond to the region p Sp,.
Advance into the region of larger values of p involves using
interference measurements of particles that interact weakly
with nuclear matter (K + mesons, leptons, photons), and
also separation of the component corresponding to the ear-
lier stages of the interaction (selection of large multiplicities,
etc.).

The entropy problem

The investigation of the entropy of a system formed by
the collision of relativistic heavy ions can become a method
for studying the behavior of nuclear matter in a state far
from the ground state. In the process of the collision, the
initially highly excited region, characterized by its tempera-
ture and volume, expands and cools, i.e., the particles sepa-
rate, and their velocity vectors become ever more closely
oriented along the radial direction. In this process, the sto-
chastic nature of the motion is gradually decreased. In ther-
modynamic language, this means that the thermal energy is
transformed into the collective energy of the flow of particles
[ we have already investigated this process (see Sec. 1 ), when
we considered the expansion of an excited droplet of nuclear
liquid in the direction of the region of coexistence of two
phases]. This conversion of the energy is still continued
when the collisions between the particles cease. Measured
quantities such as the composition and energy spectrum of
the particles are “frozen” at this time. From our treatment it
is clear that the investigation of a system in terms of the
temperature and volume is not simple, since both quantities
vary rapidly with the time.

Siemens and Kapusta'® suggested that instead of the
temperature and volume (density) one should study the en-
tropy of the system. The entropy of the system will remain
almost constant during the expansion stage and will thus
make it possible to “‘observe” the early stage of the interac-
tion, when the matter was hot and compressed. Cas-
cade'®™'”" and hydrodynamical''*'”" calculations con-
firmed that the entropy hardly changes during the expansion
phase.

Following Ref. 168, we can calculate the specific en-
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tropy in terms of the ratio of the numbers of deuterons and
protons, R,:

Al g--_inmd,f:aﬁ). (58)

This last relation is obtained by considering an ideal
mixture of nucleons, deuterons, tritons, etc., in the limit of a
rarefied gas. The use of the inclusive cross sections for the
production of the particles'** made it possible to deduce the
“experimental” value of the specific entropy:
S/A~5.540.5. This value of S /A4 is too large if one at-
tempts to explain it in the framework of the ordinary equa-
tion of state of nuclear matter. The mysterious increase in
the entropy could be explained by invoking the idea of the
excitation of new degrees of freedom,'”* but before this is
done it is necessary to investigate in detail the applicability of
the simple formula (58). For example, the effects of the in-
fluence of the medium, which take into account the fact that
at the time of freezing the deuterons are still subject to the
influence of the ambient medium,'” and treatment of the
subsequent decay of the excited nuclear fragments'®” lead to
smaller values of the entropy. Moreover, as we shall show
below, the difference between the values of the specific en-
tropy calculated in the framework of the cascade model and
the estimates given above reaches two units.

Measurements of the cluster production cross sections

by means of a 47 detector'”*'”® made it possible to re-exam-
ine the entropy problem. Figure 22, which is taken from Ref.
175, gives the ratio of the deuteronlike clusters d .,
=d + (3/2)(t + *He) + 3*Hetothenumberofprotonlike
particles py. =p +d +t + 2(*He + *He) as a function of
the proton multiplicity N, for the two systems. The experi-
mental data show that the cross sections for the production
ofd, 1, *He, *He increase monotonically with increasing mul-
tiplicity of the charged baryons (or the total charge of the
emitted baryons) and then tend to a constant value at high
values of the multiplicity. Thus, it follows from these experi-
mental data that there is a strong correlation between the
impact parameter and the cluster yield. From the point of
view of these new data it became obvious that the thermody-
namic models that presuppose chemical equilibrium'””'"®
and the initial version of the coalescence model,'®* which
predict a cluster yield that does not depend on the size of the
source, can be used only for events with high multiplicity
(small impact parameters), for which the limit of infinite
nuclear matter can be reached asymptotically.
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The cascade model makes it possible to calculate sepa-
rately the ratio R, and the specific entropy and thus pro-
vides us with a fairly good method for investigating the con-
nection between the entropy and the production of clusters
as assumed by Eq. (58).

In the recent studies of Refs. 169 and 170, the entropy
was calculated in the approximation of independent parti-
cles by introducing the probability for population of the sin-
gle-particle state and a certain volume in the phase space. In
the Fermi gas approximation,

§=={dplfln7+d—=plad—n,

, (59)
where dy is the volume element of the phase space, contain-
ing the usual spin and isospin degeneracy factor, and the
distribution function f'is normalized to the number of parti-
cles A in the system. In the classical limit (/) €1, and we
arrive at the expression

S/A = 5/2 —In [232 (f)], (60)

and by comparing it with the Siemens—Kapusta'®® formula
(58) we obtain

Rap = 12 {f). (61)

Here R, is the ratio of the deuteronlike fragments to the
protonlike particles. We shall show below that the relation
(61) holds only for an infinitely large subsystem. This indi-
cates that the specific entropy must increase on the transi-
tion to more peripheral collisions, since, as can be seen from
Fig. 22, the ratio R, tends to zero at small values of V,,. In
fact, such a tendency was found in Refs. 170 and 179. In Ref.
170, the evolution of the distribution function fin the phase
space was calculated under the assumption that in each vol-
ume element into which the system can be divided local ther-
modynamic equilibrium is established. Such a procedure
makes it possible to separate the translational motion from
the random motion characterized by the time-dependent
temperature field (see Fig. 11). The entropy is calculated by
replacing the integration in (59) by a summation over finite
elements. It was found that the final value of the entropy is
not particularly sensitive to the choice of the size of the parti-
tioning cells. By comparison with the results of Ref. 169,
which used a direct partitioning into cells of the six-dimen-
sional phase space, the method of Ref. 170 gives somewhat
smaller values of the entropy.
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FIG. 23. Evolution of characteristics of central Ar =+ Ar collisions (800
MeV/nucleon) calculated in accordance with the cascade model],**103
The upper part of the figure shows schematically the disposition of the
nuclei at the time indicated by the arrow.

In Fig. 23, taken from Ref. 170, we show the time evolu-
tion of the entropy, the mean temperature, and the density
for the Ar + Ar reaction at 800 MeV/nucleon. As was to be
expected, the entropy remains almost constant, whereas the
temperature and density decrease rapidly. It should be noted
that the entropy hardly changes once the maximum of the
overlap density has been reached. Such a tendency has also
been observed for heavier systems (Nb + Nb), and also for
noncentral collisions.

Figure 24 shows the dependence of the specific entropy
on the impact parameter for the Ca + Ca reaction at 0.4 and
1.05 GeV/nucleon. One can clearly see (see also Ref. 179)
the increase in S /4 with the impact parameter (with de-
crease in the multiplicity ). This means that along the curve
R, shown in Fig. 22 the entropy does not remain constant,
in contrast to the assumption of Ref. 175, in which the R,
values were fitted at constant values of the decay density and
temperature extracted from the proton spectra. We shall re-
turn once more to this problem below.

Figure 25 shows the entropy S /4 as a function of the
energy of the primary beam for central collisions. The cas-
cade results are compared with the values obtained in Ref.
175 by means of the methods of Stocker'® and Kapusta.'® At
low energies, the cascade model does not enable one to give
preference to any one of the methods, but at high energies the
predictions of the cascade model evidently follow the predic-
tions of the Kapusta model. Although the predictions of the
models do not completely agree, it can be seen that they
predict values of the entropy less than those obtained by
applying the simple Siemens-Kapusta formula (58) to the
inclusive measurements of the ratio R,,.

Comparing the R,, values obtained for central
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FIG. 24. Dependence of the specific entropy on the impact parameter for
the Ca + Ca reaction calculated in accordance with the cascade mod-
el.”*!% The continuous curve corresponds to E, = 400 MeV/nucleon,
and the broken curve to E, = 1050 MeV/nucleon.

Ca + Ca collisions at 0.4 and 1.05 GeV/nucleon with the
mean population numbers {f') calculated in terms of the val-
ue of the entropy shown in Fig. 24, we see that R, is smaller
by about a factor 2 than follows from the relation (61). The
failure of the relation (61) can be ascribed exclusively to the
fact that the effects of the finite size were not considered in
the derivation of (58). Indeed, the ratio of the quasideuter-
ons to the protonlike particles is given by the general expres-
sion

3 ( dRaP
Ra~7 |

T ) Gy Crdp @ (r, p, R, P) gy (0, p),
where f? is the two-particle distribution function, and g,, is
the Wigner transform for the deuteron density. The factor
3/2 derives from the spin-isospin degeneracy, and the inte-
gration must be performed with respect to the relative coor-
dinate and the center-of-mass coordinate. In the model of
independent particles, we have f® ~f (r,,p,) f (ry,p,). Ap-
proximating the deuteron wave function by the Gaussian
form

(62)

" S .
et P =grexp (—fr—4rt ), (63)
we can integrate in (62) analytically:
12 (f
de“: 2 . 3/2 1) e 372 0 (64)
(1+2R3) (1+m1\rf‘r§)
where
— o AcasA® __ (p) A3
th = 4(4?;;:)3/2 =% (65)

Here, A4, is the number of particles that undergo at
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FIG. 25. Dependence of the specific entropy on the kinetic energy of the
bombarding ion for central Ar+ Ar collisions. The “‘experimental
points,” taken from Ref. 175, were obtained using the models of Ka-
pusta'® and Stocker et al.'® (see the text).
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— FIG. 26: Velocity field near the time of decay of a system formed
P //", by a peripheral (b = 6 F) Ne + U collision (400 MeV/nucleon).
’ {—  Thefigurealso shows levels of equal density and temperature. The
L._._____ calculations were made in the framework of the hydrodynami-
‘__:_‘ly\ cal'® and cascade'™ models.
T> 10 MeV

least one collision, and R, is the radius of the emitting
source, whose spatial distribution of the nucleons is approxi-
mated by a Gaussian curve. Substitution of (65) in (64)
reduces the relation for R ;, to the form obtained by Sato and
Yazaki'’® and used in Refs. 174 and 175 to fit data by means
of the two parameters r, and r,, it being assumed that
R, =r,(2N,) "%, The results of the fitting are shown by the
continuous curves in Fig. 22. This fitting procedure is based
on the concept of a constant decay density, but this is evi-
dently quite unrealistic for the treatment of noncentral colli-
sions. In the cascade model, R, (N, ) is a calculable quanti-
ty, and, therefore, the data cannot be fitted but one must
consider what follows from Eq. (64) for the values of R, . In
addition, the temperature T and the source radius R, are
also not independent, and the effective deuteron radius r, is
also evidently subject to strong influence of the ambient me-
dium."®® There is no doubt that the finite-size effects, taken
into account by (64), reduce the value 12{f’) obtained for
infinite matter, bringing it closer to the experimental values.
However, it is still necessary to do work on establishing the
actual connection between the ratio R, and the specific en-
tropy for both central and peripheral collisions. Despite the
absence of final results of this work, the mystery of the en-
tropy problem has evidently been significantly reduced, at
least in the energy range between 0.4 and 2 GeV/nucleon.

Effects of compression

A topic of fundamental interest is that of whether it is
possible to verify experimentally the effect of compression
predicted by the equation of state and the hydrodynamical
calculations.

Figure 26 shows diagrams of the velocity field for the
excited hadron gas in the expansion stage, calculated in ac-
cordance with the cascade and hydrodynamical models. It
can be seen that in the case of noncentral interactions the
hydrodynamical description predicts the appearance of a
“‘jet,” a stream of particles emitted at a nonzero angle. This
effect is due to the pressure P, produced by compression of
the nuclear matter [see Eqgs. (10) and (11)].

One cannot say that the first attempts to test these pre-
dictions by looking for nuclear shock waves were convinc-
ing.”® It has recently been suggested'®! that the compression
energy should be estimated from the energy dependence of
the yield of pions from nuclear collisions. Another signal of
the compression effect would be the direct detection of a flow
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of nuclear matter, a subject that is currently attracting much

attention of both theoreticians and experimentalists.
Energy fluxes. For each individual event in the center-

of-mass system there is defined the energy-flux tensor®

B (B
F”=; P )P(j 12m,

which is then diagonalized. The angle 8 . between the princi-
pal axis of the ellipsoid F; and the direction of the primary
beam is called the flow angle. Figure 27 shows the distribu-
tion dN /d cos 6 for different values of the multiplicities of
the charged particles from the Ca + Ca and Nb + Nb reac-
tions at 400 MeV/nucleon (see Refs. 184 and 185). It is

Ep = 400 MeV/nucleon
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FIG. 27. Distribution with respect to the flow angle for different intervals
of the multiplicity M, of the secondary particles. The experimental values
are taken from Ref. 184, and the calculations are in accordance with the
Yariv-Fraenkel®® cascade model. In the case of the Ca + Ca reaction, the
multiplicities are equal to half the indicated values of M.

Toneev et al. 507



650 MeV/nucleon 650 MeV/nucleon 800 MeV/nucleon
93Nb+9“r\lb 1S7Au+137Au TSTAu "’197Al-l.

7

0.5

;r--"—‘—‘

=

CHISM<E0 <M <40

BUSM. <100 60< M, <80

4.5

dN/d cosé
s
- o Ln -

- O

0.5

Mc2 100

4

LN

00 Jo

(=]
8
2
=1
S

50 90
;. , deg

FIG. 28. Distribution with respect to the flow angle for Nb 4 Nb reac-
tions at E, = 650 MeV/nucleon and Au + Au reactions at E, = 650 and
800 MeV/nucleon.'®® For the Nb 4 Nb case, the multiplicities corre-
spond to half the indicated values of M.

noteworthy that for the Ca + Ca system the flow angle is
near zero, whereas for the Nb + Nb reaction the value of 6
is nonzero and increases with increasing multiplicity of the
particles. The dependence of the flow angle on the mass
number is evident from comparison of the results for
Nb + Nband Au + Augiven in Figs. 27 and 28. An increase
in the mean flow angle on the transition to the collision of the
heavier ions is clearly seen. In these figures one can also
follow the energy dependence of the flow angle, 6 = becoming
smaller with increasing energy of the primary beam.
Models that take into account the compression energy
in some form must reflect the effect of the finite flow angle
and reproduce the experimental tendencies noted above. For
the system Nb + Nb there have been recent hydrodynamical
calculations'? that confirmed theoretically the presence of
a finite flow angle. The method of nuclear-molecular dy-
namics®’ (see the discussion of the theoretical approaches in
Sec. 2) also predicts a jet of nuclear matter. This result was
reverified in recent studies.”®'®'%8 In this class of models,
the effect of the compression energy is due to the explicit
allowance for the nucleon—nucleon forces. We should men-
tion the approach based on the Vlasov—Uehling—Uhlenbeck
equation, which describes simultaneously two signals of the
compression effect—the jet picture of the interaction and the
energy dependence of the pion yield. This success is weighty
proof for a hard (K~ 380 MeV) equation of state of nuclear
matter (see Ref. 127). The experimental tendencies are also
reproduced qualitatively in the model based on the Boltz-
mann-Enskog equation.'?® It can be seen from the results of
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a calculation in accordance with the cascade model of Yariv
and Fraenkel,”® which are shown in Fig. 27, that the em-
ployed variant of the model does not explain the experimen-
tal data, predicting a peak at angle 8 . = 0°irrespective of the
particle multiplicity. This strong discrepancy can be inter-
preted as one further proof for the existence of a flow or jet of
nuclear matter. However, the actual situation with regard to
the possibility that the cascade model reproduces the jet pic-
ture of the nuclear interaction is contradictory, since a non-
zero flow angle was also obtained in calculations using the
standard cascade model (Refs. 103, 179, 189, and 190). For
a more detailed analysis of the possibility of generating a jet
of hadrons in the framework of the cascade approach, see
Ref. 179.

Pion excitation function. The point of departure for the
attempt to estimate the form of the energy-density func-
tional E(p, T') was the discovery of a significant discrepancy
between the measured and calculated (in the cascade mod-
el) multiplicity of 7~ mesons produced in central Ar + KCI
collisions in the energy range E;~0.35-1.8 GeV/nu-
cleon.'®! If it is assumed that this discrepancy is entirely due
to the compression effect, which is not taken into account in
the standard cascade model, then from the difference
between the values of the pion excitation functions it is possi-
ble to determine the compression energy and then compare it
with the nucleon density calculated in the framework of the
cascade model. The results of such an analysis are shown in
Fig. 29. The parabolic approximation of the resulting depen-
dence of the compression energy on the density gives a value
of the compressibility appreciably greater than the expected
value K =200 MeV (see Sec. 1).

The model based on the Vlasov—Uehling—-Uhlenbeck
equation reproduces the 7~ yield, but at compressibility
K = 380 MeV. Thesituation here is still unclear. Recent cas-
cade-model calculations'®® reproduce well the pion excita-
tion function. At the same time, there are comments on the
method of deducing the compression energy, but a more sys-
tematic analysis leads to a quite unrealistic value of the com-
pressibility: K ~ 800 MeV."!

K=250 MeV

FIG. 29. Equation of state extracted from the observed difference between
the experimentally measured excitation function for 7~ mesons produced
in Ar + KCl central interactions'®' and this function calculated in accor-
dance with the cascade model. The curves correspond to Eq. (14) with the
indicated values of the compressibility.
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Strange particles and the hadron gas

Strange particles are of interest because, it is assumed,
they can give us information about the reaction mechanism
of the high-energy interaction and serve as a signal of the
possible development of the quark—gluon phase at relativis-
tic collision energies E,=X 10 GeV/nucleon. Since the cross
section for scattering of, for example, the K * meson by the
nucleon is approximately four times less than the NN scat-
tering cross section and almost ten times less than the 7V
interaction cross section, the scattering of the produced K *
meson by the surrounding nucleons will not be very great.
Thus, a produced positive kaon can be regarded as a messen-
ger about the stage of the interaction in which the nuclear
matter was in a strongly heated and compressed state. With
regard to the formation of a quark-gluon plasma in the
course of a reaction with relativistic heavy ions, it is very
important to have reliable experimental data on the produc-
tion of strange particles in the region of energies up to several
giga-electron-volts per nucleon and to know the predictive
power of the theoretical methods applied to the hadron-gas
phase. The importance of this circumstance is due to the fact
that the theory of Refs. 192 and 193 predicts, as one of the
signals of a phase transition of hadrons into quarks, a sharp
increase in the yield of strange particles from the quark-
gluon plasma.

To understand the mechanism of production of strange
particles, and also of antibaryons and the lightest hyperfrag-
ments, we use two models that are contrary to each other in
their initial assumptions and then, having demonstrated
their validity, we make certain predictions for future experi-
ments. The models that we shall use are the nuclear-fire-
streak model and the cascade model. The firestreak model is
based on the concept of thermodynamic equilibrium and
corresponds to the maximally collective interaction mecha-
nism, whereas the intranuclear-cascade model corresponds
to the two-particle interaction mechanism. We analyze the
results obtained with the accelerators at Dubna and Berke-
ley. This will make it possible to estimate the reliability of the
predictions for other combinations of nuclei in the region of
energies up to 10-15 GeV/nucleon.

Details of the theoretical description of strange particles

Firestreak model. The inclusive spectrum of particles of
species 7 in the firestreak model can be expressed by'**'"’
1*0 do
;;T:: g dn an Lgsopfi (0, M),

o

(66)

where the distribution function with respect to “‘streaks” is
uniquely determined by the nuclear density p and the “ge-
ometry” of the collision process. The factor L,._, corre-
sponds to a Lorentz transformation of the particles from the
rest frame to the laboratory system. The complete system is
regarded as a mixture of a noninteracting gas of hadrons,
and the single-particle distribution function for the particles
of species i is [cf. (35)]

Vit

| "t
+
(2m)?

[Pxp 5 - 1] < TR

Here, Z,,, =g exp(Eg/T) is the internal part of the

fi(p*s M) =
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partition function. From the conservation laws for the bar-
yon number, charge, energy, and strangeness we find the
chemical potentials ; =u; () for all particles and the local
temperature T'= T'(7) if the establishment of local chemical
equilibrium is assumed. The only free parameter that re-
mains is the interaction volume ¥ per nucleon, which is fixed
by introducing the streak decay density p,, =0.12
F -3 .194.196,197

Since strangeness is conserved, it must be borne in mind
that the production of a particle with a definite strangeness s
is always accompanied by the production of a particle of
opposite strangeness §, s + § = 0. The same is true for other
processes like the production of antinucleons, particles with
“flavor,” etc. This associative nature of the production pro-
cess is an essentially new element (see Refs. 194 and 197),
which must be included in the thermodynamic description,
this being implemented by replacing the single-particle dis-
tribution function (67) by a conditional distribution func-
tion:

ﬁ(p*, n)

=Ffs (0*s M) D) 8 (s + 5p) '\‘ d3p' d¥rK (r. ') f:,k (p', r'), (68)
h

where we have summed over all channels & that contribute to

the production of a strange particle of species s.

The correlation function K (r, r') characterizes the size
of the source that emits the strange particles. For high-ener-
gy hadron-hadron collisions, the correlation function was
found to be local, K(r, r') ~8(r —r’), a result that was es-
tablished by Hagedorn and Ranft in the framework of
statistical theory.'”® In the firestreak model, K(r, r')
—&(n —7n'), and Eq. (68) reduces to

To(@* W =fs(p*. )V $ 8 (s 451 v<

(69)
where the density v; of the particles of species i is given by

1
v+ § @t (o, ). (70)
Comparing Eqgs. (69) and (67), we see that allowance for
the associative nature of the production of strange particles
leads to a suppression factor ¥ Y &(s + 5, )v;,. Depending
k

on the mass of the particle, the suppression may reach about
20-40, and this significantly improves the agreement
between the thermodynamic models and experiment.'?*!%”
It should be noted that £, reduces to f, in the limit of a large
volume or a large number of produced particles.

The intranuclear-cascade model. The cascade model
(see above) is extended to the production of strange parti-
cles by including processes involving the production of
strange particles at the level of the interaction of hadrons
with nucleons.'” In the modeling of elementary-particle
collisions, the strangeness conservation law and, thus, the
associative nature of the production process are automati-
cally taken into account. However, direct use of the Monte
Carlo algorithm is not effective because of the smallness of
the strange-particle production cross section, and therefore
to increase the effectiveness of the calculation special meth-
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FIG. 30. Invariant spectrum of K * mesons from the Ne + NaF reaction
(2.1 GeV/nucleon). The experimental points are taken from Ref. 202.
The histogram corresponds to the results of calculation in accordance
with the cascade model,'”® and the curves to calculations in accordance
with the firestreak model.'?%!?7

ods are developed.'°" It should be noted that the exten-
sion of the cascade model to strange-particle production
processes does not require the introduction of any new pa-
rameters. However, the experimental cross sections for the
elementary event are known with a large degree of uncer-
tainty, and therefore calculations of the strange-particle pro-
duction cross sections cannot pretend to an accuracy better
than 15%. Near the production thresholds or for rare chan-
nels (for example, for the production of negative kaons) the
accuracy may be even worse.

Comparison with experimental data. Region of energies of
the Berkeley accelerator

Figure 30 shows the spectrum of K * mesons from the
Ne + NaF reaction at 2.1 GeV/nucleon. Both theoretical
models reproduce qualitatively the experimental results of
Ref. 202. The firestreak model overestimates the experimen-
tal values by a factor 2-3, but not by 30-40 times, as in the
statistical model,®®® which ignores the associative nature of
the production of strange particles. The intranuclear-cas-
cade model,'” agreeing with the results of other cascade
calculations (Refs. 200, 201, 204, and 205), predicts a softer
spectrum than the firestreak model, which is a model of col-
lective type. This difference becomes more appreciable in the
region pR 1 GeV/c, where at present there are no experi-
mental data.

The spectrum of K ~ mesons was measured in Ref. 206
at angle 8,,, = 0° in the Si + Si reaction at E, = 2.1 GeV/
nucleon. As can be seen from Fig. 31, the shape of the spec-
trum is well reproduced by the cascade model, in which sub-
sequent interactions of the produced K ~ mesons are also
taken into account, However, the calculated absolute cross
section is almost four times lower than the experimental val-
ue. It should be noted that the reaction threshold is about 2.5
GeV for the channel NN - NNK * K ~,i.e., the production of
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K ~ mesons in this reaction is an essentially below-threshold
process. By virtue of the strong energy dependence of the
cross section for the production of negative kaons, interac-
tions with a correlated pair of nucleons can make an appre-
ciable contribution. Introducing the effective energy spec-
trum of the two-nucleon correlation as the convolution of
the Fermi distributions for the participating nucleons, we
can estimate the relative efficiency of production of the K ~
meson on the nucleon, Wy, and on a correlated two-nucleon
pair, W, , for the given reaction as

f Wy (S) o (8) dS | J' Wer (S) 0ry, (5)dS o A,
S Sth

where S is the accessible energy of the system. Thus, in the
considered energy region interactions with correlated nu-
cleons, called fluctons, are extremely important. These in-
teractions were taken into account in the cascade approach
by assuming that the differential distributions for the nu-
cleon—-nucleon and nucleon—flucton interactions are equal at
the same accessible energy in the center-of-mass system of
the colliding particles. Figure 31 shows the relative contri-
butions from the interactions with fluctons of the projectile
nucleus and the target nucleus. It is obvious that the former
make the main contribution to the K ~ spectrum at angle
&1 = 0°.Forthe Ne + NaF-K * 4 Xreactionat £, = 2.1
GeV/nucleon a 2% admixture of fluctons, which hardly
changes the shape of the calculated spectrum, only slightly
increases the yield of K * mesons in the region p> 1 GeV/c.

The predictions of the firestreak model for the spectrum
of K ~ mesons exceed the experimental values by 5-6 times.
This excess is not remarkable, since the model ignores the
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FIG. 31. Invariant spectrum (in the center-of-mass system) of negative
kaons emitted at angle #,,, = 0°in Si + Si collisions (2.1 GeV/nucleon).
The experimental points are taken from Ref. 206. The thick continuous
histogram and the dotted histogram show the results of cascade calcula-
tions,'™ respectively, with and without allowance for a 2% admixture of
“fluctons™; the contributions of interactions with fluctons in the projectile
nucleus and the target are shown separately; the thin line shows the pre-
dictions of the firestreak model.
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FIG. 32. Rapidity distributions of K * and A" particles
produced in collisions of carbon ions with energy 3.4
GeV/nucleon and nuclei of hydrogen, carbon (all
events and central interactions), and tantalum. The
experimental points are taken from Refs. 208 and 209;
the histograms and curves are the theoretical predic-
tions made in the framework of the cascade model'®?
and the nuclear-firestreak model.'?%'"’
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effect of the transparency of nuclear matter, and the entire
energy of the relative motion of the nuclear streaks is trans-
formed into thermal energy. The assumption of complete
thermalization may be unjustified, and this leads to an exces-
sively large yield of produced particles. Such a tendency is
observed not only for the yield of strange particles but also
for pions (see Refs. 195-197). Thus, more reliable predic-
tions in the framework of the firestreak model can be made
for the relative yields of the produced particles. In particu-
lar, for the ratio of the yield of A° hyperons to that of 7~
mesons in Ar 4+ KCI central collisions at 1.8 GeV/nucleon
the model predicts A° /7~ = 9:10~3 (including the contri-
bution from the decay =— A°), a result that is close to the
experimental value 7-10~ 2% of Ref. 207.

Energy region of the Dubna synchrophasotron. Measure-
ments of neutral strange particles were made by means of
propane’®®?% and streamer®!° chambers. Figures 32 and 33
show the distributions with respect to the rapidity and trans-

verse momentum for K ° mesonsand A° hyperons from reac-
tions induced by a carbon nucleus with energy 3.4 GeV/nu-
cleon (see Refs. 208 and 209). Both models reproduce
qualitatively correctly the change in the rapidity spectrum
as a function of the mass of the target nucleus, but the cas-
cade model gives a broader distribution which is closer to the
experimental points. In the case of a heavy target, the cas-
cade model predicts the appearance of structure in the rapid-
ity spectrum due to secondary interactions in the target. It is
interesting to note that the fractions of A° and K particles
produced through the pion channel are 25 and 40%, respec-
tively, in the case of a C + Ta collision.

With regard to the transverse momentum distributions,
better agreement is observed in this case with the firestreak
model, a result that may indicate the need to take into ac-
count interactions with fluctons in the framework of the cas-
cade model. However, for definitive conclusions about the
magnitude of the flucton admixture it will be necessary to
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FIG. 33. Distributions with respect to the transverse
momentum of the produced K ° mesons and A” hyper-
ons. The notation is the same as in Fig. 32.
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FIG. 34. The A dependence of the relative yields of K” mesons and A®
hyperons in central collisions induced by carbon and oxygen ions with
E, = 3.66 GeV/nucleon. The experimental points are taken from Ref.
210. The theoretical curves are calculated in the framework of the fire-
streak model'*®'"” with (continuous curves) and without (broken
curves) allowance for the experimental restrictions on the momentum of
the observed particle: px > 0.61 GeV/cand p, >0.46 GeV/c.

improve considerably the accuracy of the measurements in
the region of large momentum transfers, p, > 1 GeV/e.

Figure 34 shows the ratio of the mean multiplicities of
the K° and A° particles to the yield of 7~ mesons in central
collisions of carbon and oxygen ions with different nuclei at
3.66 GeV/nucleon. The nuclear-firestreak model repro-
duces well the 4 dependence of the relative yield if one takes
into account the fact that particles with small momenta,
Pa <0.46 GeV/c and px <0.61 GeV/c, are not detected un-
der the conditions of the experiment.>'® At the same time,
the cascade model predicts absolute values of the particle
yield close to the experimental values. This can be seen from
the results given in Table II.

The analysis shows that both models are capable of de-
scribing the basic tendencies in the production of strange
particles from the hadron-gas phase. The firestreak model
gives reasonable estimates for the relative multiplicity of the
produced strange particles, but overestimates the absolute
values by 2-3 times. The cascade model can be used to obtain
the absolute cross sections to an accuracy of 20%-30%, but
for below-threshold processes and reactions with large mo-
mentum transfers the results are not so reliable unless inter-
actions of hadrons with correlated nucleon pairs are elimin-
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FIG. 35. Predictions of the firestreak model for the 4 dependence of the
relative yield of secondary particles at primary energy E, = 2.1 GeV/nu-
cleon. The continuous and broken curves correspond to the reactions in-
duced by neon and argon ions, respectively.

ated @ priori. Thus, both models have recommended
themselves fairly well for use in predicting experimental ten-
dencies at the higher energies to be achieved in the near fu-
ture.

Predictions of the models

In Figs. 35 and 36 we give the predictions of the fire-
streak model for the 4 dependence of the relative yields of
strange mesons, hyperons, antiprotons, and the lightest hy-
perfragments for different combinations of the colliding nu-
clei and the two energies at which intensive experimental
investigations are currently being made. It can be seen that
already at the energy of the Dubna synchrophasotron the
relative yields of particles with nonzero strangeness are al-
most independent of the combination of colliding nuclei.

The energy dependences of strange particles of different
species and of hyperfragments predicted by the firestreak
model are shown in Fig. 37. With increasing energy of the
bombarding nucleus, the curves tend to saturation, this re-
flecting the existence of a limiting temperature 7T,~115

TABLE II. Yield of K° mesons and A° hyperons from central collisions of nuclei at

primary energy 3.6 GeV/nucleon.

nge- 10, pp > 0.81 GeV/c ny 102, py > 0.46 GeV/c
Ap+4 :
PSR Chiscade Experiment Cascade Experiment
i (Ref. 210) model (Ref. 210)
C4C 2.2 2.6+1.0 8.5 7.3+2
C-+Cu 3.4 3.944.0 16.0 10.3+2
C+Zr 3.3 -axd. 17.0 13.4+3
C+Pb a7 2.240.9 18.8 23.0£7
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FIG. 36. The same as in Fig. 35 but for the region of energies of the Dubna
synchrophasotron, E, = 3.66 GeV/nucleon.

MeV in the statistical model of Pomeranchuk used in the
nuclear-firestreak model.

The results given here were obtained under the assump-
tion that the strangeness conservation law holds locally [see
(34)]. A deviation from locality can be regarded as a signal
of quark deconfinement, something that can be manifested
experimentally in the shape of the spectrum of the effective
masses of the produced K * K ~ or AA ™ pairs, as wasnoted in
Ref. 197.

In Fig. 38, we give the predictions of the cascade model
for the K * and A° yields. At a primary energy above 8-10
GeV/nucleon the mean multiplicities of these particles in-
crease almost logarithmically, copying the energy depen-
dence that the elementary pp interactions follow. Note that
these results were obtained with neglect of the interaction
with correlated nucleon pairs, and therefore the predictions
of the model for a near-threshold energy are to be regarded
as a minimal estimate.

Thus, extrapolation of the known hadron-gas behavior
to higher energies makes it possible to obtain a picture of the
main tendencies in the production of strange particles, anti-
nucleons, and hyperfragments in heavy-ion collisions. A sig-
nificant deviation from this global behavior can be used as a
signal of a phase transition to a quark—gluon plasma (see
Sec. 3).

3. COLLISIONS OF ULTRARELATIVISTIC HEAVY IONS

We have considered two energy regions in which the
main reaction mechanism changes from an interaction de-
scribed by the average field at low beam energies to the mi-
croscopic mechanism of nucleon—nucleon collisions at ener-
gies between 20 and 100-200 MeV/nucleon. At even higher
energies of the bombarding ion, it is also necessary to take
into account the interactions between the nucleons and other
produced particles such as pions, kaons, etc., and reson-
ances. At energies above 10-20 GeV/nucleon (see Sec. 1),
the global reaction mechanism changes from the hadron
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FIG. 37. Energy dependence of the relative yield of secondary particles
predicted by the nuclear-firestreak model.

type to quark—quark and quark—gluon interactions. At the
present time, the transition region is being studied mainly
theoretically. The existing experimental data have been ob-
tained in experiments with cosmic rays. However, already in
theimmediate future heavy-ion beams of ultrarelativistic en-
ergies will be accessible. Experiments at CERN and Brook-
haven in the United States are now in the preparation stage.

In what follows, we shall consider qualitatively the
equation of state of the quark—gluon phase and present very
briefly a two-phase model and the lattice QCD approach for
the calculation of the critical temperature. At the end of the
section, we shall discuss possible signals of the transition to
the deconfinement phase.

Equation of state of quark matter

During the last 20 years, the concept of elementary par-
ticles has undergone fundamental changes. We now under-
stand hadrons as composite systems consisting of quarks and
gluons. Quantum chromodynamics (QCD) predicts that at
large distances the quark binding energy increases (quark
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FIG. 38. Predictions of the cascade model for the energy dependence of
the number of K * mesons and A” hyperons produced in central Ar + KCl
collisions.'” For comparison we show the yield of these particles from
elementary pp interactions [the experimental points and the approximat-
ing curves (broken curves)].
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FIG. 39. Boundaries of the hadron phase of nuclear matter calculated by
means of the Gibbs condition for phase equilibrium with a quark—gluon
plasma. We show the results of calculation in accordance with mean-field
theory with systematic allowance for the contribution of the pions (con-
tinuous curve),*'® without allowance for them (broken curve), and with
simplified allowance®'” ignoring the interaction between the pions and
nucleons (dotted curve). The numbers next to the curves are the beam
energy (GeV/nucleon) needed to attain the corresponding temperature
and density in the symmetric combination of colliding nuclei.

confinement ), while at short distances the quarks behave as
free particles (asymptotic freedom). The property of asymp-
totic freedom leads to the far-reaching consequence that at
high temperatures and (or) densities a gas of quarks and
gluons must behave like an ideal gas.”!" It has been estimat-
ed that the critical temperature of such a transition is about
200 MeV, and the attainment of this region of temperatures
is the cherished aim of ultrarelativistic heavy-ion physics.

For a rough estimate of the critical temperature there
exist several models and approaches, based mainly on a two-
phase physical picture, i.e., one considers one equation of
state for nuclear matter (as described in Sec. 2) and another
for the quark—gluon plasma. Using the Gibbs criterion for
phase equilibrium, one finds the critical temperature and
density. More rigorous and reliable estimates of the critical
temperature are based on Monte Carlo calculations in the
framework of statistical QCD. These are the so-called QCD
calculations on a lattice, which we shall briefly consider be-
low together with the two-phase picture.

Two-phase description

We consider a free gas of massless quarks with two fla-
vors (N = 2) and gluons. Its energy density £ can be readily
calculated (% =c¢ = 1)V1%;

8=

= (o (71)

2 2
w (0 T T )+ 55 T B
The first term in (71) is due to the quarks, the second is the
contribution of the gluons, and B is a constant which charac-
terizes the “bag” containing the quarks and gluons. The bag
model*'* is used to describe quark-gluon matter not only
within a hadron but also in some finite volume around it. The
shift of the ground state from the physical vacuum to the
QCD vacuum within the bag is taken into account by the
addition of B. Therefore, for the pressure we obtain

1 4
P=-~3-3w-3—8. (72)
The quark-number density is
ng = 2 (nI* + pi/n?). (73)

Since the quark baryon number is 1/3, the baryon density in

514 Sov. J. Part. Nucl. 17 (6), Nov.-Dec. 1986

a plasma characterized by two flavors has the form

rp = (gl + /). (74)

The free-gas approximation can be improved if one
makes use of perturbation theory with respect to the cou-
pling constant.'”**'*2* Tt follows from renormalization-
group arguments that at high temperatures and (or) high
densities the QCD coupling constant behaves as follows:

s 24n®

& =@ —2Np)In (M/Ag)?’
where M ~ (4u2/5 + 16T*)"/*and gives the correct limit for
the case of high temperatures and (or) high densities, and
the scale parameter is A, = 100-500 MeV. The expression
for the energy density then takes the form

2.3 Tnd 50 g2
e=—a|"m 7 (1_§F

n? 1 g2
+(F Pt ut) (1— 5) ]
15 g2 4
~55) 3B
The boundary curve of the phase transition, shown in
Fig. 39, is calculated by comparing the pressure in the

quark—-gluon plasma with the pressure in the hadron phase
at the given temperature 7

Py (Bug) =P (n),

the fulfillment of the phase-equilibrium condition 3y, = u
being thereby ensured. For the nuclear-matter phase various
descriptions (see Ref. 215) can be used. In Refs. 216-219
Walecka’s equation of state was used, and pion degrees of
freedom were also taken into account.?'®*'” In other ap-
proaches the statistical bootstrap model****** or the poten-
tial model*** were used for the hadron phase.

Figure 39 shows a typical phase diagram (see Ref. 204)
calculated by means of Walecka’s equation of state for the
hadron phase and Eq. (71) for the quark—gluon phase. The
critical temperature varies in the range T, ~170-190 MeV,
and the critical density is p. = 5p,. Depending on the choice
of the description (see the caption to the figure) of the two
phases, the transition parameters change somewhat, but the
general picture presented in Fig. 39 remains the same.

(75)

8
+ 5 W ( (76)

(77)

QCD /attice calculations

To describe the statistical properties of the QCD sys-
tem, it is necessary to calculate the partition function (inte-
gral) of the state, which can be expressed in terms of a Eu-
clidean functional integral®**:

Z(p=7.7)

)

= {aAapdpiexp (= [z [ 24, %, %),

v 0

(78)

where . is the QCD Lagrangian density, and the integrals
are taken over the gluon and quark fields. The vector and
spinor fields must satisfy, respectively, periodic and antiper-
iodic conditions. In the thermodynamic limit, the spatial in-
tegration over . becomes infinite, whereas the integration

Toneev et al. 514



E/Esn
=
uy
.

7 -
oo FReE
10 20 30 57

ooy
0 750 200 300 500
AL

FIG. 40. Energy density & of the system described by the SU(2) gauge
field theory.**” The results are normalized to the ideal-gas limit £, and
the number of cells is 10° x 3. The chain line shows the limiting value for
anideal gas with the requirement that the complete system be colorless.>*°

with respect to the imaginary time is over a finite interval.

For the calculation of & (T, V), the space-time contin-
uum is replaced by a discrete lattice with ¥ = (N,a,)® and
B=N,a. =1/T,wherea, and a_ are the distances between
the lattice faces (the lattice constant) in the space and time
directions, and N, and N, are the numbers of the corre-
sponding partitionings. As a result of this transformation
(see Refs. 215, 225, and 226),

Z(T,V) > Z(No, Ny, 8%, (79)

where g is the coupling constant. In the calculation of ther-
modynamic variables like the pressure or energy density in
terms of the partition function Z (N,, N., g*) one sets
a, = a, = a, and then the coupling constant g* can be relat-
ed to the lattice constant @ by the asymptotic renormaliza-
tion-group relation

ﬂAL=exp;{ 4n® (%)_}_ 1,59—5TNp log

33—2Np (33—2Np)?

X[y (#)1)-

Thus, all the physical quantities that are calculated are mea-
sured in units of the lattice scale parameter A;, which is
arbitrary. One can fix A; by calculating the dimensionless
ratios of observable quantities or, for example, the proton
mass.

Since the interaction responsible for the confinement is
already contained in the part of the QCD Lagrangian asso-
ciated with the purely gauge field, one can consider the inter-
esting case of the transition to the state of deconfinement
without quarks. Figure 40 shows the density for the SU(2)
system based on a calculation with partitioning into
N} XN, =10°x3 cells.”*” The energy density is normal-
ized to the ideal-gas value g5 = (37°/15)T*. It can be
clearly seen from Fig. 40 that at high temperatures the sys-
tem behaves like an ideal gas of gluons. An abrupt transition
to this state occurs near the temperature T, ~40A, . Figure
41 shows the corresponding results for the more interesting
SU(3) case calculated on an 83 X 3 lattice.2?® It is evident
that in this case a jump occurs at the temperature
T, =80A, . Using the results for the surface tension of a
string at comparatively small g, we obtain?**2¢

Te =~ 150 — 200 MeV,

(80)
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aresult in reasonable agreement with the results obtained in
the two-phase treatment.

The deconfinement phase transition means that color
states can be realized in regions of space whose dimensions
appreciably exceed the hadron scale of about 1 F. However,
the system as a whole must remain colorless. As is shown in
Refs. 229 and 230, allowance for this condition has the con-
sequence that in the high-temperature limit the energy den-
sity of the system is below the value of £, (see Figs. 40 and
41).

The further development of the approach is associated
with the inclusion in the Lagrangian of massive quarks, one
of the consequences of which is the breaking of the chiral
symmetry. In the confinement region there are constituent
quarks with a mass of about 300 MeV (for the u and d
quarks), whereas in the regioh of the plasma, consisting of
*“highly excited” quarks, the chiral symmetry is restored.
Thus, QCD leads to one further transition, namely, the tran-
sition from the state with broken chiral symmetry to the
state in which it is restored. The question of the connection
between the restoration of the chiral symmetry and decon-
finement has still not yet found a satisfactory answer.?**

The partition function of the state (78) that includes
the quarks contains anticommuting spinor fields ¥, ¥, over
which it is necessary to integrate. This leads to the inclusion
of determinants measuring (12N, N, )?, and this involves
great technical difficulties. Therefore, at the present time it
is necessary to rely on approximate schemes.?”* Figure 42
shows the energy density calculated in an expansion with
respect to the so-called hopping parameter for an 8° 3 lat-
tice.?*! The case NV; = 2 is considered. As can be seen from
Fig. 42, there is an abrupt transition near 7, ~150A, .
Transforming this quantity into units of A; for the case of
zero flavor, which was considered above for the thermody-
namics of the pure gauge field, we obtain 7,/7,. ~ 100, a
result that must be compared with the value 7,/A; ~80
given above. Thus, the critical values of the temperature ob-
tained from the lattice calculations at zero baryon density is

T, ~ 200 — 250 MeV.

For a discussion of the specific nature of the phase tran-
sitions described briefly above, the order parameters, and so
forth, we refer the reader to the review of Ref. 225.

The complete phase diagram of the strongly interacting

(18 o

| I 1
o 100 200 o0
TIA,

FIG. 41. Energy density £ of the system described by the SU(3) gauge
field theory. **® The number of cells is 82 3. The chain line shows the
limiting value of the energy density of an ideal gas with the requirement
that the complete system be colorless.?>
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FIG. 42. Energy density calculated in the framework of QCD with dy-
namical quarks.”" The number of cells is 8*x 3.

matter must describe the phase boundary as a function of the
temperature 7 and the baryon-number density pg. This
complicated problem is the ultimate aim of QCD lattice cal-
culations. The first steps in this direction have already been
taken (see Refs. 215, 225, and 226).

Ultrarelativistic nucleus-nucleus collisions and signals of
the deconfinement phase

The energy density of nuclear matter in the ground state
is £, = myp,=0.15 GeV/F?, whereas the energy density
within a proton already reaches the valueg, ~0.45 GeV/ F.
However, for the formation of a quark—gluon plasma an even
higher density is required. It can be most readily estimated
using Eq. (71), which gives (¢, =0) £=(37/
30)7°T* + B=(2.5-3) GeV/F® at temperature 7'=200
MeV. For these purposes, knowledge of the exact value of B
is unimportant. Low-energy hadron spectroscopy gives the
value B ~40-60 MeV/F?, whereas the QCD sum rules give
larger values B~400 MeV/F®. The approximate value ob-
tained for the energy density must be compared with the
energy density that can be attained in a collision of ultrarela-
tivistic nuclei.

Following Bjorken®** (see also Refs. 233 and 234), we
can estimate the energy density using the rapidity distribu-
tion dN /dy of the produced particles

{m,% dnN

G=TnAJ_ dy

(81)

where {m, ) is the averaged transverse mass (of order 0.5
GeV)andA, = mR? is the cross section (about 40 mb for pp
collisions). In (81), 7, characterizes the hadronization time,
and as a typical value of it one usually takes 7,~1 F/ec. For
pp collisions in the region 50-100 GeV, dN /dy ~4, and this
gives

gp-p =~ 0.5 GeV/F?,
and for a central U + U collision

Ellay = 2.7 GEV/F3,
where we have assumed that R = 1.2(238)'? and
dN /dy = 4-238. Even higher values of the density can be
extracted from the events recorded in cosmic rays by the
JACEE collaboration.**® For example, in the case of the Si
+ Ag interaction it was found that dN /dy (charged) is

=200 at an estimated laboratory energy E, =4 TeV/nu-
cleon. In accordance with the estimate (81), we obtain
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€on o 3-6 GeV/F‘

In Ref. 215, higher values of the energy density are given
under the assumption that £ = B + (1.6/4, 7,) (dN /dy)*'?
(see also Ref. 236). These estimates offer hope that the criti-
cal value of the energy density can be attained.

Investigation of the question of the manner in which
matter evolves from the highly compressed and heated ini-
tial state to the final configuration, which is then “frozen,”
forming the rapidity distribution, is attracting the attention
of many theoreticians. So far, mainly hydrodynamical mod-
els have been used to study the expansion of the plasma
bunch (see Refs. 215, 233, 234, and 236-238). We here omit
the discussion of this very interesting process of evolution
from the quark—gluon phase to hadron matter (see the liter-
ature quoted above) and make some comments about how
the formation of a plasma could be verified experimentally.

Measurement of lepton pairs. To penetrate into the early
stage of the collision process, it is necessary to measure parti-
cles with very small interaction cross sections having a large
mean free path. Ideal particles for this are lepton pairs, since
they interact mainly through electromagnetic processes, the
cross sections for which are small (see Refs. 192 and 239-
242). The recent estimates made in Ref. 243 show that the
production of lepton pairs in the plasma phase is suppressed
by 3-5 times compared with production in the Drell-Yan
mechanism. In order to verify this effect, it is necessary to
measure the production of lepton pairs for a definite nu-
cleus—nucleus collision, and then investigate the probability
of production at higher energies or for heavier systems. If the
yield of lepton pairs is reduced, this will be a signal of the
formation of a quark—gluon plasma.

Measurement of the transverse momentum. The trans-
verse momentum of secondary hadrons can serve as a mea-
sure of the temperature of the system (see also Sec. 2). Inves-
tigation of its dependence on the multiplicity (primary
energy) could, as is shown in Fig. 43, lead to detection of the
deconfinement phase from the characteristic change in this
dependence due to the release of latent heat of the transi-
tion.>** The most recent data from the proton-antiproton
collider are not sufficient for definitive conclusions to be
drawn. The interpretation of the JACEE-collaboration data
obtained in cosmic-ray experiments are fairly optimistic,
since one can see indications that the transition region has
been reached.*®*

Production of strange particles. If the quark—gluon plas-
ma is in the state of chemical equilibrium with respect to the
different quark “flavors,” then the fraction of strange quarks

i or> Quark-gluon
.. phase
Transition
region
Hadron
phase
dn/dy

FIG. 43. Dependence of the mean transverse momentum of the secondary
particles on the density of particles in the rapidity space.
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in the number of all quarks and antiquarks will no longer be
negligibly small (see Refs. 193, 245, and 246). This means
that the probability for the production of strange particles
increases when the plasma phase is attained. Valuable infor-
mation about the appearance of the quark-plasma phase
could be obtained by measuring the ratio of the particle and
antiparticle yields, for example, K */K —, /0, E/Z (see
also the end of Sec. 2).

Signals associated with a phase transition of the first
kind. Hitherto, we have discussed experimentally measura-
ble quantities that can give us information about the appear-
ance of the quark-gluon plasma. From the theoretical point
of view, much interest attaches to the actual dynamics of the
phase transition, and in this connection additional signals
can be investigated. In addition, the existence of a latent heat
of the transition will lead to a large energy “wandering” in
the system. For phase transitions of the first kind, such phe-
nomena are associated with superheating and supercooling
of the system. The process itself may have an explosive na-
ture’®” of the type of deflagration or detonation pro-
cesses™’?** (see also Ref. 215).

Some of these processes are rather hypothetical, and the
entire scenario described above depends critically on the va-
lidity of equilibrium thermodynamics. Only if the mean free
path of the quarks and gluons is short compared with the
dimension of the system will the description in terms of an
expanding plasma bunch with subsequent transition into ha-
dronic matter appear valid.

4. CONCLUSIONS

As we have seen above, the physics of heavy-ion colli-
sions has indeed opened up rich possibilities for investigating
the behavior of nuclear matter in a wide range of tempera-
tures and densities. At the present time, the main results
relate to the region of the hadron phase, this reflecting the
spectrum of masses and accessible heavy-ion energies in ex-
isting accelerators. Approaches to the fundamental prob-
lem—the study of the equation of state of heated and com-
pressed nuclear matter—have already been outlined. For all
the complexity of the physical phenomena that unfold in this
region, the combined efforts of the theoreticians and experi-
mentalists have succeeded in identifying characteristics that
are the most sensitive to the various canonical parameters of
the equation of state. The abundance of theoretical models,
sometimes based on opposite physical assumptions, is some-
what suspect, but the models nevertheless successfully de-
scribe the general experimental features of heavy-ion inter-
actions. In this connection it is necessary to emphasize the
need for correlation and 47 measurements, which could
serve as a critical test of existing models.

The theory predicts that the passage from the interme-
diate region of the hadron phase into the region of both lower
and higher energies of the colliding nuclei may lead to the
discovery of new physical effects and phenomena. This is
related to the fact that the nuclear-matter equation of state
has the features discussed above and manifested in the form
of a phase transition of gas=liquid type at moderate energies
and transition of the hadrons to the quark—gluon plasma
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phase in the region of ultrarelativistic energies. In these di-
rections, only the first steps are being made. To a large de-
gree, success will depend on the rapid commissioning of the
new generation of heavy-ion accelerators.

"In considering evolution of the system in the region of coexistence of the
two phases, we basically follow Refs. 31 and 32 (see also Refs. 12 and
16).

¥To reduce the influence of nonequilibrium processes, a restriction is of-
ten made to the spectrum at just the angle 90°. One sometimes uses the
distribution with respect to p, ; this may even be preferable in view of the
invariance of this quantity.

YA method of analyzing the fluxes in the plane of the transverse momen-
tum was proposed in Ref. 182; according to the estimate of Ref. 183, this
separates more effectively the dynamical correlations on the background
of the large statistical fluctuations.
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