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The theory of the decay of the false vacuum in de Sitter space and in an inflationary universe,
and also the theory of the creation of the universe “from nothing” are discussed. The reasons
why tunneling in an inflationary universe differs from tunneling in de Sitter space and cannot
be completely homogeneous are explained. It is shown that in a number of important cases the
Euclidean approach must be significantly modified or is even completely invalid for the
description of tunneling in an expanding universe and for the description of quantum creation
of the universe. A Hamiltonian approach for describing tunneling processes with allowance for
expansion of the universe is developed. The results of this method are compared with the

results obtained by means of the Euclidean approach.

INTRODUCTION

Many studies in recent years have been devoted to tun-
neling with allowance for expansion of the universe.!™!!
There are two reasons for this interest. First, the theory of
tunneling from a supercooled “vacuum” state at the time of
the high-temperature phase transitions in the early universe
was one of the necessary elements in the inflationary-uni-
verse scenario.'””'* Second, the question was posed of
whether our entire universe might not have arisen in a pro-
cess of tunneling “from nothing” or from some “other uni-
verse.””'*?* The first reason is today somewhat less pressing,
since it has been understood that the scenario of an inflation-
ary universe can be realized much more simply without any
recourse to tunneling theory**** and even without recourse
to the theory of high-temperature phase transitions.?® Nev-
ertheless, the question of tunneling in an expanding universe
continues to remain important and interesting not only for
the development of the inflationary-universe scenario and
the scenario of quantum creation of the universe but also for
the general development of our understanding of quantum
processes in cosmology.

The problem is extremely complicated, and its analysis
requires simultaneous understanding of quantum field the-
ory and the general theory of relativity in different situa-
tions, frequently rather nontrivial, in which the standard
methods developed earlier do not work. For this reason,
about half of the studies on tunneling in an expanding uni-
verse contained errors, whereas the correct results obtained
in an appreciable fraction of the remaining studies of this
subject were found on closer examination to have no direct
relationship to the problems studied in these investigations.
As a result, the literature now contains not only correct re-
sults but a great many assertions relating to tunneling in an
expanding universe that are either completely incorrect, or
not fully correct, or correct but irrelevant, etc. The present
study arose as an attempt to come to grips with this situation
and, if possible, develop methods suitable for the problem.

The standard approach to tunneling in quantum field
theory is based on the observation that tunneling in the ma-
jority of the cases hitherto studied can be represented as mo-
tion with an imaginary momentum or in imaginary time. In
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these cases, the study of tunneling reduces to solving a prob-
lem of motion in Euclidean space. Practically all studies on
tunneling in an expanding universe (except for the recent
work of Starobinskii>”*® ) have in fact been based on the use
of this Euclidean approach. But the Euclidean approach is
by no means always valid for the description of tunneling.
The simplest example is the problem of the motion of a parti-
clein a plane (x,y) in a potential ¥(x,y) that has the form of
a barrier only in the x direction. In this case, a particle that
encounters the barrier tunnels in the x direction, but nothing
prevents it moving along a classical trajectory in the y direc-
tion. To solve this problem, one cannot simply go over to an
imaginary time (to an imaginary momentum); rather, one
must solve the Schrodinger equation properly for the wave
function W (x,y) with allowance for the fact that some com-
ponents of the particle’s momentum may acquire an imagi-
nary part.”® An analogous situation arises when tunneling is
considered in an expanding universe, in which an increase in
the scale factor R of the universe is classically allowed, so
that in certain cases the process of rearrangement of the sca-
lar field ¢ may take place without simultaneous tunneling
with respect to both ¢ and R. In such a situation, the Euclid-
ean approach becomes invalid, and instead one must use the
much more complicated approach based on solution of the
Schrodinger—Wheeler—DeWitt equation for the wave func-
tion W(a, ¢) of the universe.

One might expect that the corresponding problems dis-
appear when one is studying processes for which classical
evolution of the scale factor R is also forbidden, as is the case,
for example, in the process of quantum creation of the uni-
verse.'>~>* However, in this case too the naive use of the
Euclidean approach may lead to incorrect results. This is so
because the quantization of the scale factor R, which, in con-
trast to ordinary physical fields, has negative energy, is not
entirely standard.'*

Thus, the Euclidean approach, which has very great
heuristic value and is very convenient for solving numerous
important and interesting problems,'*%*' is not an “‘abso-
lute weapon™ and must be augmented by other methods of
investigation. This conclusion is one of the main results of
our paper.
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FIG. 1. Form of the effective potential V(@) with a false vacuum @ = 0.

As we have already said, the initial aim of our investiga-
tion was to develop a theory of tunneling in an expanding
universe. The most interesting result so far obtained in this
field is due to Hawking and Moss.® They considered tunnel-
ing in a universe with vacuum energy density ¥(¢), where
V(@) is the effective potential of the scalar field ¢. In the
case shown in Fig. 1, the tunneling takes place from the point
@ =0. According to Ref. 5, tunneling takes place to the
point of the extremum of V(@) at ¢ = @, , and the probabil-
ity of tunneling per unit volume per unit time is proportional
to®

P~ exp [ (7 —v) ] M

Unfortunately, the expression (1) is not derived in Ref. 5, in
which it is merely asserted that this result can be obtained by
means of the Euclidean approach used by Coleman and De
Luccia.'! In addition, in Ref. 5 there is no discussion at all of
the limits of applicability of the expression (1). But, for ex-
ample, in the theory with the potential ¥(g) shown in Fig. 2
it would follow in accordance with (1) that the tunneling
should take place from the point ¢ = 0 to any of the extrema
of the potential @ with greater probability than to the nearest
extremum @ =g ,. It is obvious that such a conclusion
would be physically incorrect. Therefore, the limits of the
validity of the expression (1) requires careful analysis.
Even greater confusion arose in the physical interpreta-
tion of the expression (1). Since simultaneous tunneling in
the complete universe to the point ¢ = ¢, was being consid-
ered, the field that results should be strictly homogeneous in
the complete universe. This conclusion, which was subse-
quently “confirmed” in a number of studies,®’ was criti-
cized by one of the present authors in Ref. 32, in which it was
noted that the probability of homogeneous tunneling in an
expanding universe is extremely strongly suppressed. This
question is discussed in detail in the present paper. Later,
Hawking and Moss noted that the expression (1) must re-
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FIG. 2. Potential with several false vacua @ = 0, @,, @ .
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late to the probability of a tunneling that appears homogen-
eous on the scale of the horizon in the de Sitter space, i.e., at

distances /R H™', where H = /87 V(¢)/3M ] is the Hub-
ble constant.” Until recently, their remark, like the expres-
sion (1) itself, remained unproven. It is only very recently
that Starobinskif has succeeded in proving the validity of this
assertion for the special case of the potential ¥'(g) shown in
Fig. 1 under the condition |d *¥(0)/dg *| € H >.*"*® In some
other cases, the result of Hawking and Moss is incorrect.

The present paper, being an independent investigation,
can at the same time be regarded as complementing the re-
view in Ref. 20 of the current status of the inflationary uni-
Verse scenario.

The theory of tunneling in Minkowski space and in an
expanding universe is discussed in the first five sections of
our paper. In Sec. 1, we discuss the theory of decay of the
false vacuum (tunneling theory in quantum field theory) in
ordinary Minkowski space, i.e., without allowance for gravi-
tational effects. The exposition is developed on the basis of
the Hamiltonian approach, which in the given simplest case
is equivalent to the Euclidean approach.

In Sec. 2, we discuss the equations of motion, the ques-
tion of stability, and the concept of an effective potential in
an expanding universe. In Sec. 3, we discuss a number of
attempts to reduce the problem of tunneling in an expanding
(inflationary) universe to the solution to the problem of tun-
neling in a Minkowski world. In Sec. 4, we describe the Eu-
clidean approach to tunneling in a de Sitter space as pro-
posed by Coleman and De Luccia, we analyze (and
generalize) Hawking and Moss’s results for homogeneous
tunneling in de Sitter space, and we discuss the question of
the applicability of these results to the theory of an inflation-
ary universe.

In Sec. 5, we develop the Hamiltonian approach to the
problem of tunneling in an inflationary universe, discuss the
alternative approach to this problem developed by Staro-
binskii, and compare the results of both approaches with the
results of the Euclidean approach. In Sec. 6, we consider the
problem of quantum creation of the universe by tunneling
from the state with scale factor a = 0. Finally, we summarize
the main results of our investigation in the Conclusions.

There are also two appendices. In Appendix A, we re-
call the main properties of de Sitter space, which are fre-
quently used in the main text of the paper. Appendix B con-
tains a brief review of the inflationary-universe scenario,
knowledge of which is desirable for a more complete under-
standing of the aim of the present paper and the physical
formulation of the problem, and also for understanding the
subtle differences that arise in the description of tunneling in
de Sitter space and in the Friedmann universe in the stage of
its exponential expansion.

1. FORMATION OF BUBBLES IN MINKOWSKI SPACE

The phase transition from the metastable state @ = 0 to
the stable state @ 50 corresponding to the absolute mini-
mum of the effective potential ¥(g) is realized by the cre-
ation and subsequent expansion of ¢ 40 field bubbles. Be-
fore we describe tunneling from the state @ =0 with
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formation of bubbles of the field @ in curved space, we recall
the main facts relating to the formation of bubbles in ordi-
nary Minkowski space.

Let the system be described by the action functional

§= j dt dz [—%ﬂ“"%wﬁap—V (CP)] (2)

where ¥ =diag( — 1, + 1, + 1, + 1) is the metric of
Minkowski space]. The state of the system can be described
by a state vector that is a functional ®[@(x)] of ¢(x). In
this (the coordinate) representation the canonical variables
@(x) (the coordinates) and m(x) (their conjugate mo-
menta) correspond after quantization to operators ¢ (x) and
m(x) (which we shall not identify by the usual “cap” sym-
bol—no confusion will arise), which act on the state vector
®[@(x)] in accordance with the formulas

( )m[m(x)]—cp(X)fDlw (X)L }

(3)

The change of the state vector in time is determined by the
Schrddinger equation

i 5 Dy [ (x)] = 5 D, [p ()]

= [ a0 [ 1L 60 (%) due () +V (0 ()] Dy [ (x)1.
k:i, 21 3; (4)

with the Hamiltonian operator

o (i Rt g2 1
s=) @[~ g+
Suppose that the effective potential ¥'(g) has the character-
istic form shown in Fig. 1 and that at a certain time = 0 the
wave function @, [@(x)] of the system is significantly non-
vanishing only when the function @ (x) has a small norm

l¢(x)||q- As the norm, one can take, for example, the norm
of the Sobolev space W'(Q):

(Org)2+V ()] (5

el = { @ le* (x) +
@

|V e (x) Il

Intuition developed for the quantum mechanics of a single
particle suggests that after a short time the time dependence
of the wave function @, [¢(x)] near ¢(x) ~0 goes over to
the asymptotic behavior

'FOt—

D, [g ()] =exp (= 1) Blox)=UDle )],

(6)
where the evolution operator U, has, thus, the form of multi-
plication by a numerical function of the time:

[',:expli—%(Eg-—i%) t:l. (7)

We see that the wave function of the system is damped with
the time:

T, (o )11z oc exp (—5-1) (8)

The physical reason for the damping is clear. The state of the
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system near ¢ = 0, corresponding to proximity of the system
to the local minimum of the effective potential, is unstable by
virtue of below-barrier jumping to the region of smaller val-
ues of V(). The quantity I", which determines the probabil-
ity of decay of the false vacuum, is proportional to the prob-
ability of below-barrier transition from the configuration
@(x) =0 to the configuration of a ¢(x) 50 bubble of the
new phase. We shall now show how this coefficient of below-
barrier transition can be found in the semiclassical (as#—0)
approximation.

Making in the Schrodinger Eq. (4) the usual semiclas-
sical ansatz for the wave function,

D = elS/n,
we arrive as a result at the Hamilton-Jacobi equation

G+ e [3 (mw) 3 (Ve 01+ V (o) ]

__""‘S'+?£[,5(P R tP(X)]=0- &)

In contrast to classical mechanics, the requirement of reality
is not imposed on the action function S[g(x)]. The vari-
ables r and @ (x) separate. Therefore, we seek the solution in
the form

Slt, @ (x)] = —Et + § [p (x)].
The functional §[cp(x)] satisfies the equation

E= a4 (5 4t o mp+v @] (1)

If we are interested in below-barrier motion that ‘‘be-

gins” at the configuration ¢ (x) = 0, we obtain the boundary
condition

(10)

08

n(x) = wm =0 for ¢(x)=0 (12)
We substitute (12) in (11) and see that
o Sd“.z:l’ (0). (13)

Therefore, the functional :S"[gp(x)] satisfies the equation
equivalent to Eq. (11) with allowance for (13)]

Jase [ () (v 4o ()] =

Because the function v(@)=¥F(¢) — F(0) is positive defi-
nite for  near zero, Eq. (14) will not have real solutions. We
therefore set

(14)

S = —iw (15)
Instead of (14), we obtain

5 [ 5o *@]=0, (16)
where
P (@), o @)= | P — 545 (vor+o(e)]. (17)

It is well known from classical mechanics how one can solve
the Cauchy problem for Eq. (16),with the initial condition
Wip(x)] = W, [@(x)] for p(x) = ¢° (x):
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1. Itis necessary to solve the characteristic system of the
equations

dp(x) 5%

dt 7 §g(x) (18)
dm(x) 5%
T T ey %
with the initial conditions
© (%) lrg= " (%), 7 (x)|cg =ty - (20)

2. On the solution of the system (18)—(19) it is neces-
sary to calculate the functional
%(x) .
y diLig(x), ¢ (x)l,
o0(x)

(21)

where the “Lagrangian™ L[@(x), ¢(x)] is the Legendre
transform with respect to 7(x) of the “Hamiltonian” 7.
3. Then the solution of the Cauchy problem can be writ-
ten in the form
a(x) .
Wig@®))=W g ]+ | duLlq(x) o (x)]
@U(x)

(22)

We realize steps 1-3 for our problem (16)—(17) as follows:
1. Equations (18) and (19) take the form

dmn b

T =n=Vo—1'(q); %E{p:—n. (23)
It follows from this that
®+ Vo —v' () = 0. (24)
As initial conditions (20) we take

. 8wW o
PO=0 & oo = (29

2. We find the “Lagrangian™:
¢ =857 /6n= —m.
Therefore

L= Jd“x lnp — &1
~— (@[ g0+ (VO +v)].
3. The solution of the Cauchy problem (16)-(17) is
W e (x)]=W[¢" (x)=0]
P(x) e B 1
— | av i [‘;;+7 (Vfr-‘-)2+v(tp):| diz.

)

0

Thus, we arrive at the semiclassical-expression for the coor-
dinate part of the wave function:

Dp(x)]=D[0)

o(x)

oxp (= | do | e [F 4L vortv@])  26)
0

where, we repeat, the integral in the argument of the expo-
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nential must be calculated on the solution of Eq. (24). For
some values of (7,x) for the solution ¢ (7,x) of Eq. (24) the
equation ¢ = 0 will hold, i.e., # = 85 /8¢ = 0.

This is the point in the function space at which the clas-
sically forbidden motion ends and the classically allowed
motion begins. Thus, we find the configuration of the field
@(x) that is the beginning of the classical motion (and corre-
sponds to the incipient bubble) if we solve the equation of
motion

q':»‘-{— Vg — v (¢) =0, 27)
and find that ¢(7,x) =0 for some fixed = T.. Then
@. (x)=@(7.,x) is the configuration of the classical field
that arises. If it is found that the “velocity” ¢(7,x) is not
identically equal to zero with respect to x for any 7., then we
donot know how to relate the result of the calculations to the
configuration of the developing bubble.

As the solution of Eq. (24), we can take the spherically
symmetric instanton solution with center at the point
7= x = 0 described, for example, in Ref. 30. Then by virtue
of the spherical symmetry we have ¢ (0,x) = 0. The bound-
ary conditions (25) are also satisfied, since on such a solu-
tion ¢(x) =0 and ¢(x) =0 at 7= — o. From Eq. (26)
and the assertions formulated with regard to the solution of
Eq. (24), we then find that the coefficient of below-barrier
tunneling is

+oo .
DL (x)t=0ll* 1 r P
I(D[qa=0]|02 =axp {'——ﬁ— 5 dt }da.z:[T

-I-@%)(tp)}}sexp {—22].

(28)

As we have already said, I is proportional to this coefficient
and, of course, to the volume () of the system—the larger the
volume, the sooner it will contain a region Q' in which ||g || o
is significantly nonzero, i.e., tunneling has occurred:
Sg

Pe=pQe” ™,
The calculation of the pre-exponential factor ¥, which obvi-
ously has dimension L =%, is a difficult task and will not be
done here. One can also calculate I by means of a functional
integral,® the same result (28) being, of course, then ob-
tained. When the functional integral is used, Sg plays the
part of the Euclidean action on the solution of the Euclidean
equations of motion—the instanton @ (7,x). It is here appro-
priate to note that the transition to an imaginary time* is
not a description of the dynamics of the field below the bar-
rier. It is only a formal method of calculating I" with a phys-
ical meaning that has been completely determined in ad-
vance.

We consider the special case of the effective potential

V(g)=V(0) -2 (29)

In this case, the equation of motion (27) has the well-known
solution (called the Fubini instanton)

8 _py_ 30
Aopripd ! i

wherep® = x* + P=x2,a = L., 4 x = (X,,X3%3), X, = 7,

¢t x)=
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and p, is an arbitrary parameter with the dimensions of a
length. The Euclidean action (28) does not depend on p,
and is

SE' = 8x%/3A.
Adding the mass term to the effective potential (29), we
obtain

V (@) =V (0)+ 2 ¢*— - ot. (31)

It can be shown that the Euclidean equations of motion (27)
do not in this case have a nontrivial solution that tends to
zero as X, =p° — . Indeed, suppose otherwise, i.e., let
@(x) be such a solution. This means that the variation

655 =0 | d'c [ Guer+

of the action vanishes on the configuration @ (x). We subject
the solution @(x) to the scale transformation ¢, (x)
=a~ '@(x/a), and then

5ot (0 = [ e[t (225 (5))

Za
@]

=i (32)

+ 5w & (5)-

= S d’*x[ 1 (@, atp)“——tp ]+— a? S d*:.l.':q:z (z)-

(33)

Since, by hypothesis, ¢ (x) is a solution, we must have

dSz lg, (x)l/da = 0,

but this is possible [for ¢(x)#0] only if m* =0ora =0.

The absence of solutions does not mean that tunneling
becomes impossible. Indeed, even in a theory in which solu-
tions exist [for example, in the theory with the effective po-
tential (29)] one calculates the functional integral using
configurations @ (x) that are not solutions, namely, one uses
many-instanton configurations. Such configurations are not
stationary points of the action. The action S{" of an n-in-
stanton configuration becomes extremal (and equal to
nS ) only when the distances between the instantons tend
to infinity. Nevertheless, such configurations are taken into
account, and one speaks of an “approximate stationary
point.”

The situation here is entirely analogous. The action has
an extremum on the edge of the function space when the
configuration has zero width, i.e., a—0. Therefore, the
method of stationary phase has the consequence that the
imaginary part of the energy is, as before, determined by an
exponential,

T o€ exp (—8n?/3AR). (34)

For a more detailed discussion of this question, see Refs. 36
and 37.

2. EQUATIONS OF MOTION, THE STABILITY PROBLEM,
AND THE EFFECTIVE POTENTIAL IN AN EXPONENTIALLY
EXPANDING UNIVERSE

1t is well known that to describe the interaction of a
scalar field with the gravitational field it is necessary to re-
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place the ordinary derivatives in the Lagrangian of the scalar
field by covariant derivatives, and one can also add to the
Lagrangian the term (£ /2)“'Rg ?, where “’ R is the scalar
curvature and £ is an arbitrary coefficient. There exist two
distinguished forms of the theory, namely, the theory with
& = 0, which is called the theory with minimal coupling, and
the theory with £ = 1/6, which is distinguished by the fact
that when the term (1/12)”Rg ? is added the inclusion of
gravity does not destroy the property of conformal invar-
iance of the theory of the massless scalar field. We shall re-
turn later to a discussion of this question. For simplicity, in
this section we shall study the theory in a flat Friedmann
universe with metric

dS? = —di® 4 R? (&) (dz? 4 dy® + dz?), (35)
which can also be represented in the form
dS?* = R* (n) (—dn® + dz* + dy® + dz?), (36)

where R is the scale factor of the universe, and
dt/dy = R. 37)

We shall be particularly interested in expansion of the uni-
verse in the case when the energy-momentum tensor re-
duces to the vacuum energy-momentum tensor g,,, F(0). In
this case, the universe expands exponentially:

R (t) = ReHt, (38)
where H is the Hubble constant,
R SnG
(R) =H =y (0) = am V (0). (39)

The scalar curvature ’ R in the universe (35), (38) is
R R \2
“R=6 (F+(7)) =122

The equation of motion for the scalar field ¢ has in this case
the form

(40)

©+3Ho+ Rio2HiAQ = — ‘W" — 12EH?, (41)

where V, is the effective potential without allowance for the
term (£ /2)“Rg ?; the final term in (41) is equal to £’ Ry,
and for a theory of the type (31), when

Vo () =V (0)+5

g A
= P (42)
Eq. (41) takes the form
O+ 3H-+ RigtAg = — (m? + 1250 g*—Dg%.  (43)

It can be seen from this that the term (£ /2)“'Rgp * leads to a
modification of the effective mass of the field ¢:

Ew

2 e

. aw @ (Vu+2 Rq? )
e 7% de® do?

=m*+EWR. (44)

It will sometimes be convenient to write Eq. (43) in the
conformal coordinates (36) and (37), making also the fol-
lowing transformation of the field:

9 =P/R (n). (45)
In this case, Eq. (43) takes the somewhat more familiar
form
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S - Ab= —R(n) (m*42(8 1) HDo—M  (46)

Then in the exponentially expanding universe R (%) takes
the form

R (n) = Ry/(1 — R,Hn), (47)

so that R(p)=R, for =0 and R(7)— o as
17— (RoH) ~'. Wenote that in the language of the variable g
the region 0 <7 < + oo corresponds to the region

0 <n << (RH). (48)

It can be seen from (46) that the theory appears to be par-
ticularly simple in the case m?> = 0, £ = 1/6, when it appears
as the massless — A¢/*/4 theory in Minkowski space. How-
ever, this simplicity is insidious and leads to a large number
of confusions.

Let us investigate, for example, the question of the sta-
ble states of the field in the theory (42). To do this in the
Minkowski world, we simply looked for states that are local
minima of ¥(g). Should one proceed in this manner too in
an expanding universe? In order to understand the answer to
this question, which is important for us, we investigate the
theory (42) when m* = — M? <0 for the case £ = 1/6. In
this case, one could conclude from (46) that study of the
stability problem in this theory at the point ¢ = 0 is equiva-
lent to study of the stability problem in the theory with an
effective potential F(y) with negative curvature
V() = —R*()M?¢? whose modulus increases con-
tinuously with the time, from which it would follow that the
point ¢ =0 (@ = 0) is not a stability point of the field @.
However, this conclusion is not entirely correct—generally
speaking, instability of the field ¢ does not entail instability
of the field g, since in accordance with (45) ¢ =e~ ¥ ¢,
Therefore, the state ¢ = 0 will be unstable only if the field Y
increases faster than e”. It would seem that this will be the
case, since the effective mass of the field increases un-
boundedly with thetime: m,?> = — M2R? (5). However, it
must also be borne in mind that the “time” 7 itself is bound-
ed above by (R,H) ~', and this prevents the instability of
the field ¢ from developing sufficiently.

Since we are ultimately interested in the instability of
the field g, we can attempt to investigate this question direct-
ly by means of Eq. (43), studying for simplicity homogen-
eous fields @ = (7). We restrict ourselves to the case of
small fields @, ignore the term Ag? in (43), and seek a solu-
tion of Eq. (43) in the standard form

P = poelvt. (49)

It is easy to show that such a solution exists and at the same
time

wm-%iiil/mmz—i—(%—wﬁ) e (50)
It follows from (50) that Im w > 0 when
m?* > —12EH?, (51)

i.e., form?*> — 12£H * the point ¢ = 0 is stable with respect
to small perturbations. In this sense, to study the stability of
the theory it would be sufficient to calculate the sign of mZ;
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(44), i.e., to investigate the stability of the effective potential

V(9)=Vy (@) +5 @R, (52)
However, the growth of the perturbations of the field  at the
instability points of Eq. (43) differs from the growth of the
perturbations of the field @ in the theory (52) in Minkowski
space. Indeed, let us consider the important case m ; < H. In
this case, the growing solution has at small @ the form

m I) ’
3H

i.e., the field ¢ increases much more slowly than the field in
the theory (52) in Minkowski space, which grows as

® = exp (“ (53)

¢ = q4exp (| Meg | £). (54)

This circumstance is very important for the question of the
feasibility of the new inflationary scenario.*?

The paradox with the stability considered above is the
basis for numerous confusions associated with the transition
to the metric (36) and the conformally transformed field
(45). For example, in Ref. 33 the investigation of the stabil-
ity of the theory (42) was reduced to investigation of the
stability of the conformally transformed theory of the field ¢/
(45), and this, as we have seen, leads to mistakes. In Ref. 3,
in which the same method of investigation was used, it was
asserted that the conformal addition (1/12)“Rg? to V(g)
in no way affects the stability of the theory near ¢ = 0, in
contradiction to our results (51).

Similar confusion associated with the conformal trans-
formation (45) is encountered in the calculation of the effec-
tive potential ¥'(¢) and in the study of tunneling. The point
is that in some cases it may be more convenient to calculate,
not the effective potential ¥(g), but the effective potential
V(#), and then in the result obtained to make the substitu-
tion ¥ = R(¢)@.** But it is not noted that to study the stabil-
ity of the field @ we require the potential ¥(¢) determined
on fields @ varying weakly with the time. However, the effec-
tive potential ¥(¢/) goes over under the substitution ¢y = R
not into the effective potential V(@) but into the effective
Lagrangian of the fields ¢; the Lagrangian is defined on ex-
ponentially decreasing fields ¢ [since V(#) was calculated
for ¢ = const], and thus has a very remote relation to the
problem of stability with respect to growth of the field ¢.

In Refs. 3 and 4, the investigation of the formation of
bubbles of the field ¢ was reduced to the analogous problem
for the field 3. However, it was not noted that tunneling
takes place mainly to bubbles of the field ¢ in which the field
after the substitution ¢ = ¥/R (¢) begins rapidly to decrease
and not increase. In this connection, the formation of such
bubbles does not lead to growth of the field and to the phase
transition investigated in Refs. 3 and 4.

We have dwelt in such detail on the confusions that
arise in the study of processes in an expanding universe in
order to demonstrate the full complexity of the problem and
to point out to anyone who continues to study this question
the most dangerous traps into which even more experienced
investigators than ourselves sometimes fall.
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3. TUNNELING IN AN EXPONENTIALLY EXPANDING
FRIEDMANN UNIVERSE

We now consider the question of tunneling in the theory
(42) from the state @ = 0 with the formation of ¢ #0 field
bubbles in the exponentially expanding universe (35), (36).
It is obvious in advance that for m> H the description of the
tunneling will in no way differ from the description of the
tunneling in Minkowski space (see Sec. 1). For this reason,
and also because the case m < H is the most interesting one
from the point of view of the new inflationary scenario,’® we
begin with the study of tunneling for m = 0. It is again clear
that for p, <H =1 (a more precise criterion will be obtained
in the following section) the tunneling will be described by
the Fubini instantons (30), which, as in flat space when
po<€m~", also remain in this case almost exact solutions; see
the discussion of this question in Sec. 1. However, this case is
not for us the most interesting, since, in accordance with
Ref. 20, the field @ then increases to large values in a time
tSH ', which is not sufficient for realization of the new
inflationary scenario.'>'* In addition, for small 4 the prob-
ability of formation of the corresponding bubbles will in ac-
cordance with (34) be suppressed very strongly.

Thus, we are interested in the creation of bubbles mea-
suring p, >H ~'. Below, we shall discuss several different
approaches to the solution of this problem and point out the
difficulties in the way of its solution.

1. The first attempt to take into account the effects asso-
ciated with a nonvanishing curvature “’R in a hot universe
was made in Ref. 2, in which it was noted that the effective
mass

mgﬂ. = m> -+ 'é("i)R

for £ #0 depends on ‘¥’ R, and it was suggested that this
circumstance should be taken into account by using m.g
instead of m in the expression S, (¢,T) = 19m/AT (Refs. 35
and 36) for the action corresponding to tunneling at high
temperature. However, this did not take into account the
fact that Eq. (43) differs from the corresponding equation in
Minkowski space not by the term & ‘“’R in m; but also by
other terms, so that for the description of bubble formation it
is insufficient simply to replace m by m. in 8, = 19m/A T.
To describe the tunneling, one could, as usual, attempt to
make the substitution ¢ — it and go over to Euclidean space in
the metric (35). However, the metric (36) then becomes
complex. It is not impossible that this could represent a dan-
ger only for the calculation of quantum corrections, pro-
vided the semiclassical approximation gave a sensible result.
However, this is not the case, since after the continuation
t—it Eq. (43) does not have real solutions @ (t,x). In addi-
tion, the very applicability of the standard approach in an
expanding universe becomes doubtful on account of the fact
that the energy of the particles of the field ¢ is not conserved
in this case, and the derivation of the standard expressions
for the tunneling probability cannot be generalized to the
considered case.

2. In our view, the situation is somewhat better if one
makes the substitution

1 — RoHn = RHx =y (55)
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and then makes the analytic continuation 7 — i7, after which
Eq. (46) takes the form

LY A =g (M2 2 (BE—1) HY) o— o ¥, (56)

We consider for simplicity the casem = 0,4 = 1/6 (confor-
mally invariant theory). Then Eq. (56) has the same form as
the equation for the tunneling in the theory with

V(g) = — (A/rR3H?)¢* (42) in Minkowski space, and
the corresponding solution has the form
% Bl o
v=Rol 1V § oy - (57)

It would seem that the problem has been solved. However,
the analytic continuation 7—ir describes the creation of a
bubble at the time 7 = 0, i.e., as t—» + co. Thus, by the meth-
od considered above it is not possible to obtain a description
of bubble creation at a finite time z.

4. TUNNELING IN CURVED SPACE. EUCLIDEAN APPROACH

A Euclidean approach to the description of tunneling in
curved space was proposed by Coleman and De Luccia.'
They proposed, as is done in flat space,™ to find the analytic
continuation of the metric to the Euclidean form (i.e., to the
metric with signature 4+ + + + ) and to consider the ac-
tion of the scalar and gravitational fields in a curved Euclid-
ean (or, rather, Riemannian) space:

Sele, gl= | & Ve {5 o000 +V @)+ o ©R},

(58)
where “* R is the scalar curvature of the space with the met-
ric g,,.-

Further, to estimate the rate of decay of the false vacu-
um it was proposed to use e~ B, where
B=Sg[@(x)] —Sg[0], whileg@(x) is the scalar-field con-
figuration that minimizes the action (58) to it there corre-
sponds a definite metric g, (x) ].

They then proposed that the functions ¢ (x) and g,,,, (x)
that minimize the action (58) should be analytically contin-
ued to values of the coordinates for which the metric is real
and has the signature — + + + . Making the analytic con-
tinuation in different ways, it is possible to obtain different
regions of the physical space.®

Since the majority of studies on tunneling in an expand-
ing universe employ the method of Coleman and De Luccia, '
in this section we shall briefly describe this method and ap-
ply it to the study of tunneling in de Sitter space. A brief
description of de Sitter space can be found in the Appendix.
We shall reproduce the well-known result of Hawking and
Moss for homogeneous tunneling in the entire universe. At
the end of the section we make some critical comments con-
cerning the interpretation of these results and the possibility
of applying the results obtained by the Euclidean method to
the theory of tunneling in an expanding universe.

Following Coleman and De Luccia,’ we assume that
the functions @(x) and g,, (x) that minimize (58) have
0(4) symmetry:

ds? = di? + p* (§) dQ*;

o = ¢ (&) (59)
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Then the Lagrange equations that they satisfy have the form

" " dV
o' +3 8¢ — TP, (60)

; kot 1,
=1+ (Lo vg), (61)
where the prime denotes differentiation with respect to £.0n
a solution of the system (60)—(61), the action is'

£ 1 i 3 " ’
Se=2n% | & [0* (3 0247 )+ 5 (%" + 002 —p)]
\ 3|
=4 | dg [V -], (62)
As is shown in Ref. 8, p(£) always has two zeros if
V(0) #0.The integral (62) is calculated between the points
at whichp = 0. One of these points is & = 0; we call the other

=

We shall see later that the argument of the exponential
that determines the tunneling probability,

has zeroth order in k [and not the first negative order, ‘as
might appear from (62)]. To calculate the action (62) to
terms of zeroth order in k, we must, as can be seen from (62),
know p(£) to terms of order k and @ (&) to terms of order
unity.

We consider tunneling from the state ¢ = 0 in the the-
ory with the effective potential

V@)=V O+55 2 vyt (64)
The system (60)—(61) has the trivial solution
¢ =0, p = H-!sin HE, (65)

where H? = kV(0)/3.

We shall now seek solutions of the system (60)-(61)
such that ¢ (0) #0, ¢ ' (0) =0, @(E) =0,£€[0,2] [0Oand E
are the zeros of p (£) ].

We introduce the dimensionless variables

r=Hp, O=)ke/H, t=HE p=m/H. (66)
Then instead of (60)-(61) we obtain the system
B+52 b—w (@) =0, (60')
re. e (% D2y ((I))) ”
u (D) =4 @21 o, (61')

where x = (1/3A)kH><1, and the dot denotes differenti-
ation with respect to £.

In accordance with the remark which we made, we as-
sume ® = O(1), and r = 7, + xr,, with , (0) = r, (0) = 0.
It then follows from (60)—(61) that®

(67)

‘Y i §
rg=1—r3, ie, ro=sing,

43 -:—:dJ—u'(ﬂ))=0, ie, D+3ctgtd—u (d)=0,
(68)
(69)

sin® {

ot teln=5a s B (),
where E({) = 1 7 — y (o).
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In solving Eq. (69), we assume that the dependence
b ¢) is known from the solution of (58). Equation (69) can
be integrated and, with allowance for the boundary condi-
tion 7, (0) = 0, we obtain

&

= 1 sin? ¢
r(E) = lcost] | at
0

ETTE e, L LSRN
cost |cost|

E (1). (70)
On the solution, the action is

Sz de | & [ 03 (V (O +v (g)— 2]

= 4;':- ?i dt [;.a AV (0) +u ((D))“%:I
0

S (71)
=4 o[ 2 o]
0

where Z is the value of the variable ¢ at which » = 0. Obvi-
ously, Z = 7 + »8 where § = O(1). Therefore

Spec 3 {3 a [f?__—"-w ((D)]-[-( L ((D))Igzﬂmﬁ}

g ﬂ.

74_;_ { 5 dg 2" 4 | dtriu (0) +
i i

T

+ § A Br—1) rt (=)0 ()}

0

We use the fact that S [0] = (47°/4) 7 dE[(r3 — 1) /%],
and r,#sin . Then

B=S8g|D]—S8g|0]
T n

=4 {V dt sind qu (@) + j dt(3sin*t—1)r}. (72)
0 0
We now calculate the second integral in (72):

)4 £
Sdg (Bsin?g—1) r, = ) d (3sin2g—1) feos g
Q )

.

5 i
sin= ¢

5 dt cost |cost| £(1).

We reverse the order of integration with respect to £ and ¢

and divide the region of integration into parts in each of

which cos ¢ has a definite sign. We then find that this integral

is equal to

—;- 5 dﬁsinag(—;— C.Dz—u(CD)),
0

Thus, the argument of the exponential is

B=—2£-i35d§sin3§(-é— b2 u (D)), (73)

0

The result is perfectly natural: We have actually as-
sumed implicitly that the field ¢ is small (1Ap*eV,ie.,
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FIG. 3. Even solution of Eq. (68) in the case of the potential
u(®) = — &* /4 for ®(0) < 1.

®*<1/%) and that its gradients are too [¢*/2€¥(0), i.e,
$241/%]. Therefore, the metric is determined by the value
of the effective potential at ¢ = 0, and the evolution of the
field @ takes place in the given curved space.

Computer calculations show that for z = 0 and small
®(0) [®(0) S 1] thesolutions of Eq. (68) havea character-
istic form (Fig. 3). Since ® = 0is also a solution of Eq. (68),
the function whose graph is shown in Fig. 4 is a solution
everywhere except at the salient point ® = 0. In addition, it
satisfies the boundary condition ®(Z)=|®,_, =0 and
therefore has the usual form of a “bubble” in the sea of the
false vacuum @ = 0.

The numerical calculation shows that the dependence
of B (73) on the value of the field ® at { = 0 is well approxi-
mated by the formula

B=2 0.30%, (74)

where ®, =®(0).

We have now a situation entirely similar to that de-
scribed in Sec. 1. There, in the case V(@) = V(0) + (m*/
2)@? — (A /4)@* there were also no solutions of the equa-
tions of motion (27), and the action had a stationary point
on the boundary of the range of variation of the variables.
The quantity B in Eq. (74) is stationary with respect to the
parameter ®; at ®, = 0, i.e., when the solution ®(£) is tri-
vial, ®(£) = 0. More interesting is the case of nonzero mass,
w1+#0. For ®(0)=®, only slightly exceeding the extremal
point of the potential u(®), i.e.,

(Dﬂ = W

the solution has a step form (Fig. 5). As ®, approaches p
from above, the step is drawn out and becomes flatter, and
the normalized action B on this configuration tends to

a
3n?

W =, l22 X 22 4
@
1‘-
|
A |
\
5:.77 ;
|

FIG. 4. “Almost-solution” of Eq. (68) with u(®) — ®*/4 satisfying the
condition ®(7)=®,_, = 0. Curve AB is the same as in Fig. 3.

377 Sov. J. Part. Nucl. 17 (5), Sept.-Oct. 1986

V.3 i |

0 %

FIG. 5. “Almost-solutions” of Eq. (68) with u(®) = (#°/2)®* — | P*
corresponding to two different values of ®(0) > p.

and agrees with the value of the action on the Hawking-
Moss instanton.’ This agreement is not remarkable. The so-
lution (Fig. 5) differs from the Hawking-Moss instanton
only at the edge of the interval [0,7], where sin { ~0and the
contribution from even the very steep wall of the instanton is
suppressed by the smallness of the volume through the factor
Vg=sin®s,

Thus, we can conclude that if the tunneling process in
curved space were described by a functional integral in the
Euclidean domain, then in the semiclassical approximation
the rate of decay of the false vacuum would be determined by
the almost-solutions which we have described and would be
proportional to

1272 mt

exp [ — 3= u () +0 (x) | =exp [ = Fr +0 ().
(76)

In reality, the connection between the action integral on the
Riemannian manifold and the manner in which bubbles of
the new phase are created in the expanding de Sitter universe
is unclear. In the study of tunneling in a flat world (see Sec.
1), the transition to the imaginary time in the functional
integral was used, not to describe the field dynamics, but to
calculate the decay rate I" of the wave function, i.e., to calcu-
late a quantity whose physical meaning had already been
determined. We are not aware of studies in which a func-
tional integral has been related to an analogous quantity in a
curved universe.

Further, the analytic continuation of the Euclidean de
Sitter world §* could be either the throat of the de Sitter
hyperboloid or any inclined section of it passing through its
center (Fig. 6). It is in one such section that the inflationary
universe should be “materialized” after tunneling. How-
ever, the inflationary universe began from a hot singular
state, and no section of it coincided, even asymptotically,
with the complete section of the de Sitter hyperboloid indi-
cated above (Fig. 6). Therefore, it remains unclear what is
the connection between the description of tunneling in the
throat of the hyperboloid or in the inclined sections of the
hyperboloid by means of the method of Coleman and De
Luccia and the description of tunneling in a section very far
from the throat of the hyperboloid as must be realized in an
inflationary universe.

A further objection to the application of the described
procedure to the real universe is the well-known fact relating
to tunneling in the quantum mechanics of a single particle.
Suppose that a particle in three-dimensional space with mo-
mentum p encounters a one-dimensional potential barrier. If
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FIG. 6. De Sitter space corresponds to the hyperboloid z2 + 22 + 22 + 22

—z5 = H ~* (see Appendix A). In the Coleman—De Luccia formalism,
tunneling is realized in the throat 44 ' of the hyperboloid or in the “in-
clined throat” BB'. An inflationary universe that was initially hot and
began at a singularity corresponds to the surface passing through the point
0 and approaches the hyperboloid asymptotically.

the momentum p is perpendicular to the barrier, the motion
is effectively one-dimensional, and to find the coefficient of
below-barrier transition one can speak of either an imagi-
nary momentum below the barrier or an imaginary time.
The two languages are equivalent. But if the particle does not
impinge on the barrier at a right angle, only one language is
possible, namely, the momentum component p, normal to
the barrier becomes imaginary, while the component p; par-
allel to it remains real. Tunneling here takes place with re-
spect to one direction (if you wish, with respect to one vari-
able), and one cannot speak of a particle living in imaginary
time.*” Along the direction parallel to the barrier, classical
motion is not forbidden, and it would be meaningless to de-
scribe the motion of the particle by the Euclidean action.
The situation is just the same in the case of an inflation-
ary universe. With respect to the variable g, the system is
confined by the potential barrier F(g), and therefore, if we
follow only the variable @, we must expect to see something
similar to a quasistationary state concentrated around
@ = 0. The probability of measuring in the system a value of
a field ¢ near zero will slowly decrease. At the same time,
with respect to the variables of the gravitational field the
system is not confined by any barrier, and this is reflected in
the possibility of classical motion—increase of the radius of
curvature R in accordance with the Friedmann law. If we
look at the case from this point of view, then no quasistation-
ary state with respect to R and slow decay of it through the
below-barrier tunneling can in general be possible unless
tunneling with respect to the field ¢ necessarily requires si-
multaneous tunneling with respect to the scale factor R.
Thus, in the general case the application of the Euclid-
ean approach to tunneling in an expanding universe is un-
Justified and may lead to incorrect results. Nevertheless,
Hawking and Moss’s result® for the case m < H is correct,
although it applies not to tunneling that is strictly homogen-
eous in the whole of space but only to tunneling with the
formation of bubbles measuring /2 H~!. The reason for this
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is that although the tunneling studied above takes place si-
multaneously with respect to both the scale factor R and the
field @, the actual change of the field @ when m <H in the
process of tunneling is very small everywhere except in a
small neighborhood of the point ¢ ~, so that the contribu-
tion of the terms ~ (d,®)? to the action on the instanton is
negligibly small. In this sense, the process is effectively one-
dimensional, as in the case when a particle encounters a bar-
rier almost at right angles. For such cases, the Euclidean
approach can give the correct result.

There still remains the objection that in the Euclidean
approach the tunneling should take place to the throat of the
hyperboloid (see above). However, an analogous problem
also occurred in the Euclidean theory of tunneling at a non-
zero temperature, where the clarification of the question of
the shape of the resulting bubble requires an additional in-
vestigation but the probability of bubble formation itself is
determined uniquely and correctly®® in the Euclidean ap-
proach. As will be seen from the results of the following
section, the probability of formation of a bubble of diameter
[Z H~" in de Sitter space is almost independent of the bub-
ble shape. It is for this reason that the result obtained by
Hawking and Moss is insensitive to the question of the sec-
tion of the de Sitter space in which the bubble of the new
phase arises.

5. TUNNELING IN AN EXPANDING UNIVERSE.
HAMILTONIAN APPROACH

We begin this section by considering the so-called mini-
superspace model, in which one considers a spatially homo-
geneous closed universe filled with a homogeneous scalar
field. In this case, the metric can be written in the form

ds* = —a? (t) df* + R? (1) dP®,

where dI? = dy” + sin’y (d6? + sin*0dg ?) is the line ele-
ment on the three-dimensional sphere.

The Lagrangian of the gravitational field in the homo-
geneous case is*®

Le=2 | _oRir+qnRy.

+ (77

The Lagrangian (77) is singular, since it does not con-
tain the derivative with respect to the time of a(t), which
effectively determines the choice of the scale of the time .
Thus, a(r) is a gauge variable, and the canonical momentum
T, corresponding to it is zero: 7, = JL /& = 0. This result
still remains true in the presence of matter, which we take to
be a scalar field.

We consider first a scalar field coupled conformally to
gravity, since in this case we can exactly solve the resulting
equations. The Lagrangian of the scalar field with conformal
coupling is

i .= 5

Introducing instead of ¢ the variable X in accordance with

the formula ¢ = (1/127%( Y/R) and eliminating from the
Lagrangian the total derivative with respect to the time, we
obtain
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L= {7 (F1)' - 7% +e

y¢—2m2RY (0)}
(78)

Making also the change of variables « = oN, R = ga, where

o® =k /127%, we arrive at the total Lagrangian
e is Y a dy \2
L=Lo+Ls=5{(5 )
da \2
—@+5- (o) +e—Aa), (79)

where A=472¢*V(0) = (k*/367)/V(0),v=A4 /27
The canonical momenta are

- aL a 5( aL a a % 0
"a — T — ) —-—l--.—.— _—
B ¥ N O e
and the Hamiltonian is
v
’%"'—'—'{ﬂx—ﬂa (I2+AG!‘+XZ—'TX4},

On the canonical variables 7, 7, @, we must impose the
constraint condition that arises from the vanishing of the
momentum corresponding to the variable N:

03 1
0= a?vg —{—nﬁ—a2+Aa“+n§+x2—-%x’-},

On quantization, the canonical variables are associated
in the usual manner with operators:

(80)

1 9
inet L

1 4
LR e

and the constraint (80) becomes a condition imposed on the
state vector of the system:

%{{;;-a%z\a"—axg-‘—x — }‘I’(a, y)=0. (81)

(In the semiclassical approximation, in which we shall be
interested, the order of the noncommuting operators is un-
important, and therefore we shall ignore such questions.)

Equation (81) admits separation of the variables, so
that its solution can be represented in the form

¥ (a, 1)= | dece (@) ue (1), (82)

where the functions ¢, (@) and u, (y) satisfy the equations'®

%{_%_{—QZ—AQ"} ¢ (a) =ec, (a),

% { —-;-,6-;2—%- i —E—x"} ue (x) = ette (%)-

(83)
(84)
In the problem of the decay of the false vacuum we are inter-

ested in the evolution of the wave function W at large a. For
a> 1, Eq. (83) has the fundamental system of solutions

4P (@) =5 (a)
1
exp {+iS" ¥ (a, a}[1+0 (W)] ,
(85)
where g.(a) —Aa*—a’+2¢ and S (a,a,)

= + f& Vg (a')da'is the classical action, which satisfies
the Hamilton-Jacobi equation

379 Sov. J. Part. Nucl. 17 (5), Sept.-Oct. 1986

(BS“) +a—Aa*—2e=0. (86)

The wave function (82) contains, thus, positive- and nega-
tive-frequency parts corresponding to the upper and lower
signs in front of the radical in the expression for S {"*’ and
describing a universe that expands and contracts, respective-
ly, with the passage of time.

Between these two types of universe there is the same
connection as between a particle and an antiparticle, the first
of which moves forward in time, while the second moves
backward. In this sense, one can call the expanding world a
universe and the contracting world an antiuniverse.”* Of
course, such a choice is just as nominal as the stipulation that
a particle with a certain charge is to be called a *“particle,” in
contrast to an “antiparticle.” The theory is symmetric with
respect to time reversal, — — ¢, under which the universe
goes over into the antiuniverse.

We consider the positive-frequency component of the
wave function (82) corresponding to the expanding uni-
verse, a >0; in the semiclassical approximation the corre-
sponding canonical momentum is

N

b0

=—2a<0 (87)

and the function ¢, (a) is asymptotically equal, when a> 1,
to

Aal—a2-2e \1/4
@)= (Ra=ara )

exp [—-i SVAa"*—a’z—l-?e da’:l ce (ag)- (88)

ao

One can assume that at @ = a, the initial wave packet is
formed from functions u, (y) with bounded separation pa-
rameter €, since functions with a large parameter € evolve
extremely rapidly, and a wave packet formed from them
leaves the neighborhood of the point ¥ = 0in a time negligi-
bly short compared with the time of existence of the quasi-
stationary state in which we are interested. We recall the
situation in quantum mechanics: A quasistationary state is
characterized by a narrow band of energies whose width de-
creases with decreasing penetrability of the potential barrier.
Therefore, the integral (82) is effectively taken over a finite
interval of €, and there exists a large a for which to a given
accuracy we can restrict ourselves to the first term in the
expansion of (88) in powers of €/Aa” for any € in the interval
of integration of (82):

@
cea) ~ (_Anﬂ——a.(-j.)f!i exp I:—i \ VAd"—a% da’

Nat—a?
ag
a

e | TR
J
In addition, we assume that a> A ~'"? (i.e,, R>H ' inthe
dimensional variables), and we introduce the conformal
time % — 1/y/Aa. Under this condition,

@)% da’ | ¢ (o). (89)

e (@) > % exp [ - V Xa'2da' —is (1]—-110):[08 (ay),

(90)

...
Se—n

A. 8. Goncharov and A. D. Linde 379



and the expansion (82) takes the form

¥ (a, y)= ,,L exp [_Li\" (ﬂs—ﬂﬁ)] Wia, %), (91)

where
W, g)= | deexp [—iem—no)le () me (1), (92)

and this function satisfies the equation

et [~ e
which is identical to the Schrédinger equation for a particle
in the potential ¥ (y) = y*/2 — (v/4)y*.

It is known from quantum mechanics that if at a certain
time 7, is specified by a wave function W, ( ¥) localized near
the point y =0, then with increasing % the square of the
modulus of the wave function W (7, ) at small y decreases
exponentially,

(93)

[ W (. 3) etesp [T m — )l (94)

owing to below-barrier tunneling. The decay constant
I" in (94) is proportional to the square of the coefficient of
below-barrier transmission of a particle with energy € =0
[xo is the turning point of the potential F( Y):
Vixo) = ¥(0) =0]:

) . .

r~ s 22 [ E e [ 52,
]

(95)

We note that we have obtained for the decay rate the
same expression as in the flat world for the — A¢* /4 theory,
for which the tunneling can be described, for example, by
means of Fubini instantons, on which the action is precisely
87*/3A. This leads to the conclusion that in the semiclassical
approximation the field with conformal coupling is not sen-
sitive to the curvature of the universe (and in fact, strictly
speaking, this was why the conformal coupling was intro-
duced) if the conformal time is used instead of the time.

There is, however, a fundamental difference between
the situation which we have considered and the case of decay
of the false vacuum in a flat universe. This difference is that
the conformal time is bounded above, 5 <0. Since, by hy-
pothesis, the time of formation 7, of the wave packet is
small, |7,|=1/a,/A <1, so is the increment of the time:
7 — o < 1/ag/A € 1. But it is well known (see, for example,
Ref. 29) that the wave function of a metastable state is
damped exponentially with the time, in accordance with the
expression (94), only when % — 1, > 1. Thus, in our case
there simply is insufficient time for decay of the wave func-
tion of a formally metastable state, i.e., tunneling homogen-
eous in the whole of space is not realized. This conclusion is
in disagreement with Hawking and Moss’s assertion for the
theory under consideration.

We now consider a scalar field coupled minimally to
gravity. In this case, the Lagrangian

¢~V (9]

takes after the change of variable @ = (1/0+272)® the form

Lg=2n2R%. [ o1 (96)
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(the remaining notation is the same as in the case of the field
with conformal coupling considered above)

T [aﬁ(i-‘i‘i)Z_aﬁA(cb)]; A () = 4n?o'V.

8= N dr
(97)
Proceeding as before, we arrive at the Hamiltonian
=5 (G2 —mi—a+ A () at}, (98)

On the transition to the quantum theory, we obtain an equa-
tion analogous to (81):

{0 g — s — @A (D) @'} ¥ (e, @)=0.

da® a2 (99)

Separating from A () the part that does not depend on
the field, A(®) = A + w(®P) [w(0) =0] and considering
evolution of ¥ for yAa> 1, we make, as before, the ansatz
(91). The function W(a,®) now satisfies the equation

iVRa =3 {-Zztov@a}w. (100

We consider first the case of the simplest potential
Vip) =V(0) + m?’p?/2, ie, w(®)=p’®>, where
p* = o’m’. In the corresponding Schrédinger equation

cas W A 92 .

IVAa‘-éT=-§-(—-W+p2(D20“) W, (100")
it is convenient to make a change of the independent vari-
ables ®: a—£&=a*>®, and go over from the function
W(t,£) to the function u(#,£) in accordance with the for-
mula

Wt §=exp [FVR@E—iE)] u( &. (101)

The function #(¢,£) introduced in this manner satisfies
the Schrodinger equation for a harmonic oscillator:

o B 1 42 0 .,
A £ St

where 0* = u® — 9A/4.
The ground-state wave function of the oscillator, equal

(102)

to

ult, §=(7) " exp[—igr—2p], (103)

leads to the following dependence of the function W on a and
d:

W (a, Q):(%)iua’f"exp I:—-i ( 2;';./_\

-|-%- an‘*(l)z)] exp [—% asCDz] .

The square of the modulus of the wave function Wi(a, ®)
corresponds to a Gaussian packet that contracts with in-
creasing a:

|W (e, D)|2= ]/—;’- a®? exp (— wadd?).

Ina

(104)

(105)

The normalization of the wave function (105) is conserved
with increasinga: f * = d®|W(a,®)|* = 1. Thisis as it must
be, since we have a Hermitian operator on the right-hand
side of Eq. (101).

Note that we can speak of a ground state of the oscilla-
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tor only when w” > 0, i.e., when ,u2 >~ 9A/4. We now consider
why the value > = 9A/4 is distinguished. For this, we ex-
amine the classical equation of motion for the field ®:

B+ 3YAD+ p2d=0, (106)

where the dot denotes differentiation with respect to ¢ = (1/

JA) In a. The fundamental system of solutions of this equa-
tion is

O, =exp[(—5 VExi) p2— 5 A)t]. (107

Thus, for u? > 9A/4 the solution has a damped periodic na-
ture, whereas for u?> < 9A/4 there are no oscillations and the
motion is aperiodic. We can see why the width of the Gaus-
sian packet (105) decreases with increasing a—in the classi-
cal treatment, the amplitude of the oscillations decreases, as
follows from Eq. (107). In connection with the decay of the
false vacuum, we shall be interested in only the case
1* > 9A/4 This is due to the fact that the decay of the quasi-
stationary state occurs because, using the terminology of sin-
gle-particle mechanics, the particle periodically strikes the
potential barrier and in each collision there is a certain prob-
ability of tunneling. When we go over from the potential
V(p) = V(0) + (m*/2)@? to the potential with barrier
V(g) = V(0) + (m*/2)p* — (A /4)@*, decay of a state
concentrated near ¢ = 0 will occur only if the field “hits”
the potential barrier in its oscillations, i.e., only if the regime
of damped periodic motion is realized, i.e., for u*>9A/4.

For w(®) =pu*®*(u’>>9A/4), we found the
ground-state wave function (104). Now suppose
w(d) = u’®* — (v/2)®*, v=A1/27* €1. By virtue of be-
low-barrier tunneling, the ground state becomes quasista-
tionary. The decay rate is determined by the wave function
beyond the barrier, for ®>» /v, relative to its value at
@ = 0. We consider the situation in the semiclassical ap-
proximation, when W = exp[iS (a,®)yA], where the func-
tion S(a,®) satisfies the Hamilton—Jacobi equation that fol-
lows from (100):

2 w

N

or, in more detail,

WSS+ (B fo)emn o)

where ji* = u? /A, g = v/A.
As can be seen from Eq. (104), in the case g =0 the
function S(a,®) is

8 = a3D? ( —%—!—%5) ;

where & = w/yA = Jii* — 9/4. This suggests seeking a so-
lution of Eq. (109) in the form

(108)

(110)

S (a, @) = a®*D% (y),

where 7 = 7(®) = \g/2®.

The function o(7) satisfies the ordinary differential
equation

(111)

20 + no’)* + 60 + (W2 —n?) =0, (112)
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from which it follows that for 7 =0
=0y, = ——%j:-;—l/ﬁz—-%

To achieve agreement with (110), it is necessary to choose
here the upper sign. For this choice, Eq. (112) is equivalent
to the equation

no' = — ¥ Wi — 2 — 60— 20, (114)

in which it is assumed in calculating the square root that the
cut in the complex plane is taken along the negative real half-
axis.

It is readily seen that at large 7 Eq. (114) has the solu-
tion o = — an + iB /7. The value of the coefficient a does
not depend on * and is determined directly from Eq. (114):
a = 1/3. To determine the coefficient 3, it is necessary to use
a numerical calculation, which shows, in particular, that at
largeu (1 2 10) the dependence of 5 onu? can be excellently
approximated by the straight line

p = 0,7pd (115)

Thus, at large ®, ®*> 1/g, i.e., for @ *> H*/, the imaginary
part of the action function (111) becomes a constant with
respect to ¢:

(113)

2 4n?
Im 8o == a%p= 7~ Afie’. (116)
For ®>1/4/g, the wave function W(a,®) is suppressed with
respect to its value at @ = 0 as

exp (— VA Im Su) = exp ( — 4_;:E_5Aa,fzas)

=exp (— 3= B(HRY). (117)

We note that the volume (2 of the three-dimensional world is
27°R? and find that the probability of detecting the field
beyond the barrier is suppressed as

exp(—if—b”sz) : (118)
a result that is entirely natural from the physical point of
view, since we consider tunneling in the entire volume of the
universe. Thus, the probability of homogeneous tunneling
can be completely ignored at large R, as was expected earlier
on the basis of qualitative considerations.*

The significance of the expression (118) is in fact more
far-reaching than was assumed in its derivation. The expres-
sion (118) can be regarded as the probability of tunneling
with formation of a field that is homogeneous in a physical
volume 2 = H ~* not necessarily equal to the volume of the
complete closed universe. At large p (1= 10), when the
expression (115) is valid, we find that the probability of ho-
mogeneous tunneling in the volume Q is proportional to

exp ( —-—:ai’—-s-—mag) :

A result of just this structure can be obtained by using the
methods of Sec. 1 and considering tunneling in a flat uni-
verse with formation of a field homogeneous in the volume
€. Such agreement is also to be expected in the limit m > H,
when the neglect of gravitational effects appears valid.
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The results (117) and (118) obtained above related
only to the case of large mass, m* > 9H /4. In the opposite
case of small masses, m* € H %, there is no homogeneous tun-
neling, as we saw above. But if we are interested in a field
@(x) that is homogeneous, not in the complete (closed) uni-
verse, but on the scale of physical lengths, say of order H !,
then it is necessary to consider the harmonics of the field
@ (k) with wave numbers (k.. | S H. Important here is the
circumstance that in an expanding universe the physical
wavelength of each mode increases with increasing scale fac-
tor R. By virtue of this, an ever increasing number of modes
of the field @ contribute to the field averaged over the phys-
ical volume of order H~*. We shall consider this process,
following Starobinskii’s studies.2”-2

The basic idea is that when the field @(x) isdivided into
long-wave, ®, and short-wave parts the influence of the
short-wave part on ® takes the nature of a random force
possessing simple statistical properties.

In quantum field theory, the quadratic fluctuation of
the field @ (x) is infinite because of the superposition of the
zero-point vibrations of an infinite number of modes. How-
ever, the mean value %(x) in a finite volume of space has a
finite quadratic fluctuation. We determine the average over
the coordinate volume &3 by the formula

1 1

P =rmwm

G ) Py (x), 2= |x|.

Using an expansion in the momentum space (we assume that
the space is flat),

t %k : ;
P (x)= $ T [ae’™™ + afgie=Tke], (119)
we obtain for @, the result
d3k _ﬁﬁ £
Pp= s T P lagxt akok]. (120)

Here, a, and a;} are ordinary annihilation and creation op-
erators satisfying the commutation relations [a,, a; ]
=&8%(k — q). As expected, modes with & < 5 ~! make an ef-
fective contribution to the value of the field ¢ averaged over
the volume b*. For convenience, we replace (120) by the
formula

3

%=S%B(—k—i—bﬁ) [ax i + aigi]- (121)

We shall now consider the evolution of the field @
on the background of the given metric
dS*®= —dt* 4 R?(1)(dx® + dy* + dz?), the metric of a
de Sitter space with Hubble constant H = V(k/3)V(0).
Since we are interested in macroscopic effects that hold on
the scale of physical lengths of order H~ !, the correspond-
ing b, which characterizes the coordinate volume, is

— 1 -1 o
b—‘ﬁ][ ) (-,<<1-

A more precise restriction on the value of € will be obtained
below. Denoting the value of the field ¢ averaged over this
volume by the letter ®,

W= 5 _‘(2(;3‘;3# 0 (—Fk+-eRRH) [axpx + aigil, (122)

we obtain for the rate of change of ¢
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cb:S_.‘f”k_

Gy 0 (— b+ e RH) [axqic + aioi]

L eRH? Y(_zf:)’gwa (k—eRH) [axp + atei)

= [ omr 8 (— k- eRH) [+ aigt]+1 (). (123)
The equation of motion of the field @(x) on the back-
ground of the de Sitter space [v(@) = V(@) — V(0) = (m%/
2D)p?—Ap*/4]is

O+ 3He— A Vi + m2p—hgd =0, (124)

so that the mode @, satisfies approximately the equation

Pt 3H ot pr Gx+ mip—A (@) g =0.  (124')

For the modes with k>eR H, the last two terms in Eq. (124")
can be ignored if two conditions are satisfied:

1) m*<€k?/R? ie., m/H<e;

2) A{p?)<k?*/R*.

Condition 2 is always valid when one can speak of a
metastable state in the neighborhood of ¢ = 0; for the effec-
tive square of the mass

M2 =m? — 1} (p?)
must in this case be positive, and, taking into account condi-
tion 1, we obtain

A (@?) < m® <« k2R3
At the same time, in accordance with Ref, 32,

SHA

(9%) = B

and for A we obtain the bound
8n2 mt

8n2
7\.<TF<<<——3 £

Note that our condition 1, m/H €€ <1, is somewhat more
stringent than the condition discussed by Starobinskif:
m2/H? €e<l.

Thus, when conditions 1 and 2 are satisfied the modes
with k>€eRH satisfy the equation

{-];k‘l‘sH‘.Pk"*‘;;—i fu=0 (R=HteHt),

and therefore we can use the results of Ref. 41 and in the
expansion (119), (122) set

(125)

H 1 F
P =P = (’1 +‘;,;*) =i,
where 7 = — 1/HR. But |ky| = k /HR = € <1, so that

H

@kE“iW for k=¢eRH. (126)

We substitute in the equation of motion (124) the expansion
(120) of the field ¢(x) in the momentum space:

a3k .. . k2
S @)t {“k (ka + 3Hopk + T fpk) elkx | h.c.}
+ mPp—hg? =0.
Dividing the region of integration into two parts, we obtain
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[ ok 0 eRH — 1) {ox (et 3Hoe-+-r ) 4+ hoc.}

3
+ S —_(;n;; 0 (k—eRH)

{ak ((Pk + 3Hi>k+%’q3k) elkx |- h.c.}

+ m?g (x) —Ag® (x) = 0.

The second of the integrals is equal to zero, since for all
k>eRH Eq. (125) holds. In the first integral, the term con-
taining the first derivative is the most important. Asaresult,
we find that
d3k ’
S 0 (R H — k) {axpe @ +h.o.}

1

= L (e ) —A® (x). (127)

Averaging this equation over the volume b 3, and taking into
account Eq. (123), we find that

b L V@)

3H J0 (128)

+1 (1),

where

3,
() =eRH? | 5 8 (k—eRH) [axou + aigil,

and @, in its turn, is determined by the expression (126):
5 H
Pxk=9p = —1 -‘—/.72—]‘;7;—3 k=ERH.

Equation (128) is actually a Langevin equation with ran-
dom force f(¢). The statistical properties of f(¢) are charac-
terized by the correlation functions (), fafe)),
(f(t, )f(23)f(25)), ete. If the force f(2) describes Gaussian
random noise, i.e., if

G @) - f(t))=0,n odd,
(8 0o f(2a)) =(ZJ_)H (F(t) F(t5)), n even.

{f @) f (t2)) = 2D% (tl — ty),

then the Langevin equation (128) leads to the ordinary
Fokker—Planck equation for the distribution function
p(t,P):

O i
at — b

a%p

w0

( 1 av (129)

37 70 °)+D
We find the first correlation functions of the force f(#)
by averaging over the vacuum, i.e., over the state |) that

satisfies the equation gy |) = 0:

G ()y=0,
3

(F (1) 1 (1)) = HHSR, Ry | g8 (k — eRuH)

% 8 (q—eR,H) {axag) ¢x (t1) 9 (L)

— 2H'RyR, | é:f;s § (k— eR,H) & (k— e RoH) @x (1)) 4 (t2)
_q_ﬂ’%ﬁ)_f'_ﬁ S_‘;"‘_a(k_amﬂ)a (k— eR,H)
2HSR.R 1
= BT o (R H —eRyH)
eH%R, 1

H3
= Ene eRH® 8 (ty—to) =77 8 (Ba—1a)-

It is also readily seen that

383 Sov. J. Part. Nucl. 17 (5), Sept.-Oct. 1986

(f () f (t2) [ (ta)) =0,
(F (ta) f(£2) F (E) [ (£))

=T§%r[5 (tytto) 8 (ts—ta)
8 (ti—13) 6 (B — t) 4+ 0 (1, —1,) 8 (t,—ta)]-

The force f(t) does indeed have a Gaussian nature for the
assumption that has been made concerning the state s

Thus, the distribution function p (®,7) of the values of
& satisfies the Fokker—Planck equation (129) with
D = H? /87" . For Fokker-Planck processes, the solution to
the probelm of the “time of the first jump” is well known.*’
In the case when ® is localized at the initial time in the
neighborhood of a metastable equilibrium point separated
from the point of true equilibrium by a high potential barrier
(of height A¥), the mean time over which ® passes through
the barrier is exponentially long®”**

AV 8n2AV
At ~ exp [(“3?)/0] =exp [—_3114 .
This result is true when the argument of the exponential is
large. In the case of the potential that we consider,

v(@) = (m*/2)p* — Ap*/4, this means that we must have
the inequality

(130)

2 4
T >

in agreement with requirement 2 considered earlier.

In the considered case m<H, the expression (130)
agrees with the result of Hawking and Moss.” We wish to
emphasize that this agreement holds only for the case of
tunneling that is not completely homogeneous but appears
so in a certain bounded region of diameter /X H ™~ '. As we
have already noted, completely homogeneous tunneling is
not realized in the inflationary-universe scenario. In addi-
tion, the Hawking—Moss result (as can already be seen from
the restriction m < H) is valid for by no means all potentials
V(g). The difficulties associated with using the Hawking—
Moss result are manifested particularly clearly when one
considers tunneling in the potential shown in Fig. 2 (see the
Introduction). For the entire Hawking-Moss “derivation”
is based on the existence of a constant solution ¢ = ¢, of the
Euclidean equations (60) corresponding to a maximum of
the potential ¥(g). And therefore according to Hawking
and Moss the tunneling takes place from the minimum ¢ = 0
of the potential ¥'(g), whichisalsoa solution of Eq. (60), to
a maximum of V(). For the potential shown in Fig. 1, the
conclusion is unambiguous. But in the case of the potential
shown in Fig. 2, there are as many solutions of the Euclidean
equations (60) as the potential V(@) has minima and maxi-
ma, and to each of them the Hawking-Moss argument ap-
plies. Moreover, at the maximum ¢ 5 the field appears earlier
than at @, , and at the maximum @  earlier than at @ ;. But
the field should appear even more rapidly at any of the mini-
ma, and the time necessary for this should be not exponen-
tially large but, in accordance with the expression (1), ex-
ponentially small. But why is there then any tunneling to the
maximum with subsequent classical evolution of the field to
a minimum? Even stranger is the fact that according to the
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result of Hawking and Moss the tunneling to any of the local
extrema in no way depends on the behavior of V(@) between
@ = Oand the extremum to which the tunneling takes place.
Such a conclusion certainly seems to be incorrect.

In contrast, in the approach proposed by Starobinskif it
can be clearly seen that the field ¢ (122) leaves the neighbor-
hood of the minimum @ = 0 through “excitation” by short-
wave fluctuations and, naturally, initially arrives at the max-
imum g, closest to the original minimum @ =0, after which
it falls classically into the minimum @, . The process is then
repeated, i.e., the field is excited in the neighborhood of the
minimum ¢ ,, reaches the neighboring and lower maximum
(@), etc. At the same time, the tunneling probability is, in
accordance with Starobinski’s approach, given by the
expression (130) and is valid only subject to important re-
strictions on the form of V(@) [the barrier must be suffi-
ciently low and the potential must be sufficiently flat; see the
discussion after Eq. (124') ]. It follows from our results that
completely homogeneous tunneling can occur only when
even more stringent restrictions on ¥(¢) hold.

Summarizing, we may say that for the study of tunnel-
ing in an expanding universe the Euclidean approach can
play an important heuristic role, and in some cases it may
help us to guess the correct answer. However, by itself this
method is not always sufficiently justified, and the results
obtained by means of it are sometimes physically invalid. In
such cases, it is necessary to use better methods, such as the
general Hamiltonian approach or the method developed by
Starobinskii.

6. QUANTUM CREATION OF THE UNIVERSE “FROM
NOTHING"”

The idea of quantum creation of the universe “from
nothing,” which was put forward in Ref. 15, has been widely
discussed in recent years in the literature; see, for example,
Refs. 16-23. The theory of the corresponding processes has
not yet been fully developed, and even the very notion of
creation “from nothing” or “from another universe” re-
quires more detailed elaboration. Nevertheless, some fea-
tures of the theory of quantum creation of the universe are
already beginning to take shape.

Namely, in accordance with the quantum theory of
gravity, the quantum fluctuations of the metric and of all
physical fields on small scales AISM , | are extremely
large.** Suppose that as a result of such fluctuations there
arises a region filled with a slowly varying scalar field @ with
energy density F(g). If the scale Al of this region exceeds the
scale of the event horizon in the de Sitter space with energy
density F(@), AIRH ~'= V3M/87V , then the interior
part of this region will expand exponentially, independently
of the events outside the region.** Since the characteristic
scale at which the fluctuations of the metric are large is
Ip ~M ', the quantum fluctuations can lead to the creation

of an inflationary universe only if H —! =\3M . /87V
SM ', from which there follows the condition

V(p) = Mé. (131)
At the same time, the probability of creation of a universe
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with V(@) €M 3 must be strongly suppressed. On the other
hand, it follows from the condition A/ S M ; ' that if a Fried-
mann universe is created, it must necessarily be closed. '¢

The first attempt at a qualitative description of quan-
tum creation of a universe “from nothing” was made by Vi-
lenkin.'” However, from our point of view his approach was
not entirely justified, and his result for the probability
P~exp[3M:/8V(@)] of creation of the universe would,
contrary to the generally accepted point of view, imply that
the quantum-gravitational effects are stronger, the lower the
energy density V(p).

Recently, an interesting approach to the problem of
quantum creation of the universe was proposed by Hartle
and Hawking.'® This approach is based on calculation of the
ground-state wave function ¥, (a,¢) of a universe with scale
factor a filled with a homogeneous field @, this wave func-
tion having in accordance with Ref. 18 in the semiclassical
approximation the form

¥y (@, @) X exp [—Sz (a, @)l (132)

Here, Sy (a,) is the Euclidean action corresponding to the
solutions of the equations of motion for a(7) and @ (1) with
boundary conditions a(0) = g, @(0) =@ in a space with
Euclidean signature of the metric. The basic idea of the deri-
vation of the relation (132) is as follows. We consider the
Green’s function of a particle that moves from the point
(0,¢") to the point (x,z):

(x, 010, t') = X W, (x) ¥4 (0) exp (iEnt")

= [ Dx ) exp S = ), (133)
where ¥, (x) are the time-independent eigenfunctions of the
energy operator with eigenvalues E, 0. We now make the
rotation f— — ir and go to the limit 7' — — . In this case,
there survives in the sum (133) only the term corresponding
to the smallest value of E, (normalized to zero), ie.,

¥, (x) ~ 5Dx () exp {—S [x ()]} (134)

The generalization of this formula in the semiclassical ap-
proximation to the case in which we are interested should be
the expression (132)."® For the case of a slowly varying field
@ (and it is this case that is of the greatest interest to us from
the point of view of realization of the inflationary-universe
scenario) the corresponding action is S (a,p) =3M %/
16¥ (). It should follow from this that the probability of
quantum creation of the universe is P~ W2 ~exp[3M L/
8V (@) ], which agrees with Vilenkin’s result. !’ Fortunately,
in the framework of this treatment it is not difficult to find
the reason for the appearance of a physically incorrect re-
sult. The point is that the effective action of the scale factor a
has the “incorrect” sign, as can be seen by examining (79):

s~ [m[(#) o]
(in the notation of Sec. 5), where 7 is the conformal time,
7 =S Ndt/a(t), and A is the dimensionless cosmological
constant, with A = k *V (@) /367 for a slowly varying field
@. It is clear from comparison of (135) and (2) that the
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“excitations” of the field @ near a = 0 must, in contrast to the
particles of the field @, have negative energy, E, <0. The
physical reason for this is that the total energy of a closed
universe, the creation of which we consider, is always equal
to zero, and, therefore, the sign of the gravitational energy is
opposite to the sign of the matter energy. But in this case one
should, in the formula analogous to (133), make the rota-
tion ¢—ir, and not t— — ir, in order to calculate W (a,p).
This leads to a corrected semiclassical expression for
W, (a, gD),'g

4
Wo (a, ¢) ~exp[Sg(a, )= eXP[— —%,%] . (136)

As we saw above, uncritical application of the Euclid-
ean approach to the question of quantum creation of the
universe leads to a physically incorrect result. Since the justi-
fication of the Euclidean approach in Ref. 18 (and, there-
fore, the justification of its corrected variant in Ref. 19) was
to a large degree intuitive, we consider the Hamiltonian de-
scription of quantum creation of the universe. For simpli-
city, we restrict the treatment to a scalar field coupled con-
formally to gravity, although our results are also valid in the
more important case of a nonconformal slowly varying field
@, when the contribution of the derivatives of this field to the
action can be ignored, so that the entire part played by this
field reduces to the appearance of a cosmological constant
A V(g) in Eq. (135).

In the framework of the minisuperspace model, the
wave function of the universe in the theory with the confor-
mal scalar field satisfies Eq. (81), which admits separation
of the variables; see Egs. (82) and (84). If the cosmological
constant is zero, A = 0, then Eq. (83) is identical to the
Schrédinger equation for a harmonic oscillator. It is natural
to assume that the physical state of the universe is described
by a normalizable wave function,'® and that the ground state
of the universe, which is of the greatest interest, is simply the
oscillator ground state determined by Eq. (83). In this case,
the probability that the universe has a large radius R is sup-
pressed as exp( —a*) = exp[ — (37/2) (R /1%)]. There-
fore, for example, in a universe with zero cosmological con-
stant, in which we now live, the space at Planck scales is far
from homogeneity and evidently consists of a space-time
foam, the “bubbles” of which never expand to sizes at which
we could observe them.

But if the cosmological constant is A > 0, then a uni-
verse that oscillates around @ = 0 could tunnel below the
barrier of the “potential energy” W(a)=a?/2 — Aa*/2 to
the value @ = 1/JA and then expand classically, reaching a
macroscopic size. The probability of formation of a macro-
scopic universe from a microscopic bubble of the space-time
foam is, in this case, equal to the probability of tunneling and
has in accordance with Eq. (83) a value of the order*'™*

9 2 a G)

exp ( —3—A-) =exp ( ﬂ%) =exp ( —-3'8—1:,1-), (137)
in agreement with the results of the earlier treatment."”

The expression (137) can be interpreted as the relative
probability of creation of the universe for different vacuum
energy densities, so that the ratio of the probabilities of cre-
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ation of universes with different Vis

Bi . [_ 2 2 b 1 1
T =P 3A1+3A2]_°“‘p[ 8 (?‘"Tf;)]

1

It is important that the creation of a universe with
V(@) M} is not exponentially suppressed, in agreement
with the results of the qualitative analysis made at the begin-
ning of this section.”” This, as was shown in Ref. 19, leads to
a natural realization of the random inflation scenario.*

CONCLUSIONS

In this paper, we have considered numerous questions
related to the theory of classical fields in an expanding uni-
verse, to the theory of tunneling in de Sitter space and in an
inflationary universe, and to the problem of quantum cre-
ation of the universe. These questions are extremely compli-
cated, and by no means always have we been able to achieve a
final success in their study. Nevertheless, we hope that we
have succeeded in clarifying a number of points for which a
large number of contradictory opinions can be found in the
literature. Particularly important is the conclusion that we
have drawn for ourselves from the investigation, namely,
that the Euclidean approach is subject to a certain limitation
and that it is necessary to develop new methods in the theory
of tunneling and in the quantum theory of gravity.

In recent years, the interest of physicists in the theory of
the very earliest stages in the evolution of the universe and in
questions of quantum cosmology has grown considerably.
The number of publications on this subject is rapidly increas-
ing, and it frequently occurs that investigators who join in
this work for the first time repeat the errors of their predeces-
sors instead of learning from them. Our understanding of
quantum cosmology and the theory of tunneling in an ex-
panding universe is also rather incomplete and limited. But
we still hope that the present paper will be helpful for those
who wish to attack seriously the situation that now exists in
this interesting branch of science.

APPENDIX A. de SITTER SPACE

After Minkowski space, de Sitter space is the simplest
geometrical space corresponding to a ten-parameter symime-
try group: O(4,1). From the mathematical point of view, the
simplicity of de Sitter space resides precisely in this high
degree of symmetry. It is as symmetric as Minkowski space,
which also has a ten-parameter symmetry group: the Poin-
caré group. However, from the physical point of view de
Sitter space has very nontrivial properties—an event hori-
zon, singular behavior of the fluctuations of a scalar field in
such a space, etc.

De Sitter space is a solution of the Einstein equations
with maximally symmetric energy-momentun tensor:
T,, =8, V, where V>0 is the vacuum energy density. In
fact, ¥ has the meaning of the well-known A term in Ein-
stein’s equations.

The symmetry of de Sitter space makes it possible to
represent its metric in the Friedmann-Robertson-Walker
form:

ds? = —di® 1+ R® (1) die, (A.1)
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whered!? is the line element of a three-dimensional space of
constant curvature K. Without loss of generality, we can
choose K = + 1,0, — 1ifin (A.1) we replace R 2 by R 2K
(for K> 0) or by — R K (for K <0).

The dependence of the scale factor R on the time is de-
termined from the Einstein equations with L =gl

() 4=

where H? =kV/3, and k = 87G is the gravitational con-
stant.
In the case of a closed three-dimensional space, for

K =1, the solution of Eq. (A.2) is

R () = H-' ch Ht.

(A.2)

(A.3)

For K =0, i.e., in the case of a flat three-dimensional
space,

R (t) = H-1eH!, (A.4)

At large times, t> H ', the scale factors (“radii”) of
the closed and flat universes are almost equal. However, it by
no means follows from this that the corresponding spaces are
nearly the same; for a start, the closed universe has volume
27°R 3, while the volume of the flat universe is infinite.

A convenient way of representing the Friedmann space
(A.1) is to embed it in a flat five-dimensional space with the
metric

dst= —di§+d}+ ... +df. (A.5)

Let K=1. The corresponding three-dimensional
space can be represented in the form of a three-sphere
u} +..+ui =1 embedded in a four-dimensional space
with metricdu® = du} + ... + du?. Then, after introduction
of the coordinates z, = f dt 1 + R 2, Zg =Ru, = 1.0, 4,
the Friedmann space (A.1) can be represented in the form of
the surface of revolution 22 + ... + 22 = R 2(z, ) in the five-
dimensional space with the metric (A.5) in the sense that the
line element on this surface is determined by the expression
(A.1) [for dI*=dy*+ sin’y(d6? + sin0dp ?), corre-
sponding to the line element on the three-sphere].

In the special case of de Sitter space, we find, using the
expression (A.3), that

29 = H-1sh Htand R* = H-2 4 .3,

Therefore, the geometrical image of de Sitter space is the
single-sheeted hyperboloid

—adt st = H, (A.6)

embedded in the flat five-dimensional space (A.5). Omit-
ting two dimensions (z, = z; = 0), we show the de Sitter
space in Fig, 7. The three-dimensional world corresponding
to the surface ¢ = const will be shown in Fig. 7 in the form of
a circle. As the time ¢ increases, the radius R of the three-
dimensional world first decreases to the minimal value A~
corresponding to the throat of the hyperboloid and then in-
creases in accordance with (A.3).

The coordinate grid corresponding to the closed three-
dimensional world with line element

ds® = —di® 4 H-% ch® Ht (dy? + sin? y (d6% + sin® 0de?) (A.7)
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FIG. 7. The de Sitter hyperboloid z2 + 2} + 2z} + 22 — z2 = H —2 embed-
ded in a flat five-dimensional space (z,,...,z,) (in the figure, two dimen-
sions are omitted) with the coordinate grid (A.7) corresponding to a
closed space.

covers the complete de Sitter space. At the same time, the
coordinate grid corresponding to the flat three-dimensional
world in which the line element is written in the form [see
(A4)]

ds? = —d® 4 H-22Ht (da? L g2 L 3:9), (A.8)
covers for all possible 7( — w0 <f< + ) only the half of de
Sitter space bounded by two parallel generators L, i.e., by
straight lines lying on the hyperboloid. Such lines appear in
the section of the hyperboloid with the plane that touches the
hyperboloid at its throat and are the world lines of light emit-
ted from a point in the throat. In the coordinate grid (A.8)
of the space, the lines ¢ = const will be represented by the
parabolas into which the hyperboloid is cut by planes paral-
lel to the plane determined by the generators L (Fig. 8).

We shall not consider the coordinate grid correspond-
ing to the open Friedmann universe (K = — 1) or the grid
corresponding to the “static de Sitter universe,” since we do
not use them in the main text of the paper.

We note in conclusion that if the substitution ¢ =iris

made in (A.7), the line element becomes

ds® = dv* + H-% cos? Ht (dy® + sin? y (402 + sin? Odg?)), (A.9)

and this is the metric of a 4-sphere embedded in five-dimen-
sional Euclidean space. The coordinate grid in which the
metric (A.9) is expressed covers the complete sphere if Hr
varies in the interval [ — 7/2, 7/2 1, and the spaces t = const

FIG. 8. The de Sitter hyperboloid with parabola PP corresponding to the
space 7 = const in the coordinate grid (A.8) (L and L ' are straight-line
generators lying in the section of the hyperboloid with the two parallel
planes tangent to the throat of the hyperboloid at the diametrically oppo-
site points M).
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are (if, as before, two dimensions are dropped for clarity)
circles parallel to a fixed equator.

This property of de Sitter space is frequently expressed
by a sentence of the type: “On the transition to the Euclidean
domain, the de Sitter hyperboloid goes over into the sphere
S4 .”

APPENDIX B. INFLATIONARY-UNIVERSE SCENARIO

One of the most interesting directions that has arisen in
recent years at the frontier of elementary-particle theory and
cosmology is the so-called inflationary-universe scenario.
This scenario has made it possible to solve numerous prob-
lems that existed in the standard theory of a hot universe and
has forced cosmologists to look quite differently on the phys-
ical processes that take place in the earliest stages in the
evolution of the universe and also at the question of the prop-
erties of the universe at scales exceeding by many orders of
magnitude the scales of the observable part of the universe
with radius /~10*® cm

The most general feature of the different forms of the
inflationary-universe scenario is the assumption that during
the time of its expansion the universe must pass through a
stage in which it is in an unstable quasivacuum state with
energy-momentum tensor T, =g, V. In this stage, the uni-
verse expands approximately as a de Sitter space (A.4), i.e.,
exponentially (or quasiexponentially, the Hubble parameter
H = R /R decreasing very slowly, H < H *). Then Vis either
constant or decreases slowly. The quasi de Sitter stage then
terminates (stage of inflation) and the energy of the quasiva-
cuum state goes over into thermal energy. The temperature
of the universe after its heating is almost independent of the
duration of the inflationary stage. At the same time, all the
scales that characterize the inhomogeneities in the universe,
the radius R of its three-dimensional curvature, etc., become
exponentially large. This makes it possible to explain why
the geometry of the three-dimensional space is now nearly
Euclidean, why the universe is almost homogeneous and iso-
tropic, why it contains few superheavy monopoles, which
must have been created in the earliest stages in the evolution
of the universe, etc. As we here have no possibility of discuss-
ing this in detail, we merely mention that the inflationary-
universe scenario, in its present form, makes it possible to
solve more than ten different problems at the frontier of the
theory of elementary particles and cosmology, and that at
the present time no other possible solution to the greater part
of these problems exists.

The idea of expansion of the universe in an unstable
vacuumlike state was first advanced by Gliner** (see also
Ref. 45). An important stage in the development of this idea
is associated with Starobinskils model,** which, in a some-
what modified form, is now one of the variants of the infla-
tionary-universe scenario. The actual expression “inflation-
ary-universe scenario” was proposed by Guth, 2 who
assumed that the energy V() of a scalar field must play the
part of the vacuum energy and that the inflation must take
place in a supercooled unstable vacuumlike state ¢ =0
[F(0) > 0] until a phase transition to the stable state p = &
[V (o) = 0]. This scenario led to two large inhomogeneities
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of the density after the phase transition and was replaced by
the “new” inflationary scenario,'*'* according to which the
inflation takes place not only to the phase transition but also
after it in a process of slow “rolling” of the field ¢ to its
equilibrium value o. In both Guth’s scenario and the new
scenario, the phase transition is realized by below-barrier
creation of bubbles (or spherically asymmetric regions)
filled with a nonvanishing field, ¢ #0. It was to describe this
transition that the theory of tunneling in an expanding (in-
flationary) universe was required.

At the present time, it appears that the idea of inflation
can be most naturally realized in the random-inflation sce-
nario.?® In accordance with this scenario, the universe
passes through a stage of inflation in regions of it that for
some reason or other were originally filled with a fairly large
and fairly homogeneous nonequilibrium field . This mech-
anism works in a large class of elementary-particle theories,
including all theories for which V(@) ~¢", n>0, when
@ 2 M. As a simplest example, one can consider the theory
with V(@) =Ag 4/4. As is shown in Refs. 26 and 20, when
@> M, the Einstein equations and the equation of motion
for the scalar field have the solution

9 (=g exp — Mpr)

(B.1)
R (t)= Ry exp (j}—ﬁcps—qﬂ ®).

During the time that the field ¢ rolls down to zero from its
initial value @(0), the universe undergoes inflation by
exp[m@? (0)/M %] times. If one assumes that, in order of
magnitude, the most probable initial value of the field g is
determined by the relation ¥[@(0)] = A@* (0)/4~M} (in
this connection, see Refs. 26 and 49), then the degree of
inflation of the universe will have the order exp(1/ JA).
Then V() at the time when the inflation ends will have the
order AM }, and the subsequent stages in the evolution of the
universe will take place independently of the initial value of
the field @ and the duration of the inflation.

In itself, the scenario of random inflation (the degree of
which in each particular region of the universe depends on
the value of the initial field ¢ randomly distributed in it) is
not based on the theory of tunneling in an inflationary uni-
verse. Nevertheless, the theory of tunneling in an expanding
universe is still an important element in the scenario, since
the corresponding phase transitions during the expansion of
the universe may take place not only for the scalar field ¢
responsible for the inflation but also for numerous other sca-
lar fields present in the theory. We merely mention that a
quite unexpected effect such as tunneling from the absolute
minimum to a local minimum of the potential ¥(®) during
the time of inflation may provide a basis for solving the prob-
lem of symmetry breaking in supersymmetric grand unifica-
tion theories® The inhomogeneities that arise when bubbles
of the new phase are created and expand exponentially dur-
ing the time of inflation can play an important part in form-
ing the large-scale structure of the universe observed to-
day.®! It is also not impossible that quantum creation of the
universe occurs through a process similar to tunneling; see
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Sec. 6. All this makes the study of tunneling in an expanding
universe an important and interesting problem, the solution
of which is needed for the further development of the infla-
tionary-universe scenario.

The reader can find a more detailed discussion of the
present status of the inflationary-universe scenario in the
reviews of Refs. 20, 52, and 53.

* Throughout the paper, we use a system of units in which #i=c =1,
while the Planck mass M, is equal to G ~'/* = (k /87)~ "2, where
G is the gravitational constant.

» Translator's Note. The Russian notation for the trigonometric, inverse
trigonometric, hyperbolic functions, etc., is retained here and throughout
the article in the displayed equations.

)1t should be noted that the degree of suppression of the probability of
creation of a universe with FS M} may be somewhat weakened when
allowance is made for the effects associated with the creation of elemen-
tary particles.??
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