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The review is devoted to a systematic exposition of a new approach to the investigation of the
quantum method of Bogolyubov generating functionals in statistical physics on the basis of an
analysis of the representations of the Lie algebra of the currents in nonrelativistic quantum
mechanics and the functional equations corresponding to them. The quantum method of
Bogolyubov generating functionals developed by the authors is shown to be effective for the
important problem of calculating the correlation functions of many-particle systems. Explicit
functional—operator expressions are obtained for the generating functional of the distribution
functions in classical statistical mechanics in both the equilibrium and nonequilibrium cases.
An analysis of the Wigner representation for the Bogolyubov generating functional is the basis
of a proof for the first time of the Hamiltonicity of the nonequilibrium functional equation in

the grand canonical ensemble of the classical statistical mechanics of many-particle systems
with respect to a special Lie-Poisson—Vlasov symplectic structure on the orbits of the
coadjoint representation of the semiclassical Lie algebra of observables. Examples of
interacting one-dimensional Bose and Fermi gases of particles on an axis are considered; for

them the calculations can be performed in closed form.

INTRODUCTION

In his fundamental study of Ref. 1, Bogolyubov pro-
posed in the case of classical statistical mechanics the meth-
od of generating functionals for the study of the n-particle,
neZ , , distribution functions of a many-particle dynami-
cal system; this method proved"? to be very effective when
applied to definite physical problems. It is sufficient to point
out that well-established results in classical statistical me-
chanics, such as the Mayer—Ursell expansion,®® the repre-
sentation of “collective” variables,* and others, became
special cases of the general method of Bogolyubov generat-
ing functionals. Particularly effective was its quantum inter-
pretation,®® which in the limit of a Planck constant 7 tend-
ing to zero made it possible to obtain for the generating
functional of the distribution functions of a classical dynam-
ical system explicit functional-operator® expressions in not
only the equilibrium but also the nonequilibrium case. Here,
a very important part is played in the analysis of the proper-
ties of the generating functionals by the corresponding Bo-
golyubov functional equations,’ whose solutions they are.
Analyzing the quantum approach to the study of the solu-
tions of the functional equations proposed in Ref. 6, Bogo-
lyubov suggested the idea of its natural development to
quantum dynamical systems of statistical physics, in which
the generating-functional method and the Bogolyubov func-
tional equations corresponding to them would provide the
foundation. Developing this idea using the formalism of rep-
resentations of the Lie algebra of the currents,”'®** which is
natural in this case, we give in the present paper a complete
functional description of the initial quantum dynamical sys-
tem, this generalizing the corresponding description of Bo-
golyubovin Refs. 1 and 13. Going to the classical limit on the
basis of the Wigner representation for the Lie algebra of the
observable operators, we prove the Hamiltonicity of the non-
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equilibrium Bogolyubov functional equation on a special in-
finite-dimensional symplectic manifold with Lie-Poisson-
Vlasov bracket on the orbits of the coadjoint representation
of the Lie algebra mentioned above.

It should be noted that in the framework of the alterna-
tive algebraic approach to the quantum theory of many-par-
ticle systems based on the methods of Hamiltonian algebra,
generating functionals of Bogolyubov type were considered
for the first time in Ref. 35. For these generating functionals
there was obtained an associated equation in functional de-
rivatives, this corresponding to the hierarchy of Bogolyu-
bov-Gurov equations for the n-particle kernels of the opera-
tors of the distribution, from which the quantum Vlasov
equation was derived in the limit of a weak interaction and a
large mean number of particles. The same study also intro-
duced the algebra of second-quantized observables, de-
scribed by generating functionals on the basis of the method
of canonical quantization (uniformization) of the classical
Hamiltonian algebra of these functionals with a pointwise
product and a bracket of Lie-Poisson type. Problems relat-
ing to the asymptotic determination of generating function-
als of Bogolyubov type on arbitrary C* algebras were consid-
ered in Ref 36, which contained a proof of proved a
reconstruction theorem for a second-quantized system
based on the above-mentioned properties of these function-
als (a theorem of Gel’fand-Naimark-Segal-Araki type),
and quantum kinetic equations of Boltzmann type corre-
sponding to a Markovian dynamics of the second-quantized
system were obtained.

We should like to take this opportunity of sincerely
thanking Academician N. N. Bogolyubov for support, con-
stant interest, and assistance in the present work. Various
questions on the subject of the paper were discussed with O.
S. Parasyuk (Academician of the Ukrainian Academy of
Sciences), B. I. Sadovnikov, P. P. Kulish, D. P. Sankovich,
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A. M. Kurbatov, V. P. Belavkin, and P. I. Golod, to all of
whom we express our sincere thanks.

1. FORMALISM OF REPRESENTATIONS OF THE LIE
ALGEBRA OF THE CURRENTS

Suppose we are given the Hilbert state space ® in nonre-
lativistic quantum mechanics. There are defined on it ca-
nonical field operators of creation, ¥~ (x), and annihila-
tion, #(p), with x, yeR?, which satisfy commutation
relations of Bose or Fermi type:

(), ¥ (@]e=[V*(z), V" (¥)+=0; }
[P (), ¥*(¥)]e =8 (z—y).

As the algebra of observable operators that describes inter-
acting quantum particles, we choose the Lie algebra of the
currents.” In order to construct it, we introduce the follow-
ing fundamental operator quantities:

(1)

P @ =v* @) P @), (2)
which is the particle-density operator, and
T (2)= 37 [¥* (2) V¥ () — V" (2) ()] (3)

which is the operator of the particle flux density at the point
x € R®. Then by direct calculations we can readily show that
the operators

p={ @i@p(@) and J @)= d2g@ /@

R3 L]

where fe # (R’ R'), g e #(R? R?) are rapidly decreas-
ing Schwartz functions, satisfy the commutation relations

[p(f1)s o (f2)1=0;
e (), T (&)]=ip(gVf); } (4)

[T (g1)y T (g)1=1T (2,Vgs—g:ViEs)

forall £, f1, /> € #(R%; R'), g, g, g, € #(R? R®). The Lie
algebra (4) of the currents will be the fundamental entity
studied in our approach to the quantum method of Bogolyu-
bov generating functionals. The current Lie algebra (4) cor-
responds to physically observable quantities, and therefore,

naturally, the operators p( f) and J(g) must be self-adjoint,

ie,p" (N =p(N,J* (g) =J(g) forall fe ¥ (R*% R!),
g€ 7 (R% R?). But, as is frequently the case in quantum
theory, they may be unbounded operators on the Hilbert
state space ®. It is therefore natural and convenient to work
with unitary operators U(f) and V(g %), which are deter-
mined by the formulas

U (f) = exp [ip (N];
where

V (@) = exp [itJ (g)], (5)

tE R S 0f @) = g o of (2);
o§ (z) =z €R% geoqf (2)
= g (9f (*))andf € & (R%; RY); g € # (R R?).

=g(@pf(x)) and fe #(R%; R"); ge # (R R?).
The exponential currents (5) form a group G with the
composition law'®
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V) UD=U(f-9)V(e) (6)

V(e V(gg) =V (g0 qy).

The group G (6) is the semidirect product . A Diff(R?),
where . = . (R’ R"), Diff (R®) is the group of diffeo-
morphisms'*'* of the space R?. It follows from (6) that for
fi /o € 7 and @,, @, € Diff (R?) the group law in % A Diff
(R?) has the form

(fiy @1) @ (for P2) = (s + fa o 91, Qg0 @y). (7)

It is obvious that the algebra (4) is the Lie algebra ® of the
group G = ADiff (R?). To define the group
G = . A Diff (R?), we introduce the group Diffy(R*) of
smooth diffeomorphisms of the space R* with compact sup-
ports and with the standard group operation by means of the
composition of mappings. The group Diff, (R* ) is topologi-
cal; its topology is given by a countable system of metrics of
the form
UPsy PP = max sup (14 [z]2)" g™ (2) —g{™ ()|

|m|=0, n

U U(f) =U (fi+1a)i }

forallneZ,, ¢, @, cDiff (R?), where (m) = (m,, m,,
m; ) is a multiple index in the space Z°,_, |m| = 2
@ ™ (x) = ("™ @ (x)/3x™ ), k = 1, 2. As a topological
space, the group Diff(R*) can be defined by means of the
operation of completion of the space Diff, (R*) with the -
topology introduced above. Thus, the group Diff(R?) is to-
pological and metrizable with a countable basis of the topol-
ogy (neighborhoods) at each of its points. The group
Diff(R* ) contains diffeomorphisms with noncompact sup-
ports, but in the limit |x| - 0, x€R?, they can be approxi-
mated by the identity mapping in Diff(R*). In particular,
from the condition ge . (R% R®) the element ¢*(x)
eDiff(R*) for all teR', xeR?, and the mapping
& (R%; R?) 3 g:-@% e Diff(R?) is continuous. In addi-
tion, the group Diff(R* ) is locally linearly connected, but it
is not locally compact in the topology given above.

Let G = . A Diff(R?) be the semidirect product of the
Abelian topological group .% with the standard topology '
and the topological group Diff(R® ) described above, the ac-
tion in which is defined by the expression (7). Different
unitary representations of the group of currents
G = % A Diff(R?) describe different physical systems. For
example, a system of N € Z | identical Bose particles and a
system of Ne Z , identical Fermi particles correspond to
two unitarily inequivalent representations of this group.
Since the group ¥ A Diff(R?) is an infinite-parameter
group, it appears to be possible to describe a very broad spec-
trum of physical situations by means of its various unitary
representations, '

The Hilbert space @ for every irreducible representa-
tion of the group of currents % A Diff(R?) is unitarily
equivalent'' to the Hilbert space

¢=ef du(F ), , (8)
o
where 4 is a cylindrical measure on %, the space of contin-
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uous real and linear functionals on ., and @, which are
labeled by the index F € %, are complex linear spaces. In
physics applications,'" it is necessary to choose dim @ = 1;
in this case ® =L {(5';C") is the space of functions
square-integrable with respect to the measure u on %",
Now suppose the element w (F)e® is arbitrary; then for
the action of the group . A Diff(R?) on this element we
have the representation
1/2 } 9

U(f)o(F)=expli(F, o (F);
ch dp (@*F)

V(@) o (F)=1,(F) o (o*F) [
where (¢ *F, f) = (F, fop); fe &5 @ e Diff (R?); Fe %",
dp(@ *F)/du (F) is the Radon-Nikodym derivative'® of the
measure i (¢ *F) with respect to the measure x(F), and
X (F) is a complex-valued factor of unit norm that satisfies
the condition

Yea (F) %o1 (F) = Xosepa (F) (10)

forallg,, @, € Diff(R*). Ifthe Radon-Nikodym derivative
in (9) is to exist, the measure u on .%°' must be quasi-invar-
jant with respect to the group Diff(R* ), i.e., for any measur-
able set Q C %' and any ¢e Diff(R®) the measure
1(Q) =0ifand only if u (¢ *@) =0.

The representation (9) corresponding to a quantum-
mechanical system of N € Z . identical particles has mea-
sure u concentrated on Dirac delta functions, i.e., on func-
tionals of the form'"'?

N
=J§lﬁ(w—x,) (11)

with measure of the form
N N
ap (F)=Q*Q [] &8 (F—2 8 (@—2y))s
= =

where x, x; €R?, j= LN (ie, l,.,n), and Q€L ()
(R3, C') is the symmetric or antisymmetric ground-state

wave function of the N-particle dynamical system. The fol-

lowing formulas also hold: Q(F) = we L ¥ (S, C");

N

p () 0(F)=2 8(z—zj) o (F);

=1

2

\
T (@) 0 (F) =55 2 (28 (z—2)) V;— (V) (z—2)] 0 (F), i
1 J

.
Ii

(12)
where @(F) =w(x,,....,xy) e®=L{¥’ (R¥;C"); x,
x; €R®j= 1, N. Consequences of (11) and (12) will be

formulas for the representation of the group . A Diff(R?)
on ®=L {=? (R*¥; C"):

N
Ufo(P)=expli X f(=)lo(F)

V()0 (F)=o(e+F) [et| 252 ],

where we have set y,(F)=1 for all @ € Diff(R?),

(@ *F) = o(@x,, ..., pxy ) in the case of Bose statistics. -
In view of the particular effectiveness of the analysis
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of properties of representations of the group
G = . A Diff(R?) by means of the generating-functional
method,!"""1® which generalizes the approach of Refs. 1
and 6, we introduce some definitions in connection with this
method.

DEFINITION 1.1. A generating functional on the
group G = ¥ A Diff(R?) is a complex-valued function E
on G with the following conditions:

DE()=11€G;

2) El[a,exp(t, A)a,] is a continuous function of the
parameter 7€R’ forall4 € ® and @, a, € G;

3) the matrix |[E(a;'a;)|,j= 1, N, is positive defi-
nite for all ¢, €G,j= 1, N, and NeZ . The following
theorem holds."®

THEOREM 1.2. The function E is a generating func-
tional on G if and only if there exists a continuous unitary
representation 7: G— Aut(®) on @ with a cyclic vector
Q) € ® such that

E (@) = (@ = () Q).

(13)

The vector Q) € ® is said to be cyclic with respect to the
representation 7 if the set {7 (a)Q: a € G} is complete in P,
i.e., is dense in ® if taken together with its linear combina-
tions over C'; (+,*) is the scalar product in .

The significance of this theorem is that one can implicit-
ly construct unitary representations of the group of currents
G = .7 A Diff(R?) and, thus, the Lie algebra & (4) of the
currents by defining a generating functional on G appropri-
ately. This is very important, since frequently the latter
problem is much simpler than the initial problem.

We now consider the representation m: G- Aut(®) in
Theorem 1.2 restricted to the Abelian subgroup %, in the
group G = % A Diff(R?) and its corresponding generating
functional .# ( f ), f€ %, in the form
£ (=@, explip(N Q)= du(Fexpli(F, N, (4
EY‘

where the cyclic vector Q € ® is normalized to unity: (£,
Q) = 1. In accordance with the principles of nonrelativistic
quantum statistical mechanics,® the functional (14) can be
rewritten® in the equivalent trace representation:

& (f)=tr (& exp[ip ()]), (15)

where §: ®—® is the corresponding statistical operator,®
satisfying the condition tr = 1. As is demonstrated in
Refs. 6 and 2, in many cases the representation (15) is in
practice more convenient for investigation, since it revea's
explicitly the operator structure of the cyclic vector { € P.

Here, we shall, when necessary, use both representa-
tions (14) and (15).

The generating functional (14) possesses all the follow-
ing necessary properties: 1) .Z(f) = Z*(—/f) for all
fe #32) Z20)=133) | 2Nkl fe #4) L(f)isa
positive-definite functional, which means that for arbitrary
¢,eC\ f € %,j= 1, N, NeZ,, the inequality 27, _, cf

% (fi —f;)>0 holds. As one can show, a functional
% (f) with the properties 1-4 always defines a measure p
on %' for the representation of the Abelian subgroup % of
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the group of currents .¥ A Diff(R®). If the measure  is in
addition quasi-invariant and the factors Yo (F) in (9) are
known for all ¢ € Diff(R?), Fe ¥, then the representation
(9) of the group of currents . A Diff(R?) is thereby com-
pletely determined. In fact, we shall be interested in only
irreducible representations of .%° A Diff(R?). According to
Ref. 11, reducible representations of .* A Diff(R?) corre-
spond to systems of particles with different masses or with
internal degrees of freedom. In the latter case, it is necessary
to add to the Lie algebra of the currents (4) additional local
currents of the observables in order to obtain a complete
system of observables.'® In this connection, we mention that
a representation of . A Diff(R*) will be irreducible if and
only if the measure y on %’ is ergodic for Diff(R?), i.e.,
when for any measurable invariant set Q C %' either
u(Q)=0 or u(S'\Q) =0 For Fe.”', we set
Or(F) ={@p*F: @ € Diff(R®)}, where the set Or(F) is
called the orbit of the element F € %" under the action of the
group Diff(R’ ). An arbitrary invariant set is in the general
case a nondenumerable union of a family of mutually nonin-
tersecting orbits. Assuming that the orbits containing an in-
variant set Q C % are measurable, we find only two possi-
bilities for ergodicity of the cylindrical measure b 0N
Either it is concentrated on one orbit, or each orbit has zero
measure. Asisshown in Ref. 15, both situations occur for the
group of currents * A Diff(R?). In particular, the case
when the measure u is concentrated on functionals of the
form (11), which was analyzed above, leads to irreducibility
in ®~L{*’(R*;C") of the representation (13) of
& A Diff(R®). Other irreducible representations of
" A Diff(R®) which are interesting from the physical point
of view can be obtained'® by means of the method of induced
representations from the subgroups of the group Diff(R?).
We hope to dwell on their application in the theory of the
quantum method of Bogolyubov generating functionals in a
following paper.

2. LIE ALGEBRA OF THE CURRENTS, THE HAMILTONIAN
OPERATOR, AND THE BOGOLYUBOV FUNCTIONAL
EQUATIONS

Suppose we are given a quantum system of particles
with mean density p € R', that is in an equilibrium ground
state and a Hamiltonian H:® — & that in the second-quanti-
zation representation® has the form

H=o | a0y (o) Vb ()

R

5 ez § ) aYV (2 —y) ¥* () b* (1) ¥ (3) ¢ (), (16)

R?

where V(x — y) is the scalar two-particle interaction poten-
tial in the system, and m € R, is the mass of one particle. In
terms of the current operators (2) and (3), the Hamiltonian
operator (16) has'' the representation

H=1 5 d3zK* (z) p™! (2) K ()
R*®
1

e j Bz j YV (z—y) :p () p (1) i o
R? Rs

(17)
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n N N
5[=]| P(y:)=j§1 ---J,Ei 8 (yy—zy) ... 8

Here, we have the operator K(x) =V, p(x) + 2iJ(x)
=24 (x)V,¢¥(x), x € R?, while the symbol :: denotes the
standard operation of normal ordering?! of creation and
annihilation operators This operation has an equivalent
representation in terms of the density operators plx),
x eR*:

i=1

I (p@)—Z 8(z—a), (18)

p(®) ..o plx

where n € Z | is arbitrary. The result (18) can be readily
extracted from the N-particle representation (12) of the
density operator in the Hilbert space ®:

N
p(z)= 2 6 (z—ay);
. (19)
(yj_mjn)r

where y, e ACR? j= 1,n and N/A =peR!, is fixed.
From (19) the operation :: of normal ordering in the N-
particle representation can be defined:

=J,[jip(yf):= i

I1: sesin

}ﬁ(yi—-xn) ~e8(yn—zy,),  (20)
where the summation in (20) is over only those sets of in-
dices { j; ,..., j, } such that 1<j, <N and j, #j, if p#k, k,
p= 1,N. It is readily verified that the expression (20) is
equivalent to the expression (18) with allowance for transi-
tion to the Fock representation. In particular, we obtain

from (18) forn = 1,3

0 (z) 1 =p(zy);
P (21) p (%3) : =p (2) [P (g) — 6 (2, — z,)];

10 (1) p(20) P (25) 1 =p (1) p () p (z5)

— 0 (1) p(25) 8 (2, — 25) —p (2,) p (25) b (2, — Z3)

—p (%) p(23) 8 (3 —25) —p (,) p (3) 8 (zy— z,)

+2p (%,) 8 (2y— ) 6 (7y — z5). J
We consider in more detail the expression (17) for the

Hamiltonian operator H in the Hilbert space ®. In the case

of a finite density 5 € R', of our quantum system, the opera-

tor (17) in the grand canonical ensemble is an inadequately

defined unbounded operator. To give a meaning to the oper-

ator (17), we consider'! the following linear subset D in the

Hilbert space $:

D = span {exp [ip ()] Q}

(21)

(22)

forall fe 7, where () € ® is a cyclic vector, i.e., an irreduci-

ble ground-state vector. Since D = ®, where D is the closure

in @ of the subset D, for any two vectors o,, @, €D the
“matrix” element

(0, Hyop) =g | d32(K ()0, p () K (@) 0)),  (23)
Re

whereH, = (#/8m) fg: d*xK * (x)p~'(x)K (x),isawell-
defined Hermitian form on D X D. To generalize this con-
struction to the total Hamiltonian H (17), we assume that
the following conditions hold: i) there exists a normalized
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state () € @ of the quantum system (here, at zero tempera-
ture) with lowest energy that is a ground state for
H, and H3>0 and HQ = 0; ii) the subset of vectors D
— span{exp[ip(f)] Q:fe #} is dense in ®, D = ®, and
D = dom H: iii) the continuity equation holds for the cur-
rents: i/#A[H, p( )] = (Ai/m)J(Vf );iv) there exists an an-
tiunitary operator of time reversal T which acts in such a
way that Tp( /)T~ ' =p(f), TJ(Q)T~' = —J(g), and
TQ = ). For what follows, we shall find helpful Proposition
2. l 11,12
PROPOSITION 2.1. Let |f)=explip(f)] Qe P,
fe % and suppose the representation U( f), V() of the
group # A Diff(R?) satisfies conditions (i)-(iv) with the
cyclic vector {1 € ®. Then

1T ()| Fd = {Fa| (€Y () | £ }
i | f = (fy | p (V12 V1) | o)
The proof of (24) is based on the identities

[exp Lip (N1, J (8)=— [explip (], K (g)]
= —p(g-Vf)explip(N}
— [exp [ip ()], H]

= [— J (V1) + % P (W-Vf)]exv Lip (N

(25)

which readily follow from the relations (4) and the Camp-
bell-Hausdorff formula:

eABe-A= D) (n))'(Ad A)" B, (26)
neEZy
where (AdA)°B=B; (Ad4)B=[4,B]; (AdA)"B

=[A4,(Ad4)"~'Bl,n e Z, . Using (25) and (26), we find

Gl T @ =TT (@esplip] & )

T explip ()1 Q) = — (2, explip (7)1 7 (g) exp [—ip ()] 2
= —(Q, exp[—ip (117 (&)

— 02"V (fu-+F)) exp Lip (12)19); )

VB | £ = (explip (f19. [H, explip ()1 9)

— (exp [ip (F )1 [ T(Va— 5 0 (Vfa- V1z) | explip (f)12) .
2 7

(27)

From (27), the expression (24) already readily follows.
We now define the following operator 4 (x; p): - @,
which will be important in what follows and has the property

K@Q=A4( pQ (28)

for all ge.”(R%R?. For the representation
m G-Aut L (F'; C') of the group G= 7 A Diff(R?)
with the cyclic vector L (F) = 1 wedenote by A (g) the oper-
ator of multiplication by the function [K(g)Q] (F) defined
by the equation [A(g)@](F) = [K(g)Q](F)w(F) for any
w(F)eL{ (#';C"),Fe %' . Thedomain of definition of
the operator A(g) has the form dom 4(g) = {o(F)e L

(FCY): § 0 du(F)|(A(8)@) (F)|* < w}. Since the oper-
ator exp[ip(f)]in L §* (#'; C') is the operator of multi-
plication by the function exp[i(F, /)1, we find that
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[A(g), explip(f)11=0 for all fe F(R:R") and
ge Y (R%R%. In addition, A(g)explip(N)]1Q

=exp [ip(f)] K(g)Q,i.e,dom 4(g) DO D.From proper-
ty (iv) above it follows that [K(g)Q]*(F) = [K(g)Q](F),
i.e., our operator A (g) is Hermitian and has domain of defin-
ition dom A(g) D D that is dense in L {* (5"} C'). More-
over, the operator A(g): L (#; C')->L ¥ (F;C") is
self-adjoint. To prove this, it is sufficient to show that
{range (4(g) £ H}* =0."° We have therefore: If
@(F) e {range (4(g) + O}, then S du(FYo (F)
(A(g) £ Do (F) =0 for all o(F) edom A(g). Taking
a(F) =y (F), the characteristic function of an arbitrary
measurable set @i we find So

du(F)B(F)[(K(g)Q) (F) £i] =0. Because the set
Qc. 7 is arbitrary, we conclude that
B (K@QF) +i]=0, or @(F)=0, since
[K(g)Q] (F) + i#0. We have thus shown that the operator
A(g), g€ # (R%; RY) is self-adjoint.

For effective study of representations of ** A Diff( R?)
with the conditions (i)—(iv) stated above in the construc-
tion of the cyclic vector Q € @, it is necessary to have an
expression for the operator 4(g) asa function of the density
operator p. Such a representation is possible, since p: L e

(#5 CY-L$ (& C") is an operator of multiplication
and the set of polynomials in p is, in accordance with condi-
tion (ii), after application of them to a vector {2 € @, dense
in the space of all operators equivalent in L 3’ (*; C Y to
operators of multiplication by a function.

We now define the operator K(x) = K(x) —A(x; p),
x € R?; by virtue of the definition,

K@e=0. (29)

By means of the operator K(x): ®—® we construct the
expression

A=t [ @2k (@) 07 () K (2). (30)

R3

The following theorem'' is important.

THEOREM 2.2. The operator H: ® - is a well-de-
fined Hermitian form with dense domain of definition
D C ®. In addition, for all ®,, @, €D

(01, Hop) = (01, Haoy). (31)

Indeed, for all |f,), |f.)eD, where | f;) =exp
lip()1i=1,2,

(il H L = 4 | @& (@) oxplip (712 07 (@)
R3

x K () exp lip ()] 9 =g~ | @

R3

< (= 21V, (&) p (®) oxp lip ()] R, 0™ (@) (—2i) V1 (2)
% p (@) exp [ip (/)] ) =g (exp [ip (F)1 R, p (Vf1-V1z)
scexp[ip (f)1Q) ={f | H | fo). (32)

In deriving (32), we have used the relation [exp lie(N],
K(x)] = — 2iVf(x)p(x) explip( /)], which holds for all
fe # (R%R"). Extending now by linearity the relation (32)
to the complete set D C @, we obtain the result (31).
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Thus, Theorem 2.2 asserts that the operator (30) as an
operator in @ with domain of definition D C @ is identical
to the original Hamiltonian operator H: ® @ with the
same domain of definition, i.e., H Hon D C &. In parti-
cular, the spectra of the operators H and H: ® — ® are identi-
cal. By direct calculations we also find that

1l p (=5 | @%2(K (@) 04 () 1K (2), ()]
R3
+IE @*, p (N (2) K (@) = - | (B (2)*
RS
X 074 (2) p () V/ () — VI (2) p (2) 0™ () K (2)

=4 | B2 (@) (K (@) =K (@)1 =L 7 (vp).

RS

(33)

We have here taken into account the equality A(x;
p) T =A(x; p) and also for all w,, @, €D C @ the
relation (@, Hp(f)oz) —(p(NH o, Hw,) = — (it/
m) (@,, J(Vf)w,), which makes it possible to equate on
D C @ the matrix elements of the operators [H, p( f) ] and
[H, p( )] for all fe # (R R'). Thereby, Eq. (33) asserts
the preservation on D C & of the continuity equation for the
current operators under the substitution H—H as the ob-
servable Hamiltonian operator in the Hilbert space ® with
cyclic vector ) € ® satisfying the conditions (i)-(iv). A
consequence of Theorem 2.2 is the following proposi-
no“ 11,12

PROPOSITION 2.3. The operator H: ®-® (30) de-
termines in D X D a positive-definite Hermitian form.

Suppose w = 2_,qU(f;) QeD C 9, then

(@ Ho) =5 3 eleatts 0 (V) | 1)

iy k=1

= | W (R 3 o Ve li(F, 10]") >0, (34)
o’

j=1

where we have used the isomorphism between ® and L {*’
(#; CY), and also the formula

@ p(e) = {du () 1)o@ P
B

(35)

The inequality in (34) follows from the natural physical as-
sumption that for any w € D C ® the quantity [w, p( f)o]
for any function f€ #(R%R', ), as the mean value of the
density operator p( f) in the state » € D, must be positive.
By Friedrichs’s theorem,'"'¢ the operator expression (30)
defines in @ a positive self-adjoint operator H = H: PP,
which plays in our analysis the role of the observable Hamil-
tonian operator, expressed completely in terms of the cur-
rent operators (2) and (3). This means that we have carried
out the Araki*® reconstruction procedure for the Hamilto-
nian operator H: ® - ® in accordance with the irreducible
unitary = representation of the current group
G = . A Diff(R?) given by the relations (6) with cyclic
vector of the representation ) € ® satisfying the conditions
(i)—(iv).
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We now consider the generating functional .% ( ) (14)
of a unitary representation of the Abelian subgroup
£ (R*% R") of the group G = .% A Diff(R?). In accordance
with the relation (29), it satisfies the equation

0= (@, exp lip (N K (2) Q)
= (Q, exp lip (] [Vp (&) — iVf (2) p ()] Q)
— (2, exp [ip (H] 4 (z; p) Q). (36)

Bearing in mind that (1/§) (8/8f(x)) L (f)
= (O, p(x)explip( f)1Q) for all xeR3, fe . #(R%}R"),
from (36) we directly obtain the first functional equation of
Bogolyubov type:

[Va—iV/ (@] T L= 4 (23 8) 2 (1),
where A (x; §) = A(x; p)|, — (11 576y - Bearing in mind our
further desire to work with the generating functional . ( f)
in the form (15) in the case of the grand canonical ensemble
for a quantum system of particles with mean density
p €RY, we augment conditions 1-4 of Sec. 1 by the follow-
ing. 5) &£ (f) is an extremal solution of Eq. (37), i.e., it
cannot be represented in the form of a convex linear combi-
nation of other solutions of the equation, i.e., the representa-
tion of the group ¥ A Diff (R*) in ® with cyclic vector
Ned is irreducible; 6) (/) (6.7
8f(x))|r—0 = (Q, p(x)Q) = p is the mean particle density
of the system; 7) F(H=Z(f.), where
Jfa(x) =f(x —a), x, aeR®, this being the condition of
translational invariance; 8) lim, .,

L(f+h,)=ZL(NZL(h), where h,(x)=~h(x—a),
this being the cluster condition, or Bogolyubov’s principle of
correlation weakening'; £, h € % (R% R!).

DEFINITION 2.4. Weshall say that a representation of
the group of currents G = . A Diff(R®) for which the gen-
erating functional %% ( f) fe .#, satisfies the conditions 1-8
is canonical.

By virtue of Theorem 2.2, we have the following propo-
sition.

PROPOSITION 2.5. The expression H: ® — ® (30) de-
fines in the case of a canonical representation of
G = ADIiff(R*) a well-defined positive self-adjoint
Hamiltonian operator of the initial quantum system of parti-
cles in the grand canonical ensemble at zero temperature.

We now consider the following n-particle distribution
functions of the original quantum system of particles with
the Hamiltonian (16) at temperature 8 € R', (introduced
by Bogolyubov in Refs. 1 and 8):

(37)

Fron@y oo Z) =tr (P10 () evup@):) (38)
where x;,eR’ j= Tn, neZ,; P=exp(—LFH)
[trexp(—8 H) 17" is the equilibrium statistical operator,

H=H — uN, N = fg. d>xp(x) is the particle-number op-
erator, and u € R' is the chemical potential.® By virtue of
the expression (15), we can write for the generatmg func-
tional .# ( f), fe %,

§ 1

j=h b o1
Al i W TR ey ey

D gy 22 (N)],_y» (39)

where for all ne Z _ the operator (1/i) (8/8f(x,))...(1/
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i) (8/6f(x,)): is calculated in accordance with the rule
ol b G P
Y o) i 5f (za) *

z_ﬁ £l 2 3(s—))

=1

of (3) (40)
Thus, the functional equation (37) is equivalent to Bogolyu-
bov’s infinite hierarchy of equations' for the distribution
functions (38), generalizing to the quantum case the equa-
tions of Ref. 1. At the same time, it is readily seen that

the Bogolyubov generating functional % (u),
ue (R} RY, of Ref. 1 is given by
L5 (u)=tr (# : explp @)] ). (41)

Expanding the expressions (15) and (41) under the trace
operation in a series, we obtain the following important for-
mal identity®:

zB (u) =& (f)!

where formally #(x) = exp [if(x)] — 1, x e R,

To calculate the energy density £(x) e R', , x e R?, of
the ground state of the Hamiltonian operator H: &~ (30)
at zero temperature in the case of a canonical representation
of the group of currents ¥ A Diff(R*) in the Hilbert space
®, we need to obtain a further functional equation,'"” which
takes into account the second condition on the cyclic vector
) € ® of the canonical representation of the group of cur-
rents: the condition HQ = 0. To write it in a convenient
form in terms of the generating functional %" ( f) and its
functional derivatives, we study first in more detail the struc-
ture of the operator 4(x; p), proceeding from its definition
(28). In accordance with the properties of the time-reversal
operator T'when applied to the Lie algebra of currents G (4),
we conclude that the cyclic vector €@ is real, ie.,
Q* = 0.7 Going over in accordance with Egs. (11)-(13) to
the N-particle representation of the current Lie algebra ®
(4), N € Z ., we readily find from (28)

(42)

N
Az p)= ,§1 8(z—2;) (Va, Q%) (21, .., 2y).  (43)
Further, going over in accordance with Eq. (18) to the cur-

rent representation, we obtain from (43)

Az 0)= (a2, ... [dax:p(@)p (@) -
R3 RS

(44)
It is here appropriate to note that the expression (44) can
also be readily obtained from (43) by going over to the sec-
ond-quantized® representation with allowance for the ex-
pressions (2) and (18). For the case of the grand canonical
ensemble, the expression (44) is inconvenient because it
does not have a definite limit as N — o . Therefore, the opera-
tor A (x; p) must be represented in the form of a polynomial
series in the operators p(x), x € R3/

(@ p)= 2 (nl)* gdsyl e @ew) -

neEZy R3
"P(yn)'vx-fl'n+! (.‘E, Yy oo 0y yn)y (45)
where the functions ., . | (X,Vy,..., ¥, ), 2 € L., can be de-
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p(zy): V,1nQ2,

termined as follows. Consider the symmetric function In
02 (x,,..., Xy ) in the form of the expansion

N N
InQ2(z,, ..., x“’)z,-gi A (x,)+% Ao (7, ;)

N
+ 2 sl @ m)+ o Ay (T
i<i<hk
where x; € A C R3,] = 1, N, andp = N /A. To determine
the terms of the series (46), we use the following proposi-
tion.”

PROPOSITION 2.6. (Campbell’s lemma). Let
F(Xyys Xy ), %, € A C R, j= 1, N, be a symmetric func-
tion of all its variables; then

N

(46)

¥ xN)’

F(-'L'i' _-_‘a;N)ﬁZ 2 'E . Fﬂ(le""xfn)‘
n=0 {1<i1<ie<...<jp<N}
(47)

where
Fp(zy, ..., 2y)

n
=il (__1)m+n 2ONS E L anN) (xh! "'xx.im); (48)

m=0 {i1<iz<...<ip}

C (@1 ooy 2m) = A | By | BanF (@, ),

A A

Campbell’s lemma is proved’ by the Fourier-transfor-
mation method, on which we shall not dwell here. Going in
(46) to the limit N— «, A #R’, N/A =p, and also going
over to the current representation, we obtain the required
representation (45) for the operator 4 (x; p) in the grand
canonical ensemble, the coefficients in (45) being deter-
mined uniquely in accordance with the algorithm of Propo-
sition 2.6.

We now consider the equation

(@, exp lip (Hl HQ) = 0, (49)

where the operator H: ®—® is given by (17). Using the
expression (29), we obtain successively from (49)
(@, exp lip (N1 HR) = 0= | @2 (2, explip (N K* ()

Rs

% p7 () K (2) @)+ )ds Sdﬂyv (z—) (@, explip ()]

R3

X 1p (@) (y): sa)—Sdame(x)(Q explip ()] p () Q)

=2 | 2 (@, oxplip N2V (@)-0™ () 4 (2 0)Q)
R3

———S d% (@, exp lip (N [K (), o7 (2) 4 (i 0)19Q)

R3

— (@@ explip(N Az 0)-07 @) A (3 0)D)

RS
-I—; ZdaxgadsyV(x—y):iisfsT: o 1 %2(f)
1 82 (f)
S ze(z ) 8f (z)
R3
=B [ @z (@, explip (NiV/ (2)-4 (35 0) D)
R3
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B0 (@, explip () p(e) V- (-4 (25 ) Q)

R
= | B2(Q, explip(N 41K (2), (0 (@) 4 (z; )IR)
RS
+r{@z{eyve—p:t ety 20

R3 R3

— [ de (1220 (50)
RS

i 6f(= °

where £(x) eR',, xe€R? is the energy density of the
ground state of our system. In the derivation of Eq. (50), we
have used the relations

(@, exp[ip ()] K* (2) p™* (2) K (2) Q) b
= @2(Q, explip (14 (z; p)-p (2) A (z; )D)

i > (51)
+ | @2(@, explip (1121 v/ (2)-4 (= p) Q);
R3
2Vp (2) = K* (z) + K (), )

which follow directly from the definition of the operator
K(x): ®—® and the property (28). Taking into account,
besides (50), Eq. (37) and the relation

K (@), (07 (2) 4 (&3 pN1=20(2) [V 53] (7 (&) 4 (25 o),

(52)
we can finally write’
: , 18
_aﬁTj @21V (2):[Ve—1Vf(2)] ~ g?éf,’
RS
2 d:.(
+%’?l§a d%z B (z; 8) £ (f)=7ﬁ\a da'*'"liday_
O P 182 (f)
V=0T g T 20 | Pee@ TS,
(53)

Here, the operator B(x; p) is given by the expression

B (i p)=p (2) V- (07 (23 0))+P (@) [ V 5507 | (0744 a5 o)),
(54)
and the symbol [V (5/8p(x))] denotes the operator of the
gradient of the variational derivative 8/8p(x), and not the
product of the operators of the gradient and the variational
derivative; it is easy to see that this is important.
From the representation (45) for the operator 4 (x; p):
® - P and the expression (54) we can readily find by direct
substitution that

Baip)= X (m* [doy... | g {0@p@) ...
R3

mEZ, R3

coo P(YUm) t Vi miy (% Yus vy Um)

+0@ [(Vat [Vgir]) o @0 @p @) ...
v O Wm) ] Vackmus @ Uiy oo Yo (55)

It is easy to show that the second term in (55) is annihilated
identically in accordance with (18) and the identity

358 Sov. J. Part. Nucl. 17 (4), July-Aug. 1986

j—1
(Veurt [ Vg ]) (o @) =3 B(er—aw)) =0, (58)
k=1

which holds forallj € Z , . Thus, from (53)—(56) we obtain

A2 . : 1
—”875 A3z iVf (z) - fo"‘lvﬂx)]T_ﬁg?Tg))'
R,
1 82 (1)
.{.S déze(z)— D)
R3
A i A 1Bt 8
g [ S T o duns 1 T
R mEZ+ R3 . R3
1 8
. Tm:x(f)v:ﬂém‘*'i (m’y" " "’ym)
340 i L B -,
=% jdﬂx Sd-"yV(x—-y) THmigw LW 6D

R3 R3

Equation (57) in conjunction with Eq. (37) is a system of
Bogolyubov-type functional equations for the quantum gen-
erating functional .% ( f), fe . (14). In the case when the
expression [V, —iVf(x)] (Q, exp [ip( N] p(x)Q) tends
to zero faster than |x| =2 for R 3 x and |x|— co, the first
term in (57) can be rewritten in the equivalent form

h2 L 1 6 h? 7
B | P2lVa—iv/ (e 1020 — 4 | P2iV1(2)
R3 R3
1 82 (f)

X [Va—iVf(2)] 7 NICE (58)

which somewhat simplifies the expression of Eq. (57). In
terms of the Bogolyubov distribution functions (38), Eq.
(58) is equivalent"” to a condition of correlation weakening
in the form

| Fr (% Y1s -

faster than [x|~' as |x|— e forall y, eR? j= T,n—1,
n€Z_, . Thecondition (59) naturally depends on the inter-
particle interaction potential in the Hamiltonian operator
(16), and if it is a short-range potential,” the condition must
be satisfied. Bearing in mind further that for the functional
ZL (), fe.” (14) we have the expansion®’

Sey yn-l) _'EFTI-]. (y:h LT ] yn—l) |"* 0 (59)

(=3 ()t [ da, ... § a2, ][ (explif (z)1—1)
neEZ; R3 R3 j=1
X Py (@1 -y y),y (60)

we readily obtain from (57), (37), and (60) the following
hierarchy of Bogolyubov-type equations' for the distribu-
tion functions F, (x,,...,x,),neZ + (38) at zero tempera-
ture: d

n
h? B2
Bm E V,%J.Fn (.1.‘1, o uiny zn_\, = gt S d"’an
i=1 R1
X Vi,m [Frec(Zys ooy Znag) — Fy (Tn4y) Fy (Z4, « oy )]
1
+23{ 3 (o] P
mEZ4y (r=max (m-n, 0)) R3
S daxﬂ*’T 2 Vm ('r.‘h’ veny z’-m—r' Ty oo
R3 Grsedas.caeip, 1)
ooy Tnap) Frap (Zg ooy Zap)) — (m) S (1 S

RS
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vee g B2 imV (Zn+ty - - 2 Tntm) Fm (Znagy - -
RS

veuy Znam) Fo (24 :”'In)}' H

1
s &n) = 2 Z rl (m—r)l

mEZ4 (r=max(0, m+1-n))
n

X 2 S BTy on

(J1=dast. i, ) R3

b5 G

5 dszn+r Vx1-74m+l (xh Ljgg voe
R3

eeny T o0 Tntty v ooy Znar) Frar (24, Tgy <oy Tnar)e (61)
Here, we have introduced the following notation: for n =2

Vz (xa y) — —":%'[V-:ﬂéz (.1',', y)+vl‘lde (yl x)] +V(a:—y)
(62)
and forn#2

Valzy, .

« oy Tg)

h2 1
= " 8Bm Tn_._"{ﬁ- E V‘G(;)'jé“ (Iu(”t eey zo(n))y
a

where o € S, is an element of the group of permutations S,, .
In the case n = 0, we also obtain an equation that determines
the density £(x) e R! of the ground-state energy of the
Hamiltonian operator (16):

Fi(2)e (@)= — e viFy (&) + 2 () | doay ...  do
neZy R3 RS

X% Vi (s o560 Zn) Fn (5 oy ooy Tn)s (63)

In the case of a canonical representation of the group of cur-
rents . A Diff(R*) we readily find from the translational
invariance of the generating functional . ( f), f€ %, that
F,(x) =p € R'_, which is the mean density of the system of
quantum particles, and that V, & ,(x) =0 for all xeR’.
We note here that the expression (63) in the Fourier repre-
sentation is analogous to Eq. (28) of Ref. 23, which develops
the method of collective variables.>* We note also an impor-
tant property of (61), namely, depending on the choice of
the representation of . A Diff| (R?) in the Hilbert space P,
these equations are suitable for studying the properties of
both Bose and Fermi systems of identical quantum particles
at zero temperature in the ground state.

In the case of nonzero temperature, the arguments giv-
en above require a certain modification. Namely, the condi-
tion HQ = 0 on the cyclic ground-state vector {) € ® is no
longer valid, and therefore we must study in more detail the
structure of the generating functional (15). Following Ref.
6, we obtain ‘

Z (f)=W(HIW(0);

W (f) = tr (exp (—BH) exp [ip (£)))

= tr (exp (—PHy) Cexp (—BV (o)) exp [ip ()])
= (R, Cexp[— PV (8)] exp [ip (/)] Qo)
=exp[—BV (8)IC(8) Zo (/) é

where the operators C: @ and‘ C(8) are defined as fol-
lows: ‘

(64)
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C = exp (BH,) exp (— BH) exp [BV (p)];

CHQy=C*(p) Ry C(8)=C :
0 (0) .o (8) (p) |p:__:_£? (65)
Vp)=5 | @2 [ o (@ n:e@em:
R? R )

where ), € ® is the ground state of the system of noninter-
acting particles at temperature S € R'_. The functional
Zo(f) is the generating functional of the free system of
noninteracting particles at temperature 8 € R', ; it satisfies
a functional equation of the form (32), and

Lo (f) = (S, exp [ip (F)] o)
= tr (exp (— fH,) exp [ip (/)]) [trexp (—BH)I.  (66)

Bearing in mind that the ground state £, € ® of a noninter-
acting system of Ne Z , particles is known,® we can also
regard as known the operator 4, (x; p) of the type (45) that
occurs in the equation of the form (37):

(Va—iVf (@)1 280 = 4, (23 ) %o ()-

(67)
By direct calculations one can readily show that 4, (x;
p)=0,xe R?, in the case of a Bose system:

: 1
[V.—ivf (@)1 73528 =0

(68)
as 7, f— 0. It is readily verified that Eq. (68) is solved by the
functional”®

Zo(N=exp (3 | e {explif ()1 —1}). (69)
R

We consider the case of the generating functional .#( f)
(66) for a Fermi system in the Appendix.

We now consider in more detail the structure of the
operator C: ®—® (65). In accordance with the definition
(65), the equation for the operator C: ¢ — P with respect to
the variable 8 € R', has the form

aC

L —cv =V ()€, (70)
where
Vs (p)=exp (BH,) V (p) exp (— fH,)
=V (p)+PB[Hy, V(p)] +% [Hy, [Hy, V()14 ... (7T1)

Expanding the operator C: ® — @ in a series in the parameter
B e R!, (high-temperature expansion), we find from (70)

c=1+pC+D e+ Beqt ..

C=0, Cy=—[H, V(o)

Cy=[[Hy, V (p)], Hy—V (p)];

Co=[Cy, V (p)1+ 3 [Ho, V (p)P—Ad? (Hy) V (p) ...

(72)

etc., where all the commutators in (72) are calculated by
means of the relations (14) for the Lie algebra of the cur-
rents. In particular, from (33) we obtain
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(Hy, V (0))=[Ho, 5 | @2 | a4V (2, )10 (@) 0 )]
R® R

R R

Sdﬂm d3yV (2, y) o (2) [Hy, p (4)]
R® R'

diz g d*yV (z, y) 8 (z —y) [Hy, p ()]
Rs

i 5?2; S d*z S @y [p(z) J (y) ViV (2, )
R R®

+J () V.V (2, y) p (W]

— 7 [ @ [ @y (2, 98—y L v ().
R® R

+

] e
’;r_.—-; N[

(73)

Since the formula
(exp lip (1)1 o, 7 (g) exp lip (/)] Q)

= (exp lip (1)1 Q. p €V (2 + 1) exp lip ()] Q)

(74)
is valid for all f, fe #(R%R"), ge ¥ (R* R?), we find
from (73) and (74)
(R, [Hy, V (p)] exp [ip (1)1 Q)

=g | @ [ @y (@0, 0@ p (V¥ (51 ) V1)

Rl n:l
exp [ip (/)] Q)
o) dSzRi @y (R0, V0 (4) V,V (2, ) exp [ip ()] Q)

R!
= % S d*z S a2y (Qo, 0 (VV (2, ) Voof) p (y) exp [ip ()] Q)

Re R

— [ @ [ (@0 Vo (2) VY (@, v)explip (110)

R R?
— jds Sdsy(sz,,, VeV (2, y) 8 (z—y)]
R? Re
J (z) exp [ip (f)] Q)
%1 zf? 5 diz 5 &y [V,V (z, y) V,f
R R?

+Vx (‘l‘r y)vx.ﬂ i Gf(x)

I

@3z \ ddy {VIV(m Y) [V T o (x)]

+ V¥ (, 1) [T e X210
At (@02 § aoy (V. 1V (2, ) 8 (2, 1)1 V1)
R* R?

D =y (8) 2o (1)-

4im
2
i

The representations of all the remaining terms in the expan-
sion (72) for the operator C: ® - ® can be calculated simi-
larly.
We consider some obvious consequences of the results
obtained above in the case of high temperatures R',
3 B—-0or as -0, when the quantum expressions go over
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into the corresponding expressions of classical statistics.*®
From (64) in the limit #—0 we obtain

Z (N =W (HIW(0); ]
W (f)=exp[—BV (8)] £, (/)s

where the functional .% ,( f') satisfies Eq. (67) in the case of
a Fermi system and Eq. (69) in the case of a Bose system.

For the energy density £(x) € R' of the ground state we
have the integral expression

(75)

S dze (2) F,y (2) = o (2 | 2k (2) 0 (2) K (2) @)
R® R

+3 [ @ | v @ @ o@ew 2. (76)
R? R?
To calculate it, we must use the relation (57) in the form
(63), where the distribution functions F,(x,,.., x,),
neZ  , are found from the relation (39) by means of the
generating functional (64).
If we again set #— 0, then from (67) and (75) we readi-
ly obtain a functional equation of Bogolyubov type' for the
functional £ ( '), fe Z(R3 R"),”

V=iV (@) § ‘;ﬁ,,” = 4y (23 8) £ (1
Sl 1asgd

"'ﬁ]i Y.V (z, y): TWTW 2 Z (f)- amn

Equation (77) is valid for a system of particles satisfying
either Fermi or Bose statistics (at high temperatures), and
in the second case, as pointed out earlier, 4 ; (x; §) = Oforall
x € R3, Thus, solving the functional equation (77), from Eq.
(56) we find an explicit functional-operator expression for
the generating functional .#( /) of the distribution func-
tions (38). In view of the great success** 2’ in the investiga-
tion of exactly solvable nonlinear models of nonrelativistic
field theory, there is undoubted interest in comparing the
results and combining the methods of investigation from
Refs. 25-29 and 34 with the corresponding methods of the
present paper. We hope to return to these and related ques-
tions in a further investigation.

3. QUANTUM METHOD OF BOGOLYUBOV GENERATING
FUNCTIONALS IN NONEQUILIBRIUM STATISTICAL
MECHANICS: LIE ALGEBRA OF THE CURRENTS, WIGNER
REPRESENTATION, AND HAMILTONIAN STRUCTURE OF
THE FUNCTIONAL EQUATIONS

We assume that for the group .# A Diff(R?) of the Lie
algebra of the currents (4) there exists a representation (6)
with a so-called nonequilibrium cyclic vector () € ® in the
Hilbert space @ for which the set D = span {exp[ip( /) 1Q:
fe F}isdensein ®, D = ®,and D D dom H. For the den-
sity operator p( f), f€ ' (R%R"), the continuity equation
holds:

LD — L H, p (=T (v]),

(78)

where z € R! is the evolution parameter of our quantum sys-
tem. The time-reversal operator T:R' 3 t— — e R' actsas
follows:
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Tp(HTt=p(f); TQ=Q% ]
TJ(g)T-=—J(g); THT'=H

for all fe & (R% RY), g€ £ (R? R?). In accordance with
the definition (15) for the generating functional
Z(f)fe S, we can write down the following functional
equation:

(79)

=t (s + [H, exp [ip (), (80)

where we have used for the statistical operator B: ® — P the
Liouville dynamical equation™*:

9P _i# H), trf=1

at  h (81)
Rewriting Eq. (80) in the equivalent form
220 — (@, 5 H, explip(NQ), (82)

we obtain from (82) and (25)

220D — (@, L[J(vh—5 e (v1vh) |explip(N1Q) . (83)

To make the expression on the right-hand side of (43) effec-
tive, we note that for the current J(x): ® — ® there exists the
representation'®!!

T @) =p () [+ Vg7 |+ 7ol o) (84)

where J, (x; p), x € R?, is an arbitrary operator function.
Then from (43) and (44) we find

XA i 1 8 :
22D T (g, [ @ (p@ [T Vgar ] Vsf) explio(e)

R?

— Q0 (VIVS) exp [ip (] Q)+ (@00 (VF; p) explip ()19)
= (R p (97V1) exp lip (N1 Q) + (R, T4 (V; 8) explip (N1 Q)

— 2 (@, p(VIV/) explip (1 Q)

| @2 (Vu1val) T S+ Jo (VF: B) 2 (), (85)

R?

g 4
T 2m

where, as usual, we have denoted Jy(x; §) = Jo(x; 0) |, - 1/
i wssp - In order to particularize the operator J, (x; 8) in
(85), we again consider an N-particle representation of the
Lie algebra of the currents (4) in the Hilbert space
d~LiE (R¥;C"):

N
p(2) @ (24 ouns xN)=’§iﬁ(x"x1)m(xh ceer Ty

J (@) o (2gs o0y Zy)

N
=—2!!-.— Z [_V:5(3—11)+26($—-IJ)V1}]0)(;2:“ S IN)I

jumi
(86)
where NeZ,; w e L{*’ (R*M; C'). The generating func-

tional Z (£, g),f€.% (R% R"),ge #(R% R?), of the rep-
resentation (86) is given’ by
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% (f, 8) =(Q, exp[ip ()] exp [i/ (8)] @)
— S d%’i s S daxng* (.'L'“ aeny ZN)

R? R?
N
x [[ exp[if (z)] exp[i& (z;; 1R (21, +..y 2w)y  (87)
=1
where £(x;g) = (1/2i) [28(x)V, + Ag(x)], x€eR3

QeL{*) (R*;C") is the ground state. For any function
weL{®’ (R*®; C") the operator exp[i£(x; g)] acts in ac-
cordance with the rule

exp [i§ (z; g)l @ (Zy ...y Zy)

8 1
= (9%0) (@, -.» 2y) [ dot|| T[], (88)
Here, (@ *o) (X,...Xy) =@ (@X,...0Xy); P E Diff(R?) is
the flux corresponding to the vector field ge ./ (R% R,
ie,@(x) =@%(x), where (d /dt) ¢ §(x) =g(pf(x)),and
the relations (5) hold. From the generating functional (87)
we can obtain

i = (ppldzd. 0

@ 7 @esplip M= | Pz 255
and thereby detérmine the operator J, (x; p) in (85). For
Z, D N-w,A R N/A=pecR'_,theexpression (87)
goes over’ into

z(f, 8)= 2 (1)t S diz; ...

(89)

g=0

nEZy R?
G Sd’zn S ddyy ... Sdayn
R? R* R

x [ 18 (z;—yy) {exp [if ()] exp [iE (z5; &)]—1}

j=1
J X Fo(Usy «vvy Uni Ty «vvn Zns (90)
whereforallneZ
Fr (Yo« v o ¥nd Tas o v 0y Zn)
= (@, %" W) - P @Y @) ...
e P (z0) Q) 91)

It is also obvious that F, (Xy,..sX3 X500y X ) = Fp (Xg500,
x,),neZ,, where

Fp(@y - n zn) = (2, :-P @) .v .0 (@n): Q).

6,8,9

(92)

In the limit #—0, we now introduce the following™™" quan-

tized Wigner operator w(x, p): ®—®:

1 B
w(z, P)=—Gg% !i diaelePp* (-’0 - -23) P (x --hz—m) ,(93)
where (x,p) € R* X R? Making the transformation (93) in
(91), we go over to the Wigner representation’ for the clas-
sical nonequilibrium Bogolyubov distribution function F,
(X PisiXusPa Vi €Ly,
Fp (x1, P15 - - 5 Tny Pn)

= (R, :w (1, P1) + + + W @ny Pn) i Qs (94)

where the pair (x;, p;), j= 1, n, are the coordinate and
momentum of particle j. Going over similarly to the Wigner
representation for the generating functional .# ( £, g) (90),
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we can obtain

£ 0~2(N=23 @)yt | azdp

neEZy R2xR3
n
x | dseadspy [T {explif (25, p)I—1)
RXR? L=t
Ry FG v B Dk (95)

where, by definition, £ % (R% R') and in the limit #—0

exp [if (2, ) o | asps () {oxp [if (c—22 )]

s
xexp [i (= = g) ]} exp (iBp).

Thus, in accordance with (94)-(96) we have for the
generating functional (90) its Wigner representation in the
form

Z (f) = (@, exp [iw (/)] Q), 97)
where w(f) = fpxpd’xd’p f(x,plw(x, p),fe F (RS

R'). In the Wigner representation (93), the Hamiltonian H:
@ P (17) is given by the expression®®

(96)

H= d*zd?pT (p) w(z, p)
R*xR?
b5 S dzdp ) PVEW (@, y) vz, pw(y, B,
RIXR? RYXR?

(98)
where T(p) = p>/2m, p € R®,

In order to study the dynamics with respect to the evo-
lution variable # € R! of the functional .# ( f) (97), we note
the validity of the following formulas, which are all under-
stood in the weak sense:

[w(.a:, p)l w(y’ §)]zO, h—0; N
w(z,p)w(y, §:=w(z, p)lw(y, §—08(zx—y)6(p—5);
L, v = { L, v )

; B0
— [H—H,, w(z, p)] = ddydsg
RIXR®

x{V (z, y), 1w (2, p), w(y, &), P

' (99)

where {-,-}@ is the corresponding canonical classical Pois-

son bracket on the manifold of variables RY xRY,je Z , .

The (local) momentum operator in the Wigner representa-
tion has the form

h+0
J (g) ~ d*zd?pg (x, p) pw(z, p), (100)
RIXR®
where g € % (R, R?). The properties (99) of the Wigner
operators w(x, p), (x, p) € R®* X R, make it possible to car-
ry out a complete algebraization of all the basic relations of
the dynamical theory as #i— 0. For this purpose, we consider

the algebra 4 of self-adjoint operators of the form
K, = S dig ... S d%nKn (q1y o0y Qn)sw(gi) e W(gR):,

R R?

(101)
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where ¢, = (x;,p;) eR*XR?, j= 1,n; K, esym[R*"
X R*; R'], the space of real symmetric functions,n € Z ,, .
The set 4 of operators of the form (101) and their linear
combinations over R' obviously forms a Lie algebra with
respect to the ordinary commutator bracket [ +,- ] (i/#), and
it is easy to show that
4 Jt+h=1
+45 bl 3 4,
I=max(j, k)

where d; = {K; €4}, jeZ, ,A=3, , A;. Using formu-
las of the form (99) and their generalizations, we can in the
limit %i— 0 obtain from (i/#) [, ] thenew bracket [+, ], by
means of the rule

(102)

[+, “Jo=lim—[:, -, (103)

=0

where the limit in (103) is considered in the weak sense. In
particular, for operators K, € 4;,je Z , ,

min (j, n) ¢
(Kp, Kalo= 2} ) dPgy.... 5 Bgiw(g) «.. w(g)
: =1 R R? A
= 8K, 8K, o,
{5“’ (@) -.. 0w (q) 7 Ow(gy) ... bw () } ;. (104)

The bracket (104) is a natural generalization of the well-
known Poisson-Vlasov bracket®*® in the theory of kinetic
equations. In view of its structure, we shall say that the Lie
algebra 4 = 3,_, A, is hierarchical if the Poisson bracket
initis given in accordance with (104). By virtue of (104), it
is meaningful to consider on the set of operators 4 a new Lie
algebra ¥ of the form
A= o 4,

JEZ,

(105)

in which the structure of the Lie algebra is given by the
bracket [-,'], for which we have
ﬁm 1] Q[]] = @ 2 [Aﬂ s Ah]i]”!

1€Zy j, REZ4

(106)

where, by definition, [4;, 4, ] §” € 4;, and, in accordance
with (104), [4;, 4, Jo =2z, [4;, 418",/ keZ,.

We now consider the linear mapping a: % — A, where for
any element (K,,..,, K;,...) € &

oL (K[, .

5 Kjoo)=2 Kjea, (107)

JEZs
the sum in (107) being regarded as an operator in the initial
Hilbert space @. By direct calculations we can show that the
mapping a: A -4 is a homomorphism of the Lie algebra 9
and 4 with brackets [-,*] and [-,*],, respectively. Besides
the mapping a: A4, we consider the dual mapping a*:
A *-A*, where, by definition,

A*= @ Af,
JEZy

A*={F €Z (A): FK = tr (FK), K€ 4),

(108)

and P is the statistical operator of our “semiclassical” sys-
tem as 7i—0; it satisfies the Liouville equation. It is readily
verified that for an element F € 4 * the expression
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*F=(Fpy ..., Fjy ...)=F €9U* (109)

defines a mapping on the manifold %* of distribution func-
tions F; =tr (P: w(q,),..., @(g;):), jeZ,, and for any
kel

ka(Fb gy teining J! "')°(Kh Kh ..
= { gy oo | PUF 11, -
* R

jEZs+ R® L]

tnigytasd)
o ) Kj(qyy « ooy Q)

(110)

Let B(F), C(F) e & (A*), where A * are functionals over
the dual space 4 *. Thenon & (A4 *) there is defined the Lie-
Poisson bracket®® {:,-}, in accordance with the rule

{B (F), C (F)}, = F.IB, Cl,, (111)

where B, Ce A4 are such that F-B = B(F), F*C= C(F).
Similarly, on the set of functionals & (%*) over the dual
space 2[* (108) the dual Lie-Poisson bracket {{-,-}} is de-
fined in accordance with the rule

(B (F), € (F)}}=F[Ib, el (112)

whereb, c € Aaresuchthat F b= #(F),F '¢= % (F)
for all # e A*.

DEFINITION 3.1. We shall say that mapping of Lie
algebras a: -4 is canonical (or Poisson®>!) if for all
B(F), C(F)

a*{B(F), C(F)}y={*B(#), a*C(F)}}s

where & = a*Fe U*.

The following proposition®® will be helpful.

PROPOSITION 3.2. Let A and ¥ be two arbitrary Lie
algebras and a: 3 — 4 be a linear mapping. Then the dual a*:
G (A*)— D (A*) is canonical if and only if a: A -4 is a
homomorphism of the Lie algebras.

Since the mapping a: A —A4 is by virtue of its explicit
construction a homomorphism of Lie algebras, we have in
accordance with Proposition 3.2 established the following
proposition:

PROPOSITION 3.3. The dual mapping a*: &
(A4 *)— 2 (A*) is canonical.

We now consider the generating functional .#’( f) in
the form (97). To obtain for it an evolution Bogolyubov
functional equation,’ we apply the algebraic technique de-
veloped above to the calculation of the following quantity:

62()')(5‘) tr(j’[ﬂ exp[lw(f)]l-‘)

(113)

(114)

as #i-0,teR.
In accordance with Eqs. (95) and (104), we find

22 (f) (F)=tr (P [H, texp [w(e? —1)]:1o)
—a* (H (F), £ (1) (7o

where we have used the fact that for the functional
Z(H (F) the following identity holds:

(115)

() (F)=ZLpu)(F), (116)
where formally ¥ = exp(if) — 1 and
Zsw)y=tr (P rexpw (u)]:) (117)
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is the Bogolyubov functional from Ref. 1in the limit #i— 0. In
addition, for the functional H(F) € (4 *)

H (F)=tr (FH) = | d*T (p) F, (g)

RI
g Sd"’!h j d3qeV (24—25) Fy (01,22), (118)
Rl
and obviously a*.Z (N (F) =L (N (F), a*H(F)

= H(F) € I (U*). Taking into account in accordance
with Proposition 3.3 the canonicity (113) of the mapping a:
9[- A, we obtain an important Hamiltonicity theorem:

THEOREM 3.4. The Bogolyubov generating func-
tional . (f) (97) satisfies on the phase space Z (%A*) a
Hamiltonian dynamical system of the form

2L (N (F) = (), £ (N (FN
with the Lie—Poisson bracket (112) and Hamiltonian func-
tion (% ) = H(F) (118).

Noting further that for the Lie-Poisson bracket (113)

on the orbits of the coadjoint representation of the Lie alge-
bra A

z —\as 8B (F)  $B(F) WD
(5 (7, 8M = | Pali@) (S5 3oy

8B (#F)

(119)

+ | @0, § aFaa a2 {5
R* R*

6F (qy) ' OF3(q1 qa)
SB(F) 8¢ (F) | 8B (#) 5% (%)
+2{3 o+

}(2)]
Fg (a1, ﬂ':) " 6F; (94) F2 (a1, q2) ' OFa(qq, Ga)
e \ s, .. ' 03)

l\
648 (F)
+[3 {#F -
88 (F)
+3{ 6F 5 (911 92s qs) ’

8B (F)
+3 {ﬁFa(qlu eonyQa) !

Hae2

d“f}aF 3(qy - -

8% (F) }(i)
8F 509y, g2 95)

€ (F) 1D

6F, (4,)

8¢ (F) 1@
OF3 (91, Ga)
8¢ (&9 }(3)

31, 925 93) *  OF3 (g1, Gas 3)

SB(F) 8% (F) W
+4{ 8F, (g1, q2) ' BFalqy, 02) } ]—i—- Y

where Z(F), € (F) € Z(U*), 5 € U*, we obtain from
(119) the following Bogolyubov functional equation®:

(120)

18 (1)
az (f) d3 {T ()t 5}2(2?
5 4 8 . @)
+- S dsqlS ds% V (-131"‘“"2): ’T 54 1 8 (@i .} i
R.
(121)

From (121), we readily find a functional equation for the
functional (117):

1 8 (1)

e | satt+u@{re), +252

RI

+5 | @a

n‘
62 (2)
xS.dﬂq,n+u(qom+u(qm {Ve—e it
R

(122)
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which was obtained for the first time by Bogolyubov! in
1946.

We now consider the problem of integrating the Bogo-
lyubov functional equations (121) and (122). From the rep-
resentation (97) we readily find that*®

Z (f)=exp [(t—20) V{8}] Lo ()-

Here, we have used the explicit operator solution of the

Liouville equation (81) in the form

P (2) = exp |:—£- (tg—1) H] P exp [;—r(t—tﬂ) H:| , e P =1,
(124)

where B = R (1) |¢ = ., is the initial value of the statistical op-
erator at the time ¢, € R!, and we have also introduced the
notation

Lo (f) = tr (Foexp [iw (£)])

for the generating functional of the noninteracting system of
particles, and

V {6}

(123)

(125)

1 L O e § @
=~ [ &gy g diqy {V("’*'”E)’ "T 8 (@ 1 of (g }

R® R
(126)
Equation (123) is very helpful for applications,*>? in parti-
cular, in the case when Bogolyubov’s condition of correla-
tion weakening' is satisfied:

[ TGy 655 3 i) ]_ 1 (@) 1 =0

for t- — w0, neZ
Z () of the form

Zoh=2 a1y | avg, ...

+ . From the explicit expression for

d”qn H {etp [if (g)]1— 1}

nEZy R® R =1
xﬁn(xl_' J;_l(t_to), Pin a5 -T-'n'——,:—(t—to)’ pn) ’
(127)
where F,(g,,..., g,)=tr (Z: w(g,)... w(g,)), q,

= (x,,p,) eER*XR? n e Z_, one can obtain the nonlinear
equations of hydrodynamics'-*! in any order of the “cluster”
perturbation theory obtained from the expression (123) by
expansion of the exponential in a series. We hope to dwell in
more detail in another investigation on questions relating to
further applications of the results which we have obtained.

APPENDIX

Suppose that the system which we study is a free Fermi
gas at zero temperature. To obtain in explicit form a func-
tional .Z4( f'), fe & (R% R') and the functional equation
(77), we first consider the N-particle ground-state function
Q" € ® of the system (in the equilibrium case), Ne Z ,
We have®!!

QF (21, ooy 20) = (N1 det [ £ (2m) 1Y ey (A1)
where £, (x) = A="? exp(ik,x), x€ A C R3; N/A =p;

k,=Q2n/l e R3 and the numbers a, € Z* are such that
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|k, |<k g, where

(o5 ke)’ 5-a=b ¥= 2 1
21 3 by l<hp

(A2)

kg €R', is the so-called Fermi momentum™® (for conven-
ience, we do not distinguish the symbol for a volume A C R?
and its numerical value |[A| =/* € R, ; this will obviously
not lead to confusion). Thus, by virtue of (109) and (110),
we obtain from (A1)

(N
(N-—-‘.':} i (; (/i PO S dixpy | Q‘FN) I%
l’i:l R‘

=det || Ky (z;, ;) ||

F (g0

y IN) =

(A3)

N
i, j=17

where Ky (x,p) =Z_, f;(X) f;(0); Se d3%F¥(x) fi (x)
=8;,5,j= 1, N . From (A3), therefore, we can find that

O det [| Gy (xj—a) I} (A4)

where Gy (x) =A"'Z, ., exp(ik,x), xeA CR
NeZ,.For 1im’X7E’- N/A=p Gy (x)-G(x), where

O] xN’) i, =11

G(zx)= {zm-ﬂf d3) exp (ika:)=3f; (sinz—z cos z)/z8 Ion g *
|k |<kp 2

(AS5)
At the same time, F™ (x,..., x,)=F,(%;..%,)
= det||G(x; — x;)||}, ;= 1, n € Z . For the generating func-

tional .% ( f) we find from (60)

2 (rl)= \ &z, ... Sdaxn det || G (zp—=;) ||g‘ jiat
NEZ4 ls R?
n
x | fexplif (zpl—1}. (A6)
i=1

To obtain the cluster expansion for (A6) in the Mayer—Ur-
sell form,*” we note that the following identity holds:

5 A3z oq
R

{ 2 (@t 111 (an) 1Y pmy) (Gt lg (o) 1 )
'Rl

=N (det ” Sdazh,"‘ (2) g (2) ”j’ 32 ) (A7)
&

Then from (91), (A1), and (A7) we obtain

£ (f)= (N1 5 (d®z,/A) ... S(d"’znr/ )
A A
X (det | exp (iknZm) Iy, ey)®
N
X ] explif ()] (det |l exp (iknzm) ¥ ,ey)
J=1

=d “ S (@%z/A) exp [if ()] exp [i (kn—&m) 2]

I ‘m—-i)

=det esm+j~ (@%2/A) (exp [if (@ —1) exp [i Gn—om) 21 7.
2 (A8)
Using now an expansion of the form
det (1+A)=exp [trIn (14 A)]=exp [ D] n~t (—1)"*1tr ],
n={
(A9)
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where 4: C¥ —C" is an arbitrary matrix, we find from (A9)
and (A8)

z‘”’(f)=exp|:2 %1(%1)“1 S Bz, X ...
n=1 A
n

X j d3xp, [[ {exp [if (a,'!)]-—i}ngNl (g5 vy Zn), (AIO)
A i=1
where
P s v xn)z_(i_z_m ) -ee ) {exp i ey — k) 2]
ky hn
X exp [i (kg—kg) 23] ... exp [i (kn—ky) zn]}
=(n—1)! 6y (2,—2;) Gy (23— 23) ... Gy (zn—zy).  (All)

In the limit N /A -5, N— «, A #/R?, we obtain

M (1> 2 (=exp | 2 75 (—ymn
n=1
n
X gd%l S d3zy, H {exp [if (z))]—1} Tp (21, -y 20)], (A12)
R? R® j=1

where forallneZ

Ty (1) « v oy @)
= (n— 1) 1G(x; — 23) G (xg — 23) - .. G (g, — 7), (Al3)

and, obviously,
() z T (Zo()y s Zoln)) (Al4)

is the Ursell cluster function’ of the distribution functions
F. (Xyyei0%s )y NE iy

Similarly, for the functional .#’( £, g) (90) we can ob-
tain®?

2 o= 3 ot @ ..

§ \‘ d3z, ‘ a3y ...
nEZs e R

o
R?
n

coo { aun TT 8 ay—u)) texp 1if @)1 exp 11§ (2 1 —1)

Re =1 ;s
NoEplyy oer Pnt Thy weny Tnlh (A15)
where fe (R R!), ge (R R?) and
Fr(Y1s «vos Uni 219 ovey Zp)=(det || G (zm—pn) ”I:. m=1) (A16)

B (s 8)=gr (22 (2) Vst (V) ().

In the Ursell cluster form, the functional (A15) has the
expression.>?
(fy g)=exp [2 (al) 1 (—1jnH g d%zy a0 Sd"‘:rn
n=1 R: R3

n
X \ a3y ... ‘ diyn [[ 8 @5—u fexp lif (2]
R RY =i

Kexp [iE (zj;s @] =1)}Trn W1 «vvs Uni Ty ovny Za)]s (A17)
where
L e SR )

=(n—1)16(s,— y) G (22— yg) - - - 6 (@n—11)- (AlS)

We now consider a special case of our system—a noninter-
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acting Fermi gas in one spatial dimension. To obtain in ex-
plicit form the functional equation (77), we use the reduc-
tion of the ground state Q™ (A1) for the one-dimensional
case:

N
M =w1N)1p || [2sin(n (z;—2p)/0)]
i>R=1 :

= (N1 IN)172 (det || exp(ikjzn) I} oey), (A19)
where
;=._% v — 1), —%(N—EI), ...,—;(N—i), NEZ,.

Using Eqgs. (46)-(48), from (A19) for the coefficients
¢, €R',m= 0, N, we successively find

1/2 j
.-.-%N)=%N(N—i)c+const: c=% j dz In | sin (mz/1) |3
=12
N
cgN)=—;—N(N—1)c; M2 D In|sin[n (z5—2zp)/1]| }
i>hz1
4 (W—m) (N +n—1)c, g
(A20)

whence for the operator 4 , (x;8) in (77) we have the expres-
sion (a8 N— 0, /— 0, N /I-p = const)

deln lz—y I:-!- 8 1 8

Ay (z; 8)=2V, J 1 0/(x 1 Of @

:.- (A21)

A similar expression’ can also be obtained for a one-dimen-
sional system of Bose particles on the axis R' with Hamilto-
nian H: ®— < in an N-particle representation of the form

N N
2 2 2 —
He —to 3 S B O B 4im sin e, (A22)
=t i<k

where A € R' is an arbitrary numerical parameter. Since the
ground state 00"’ € ® for the Hamiltonian (A22) is given
by the explicit expression

N
QM =const || |2sin(a (@j—an)/] |*,
i>he=1

(A23)

for the numbers ¢ e R!, j = 0, N, we find accordingly’
from (A23)

M= const - N (V=1 ¢ (), o =.%.N(N—1)a(k); N
& 1
=20 X In | sin[x (@j—z)/l] |+ (¥ —n) (N4n—1) (M;>
i<k
: 12
c(hy= Zt_?\. 5 dz In | sin (nz/l) «
=12 J
(A24)

Therefore, in accordance with Egs. (45)—(48) we obtain for
the operator 4 (x; 8) in the functional equation (37) an ex-
plicit expression in the limit N— o0, /- o0, N /I - p:

A(z;a)=2x5dyvx1n|x..“:L.__5 A 8 .,

R! i of(@) 1 of(p *° (A25)
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As a consequence of the form of the expressions (A21)
and (A25), we conclude that in the limit A — 1 the Bose sys-
tem of particles (A22) goes over into a noninteracting Fermi
system. The reason for this is to be sought in the fact that the
corresponding unitary representations of the group of cur-
rents ~ A Diff(R') are unitarily equivalent. In order that
the ground state 5 € ® for the Fermi system with Hamil-
tonian (A22) be determined in the N-particle representa-
tion, we make the following constructions. Let
R'[ <] CR!' be the region for which x; <X, <... <Xy.
Also, let c€Sy be a permutation such that (x,,,
Xo2y oy ) ER'[ < 1. Wenowset Q8 = (— 1)5 QY
it is readily verified that the state QY € ®, Ne Z _ , is anti-
symmetric, real, and satisfies the Schrédinger equation
HQLY = E,QLY, where E, € R is the energy of the ground
state. At the same time, the number N € Z | must be odd in
order to ensure periodicity of the ground state. Thus, in both
the Bose and Fermi cases of particles with the Hamiltonian
(A22) the functional equation (37) has the form

[l
[V=—iV] (#)] i '5';6 (g)

|

=2, S d¥eln jomy | : 5 (A26)

6f ()

for all A e R'. By virtue of the results of Sec. 2, we obtain
from Eq. (64) the following explicit functional-operator so-
lution of Eq. (A26):

Z (f)=W ()W (0);
W(j)—-exp[l S dz de In|z—y |: TEG(T) _l-ﬁf T ]Zo (1)
Ri

{ ae exp 111 @1—-13)
R

Za(f) =exp

(A27)

where the numerical parameter a € R', is determined from
the following boundary condition: for all x € R!
18z (f)
187 (2) lr=0
To make this effective, we note that the functional % ( f)
(A27) satisfies® the following equation of Kirkwood-Sals-
burg-Symanzik type:

explif (@) - Tl - 0 (F )+

=FETl. (A28)

i2hn |- —x|) (A29)
for all x € R'. By the translational invariance of our system
of particles, we can in (A29) setf = 0 and x = 0, from which
we find

5 az@Mal-|) (A30)

In accordance with (A23) and the equation
L(f) =limy__ L (f), which follows from (87),
where

[} 1 N
2 (5= de1 jdzN 1M 2 I exp [if (z)],
¢’ ’ Gidid (A31)

N
/T (W) 1Ny 11 | 2sin [ (25—azx)/1] |*

1>

Q) — {I‘N
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[T(-) is the gamma function], we readily obtain
]
p_=czl%im{1"N(7\.)/l"U\.N)lN} jdxl

0
1 N N

: Sd:cN IT 12sin (3 @j—amm 12* I] 1 sin @jm) 124, (A32)

0 i>h j=1

From (A32), calculating the limit N— oo, /- 00, N/l =,
we determine the parameter a € RY, explicitly, on which we
shall not dwell here.

To calculate the functional .% ( f) (A27), we use the
fact that by virtue of (A31) it has the representation

5 dy In | sin [n (z—y)/1] |

8

z”(f—exp \
]

‘1

8f @) 1

0
§
(

A33
S W) ¢ )

:] 2§ o, )

1
X.—]—

2 () =exp (o ) dz (oxp 1 (@1 —13) .

oL —

4

Expanding the exponential in the first equation of (A33) ina
series in powers of the parameter A € R, , we readily®’ ob-
tain for the functional .#¥ ( f) the diagrammatic repre-
sentation

2N (=W (1w (0);

W (f)=exp [ b T:T b w«;gf,))].

N=1 Gg}

(A34)

Here, G | is a connected simple graph consistingof N € Z
vertices x,,..., Xy € [0, 1] and of directed lines that join
them (without self-repetitions) arbitrarily, each vertex in
the graph G §7’ being associated with the factor [} dx exp
[if(x) ], and each line joining the vertices x; and x, being
associated with the factor exp{24 In|sin[7(x; —x,)/
11} —1,j, k= 1, N. The result of a calculation in accor-
dance with this rule for the given diagram G §’ will be the
functional w(G &), and summation over all such connected
simple graphs leads after division by the factor N! to the
functional W'Y’ ( f), which specifies in accordance with
(A34) the required functional .#‘¥ ( f). Making the cal-
culations in accordance with (A34) and then going to the
limit N— c0, /= 0, N /I = p, we can finally determine the
generating functional £ (f)=limy__ ™ (f) in
(A27) and, thus, the distribution functions for one-dimen-
sional Bose as well as Fermi gases of particles in the ground
state ) € ® (at zero temperature). In accordance with the
results presented above, this samme approach is also valid for
the calculation of the generating functional .7 (f),
fe€ #(R% R") in the physical space R? in the case of nonin-
teracting Bose and Fermi gases of particles of fixed density in
the ground state at arbitrary temperatures. We note in con-
clusion that the original approach to the calculation of the
correlation functions of a one-dimensional Fermi gas was
developed in Ref. 34 on the basis of an analysis of isomono-
dromic deformations of a special lattice approximation of
the nonlinear completely integrable Schrédinger model. The
combination of the ideas of this study with the approach of
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the present review as applied to a more general nonlinear
model of Schrodinger type® is at present an interesting and
topical problem.

There is also definite interest in studying the topologi-
cal®**® structure of the set of solutions of the Bogolyubov
functional equation (37) in the quantum case.
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Erratum: “Long-distance” neutrinos. Physical bases and geophysical
applications [Sov. J. Part. Nucl. 17(3), 167-185 (May-June 1986)]

V. A. Tsarev and V. A. Chechin

Figure 1 should read:

FIG. 1. Use of neutrino beams for geophysical studies.
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