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For the unified description of collective states of both positive and negative parity a model is
developed in which not only quadrupole but also octupole degrees of freedom are taken into
account. The analysis is based on a self-consistent treatment of the interaction of the
vibrational degrees of freedom through rotation of the nucleus. The model can be formulated
in such a way that there is no expansion with respect to the ratio of the vibration amplitude to
the static deformation, and therefore deformed as well as transitional nuclei, in which the
static deformation may be small, can be studied in a unified manner. The moments of inertia
and the vibrational rigidities are determined in a self-consistent manner and depend essentially
on the angular momentum of the level. This has the consequence that with increasing angular
momentum there is a rearrangement of the spectrum from a rotational to an equidistant
spectrum. The possibility of an additional branch of the spectrum beginning at a certain value
of the angular momentum is discussed. The corresponding collective states are treated as

dynamical nonaxial isomers.

INTRODUCTION

The last decade has been marked in nuclear theory by
the rapid development of microscopic methods for describ-
ing nuclear structure (for more details, see Refs. 1-3). How-
ever, even in the simplest cases direct microscopic calcula-
tions are still very complicated and cumbersome, and their
results can be evaluated and interpreted mainly only in the
framework of model ideas (see, for example, Ref. 4). It is
therefore sensible, using ideas advanced by Belyaev,’ to
modify somewhat the aims of microscopic theory, namely,
to direct the main efforts not so much at obtaining exact
numerical solutions to the equations of microscopic theory
but rather to concentrate them on justifying the phenomeno-
logical models that have successfully proved themselves.

These models must, of course, at the same time be im-
proved to take into account not only the accumulated experi-
ence in the description of the given nuclear phenomena but
also the achievements of the microscopic theory.

The present paper is devoted to a review of the develop-
ment of one such model. It is well known that in the excita-
tion spectra of nuclei of the transition region and the actin-
ides many levels are observed at energies of order 1-2 MeV
that have a collective nature and are associated with excita-
tions of the nuclear surface.

The phenomenological theory of vibrational-rotational
spectra of deformed nuclei has been developed by many
authors and was begun by the classical studies of Bohr and
Mottelson.®” The Hamiltonian constructed by Bohr was
subsequently widely used in the work of Davydov and his
collaborators® ' to study nonaxial nuclei (Davydov—Filip-
pov model® ), and also the coupling of 8 vibrations with ro-
tations in the so-called soft nuclei, whose deformation
changes appreciably with increasing angular momentum of
the nucleus (Davydov—Chaban model® ).

Faessler and Greiner'"'* took into account systemati-
cally not only rotational but also vibrational (but only qua-
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drupole) degrees of freedom. In their approach, which has
become known as the “vibrational-rotational model” (or
the Faessler—Greiner model), two circumstances are essen-
tially used. First, the consideration of only quadrupole exci-
tations has the consequence that the moment of inertia A o
associated with rotation around the symmetry axis depends
only on a single vibrational variable. Second, the assumption
of a strong static deformation means a weak dependence on
the vibrational variables of the moments of inertia # | and
# , associated with rotations about the transverse axes; in
other words, the theory contains small parameters,

|(a?-u—a_1u)/ﬁo|<<1 (1)

(a,, arethe vibrational variables, @ 1, are their mean values,
and S, is the deformation parameter).

To describe the observed states with negative parity, it
is necessary to include in the treatment octupole degrees of
freedom. But then the moment of inertia # ; becomes a func-
tion of several vibrational variables a,, with u#0, which
characterize the deformation of the shape of the nucleus
from axial symmetry (when allowance is made for only the
quadrupole degrees of freedom,”” the moment of inertia is
determined by the single amplitude a,, ), and as a result the
vibrations are coupled to one another. Therefore, in the early
studies'*'* it was necessary to make additional approxima-
tions to describe the octupole vibrations—to assume an ad-
ditional symmetry of the deformed potential or to ignore the
quadrupole degrees of freedom altogether. In Refs. 19 and
20, not only octupole but also quadrupole variables were
taken into account, but the method of approximate separa-
tion of the variables used in these studies cannot be regarded
as sufficiently justified and is therefore suitable only for a
preliminary description. The problem of the interaction of
the quadrupole and octupole degrees of freedom is also the
subject of Ref. 21. However, the wave functions are con-
structed in Ref. 21 without allowance for this interaction
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and therefore can be used only for subsequent diagonaliza-
tion.

To describe the quadrupole-octupole excitations of the
nuclear surface with allowance for their interaction through
rotations about the symmetry axis a method was proposed in
Refs. 22-25 on the basis of a self-consistent description of the
interacting vibrations. This approach is based on the fact
that the interaction potential is determined by the moments
of inertia, while these themselves are determined by a whole
set of vibrational amplitudes. It is therefore reasonable to
assume that the potential is a fairly smooth function of each
of the vibrational variables that describe the interacting de-
grees of freedom. In the studied problem, this is indeed the
case, since already in the study of the quadrupole and octu-
pole degrees of freedom four of them contribute to the mo-
ment # , and, therefore, to the interaction potential of the
vibrations. In principle, higher multipoles can also make a
contribution; in this case, the validity of the approximation
of self-consistent vibrations will be even better. We note that
the summation over the multipoles is restricted in accor-
dance with Ref. 26 by the inequality 1 S4 '3,

Separation of the vibrational variables by means of the
variational principle makes it possible to obtain the best nu-
clear wave function (as a function of the collective vari-
ables) among all multiplicative functions that describe the
independent or quasi-independent vibrations.

The fact that the number of vibration amplitudes that
break the axial symmetry and therefore contribute to the
moments of inertia _# , is fairly large also makes it possible to
simplify considerably the structure of the Hartree equations
for the individual vibrations. Thus, under the assumption
that the amplitudes are fairly small the interaction of the
vibrations leads only to a change in the rigidities and, there-
fore, frequencies. This renormalization of the frequencies
depends on the rms values of the amplitudes and therefore
for each band {K,{n,, }}=p is different. The energy of the
system of interacting vibrations (phonons) is not equal to
the sum of their energies but is determined by a more compli-
cated expression.

For detailed comparison of the calculated and observed
spectra, it is of course necessary to take into account the
difference of the moments of inertia # , and _# , from their
static value #,, and also the nondiagonal elements of the
inertia tensor that arise when the octupole degrees of free-
dom are taken into account. The corresponding part of the
collective Hamiltonian, which is usually denoted by H ;.o »
being an operator with respect to the vibrational as well as
the rotational variables, leads to mixing of the rotational
bands—the quantities K and {n,, } cease to be exact quan-
tum numbers, though it is convenient to use them to label the
collective states.

The proposed method, which can be called the Hartree
method for phonons or the method of self-consistent phon-
ons) has made it possible to give a reasonable description of
the vibrational-rotational spectra of deformed nuclei.

However, only the so-called rigid nuclei have been con-
sidered, and the conditions (1) have been used. In the pres-
ent paper, the method of self-consistent phonons is present-
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ed in such a way that it becomes possible to treat not only
rigid but also soft nuclei in which the dynamical deformation
is comparable with the static deformation and the conditions
(1) are not satisfied. The equilibrium deformation is then
determined from the condition of a minimum of the total
vibrational-rotational energy. Such an approach is due to
the work of Davydov and Chaban in Ref. 9.

The essential dependence of all moments of inertia on
the vibrational amplitudes has the consequence that the in-
teraction between the vibrations is realized through rota-
tions about all axes. As a result, the structure of the interac-
tion becomes more complicated and it encompasses all
vibration modes and not only the transverse modes (u£0),
as was the case for rigid nuclei. Such a treatment has the
consequence that on the transition from one level to another
in a given rotational band the moments of inertia can change
appreciably; this leads to a significant rearrangement of the
rotational spectra. The values of the moments of inertia are
determined as functions of the angular momentum in a self-
consistent manner.

1. VIBRATIONAL-ROTATIONAL HAMILTONIAN FOR
EXCITATIONS OF ARBITRARY MULTIPOLARITY

The vibrational-rotational model is based on Bohr’s
classical paper of Ref. 6, in which he introduced an intrinsic
coordinate system rigidly attached to the nucleus. Then the
variables @, that describe the shape of the nuclear surface
in the laboratory system,

R(B, (P):Ru (1+§ 23 Igu.(e? (P}); (2)
L

are expressed in terms of the variables a,,, that describe the

deformation of the nuclear surface in the intrinsic coordi-

nate system,

R, (P'):Ro(i"l‘;au 1.0, 97)), (3)
I

and in terms of the Eulerian angles {8, ,8,,0 ; }, which speci-
fy the orientation of the nucleus as a whole:

Gy =21 Diiy (84, 6y, 05) ay- (4)

Restricting the treatment to quadrupole deformations,
Bohr fixed the intrinsic frame of reference by the conditions

Qg1 = gy = 0, @ay = Gy, (3)

which mean that the axes of this system are the principal
axes of the ellipsoid (quadrupoloid) of the deformations.

Going over to deformations of higher multipolarity, we
shall assume that they, like the quadrupole deformations,
preserve the symmetry of the nucleus with respect to the
plane ZOX, which passes through the symmetry axis of the
nucleus. This assumption,

ah-u:(_{)ua?»u! (6)

in conjunction with the requirement of reality of the nuclear
radius (3) leads to reality of the amplitudes a;, :

axu.':a'lu' (7)
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The same conclusion can be reached in a different way. As is
well known, coordinates and velocities behave differently
under time reversal: The coordinates do not change but the
velocities are reversed. Accordingly, regarding the quanti-
ties a;, directly as collective coordinates, it is natural to
require their invariance under time reversal, and this re-
duces to the condition (7).

Since the vibration amplitudes a;, and a; _, are relat-
ed to each other, we can regard as independent only those for
which p>0. Therefore, the quadrupole vibrations are de-
scribed by two variables; the octupole, by four.

In this paper, we restrict the treatment to nuclei that are
axisymmetric in the ground state; for these the minimum of
the potential energy ¥({a;,}) corresponds to values of the
variables a;,, given by

Ay = 6?.6p01 ( 8)

where 3, is the parameter of the A-complete deformation.

Assuming that the multipole deformations are of higher
order than the quadrupole deformations and represent small
corrections, we shall assume that the static deformation is
purely quadrupole:

Bo=Po, Bs=Pu=...

The vibrational-rotational model®!° is based on the
classical energy of surface excitations:

E=’;T Z By, |oau |2+ V ({etan))s
i

=0, 9

(10)

where B, are mass parameters. Going over by means of (4)
from the collective variables @, in the laboratory system to
the vibrational variables @;,, in the intrinsic system and the
Eulerianangles {8, ,8,,8, }, which characterize the orienta-
tion of the nucleus, we obtain

1 1S ’
= 2 Bila 2+ D) ofas,Fio
hu i, Ap

+5 2 Fioioi+V (e, (11)
L%}

where V({a,, }) is the deformation potential, »; are the ro-
tational velocities around the axes of the intrinsic system,
and w;=p,;; # ; is the interia tensor,

Yu= 2 B pllireydollydn,  (12)
v

whose diagonal elements are the moments of inertia; the co-

efficients

Fpppe=— ‘?Bhlm(lv |Lg] M) asy (13)
describe the “classical” interaction of the vibrations with the
rotations.

By virtue of the definition of the intrinsic coordinate
system (3), the quadrupole terms contribute only to the di-
agonal elements of the tensor # ;. In contrast, the nondia-
gonal elements of the tensor #, and the coefficients Fi;
are determined by the octupole (and higher multipolarity)
terms.
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In what follows, we shall restrict ourselves (to be specif-
ic) to octupole deformations:

Yu= (Vgazo + ]/'2_.%2)2 B, (Gﬂ:o + 50::1 -+ 8&:,

+3a5,+2 V30 a3, +2 V 15 a34845) Bg;

¥aa=(V B ay—V 2ay,)* B, + (6ay, +17a}, + 8a2,

+ 325, —2 V 30 agoay, —2.V 15 A34tts3) Bgy

Y33 =8a3,B, + (20}, + 8al, + 18a3;) By;

FYeo=Fu=%u=¥%:=0;

Pra=%u=(2V 3agay+3 V10 (433 + 5V 6 agy55) By )
(14)

and

F:.A.u=Fa.L;.:_=O§ Ff.2u=0§ Wt A

Fo0=2 V__3 a3 Bs; ﬁ.atﬁ(vioass—z V ?laao) By (15)
Fz.sz=(Vﬁaas“V10 ay1) By; Fa,g3= _VaassBs-

Then the kinetic energy of the nucleus can be represent-
ed in the form

1 . .
T:'T 2 guj_r.@:-e‘guﬂ (16)
H1¥a
where g,, is the set of collective variables
g« = {P1» Bz Ps» @208 @22y G50y Ca1s G3ay sz} (17)

and the matrix g, , can be expressed in terms of the mass
parameters B, and the quantities #; and F;, :

For- Dot Bipi0:015:10. et Bitrendiianscif
0 %2 0 0 0 Fyg Fog Foge Fogs
Fprarn sy ligap gt =wpeebapiyag
0 EGrIa 56 g sy s viglieo gpecl i
e o R ot R Pl O Y | .
0 Foul 0.0 Hee O 90y 0
i ol apbnc® O Dty 2BiogBiini 0
Qiee: PagpBriei0in i@ & O solsoe S8 10
0 B 00 0 0 .cOmgh

(18)
The general quantization procedure (for more details, see
Ref. 12) leads to a Hamiltonian of the form

E=% z I;“Ig;iﬂsi’nn'i' ngd+V- (19)

Hi¥e

Here, p, are the collective momenta corresponding to the
collective coordinates (17):

- B e e . o @ o
px:{ﬂ/fl, My M e, ==lamay

a F ) s 3 o d
T iglieg T g, o g T }’ (20)

M ; are the angular-momentum operators in the intrinsic
system; V44 is the additional potential associated with the
dependence of the mass coefficients g, , on the dynamical
variables a;,, :
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— A )
Vﬂdd_.—sﬁlz el wlw)e @D
{1
here
D=7 det g, ., (22)

2. INTERACTION OF VIBRATIONS AND APPROXIMATION
OF SELF-CONSISTENT PHONONS IN RIGID NUCLEI

When allowance is made for the octupole degrees of
freedom, the matrix g} that determines the collective vi-
brational-rotational Hamiltonian has a rather complicated
structure. In the vibrational-rotational model it is usually
assumed that the vibrations take place with respect to a given
deformed shape. In other words, when studying small vibra-
tions about the equilibrium, it is convenient to separate from
the variables a,,, their equilibrium values,

Ay = ﬁodhzago ok aiu ’ (23)
and assume that the amplitudes a},, are small,
laan/Bol < 1, (24)

and that a restriction can be made to the leading terms in
expansions with respect to them.

Initially, we consider vibrational-rotational excitations
satisfying the condition (24), having in mind applications to
the so-called rigid nuclei, and then (beginning in Sec. 9) we
generalize the treatment so that we can dispense with the
assumption (24) and we therefore make the theory itself
apply to the description of not only rigid but also soft nuclei,
in which the static deformation can also be small.

We draw attention to the fact that the moments of iner-
tia #,, and £ ,, associated with rotations around the axes 1
and 2 perpendicular to the symmetry axis contain the static
component #

o= 2 Bh(h+1) B} =3B,B. (25)
A

The remaining elements of the tensor #; are quadratic in
the small amplitudes a},, while F;;, are linear. Therefore,
the determinant of the matrix g, .. reduces to the product of
its diagonal elements:

det gy u, o %% 0528385, (26)

Theleading terms in the expansion of the inverse matrix
oo ,}2 determine the first two terms in the vibrational-rota-
tional Hamiltonian,

H =By + B+ Huprots @7
the rotational part I/-:Tmt including the terms
I ﬁiﬂ+ﬂ;2 ﬁ}éz
Hrotz—ﬂ-i?u—"!— 2?83 . (28)

The vibrational part H,; contains besides the deformation
energy V,

1 ,
V"-———Z' 2 C;\,ud;i 3
Ap=0

(29)
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the potential V4, which in accordance with (21) is equal to
1

Vota g (S"é‘;Té B (@ —4)afk),  (30)
where

S=p N w2 (31)

An=0

Introducing the more compact notation

4 =iy, Br= By g (32)
where

r = {20, 22, 30, 31, 32, 33}, (33)

we can represent the vibrational Hamiltonian as

gvond Jocinpta ot ad el 3B,p? (p2—4) s

R 2 o e o] i S L 1
(34)

With regard to the vibrational-rotational part ﬁvib —
it is determined by the following terms in the expansion of
the inverse matrix g, in the small amplitudes of the vibra-
tions and has a fairly complicated structure. The explicit
form of H,;, ... Will be given below in Sec. 5.

For the vibrational-rotation model it is traditional to
adopt the approach in which one first constructs wave func-
tions for the Hamiltonian

f}DEﬁvlh+ﬁrﬂtu (35)

and then, using already a diagonalization on these functions
of the total collective Hamiltonian H, one obtains the final
solutions. Representing the wave function of the Hamilto-
nian H , as a product of a vibrational and a rotational func-
tion,

@ ({Qr}vl elv ez, Bﬂ) = frx ({QT}) D]{;K (el-: 921 03)1

where I is the total angular momentum of the nucleus and M
and K are its projections onto the laboratory axis and the
symmetry axis of the nucleus, we see that the vibrational
function y ¢ satisfies the Schrodinger equation

(36)

A5k (ar) = Erxex (a7)) (37)
with effective vibrational Hamiltonian

fretf 3 K2 I{I4+1)—K*

H$Ih=Hv1h+ 2% + 2%, . (38)

The Hamiltonian (38) describes vibrations of the sur-
face of the rotating nucleus (with angular momentum [/ and
projection K of the angular momentum onto the symmetry
axis) and can be divided in accordance with its structure into
three parts:

I?"v’ﬁ,=——””§;’_m o+ D BD Ve (39)
0

.
The first of them is associated with rotation about the per-
pendicular (with respect to the symmetry axis) axis and is

not an operator with respect to the vibrational variables. The

Barts et al. 293



second part is the Hamiltonian of the system of noninteract-
ing phonons:

A 1 a2 1
B = — 5 e+ 5 0l (40)

A~
Finally, the third part is formed by the terms in H S,
that contain in the denominator the moment of inertia # 5,
(we recall that the axis 3 of the intrinsic system is the sym-
metry axis of the nucleus),
PR

=k
Vine = #aa #ia ’

(41)

where
O = K%2 4+ 8; v, = —(38)B,u* (W* —4). (42)

In the Faessler—-Greiner model,'! in which one consid-
ers only quadrupole degrees of freedom, the moment of iner-
tia # {3’ is determined solely by the variablea,, , and the part
¥ (¥ reduces simply to the centrifugal correction

nt

1—K®
" 168, (43)

Vite=
and does not prevent separation of the vibrational variables.

In the general case, the moment of inertia # ,; depends
on all the variables a;, with nonvanishing projections x that
correspond to vibrations that break the axial symmetry.
Therefore, the part ¥}, describes the interaction between
these degrees of freedom. The fact that when degrees of free-
dom with A > 2 are included in the treatment the vibrational
variables do not separate leads to certain difficulties in con-
structing the theory of low-lying collective states of axial
nuclei. Despite great efforts to overcome these difficulties
(see, for example, Refs. 19 and 21), this problem can hardly
be regarded as solved.

It appears reasonable® to seek the collective wave func-
tion y,x ({g,}), which describes the quadrupole as well as
the octupole (and, in principle, the higher multipolarity)
vibrations, in the form

e ({QF}) == H Ar (Qr)v (44)

where the functions y, (¢, ) are determined by means of the
variational principle

F(;T {('KIK lﬁﬁﬁl Krg) — 2 & (Yo | Xr’)} =20 (45)

(£, are Lagrangian multipliers). The relation (44) in con-
junction with (45) is the Hartree approximation for the col-
lective (vibrational) degrees of freedom and can be called
the approximation of “self-consistent phonons.”

The assumption of a self-consistent nature of the
phonon interaction is based on the following considerations.
The point is that already when the octupole degrees of free-
dom are taken into account four terms contribute to the mo-
ment of inertia # ,;, and therefore the part played by each of
them separately is relatively small.

Since all these terms are of the same sign (positive),
there can be no compensation effects, and the moment of
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inertia # 53, and, therefore, the interaction potential ¥, is
a fairly smooth function of each of the variables g, for a
certain (average) value of the remaining variables. With
regard to the singularity of the potential at g, =g¢,,
=...=¢,, =0 (N is the number of interacting degrees of

freedom ), its importance decreases with increasing dimen-
sion of the space, and already when N =4 (quadru-
pole + octupole) this singularity is unimportant.

3. APPROXIMATION OF A LARGE NUMBER OF
INTERACTING VIBRATIONAL DEGREES OF FREEDOM

The Hartree equations for the phonon wave functions
x»(g,) can be obtained and solved without additional ap-
proximations. However, these equations take a particularly
simple form and the picture becomes rather clear if we ex-
ploit the fact that the number N of interacting degrees of
freedom is rather large and we expand the interaction poten-
tial in powers of 1/N.-

Considering from this point of view the averaging with
respect to a certain variable g, of the quantity 1/_# 55, which
occurs in the interaction potential V,,,, we can readily estab-
lish??

<'?1§>q,ﬁ Tiﬁ.“" (46)

where terms of order 1/N ? and higher have been omitted. In
principle, such terms can be retained and more accurate
though cumbersome expressions can be obtained. We note
that the third-order correction to (46) contains an addi-
tional small quantity, being proportional to the variance
(g*) — (g?)* of the vibrations. Therefore, even with
allowance for the accumulation of errors from the successive
averaging over all the variables the approximation

Fa)> i

and the analogous approximation
/E LN @ r (gD
N /T T

are fairly good.
Using (47) and (48), we obtain for each function y, the

Schrédinger equation

a

H .y = ey (Qr) (49)

~
with single-phonon oscillator Hamiltonian H,,

(48)

A 1 d2 1
Hr——‘—ﬁ;jg'f"z—fip)ﬁ’ (50)

but rigidity ¢t”,
4D . {q%)
_ 2(8kpBy—vn) 2V @i
(#sa)im (¥33)%p) ’

which depends on the mean values of the complete set of
vibrational coordinates. These, in their turn, are determined
by the rigidities ¢ ”,

o =c,

(1)

ny+1/2
VEaP e

{gnm =
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TABLE 1. Rearrangement of nuclear characteristics.

Character- | Initial Dand
istic, keV | value, keV g(.ﬁl)l. ﬂ}f:é; n..:{'. nf{,: 5; n,.:;:
off 965 832 842 814 841 823
o) 806 790 780 | 780 780 774
wip’ 977 847 857 830 856 838
wi®) 2000 1715 1813 1736 1811 1797
1/%3s 124 79 106 80 77
E® (Eg. s=330) —104 —18 —102 —161

which depend, thus, on the state p = {K,{n, }} of the nu-
cleus (we are of course speaking of the dependence on the set
of numbers n, with ¢£50).

If we introduce the frequencies @, and w!”’

(D,.=VC,-/B,., W$P’=V€(r‘°’/3n (53)
then we can cast the relations (51) into the form
o2 =02 — _-—{Kz-g- T (b2 —4)+u(m+23} ,» (54)

where the mean value of the moment of inertia in the given
state is determined in accordance with

+1/2
=2 W —n‘—m_‘;T“ (55)
and we have introduced the notation
1/2
= Z p2 (p2—4) nr::m/ (56)

[we recall that the constant S is defined in accordance with
3]

Equations (54) form in conjunction with (55) and
(56) a closed system of coupled algebraic equations for the
frequencies w{” characterizing the state p. When the vibra-
tional-rotational interaction H.;, ., is ignored, these fre-
quencies are independent of the total angular momentum /
and therefore characterize the entire rotational band based
on the given level p.

Equations (54)-(56) reduce to a system of two equa-
tions with two unknowns, and, as analysis shows, this system
has a unique solution.

In Table I, we give as an example the frequencies &!”
for the different bands p (the choice of the initial frequencies
@, corresponds to the nucleus **® U; see below). We see that
already the zero-point vibrations in the ground state signifi-
cantly disturb the axial symmetry of the nucleus, and this
leads to a significant difference between the frequencies o #
and the initial @, . Although the change in each of the rigidi-

295 Sov. J. Part. Nucl. 17 (4), July-Aug. 1986

ties as a result of excitation is not particularly large [the
values of @'’ for different bands are similar], the total effect
of the additional breaking of the axial symmetry is not so
small—the moment of inertia £ ,, varies significantly from
band to band. On the other hand, even following the excita-
tion of a vibration quantum, when the contribution of the
corresponding degree of freedom to 077 43 increases by three
times, the value of 1/ 7 ;3 changes by not more than 1.5
times. This confirms the assumption made above concerning
the nature of the dependence of the part ¥, on the vibra-
tional variables,

4. SPECTRUM OF THE HAMILTONIAN A,

The frequencies @' #’ directly determine the phonon os-
cillator functions y, (g, ), from which the total vibrational
function y x is constructed in accordance with (44), and the
total collective function @, in accordance with (36).
However, it must be borne in mind that the choice of the axes
of the intrinsic coordinate system is not unique in the sense
that there exist different possibilities for choosing the index-
ing and directions of the coordinate axes (for a given triaxial
system).® Since a unique set of collective variables @, cor-
responds to a given shape of the nucleus in the laboratory
system, the collective wave function, expressed in terms of
the Eulerian angles and the vibration amplitudes in the in-
trinsic coordinate system, must be invariant with respect to
the choice of the intrinsic system. For this, the wave function
must be invariant with respect to the transformations deter-
mined by the operators R (change of the direction of refer-
ence with respect to the axes 2 and 3) and R » (rotation
around axis 3 through 7/2). Acting on the function (36), we
obtain®* for the considered model

K = pn, (57)

The following function has the required property of invar-
iance under the transformation R ,:

SN L e

VEtToe Sk

‘FIIKIM: | —K},
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where

o

‘(=1 " (59)

is the parity of the state.
From (58) for K = 0 there follows the well-known se-
lection rule

n = (—1)1, K = 0- (60)

Wenote that the symmetrization (58) of the wave func-
tions has an effect when they are used to calculate the non-
diagonal matrix elements.

The energy of the system of interacting phonons i is de-
termined by the expectation value of the Hamiltonian H ik
with respect to the wave functions y ., and this leads to

bt 5
I(I4-1)—
Epx <{n,})—ﬁ’—~+2 e 182 )
3
IT(I4+1)—K ] (P — )2
YTy L)
3 Ay
B2 AS /2-;:/4-'- . (61)
The excitation energy E % ({n,}) is obviously the difference

between the energies of the given state {IK,{n,}} and the
ground state {00,{n, = 0}}:

Erx ({n:)) = E1x (n:}) — Eoo ({n, = 0}).

We consider three types of excited states.

1. Ground-state band, p = g={0,{n, = 0}}.

The excitation energy is purely rotational (around an
axis transverse to the symmetry axis):

Efo ({ny = 0)) =1 (I + 1)/2%,

2. Excitations that do not disturb the axial symmetry of
the nucleus, i.e., K = 0, and only some of the numbers n,
with ¢z = 0 are nonzero. To these excitations there belong
above all the B bands n,, = 1,2,..., and also the octupole
excitations ny, = 1,2,..., etc. Excitations of this type do not
change the moment of inertia 7 ,; and the frequencies w{#
from their values in the ground state:

(62)

(63)

ofP) = uf®, (64)
with

off) =@y, (65)
(for all states).

The excitation energy consists in this case of rotational
energy and the energy of the excited phonons:

EYg ({rap ~ o) =—7— 2 g;;i) -+ E W72, (66)

3. Excitations that disturb the axial symmetry of the
nucleus. The breaking of the symmetry (in addition to that
produced in the ground state by the zero-point vibrations)
leads to a change in the moment of inertia _# ,, and the fre-
quencies @7
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(Fasdim 7= (Fasdgs OF) 7= @) (p==0). (67)

As aresult, the excitation energy contains an additional
part E”> associated with the rearrangement,

EP) — Z i( (@ —w,)2 R )
T 2 20(P) 20(8)

%(p) gy,

ik (Fas)p {(#asi(

(68)

(see Table I), and determined by the expression

" i 410 T
EIK {n })— 2#0
m(p) )2

+Z ( Zo® _) ’?r“‘\*'%‘}'E”,)'

33

(69)

5. ALLOWANCE FOR THE VIBRATIONAL-ROTATIONAL
INTERACTION

The next step is to take into account®*** the part H e
of the total collective Hamiltonian (27) responsible for the
deviation of the energies in a rotational band from the law
E; ~I(I +1). The exact wave functions and energies are
then obtained by diagonalizing the total Hamiltonian on the
basis of the functions constructed above,

P __ p
Vi = E Yo pCp
»

(70)

Note that wave functions ¥,,,, relating to different
statesp; and p, are not, strictly speaking, orthogonal to each
other. However, in reality the parameters o ? of the “sin-
gle-particle” functions y, (g, ) do not differ too strongly (see
Table I), and therefore the effects of the nonorthogonality
are negligibly small. (Even for Aw/@ = 0.1, the overlap inte-
gral is 0.99943.) i

The vibrational-rotational part H,, ., can be repre-
sented as the sum

A

A A
H iy rot = Hiibrot -+ HE rot (71)

of the quadrupole operator H &) o» Which is identical to the
operator H,;, ., in the Faessler-Greiner model (see Ref.
12),

ag0 Ve e
o S

ﬁzo 322 ﬂzaﬂez 2 ﬂm 2V6 a9
T2 g2 VS e (—2 gy 2 e
+3 '120 ‘122 ) V’b ﬂen“zz )} ;

A ron == {12 (—

(72)

and the operator H b wot» Which arises because the octupole
degrees of freedom are taken into account,

1 7 fs e - y :
Hy rot = .~ {7 2 Pay, fan Jau, Pau, — M 2 TauPan

Hipz
T (M ﬂf —|—ﬂff M1)+ far M;z (#11 }
(73)

? 2 ?33

where # [ is the octupole part of the moment of inertia_# |,
[see (14) ], and the amplitudes fiu=F,;,/B,, are given by
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TABLE II. Rearrangement of rotational energy for different bands.

Band | &b B v Octupoles B octupoles
RAI%:; mu=0; | ngg=1; | nge=1; [ nge=1; | na1=1; [ nga=1; | nga=1; [ nap=ng =1;
N’ | B0 | Rt | Fmd” | ot | oz | Beg " =D
e(P)/e, 1.08 1.20 1.15 1.02 1.07 1.05 1.07 1.0

fau=2V'oTam, fa|=]/maae—]/§asoi }
iy ok e (74)
fsa=V 32 agy—V 5/2 ay, faa=—V 3/2 ag,.

Each term in the operator ﬁvib 1o 18 @ product of angu-
lar-momentum operators, which act only on the rotational
variables, and the “vibrational” operators a,, and p,,, .

Omitting the cumbersome expressions for the matrix
elements of the vibrational-rotational interaction (which
can be calculated by the well-known method; see, for exam-
ple, Ref. 12), we restrict ourselves to a discussion of their
structure. =

We note first of all that the diagonal part of H o
already leads to a renormalization of the moments of inertia
for the individual bands (Table IT). This renormalization is
characterized by the small parameter &, /@ [e,=1/(2,7 ) is
the rotational energy, and o is the energy of one of the vibra-
tion quanta w,,, ]. ts

Further, since part of H;, ., consists of terms linear or
quadratic in the angular-momentum operators M /, the ma-
trix elements with |AK | = 0,1,2 are nonzero. For states with
positive parity, only even K are admissible, and matrix ele-
ments with |AK | = 1 do not arise. But for the negative-par-
ity states it is precisely these matrix elements that play an
important part. The Coriolis forces (|AK | = 1) are dueboth
to the direct interaction of the vibrations with the rotations
[the terms with F; ,, in the kinetic energy (11)] and to the
nondiagonality of the moment of inertia tensor # ;; more-
over, whereas the former are characterized by only rota-
tional energy, the latter are also proportional to the ratio 1/
(F alo).

The matrix elements with |AK | = 0 and 2 are apprecia-
bly smaller than the Coriolis elements, since in addition to g,
they also contain one or two factors £y,/@ . As an illustra-
tion, Table III gives the numerical values of the different

matrix elements from the calculation for the nucleus *** U:
(K {mi} |1 H vy rot] TK {ma)

I(I+1)—K? AK=0;

= Vpr’ l VII+D—K(E+1), |AK|=1;

\VITFD—KE+DVIT+D—(K+ D (K+2),
|AK|=2. (75)
It is of interest to follow the rearrangement of the states

when the nondiagonal part of the vibrational-rotational in-

teraction is “switched on” (by means of a coefficient that

varies from zero to unity). Figure 1 shows the rearrange-

ment of the energies of the 3~ states of the different octupole
bands, the mean values of the corresponding number K,

(K)p= ; (b2 K,

(76)

and the reduced probabilities of E 3 transitions from the
ground state to the given state. The parameter ,; for this
calculation was chosen in such a way that the “initial”’ ener-
gies of the two 3~ levels from the bands with K =3 and
K =2 were nearly equal. It is natural that precisely these
states are the most strongly rearranged. However, two other
states with K = 1and K = O are also subject to a fairly strong
influence of the vibrational-rotational interaction. This is
reflected especially in the coefficients ¢ £ and, therefore, in
the probabilities of electromagnetic transitions between the
collective states.

6. PARAMETERS AND THEIR CHOICE

The collective Hamiltonian used in the present ap-
proach includes as parameters the mass coefficients B, , the
rigidities c;,, and the static-deformation parameters ;.
The nucleus is characterized by nine quantities (assuming a

TABLE III. Nondiagonal matrix elements of the vibrational-rotational interaction y,,,,

keV [see (75)].

n=+41 =reil
Band | g.b | B ¢ | Band | fp=li | wgsd | g =t | mpo
g. b — | —2.0 | —1.8] ngpp=1: = —25.4 | —0.2 —
K=0
i} =2.0 — | 40,6| ngy=1; | —25.4 — —13.2 —0.04
K=1
v —1,3]|40.6| — | ng=1;| —0.2 | —13.2 — —11.5
K=2
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FIG. 1. Rearrangement of 3~ states when the nondia-
gonal part of the vibrational-rotational interaction
with @;; = 1010 keV is included.
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quadrupole nature of the static deformation).

B2 = Poy By By, €4, Cags C300 Cg1s Cgay Cyge (71)

To determine the wave functions of the Hamiltonian H , it is
sufficient to specify the six frequencies

g0y Wggy Wgg, W3, g9, Wgs. (78)

To find the energy levels of the total collective Hamilto-
nian, it is also necessary to know the rotational energy

go = 1/(2%,) = 1/(6B,B}), (79)

which can be regarded as an independent parameter instead
of the mass coefficient B, (if the values of B, are well known
from experiment). These same quantities (78) and (79) in
conjunction with 3, also determine the probabilities of E 2
transitions between the positive-parity states. But the proba-
bilities of E 3 transitions, in which octupole quanta are excit-
ed, are inversely proportional to the mass coefficient B

In the spectra of many deformed nuclei (four among
them have been chosen) one can observe not only the
ground-state band but also bands identified as 8 (7,, = 1),
¥(n3;, = 1), and octupole bands with K = 0,1,2 (n,, = 1)
excitations. In accordance with this, five parameters of the
set (78) were chosen in such a way as to achieve fitting to one
level (as a rule, the head line) of each of these bands. The
rotational energy £, was determined, as is usually done,
from the 2™ level of the ground-state band.

Unfortunately, reliable experimental data permitting
such a determination of the parameter w,, are not avail-

 § 1
03 05 07 4p

able—aband with K‘™ = 3~ is not observed. Therefore, the
dependence of the results of the theory on the choice of the
parameter @,; was investigated. Figure 2 shows the energies
of the 3~ states, the mean values (K ) of the projections of
the angular momentum onto the symmetry axis, and the pro-
babilities of transitions from the ground state to the given
state as functions of the parameter w; in the “resonance”
region (the remaining parameters were determined for each
value of w;; independently by the method described above).

The quantities given in Fig. 2 are very sensitive to the
choice of the parameter w;, when the energy of the 3~
(K = 3) level is close to the energy of any other 3~ level and
the interaction between them is particularly important. The
remaining quantities (the energies of the positive-parity lev-
els and the probabilities of transitions between them) hardly
change in a wide range of @55 values—from 1000 keV to 100
MeV.

For the subsequent calculations, values of @, apprecia-
bly exceeding the “resonance” values were used, and there-
fore the results given below depend weakly on the choice of
this parameter. Such an approach, in which the parameters
of the collective Hamiltonian are determined from an appro-
priate number of experimental facts (level energies), is typi-
cal for the collective model. If in this approach one can suc-
cessfully describe a much larger number of observed facts,
this indicates that the chosen variant of the collective model
correctly encompasses the nature of the investigated collec-
tive motion.

The Bohr Hamiltonian has a fairly clear physical mean-
ing and the future microscopic theory of the nucleus will

£5-,keV 1 \B(E2), %7 ,
L 4 r i
(K=3) |
r (k=1) FIG. 2. Dependence of characteristics of 3~ states on
3 2 (k=3) ‘ the parameter @;; .
V(H=2) (K=0)

200

2

4 (k=3) (k=1)

800 .2k (k=1) '

— SR
= T === [ 1 !

800 1940 1200 800 1000 1200 800 1000 W33y keV
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FIG. 3. Excitation spectrum for the nucleus
156 Gd.

very probably be able to calculate its parameters. It will then
no longer be necessary to fit the parameters to several ob-
served levels. This will make it possible to study nuclei for
which experimental information is sparse or even complete-
ly absent. At the same time, the parameters of a Hamiltonian
of a collective model that has successfully proved itself can
also serve as a test for future microscopic calculations.

7. EXCITATION SPECTRA OF RIGID NUCLEI

Figures 3—6 show the observed and calculated®*** spec-
tra of the collective excitations of the nuclei 1’ Gd, ?2*Th,
230Th, and ?**U. The employed values of the parameters
(78) are given in Table IV.

For each band the dotted lines on the left in Figs. 3—6
show the energies without allowance for the nondiagonal
part of the vibrational-rotational interaction; the lines in the
center show the results of diagonalizing the total collective
Hamiltonian; and, finally, the lines on the right show the
corresponding experimental values of the energies of the col-

lective states. Of course, the vibrational-rotational interac-
tion leads to a mixing of the states with respect to K and n,;,, ,
and therefore the (nonvanishing) values of these quantities
given in the figures are used only to label the bands and
correspond to the limit H, ., —0. A clear picture of the
mixing of the bands by the interaction H.;, ., is given by the
mean values (K ), which can be found in Table V.
Comparison of the calculated and observed results indi-
cates that the unified description proposed in this paper for
the quadrupole and octupole degrees of freedom of deformed
nuclei reflects their structure quite well. One can not only
explain a large number of collective levels of both positive
and negative parity but also reproduce the anomalous order
27,17,47,37 of the levels in the octupole band K™ =17 in
136Gd. The following circumstance should be noted.
Allowance for not only the quadrupole but also the octupole
degrees of freedom also has a qualitative effect on the classi-
fication of the positive-parity states, namely, the y excita-
tions. In the Faessler—Greiner model, the energy of the rota-
tion around the symmetry axis K 2/ (2, $3’) is fairly large

Ghem 5-...._/'x
-_\- P e U
4% 4 g:""_“_
e S — - o e e ——
1000 keV . It 4 :::E Octupole
= 2% e ST pg,ef,K=2
b v 4 Octupole
i A naa™ly Ho2 ng=1y K=1 FIG. 4. Excitation spectrum for the nucleus
8--\__ nyp=1y K=0 28T}
Fmn—
6“—'-— e 'j,__-‘
+ Octupole
s + nzg=1, K=0
2t 05
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(~w), since the moment 7 {3 is determined by the quadru-
pole amplitude @,, alone. Therefore, the first excitations
with K =2 must be interpreted as no-phonon excitations
(ny; = 0). At the same time, the octupole excitations lead to
a much stronger dynamical breaking of the axial symmetry,

Here, the radius R (6,¢) is expressed in terms of the collec-
tive variables {a,; . } in accordance with (2); Z and V are the
charge of the nucleus and its volume. To terms quadratic in
a;,, the expression (80) has the form

3ZR ’
and as a result 7 ;; is several times greater, and the corre-  off (EL, M)= —=—0 { Ly + —a— L+2 2 (— )" oty s
sponding rotational energy K 2/ (2/ 33) is several times less, .
than in the Fae§sle1:—Gre1ner model, .whlch dcaIs_ only with BT BV D CELT ( o R g N)
quadrupole excitations. Therefore, in the considered ap- X 4n M—-p-—-p') (0 00 }

proach the y excitations are naturally classified as single-
phonon states with n,, = 1 and K = 2.

8. PHOBABILITIES OF ELECTROMAGNETIC TRANSITIONS

The reduced transition probabilities give important in-
formation about the structure of the collective states. From
this point of view, it seems to us that the most interesting
probabilities are B(E 2) and B(E 3), which are measured in
the case of Coulomb excitation of the levels 2+ and 3~. The
matrix elements of such transitions can be determined by the
standard method'®'? by means of multipole operators in the
collective space,

oM (EL, M) = eS dr rt¥pa (@) pp (ry (@), L>2,

(82)
where (3, _%, _%.) are 3j symbols.

To calculate the matrix elements between the states de-
scribed by wave functions of the form (36), it is convenient
to transform the expression for the multipole operators by
going over from the variables @, in the laboratory system to
the vibrational variables a;,, in the intrinsic system and to
the Eulerian angles that characterize the rotation of the nu-
cleus. This is done in accordance with (4):

L+2

3ZRLe
oM (EL, M)y= 4::0 D DEdas i
m

X 2 (_,l)v+v' Ayl ry’

(80) AVASY’
where p, (r,{a}) is the density of the protons for the given " l/ A1) (2&'+1) CLF+1) (L A 7\.') (L A L)}
values of the collective variables {«}, this density being as- M—v—v'/\D 00
sumed for simplicity to be constant within the nucleus: (83)

pp (ry {2}) =Z/VO (R 0, ¢) —r). (81)

4:.,_.____ . a

We note that for states with X #0 the wave functions

PLI .

— Ve -
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TABLEIV. Values of the parameters of the theory (the last column gives for comparison

the parameters of the Faessler-Greiner model'?), keV.

Nucleus g0 Wy (o g1 W3g LI “’st
156Gd 1027 1028 1169 11 1485 2000 1122
228Th 831 852 256 804 929 2000 —_
230Th 635 710 448 827 922 2000 764
38y 993 965 625 806 977 2000 1047

must be symmetrized in accordance with (58). The transi-
tion matrix element consists of two terms,

(V| ol | g.8)=—=—({Pg | ok | g.8) + {D_g | o | g.8)),
(84)

l/_
which are equal to each other, and therefore

V2(Dg | ot | g.5).

The considered transition corresponds to excitation of a
phonon of multipolarity A with projection K, and therefore
the matrix element with respect to the vibrational variables
contains 1/,/B,x, with B;x = 2B; when K #0. As a result,
the additional factors 2 (compared with the case K = 0) in
the numerator and denominator cancel. This cancellation is
hardly fortuitous, since both factors arise for the same rea-
son—the correlation of deformations with opposite values of

(W |ok|g.s)= (85)

The quadrupole mass parameter B, that occurs here can be
expressed in terms of the rotational energy in accordance
with (79). The matrix elements (86) directly determine the
reduced probabilities of the corresponding transitions:

B(EL, i~ f)

=21,1+1 > | MKy | ol (EL, M) | I;MK3) |3, (87)

M‘MfM

where I, M;K; and I, MK, are the angular momenta and
their projections in the initial and final states. These same
matrix elements make it possible to calculate the probabili-
ties of excitation of “mixed” states described by wave func-

tions of the form (70)
B(E2, g.s - 2") =iy g% {cg[s,,(1+7]/—ﬁu

3eoﬂ3 4
the projections K. +¢p S (1 +7 l/‘;;' ﬂu
For the transitions 0*g.s»2* (K,{n, }) the matrix ele-
ments are equal to ey 33"?’0 (1 4 l/ R po
(2MO0, g.b| ek (E2, M)|g.s)
__ 3ZRje 1 B AR N " 3ﬂn53
T e . e
IMO, nyy=1|c# (E2, M s .
{ X . l Ll )le-2) where o = 7R 3, and the coefficients ¢, ,c5 ¢, , and cg, are the
. ( & ]/ b BD) projections of the given 2% state onto the corresponding
dn V5 VZBzmso 5 “pure” state.
(2M2, ngy=1 I ot (E2, M) | g-5) ka0l The matrix elements of the transitions to the pure octu-
__3ZRje 1 ( 4 l/ 3 I.’»u : pole states, g.s— 37 (K,n;x = 1), are given by
bl L WB’"’” SMK, ngg=11o# (E3, M
@M2, ng=ny=1| okl (E2, M)| g-5) GME | v (S0 )
4 5 Ayl
_ 32Rge —1 1V ) = R ol A *__ (89)
bm VS VzBsz("zn V?-Ba@zz a V 233 3 2Baf) ;
TABLE V. Mean values (K ) of the projection.
156G 228h 238y
i K=10 K=1 K=2 K=0 K=1 K=2 K=10 Ke=1 K=2
1] 0.306| 0604 — | 0.006| 0,994 — | 0.024 { 0.979 —
2 — 1.016 — — 1.075 | 1.925 — 1.033 1.967
3| 0.482 | 0.585 | 1.942 | 0.032 | 1.150 | 1.819 | 0.100 1.000 1.901
4 — 1.085 [ 1.959 — 1.207 | 1.795 — — 1.886
51 0.520 — 1.765 | 0.070 —_ 1.647 | 0.186 — —
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TABLE VI. Excitation probabilities B(E2,g.s—»2* ) of 2+ states measured in units of

b?e? (energy measured in keV).

Energ 18454 : 230Th 238y
Band |proba- experi- | refer- xperi-| refer- experi- | refer-
bility Jtheory} ment | ence 1the® ment § ence [OT) et | ence
E |88.0 89.0 [22] | 52.6 | 53.2 | [22] | 44.7 44.9 [22)
g. b. !
B 3.39 —_ - 6,98 — — | 11.65 |11.7—13.2] [24]
E | 1151 | 1129.5 [22] | 698.6|677.8| [22] | 1043 1937 [22]
B 0.07 [22] | 0.18 [0.046| [23] | 0.20 0.63 [23]
B |0.01 0.013 0.080 [24]
0.164 | [22]
E | 1164 | 1152.2 | [22] (781.4(781.4 [22] | 1060 1060 [22]
Y
B |0.16 0.06 [22] | 0.176 10,123 | [23] | 0.20 | 0.127 [23]
0.12 0.14 | [22] | 0.22 | 0.090 [24]

and the reduced probabilities for excitation of the octupole
states can be calculated in accordance with the formula

3Ze
42

B(E3, g.s - 3, K)=( )2.;_0335053,%:_

3 x 4—EK'? St |
1 (=% ——— e
sl B et ) . (90)

K'=0 V ol

In Tables VI and VII, we give the results of calculations
of the reduced probabilities for excitation of the 2+ and 3~
states of the nuclei *°Gd, ***Th, and 2**U. Since the quanti-
ties B, are unknown, we give, to avoid introducing addi-

tional parameters, the calculated values of B(E 3) in units of
2B, /(3B ), and also the ratios of the excitation probabili-
ties of the different 3~ states, which do not depend on the
parameters B ; at all.

9. METHOD OF SELF-CONSISTENT PHONONS IN THE
GENERAL CASE

Above, when constructing the quadrupole-octupole
model, we restricted ourselves, as is also done in the Faess-
ler-Greiner model, by making the assumption that the static
deformation significantly exceeds the vibrational ampli-
tudes. However, the method of self-consistent phonons

TABLE VII. Excitation probabilities B(E 3,g.5—3~) of 3~ states measured in units of

€’b 33X 2B,/3B; (energy measured in keV) and their ratios.

Energy, 1*ad Tk i
% |proba- N : :
o peri- | refer- |4, experi- | refer- |yhaory| €5peri- | refer-
blhty theory ment ence oLy ment ence o ment ence
E 1279 | 1276.2| [22] [571.0 | 571.8 [22] | 727 | 731.3 | [22)
0
B 0.13 0.16 [22] | 0.43 | 0.64 | [23] | 0.55 | 0.64 [23]
0.31 | 0.59 | [26]
E 1611 | 1539,0| [22] | 1034 | 1012.2 [22] 1018 998 [22]
1
B Joooss| — | — Joat| o.50 | (23 [ O-08| 824 | (2
E 1851 | 1852.1| [22] | 1114 | 1127.9 [22] | 1179 | 1169 | [22]
2
B 0.044 — — | 0.06 — — 10441 0.28 [23]
0.10
0*— 3= (1) 0.03 — — [ 0.26 — — [0.26 | 0.38 | [23]
0*—3-(0) 0.32 | 0.32 | [26]
0t — 3-(2) 0.35 - — | 0.14 — — ] 0.33 0.44 [23]
0" —3-(0) 0.32| 0.25 | [26]
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makes it possible to dispense with this restriction and study
in a unified manner nuclei with either large or small static
deformation, i.e., one can also study the so-called soft nuclei.
The more general treatment also makes it possible to follow
the rearrangement when rigid nuclei spin; in the limit
@ o> 1 (w is the energy of the vibrational quantum, #, is
the static moment of inertia, and [/ is the total angular mo-
mentum of the state) the generalized scheme simplifies ap-
preciably and goes over into the one already described.

Turning now to the unified description of both rigid and
soft nuclei, it is convenient from the point of view of the
rotational variables to separate in the total Hamiltonian
(19) the diagonal part H o, Which consists of a rotational,
H..,, and a vibrational, H;,, Hamiltonian:

HOZHrDt+Hviha (91)
where we define the rotational Hamiltonian as
_ mpMp A
Hrol:_ ! 4 = (?’1 T 3‘-;)_'_27?3 (92)

in which M ! are the operators of rotations around the axes of
the intrinsic system; #; are the corresponding moments of
inertia (for brevity, we identify the diagonal elements of the
tensor by a single index), which depend essentially on the
vibrational variables.

In the vibrational Hamiltonian, we include, as before,
the so-called additional potential V44, which is associated
with the dependence of the inertia coefficients on the dynam-
ical variables:

add® (93)

We recall that the index r denotes the set of indices A and u,
B,=2B, /(1 +8,0), B, are mass parameters, and V'({a,})
is the deformation potential.

The remaining part A ' is a nondiagonal (at least with
respect to the rotational variables) operator which arises
both because of the nondiagonality of the moment of inertia
tensor and because 7,7 #,. The solutions for the total
Hamiltonian H are found in two stages. First, one constructs
wave functions for the Hamiltonian H  , which are then used
as a basis for diagonalizing H'.

The wave function of the Hamiltonian H o canbesought
in the form of the product (36) of a vibrational function and
a rotational function; the vibrational wave function y ;. does
not depend on the projection M and satisfies the Schrodinger
equation with the effective vibrational Hamiltonian

(94)

1 II+1)—K? 1
$1b7=va+——+4—— (—

1 K?
+7 )t

The terms in the effective Hamiltonian (94) associated
with the rotation depend on an entire set of vibrational am-

plitudes @, and are therefore equivalent to interaction
between the different vibration modes,

Vint—‘ I(Iiuz_( ?1 + ?,s )+ 2? +Vaddv (95)

this interaction depending rather strongly on the angular
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momentum 7 of the nucleus. This leads to a basic difference
of the situations for soft and rigid nuclei. Indeed, in the case
of rigid nuclei the moments of inertia ¢ , and ¢, were deter-
mined mainly by the static component, and therefore the
main part of the rotational Hamiltonian did not depend on
the vibrational variables and, thus, did not lead to interac-
tion of the vibrational modes.

Assuming that the vibrations are small, we choose the
deformation potential in the form

V= 2 Br)?,

where ¢, is the rigidity and j3, is the static deformation.
The additional potential that occurs in (95) can be ex-

pressed in accordance with (21) through the determinant of

the matrix of inertia coefficients and can be represented as

Va5 3 {3 (5 T -7 ()

(37w}

We have ignored here the square of the nondiagonal element
/13 of the moment of inertia tensor compared with the
product # | 7 , of the diagonal elements.

We draw attention to the important part played by the
classical interaction of the vibrations with the rotations. If
the conditions (5) and (7) are satisfied, the term in the ki-
netic energy proportional to the rate of the octupole vibra-
tions and the rotational velocity around axis 2 is nonzero.
After quantization, the contribution of this term in the Ham-
iltonian completely compensates the influence of the octu-
pole amplitudes on the rotation around axis 2—the expres-
sions (95) and (97) contain the purely quadrupole part of
the moment of inertia #,:

Ys= B, (.Vgazo_“/E aze)z-

At the same time, the moments # , and ¢, in these expres-
sions are determined by both the quadrupole and the octu-
pole parts.

Assuming that the interaction of the vibrations is real-
ized through the average field produced by all the phonons
and is determined in a self-consistent manner, we shall again
seek the vibrational wave function in the form of the product
(44), where the functions y, (g, ) satisfy the Hartree equa-
tions, which can be obtained from a variational principle
analogous to (45). The single-phonon Hamiltonian can be
represented in the form

(96)

5 Cr(@r—

(97)

(98)

” P}
Hr='2—BT'{'Vr(ar)1 (59)
where
Vr (a;) = (Ve )y = 5 { l_l day: ype (are)} Veit (100)
o
is the potential of the average field, and V*% = ¥ 4 V™™,

The Hartree equations form a system of equations that
describe these coupled vibrations. Assuming that the inter-
action, modifying these vibrations, leaves them small, we
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represent the potentials ¥V, in the form

Vo (ar) =V, (B) + 5 cF (a,— B (101)
where the modified rigidities
®__ W, |
g (102)
WL

and the positions 3, of the displaced minima are determined
from the conditions

av,
dap

== (103)

.
ap=p,

If we now introduce the amplitudes of the vibrations
with respect to the displaced equilibrium positions,

9r = 8y — Er, (104)
then they will obviously possess the properties

= _ o s _tr1/2

7, =0, QP——_“VW , (105)

where the bar denotes integration with the square of the cor-
responding wave function.

- Equations (102)-(105) and (100), which form a
closed system, can be significantly simplified, and they re-
duce to purely algebraic equations, if, separating from the
moments their mean (and not their static!) values

Yi=%:+ 0%,

we expand the inverse moments 1/, in the potential ¥,
with respect to the ratio of the fluctuation 6, ; of the mo-
ment to the mean value ¢ :

ot e oFR
#i '32 i ? g k7 ?
This makes it possible to calculate the integrals in (100) and

determine the potentials ¥, in explicit form. Representing
the interaction potential (95) as

(106)

(107)

n 8; 1 1 sl 1
g (T?T“E'Vii ?g—)-i-g'z Vin g+ (108)
i 3 Wk
where
1 1
m—zE ‘gr—f‘r": v ¥
I(I+1)—K? %
ba=TH=E 5,0 8 =K b8y
. i (109)
Si=52 yot A
YN 6?; A 6“?,
?’i, T ﬂa,- ? ,y': = aae ¥
we transform Eqs. (103) and (102) to the form
% 8; o | o= 1
cr(ﬁr_ﬁr)= --!.3 ?i,r"_“_:—‘wi.r_?i.r?i.r
: 27 7 }
i .
Z ?37 {‘\’zk i ?ik (3-‘-‘ ?l;r'!‘?h—?h-r)}
(110)
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and

(p)_cr'i“;‘{ (-'—i g.r—?i,rr)

2 \E,

4
(‘hf. rr -_T‘?i. rVii, r

_,2_?;.

“?‘\’u?: rr+ "iu'?’s r)}

—I-'é—z {"hh rr— 2V, r(— ¥y, r+ ?k 1‘)
i, R

HM?

_%#er_;_k?’h.rr)} ]

where the derivatives #;, and y;,, are taken at the point
a, =p,. Equations (110) and (111) in conjunction with the
expressions for the moments of inertia (14) and (98), the
definitions (109), and the properties of the vibrational am-
plitudes (105) and (104) form a system of nonlinear alge-
braic equations for the rigidities ¢{#’, which determine the
phonon wave functions, and the equilibrium positions j3, .
This system is a generalization of the system of equations
(51) discussed above for rigid nuclei.

?§'r+§?§r i ?z I

(111)

10. SOLUTION OF THE BASIC EQUATIONS. SELF-
CONSISTENT MOMENTS OF INERTIA

We first of all analyze some properties that follow from
the structure of Eqgs. (110) and (111) for the basic charac-
teristics of the collective vibrational-rotational states. We
note first that since the expressions for the moments of iner-
tia (14) and (98) do not contain terms that are cross prod-
ucts of a quadrupole amplitude and an octupole amplitude,
such terms are also absent in the expressions for the quanti-
ties 7, , defined in accordance with (109), and therefore the
system of equations (110) decomposes into two subsystems
of linear equations for the quadrupole and octupole quanti-
ties 3 separately (or rather quasilinear equations, since the
quantities B also occur in the expressions for the mean values
# : and ¥, ). It follows from this that the presence of the
effective deformation 3, is directly determined by the pres-
ence of the unrenormalized deformation of the same multi-
polarity in the potential (96). In other words, from the as-
sumption of the absence of octupole deformation,

Pap=0 (n=0,1,2 3), (112)
it follows from (110) that
Bav=0 (v=0,1, 2 3). (113)

With regard to the quadrupole deformation, the breaking of
the symmetry between the axes 1 and 2 associated with the
presence of the octupole degrees of freedom has the conse-
quence that an effective nonaxial deformation B3,, arises
even in the case when the deformation potential (96) pre-
supposes axial symmetry:

ﬂao = fo 5 0, Bee = 0.

It is convenient to measure B, and 3,, in units of the unre-

(114)
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normalized deformation 3, and to characterize them by the
parameters

= E;olﬁo,‘ y=V2/3 Ezz/ Bo-

Further, the mean values #; and ¥,,, which occur on
the right-hand sides of Egs. (110) and (111), are deter-
mined in accordance with (14), (98), (105) and (110),
(111) by all the quantities ¢!#’ and by the nonvanishing
quantities 3,. Therefore, the equations for all these vari-
ables, which characterize the given collective states
|I,K{n,}), are coupled to each other.

Instead of the rigidities ¢, and ¢{#’ it is more convenient
to consider the frequencies @, and w!?, defined in accor-
dance with (53), and to write the equations in the form

(115)

e=141(z, y, {&7)); (116)
y=g(z, y, {0} (117)
P2 =+ F, (2, y, {0}, (118)

where the functions f; g, and F, on the right-hand sides are
related to the interaction of the collective modes through the
rotation and depend on the total angular momentum [ of the
level, its projection K onto the symmetry axis, the set of os-
cillator numbers {7, }, and all the required characteristics x,
y, and {0{?}.

Equations (116)~(118) simplify in the limiting case of
rigid nuclei, for which |g, | €8, and the moments # , and
 » contain the large static component £,

0¥, > 1 (119)

(@ is the excitation energy of the vibrational quantum), and
in the functions F. the dominant terms are the ones deter-
mined by the moment #,. At the same time, in the limit
w,F o— o four equations take the form

= 1‘ y..—_O, m§§)=ww, mg§)=m30| (120)

and the four remaining equations go over into the equations
(54) considered above for j?’ with u#0, the solutions of
which we denote by (@32’)

ooff) = (oA eig ma«:m;

the quantities (@}2’), do not depend on the angular mo-
mentum I but are dlﬁ'erent for different bands {K,{n, }}.

With increasing I, the corrections to the solutions
(120)-(121) can become appreciable even for fairly rigid
nuclei,

x=1+@,—§ﬁ {I(I+1)—K2+6};
uy (mez?’)a {2 +(

(121)

(122)

2%,
(123)

o' =l + 2 y, {I(I4+1)—K2+6j; (124)
m%%’2=mau—¢{f (I +1) - K+ (125)

. 3 (@)
(p)Z___(m(zJ)) ig 2 0L, lg' ke ?'.s (I I+4+1}— — K%},
(r, r'=2231, 32,33), (126)
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~gelraro-re—2-3))

where

kog=3, kyy= —5/2, kgy= —4, lgy=—3/2. (127)
It can be seen from these expressions that the real small pa-
rameter that characterizes the deformability of the nucleus
isI/(w/f,) and not 1/(w,# ).

We now turn to the solution of Eqgs. (116)-(118) for
the basic characteristics in the general case of arbitrary rela-
tions between the excitation energies of the vibrational quan-
ta @, and the static moment # . It is rather natural and, at
the same time, fairly effective to use the iterative method
with initial values

z =1, (0® )y = o,

yo =0, (128)

which correspond to the solution in the absence of interac-
tion of the collective modes. For convergence of the iterative
process, it is necessary to introduce mixing, i.e., to determine
the values of the variables in the (# + 1)th iteration as

Znt+1 = Zp + 86z, (129)
where z, is any of the required quantities {x,y,{@{” }} in the
nth iteration; &z, is the correction to it calculated in the nth
iteration by comparing the left- and right-hand sides of the
corresponding equation of the system (116)—(118). The pa-
rameter S, chosen in the interval 0<S<1, characterizes the
rate of the iterative process and influences its convergence. A
felicitous choice is the value § = 0.5.

The dependence on the angular momentum 7 of the re-
quired characteristics of the levels of the ground-state band
is given in Table VIII for the rigid nucleus *** U and in Table
IX for the soft nucleus '°* Pt. As can be seen from the tables,
the quadrupole rigidities increase with increasing /, whereas
the octupole rigidities decrease. This is due to the assump-
tion of a quadrupole nature of the static deformation.

With regard to the effective deformation B., the longi-
tudinal deformation /3,, increases with increasing angular
momentum. At the same time, the effective nonaxial defor-
mation 3,, initially decreases to zero, and then, changing
sign (relative to the axial deformation), begins to increase.
Such behavior is observed both for the rigid nucleus ***U and
for the soft nucleus '*Pt, although, of course, the actual
values of B,, /B, for the soft nucleus are much greater.

We draw attention to the different behavior of the mo-
ments of inertia #; as functions of J. Thus, for the rigid
nucleus ** U the moments / , and £ , are not too far from
the static value 7, increasing by I = 24 by about 20%. At
the same time, the moment 7 , is approximately an order of
magnitude less than #, and almost independent of /. For
the soft nucleus '* Pt the moments £, and 7 , differ from
# o by two or three times and differ appreciably at small 1.
With increasing 7, the moment of inertia # , increases much
more rapidly, and therefore already when I =8 we have
f (D= f ,(I). The moment of inertia f 3» which is close
to # , for I = 0, has decreased by about 1.5 times by / = 20
and is, as also in the case of rigid nuclei, appreciably less than
the transverse moments of inertia 7, and 7 ,.
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TABLE X. Spectrum of vibrational-rotational excitations of the nucleus '**Sm (energy

measured in keV).

n cﬁmcmz,] - RV1 | Rv2 | RV3
Band £ P T T |(Ref. 20) | (Ref. 20) | (Ref. 20)
0 333.4 334.5 | 333.3 | 268.0 | 225.0 | 356.0
4 772.6 823.8 | 819.5 | 830.0 | 937.0 | 1044.0
6 1277.8 | 1356.0 | 1347.0 | 1244.0 | 1074.0 | 2047.0
P 8 1836.0 | 1914.0 | 1899.0 | 1860.0 | 558.0 | 3388.0
10 2431.7 | 2492.4 | 2460.0 | 2538.0 — 5078.0
12 3046.2 | 3085.4 | 3055.0 = = =
(14) 3676.0 | 3691.0 | 3653.0 - - —
0 T40.4 762.2 | 762.2 | 740.0 | 740.0 | 740.0
8 2 1046.1 | 1046.3 | 1046.0 | 953.0 | 1916.0 | 1143.0
4 1449.1 | 1573.3 | 1572.0 | 1362.0 | 3292.0 | 2005.0
8 1926.0 | 2176.6 | 2175.0 — = =
2 1165.5 | 1165.0 | 1166.0 | 1194.0 | 3453.0 | 1364.0
3 1504.5 | 1463.4 | 1453.0 | 1335.0 = 1629.0
v 4 1643.0 | 1748.0 | 1753.0 | 1743.0 | 9998.0 | 2985.0
5 2020.4 | 2043.8 | 2044.0 = = =

11. SPECTRA OF VIBRATIONAL-ROTATIONAL
EXCITATIONS

The energy of the collective state described by the wave
function (44) is determined by the expectation value of the
collective Hamiltonian (94) with respect to these functions

and can be represented in the form
E =E,+ E, + E, + Ey, (130)

where the part E, is associated with the vibrations alone,
o 1
E= <XIK| 2 (2—§r+75r9¢) X:K>
T

(n+1/2),

(mr__ms_p))z
(
2mrﬂ

=) o, (n,+1/2)+ 3 (131)

and the part E, is due to the fact that because of the interac-
tion of the collective modes the effective deformation 3,
differs from the static value 3,, which minimized the defor-
mation potential (96),

E, =_;' Z Cr (Er—ﬁr)z'

5

(132)

The quantities E, and E ; represent the main part and the
correction to it from the rotational and additional energies:

1 ¥ Vik

8; 18 & ¥

Esﬂ';' 2 {Cf—fr-l- 2 (8 —vul ¥1) %u. rr+"1§_"?ﬁ. rr) —;_i
B e e

(134)
The excitation energy of the collective state characterized by
the angular momentum J, its projection K onto the intrinsic
symmetry axis, and by the set of oscillator numbers {n,}is
determined by the relation (62), in which Ejx{n,} and
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E o {0} are the energies of the excited and ground states of
the nucleus calculated in accordance with Egs.
(130)-(134).

As an illustration, we give in Tables X-XIII the ener-
gies of the vibrational-rotational excitations calculated in
this manner for the nuclei *°Sm, '>°Dy, **Pt, and 2**U (T
column) in comparison with the experimental data and oth-
er calculations.'>%*® The results obtained by diagonalizing
the total Hamiltonian (19) are given in the column T. The
parameters of the theory were chosen as follows: the fre-
quencies @, from the positions of the 2 * levels in the f and
v bands and the 3~ levels in the existing octupole bands; the
rotational energy e,=1/(2,# ), from the position of the 2 *
level of the ground-state band. The absence of data on a
number of octupole bands makes the choice of the corre-
sponding parameters @;, difficult. However, these quanti-
ties have (if the remaining parameters are appropriately
chosen) little influence on the results presented in Tables
X-XIII (for the corresponding bands, we have, as in Ref. 25,
chosen @, = 2000 keV, which appreciably exceeds the re-
maining @, ).

For small angular momenta I, the results for the nu-
cleus **U are close to those obtained above in Sec. 7. How-
ever, with increasing angular momentum appreciable differ-
ences appear. This reflects the fact that the nucleus becomes
softer and we no longer have fulfillment of the approxima-
tions for which the more general scheme discussed here re-
duces to the simpler scheme considered earlier for the de-
scription of rigid nuclei.

We emphasize that the decomposition of the collective
Hamiltonian into a rotational part and a vibrational-rota-
tional part now differs from the decomposition that is tradi-
tional for the vibrational-rotational model—the rotational
Hamiltonian includes in a natural manner an appreciable
part of the interaction of the vibrational modes through the
rotation (except for the nondiagonal part with respect to the
rotational variables, in particular, the interaction of the neg-
ative-parity bands with AK = 1). Therefore, in contrast to
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TABLE XI. Spéctrum of vibrational-rotational excitations of the nucleus '** Dy (energy

measured in keV).

: 23 ~ RV 1 RV 2
Band 1 | Experiment T z (Ref, 20) (Ref. 20)
2 137.8 137.9 137.8 133.6 141.0
& 404.1 410.0 408.2 408.0 435.0
6 770.3 761.5 756.0 770.0 849.0
8 1215.7 1162.6 1152.0 1201.0 1381.0
10 1725.0 1597.9 1551.0 1708.0 2038.0
g 12 2285.9 2058.9 2035.0 2301.0 2824.0
14 2887.8 2540.4 2509.0 - -
16 3498.9 3037.9 2999.0 = ==
18 4026.1 3549.5 3502.0 —_ —
20 4635.6 4073.1 4018.0 — -
(22) 5320.3 4607.1 4544.0 —_ —
0 675.6 683.1 683.4 675.0 675.0
2 828.7 820.3 829.0 802.0 855.0
- 1988.3 1127.5 1125.0 1081.0 1200.0
6 1437.1 1517.6 1511.0 1384.0 1727.0
8 1658.6 1959.1 1949.0 1761.0 2444.0
g 10 2315.6 2431.5 2417.0 2236.0 3353.0
12 2706.9 2924.9 2908.0 2813.0 4452.0
14 3065.9 3434.2 3415.0 —= =
16 3523.3 3956.1 3936.0 - -
18 4178.2 4448.9 4469.0 — —
20 4859.0 5030.8 5011.0 — —
2 890,7 869.6 890.1 75.0 5.0
3 10221 1026.8 1027.0 1046 .0 1047.1)
4 1168.5 1190.7 1195.0 1216.0 1416.0
5 1335.2 1373.9 1374.0 —_ o
6 1525.2 1571.7 1582.0 — —
7 1728.8 1780.7 1781.0 — =
¥ 8 1957.2 1998.6 2018.0 = =
9 2191.6 2224 .1 2224.0 —_ —
10 2448.0 2455.7 2485.0 == —
11 2712.4 2693.0 2693.0 - ==
12 2997.2 2935.1 2074.0 — —

the studies based on the vibrational-rotational model of Ref.
11, the vibrational-rotational part of the total Hamiltonian
is not, at least for the positive-parity states, particularly im-
portant.

The nuclei '*°Sm, '**Dy, and '"*Pt were considered in
Ref. 13, in which the authors proposed for the description of
three bands (ground, 5, and ¥) a modified variant of the

vibrational-rotational model with five parameters; namely,
besides the two quadrupole rigidities and the mass param-
eter that determines the moment of inertia #, they intro-
duced additional mass parameters for the 8 and ¥ bands,
thus making the moments of inertia of the 8 and ¥ bands
independent adjustable parameters. We note in this connec-
tion that in our approach essentially only (the first) three

TABLE XII. Spectrum of vibrational-rotational excitations of the nucleus
measured in keV).

194 Pt (energy

oA i i RV 1 RV 2
Band I |Experiment T T (Ref. 20) | (Ref. 20)
g 2 328.5 330.8 328.4 331.0 345.0
4 811.2 822.8 800.2 810.0 1046.0
6 1481.6 1481.9 1427.0 1376.0 2129.0
8 2099.2 2230.6 2144.0 2115.0 3567.0
10 2438.2 3038.5 2920.0 3038.0 —
12 2829.5 3893.1 3744.0 — -
3] 0 1479.3 1344.0 1344.0 1267.0 1267.0
2 1622.3 1622.3 16622.0 1514.0 1780.0
4 — 2132.2 2130.0 2274.0 3159.0
Y 2 622.1 620.0 622.0 637.0 641.0
3 922.8 872.2 872.2 781.0 1252.0
4 1229.5 1179.2 1201.0 1235.0 1782.0
5 1498.7 1528.9 1529.0 — -
6 1925.7 1911.3 1963.0 — =
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TABLE XII1. Spectrum of vibrational-rotational excitations of the nucleus *** U (energy

measured in keV).

5 23 ; 5 VMI MVMI
Band 1 |Experiment T T (Ref. 32) (Ref. 33)
g 2 44.9 44.91 44.9 44.7 44.5
4 148.4 148.3 148.2 148.2 148.3
6 307.2 307.2 306.7 308.4 308.0
] 518.8 517.2 515,9 522.5 519.0
10 775.7 774.0 7714 786.7 776.4
12 1076.5 1072.7 1068 1076 1100
14 1415.3 1409.3 1401 1458 1414
16 1788.2 1779.7 1768 1856 1786
18 2190.7 2180.5 2164 2191 2191
20 2618.7 2608.9 2587 2626 2626
22 3067.2 3062.0 3034 — 3088
(24) 3534.5 3503.9 3503 — 3576
B 0 993 989.2 989.2 - -
2 1037.3 1037.4 1037 = =
4 1127 1148.3 1148 = =
v 2 1060.3 1060 .4 1060 - -
1105.6 1106.6 1107 = —
4 1167.7 1167.7 1168 = -
E*=0"| 1 679.8 686.2 681.1 o =
3 731.3 756.0 731.0 = —
5 326.4 381.9 830.0 - -
7 965.9 1058.3 982.5 = —
9 1150.3 1281.9 1188 - —
11 1378.4 1548.6 1443 == =
13 1648.9 1854 .4 1743 L —
15 1958.6 2195.5 2083 = =
17 2305.0 2568.4 2459 - -
K®=1- 1 930.8 904.7 909.8 - =
2 950.0 934.1 934.6 e =
3 997.5 977.9 997.5 - -
K"=2- 2 1128.7 1120.1 1123 = =
3 1169.4 1163.7 1169 = =
4 1242.9 1221.3 1230 — -

parameters are used to describe the same three bands.

In Table XIII, we give for comparison the level energies
of the ground-state band of the nucleus *** U calculated in
the model of a variable moment of inertia®? and in the quite
recently proposed anharmonic vibration model.”* Although
these models were intended for phenomenological approxi-
mation of the observed levels of just the ground-state band
by means of two and three parameters, respectively, the
quality of the description of the spectrum in the present pa-
per is at least not worse. We recall that the only parameter
used to specify the ground-state band is chosen on the basis
of the position of the 2 level.

12. ADDITIONAL SOLUTIONS AND THE POSSIBLE
EXISTENCE OF DYNAMICAL SHAPE ISOMERS

The essential nonlinearity of Egs. (110) and (111) for
the new equilibrium positions /3, and rigidities c{”’ means
that the question of the uniqueness (for a given set of quan-
tum numbers I, K, {n, }) of the solution found above in Sec.
10, which represents the “free”” solution (128) modified by
the interaction of the vibrations, is nontrivial. It can be
shown that at not too small angular momenta I, beginning
with /2 @ # , (@ is the minimal energy of a vibration quan-
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tum, and 7, is the static moment of inertia) the interaction
of the collective modes becomes sufficiently strong for a
qualitative rearrangement to occur, and there then arise ad-
ditional solutions characterized by an appreciable nonaxial
deformation, y > x.

Before we give the numerical results, let us follow the
appearance of the additional solutions (we shall say that
they are anomalous, in contrast to those, the normal solu-
tions, investigated above) in the limiting case /- o, when
on the right-hand sides of Egs. (110) and (111) it is suffi-
cient to retain only the terms proportional to I(I + 1),

=~ I(I41 " 2
o —p)=GEL (Lur B ), (135)
2 2
(:S."")=t.‘r--}--—----—lr (14+1) (%_'__]_ 2?'2 T _%1-1‘!‘_ ¥e, rr) =

2] b 71 #

(136)
Under the assumption (6) and (112) that we made above,
Eqgs. (136) for the octupole modes » = 3u reduce to

C,(.p)=t' (137)

T(I+1) %y,
— LG R = 3y),
from which it follows that the amplitudes of the octupole
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vibrations increase with increasing I. This has the conse-
quence that the moment of inertia }' | containing the contri-
bution of the octupole vibrations is greater than the moment
of inertia # , that does not contain this contribution, and
therefore for the analysis we can ignore the terms 1/ f 1
compared with the terms 1/ 7 , and reduce the equations for
the quadrupole modes to the form

3

_ I+ z—y |
Fle 2 (0gFo)® j§3 ! (s

M 4 ey
$ee 2 (0pa¥0)? 3 7 (133)

(0 o)t = (onfa)? +31 (I +1) (=L 1) L. (140)
2

(p)#0)2=(m22’?0)2+1([+ 1) (—-—)z_%—.)}g; (141)
== (o) + 3‘;(:;3;:’2’ | ";Z;;f (142)

For analytic investigation, it is convenient to subtract (139)
from (138), after which the result can be represented as

Id+1) 1
2 IH

1

1
1— 3
((""211'?0)2 + (0 # )2 ) z—y *

(143)

Considering the cases (x — y)* >/, /4 and (x — y)? <j, /2,
it is easy to show that the left-hand side of (143) has as a
function of x — y the form shown in Fig. 7, the minimum at
x —y =0 sinking (I, >7,) with increasing angular mo-
mentum /. As can be seen from Fig. 7, for any value of I there
is a point of intersection with the hyperbola (x — y) ~'in the

G-yt

FIG. 7. Graphical analysis of Eq. (143).

solution discussed above, x > y. In addition, beginning at a
certain value of / there appear two additional points of inter-
section in the third quadrant, the solutions corresponding to
them corresponding to vibrations about an essentially non-
axial deformation (y>x). It can be seen from Egs. (137)
and (138) that solutions differing strongly fromx = 1,y = 0
can occur only when IR w7,

In the numerical search for anomalous solutions of Egs.
(116)—(118), we use the fact that the “main’’ nonlinearity
is, as was shown in the investigation of the rigid limit [see
(122)-(126) ], contained in Eq. (117). Therefore, it is con-
venient, using (116) and (118) to express the remaining
unknowns in terms of y, to reduce the problem to the solu-
tion of the nonlinear equation

first quadrant; it is this point that corresponds to the normal y—g(y =0 (144)
........ Gl U R s T R R e I P g TN St O, s [ 00 S . 0 S
— o K 8o
y—glyk: K1 ADE FH
¥ 1M C DFGH Ix
Tis KHG BDEF GHIK K,
3.0, KIG 30D EFGH IKK
-. K IH F AC DEFF GHIK X
I X1 HGFE BCDE FFGH IKK
l. RIH GFE BCC DEFF GdII & -
Y ING FE AB CDUE FFGH HIKs .
s Khak E D A BHBCD OEFF GHW] KX .
- v 1GFE O AABC CODE EFGG HIIK .
Al K1 GF il AB BCCD DEEF GGHH KK .
b I F ED ¢ A ABBC CDDE EFFG HIJ X o
P KHG  ED C AABB BCC D E  FGGH MIKK :
Yo KHGE ED C AAAA BB C C DD EEFF G HI 1K 7
=% K IGFE p € AMA BB C DD E F G HWI K .
I. 1 GFED € A A BB CC D EEF FGGH IKK .
K0 FED AA c D_EF 6 H IK .
i FME EY C A HBCD A 88 CC pp E F 6 HITI K 3
i, KIaf 0 € Gb AB DbBB B C 0 EE F G Ml K 3
-, e n b E F GHH I «x .
52 KGFD € BA a A 3 0O E FFG GH I K .
| £ K GFi € 8 AAA C D'E B G H I K M
3y KhG EDCC3 B BA B EF e K .
T KHFE G( BA At c b WIERE LI S 4 .
-, X FEDC CRPA C D E 6 I K ;
T . ORI TR T U E F G W K .
(i GCF K N FG HI o
Y5 e D B4 bl TwK ]
120k 0 E_F R 4 .
R b E K .
1K E L L .
LR¥ FG HIT1 « .
=l EF K :
H E GH 1 5
: F Gn T K i
T, E .
1 6 H1I K "
I F '
1. Ga= T 'K 3
CHE GH Tk Y
1 .
Ly GH IK :
b g
-. H1 K f
1 ! :
-8 1K A
[ 1 .
Hopd By T i....i....i....;...K?....i....i-...i ......... jrizzgiroies T T T s
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FIG. 8. Graphical analysis of Eq. (144) for the moments: A) I = 0;B)I=2C)I=4D)I=6GE)I=8F)I=10,G)I=12;1 K) I=18.
310 Sov. J. Part. Nucl. 17 (4), July-Aug. 1986 Barts et al, 310



TABLE XIV. Characteristics of normal (N) and anomalous (A4) states of the ground-

‘state band of the nucleus '** Pt.

N

I | E x v of®%, o, oy,
4t N 823 1.1229 0.0007 17.19 4.347 11.36
6* N 1482 1.2030 —0.0617 18.12 5.299 10.61
6+ A 4895 0.5564 1.267 25.40 13.04 12.24
8+ N 2230 1.2879 —0.0924 19.00 6.327 9.88
8+ A 5945 0.5308 1.39% 25.18 12.87 12.12
10+ N 3038 1.3722 —0.1056 19.78 7.443 9.23
10+ A 6940 0.5129 1.509 24.97 12.72 11.99

Note: Oyg Y =15.58, 0,,F,=5.830, 0% =12.71.

The graphical analysis of this equation is shown in Fig.
8 for different angular momenta I (for the nucleus '**Pt).
Besides the root that lies near the point y = 0, beginning at
angular momentum J = 6 there appear two additional roots
in the region y2 1. To these solutions there correspond a
local minimum of the energy as a function of the unknowns
B,,ct? (right-hand root) and a saddle point between this
minimum and the main minimum. The characteristics of the
corresponding states are given in Table XIV.

Since the dynamical-deformation parameters x and y
differ appreciably for the anomalous and normal states, the
transitions between them can be appreciably weakened.
Thus, the reduced probability of an E 2 transition from the
anomalous state with angular momentum / to the normal
state with angular momentum I — 2 is determined by the
expression

(V) (A) 2
B(E2,14 — (I—2)y) =~ (SZeRE )zﬁ:( oy 'z + 055’z )

i T+ o)
3I(I—1 1 o o2
X -2—{,’(72__—1)) exp { g 0g¥o (24— Zx)2—0nFo (Ya— yN)z} )
(145)
where
o, =ofVo®/ (0 + 7). (146)

In particular, for the most probable transition from the low-
est anomalous state 6+ tothe 4™ level of the ground-state
band in '%* Pt we have

B(E2, 6(s) — 4*)/ B (E2, by — 4*) 2 0.8.103, (147)

while the corresponding probabilities of transition per unit
time, expressed in terms of the reduced probabilities in ac-
cordance with the well-known formulas (see, for example,
Ref. 10), are

T (B2, 6lay — 4°) & 7.2T (E2, 6y — 4*) = 1.1.10"15sec™ ",

(148)

Thus, the model discussed in this review predicts long-lived
states with high angular momenta representing dynamical
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shape isomers. The experimental investigation of such states
would be of interest in its own right as well as for the verifica-
tion of the correctness of the model.

CONCLUSIONS

The vibrational-rotational properties of nuclei are in-
vestigated in the framework of the classical approach pro-
posed by Bohr® and consisting of the introduction of collec-
tive variables and the construction of a corresponding
Hamiltonian on the basis of clear physical (geometrical)
ideas about the nuclear deformation and rotation. An alter-
native to such an approach is the interacting-boson approxi-
mation (IBA), which appeared subsequently**** and is to-
day widely used; in it, the collective variables (bosons) are
constructed using the symmetry of the nuclear spectra.

The treatment given in the present review synthesizes
much from the earlier treatments based on the Bohr Hamil-
tonian. Thus, as in the Faessler—-Greiner model,'" we sepa-
rate in the collective Hamiltonian a main part (diagonal
with respect to the rotational variables), on the eigenfunc-
tions of which the total Hamiltonian is then diagonalized.
On the other hand, as in the Davydov—Chaban model,” use
is made of an expansion of the effective vibrational potential
near the point of dynamical equilibrium. The important dif-
ference from the earlier studies is the picture of the interac-
tion of the collective modes through a certain average field.
Such a representation becomes possible when the number of
interacting degrees of freedom is sufficiently large and one
can meaningfully speak of an average field that depends
weakly on each of them separately. Thus, the simultaneous
treatment of both the quadrupole and octupole excitations
makes possible a different approach to the problem of find-
ing the collective wave function. Of course, the inclusion in
the treatment of hexadecupole variables would only improve
the validity of such an approach. (Unfortunately, experi-
mental information about them is as yet very sparse and ina-
dequate for an unambiguous choice of the corresponding
parameters. )

The possibility of simplification of the problem by the
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significant increase in the number of degrees of freedom
treated explicitly may.be unexpected but is not unique in its
kind. Indeed, the situation greatly resembles the one encoun-
tered in the classical formulation of the theory of the nucleus
when one attempts to solve the Schrédinger equation for 4
nucleons by passing successively from a nucleus consisting
of two nucleons to one consisting of three, from one consist-
ing of three to one consisting of four, etc. It is a different
matter if one attempts to begin right at the start with a “fair-
ly large” nucleus, 4> 1. Then one can use many methods
developed in the theory of nuclear matter, for example, the
theory of finite Fermi systems and the Hartree-Fock meth-
od, to say nothing of the shell model.

We note in this connection that in recent years wide use
has been made in quantum mechanics of the so-called 1/N
expansion, which was proposed initially for the solution of
special problems in nuclear physics,* the theory of critical
phenomena, and quantum field theory,? and was later ex-
tended to many other problems (for more details, see Ref.
38).

The idea of a self-consistent interaction of the vibration-
al-rotational degrees of freedom makes it possible to con-
struct a theory of such excitations that includes in a natural
manner not only the quadrupole degrees of freedom but also
the octupole degrees and, in principle, the degrees of higher
multipolarity. The fact that it is then not necessary to make
an expansion with respect to the ratio of the vibration ampli-
tude to the static deformation makes it possible to treat in a
unified manner not only deformed but also transitional nu-
clei, in which the static deformation may be small.

 The resulting dependence of the moments of inertia on
the angular momentum 7, which is also taken into account in
a self-consistent manner, leads to a significant rearrange-
ment of the spectrum—from the rotational law
E, ~I(I 4+ 1) atsmall/ to an equidistant law at large I, and
this corresponds to the actually observed picture. Compari-
son of the results of the calculation with the experimental
data indicates that the proposed description is adequate for
both rigid and soft nuclei up to fairly high an gular momenta.

The collective Bohr Hamiltonian contains several pa-
rameters that characterize the collective properties of the
nucleus (mass coefficients, rigidities, deformation param-
eters) and are adjusted using several experimental facts. In
this sense, the theory based on the Bohr Hamiltonian is
phenomenological. Microscopic calculation of the param-
eters of the Hamiltonian would permit investigation of nu-
clei for which information about the spectra is sparse or en-
tirely nonexistent. On the other hand, parameters found
from comparison with experiment could be used to test fu-
ture microscopic theories.

One such theory of collective motion is the method of
generalized hyperspherical functions,®® which has been
further developed using the technique of coherent states,*®
In this approach, the problem of introducing collective vari-
ables describing quadrupole and monopole motions has been
consistently solved, and a microscopic justification of the
collective “quadrupole” Bohr Hamiltonian has also been ob-
tained. Generalization of the theory to the case of octupole
collective motions (and ones of higher multipolarity) could
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be the solution to the problem under discussion.
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