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A method is proposed for describing the collective excitations of rotating nuclei that combines
the cranking model and the random-phase approximation. The symmetries that are preserved
for rotating nuclei and their connection with the physical states are discussed. The results of
analysis of the properties of collective excitations in the framework of different models are

presented.

INTRODUCTION

The investigation of rotational states provides an im-
portant source of information about nuclear structure.’ In-
terest in the study of rotational states is still undiminished
more than a quarter of a century after the discovery of rota-
tional bands in nuclei.? To a large degree, this is due to the
progress of experimental techniques, which has made it pos-
sible to investigate nuclei in the region of limiting angular
momenta (see, for example, Ref. 3) for which the nucleus
still exists as a single object.

Many features in the spectra and electromagnetic tran-
sitions of rotating nuclei can be explained by means of the
generalized nuclear model.* It is based on the assumption
that it is possible to separate the intrinsic and rotational mo-
tions in a nucleus. However, with increasing angular mo-
mentum, when the centrifugal and Coriolis forces become
large, rotation has a strong influence on the intrinsic degrees
of freedom.>>~° At the same time, study of nuclear structure
at small values of the angular momentum has shown that the
intrinsic motion of the nucleons is determined largely by the
average field and by correlations of superconducting type.'°
It is natural to assume that the approximation of an average
field is fairly reliable even under extremal conditions when
the angular momentum is so great that the fission channel
begins to be dominant in the process of nuclear de-excita-
tion. Simple estimates for nuclei in the rare-earth region (the
record angular momenta achieved experimentally were ob-
tained in this region®'") show that at maximal spins / ~ 607
for A = 150 the rotational energy per nucleon does not ex-
ceed 5% of the binding energy (about 0.4-0.6 MeV). One
can therefore hope that the conditions governing the major-
ity of the nucleons (the core of the nucleus) are changed
very little compared with those that obtain at small
spins.'?'? This is then obviously sufficient to justify the use
of the models that are successfully employed to investigate
nuclear structure at small angular momenta.

One such model is the cranking model, which was first
proposed by Inglis.'* In this model, it is assumed that the
average field of the nucleus rotates with a time-independent

265 Sov. J. Part. Nucl. 17 (4), July-Aug. 1986

0090-4759/86/040265-25804.40

angular frequency around a distinguished direction. The
cranking model can be used to analyze many properties of
rotating nuclei, diagrams of quasiparticle energies deter-
mined in the intrinsic coordinate system being used.'* How-
ever, if one remains in the framework of the model, it is
possible to analyze states of the yrast line and of single- and
two-quasiparticle nature. But the experimental information
obtained by analyzing the y spectra of rapidly rotating de-
exciting nuclei indicates a collective nature of the states not
only near the yrast line but also at appreciable excitation
energies (about 15-20 MeV above the yrast line at 7~ 607;
see Ref. 16).

In order to describe the ¥ spectra near the yrast line,
theoretical calculations have been made'” in which the low-
est collective excitations are described as small oscillations
of the transverse axes (precession of the rotation axis) of a
triaxial rotator.' It is obvious that such a treatment is pheno-
menological in nature. It is therefore worth developing mi-
croscopic approaches. One such approach is to use a self-
consistent cranking model and the random-phase
approximation (RPA). This approach was proposed for the
first time in Refs. 18 and 19. One should also mention other
microscopic approaches®*~? based on the use of a general-
ized density matrix. However,they have been less developed
than the model described below.

Our aim in this review is to describe the method that
combines the cranking model with the RPA and its applica-
tions to the calculation of specific characteristics of a num-
ber of nuclei. In Sec. 1 we describe the method with
allowance for the influence of the symmetry conditions on
the properties of the physical states. Then, in Sec. 2, taking a
simple model of a rotating anisotropic oscillator, we investi-
gate the properties of coherent excitations: isoscalar quadru-
pole excitations and isovector dipole excitations. Finally, in
Sec. 3 we use the combination of the cranking model and the
RPA (which we call the CM + RPA method) to describe
the various characteristics of a number of nuclei. In the con-
clusions, we briefly summarize the results. Appendix A gives
some properties of the operators used in the models.
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1. CRANKING MODEL AND RANDOM-PHASE
APPROXIMATION

The cranking-model Hamiltonian and its symmetries

As already noted in the Introduction, it is assumed in
the cranking model that the nucleus rotates around a distin-
guished direction; usually, this is the x axis of the intrinsic
and laboratory coordinate systems. The Hamiltonian corre-
sponding to such rotation, expressed in the rotating coordi-
nate system, has the form?”

H'=H-\N.—-0J,, (1)
T

where H is the total nuclear Hamiltonian?; N, is the opera-
tor of the number of protons (7 = Z) or neutrons (7 = N);
A is the corresponding chemical potential; () is the angular
frequency of the rotation; and .I is the x component of the
total angular momentum. The Hamiltonian H contains in-
trinsic and collective degrees of freedom (associated with
the rotation and the center-of-mass motion of the nucleus).
In the general case, their separation is a nontrivial problem
(see, for example, Refs. 20 and 25) that usually requires an
approximation at some stage.

Of the Hamiltonian it is natural to require rotational
and translational invariance. In addition, in the phenomena
which we consider the number of particles does not change.
Therefore,

H, J)=[H, B=[H, N,]=0,

(=2, y, z) (2)

where :f,- and f’,- are the components of the total angular
momentum and of the total momentum of the nucleus in the
laboratory system. Since

s 'ﬁjl'—'ieijkﬁh Wi -}j]=i8unfa; }

A A A LAY A A (3)
[N-;v Jt]=[Nﬂ Pi]=[Ph Pl]=0

it follows from the condition (2) for the cranking-model
Hamiltonian that

(&', J=0; (B, B,)=0;
(s J)=—iQJ; (#', B)l= —iB, (&', N)=0;
(&', J=iQl,; (' B,)=iQB,.

(4)

In the total nuclear Hamiltonian H, one usually separates
the average field, which in explicit calculations is approxi-
mated by some phenomenological potential, this leading to
breaking of the symmetry conditions (2). To restore the
broken symmetries, it is necessary to impose some condi-
tions on the residual interaction. If this is not done, the ei-
genvectors of the total Hamiltonian describing the intrinsic
excitations of the nucleus acquire unphysical (from the
point of view of the intrinsic degrees of freedom) compo-
nents of a collective nature (see, for example, Refs. 26 and
29). Since, as a rule, the symmetries are restored in the
framework of the approximation employed to find the eigen-
modes of the Hamiltonian, we shall require below that the
condiitons (2) hold in the framework of the RPA.
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For simplicity of exposition, we shall use a spherically
symmetric average field. We take the residual interaction in
the form of separable multipole-multipole forces (long-
range part) and monopole pairing (short-range part).?
Note that this choice of the average field and of the residual
interactions in no way affects the generality of our presenta-
tion of the CM + RPA method. In the various applications
of this method discussed below, the form of the average field
and of the residual interactions is particularized, but all the
calculations will be made in the framework of the scheme
explained in this section.

Thus, we consider a nuclear Hamiltonian of the form

H= z ehcxch—%z G.rﬁ-tﬁ.r
kR T

Y
1 Ao oa
e b)Y A 30Oy, (5)
2=1,2,8 ... m=—}
where?
ﬁ¥=h QA.m 29 MChC1y (6)

A'; = (k| ra'Yhm | D;

¢ and ¢, are, respectively, the operators of creation and
annihilation of a partic]c in the state |k ) of the spherical
nuclear field, and ¢g" = T¢ T ' (Tis the operator of time
reversal®'); x, and G, are, respectively, the coupling con-
stants of the multipole-multipole and pairing interactions
(r=N, Z). In (6), the summation is not only over the in-
dices / and k but also over 7 and k.

The experiments indicate that the majority of nuclei in
the ground state and in the states of the yrast band possess
the P, R, (7), and S, =PR - e N ) symmetries (PlS the op-
erator of the intrinsic parity, and R k(m) =exp( — ner ) is
the operator of rotation around the k axis of the intrinsic
coordinate system through angle =), i.e., deformed nuclei
have deformations of _even multipolarities. Because of the
presence of the term .QJk ,only the symmetries P, R, (7), and
S, hold for the cranking-model Hamiltonian (1). Therefore,
following Goodman,?'2 *** we choose the basis of single-parti-
cle states by using the e condition that these states be eigenvec-
tors of the operator R Y (7) =R [ \(m):

A ch o a : cr
Bj“J'(Ci)e indg, Fi (L‘:)' (7)
k R

Many experimental and theoretical studies (see, for ex-
ample, Refs. 34-39 and the references in them ) have demon-
strated the possibility of a stable octupole deformation of a
nucleus that breaks the intrinsic mirror symmetry of the nu-
cleus. In this case, there is breaking of the P and R, ()
symmetries separately, but the S, symmetry remains. The
generalization of the CM + RPA method to the case of sta-
ble octupole deformation and the physical consequences are
considered in Ref. 40.

As is shown by RPA calculations, if rotation is absent
(see, for example, Ref.41), the quadrupole and octupole ex-
citations play the most important part in the description of
the observed spectrum. Therefore, we shall below restrict
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ourselves in the Hamiltonian (5) to considering operators
with multipolarity A equal to 2 and 3. From the point of view
of the intrinsic R, symmetry of the nucleus, we introduce the
following combinations of multipole operatorS‘

H" - é O"’ =—E (Ozi"l‘ Oz—i) Q‘ T= (in

Jiv = -5 (@ 2+ 00); Q7=
ﬁ;—: » an: F(+)

V_ Qe—l);

.'/2 (022 02-2);

g

V§ (031"08—1)| F( = .l/'— (032 S Qs 1);

Fm V§ 32— Qa—z); 1/2 (Qas =t 03»2),
1 e
F::H S 7§ (Qsa Qs—s)s F Y= V2 (st" Os-a)a
(8)
which have the property
. |THE . T HET
o Qr(ni)—l o110 (?:n (83)
a5 P

For what follows, it is convenient to represent the Hamilto-
nian (5) in the form

H= 2 ekckch-—— Z G P+P

T

2
[2 ét+) ¢+:+2 Q <-)]

m=0

2 [i F(+)F(+:+Z F( ;F( :] (9)

m=0

Calculations in the CM + RPA method consist of two
individual stages. First, one solves a Hartree—-Fock-
Bogolyubov (HFB) problem in the cranking-model approx-
imation (see, for example, the review of Ref. 42 and the ref-
erences there). This gives us a quasiparticle spectrum for the
given rotational frequency . The quasiparticle vacuum |Q)
characterizes the state of the nucleus on the yrast line with
spin I that corresponds to the mean value of the operator J,.
with respect to the state |Q) af the given rotational frequen-
cy . Second, in the RPA we seek the vibrational modes with
respect to the states of the yrast line (see, for example, Refs.
18, 19, 24, 29, and 43-52). Below, both of these stages will be
considered in detail. We note also that the entire treatment
presented here applies to the case of even—even nuclei.

Hartree-Fock-Bogolyubov method for rotating nuclei
(description of the yrast line)

The HFB method can be successfully used to describe
many characteristics of rotating nuclei**->* and is described
in detail in Ref. 42 (see also Ref. 60). We therefore give only
the main ideas needed to understand what follows.

Using a Bogolybuov transformation, we go over to the
quasiparticle operators a;, ;" :

ai =3 (4ici+Bjeps o= (4ici+ Biow),

where by virtue of (7) the quasiparticle states are also eigen-
states of the operator R - Hm):

(10)
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emfx(a‘)e—m.r:— Fi (“) : (11)
2 o

The quasiparticle energies E, , E; and the transformation co-
efficients are determined from the solution of the equations®

A1 Al
() =5 (3
Bl Bl (hw A
M Azk =—E; A% ? M:-" A* h(?',)’

which the corresponding matrix elements have the form®

(12)

LIy, 7 A N g 3 i 6
—2(Q | Ogo | D (K | Oy | 1y
— %y (] QY 1R (k| G | Iy; \

he

W
23 (@1 O | QB | Guo | B+ (21 0 | 3 ¢ | G5 | By
Ag=—S2Q| B, |28, :

(13)

Here, (k |A |/} is the single-particle matrix element of the
corresponding operator, and (Q|A |Q) is the expectation
value of the corresponding operator with respect to the qua-
siparticle vacuum |Q), i.e., with respect to the yrast-line
state at the definite rotational frequency (). The method of
determining the expectation values of the single-particle op-
erators is given in Appendix A. The self-consistent equations
(12) and (13) must be augmented by the conditions

QI Neen | D =Ny, (Q| Nez | Q) =2,

Il

— 837 (eg—he) —Q (| S, | Ty

Q@7 1D=J,
(14)

for a nucleus with N, neutrons and Z, protons that at the
given angular frequency are in a state with spin J,,.

The solution of the HFB problem makes it possible to
rewrite the cranking-model Hamiltonian (1) in the form

H=(Q|H| 9>+2 E; (afoy + o30r;)

o Z %:(Pz—(ﬂ | By | Q) (Pe—(Q1 P | ):

2 (0% — @1 0% | @) (0 — @1 0% | )
8 s
_12.. 2 "Q c [2 F“’F" ia E F“’F‘“ ]
m=1 m=0 m=1
(15)
where the symbol : : denotes the normal product with respect

to the quasiparticle vacuum |Q).§ince the Hamiltonian (1)
is invariant with respect to the R, () transformation and
commutes with the parity operator P, the quasiparticle vacu-
um can be determined as follows

einle |y =D | Q) =| D). (16)
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Therefore, nonvanishing expectation values (ﬂlg |Q) are
obtained only for operators that do not change the parity and
have positive signature.”

It should be noted that the consistent solution of Egs.
(12) and (13) under the conditions (14) is quite difficult.
Usually, the average field is approximated by a phenomeno-
logical nuclear potential of the type of the Nilsson potential
(see, for example, Refs. 53 and 57) or the Woods-Saxon
potential (see Refs. 56 and 61), the parameters of which are
determined by the requirement that the experimental single-
particle characteristics in the ground state be reproduced.

‘Further, using Strutinskii’s method for a rotating nu-
cleus,'**” we find the minimum of the deformation energy of
the nucleus at the given rotational frequency in order to find
the yrast-line state. For this, consistency with respect to ro-
tation and pairing is obtained.

As was already noted,the phenomenologically chosen
deformed field breaks the symmetries (2) and (4). To re-
store them, it is necessary to choose a residual interaction.
The matching of the residual interaction to the form of the
phenomenological potential of the average field has been dis-
cussed in detail in a number of studies (see, for example,
Refs. 26-28 and 62-66).

Random phase approximation for rotating nuclei

Hamiltonian of the RPA and equations of motion

The combination of the RPA with the HFB method for
describing the properties of the states of rotating nuclei was
first proposed by Marshalek (see Ref. 18, 30, 43, 67, and 68)
and by Mikkhaflov and Janssen.'®** The basic ideas of the
CM + RPA approach were formulated in these studies. Its
further development is associated with the construction of
definite models for quantitative and qualitative study of nu-
clear characteristics (Refs. 69, 45-52, and 70-76) and also
with refinement of the theoretical scheme with a view to
restoration of the symmetries of the total Hamiltonian2*2°
and the description of the RPA solutions by means of the
strength-function method (Ref. 77).* As already noted, the
possibility of generalizing this approach to the case of an
octupole deformation of the average nuclear field was con-
sidered in Ref. 40.

Inthe CM + RPA approach, the nuclear states near the
yrast line are described by means of phonons, which at given
rotational frequency ) are represented by a linear combina-
tion of two-quasiparticle bonsons (see, for example, Ref.
43):

by =ckeq; bh=iejai; b =iafal; (17a)
ahoy = § (Bhmbim -+ b} =b,=);
_ (17b)
ajor =i % (bhmbim — DRmby,,)i

these are antisymmetric with respect to the indices,

by = — b,;,and satisfy the approximate commutation rela-
tions

{bkh b;nn] = 6hm61n _ahnsim; [bﬁ! b:m'{] — ﬁhmaj'ﬁ:
(18)

[O1s bmn] = [bpys bE-1=0,
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At the same time, it is assumed that the average number of
quasiparticles with respect to the vacuum state |2} is zero.

Q| aka; | Q) ~0.

From the relation (11) for the bosons it follows that
binian b, ==

emif [bi"“"’] e-inds — o [ ih(zh):| :

.
K b

(19)

Any single-particle operator contained in the Hamiltonian
(15) can be expressed in the form of an expansion with re-
spect to bosons of the type (17). The specific form of this
expansion depends on the symmetry of the operator with
respect to Hermitian conjugation, time reversal, the oper-
ation R, (), etc. (see Appendix A).

Introducing the expansion (17) in the cranking-model
Hamiltonian (15), we obtain its boson representation. The
presence of the R, (7) symmetry of the Hamiltonian and,
accordingly, the fulfillment of the commutation relations
(18) makes it possible to divide the cranking-model Hamil-
tonian into four mutually commuting parts:

H=QIH|Q+HG+HG+HS+HSD,  (20)
where
1‘ +

H = X Egblibis —7 2 GePi (1) P (1)

ik .,

2
—2 3 0% (1) Q% (1); (21a)
m=(

2
= 1 %
Hg= % 5 (Embinbip + Eggbichs:) — %’- 2 0R (1) QR (1)
1

ik m=
(21b)

3
HO =3 Egbpbs—2 D FPWFP(1);  (2le)
ik

m=1
1 3
HEZ = D) = (Enblnbi+ Egbiiby) — 2 ) Fi2 (1) 2 (1).
ik m=0

(21d)

Here, E; =E,; + E; and the symbols P, (1), Q. (1),
F L%7(1) represent the parts of the corresponding operators
linear in the bosons (see Appendix A). The subscript of the
symbol H 5~ % characterizes the parity of the single-parti-
cle operators that determine the Hamiltonian; the super-
script characterizes their signature.

Substituting the boson expansion (A5) in the symme-
try relations (4), we obtain in the framework of the RPA

[HD: T (D] =[HE), N (1)]=0; (22)

LHE Ty (D= —iQJ, (1); [HG), J,(1)]=iQJ, (1); (23)
[HE, P (1)]=0; (24)

[H, Py (1)]1= —iQP, (1); [HS), P, (1)]=iQP, (1); (25)
Ty (), Py ()] =T (1), N. ()] = [P; (1), N, (1)]
=[P, (1), P; (1)] = [V, (1), Jy (1)]

Wy @), 7. )] = iQ | J, | Q).

(26)
(27)
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Since all four parts of the Hamiltonian (20) commute with
each other, the RPA equations of motion”

(H', #)=i0}X,; [H' X,)=—iPy; (X, Py]l=ibyy

(28)
(X, and Z, are the generalized coordinate and generalized
momentum of the given state v with energy «, ) can be
solved independently for each of them.

The Hamiltonian H ', expressed in terms of the canoni-
cal variables X, and &, takes the form

H=3 X (#+oiX)=7 2 (FH+eiXi)+y 3 £,
v ¥

g0 0y, =0
=3 o (00, 4+3)+5 3 . (29)
g0 0y =0
Here, the phonon operator
o;=-]/1§(vm—vxv_7—iﬁfv) (30)

corresponds to nonzero solutions @, #0. The equations of
motion (28) for @, #0 take the form

[H', 0] =y v [H', 0,]= —0,0,; [0y, 0;'] = Byyr.

31

Comparing the RPA equations (28) or (31) with the sym-
metry conditions (22)—(25), we can determine all the “un-
physical” (ghost) modes of Goldstone type (see Ref. 79) for
all four parts of the Hamiltonian (20):

1. It follows from comparison of (22) with (28) that
the RPA solutions of the Hamiltonian H { ]} include one
associated with the operator J, (1) and two associated with
the operator N, (1) (7 = N, Z). Therefore,

gﬂv¢=lx:-|/g_-«7x‘fx (1) }

1
= S HE == D (#3+03X3)
§v°=N1:VgN1N1 (,1) +) 2 2 5 A

0,70

g 2Tt () +5 3 en V(). (32)
The method of determining the mass parameters g, and gy_
is discussed below. It follows from (32) that #, = 1/g, is
the moment of inertia of the nucleus with respect to the rota-
tion axis x.

2. Comparison of (23) with (28) shows that from the
operatorsJ, (1) and J, (1) it is possible to construct a mode
of the Hamiltonian H {7} with energy @ = )

5 H=

(+)

[H, T|=—Qr
[T, T* =1
=1 3 (#i+eiX)+Q(DT+y)
—"'2 v vy 2 ?

v
0,0, Q

(23, T =0r* }
(33)

where we have introduced the operator =)
—iJ, (D/AVAQT, Q).
3. Comparison of (24) with (28) leads to the expression
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Pyvmp, =V 2p Py(1)>HY)

=—;— 2 (3”3+m%Xt)+%gpxP;(1). (34)

0,70

Here, M = 1/gp_is the effective mass of the nucleus.

4, From comparison of (25) with (28) one can expect
that the mode [P, (1), P, (1)] is a solution of the Hamilto-
nian H (=) with energy @ = Q. However, because of the
commutation [P, (1), P, (1)] = 0 it is not possible to con-
struct the corresponding phonon operator by means of these
operators. One can show that the mode due to the momen-
tum components P, (1) and P, (1) [and the corresponding
coordinates X, (1) and X, (1) ] is orthogonal to all solutions
of the RPA equations and therefore is not mixed to them.?*
Therefore, the Hamiltonian H { Z)}, defined on the space of
its solutions, has the form

HO=1 3 (#3403 +Q(X, (1) P.(1) — X, (1) P, (1),
m,‘-’;«:o

(35)
where the last term in (35) ensures fulfillment of the condi-
tions (25). Thus, using the symmetry conditions imposed on
the cranking-model Hamiltonian, one can separate in the
RPA the modes due to the rotation of the nucleus and the
motion of the center of mass and the modes associated with
conservation of the particle number.

In Refs. 19, 44, 45, 47, 49, and 50, solutions of the RPA
equations are determined for the Hamiltonian of the purely
intrinsic excitations. We shall demonstrate the connection
between the solutions for the intrinsic excitations of the
Hamiltonian satisfying all the symmetries and the cranking-
model Hamiltonian (see Ref. 40). Formally, the Hamilto-
nian that describes only the intrinsic excitations can be writ-
ten in the form

H"e= H—pJ?—bP2— Y a N2,
T
where from the total nuclear Hamiltonian // we have sepa-
rated the terms responsible for the collective motion (rota-
tion and motion of the center of mass) and those associated
with the conservation of the particle number.” The coeffi-
cients u, b, a_ are certain inertial parameters.

Between the Hamiltonians H ' and H " it is easy to estab-
lish a connection by comparing (1) and (36). To second
order in the bosons [see (A5)], we have

H' = B+ QF ot el e—p (S + T (D + T2 ()
— Ty (D +T, @)= (T (1) + T (2))

— 2 ac (V) +Nx (1) + N ()= (Pa (1) + P2 ()
—b(Py (1) + Py (2)2—=b(P, (1) +P, (P (3T)

where (2 V= (Q.|2 | Q). Ignoring in (37) terms of the type
J. (1)J,(2) and J, (2)J, (2) and using the relations (20),
(29), and (32)-(35), we obtain

H =@ |D+3 2 (Fi+aiXd)+5e,di()

v
o, 70,8

(36)

J. Kvasil and R. G. Nazmitdinov 269



+3 2 en N+ (M4 7) +ggn PO

+Q(X, (1) P, (1) =X, (1) P, (1)) +
F+ A AN —p @ Lo T, (1) T, (1)

—(S ) —p (B () + T2 (1)

— D 2 (2N Nt N (1) N (1) —(V2)

—b Pz (1)—b (P} (1)+ P2 (1)). (38)

Taking into account the relations*#°
A 1 1 a
W= p=ggr; b=ggn; 20, (Npy=hg
1
ar=gn, (39)

and the fact that if the kinetic energy of the motion of the
center of mass goes over into orbital motion of the mass

Q&X, P (1)—X, (1) P, (1) =b (P} (1) + P2 (1)),
we obtain

H =@ B | Q+p 024 D a (V2

+z 2

v
0,0, 2

(P + 0} X3). (40)

Therefore, the Hamiltonian H ” describes in the framework
of the RPA purely intrinsic excitations under the conditions
(39), which ensure the correct separation of the collective
and intrinsic degrees of freedom. We note that for the Hamil-
tonian H ", in contrast to the Hamiltonian & 2

[H", J; )] =[H", N, (1)] = [H", P; (1)] = 0.

Diagonalization of the Hamiltonian in the RPA

In this subsection, we give the general prescription for
dlagonahzmg the Hamiltonian in the RPA and finding the
“mass” parameters g; the prescription is described in detail
in Refs. 29 and 77.
It follows from the expressions (20) and (21) that each
of the four parts of the Hamiltonian H' has the structure

HFZ}E by by + z %WVt 2 %, W, W,

5|—

(n=ik, ik or ik),

(41)

where ¥ and W, are the parts of the corresponding opera-
tors linear in the bosons

Vi, =§,V:; (bu+b,), s;=1, ..., ng
spi= Ay 85 s

Therefore, the diagonalization procedure, which is carried
through below for the example of the Hamiltonian H s (41),

it (42)
Wa= 3 Wit (bu—b,),
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can be used for any of the four parts of the Hamiltonian
Hin .

The Hamiltonian H possesses definite symmetries
[see (22)-(25)], and this is expressed formally by the com-
mutation of the Hamiltonian H ; with the corresponding op-
erators [for example, J, (1) and N, (1) in the case of the
Hamiltonian H { ] ]. Suppose that for the Hamiltonian & ,
there exist L, operators of the type (b, +b,)and L, oper-
ators of the type (b, — b, ),

Dy =X Dy (bu+by), L=1, ..., Ly
S . (43)
K, =D Kl (u—b,), L=1, ..., L,
n
these being such that for all /, and ,
[IA;IB th]=[-§B Kh]=0; (44)
{Dh' Dz;]=[Kl|1 KJ;]=[DI|1 KI.]:O- (45)

Substituting (41)—(43) in (44) and using (28), we obtain

D&Eu=§1ua.a§:W;=, Yoo o Bt
& (46)
K::Eu-_—sglu,‘bﬁl’Vﬂ, i & g o

where

a2 =2[W,, D;,|=4 Diws
& (47)
b =2[Vy, K] =4 2 L.

We note that in definite models &, and b % can be expressed
in terms of expectation values of the type (Q|Q 02|00,
(Q.|P |2, etc. (see Refs. 19, 40, 43, and 44), i. e., the rela-
tions (46) are conditions of self-consistency between the
HFB quasiparticle field and the residual interaction for the
Hamiltonian of the cranking model.

The boson representation of the canonically conjugate
generalized coordinates X, and momenta #, can be written
in the form

Xv=§X: (b + By); ]
9’v=i2 ga;(b;_bu);
n
[Xy) Py) =2i D) X3PV =ibyy.
n

(48)

Substituting the expressions for X, and 7, from (48), and
also the definition of the Hamiltonian & B ( 41) in the RPA
equations (28) and using (18), we obtain a matrix represen-
tation of these equations:

M3

Xx= 2 A:: E“ 2 %y, B 5: Ez m* H

sg=1 =1
Mg

Fi= o} 2 K.,A;: == 2 %, B s: Ez

=1 si=1

)

Here
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A =42 XW BL=42 SV (50)

Using the definition of (50) by means of (49), we obtain a
system of linear homogeneous algebraic equations for the
ny + n,unknowns 4 ; and B} :

8 n
E %e,As, (SWe w - 1,::52 ) 2 ”str:UV,‘Ws;= 0,
si=1

simmdy iy g (51a)
My Uy w, — Z s, B (Svslv,-l— 4""‘) 0,
=1 =1

gi=1, ) By (51b)
where

EyR,T, R, T,
SRT_ E%:_um!: 1 URT= Ea_“_;g ) (52)
] 1]

for which the following useful relations hold:
Sar = Sar 0) + @*Wgyy Upp = Upgr (0) + 0% gp;
(53)

Fuly (54)

R,T
WRT:Zm’ wip
m

an=§m.

Among the solutions of (51) there are solutions with
zero energy, @, = 0, which are due to the requirement of
fulfillment of the symmetry conditions [see Egs. (22)-
(27)]. These solutions must be separated, since from the
physical point of view only solutions with @, #0 are of inter-
est. From the matrix representation of the equations of mo-
tion (49) for the zero-energy solutions we readily obtain the
system of equations

2 %5, A% (0) (Sw w, (0)— "’*) 05y &m=ily_snes ne;‘
r.==1
S, w84 (0) (Svar, O+22 ""1) R A e Ji
s=1

(55)

for which the condition for the existence of solutions has the
form

8
det | Sy, W, (0)— '-"! =0;
& (56)
det SV V (0)+ t‘al =),
It is obvious that if the relations
AL (0)=V e, al; Bi(0)=Vg,bh (57)

are satisfied, the self-consistency conditions (46) lead to
(56), and these equations make it possible to determine the
constants of the residual interaction. In addition, it follows
from Eq. (51a) for the zero-energy solutions with allowance
for (55) that

ny

2 #%Bs (0) Uy, w, (0)=0.

5=1

(58)
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We multiply each of the equations in (51a) by x, a? and
sum over the index s,. Accordingly, we multiply each of the
equations in (51b) by %, b i’l and sum over the index s, and,
using (55) in conjunction with (57), we obtain the equa-
tions

Ny N
pY 'K-s.”_,gds,A : (Sw, W — 8w, w,(0)
sg=1 &= t 5
Ny N,
= E E xnxs,as,UV e =0;

“_1 =

n (59)
mv 2 2 %le,‘bﬂA UV_‘ W,

s=1 s,—

- E s b BY (S, Yy~ Sv,v, (0)=

81—1 s1i=1 j

By means of Eq. (58) and the relations (53) the system of
equations (59) can be finally reduced to the form
mv Z E xs,x”as, ngW W

5 g

— 0y 2 Z Ks;“s,asng sz

51 8z

=0; (60a)
Lesdl, o
mv 2 2 unxs.bi,A:,xV W

51 Sy

— 0y X Xk piBy W,y . =0,

81 51

(60b)

L=t s By

Thus, the complete system of equations for the n, + n, un-
knowns A4} and B} consists of the L, equations (60a), the
L, equations (60b), n, — L, arbitrarily chosen equations of
the type (51a), and n, — L, similarly chosen equations of
the type (51b). It follows from the corresponding secular
equation

o¥H ) | D(w,) | =0

(61)

(here, |D(w, )| is the determinant of the system of equa-
tions) that a solution withw, = 0is 2(L, + L,)-fold degen-
erate, and the energy of the solutions with nonzero energy is
determined from the equation

| D(wy) |=0. (62)

The structure of the corresponding phonon [i.e., the coeffi-
cients X, and 7, in (48)] can be determined by means of
the expressions (49) by using the normalization condition
from (48) and the solution of Eq. (62). It remains to deter-
mine the mass parameters g, and g, . The method of their
determination differs in the following two cases: '

a) simultaneous existence of ghost states due to the op-
erators K; and D, ;

b) the existence of ghost states generated only by the
operators K; or only by the operators D; .

In the case of simultaneous existence of ghosts of both
types, the relations (55) and (58) hold. Using the matrix
representation (49) for the canonically conjugate quantities

X, (0) and #,(0) corresponding to the zero-energy solu-

tions due, for example, to the operator k, , we can write
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[taking into account (57)]

= ¥
Fi ) =—Va, 2 wbi ﬁ:
= (63)

-Tl

XJI: (0 2 NS,AI’ O) e I/gl, 2 "s: sn E’ .

Substituting these expressions in the normalization condi-
tion (48),

[X3,(0), #,,(0)] = 2i E X, (0) # (0) =1,

we obtain the equation

=V 2 2 %%, AL (0) iUy, g, (0)

f1 82

V\!qﬂi 1

ly I,

+g£, Z 2 Hs ¥ slbs;b z ___Egu =E
i

i ol n

(64)

From Eq. (58) with allowance for (57) there follows the
vanishing of the first term of Eq. (64). Using (46), we obtain
from (64) for the mass parameter g,

e (65)
We can similarly obtain an expression for g, :
i, 08 Dfl'D::
= %} i (66)

We consider case (b), where there exist ghosts of only one
type, for example, ones due to the operator K 1, - The relations
(63) again hold. They yield the equation

2 #,A45(0) (Sw,w,, (0)—%55)

L

—Ve 2 'xﬁbﬁnyhW'é (0)=0, (67)
which, using (46), we transform to
)
5t 0 (S0, 0~ 425) VS5, 0=
(68)

However, the relations (46) also make it possible to trans-
form Eq. (64). Finally,

~ V1 X %043 (0) Sxiyws, (0)+ 245z, () =—-. (69)

Thus, we have obtained the system of inhomogeneous equa-
tions (68) and (69) for the unknowns 4 2 (0) and g By
means of the Cramer rule it is easy to determine from this
system the mass parameters

y sty
T ¢, o
g1y = 5 IDlat

(70)
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where |D, | is the determinant of the system of equations
(68)—(69).

We note in conclusion that the representation (48) can
be interpreted as a transformation from the space of two-
quasiparticle bosons to the space of the RPA modes (X,,
Z,) [or(0,,0}) ], this transformation being realized by
a unitary Hermitian matrix with elements X ;, and ;. The
number of two-quasiparticle bosons b, , b . must corre-
spond to the number of modes (X, 77, ). This completeness
of the two spaces can be expressed by the relation (see, for
example, Ref. 40)

b;:ig {158, X,] #4198, b1 X},

where the summation is over the ghost as well as the non-
ghost modes.

(71)

Eigenstates of the Hamiltonian

The solutions being orthogonal in the RPA, all the nor-
mal modes (X,, %) with @, #0 of the Hamiltonian (20)
are also orthogonal to the Goldstone mode [8, (1),
J, (1)].'” Then the expectation value of the angular-mo-
mentum operator J, with respect to the phonon state in the
first order of the RPA, 'V

(Q]0,J,0%9)

=(Q[0y, J, 11D +(Q1J.0,05|Q) = Q]| (72)

corresponds to the expectation value of the operator .7,‘ in
the yrast-line state that corresponds to the given value of the
rotational angular frequency (2.

The yrast-line state |(2) is the vacuum for not only the
quasiparticle but also the phonon operators, and therefore

0| =N, ()|D=P,.(1)|D=0; (73a)
T'Q)=J.(1)|Q)=0. (73b)

Since J (" =J, — (Q|J, |Q), the relation (73b) means that
the angular momentum in the state |(}) is almost completely
aligned along the rotation axis, the x axis, this ensuring ful-
fillment of the cranking-model condition

Q1 =VTTF1).

Therefore, the phonon creation operator O does not
change the total angular momentum.'? It follows from the
relations (73a) and the condition (QJP [2) = O thaton the
yrast line there are also no vibrations of the center of mass of
the nucleus along the x axis. Generally speaking, such vibra-
tions can arise as a result of excitation of the nucleus, but the
separation of the ghost mode (X, P, ) from the solutions of
the RPA equations ensures the absence of mixing of the nor-
mal modes and excitations due to vibrations of the center of
mass along the x axis. As was already noted near the begin-
ning of this section, vibrations of the center of mass along the
y and z axes of the laboratory system are also not mixed with
the normal modes.

In Refs. 30 and 43, Marshalek used the fact of align-
ment of the angular momentum in the states of the yrast line
to construct eigenfunctions of the cranking-model Hamilto-

(74)
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nian H' for positive-parity solutions. The negative-parity
case is considered in Ref. 50.

Thus, we write the eigenvector of the Hamiltonian H ' in
the form

l{n\'—}! {nv+}i N| 21 P::y Jl M)

O*)

HHH V”v

V=N

V2n

(O:‘,,,,]n'“'
V iyl
elPxX

Vaa

(MZ-Z00,
Van
RICEEOLM

Van

(papi o

TR o0 N Zar O, Joy Ty

(75)
where n,,- and n,. are the numbers of phonons of negative
and positive signature irrespective of the parity; 8, (7 =N,
Z) and 6, are the angles conjugate to the operators N, and
J,; and X is the projection of the center-of-mass coordinate
onto the x axis. The vector |0, 0, Ny, Z,, 0, Jy, J,,) describes
the state of the nucleus on the yrast line having angular mo-
mentum J, (with projection M = J;, onto the x axis), with
number of neutrons N, and of protons Z,;, and with center of
mass at the origin (the origins of the laboratory and intrinsic
coordinate systems of the nucleus coincide). Whereas for
the intrinsic wave function R, (#) symmetry holds, there
follows by virtue of the condition (16) the following connec-
tion between the signature and the angular momentum of the
state:

E nv—
(=0 (=" =1, (76)
in accordance with which the single-phonon states of posi-
tive signature have an even value of the spin J, while the
single-phonon states of negative signature have an odd value
of the spin. The eigenvectors (75) can be represented in the
form of a product of a rotational and an intrinsic wave func-

tion (see, for example, Refs. 30 and 40):

| My = o]y | TM);
ol =T0)0, (T4 -M
e Jo, M=Jo);
| TM) VE W M“ 0 o
- i(N=No)By El(Z—Za)ez elPxX H (Ot_)ﬂv_
|} = Vo Vin Ve Vny!
e
{0++) ‘\H-

Wlnv—:07 nv+=0n N=N0, Z=Z€h Px=0)’ J

(77)

where a represents an ensemble of quantum numbers: 7.+,

, N, Z, P_. Note that the functions (75) or (77) are
obtainedz as in Refs. 30 gnd 43, by the sul,)\stitution
Jx(])"’l/]é_lfm Nz(l)"‘Nz—Zo, NN(l)—’NN_ND)
P,_(1)—P,. The variables are defined on the intervals (0,
2m), (0, 2m), ( — =, « ), respectively, and the wave func-
tion (75) or (77) is normalized.
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Probabilities of electric transitions

In the limit of large angular momenta, £ 2 transitions
were analyzed by Mikhailov®® and Marshalek.*’ In the case
of broken intrinsic reflection symmetry of the nucleus, £ 1
and E 3 transitions were analyzed in Ref. 40. Quantitative
estimates of E 1 transitions for specific nuclei in the case of
rotation can be found in Refs. 70-73 and 82.

As is well known, the reduced probability of a given
transition is defined as®

B(EL, aJ,— ay,) = L2 R ER Il - (78)

where Dt (EA, 1) is the operator of the transition of multipo-
larity A with projection w. An aribitrary tensor operator
fM;,., defined in the laboratory coordinate system, can be
expressed by means of the standard transformation (see, for
example, Ref. 84)

Mau= 3 Dl iy= (79)
v

D aivr Dy
v

in terms of the components of the tensor operator Eﬁtgv,
which is defined in the intrinsic coordinate system, the
Wigner function D% .. being expressed in the operator form
(see Refs. 30 and 85) For I'> 1, when the quantization axis
coincides with the rotation axis, the reduced matrix element
has the form®*3°

(g + VI By || o0

=V. 2T F 1 (TMV|J VT +¥) (@ +v|Tiy|a). (80)

Transition operators. Since all projections of the angular
momenta in the wave functions (75) and (77) are defined in
the system of quantization with the axis x, we use the trans-
formation

Or = Z‘, D, (5) O, (81)

to redefine the operators that occur in the Hamiltonian H '
. Using in (81) the boson expansions of the operators
Q... (see Appendix A) and the explicit form of the Wigner
functions (see Ref. 84), we obtain to second order in the
bosons

Qhux-—ﬂ i2_(gl0i +=0, 2|$) 8y, 2

+o SHDLT b + (— 1 7 yg);
A 1 Axp AFL (82)
Ok a1, 29 =cz {Mur b+ Mar “bwy
e m“*’*’z»* + 37 b},
where — A<y, <i and
+1
c=[_ _IS%kd"mkh
are the quasiparticle matrix elements of the operators Q {5’

The expressions (82) must be augmented by the condi-
tion

O =(— 1" 0. (83)
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Here, the symbol ( + ) as superscript to an operator deter-
mines its signature. Substituting in (82) the relation (71),
we express the operators Q (L in terms of the modes of the
RPA equations X, , #,,, the ghost modes [X(1),
B )l 0105 (1)] [6.(1), N.(D)],[J, (1), J,(1)],

and the modes [ ¥(1), P,(1)],[Z(1),P,(1)]. The commu-
tators of the types [Q,I;Cx’, LD [@4E T (1) ]

[@i%’, P.(1)] and [Q5E, P,.(1)] that appear in these
expressions can be replaced by he corresponding linear com-
bination of the expectation values of the multipole operators
in the yrast-line states (see Refs. 19, 40, 43, and 44).
Further, following Marshalek,’® we must in these expresi-
sons make the substitutions @,(1)-0,, ®_(1)- (O
X(1)-X, P,(1)»P,,Ny(1)>N—N,, N,(1)>Z—Z,
J. (1) -»J Jy in order to obtain the expressions for the op-
erators 0 {%.) in the laboratory coordinate system, or, more
precisely, i m the space of the functions (75) or (77). The
resulting expressions can be used to determine the operators
Q t%’ that act in the intrinsic coordinate system [i.e., in the
space of the functions |aJ }; see (77)]. To this end, it is nec-
essary to express the Wigner function D, in operator form
in terms of the operators J, (1), 6,(1), I', T'*, and also
make the substitution ®, (1) - @, J, (1) »J — Jo- As a re-
sult, we obtain'?

Oitlco = 2 AL (O + (— 1)'0,) 485, , ((R1052_—0|D)
+ 102 =0, 161 (N — N o)+ [0 —0, i6,]1(Z— 2,)
+1Q52 =0, 10,1 (T—Jo)};
O, 2. 9= 2 (AV#0; 4 AY0,)

+81, {<9|0‘21:x=2|9> + Q8 =2, 1651 (N—N,)
0% =2, 8,12 —Z0)+ (05 =2, 16,1 (T—T0)} )
(84)

(6= + foru, =2;0= — foru, =1, 3), where the ma-
trices A?** have the form

Ahux=ﬂ = E mﬂ-nx

Ag=x1, 2, +3
v

(95 + %)
A=p,.
=2 E {m:?:xtpm'— M o

A A=
-+ Mg e — My Mey);
(AW =(— M AR, —ap<h,

J

(85)

and the amplitudes ¥}z, , @ i) » ¥ii» @ & follow from the
definition of the phonon operators:

} (86)

v+—7 (b50%5 + 953055
05-= 2 (Winbix + Piaba -+ Pizbiz + Pi5b5)-

Nuclear multipole moments. The static nuclear mo-
ments are determined by the expectation values of the opera-
tors O { £ with respect to the state |/ ). Using (77) and
(84), we can write the nuclear moments in the form of a
Taylor expansion:
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802“_&:_0 T <O.'.JI V 16n 2~ (2,;3;=0 2laf>

16 0m,
<9| - gizx—oz 19>+ - )N=NU(N-N0)
9Qau, Q »
+( ;; )iz E=20+ (=), (T = 7o)
(87)
We have here introduced the notation
0, 16n 9Qan,
( AN )N:No_ —_[O'2+L:xs 1 N]; ( EVA )Z=Zu
=15 105, 161
9Qu, ATkt 2%
(7% ), =V 2108, 8,1, (88)

We note that the moments in (87) are defined with respect to
the x axis. By means of the transformation (81), we can
obtain the expressions for the nuclear moments in the system
with quantization axis z.

Reduced probabilities of electric transitions. Substitut-
ing (80) in (78) and using the asymptotic behavior of the
Clebsch-Gordan coefficients (J,, J,»A), we obtain [here
%(E/T..ﬂ) = eiﬂ'Qfl;fr)]

B(E); oy — g —v) = |(J— va2|ejﬁéﬁz=_,,lfal)12, (89)

where we have reflected the dependence of the nature of the
electric transition on the sign of the signature. The formal
appearance of an effective charge in the expression implies
multiplication of the additive components of the total mo-
ment from the different particle species (neutrons or pro-
tons) by the corresponding effective charges. Substituting
(84) in (89), we obtain all the required reduced transition
probabilities.

For transitions that do not change the number of phon-
ons, i.e., transitions along the rotational bands, including the
yrast line, we have

B(E2; aJ — aJ—v)

= [(QI 0%, =2ID) + [T52 =2, 16] (¥ —N,)
05 2, 16,1(Z—Z0) + [O,m0 10,1 ()2,
(90)

where Q SR e‘Z’Q { £ It is obvious that when the intrin-
sic structure of the states changes slowly with increasing J it
is possible toset N =N, Z = Zy, J =J, (see Ref. 30).
Transitions that change the number of phonons by 1
(interband transitions) can be separated in accordance with
the change in the angular momentum:
a) for transitions with AJ =0

n, il
B(EN; nydy—ny & 17g) = | AR [2 [n++ (91)
Ve
Here A = 1,2,3andX=eeﬁA;
b) for transitions with AJ = 1
B(EA\; nJﬂ-—a-nv:izilo-—i)—lAHinl g 21 (92)
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Hered=1,2,3;0= + forA=3ando= — ford=1,2;
c¢) for transitions with AJ =2

= 1;
B(EA; ndy— n, 41 Jy—2) = |A4=%2)a x{ il

Ry++
(93)
Hered =2, 3;
d) for transitions with AJ = 3
13
B(E3; nJo—ny+1 J,—3)=|X3F%2 % l :"”L (94)

The index vo in the expressions (91)—(94) characterizes the
signature of the phonon state from which the particular tran-
sition takes place.

It is to be expected that all transitions in which the num-
ber of phonons changes (interband transitions) are weaker
than the transitions within a rotational band, since the re-
duced probability of the single phonon transitions is propor-
tional to the amplitudes |A%“*| [see (91)-(94), which are
smaller by the factor of the boson expansion than the expec-
tation value of the quadrupole operator (f2| Q i209),
which characterizes the intraband transitions.

In conclusion, we note that the expressions (90)-(94)
have been obtained in the limit of large spins J,, J, > 4. How-
ever, in a number of studies, in particular in Refs. 9 and 86,
arguments have been given for the possibility of using the
approximations contained in the cranking model for low
spins. In this case, there is no need for the transition to the
asymptotic values of the Clebsch-Gordan coefficients, and
the corresponding expressions for the reduced transition
probabilities, which for I> 1 go over to (90)—(94), can be
found in Ref. 87.

Strength-function method

To obtain information about the probabilities of transi-
tions between discrete levels in the framework of the
CM + RPA method, it is necessary to know the structure of
the corresponding initial and final states. For this, it is neces-
sary to solve the corresponding secular equations (62) and
the system of equations (51) in order to obtain the two-
quasiparticle amplitudes X, 7, (49) or ¢}, @ (86).
However, the investigation of individual solutions of secular
equations at high excitations (for example, in the region of
giant resonances) becomes meaningless, since the density of
levels in this part of the spectrum increases strongly and the
physical information extracted by means of an experiment
also has an averaged nature. Therefore, for quantitative
analysis of electromagnetic transitions in the region of exci-
tations with high energy, it is natural to use the strength-
function method,*! which can be successfully used to de-
scribe giant resonances in the absence of rotation.*'*%° We
give the main details of the strength-function method, which
is used below to describe solutions of the CM + RPA mehod
(see Ref. 77).

We consider the function &(w, ), which has physical
meaning at the points @; determined by the equation

F (w;)=0 (95)
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and representing the excitation energy of the system.'¥ By
the strength function of the given quantity b(@; ) we under-
stand the weighted mean value of this quantity over some
energy interval A in the neighborhood of the point w, , i.e.,*'

ba (@) = (96)

where p, (@ — @, ) is a weight function normalized to unity
and having its maximum at the point ® — @; = 0. Itis usual-
ly taken in the form

E‘i_-b(wnpumwi),

A

1
Pa(m—w:)=2—nm- (97)

Regarding all solutions of Eq. (95) as nondegenerate, i.e.,
(9F /Ow) 2. 70, we introduce a function P(w) such that

b (0;) = (P (0)/0F/00)omp,» (98)

If the function P(z)/F(z), regarded as a function of a com-
plex variable, has no other singularities apart from the sim-
ple poles corresponding to the zeros of F(z), and if

lim P (z)/F (z) = 0,

Z =+ 0oC
then, using Cauchy’s theorem, we can obtain the key relation
1 P iA/2
ba (@) =—Im ot A2 (99)

M Flet+iap) *

We consider the problem of constructing the strength func-
tion for the probability of transitions from single-phonon
states to states of the yrast line. To this end, we rewrite the
equations of motion (49) in a more symmetric form. Instead
of the unknowns (50), we introduce new ones (for simpli-
city, we restrict ourselves to the case of normal modes with
w, #0):

A )=V Oyl BT (V)= — ],Lm_x,,larl. (100)
Then (49) can be rewritten in the form
E, 1 i 5
Xy = _Efn—“—“’%’ T 2 AL )W
1 R o2 8
‘5‘?57_—(.;{1/% 2 Zialwit:
#e o ! (101)

fﬁ:‘fng—%‘ﬁ 2 A () Wy

w, AL () V.
mn

The system of equations (51) with allowance for the rela-
tions (100) takes the form

e
4,:: )‘l‘mv 2 (\’) UV,IW’ ,=0;

Z FE (v) (Swrewsé == ]
w {
|
)

GJVZ %i:'(V)Uv,u +Zﬁ (v) (S'l V:‘! 4 ) 0,

(102)

i.e., we have obtained a system of homogeneous equations
for finding the vectors ‘% :
Zl Jowr R =0, s=1, ..., ny+ny,

(102a)
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where

6 ’
2l Lo ‘2%
&y "’5 4-”3

Jz 2

UJUV“WS’

ol VW,

" % ( i:))
o RS - ]
6"18{ 81

SVS!.V‘;{ '}‘ 4”81

The normalization condition from (48) has with
allowance for (101) the form

2 K= 3 e (B ( 3 22 ) 25 0y witw
0 B

’
a8

+ 2 A5 W & 0 Vpvid)

11

(Bt od) 3 2 () A5 (v) VW)
8132

n=n+tng 1

T D Al) R (3) 00l 0] ome,— .
8, 8'=1

(103)
We transfer to the right-hand side of ( 102a) one term, con-
taining, for example, %, (v):
n-1 -1

Z JH (v)j,’,-(v)-—ﬂmﬁ,,(v)—;- 2 Jsaas‘—'_yanr

(104)
where
Ry

Qg =El— —> Ry =ap Ry

(105)

We substitute (105) in the normalization condition (103):
33‘ o l

R Z a,ay =1. (106)
The secular equation corresponding to the system of equa-

tions (102a) can be represented in the form of an expansion
of the determinant |7 | = 0 with respect to its cofactors:

191 = Z JssrAsy =0~ 21 Jss = —Jen: (107)
5, s'=1 s'=1

where s is an arbitrary index from the set 1, ..., 1. Comparing
(107) and (104), we obtain

ay = AggrlA g, (108)
and since s is arbitrary, we choose s = n:

ag = ApglA,, (108a)
From (108) and (108a) we have

sy = Agyldpn. (109)
Substituting (109) in the condition (106), we obtain

Ry = W . (110)
We consnder the complete determinant of the system

1= (=g - T, - Jup, (111)
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and differentiate it with respect to w:

8,
= I,agl E (—1PH1py <ot mﬂg « np,,
Ju e Min
: : oy
= 2| 0,/00 ... 0mld0 | =S A, (112)
8 . - ss’
Jni LR J‘nn
Then finally
oo Ann
.??n«-——-—alg R (113)

The remaining unknowns %, can be determined from
(108a) and (105). We express the generalized coordinates
X, and momenta ), in terms of %, :

E“ ]/m 32 a‘l W;l-' p

X,‘i:.'f?n{

+E‘/mv 2 a‘l (V V:l.‘} .
ooty (114)
= (ot v 2 o )

_t_?:l/ﬁﬂvzam(v)v } J

The corresponding phonon amplitudes Y, and @, [see
(86) ] have the form

1 v 1 v
Py = 73 (V%X;H-ﬁ fu)

=T [ 2 e Wi+ D, Vi

wﬁ=ﬁ(VnTvX:—}71=9a;;)
]/12 Iiu'%‘wu [2 sy (v) Wy — 2 as, (v) Vi ]

(115)

Since the amplitudes ¢ and @ of the wave function of the
single-phonon states are proportional to 4, , any quantity
quadratic in these amplitudes, for example, the probability
of electric transitions [see (90)-(94)] from single-phonon
states, contains the factor (113), which makes possible the
use of the strength-function method [see Eq. (98) and Ref.
77]. For example, in Ref. 90, which uses the model of qua-
drupole excitations of rotating nuclei, expressions are given
for calculating the characteristics of E 2 transitions from sin-
gle-phonon states to states of the yrast line on the basis of the
strength-function method.

The CM + RPA method described above makes it pos-
sible to obtain quantitative information about the structure
of the states of rotating nuclei in the framework of a micro-
scopic theory based on a unified model. However, the practi-
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cal realization of the method involves difficult calculations
and the introduction of further simplifications and assump-
tions. At the same time, the qualitative aspects of the influ-
ence of rotation on the collective properties of the nuclei can
be traced by means of a comparatively simple model of a self-
consisent anisotropic oscillator potential, which was investi-
gated in Refs. 95-97 (see also Ref. 6) in the approximation
of the cranking model. In Sec. 2, using this model, we shall
follow all stages in the solution of the problem of finding
eigensolutions of the RPA equations for the residual interac-
tions (isovector dipole forces’**® and isoscalar quadrupole
forces®™**5'y and discuss the physical consequences.
Further, in Sec. 3, in which we shall already use realistic
potentials, we make a detailed analysis on the basis of the
CM + RPA method of both the energy and the electric char-
acteristics of some specific nuclei in the rare-earth region in
their dependence on the angular momentum.

2. ANALYSIS OF COLLECTIVE EXCITATIONS OF ROTATING
NUCLEI AND THE SIMPLE MODEL

Cranking-model Hamiltonian in the simple model

The changes in the shape and in the inertial parameters
of a nucleus when it rotates can be modeled on the basis of
the Hamiltonian of a harmonic oscillator with effective qua-
drupole forces,”**” from which one separates the Hamilto-
nian of the averaged deformed field and the residual quadru-
pole-quadrupole interaction responsible for the collective
excitations of positive parity.**** To describe the collective
excitations of negative parity, it is necessary to introduce
into the Hamiltonian a residual interaction of negative par-
ity.

We consider a Hamiltonian of the form

A . ) k
B=3 (gt n)—3 " X m+HS AL,

v={ i, h=x,1,2
(116)

where @,-k =2, t},-k (v) are the components of the tensor of
the quadrupole moment of the system, L, = 2, 1. (v) is the
projection of the operator of the orbital angular momentum
onto the x axis, and Q) is the rotational angular frequen-
cy.The single-particle Hamiltonian of a nucleus rotating
with angular frequency (), made consistent with the Hamil-
tonian (116) by the Hartree method, can be written in the
form®’

Hpr Q)= vgi hy (©);

s (117)
hy (Q) = o+ 5 (022 + ojy? + ofz?) — Qe

Following Ref. 96, we can conveniently determine the eigen-
functions and eigenvalues of the Hamiltonian (117) from
the equation

[HAF aﬂ - m?\.a{

(118)

for the creation operators a,;" of the oscillator quanta; these
operators are linear combinations of the particle coordinates
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r; and the conjugate momenta p;. Equations (118) corre-
spond to the linear transformation

T\ (@mo)T @moyh ey
o) =le s ) () oo

y 0 i N G O
z Z5 Y ST a;
py || Pt Py* Py Py o (119b)
o Pz “Tpzetps Pk at

The explicit form of the expressions for the coefficients of the
transformation (119) can be found in Ref. 97. In terms of the
operators ;" and a, , the Hamiltonian (117) has the form

= i mu(r;.,-]—%)vezmowu. (120)
=i o
g=x, 4 =
Here
g =at (V) g (¥), [@(V)s @b (v')]=0Bq0Byyr; }
ob=208% 0oy L (0] — a2+ 802 (0} + oD
(121)

The changes in the shape of a nucleus when it rotates
were analyzed in detail in this model in Ref. 97. A typical
hodograph showing the dependence of the parameters of the
equilibrium deformation of the potential on £ is shown in
Fig. 1. At comparatively low rotation frequencies, the defor-
mation of the potential decreases with increasing {} but the
nonaxiality increases. At rotation frequencies exceeding a
certain critical value ¢!, the rotation regime of an oblate
nucleus around the symmetry axis is energetically advanta-
geous. We note that the behavior of the deformation param-
eters is determined by the conditions of minimum of the en-
ergy of the system, and to semiclassical accuracy these can
be expressed in the form®’

oW, = 0 Wy = 0-W- = C = const.

In the absence of rotation, these conditions ensure that the
nucleon density is consistent with the shape of the oscillator
potential,’ whereas in the more general case they correspond
to the requirement of an isotropic distribution of the nucleon
velocities in the considered system.®%%7 In addition, the fix-
ing of the relationship between the populations along the
various axes leaves open various possibilities corresponding

04 22 03 D4

FIG. 1. Change in the oscillator frequencies of the average field as func-
tions of {). The numbers next to the points determine the corresponding
values of 2/w,. In the hatched part of the figure, there are no solutions to
the problem of minimizing the energy of the system.
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to different rotational bands. It is obvious that among these
the one with the lowest energy will be the yrast line.
Appreciable changes in the shape of the nucleus occur
in the given model at too high rotation frequencies. In this
respect the estimates of the rotational deformability of nu-
clei in the liquid-drop model®® are more realistic. In the
framework of the simple model, the collective excitations are
also described by means of phonons, which can be expressed
in terms of the genralized coordinates and momenta [see
(30) ] determined by the equations of motion (28). Since the
Hamiltonian (116) is invariant with respect to rotation
through angle 7 about the x axis, R, (), the phonon opera-
tors in the RPA are characterized in accordance with Eq.

(19) by the signature quantum number + :
R3* (m) O%R, () = + Of, (122)

i.e., the residual interactions can be divided into four mutu-
ally commuting parts H { =] [as in the case of (20) ], where

Hf=—3 3 0 EY =4 3 8% a2)
i=0, 1, 2 ity
HO =HgE+HE) (123a)

Isoscalar quadrupole excitations

Analysis of the spectrum

The generalized coordinates and momenta for the
Hamiltonian H { ) (the Hamiltonian of the isoscalar qua-

drupole forces) can be represented in the form
=T X (£) 6 £00=i 2 #) (&) B,

whereg{ % and p¢ = are bilinear combinations of the opera-
torsa,;" and a; , whose form can be found in Ref, 48, Lineari-
zation of the equations of motion is achieved by means of the
substitution

[, P12, b Irea = (Q|[5, pEJ1Q) = VD8,
(125)

where ¥ {*’ is a ¢ number. Following the scheme of solution
of the equations of motion of the RPA set forth in Sec. 1, we
obtain for the unknowns X ;( + ) and ZY( 4 ) a system of
algebraic equations of the type (51); it is of the third order
(ny =2, n,=1, n; +n, = 3) in the case of positive signa-
ture and of the second order (n, = 1,n, = 1,n, + n, =2) in
the case of negative signature (see Ref. 48). The condition
for the existence of nontrivial solutions of these systems lead
to secular equations for the energies  of the single-phonon
quadrupole states of positive and negative signature for giv-
en rotation frequency 2. The ghost solutions are separated
from the solutions of the RPA equations in the same way as
was done in Sec. 1 for the Hamiltonian (20).

In the absence of rotation, the solutions of the systems
of algebraic equations mentioned above can be classified in
the usual manner in accordance with the projection K™ of
the angular momentum onto the symmetry axis. The spec-
trum of positive-parity excitations will be determined for
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(124)

each of the possible values of K™ = 0+, 1+, 2* by the equa-
tion
1 — 2KS;!;1 ((!)) =), (126)

Here, S, (w) = SQ;; Yoy isarelation of the type (52), and

the corresponding matrix elements can be obtained by
means of the coefficients of the transformation (119). The
solution of these equations is determined by the formulas

@y (03, Mo, 4 8 5, 208,774/
o, (0%, /o }:[3—-T6:|: [145 8+ Taz]]

2 .
~{vi(i-24)’

o(tuoe=1/2 (1—58) mVE (1—1 ) ;

03
o (2o =1/ 2 (1+ 5 8) »V2(1+Ls),

(127)
where to describe the oscillator frequencies we have used the
Nilsson deformation parameter 8. The state 0," with energy
®=2w, does not possess collective properties. The remain-
ing solutions characterize the positions of the corresponding
branches of the giant quadrupole resonance (GQR) in the
deformed nuclei. In the limit of zero deformation, the solu-
tion @ = v2w, agrees well with the available experimental
data on the isoscalar GQR.! We note that the considered
model does not reproduce the low-lying collective excita-
tions of nuclei ( £ and y bands), since the spectrum of the
corresponding quasiparticle excitations has an oversimpli-
fied nature.*

The dependence of the energies of the GQR states on
the deformation parameter in the absence of rotation
(£ = 0) is shown in Fig.2. It can be seen that the excitation
energy of the phonon state 0;" decreases monotonically with
increasing & and vanishes at § = §(y7-1) = 0.411. Below,
we restrict ourselves to considering the characteristics of the
model in the region of § and 2 for which the frequencies of
the phonon excitations in the RPA are nonzero.

L
0 04 02 03 04

FIG. 2. Dependence of the excitation energy of posiiive—parity states on
the deformation parameter & at = 0.
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As was noted above, for 0>}’ the angular momen-
tum is directed along the symmetry axis, and the RPA phon-
ons have an exact value of the quantum number of the angu-
lar-momentum projection onto this axis (denoted in what
follows by 7). The dispersion relations for the frequencies of
the normal vibrations also separate in this case into three
independent equations; two of them determine the excita-
tions of positive signature with 7 =0 and + 2, while the
third determines the excitations of negative signature with
7= + 1. When we determined the solutions of the RPA
equations, we made the assumption that the coupling con-
stant g = 18xC /m’w}§ of the model depends on the rotation
frequency . The condition needed to determine this de-
pendence can be found by requiring that the spectrum of
intrinsic excitations contain no ghost solutions due to the
breaking of the rotational invariance of the Hamiltonian
(see Refs. 48 and 49). This condition has the form

g = V4V. (128)

and in conjunction with the self-consistency conditions®’
completely determine the function g(2). We note that there
are alternative approaches to the analysis of the collective
excitations of rapidly rotating nuclei,'®® in which it is as-
sumed that the coupling constants of the model are indepen-
dent of the rotation frequency.

When the matrix elements of the quadrupole operators
are expressed in a spherical coordinate system oriented
along the symmetry axis, Eq. (126) for the state 7 = 0 takes
the form .

2 2 1
T(v”—x)z{vx(évx—-v) } (vy—M (dvy—A) }=1' (129)

For a state with 7 = + 2 we can, after some manipulations

and separation of the ghost solution, write the dispersion
relation in the form

V2 46} v 10h—2v=0. (130)

For negative-signature states with 7= + 1 we can,
after the separation of the ghost solutions and a number of

simple calculations, represent the dispersion relation in the
form

= ! x § it
N LA (e A
3 YA
Z z_2l1+6)+ e i
2 R
. 2V (1+5VE) -
_ 1+V'2 >
where Z = v + 4 . We give approximate solutions ob-
tained by expansion in powers of {}:

(131)

= 57 7 3 *

o=+ a V2m0+mgj:—2_sz, (132)
T= 41 3 om 8§ Q

Dprec %Tm_o(i_-ﬁ"?);)' clR)

The analogous expansions for the positive-signature solu-
tions have the form

20; ]
o™= ~ e 2
{ V2 0, + 516/2 Q; }

Q
3v2

(134)

ov=%2 /20, —

s |
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The relations (132) and (134) characterize the splitting of
the different branches of the isoscalar GQR in the rotating
nucleus, while (133) determines the frequency of the low-
frequency precession mode. The adiabatic estimate for the
frequency of the precession oscillations,"

0% =Q[(#=—%) Fa—¥)(F ¥

where #; are the rigid-body values of the moments of iner-

tia, leads for the axial rotation regime to the relation
PO Ch= i DR O TR L ERRER

@ prec Vit vy+h T 20 TR

(135)

This result differs appreciably from the analogous estimate
in the RPA corresponding to (133). For the axial rotation
regime (@®"* /0" ) . =3 for low rotation frequencies,
and the ratio of the precession frequencies is reduced to ap-
proximately 2 in the region of higher Q. This ratio is also
close to 2 for the nonaxial rotation regime.

The general behavior of the reduced probabilities is in
good agreement with the results of the analysis of the intrin-
sic matrix elements based on the sum rules of Ref. 49. The
soft branch of the GQR retains collectivity at all values of
the angular momentum up to the critical value. For (1> oL,
this branch is characterized by an exact value of the projec-
tion of the angular momentum onto the rotation axis
(7 = 2), transitions with a decrease of a phonon excitation
of given species causing a reduction in the angular momen-
tum of the nucleus by two units.

Transitions between yrast states and states of a preces-
sional nature have an appreciable reduced probability. Cal-
culation shows that the dependence of the probability of
such transitions on the angular momentum found in the
RPA does not have the same behavior as the estimates in
accordance with the model of a rigid rotator. There is a cer-
tain similarity between the RPA results and the phenomeno-
logical rigid-rotator model only for Q>0.2a,.

Isovector dipole resonance

As an example of residual interactions of negative par-
ity, we consider the case of isovector dipole forces.” Then
H'_’ takes the form

a2 .
His =1 > %(2 Ts(")xi(v))z,

i=x, Y, z v=1

(136)

where 7, (v) is the third projection of the Pauli isospin ma-
trix 73 = (5 °_,) and 7 is the parameter that characterizes

the isovector component of the neutron and proton average
fields:

Vo =2 F g 7E) N elel ().
()

i=x, Uz

(137)

Our parametrization of the dipole interaction (136) corre-
sponds to the prescriptions for constructing the effective
forces that restore the translational invariance of the model
Hamiltonian (see Ref. 93). The value of the parameter 7,
determined from the experimental data on the position of the
giant dipole resonance ( GDR), for the oscillator potential is
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The symmetry of the average field with respect to the
operation R, (7) makes it possible to divide H (. into two
parts [see (123)]:

g 4

=2k (5 wmi o)},
T (138)
(-) mo} | & A 2
HZj=n 2 27(2 Ts(V)xt(")) .
i=y, z v=1

The RPA equations with the residual interaction (136) can
be solved in the same way as for the quadrupole interactions
(see the section headed “Isoscalar quadrupole excita-
tions”). However, the fairly simple form of the dipole inter-
actions (138) makes it possible to use a simpler alternative
method. In the investigated case, the RPA equations can be
written in the form (we are interested in only the nonghost
solutions)

[HAF +H(—)

res 3

D3] =, D}, (139)

where the dipole-phonon creation operator has the structure
A
D=7 2 5 () ai ().

v={

(140)

Here, a;* (A = +, — ,x) are the creation operators of the
oscillator quanta [see (118) and (119) ]. Thus, for the spec-
trum of frequencies of the GDR in the rotating nucleus we
obtain

';';.ac= V'i"l‘nmx: i
a3 =(1+m) 2% o (#l)

= V (T+n)%0; — 02+ 8% (T 1) (0} -+ 03).

The probabilities of electromagnetic transitions that de-ex-
cite the states (4,/) of the GDR to states of the yrast line are
determined by the relations

IX¥12= |{yr| B (E1, —p) Dilyr)?
= (R (E1, —p), Dilreal®

(142)
Here,
A
2! 3 ('V) x(v), PZO
W (EL, —p)= A
;Tigz Ta(V) (¥ (v) iz (v))Pp=£1
v=1

(143)

are the spherical components of the dipole-moment vector of
the nucleus in the system of axes in which the quantization
axis coincides with the rotation axis. Using the results of Ref.
97 for the coefficients of the transformation (119), we can
write the explicit form of the relations for the transition am-

plitudes | X #|%
X2 (2= (2mo, VTF 1) for
X 2= 1Yo 22, 2=

A=z

: (144)
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OF —a?+0%/(14+-)
2may, V (T+1) (03— 02)

20;Q/1 1+ o
{1:l: 0f—o?+ Q%11 ) } for A=+-.

(145)

In the absence of rotation ({2 = 0), the vibrations are, as in
the case of the quadrupole excitations, classified by the
quantum number K™. For the longitudinal, K™ = 0—, and
transverse, K" = 17, modes of the dipole vibrations we have
in this case

0(0) =V T+v0, =V T, (1 —4-8)"";
X, LTy bl (146)
o(1)=V1+nos=VT+ne, (1—|—% 6)”2.

The squares of the intrinsic matrix elements for Q) = 0 will
determine the reduced probability of the dipole transitions
to the corresponding states,

7 2

1, %) = T
B(E1, 0~ K% T

) (147)

where q, = 34 (e#*)/161.

The estimates obtained for the splitting of the GDR in
deformed nuclei are in fairly good agreement with the ex-
perimental data on photoabsorption cross sections.! When
#0, there is an additional splitting of the frequency of the
transverse dipole vibrations and a shift in the frequency of
the longitudinal vibrations. The corresponding excitations
are then classified by means of the signature quantum num-
ber. In this model, when the nucleus acquires an axial oblate
shape and the rotation axis coincides with the symmetry
axis, there appears an additional quantum number A = + 1,
which distinguishes the excitations of negative signature. To
the different values there corresponds projection of the an-
gular momentum of the phonon onto the rotation axis equal
tou= +1.

Figure 3 gives the dependence of the GDR energy on
the rotation frequency. The inset to the figure shows the
hodograph of the change in the deformation of the nucleus in
the process of rotation. The dependence of the reduced tran-

=
0,/
A e -
Wy
@.
20 7. deg
1
04 /ey

FIG. 3. Dependence of the excitation energy of the GDR modes
@; (1 =x, +,—) on the rotational angular frequency Q. In the hodo-
graph in the lower part of the figure the continuous thick points show the
values of the equilibrium deformation parameters as functions of O/w,
(the values of £)/w, are shown next to the points). The broken lines corre-
spond to a nucleus that has a spherical shape at ) = 0, whereas the contin-
uous curves are calculated for a nucleus with initial deformation & = 0.25
at ) = 0 (see Ref. 70).
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FIG. 4. Reduced probabilities of dipole transitions [B(E 1),A1; —yrl]
from GDR states to states of the yrast line for different values of
@ = I, — I in units of g,. The first symbol in the brackets next to the curve
identifies the type of GDR state (4 = x, 4+, — ), while the second index
corresponds tou =0forA=xandpu = + 1fordi= +.

sition probabilities on the rotation frequency is shown in Fig.
4. The selection rules for the states with respect to the signa-
ture,

(—1)io =1, (148)

forbid dipole transitions A = x — yr with a change in the an-
gular momentum. Thus, the partial sum

| (yr| W (E1, p=0)[M)[2="0, ][ (E1, 0),
A

Dﬂ rpal? =L

o (149)

completely determines the integrated characteristics of the
transitions in which the spin of the state does not change. In
the case of rotation about the symmetry axis, the possible
transitions are (A = +,I F 1-yr, I), i.e., transitions that
change the angular momentum by + 1 orby — 1, depend-
ing on the initial state 4. The reduced probability of such
transitions is the same for all spins (Fig. 4) if the population
of thestate withA = + 1isthesame. In the case of collective
rotation, both types of dipole transition (4= +, I-yr,
I + 1) areallowed, and the changesin the reduced probabili-
ties of such transitions with the rotation frequency are
shown in Fig. 4 by the continuous curves. The energy-
weighted sum rule for these transitions is determined by two
terms, the sum of which remains practically the same as in
the case of transitions without a change in the spin; see Eq.
(149).

3. USE OF THE CM+RPA METHOD TO DESCRIBE CERTAIN
CHARACTERISTICS OF COLLECTIVE STATES OF
ROTATING NUCLEI

A. Low-lying states of 152Dy and "S5Er

For the description of the low-lying states, we shall use
a total Hamiltonian of the type (5), restricting ourselvestoa
residual interaction with multipolarity A =1,2,3. In addi-
tion, the condition of translational invariance of the Hamil-
tonian leads to the appearance of an additional residual di-
pole-octupole interaction. It is known'® that for the
description of low-lying quadrupole and octupole states itis
sufficient to take into account the isoscalar part of the resid-
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ual quadrupole-quadrupole and octupole-octupole interac-
tions. Inthestudy of E 1 transitions between low-lying states,
the tails of the isovector dipole resonance play an important
part. Therefore, the Hamiltonian of the residual interaction
has the form

i
HamQEm am™ %‘ 2 2

7=0,1 m=-1

Altlt
[0k ol

1
S, 18 IOk IO, (150)

1=0,1 m=-1

el
2

where, in contrast to (5), we have introduced a dependence
of the coupling constants on the projection g (7,, =%, _,,
Ym =X —m). Here, 27} = (0] and x},] are, respectively, the
isoscalar and isovector coupling constants. To solve the
HFB problem for the cranking-model Hamiltonian, we ap-
proximate the average field by an axially deformed Woods-
Saxon potential with parameters from Refs. 61 and 101. The
deformation parameters were obtained by means of Strutins-
kii’s method: 8,=0.265 B,=0.044 for '**Dy and
B, =0.284, 8, = — 0.001 for '**Er.

To solve the HFB equations, the method described in
Refs. 102 and 103 was used. It is known (see, for example,
Ref. 104) that the HFB method without allowance for pro-
jection onto the exact particle number for the cranking-mod-
el Hamiltonian in the region of angular momenta corre-
sponding to the disappearance of pairing does not permit the
obtaining of a reliable description. Since the energy gap be-
gins to decrease at spins J ~ 87 for '**Er and J ~ 6fi for **Dy,
the yrast-line spectrum was calculated for these nuclei up to
J<8% and J< 64, respectively.

The dependence of the spin J on the rotation frequency
on the yrast line is determined in the standard manner: the
HFB equations are solved for §§veral increasing values of (2,
in accordance with which (Q|J |Q) is calculated. Using the
cranking-model condition (Q|J, |Q) =J(J + 1), we de-
termine the function J(£2).

Solving the HFB equations and bearing in mind the
symmetry of the single-particle operators in (150), we can
write the cranking-model Hamiltonian H ' with the residual
interaction (150) in the form (20) (see Ref. 50). The ghost
states are separated and the solutions of the RPA equations
are found for all four parts of the Hamiltonian (150) in ac-
cordance with Sec. 1. The dimensions of the systems of equa-
tions for the Hamiltonians H {*), H{7), H{*), H{Z},
are, respectively, 7, 2, 6, 10. Their explicit form can be found
in Ref. 50. The existence of the ghost mode [, (1), J, (1)]
among the solutions of the RPA equations for the Hamilto-
nian H (%) makes it possible to determine the moment of
inertia of the nucleus with respect to the x axis [see (32) ] by
means of the relation (70) (because the formula is cumber-
some, we do not give it here; see Ref. 50). An analogous
expression can also be obtained from gy . From the condi-
tion that the mode [X(1),P, (1)] has a zero solution of the
RPA equations for the Hamiltonian H { * ], we obtain for
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the mass parameter gp, the expression [see (34) and (70)]

1
1 1 SF&”F&“ (0= 2435

Taen = 1
[y O | S50 O—S2g0, ©
(151)

It follows from the symmetry of the single-phonon wave
function of the Hamiltonian (150) with respect to the oper-
ation R () [see (76)] that to even values of the total angu-
lar momentum J there correspond the solutions of the RPA
equations of the Hamiltonians H { 1}, and to odd values of J
the solutions of the RPA equations of the Hamiltonians
H {1},andtoodd values of J the solutions of the RPA equa-
tions of the Hamiltonians H { ).

For comparison with the experimental data, we used
the following definition of the energy of an excited state:

2
By ()= Eye V) + 577

XU +H0)—Jo(Jo+ D)+ 5y, (J)),  (152)
where J = J, for even values of the spin and J = Jo £ 1 for
odd values of the spin; fiw, (J,) is the energy of the RPA
phonon O ( + ) [Q; ),and £, (J,) is the moment of iner-
tia. It should be noted that this definition is more accurate,
the higher the angular momentum. For small angular mo-
menta, the solutions must be corrected [see footnote 121

The results of the calculations obviously depend on the
coupling constants. For their determination, we used the fol-
lowing requirements:

a) the fulfillment on the average for the Hamiltonian
(150) of the symmetry conditions (2), this leading for each
part of the total Hamiltonian H' to self-consistency condi-
tions of the type (46) (for the actual form, see Ref. 50);

b) since the number of conditions (2) in the considered
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FIG. 5. Comparison of calculated (T) and experimental (E) rotational bands of positive parity for !
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case is less than the number of couplin g constants in (150),
some of them were determined from the corresponding ex-
perimental energies (see Ref. 50). The pairing constants G,
which were determined from the condition [HN.]=0,
which leads to a relation of the type (66),

pL—)pL—) -1
G-; — ( E E“l-t ) ]
[

needed to be renormalized in order to make them agree with
the values obtained from the experimental pairing energies.
We note that the values of the constants in the calculations
hardly depend on the spin (see Ref. 50).

The theoretical and experimental spectra are compared
in Figs. 6 and 8 for '*Er and in Figs. 5 and 7 for '8 Dy,,. To
determine the correspondence between the calculated and
experimental energies, it was required that the structure of
the phonon that forms the given rotational band should
change slowly with the spin. The experimental data are tak-
en from Refs. 105-115. It can be seen from Fig. 6 that up to
energies ~2.4 MeV practically all the solutions of the RPA
equations correspond to experimental levels. An exception is
the band K 7 = 3;* in '"*Er observed in the experiment of
Ref. 105, for which a theoretical partner was not found in the
model, and therefore it is omitted in Fig. 6. In the bands K =
=3;,4,, 3,7, and 4; in '*Er at J = 54, theoretical part-
ners corresponding to the experimental levels were also not
found. In the band K7 = 4, (Fig. 8) in 'S*Er a shift of the
theoretical levels relative to the experimental levels is ob-
served. In this connection, it is interesting to note that the
solutions of the RPA equations associated with this band
disappear from the energy interval up to 2.4 MeV when in
the Hamiltonian (150) %im =Xm =0, i.e., only the octu-
pole-octopule interaction is taken into account. It appears
that the nature of this band is due to the dipole interaction
and its coupling to the rotation. Thus, our model developed
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FIG. 6. The same as in Fig. 5 for ' Er;gp.

in the framework of the CM + RPA method makes it possi-
ble to obtain a good description of the experimental data in
the low-energy region of the spectrum.

The theoretical values of the B(E 2) transitions in '*Er
and "®Dy were obtained in accordance with Egs. (91)-(93)
and were compared with the experimental values (see Ref.
50). In the calculations in accordance with Ref. 116 for the
E 2 transitions e’;~ 2 = 0.2 for the neutrons and &7 > = 1.2
for the protons. The absolute values B(E2)** were obtained
from the relative B(E 2)** by means of the Alaga rules with-
in the given band under the assumption that the intrinsic
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FIG. 7. Comparison of calculated (T) and experimental (E) rotational
bands of negative parity for 'z Dyg,.
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quadrupole moment Q, for the given band is equal to the
ground-state moment''” [Q, = 760 F* for '**Er (Ref. 108)
and Q, = 694 F? for '**Dy (Ref. 114)]. We note that the
agreement with the experimental B(E 2) values is better for
156Dy than for '**Er. In the first place, this is evidently due to
the appreciable anharmonic effects in '**Er,'!”"!'® which can
only be taken into account in the CM + RPA approach by
going beyond the RPA. It is interesting that the employed
model reflects the experimentally observed reduction by one
or two orders of magnitude in the values of the B(E 2) transi-
tions from the 3 band to the ground-state band as compared
with the B(E 2) transitions from the y band to the ground-
state band for '**Er compared with **Dy.

The large difference between the ratios of the reduced
probabilities of E2 transitions taking place from single-
phonon states ( B or 7) to all possible (compatible with the
selection rules) states of the yrast lines compared with the
corresponding Alaga ratios indicates a large AK mixing.

The values of the theoretical ratios B(E 1,Iv—1 + 1,. )/
B(E l,Iv->I—1,,) were compared with the results of Ref.

119 obtained on the basis of the phenomenological model of
Ref. 120. The following values were used for the effective
charges: eX~ ' = — 0.405, el > = 0.2 for the neutrons and
el 1 =0.595, e/ * = 1.2 for the protons for '**Er; gt
— 0.418, ¢%=* = 0.2 for the neutrons and e}y ' = 0.582,
et~ = 1.2 for the protons in the case of '**Dy.

It should be noted that the agreement with the experi-
mental probabilities of E 1 transitionsis not as good as for the
E 2 transitions. The probabilities of the E 1 transitions are
more sensitive to the anharmonic effects, which are not tak-
en into account in the framework of the RPA, and also to the
errors due to the mixing of states with different signatures at
low spins.
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FIG. 8. The same as in Fig. 7 for "¢ Er, .

Highly excited states (giant dipole resonance at high spins)

A simple model of the GDR of rapidly rotating nuclei
was considered in Sec. 2. Here, we investigate in the
CM + RPA framework the properties of the GDR in a real-
istic model. First, we approximate the average field by the
Nilsson potential. Calculations in the cranking-model ap-
proximation on the basis of this potential make it possible to
follow the evolution of the shape of rapidly rotating nuclei in
a wide range of values of the angular momentum and the
excitation energies.'*""'** Second, under real experimental
conditions one measures averaged quantities for the descrip-
tion of which we use a statistical version of the CM + RPA
method. Such an approach for the investigation of the ener-
gy spectrum of the quadrupole excitations of “heated” rotat-
ing nuclei was proposed for the first time in Ref. 123. In
addition, for the description of the electromagnetic transi-
tions from highly excited states we use the strength-function
method considered in Sec. 1.

The Hamiltonian permitted study of the GDR in rotat-
ing nuclei can be written in the form

CThe

H = 2 (Ektcﬁfz—i-s"-ﬂtcf) _ij__;‘ % (f)f)_)'—{— bg—)’-i-b({l')')'

kil

(153)

where £,; are the matrix elements of the potential of the
average field, () is the rotational angular frequency, and x is
the coupling constant of the residual ispvector dipole-dipole
interaction. The operators D (5, and D {5’ can be expressed
in terms of the components Q,,, of the isovector dipole mo-

ment (see Appendix A):
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Z
Y i Q1) — 2 3 1Y 1 (20).

k=1

N
Q=43 (154)

k=1
The sign as an index of the operators determines their signa-
ture. The basisstates |k ), |k ) are chosen as eigenstates of the
operatorj,;j. [k ) =my|k), k) =T|k) (|k)=|nlim)).

Toinvestigate the properties of coherent excitations, we

go over to the finite-temperature variant of the RPA formu-
lated in Ref. 124, which differs from the variant described in
Sec. 1 by the use of the commutation relations

[eker, chete] = (0 |[cies, checye]| 0) = Sppsbype (R — 1)) (155)
while the population numbers have the form

7 = (0 [chens] 0) Sppe =[1 -+exp (E/8)]L, (156)

where ¢ is the temperature, and &, =¢,, — A — Q( g P

Because of the R, () symmetry of the Hamiltonian
(153), the RPA problem can be solved separately for the
phonons of positive and negative signature. As a result, for
the former we obtain the secular equation

F) (@) = 89 + 21730, (157)
where
S = 25 S+ 5 St
Ne & Wee
i = Rl g~ -
8% =!‘2‘ ——"wilk_[mg qin (nl—nk)+—"mgz__mz 945 (np—n5).
>
(158)
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Here wy; = &, — &,. For the latter, we have

FO (0) = (S + 55 ) (Su+ 57) =08 =0, (159)

where the quantities S; are determined by relations of the
type (158) and have the structure

N, v
S;= z,_;: [mkz-’(m:'l —0%)] (q};})z ("i—nh);

N'I:
S 3 = G —

We introduce partial strength functions of the reduced
probabilities of the electric dipole transitions from the sin-
gle-phonon states to the yrast line:

b(E1, T. m):?B(EL o}, ) p(0—o}). (160)

The weight function p(& — ;) is determined by Eq. (97).
Using for the calculation of the probability of the dipole
transitions the expression for the reduced matrix element of
the tensor operator (80) and following the scheme explained
in Sec. 1, we have for the partial strength functions, now
defined in accordance with (99), the following results:

a) for positive signature

Poey = 1/, FO isdetermined by Eq. (157);

b) for negative signature

Po—iy = [(2%8yp + 1)/2%] 208 510/(2%S oo + 1) — 1%
Poey = [@xSy; + 1)/2x] [2%8,,0/2%S,, + 1) + 1)°
and '~ is determined by Eq. (159).

In the calculations, the single-particle energies in the
rotating system were obtained by diagonalizing the Nilsson
potential. The equilibrium configurations (&,y) determined
from the extremum of the thermodynamic potential,'*'-'*?
were used to calculate the partial and total strength func-
tions. The constant of the residual interaction,
% = 12004 —5/° MeV/F?, was determined from the experi-
mental position of the GDR.

To check the results in the Nilsson potential, the terms
of the type I:l and I-s were omitted. In this case, the analytic
solution for the positions of the different branches of the
GDR (see Sec. 2) were exactly reproduced in the calcula-
tion. Another effective control method is the fulfillment of
the sum rules. In our calculations of the single-particle ener-
gies, there is no coupling between different shells. Using an
Elliott oscillator (see Ref. 71), in which there is also no mix-
ing of the configuration spaces from different shells, it is easy
to calculate energy-weighted sum rules for the dipole opera-
tors of both signatures:

S5 = Sgad,, ST = Spady, S’ =S8ody; }

n* NZ

So=r i

(161)

In the numerical calculations of the transition sum rules in
the absence of 1)l and I's terms in the Nilsson potential, the
deviation from the estimates (161) did not exceed 1%.
Figure 9 shows the change in the partial strength func-
tions of the isovector dipole excitations as a function of the
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0 4 8 {12 16 20 24 E,

FIG. 9. Partial strength functions for the '“’Yb nucleus in the case of the
Nilsson potential for different rotation frequencies £, MeV. To the left of
each figure we show the conditions for the calculation and to the right the
values of the strength functions in the case of an oscillator; the positions
corresponding to them are indicated by the arrows on the energy axis. The
thin curve corresponds to the strength function b, _ o, the thick curve to
b._ , ,and thebroken curveto b, _ _ .

rotational angular frequency for the '**Yb nucleus at # =0
MeV. The arrows and numbers in the figure indicate the
position of the maximum of the strength function and the
value corresponding to it in the oscillator case.

In deformed nuclei with axial symmetry, the dipole res-
onance is split into two components. In the absence of rota-
tion, they can be classified in the usual manner by means of
the projection of the angular momentum onto the symmetry
axis. In Fig. 9a for Q = 0 for both the oscillator and the
Nilsson potential the strength functions of the two branches
of the isovector dipole excitations (strength functions B
and B, _ . ) behave in exactly the same way as functions of
the energy of the ¥ photons. They are due to transverse vibra-
tions and together form the mode K™ = 17. The most col-
lectivized solutions of the strength function of the third
branch of isovector dipole excitations, b._ _ , due to the
longitudinal vibrations, are less hard and have a lower ener-
gy. This excitation branch forms the mode K™ =07

In the realistic calculation, in contrast to the oscillator
estimates, the presence in the Nilsson potential of the term
proportional to I has a significant influence on the width of
the strength function as well as on the positions of its maxi-
ma. The maxima of the partial strength functions are shifted
to higher energies. In addition, the splitting of the branches
of the GDR is increased. For example, for the *?Sm nucleus
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the experiment gives for the energies of the first and second
maxima 12.45 and 15.84 MeV, respectively. The calculation
gives 11.8 and 16.8 MeV (the oscillator estimates are 10.8
and 13.8 MeV, respectively). The presence of the term Il is
responsible for the appearance of the second maximum in
the strength function b, _ _ at zero rotation frequency. The
calculation of the strength functions b, _ . and b__ _ for
'0Yb under the same conditions as in Fig. 9a in the absence
of the Il term indicates close agreement with the oscillator
result. The evolution of the most collectivized solutions of
the different branches of the isovector dipole excitations for
the example of the '*°Yb nucleus for different rotation fre-
quencies (¢ = 0 MeV) indicates qualitative correspondence
with the results of the simple oscillator model. The most
collectivized positive-signature solutions (strength function
b._,) is the regime of rotation around the symmetry axis
corresponding to axially oblate shapes are shifted to the
harder part of the spectrum. Therefore, in the case of rapid
rotation about the symmetry axis, when the 7 projection of
the angular momentum onto the symmetry axis of the nu-
cleus becomes a good quantum number, the hard part of the
photoemission spectrum must be dominated by ¥ photons
which de-excite the nucleus without a change in the angular
momentum. The transitions of dipole nature with [AT | = 1,
which take place from negative-signature states, will in the
case of rapid rotation essentially form the soft part of the y
spectrum. Comparison of Figs. 9a and 9d () =0 and 0.9
MeV, respectively) shows that the rotation significantly in-
fluences the branch of isovector dipole excitations charac-
terized by the strength function b, _ , . On the transition to
the axially oblate rotation regime (‘“noncollective” rota-
tion), the most collectivized solutions of the strength func-
tion b,_ , are shifted to the softer part of the  spectrum.
Thus, in the regime of noncollective rotation, photons that
de-excite the rapidly rotating nucleus with decrease of the
angular momentum by 17 will be dominant in the soft part of
the spectrum of the dipole photons.

The more the nucleus is deformed, the greater the split-
ting of the components of the isovector dipole excitations
and, therefore, the broader the region of localization of the
isovector dipole excitations that contribute to the y spec-
trum. Thus, in the case of rapid rotation, when the com-
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FIG. 10. Total strength functions for the '*°Yb nucleus at different tem-
peratures. The conditions of the calculation and the explanations are giv-
en in the figure.
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pound nucleus that is formed is strongly deformed, the re-
gion of localization of the isovector dipole excitations and,
accordingly, the GDR must be greater than at small angular
momenta.

Figure 10 shows the total strength functions of the
'°Yb nucleus for ¢ equal to 0 and 1.0 MeV. The deformation
parameters for ¢ %0 are taken from Ref. 122. As in the ab-
sence of rotation,'** the “heating” of the nucleus does not
have a significant influence on the isovector dipole excita-
tions and the giant dipole resonance. However, the tempera-
ture effects, weakening the shell effects, significantly influ-
ence the evolution in the shape of the rotating nuclei.'??
Therefore, the influence of the temperature effects on the
isovector dipole excitations occurs through the change in the
characteristics of the average field (the deformation param-
eters), which determine the nature of the strength functions
of the isovector dipole excitations.

CONCLUSIONS

The investigation of high-spin nuclear states is a new
and rapidly developing field in low-energy nuclear physics.
The study of the properties of nuclei under conditions differ-
ent from traditional nuclear spectroscopy has stimulated the
appearance of new theoretical approaches, one of which is
the CM + RPA method. Its development is to a large degree
associated with the determination of the symmetries that
remain when there is rotation, since strong Coriolis mixing
leads to the impossibility of the ordinary classification of
nuclear levels by means of the quantum number K™. The
preservation of the symmetry of the nucleus with respect to
the rotation axis [in the case of the cranking model, this is
the R, (7) symmetry] led to the introduction of a new quan-
tum number, the signature, by means of which it is possible
to understand many features in the experimental data for
rotating nuclei.'®'* The possibility of classifying states by
means of the signature made it possible on the theoretical
side to solve serious technical problems in the solution of the
HFB equations in the cranking model and then in the solu-
tion of the RPA equations.

The CM + RPA method described in this review,
which makes essential use of the concept of signature, makes
it possible to investigate both qualitatively and quantitative-
ly the collective excitations of single-phonon nature in a
wide range of values of the angular momentum and excita-
tion energies. Although the method was designed for study-
ing high-spin states, the description of the low-lying states of
the '**Dy and '*Er nuclei on its basis (see the beginning of
Sec. 3) offers hope of its universality. However, to obtain
more detailed information about the nature of the transi-
tions (for example, dipole transitions) it is evidently neces-
sary to go beyond the RPA or to take into account in the
Hamiltonian terms of higher order in the boson expan-
sion," and this leads to the mixing of states with different
signatures. Importance of these effects must be expected in
the description of low-spin states, since only when I'> 1 does
the signature become an asymptotically good quantum num-
ber.'*® The quality of the calculations in the models can also
be improved by taking into account residual interactions
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corresponding to exact restoration of the rotational and
translational symmetries of the total Hamiltonian.

On the basis of the CM + RPA method one can in the
framework of a comparatively simple model not only obtain
the position and the dependence on the quadrupole deforma-
tion of the GDR and GQR states at low spins but also follow
the change in the properties of these states when there is
rotation. From the results of the analysis it is to be expected
that the GDR states are less subject to the influence of rota-
tion than the GQR states. The destruction of pairing when a
nucleus rotates leads to the disappearance of the collective
states whose existence is due to the superconducting proper-
ties of nuclear matter. Therefore, the absence in the simple
model of the soft B and y excitation modes at low spins can
hardly have a strong effect on conclusions relating to collec-
tive states with > 1.

Calculations of the properties of the GDR in the frame-
work of the realistic model are, despite the more complicated
nature of the spectrum, in fairly close agreement with the
predictions of the simple model. The behavior of the isovec-
tor dipole excitations in the presence of rotation is largely
determined by the evolution of the shape of the rotating nu-
cleus or of the parameters of the equilibrium deformation of
the average field. The latter can change appreciably when
the pairing is destroyed’® or there is weakening of the shell
effects in the presence of “heating” of the nucleus in the
absence of pairing.'** It is obvious that allowance for all
these effects is important in study of the mechanisms of elec-
tromagnetic de-excitation of rapidly rotating nuclei.

We are sincerely grateful to I. N. Mikhailov for critical

comments and helpful discussions of the questions consid-
ered in the review.

APPENDIX A: BOSON REPRESENTATIONS OF SINGLE-
PARTICLE OPERATORS

In the language of second quantization, each single-par-
ticle operator can be expressed in the form

=§ (k1€ | 1) cher+(k | € 17) cje;

+(E 161 1)cie,+(k1G | 1) ckei). (A1)
In what follows, we shall assume that the operator G has the
symmetries

TGT-1=y76; T=UrK, TI'=(—1)%'
®IG I =r (k|61

Ry (m) GR () =1x6, G*=hE, (A2)
where T is the operator of time reversal,®! U, is a unitary
operator, K is the operator of complex conjugation and the
numbers ¥ = + 1, ¥r= + 1,9, = + 1, h = + 1 charac-
terize the symmetry of the given operator with respect to the
corresponding operation. Because of the R, (7) symmetry
ofthe nuclear Hamiltonian (5) and of the single-particle and
quasiparticle vacuum, we obtain, combining (7) and (A2),

287 Sov. J. Part. Nucl. 17 (4), July-Aug. 1986

1 G 1D=vor (k161 2) ]
(VG| 1y=—vr (k|G 1T
k16 1T)=—va (k|G 1T)
(k1G 1 D=v2 k1612,

i (A3)

and as a result of this we have

G=2 (k1810 Cheytrprege) for ve=-+1;

G=2 k1617 (Ghe—vprefe) for Te=—1.  (Ad)

In what follows, the notation G will be used for the operators
G with ¥, = + 1. Using the Bogolyubov transformation
(10) and introducing the two-quasiparticle bosons b bz,
b [see (17)], we obtain for the operators G
(yx 1 )

G =(Q | () | Q)+ 6 (1) +6t9 (2);
@16+ 19)= E (k 1 G | 1) (y,rBaB3+ BiB);
G (1 )= 2 g3 (b5 hrb3);
i =2 (k180 | 1) (4B —y,hBRad);
3] A = Pl 51
6 (2)= i%l (e 160) | 1) (A4 4] —97hBEBD 2} (b -+ bizbim)

—|—(7TrA‘AJ—hrB‘  Bj) 2 Okbrm4bibr (ASa)

and for G~ (7. =—1)
GO =6) (1) 466 (2);

i =)k ) ph LY
5 2 {845 (b —rhbyg) —vprgd (b —rhigg));
i

(=) A o nom : g
gij = kg {k 16O | Iy (AL B4y halBL);

Gy (1) =—

6= 2 k16611 (yThAiB{+ AiBIy;

66) (2)=1i 2 (166 1) (4443 4 y_nBIBY) Z, (6b5m —bimb,n)

im gm
+ihr (kaA% Ag+BihB%) 2 (bLbim bt bim).  (ASb)

In (AS5), the symbols G'£’ (1) and G‘£’ (2) denote the
parts of the given operator G+ thatarelinear and quadrat-
ic in the bosons; g’ and gf;~’ are the quasiparticle matrix
elements of the operator G**’ . It follows from (AS) that
the negative-signature operators G~ have zero expectation
values with respect to the quasiparticle vacuum |{}).

YMore details of the theoretical and experimental aspects of the cranking
model can be found in the recent review of Ref. 23,

?The total nuclear Hamiltonian A in (1) is the Hamiltonian of the nu-
cleus in the laboratory system but expressed in terms of the variables of
the rotating coordinate system. In the same way, the momentum com-
ponents P, below are to be understood ag the variables of the rotating
coordinate system,* i.e., P—exp(iJ, Q)P exp( — iJ, Q).

¥In Ref. 30, some aspects of the CM + RPA method using nonseparable
forces are discussed.

YAl operators are defined in the system with quantization axis z.
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SEquations (12) can be obtained, for example, by the variational meth-
od*244,

s{@1 8 | 9+ E [ (AfAf+B%B:;+A::A§+B}-B§)«—-2H =0,
ij i

where the total nuclear Hamiltonian in (1) is chosen in the form (5).

91n the derivation of the expressions for the matrix elements, the ex-
change terms are as a rule ignored, and therefore this is to be regarded
rather as a Hartree-Bogolyubov approximation. The connection
between allowance for the exchange terms at the level of the average
field (AF) and at the level of the RPA is discussed in Ref. 30.

"The operator A has positive signature under the condition
R \(m)AR [ '(m) =A and negative signature if R ,(7)AR  '(7)
= — A (see Refs. 18 and 19).

8Therefore, it is sufficient to transform the general HFB + RPA ap-
proach to a concrete realization—the CM + RPA method, which was
used for the first time to find low-lying excitations of precession type in
Refs. 78 and 45.
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