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The scattering problem for systems of N particles is formulated in the configuration
representation. The cases of short-range two-body potentials, potentials with Coulomb long-
range interaction, and also the boundary-condition model are considered. On the basis of the
differential form of Faddeev’s equations a numerical analysis is made of Nd scattering processes
and various bound three-particle systems: the *He and *H nuclei, the positronium ion, and some

baryons in the nonrelativistic quark model.

INTRODUCTION

One of the fundamental problems in the quantum the-
ory of systems consisting of several particles is the develop-
ment of model-independent methods for calculating the
physical characteristics of such systems. With the growth of
computing possibilities, it is becoming more and more ob-
vious that the effectiveness of any particular method is deter-
mined by the extent to which it is mathematically sound—
only mathematically correct methods in conjunction with a
sufficiently powerful computer make it possible to calculate
physically interesting quantities with controlled accuracy.

One of the most powerful and promising methods is
based on the differential formulation of the scattering prob-
lem in the configuration space. In this approach, the integral
equations for the components of the wave function, which
are the mathematical basis of the problem, are used only to
study the general properties of the solution—smoothness,
asymptotic behavior, identification of the principal singular-
ities, etc. In contrast, numerical calculations are made on the
basis of the differential form of these equations, this form
being obtained by inverting in some manner the integral op-
erators.

What is attractive about this method in the first place is
its universality. In an approach with a unified mathematical
structure, one can consider very different physical systems
with any type of interaction—systems of several nucleons,
mesic atoms, and quark systems. From the point of view of
the interaction, one can consider short-range, Coulomb, and
rising potentials and the boundary-condition model.

A review of the methods based on the differential ap-
proach and their realization in specific problems is the sub-
ject of the present paper.

We review briefly the development of the quantum scat-
tering theory for systems of several particles. Investigations
and numerical calculations of the properties of such systems
on the basis of correct mathematical methods became possi-
ble only once Faddeev had created a rigorous theory of scat-
tering in three-body systems,' and Yakubovskii® had gener-
alized it for systems with an arbitrary number of particles.
The Faddeev and Yakubovskii equations became the basis
for the creation of new computational methods in nuclear
and atomic physics. Such methods were most strongly devel-
oped in nuclear physics, mainly to describe three-nucleon
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systems. It soon became clear that the direct solution of the
Faddeev equations in their original integral formulation for
realistic nuclear potentials requires huge computational re-
sources. To simplify the procedure for solving the integral
equations, it was proposed that separable approximations®~>
and the quasiparticle method® should be used. However,
these methods did not permit study of realistic NN interac-
tions.

For numerical calculations with local internucleon po-
tentials the differential form of the equations for the compo-
nents proved to be more convenient. The differential Fad-
deev equations, proposed in Ref. 7, were successfully used
for the first time to calculate the binding energies of the *H
and *He nuclei.® After the scattering problem had been for-
mulated in the coordinate representation,’ these equations
were also used to calculate the results of nd collisions with a
realistic NN interaction.”

In the next stage, the Faddeev equations were general-
ized to systems of charged particles. At energies below the
disintegration threshold, a modification of the integral equa-
tions was proposed in Ref. 11. In Ref. 12, the theory of scat-
tering of three charged particles in the coordinate space was
developed. The modified differential Faddeev equations
proposed in these studies made it possible to take into ac-
count correctly the Coulomb interaction in the pd scattering
problem."?

Later, the differential formalism was generalized to sys-
tems with arbitrarily many particles,'*'S and also to three-
body systems in which the interaction is specified by bound-
ary conditions on the wave function.'® The differential
equations of Ref. 16 were used to calculate rigorously nd
scattering processes in the boundary-condition model."’

We note also that the differential Faddeev equations
have been used not only in the traditional group of problems
in nuclear physics but have also been successfully employed
to calculate the static characteristics of baryons in the nonre-
lativistic quark model.'®'?

The present paper consists of three sections. In Sec. 1,
we describe the general formalism of the differential ap-
proach. We consider in detail systems of three and four
bodies, merely formulating the final results in the general
case of the N-body problem. At the end of Sec. 1, we describe
the differential formulation of the N-body problem in the
boundary-condition model.
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The remainder of the paper is devoted to the application
of the differential approach to calculate the properties of
specific physical systems. In Sec. 2, we consider the problem
of the scattering of nucleons by the deuteron. In Sec. 3, the
differential Faddeev equations are used to analyze the char-
acteristics of various bound three-particle systems: the *H
and *He nuclei, the positronium ion, and light baryons in the
nonrelativistic quark model.

1. BASIC EQUATIONS
Differential formulation of the scattering problem

We describe the general differential formalism in the N-
body problem. For simplicity, we shall assume that the parti-
cles are spinless and interact through two-body forces.

Notation. We first introduce some notation employed
throughout the entire paper.

By a partition a;, we shall mean a way of dividing the
system into k subsystems e, of / particles. We shall say that
a,. is a cluster partition if bound states exist for every subsys-
tem @, in a, . Accordingly, a cluster will mean a bound state

2, of the subsystem and — &/ will denote the binding ener-
gies of the clusters. By W,, we denote the product of the

cluster eigenfunctions describing the internal state of the
partitiona, withenergy — & Ja,» Which is equial to the sum of
the cluster eigenvalues.

The index Ja, , which denotes the set of numbers of the
bound states of the subsystems @, , @, ..., @, Joy = W,
[y, 3s Ly, }y 15 t00 cumbersome. Therefore, in what follows
we replace it by a single letter, for example. 4, B, etc., asso-
ciating the index 4 = 0 with the N free particles.

If partition a, is obtained from a; by division of subsys-
tems into parts, we shall say that a, follows a, and write
a, Ca; (a; D a,),i<k. Further, we shall use identical let-
ters to denote only those partitions connected by the relation
C,ie,ie,ay ; Cay_, C..C a, We shall call a se-
quence of such partitions, beginning with a certain k,
2<k<N — 1, a chain of partitions and denote it by A,
A, ={a,a, _,,..,ay_,}. The final partition in the chain
isalwaysa, .

Note that every partition a, __, is determined by a pair
of particles @ in a unique nontrivial subsystem. For this rea-
son, we shall frequently identify the index a, _, with the
symbol of the subsystem a corresponding to it, a,, _ | —a.

We shall also introduce relative coordinates, used to
describe the system of N particles. Let 7; be the radius vector
of particle / of mass m, and P., be the coordinates of the

center of mass of subsystem w, of mass m,, . By x,, we

denote the reduced relative coordinate of particle / and sub-
system w,, :

2mym o),

Lig, oo | ————
M (mi—"m.vr

) % (ri— pwh)-

Consider the sequence of subsystems @5, @3,..., Obtained by
successive addition of the particles i,, i,,..., iy to particle .
With this sequence we associate the N — 1 relative coordi-
nates X;; , X; ., 1.y X4, - The set of these coordinates de-

termines a point X in the configuration space R *¥ ~ 3, Tran-
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FIG. 1. Relative coordinates in systems of three (a) and four (b) bodies.

sition from one set of relative coordinates to another
corresponds to notation of the coordinate system in R *¥ 3.
Let the partition a, consist of the subsystems @,

3
@,y @;,. We denote by x,, (x,, €R “?) the set of re-
duced relative coordinates of the subsystem @, . The set of
vectors {xwl N FR xwr*} is called the coordinate internal

with respect to the partition a, and is denoted by X, We
denote the set of reduced relative coordinates P, regarded

as the coordinates of simple particles, by y,,, y,, € R3*~3.
We have the representation X = {x,,, y,, }, which deter-

mines an orthogonal coordinate system in R3¥—3 corre-
sponding to the partition a, .

In the case of a three-particle system, there is only one
type of relative coordinates {x,, y,} (@ = 1,2,3). It is con-
venient to represent these coordinates in the form of the
transparent scheme in Fig. 1a.

In a four-body system, there are two types, shown in
Fig. 1b.

These coordinates correspond to two types of partitions
in the four-body system: 3 + 1 and 2 + 2. The possible rela-
tive coordinates in systems of five, six, etc., bodies are so
numerous that it is already difficult to list them.

We denote by &, , p,, the relative momenta conjugate to
the coordinates X, Va,- The symbols %, k, etc., will denote
unit vectors along the directions of the vectors x, k.

With this notation, the energy operator of the N-body
system has the form

H=MHy+ X Vo =—Ay+ 3 Vo (#ay ), (1)
on_g AN-1
where the summation is over all partitions a _, (i.e., over
all particle pairs @). We denote by Ay the Laplacian in the
(3N — 3)-dimensional space, and by Vay_, (x4, ) thetwo-
body interaction potentials. It is assumed that the center-of-
mass motion is separated out.

Three-particle system. We describe first the differential
formulation of the scattering problem for the example of a
three-body system. We shall assume that the interaction po-
tentials are rapidly decreasing functions.

Let ¥ be a solution of the Schrédinger equation

(Hy+ 2V, —E) ¥ =0.
o
Here, in contrast to the general case (1), it is convenient to
use the symbols a of the subsystems instead of the partitions

a, corresponding to them. In the three-body problem, the
wave function decomposes into three components,
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Y= —Ry(E+i0V,Y, Ry()=(H,—2)"  (2)

which are called Faddeev components. Summing over all ,
we express ¥ in terms of these components:

Y=V,

Substituting this equation in the right-hand side of (2) in-
stead of ¥, we obtain integral equations for the components:

Y, = —Ry(E+i0)V, % ¥,

The differential Faddeev equations are obtained from here
by inverting the operator R, and transferring the term with
B = a to the left-hand side:

(Hy+Voy—E)¥u=—V, 2 ¥, (3)
P

The integral Faddeev equations correspond to the inversion
of the operator H,, + ¥, — E in this relation:

¥, =—R,(E+i0) ¥, [32 Y Ry(ey=(Ho+Vy,—2)t
Fa
(4)

To determine a unique solution to the system of equa-
tions (3) identical to a definite solution of the integral equa-
tions (4), it is necessary to specify asymptotic boundary con-
ditions. In the case of bound states, we have the condition of
decrease at infinity (the eigenfunction must be square-inte-
grable). In the case of scattering states, the conditions are
much more complicated.

Consider, for example, the process that is the most im-
portant from the point of view of applications, scattering of a
particle by a bound pair 8. We shall append to the compo-
nents W, an additional index B, this corresponding to the
number of the bound state of the pair 8, B = {i, 8}. The
following representation reflects the asymptotic behavior of
the wave function:

[c.B(Y pﬁ) XB(X pﬂ) 6.-1]-'5 T EWA (.I )[AB (Jm pﬂ)

+USH (X, pp). (5)

Here, the first term y, describes the initial state,

%n (X, pp) =15 (xp) exp {i (pp, ¥p)}s

the term U, in the second group describes the processes of
elastic scattering with possible excitation (@ = f8) or rear-
rangement (@#/3), and the third term U {3 describes the
processes of disintegration of the system into three free parti-
cles. The functions U,z and U (%’ go over asymptotically as
|V |—e and |X |—>oo into spherlcal waves with smooth
bounded amplitudes:

UM(ym Pp) ~ fan (Yo Po)IYal™exp (i VE +eq ¥alls }
3 (X, pp) ~ 153X, pp)| X" *exp i VE X,
E=pf—ep. (6)

The cross sections of the corresponding processes are pro-
portional to the squares of the moduli of the amplitudes®:
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Note that the proof of the asymptotic expressions (5)
and (6) is essentially based on the integral equations (4) for
the components, or rather, being more precise, the analo-
gous inhomogeneous equations obtained after separation of
the initial state y are used for this purpose. Corresponding
discussions can be found in Ref. 9.

Thus, we have formulated boundary-value problems on
the basis of the differential Faddeev equations, which
uniquely determine the components of the wave functions.
Analogous boundary-value problems can also be obtained
for the components of the Yakubovskii wave functions. We
begin by deriving the differential equations for such compo-
nents for the example of the four-body system.

N-body systems. The Yakubovskil components are la-
beled by chains of partitions 4,. In the case of four particles,
the chain contains two partitions: a,, @;. The first of these
partitions indicates the manner in which the four particles
are partitioned into two subsystems, and the second specifies
the manner in which a, is partitioned into three subsystems.
There are altogether seven partitions @, [four 3 + 1 parti-
tions, i.e., partitions for which one of the subsystems con-
tains three particles, and three 2 + 2 partitions, when each of
the subsystems contains two particles ] and six partitions a,.
From these partitions, it is possible to form 18 different
chains 4, = {a,, a,}. Thus, for N = 4 it is necessary to intro-
duce 18 components of the wave functions.

In the first stage, we introduce six Faddeev components
by means of the standard definitions

W, = — RV, Y.

Exactly as in the three-particle case, the components ¥,
satisfy the Faddeev equations
(HG ’i"Vas_E) Taa = _'Vu= 2 qrb,

ba=as
or, in integral form

Vo= — R, (E+10) Vg, E lpbal Ro,(z)= (Hy+ Vo, —2z)™".

(8)

The components of the Yakubovskii wave function, classi-
fied by the chains of partitions, are introduced by the equa-
tions

I}rﬂxﬂ:"_ HRGa (E+10) Vﬂl 2—' I'P-ba' (9)

bs ag
i.e., on the right-hand side of (8) we retain only the terms for
which b, C @,. The Faddeev components can be expressed
in terms of the Yakubovskii components by means of a sum
rule, this having for an arbitrary number of particles the
form
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X X =3

Gp-1Pp7ay by
bpCap_,

For N = 4, we obtain the representation

l-{'rm:Z q'ragu,‘ (10)
Qg

We now replace the components ¥,, on the right-hand side
of Eq. (9) by the corresponding expressions in terms of the
Yakubovskii components (10). As a result, we obtain the
equations

Wuzaa S Ram (E+ 10) Vﬂl E 2’ Tb:b:'

b

by=as by
bsCasy

(11)

Applying to (11) the operator H, + Va, — E and transfer-
ring to the left-hand side the term with 4, = a,, we transform
the system (11) to the form

(H9+ Vﬂ,— E) lpa,m + Vu; Z ‘;P'n’,_.,

Cy7Eay
== Vﬂ'x E

cy_ay
bysta, bysta,

2 Ipbgbﬂ. (12)

This system is the required generalization of the differ-
ential equations for the components (3) to the case of the
four-particle problem.

As in the three-body problem, there is an intimate con-
nection between these equations and the compact integral
equations, namely, the square-integrable solutions of the
system of equations (12) are identical to the solutions of the
homogeneous integral Yakubovskif equations. But in the
case of scattering states it is necessary to specify suitable
asymptotic boundary conditions analogous to (5). Then the
solutions of the differential equations will be identical to the
corresponding solutions of the integral equations. In this
sense, one can say that the differential equations (12) are
equivalent to the integral Yakubovskif equations.

We shall describe these asymptotic conditions below,
after we have investigated the formal relationship between
the differential and the integral equations.

Thus, we go over from the system (12) to the integral
Yakubovskif equations. To this end, we invert the matrix
differential operator generated by the left-hand side of (12).
We note first that this operator has a block structure. The
matrix elements of the operator needed to invert one block
satisfy the equation

(Ho+ Vo, —2) Rady, (2) +-Va, 2 R, (3)=80,], (13)

ey,
e "az

where [ is the identity operator, and Oays, is the Kronecker
delta. We rewrite (13) in the integral form

g;ﬁs (z) et Ra;: (z) 60,0; Yo Rna (z) ras )_.1 v gff:a.- ( 14)
CaF=ay

Equations (14) are identical to the integral Faddeev equa-
tions for the components of the resolvent of the four-particle
system in which the only nonvanishing interaction poten-
tials are those between the particles in the subsystems of the
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partition a,.> We denote by H,_ the energy operator of this
problem:

Ha, — II(‘J g N 2 I'yrla'
In this problem, the variables separate, and we have the rep-
resentation

Hy=tz, @1 —1'® Aynz,

where the energy operator /,_acts only on the variables Xy,
This operator describes the three-particle subsystem in the
case of a partition @, of 3 + 1 type or a system of two pairs
with no mutual interaction in the case of a partition a, of
2 + 2 type.

The solution of (14) being unique, the operators R albs
are identical to the components of the Green’s function?:

g:-!ln (Z) g H,ﬂ (L’) ﬁrlabn it H() (Z) VﬂaR'Ia (Z).
Ry, (2) = (Ha,—2)"L,

Thus, the inversion of each block on the left-hand side
of (12) can be implemented in terms of the operators R b
As a result of this inversion, the system (12) can be trans-
formed into

q'rn O~ 2 o

basa,  ca7Eby
s, bsCay

o VoW

ety

(15)

The system (15) is identical to the homogeneous system of
integral Yakubovskif equations for the four-particle prob-
lem.” Thus, we have shown that (12) is the differential ana-
log of the integral Yakubovskii equations.

We now turn to the description of the asymptotic
boundary conditions for (12) mentioned above. Note that
these conditions can be obtained by means of the integral
Yakubovskil equations (15). We consider only the case of
binary collisions. We shall endow the components of the
wave functions with an additional index B, this describing
the quantum numbers of the initial state of the system, which
is specified by the wave function X (X, pp,) =95 (X))
W ei( p;.,__,}'b,).

The wave-function components W ,,.n are represented
in the form

Yae 8 (Xs Doy ="%ama (X, Pa,) 645 "r.T" Vasa (Ta,) Upp (Yay» Po,)

+ >_j Va (%a)) Ul (Yayr Po,) +USS (X, pb,). (16)

The terms in this equation have the following meaning.

The functions y, , are the compenents of the initial
state of the system and are expressed in terms of the wave
function y, (X, p, ) of the initial state by

Kasa = — By (E+10) Vo, 4.

The right-hand side here can be rewritten in the form of the
product y, 4 =, (x, )exp{i( p, ,y,}, where ¥, .4 are
the Faddeev components (2) of the wave function of the
three-particle bound state [if a, is a partition of 3 + 1 type]
or the Faddeev components of the wave function in the de-
generate problem of two noninteracting pairs (in the case of
a 2 + 2 partition). In the latter case, the wave functions
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¥, (x,, ) are products of two-particle eigenfunctions.

In the second group of terms, the summation is over all
cluster states of the partition a,. For a, = b,, these terms
describe elastic processes with possible excitation; for
a,7#b,, they describe rearrangement processes. In the third
group, the summation is over the eigenvalues of the two-
particle subsystems in the partition a,. These terms corre-
spond to breakup of the initial state into three clusters (2—3
process). Finally, the last term U {3 describes complete dis-
integration into four free particles (2—4).

The functions Uy, and U %, in (16) are asymptotically
equal to spherical waves with smooth bounded amplitudes:

Uap (Yass Pos) ~ Fan Was Poo)l¥a,ltexp (i VE + €4 Ya,sl )3

USs (Jasr Po.) ~ 145 Yas Po)Yal 2 exp (i VE T &4 [YarlJ;
Ut (X, po,) ~ 135(X, po)IX|exp [i VE |X]],
where E =p} — £5. The physical amplitudes of the 2—2,

2—3, and 2—4 processes are related to the amplitudes of the
spherical waves by

fan= 2 i, foa= AE fag.

2-+3 24

fAB:fABv
22

The effective cross sections of the 2—2, 2—3, and 2—4 pro-
cesses can then be expressed in terms of these amplitudes by
the ordinary formulas.*®

With this, we conclude the description of the common
aspects of the differential formalism in the four-body prob-
lem. We consider briefly the general case of N particles.

The differential analog of the integral Yakubovskif
equations for N particles was obtained in Refs. 14 and 15.
The corresponding equations for the components ¥, ,
called the differential Yakubovskii equations, have the form

N-1
(I{D+VGN_1_E) 1PA2+V11N_1 23 C%A ‘Pa2a3- .-az-_lcz-
Aes By
L
= —Vay_, bZ D1 W e ST

275a By#Ag

by "as
The prime on the summation sign means that the summation
is only over chains B, that are *“‘linked” to 4,—for which the
following conditions are satisfied:

BNy F= ONgy o - w0 Dy B8y By © Gygy v .y B S g

The total wave function is related to the components
"PA; by

Y=Y,

Az
where the summation is over all chains 4.,.

Note that the integral Yakubovskii equations are ob-
tained from (17) by inverting the matrix differential opera-
tor on the left-hand side.

The asymptotic boundary conditions for (17) can be
obtained by means of the integral Yakubovskii equations.'*
They have a form analogous to (16). In particular, the com-
ponents of the wave functions corresponding to the two-
cluster initial states in the configuration space are represent-

117 Sov. J. Part. Nucl. 17 (2), March-Apr. 1986

ed in the form

¥ o6 (X, Pog) =%men (% Pyo) 8an
N-1
+ g{z SA] IPA“P A (‘rai) U:EB i (yap pb.) +U€Bg (X? pbz)!

(18)
where y 5 describes the initial state of the system:

Losn (Xs Poy) = ¥pyn (2s,) exp {i (Ps,. Vs,)},

and ¥,  , are the Yakubovskii components of the wave

function of the i-cluster partition a;. The function U 5% ~!

X ( Yap Ps,) goes over asymptotically in the limit |y, |—o0

into a spherical wave in R *3:

U;EB ! (yaia pb;)

" 4-34
% f:zB' “tim (ya.;r pbg) lyni] . exp {i VE"'BA Iyail}'

(19)

The function U g3 (X, p,, ) goes overin thelimit |X |— oo into

a spherical wave in R **™* and correspond to disintegration

into N particles:

4—3N
Uss (X, po,) ~ 103 (X, pp) 1X| 2 exp (iVE |X|). (20)

The physical amplitudes of the B—A processes are related to
the amplitudes of the spherical waves (19) by

fABza Za

PR

Ay es . Bs
fAzB i-1,

Finally, the amplitude for disintegration of the two-cluster
state into V free particles is given by the equation

A
fop= Z foﬁ-
Az

Thus, we have shown how the wave functions can be
determined by means of the differential equations for the
components. We have hitherto assumed that the particles
are neutral. Below, we generalize the differential formalism
to the case of charged particles.

Systems of charged particles

In the case of systems of charged particles, the two-

body potentials are sums of Coulomb and short-range parts:

Vay_, (#)=nay_ |2+ VE,_ (2).

As aresult, the integral Faddeev and Yakubovskii equations
become noncompact because of the long-range nature of the
Coulomb interaction. The problem of modifying these equa-
tions has been considered in many studies (Refs. 11-14 and
21-26). We shall consider here only the approach based on
the differential formalism.

This approach is evidently the one best suited to formu-
late the scattering problem for systems of charged particles.
This circumstance is reflected, in particular, in the fact that
the necessary modifications reduce merely to corrections in
the asymptotic behavior of the wave functions. Moreover, all
such corrections can be interpreted in the framework of se-
miclassical approximations—eikonal approximations con-
structed on the basis of the trajectories of classical neutral
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particles.'> We shall not describe here the formalism needed
to derive such asymptotic corrections but will restrict our-
selves to the formulation of the final results.

We consider directly the general case of a system of V
particles. We begin with the formulation of the modified dif-
ferential equations for the components.

LetQ,  (v) betheregion of the configuration space in
which the condition |x,,  [<C(1+ |y, )" 0<v<1/2is
satisfied. We introduce a smooth function y,, , (X) of com-
pact support, equal to 1 in £, (v) and zero outside
Q.. (), v<v; <1/2. We split the interaction potential

V., _, intoshort- and long-range parts by means of the func-
tion y,, .;
Vayey (@ay ) =Vay_ (X)+VE_ (X), @D
where
Pa (P)=Vip g
ANy (Py= VﬂNﬁ1+ ET“NT xﬂN-]_ H

nﬂ
) o N-
V‘(‘g\r—l = (1 — )(_aN__l) Wl—l" f
L L

In accordance with the division (21), we represent the
energy operator of the system of N charged particles in the
form

H= Hﬁ+u2 Vay. -

N-1

(22)

Here, the asymptotic Hamiltonian H,, describes the motion
of the system of NV free particles on the background of the
Coulomb “tails” V% . It is given by
N—1
Hyg=Hy+4 Y L6 Ao

(1‘]\,_1
Thus, we have included all the long-range parts of the
potentials in the new “unperturbed” energy operator H,, .
We can then literally repeat all the arguments that led us to
the differential equations (3), (12), or (17) for the compo-
nents. All the changes reduce to the replacement of the oper-

ator H, by H,_, ansl\ the interaction operator V¥, by its
“short-range” part ¥, . The upshot is that we obtain the
modified equations
R 4 N-t
(Has+ Va "‘E) ‘FAQ Ff‘VaN_l 523 C?%;iAi q’azaa...ni_lcj
€=

b3 T
- et pa Ba-
bas=ag Bys=Ag
bg__as

N-1

(23)

= —Va,

As above, the wave function is equal to the sum of the com-
ponents over all chains:

vV,

Asg

(24)

If weinvert the matrix integral operator on the left-hand side
of these equations, we can obtain the modified integral Fad-
deev (N = 3) or Yakubovskii (V> 3) equations. For the
three-body system, it has been shown that such equations are
compact.?® It may be expected that this property of the inte-
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gral equations will still hold in the general case.

In a number of problems (for example, when the parti-
cles carry identical charges and the Coulomb interaction is
appreciably weaker than the short-range interaction), it is
convenient to use in the numerical calculations the simplest
type of modified equations, obtained by setting y,, ,=0.
This means that in this case the entire Coulomb interaction
is included in the “unperturbed” Hamiltonian H,:

Hyg=Ho+ 2 nay | |Zay |7

ANy
and the total energy operator is represented in the form
H=Hy+ X Vi

a .
N-1
N-1

For example, in the three-body problem this procedure leads
to the equations?®

(H“*:'ZI |z:1 +V:f"_E) ¥, =—Ve 3 Y
o [

(25)

After the inversion of the operator on the left-hand side, we
obtain from here the Noble-Faddeev equations, which were
first propesed in Ref. 22 (see also Ref. 12).

We now formulate boundary conditions that uniquely
determine a solution of the modified equations (23). As
above, we consider only scattering with two clusters in the
initial state.

For the sake of clarity, we consider first the following
model scattering problem. Let the clusters @, and @, form-
ing the partition b, have charges ¢, and g, , respectively.
We regard these clusters as structureless point particles.
Such effective particles interact only through the Coulomb
potentials
Roog
lybzi

C 2
V“’I“’h = P oo, = (QHm,mh)”“ Qo Qo

where u,, , is the reduced mass of the clusters w, and w,,
and y,_ is their reduced relative coordinate.

The elastic scattering of these particles is described by
the wave function

Xoa (X) = F (5a) exp {i (pry» 3, )}, (26)
where the function F(£) can be expressed in terms of the
confluent hypergeometric function:

F (E) =e_“"b2 r (1 '!l' iT]b.) @ (_ i"]bzv 11 1 |pbg| E)!
where 77, is the characteristic Coulomb parameter

Noy = nmlmh/2 |pbzl ’
and &, isa parabolic coordinate, &, = |y, | — ( ¥y, Bp, ). If
the directions of the vectors y, and p, do not coincide (i.e.
we do not consider the forward scattering direction), the

function y, takes asymptotically the form of a sum of dis-
torted plane and spherical waves:

%os (Vs Pry) ~ €Xp {i (Peas yba) + 1, In [Peql Era}
4+ a5, Woer Po)|¥oal™ €D {ilPoy| [Log) = Meg In 2| Pyl 1951}

The amplitude of a spherical wave is given blslr
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by exp {2i (—m,z lnsin%—k Ag’)}

2 |Pb.| sin® Bf‘z ’

c
Apy = —

(27)

where

Af =argT (14inyy); €080y =(Up,r Dsy)-

We shall call this the purely Coulomb amplitude.

We consider further the physical wave function
Wy (X, py, ), which describes scattering with two clusters
(w, and ;) in the initial state. As in a system of neutral
particles, theindex B denotes the internal state of the subsys-
tems.

The initial state of the system in such a process is de-
scribed by the function

%5 (X Po,) = %bs (Yous Poy) V5 (T2,), (28)

where the model function y, was introduced above. The
wave function is equal to the sum (24) of components,
which can be represented in a form analogous to (18):

‘I!A:B (X’ pb:) = XB3B (X’ pb:) aAB

N=1
+ 2 2y, 4 (20) Q" (X, Py).

(29)

Here, the terms on the right-hand side are associated with
the same physical processes as in systems of neutral particles
and have a nontrivial difference from (18) in the asymptotic
region.

The first term in (29), which corresponds to the initial
state of the system, can be expressed in terms of the compo-
nents of the eigenfunction ¢, (x,,) and the function y,_:

(yup pbz) Q

XBsB (X, Pp,) = Vuye (©5,) Abe Wosr Poo)-

The asymptotic behavior of this term has been described
above.

The functions Q 5 “~' and Q {3, which are associated
with processes of rearrangement and disintegration of the
clusters, are transformed asymptotically into distorted
spherical waves with bounded smooth amplitudes:

4-3i

Q:"B” =1 (yap Py,) ~ hiay' Tfi-1 (yui! Po) |yagl ‘

% exp {i VE + &4 Yoyl + iW ap (ya{)}; (30)
4=3N
Q88(X, po) ~hi3(X, pu) X1 T
exp {i VEI|X|+iWs (X)) (31

The Coulomb phase shifts W, and W, , which distort the
spherical waves, are given by

Mg |.Uat |

w,.ﬁ-mz TV T T "2V T4 1y 1 (32)
b Gy
Istsh
=S YAyaey X vl
Wop (X) Ej £ G In2VE|X|. (33)

The summation in (32) is over the different subsystems of
the partitiona,; y,,,, is the reduced relative coordinate of the
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subsystems w, and @, . In (33), the indices / and j label the
different particles of the N-particle system; u; and y; are the
reduced mass and the reduced relative coordinate of parti-
cles i and j; and g; is the charge of particle i.

As we noted, we can separate the plane and spherical
waves in the limit £, — oo in the first term in (29). There-
fore, the B—B elastic scattering amplitude contains two
terms—the purely Coulomb amplitude a; and the ampli-
tude hzp from (30), which takes into account the effective
short-range interaction between the clusters:

fop=at,4-hpp.

The amplitudes f,; for excitation and rearrangement of the
clusters for 2—2 processes are equal to the amplitudes H 5
(4 =J, ). Butthe amplitude of 2—1, 1 > 2, processes, when
the formation of more than two clusters in the final state is
possible, are obtained from 4 5 “~' by summing over the
components:

The effective cross sections of these processes can be ex-
pressed in terms of the amplitudes by the same expressions as
in the case of neutral particles.

It is necessary to mention particularly the nature of the
asymptotic conditions in the case of equations of the type
(25) that are obtained by taking y, = 0. If all the parti-
cles have the same charge, the asymptotic behavior of the
components has the same form as the asymptotic behavior of
the analogous components in the case of (23) with
Xay_, 70. This asymptotic behavior is described by the ex-
pressions (29)—(33). But if the system contains particles
with different charges, it is as yet impossible to say anything
definite about the asymptotic behavior of the components
(25). As examples show, the asymptotic behavior will de-
pend on the number of differently charged pairs. At the same
time, it is necessary to take into account the contribution of
‘“unphysical” channels, which correspond to bound states
for the “purely” Coulomb potentials. This asymptotic be-
havior appears more complicated than even the asymptotic
behavior of the total wave function. Therefore, in the case of
differently charged particles it is necessary to use only (23)
for x.,_, #0.

Boundary-condition model

We consider one further problem that can be solved in
the configuration space—the boundary-condition model. In
this model, the interaction between the particles is specified
not only by potentials but also by boundary conditions on
the wave function. Thus, this problem can be formulated in
terms of the coordinate representation. We shall show that
its solution can also be obtained in a natural manner in this
representation. We begin with the three-body problem.

System of three hard spheres. We shall assume for sim-
plicity that the two-body potentials are equal to zero, and
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FIG. 2. Configuration space of three identical one-dimensional particles
in the boundary-condition model.

consider first the case of zero-value boundary conditions
(the model of three hard spheres®”?),

In the boundary-condition model, the configuration
space £ consists of points that satisfy the conditions

|26l >Ca (@=1, 2, 3),

where the parameter C,, determines the minimal distance to
which the hard spheres can approach each other. The energy
operator is determined by the expression

Hf (X) = — Af (X)
on functions f that satisfy the Dirichlet boundary conditions
flag=0 (35)

on the boundary of Q. The example of the configuration
space for three identical one-dimensional spheres is shown in
Fig. 2.

From the point of view of local potentials, a hard core
corresponds to an infinitely strong repulsion for |x4 |<C,.
This interpretation of the boundary conditions helps one to
understand why the Faddeev equations (4), which were ob-
tained under the assumption of sufficient smoothness of the
potentials, cannot be used in this case to formulate the scat-
- tering problem. The question of the modification of these
equations has been discussed in numerous studies (see, for
example, Refs. 29-31).

We shall not dwell here on the analysis of the corre-
sponding approaches. We merely mention that in their
framework it has not proved possible to overcome complete-
ly the basic difficulties of the problem. In particular, the
equations proposed in these studies cannot be used to inves-
tigate the singularities of the Green’s function or, according-
ly, to justify the scattering problem.

In Ref. 16, integral equations of Faddeev type that
make it possible to solve these problems were proposed. We
describe briefly the basic idea of that paper. In the traditional
method of investigating boundary-value problems, the solu-
tion is constructed by the methods of potential theory.’?** In
particular, for the Green’s function of the energy operator
(34) a representation in the form of the potential of a simple
layer is employed. The surface dQ on which the density of
the potential is specified is unbounded. As a result, in con-
trast to problems with compact boundaries,>** the integral
equations of a simple layer are not Fredholm equations. To
go over to equations of Fredholm type, one can use Fad-

(34)
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deev’s method, namely, explicit inversion of the diagonal
singular parts of the integral operators. Such reconstructed
equations can also be formulated in differential form. This
last approach is the one best suited for numerical calcula-
tions.

We shall describe the integral Faddeev equations for a
simple-layer potential. The Green’s function of the energy
operator (34) satisfies the equation

(—Ay—2)R(X, X', 2) =686 (X —X") (36)
for X, X' in ) and the boundary conditions
R(Xv X'y 2)|ep=0 (37)

with respect to each variable X, X', By means of Green’s
formula, we can obtain the relation

R(X, X', 5)=R, (X, X', 2)

— [asm,(x, 5, 5) - R (S, X', 2), (38)
8a )

where R (X, X', z) is the Green’s function of the free Hamil-
tonian H,. As follows from this representation, the Green’s
function R (X, X', z) can be expressed explicitly in terms of
the value of its normal derivative on the boundary. This deri-
vativedeterminesthe densityu (S) = (4 /dn. )R (S,X',z) of
a simple-layer potential:

U(X, 5)= [ dSR, (X, 8, 5)(S).

oQ

We recall that this potential has continuous normal deriva-
tives when the variable X takes a value on the boundary:

2 _Ro(S, &, z)p(5)ds".

. 1% = 4 :
lim —=—=F 5 pnld)+ |+

X550 Mie a’l

(39)

Here, thesigns — and -+ correspond to the interior (i) and
exterior (e) limits, respectively.

Differentiating Eq. (38) and taking into account (39),
we obtain the following integral equation for the density
H1(S):

FREO+ [ 5= Bo(S, 8, 2)p(8)dS" = -2 R, (S, X', 2).
) &

(40)
As noted above, this is a non-Fredholm equation, the surface
df) being unbounded: We now go over to equations of Fad-
deev type for the components of the density.

Faddeev equations for a simple-layer potential. We in-
troduce first some new notation. We denote by I',, the hyper-
cylinder |x, | = C, in the space R . We denote the part of
this cylinder that belongs to the boundary ) by I'S and
write I, for the complement of T'¢ in I, . We shall call I'®
and T, respectively, the exterior and interior parts of the
cylinder (with respect to £2). It is clear that the surface d) is
the union of I';, dQ =u, I'S. We shall call the function
Hq (S), defined on TS, a component of the density. It is con-
venient to regard the components as functions defined on the
complete hypercylinder. Then by u¢, and ¢!, we denote, re-
spectively, the nontrivial parts of i, (.5) defined on the exte-

Kvitsinskiretal, © 120



rior and interior parts of ', and by P¢ and P! the opera-
tors of multiplication by the characteristic functions of I,
and T%,. Then, for example, P& u, =u: on I'% and
P, =0onTL.

With this notation, Eq. (40) can be rewritten as a sys-
tem of three equations for the components u, :

1 € F_’ e—.r 2
5 Papta =PV, Ry—P5V Ry ) Pipsg.
ikl

(41)

We have here used the notation_l'/a R for the integral opera-
tor with kernel equal to the normal derivative of the kernel
Ry

(VoRo) (S, X', 2)=—Ry(S, X', 3), SET,, X'€Q. (42)

On the other hand, this equation can be used to determine
the interior part of the component u!,—the operators P¢
must be replaced by the operators P,. Then the total compo-
nents will satisfy the system of equations

1 — — "
T Pa= Vo Roy—V 1, 2 Pipg.
o

(43)

Further, in accordance with Faddeev’s method we must
transfer the diagonal term with 8 = a to the left-hand side
and invert the operator 1/2 I + V, R,which then arises. As
a result, we obtain the following Faddeev equations for the
simple-layer potential'®:
F 1= S .
MG=VGRG+TVGLPCL“'&_T]GRCL 2 28 (44)
Po

Here, R, is the Green'’s function for the energy operator of a
system of two spheres in the three-particle space. This opera-
tor is determined by the relations (36) and (37), Dirichlet
boundary conditions being imposed on the hypercylinder
I'.; P, is adouble-layer density that determines the Green’s
function R, (X, X', z) in the form

B (X, X, ay=Hy (X, X/, 2)

— [ aSpa (X, 8, 2) 5= o (S, X', 2),
I

(45)

o

At the same time, both the function p,, and the kernel R, can
be explicitly expressed in terms of the two-sphere problem. '

The resulting equations can be investigated by the ordi-
nary methods of potential theory.**** In particular, one can
show that the matrix integral operator determined by the
right-hand side of (44) can be represented as a sum of a
completely continuous operator and an operator with norm
less than unity.'® The latter is generated by the neighbor-
hoods of the angles formed by the intersection of the hyper-
cylinders T',. Thus, the Fredholm alternative applies of
(44), and by means of these equations it is possible to investi-
gate the properties of the density x (.S). Finally, knowing the
behavior of 4 (5), we can study the properties of the Green’s
function R (X, X', z) by means of the representation (38).
The subsequent procedure for constructing the wave func-
tions and investigating their properties (completeness, orth-
ogonality, asymptotic behavior, etc.) is completely analo-
gous to the procedure developed for the three-particle
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problem with bounded smooth potentials.”

Thus, we have described the integral equations that can
serve as a basis for the proper posing of the scattering prob-
lem in the system of three hard spheres. In the next stage, we
go over to differential equations for the components, which
are convenient to use for numerical calculations.

Formalism of generalized potentials. To obtain differen-
tial equations for the components, it is convenient to use the
formalism of generalized potentials. We briefly describe this
approach.

We start with heuristic arguments that provide the basis
for the method of generalized potentials. We note first that
Eq. (38) can be interpreted as a Lippmann-Schwinger equa-
tion with generalized potential }" that acts on functions f(X)
in accordance with the equation

V=500 5 f. (46)
Here, §(d0)g is a generalized function, called a simple lay-
er,>* and (d /dn, )f are the limiting values from  on d(} of
the normal derivative of /. Note that the generalized function
5(d0N) g acts in accordance with the equation

(g, 8(3Q)q)= | dSg () ¢ (S).

.

aQ

Following this formal analogy, we consider alongside
the integral equation a Schrodinger equation with general-
ized potentials. To make the formal analogy with the three-
particle system complete, we shall, as in the derivation of
(44), add to the potentials nontrivial terms localized on the
surfaces I',. As a result, we represent the generalized poten-
tial in the form of the sum 2_ V,, where each term acts in
accordance with (46) on the complete hypercylinder T",.
We determine the corresponding energy operator by the
expression

Hf (X)= —Af (X)+ D) Vof (X),

@

47)

where the variable X ranges over the complete space R °.
Thus, we extend the domain of definition of the operator
(34) to functions defined both without and within the sur-
face 3. We note further that in accordance with (39) these
functions are to be regarded as continuous together with
their derivatives up to the surfaces I', and to admit the exis-
tence of discontinuities

d

h e el

L= dng ' an;
on the transition through these surfaces. We denote the set of
such functions by &.

On this set, the action of the Laplacian can be under-
stood in the sense of generalized functions as follows®*:

—Af=—Bxf— R 8(T,) (F—— =)

One = dn;

4 2 28 (L) (i —19).

o

(48)
Here, Ay is the Laplacian understood in the usual sense in
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the space R ° with the surfaces I', eliminated; §(T',, )@ is a
simple layer on the surface I',,, and (d/dn) (6(T, )g) isa
double layer on this surface.

Thus, we have arrived at the conclusion that it is expedi-
ent to consider the energy operator (47) defined on the set
& by Egs. (47) and (48). We now consider what boundary
conditions are satisfied for the functions that satisfy the
Schrodinger equation with this operator:

(—A+DV,) ¥ =EV. (49)
o

For this, we expand the left-hand side of (49) by means of
(46) and (48). We find that outside the surfaces I', these

functions satisfy the equation
(—A—E)¥ = 0. (50)

Equating to zero the remaining terms, we arrive at two-sided
boundary conditions that must be satisfied on T, :

a .
a—niq"lra=0,

¥ijp, = ¥|p,.

(51)
(52)

Thus, within the hypercylinders ', the Helmholtz equa-
tions (50) with the Neumann boundary conditions (51)
must be satisfied. It is necessary to consider the set of such
problems corresponding to the possible regions bounded by
the intersections of the surfaces I',, (see Fig.2).On the other
hand, if the point £ does not belong to the discrete spectrum
of these interior problems, the corresponding solutions are
identically equal to zero, ¥' = 0. Therefore, it follows from
(52) that in the exterior region 0 Eq. (50) with the Dirich-
let boundary condition (35) must be satisfied.

Thus, in ) the solution of the Schrodinger equation
(49) with generalized potentials is identical to the solution
of the Schrodinger equation for three hard spheres. It is on
this result that the method of generalized potentials in the
boundary-condition model is based.

We now show how the method of generalized potentials
can be treated in the framework of integral equations. We
introduce the generalized Green’s function G(X, X', z) by
means of Eq. (49) with the § function 6(X — X ') on the
right-hand side. As in the case of the function (36), one can
show that G(X, X', z) satisfies the Lippmann-Schwinger
equation (38), where as the surface of integration in the
given case it is necessary to take the set of surfaces I', , i.e.,
dft—u, T, . In operator form, this equation is

G (3) = Ry (2) — R, (2) 2} VG (2). (53)

As in the case of wave functions, one can show that G(X, X/,
z) is equal to the Green’s function (36) when the variables
X, X 'liein () (in other cases, the function G is expressed by
means of the Green’s functions of the interior Neumann
problems).

To study the properties of the function G, it is conven-
ient to go over to the equations of potential theory. In this
case, in contrast to (40), the density u(.S) is specified from
the very beginning not only on %, but also on T".,. For the
components p, = (d/9n.)G | of the density of the sim-
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ple-layer potential we can obtain in the same way as in the
case of the function R(X, X', z) the Faddeev equations

!-lo;=vaGa_-[7aGa 31‘ Hae (54)
B

=
Here G, is a generalized Green’s function, defined as the
solution of Eq. (49) containing the single generalized poten-
tial V.

Equations (54) are considered on functions defined on
the surfaces I', . They can be rewritten as equations in con-
figuration space by going over to operators M, =V, G,
which can be interpreted as generalized components of a T
matrix. They are related to the densities by the equations
M, =6(T',; )i, . The equations for M, have the form

Ma:"VaGa""VaGa,E Mm- (55)
o

By definition, the solutions of (54) are identical to the
components that satisfy Eq. (44) on the exterior part of the
cylinders I', . One can show that on the interior parts of ",
these solutions are equal to zero. It follows from this in parti-
cular that the representations (38) and (53) for the Green'’s
function are equivalent.

Thus, we have described an alternative formalism in the
problem of three hard spheres in which the boundary condi-
tions are reproduced by means of generalized potentials. In
the framework of this approach, it is easy to include as well
an additional interaction specified by means of ordinary po-
tentials. All that needs to be done is to replace in the relations
(47)-(55) the generalized potentials ¥, by the sum

_I;'a + ¥, of generalized and ordinary potentials.
One can similarly treat the model in which use is made
of arbitrary boundary conditions of the third kind:

(2L )= £

The formal scheme is unchanged. In this case, the general-
ized potentials are determined by the equation

Vaf = =8 (La) o+ 5 (8 (L) 1. (57)

We now turn to the formulation of the differential equa-
tions for the components.

Differential equations for the components. In the for-
malism of generalized potentials, the components and the
differential equations for them are constructed in the same
way as in the case of ordinary potentials. One can also con-
sider a combination of interactions, when there are smooth
potentials together with boundary conditions. For example,
in the three-body problem the components of the wave func-
tion are introduced by the equation

¥, =2 — Ry (Vo + Vo) ¥,

The differential Faddeev equations for these components
have the form

(-—A+Va+'V’u—E)%=~A(V¢+Fm)ﬂ§a%. (58)

The generalized potentials generate boundary conditions for
the components. For example, in the hard-sphere model

Kvitsinskil et al. 122



these conditions are
v ﬂ‘l’ﬂ _ ; e
(et 2 £ =0 Wil = Tl

On the other hand, since Eq. (58) is equivalent to the Schro-

dinger equation (49) with the boundary conditions (51)

and (52), these components will also satisfy the simpler con-
" ditions

% Wmll‘a =0.

9

These conditions are sufficient to determine the component
V¥, in the exterior part of the hypercylinder T',,.

To determine the wave functions uniquely, we must
also augment Eq. (58) with asymptotic conditions. These
have the same form as in the case (5), (6) of ordinary poten-
tials.

Finally, long-range potentials can also be included in
this above scheme. For this, it is necessary in the modified
differential equations for the components to replace the
short-range potentials by a sum of short-range and general-
ized potentials: V"=V " + V

N-body problem. We shall restrict ourselves to describ-
ing the formalism of generalized potentials and will not dis-
cuss questions of its justification. The boundary conditions
on the wave function are imposed in this case the hypercy-
linders ', , which are specified by the condition |x

an-—1 ‘
ay_1°

The corresponding boundary-value problem in the ex-
terior of these hypercylinders can be solved by means of the
Schrodinger equation with generalized potentials

(—Bx+ 2 (Vay,+Vay.)

ﬂl\-—[

_E)¥ =0,

We can go over from the Schrtidinger equation to the equa-
tions for the components ¥, (17), in which it is necessary
to take a sum of ordinary and generalized potentials: V,
—V + Va.«- .- The generalized potentials generate

bour{d;iry conditions. For example, in the model of N hard
spheres

~
i e W 4 72
T = |1- Az ) 2 ) =
1[’.42' ny IP-Ag ap_y? ( an; i e r“N 4 ),
where
2, N-1 _ ’
i e '
qA2'7 E 2 q’rlz...ﬂl—_lci'.’* 2 Y‘ IIIBZ.
i=3 C;#A,; bawas ByrAs
e Ca; byCag

The asymptotic boundary conditions for the components of
the wave functions remain the same as in the case (18)-(20)
of ordinary potentials.

Finally, we note that the modified equations for the
components in the case of long-range potentials can also be
used after the formulation of the boundary conditions. It is
merely necessary to replace the short-range potentials by the
sum V9 + Vah 2

With this, we conclude the description of the differen-
tial formalism in the boundary-condition model. We see that
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the basic equations considered above retain their form if gen-
eralized potentials are used. We shall show below that this
approach can be successfully used for numerical calcula-
tions.

2. NUCLEON-DEUTERON SCATTERING

Taking the example of the simplest three-particle sys-
tems of nuclear physics, nnp and npp, we shall describe here
the application of the differential Faddeev equations to the
numerical solution of the scattering problem. We make a
partial-wave analysis of these equations and formulate
asymptotic conditions for the partial-wave components cor-
responding to Nd scattering processes. We study the prob-
lem directly for the more general case of pd scattering, for
which the system contains not only the nuclear but also the
long-range Coulomb interaction.

The S-wave Faddeev equations

In the isospin formalism, all particles of the system
(npp) are assumed to be identical. The wave function of the
system is a spinor in the space # = #°; ® ., where 7,
and (5°,) are, respectively, the spaces of the spinors that
characterize the spin and isospin state of the system. The
Faddeev components ¥, are also spinors in 7. They satisfy
the system of modified Faddeev equations (25). In the given
case, these are equations in the space L,(R ®) ® #~:

(_A+quk-ﬁwg:—qggjwm (60)
=0

where V¢ and ¥V, are the Coulomb and nuclear potentials.
They are operators in the space 7. For example, the Cou-
lomb potential has the form

=25 H L4, n=20 (61)

where 77 is the operator of projection of the isospin of parti-
cle i from the pair of particles a.

The identity of the particles leads to a simple relation-
ship® between the Faddeev components and makes it possi-
ble to express the wave function ¥ in terms of one compo-
nent with some fixed index a:

Y= (144 )Y, (62)

where & *
particles:

P+ (123) =

are the operators of cyclic permutation of the

(312), #- (123) = (231). (63)

To be specific, we shall assume that pair « in (62) consists of
particles 2 and 3. We shall denote all quantities relating to
this partition by symbols without indices to label the parti-
tion (VW =V¥,_, ¥F=V,,x =x,,¢etc.).

The representation (62) reduces the system (60) to a

single equation for the component W:
(—A +V+V—E)¥ =—V(P+ 4+ V. (64)

To reduce this equation to a form suitable for numerical
calculations, it is necessary to separate in (64) the spin—
isospin and angular variables. To this end, we introduce in
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TABLE I. Elements of the spin basis,

Elements s s
of basis L
Yo 0 172
%1 i 1/2
%a 1 3/2

the spin space 7#°; a basis whose elements are classified by
the values of the total spin S of the system and the total spin
S,3 of pair (2, 3). The elements Y: (i =0, 1, 2) of this basis
are characterized in Table I and are described in detail, for
example, in Ref. 35. The basis in the isospin space 7, is
formed by analogous spinors 7, (i =0, 1, 2). Thus, in the
space 5% the basis is formed by nine spinors y; ® 7.

Since the total spin of the system is conserved, the par-
tial-wave analysis can be made independently for § = 1/2
(doublet) and S = 3/2 (quartet). For S = 3/2, the ¥ com-
ponent is a three-dimensional spinor in the space with basis
‘e; =x2 ® 1,,i=0,1,2,and for S = 1/2itisaspinorin the
six-dimensional space with basis %, =y, ® 7,,i=0, 1,
kE=0,1,2,

We make the partial-wave analysis for the simpler quar-
tet case. For this, we first describe the representations of the
operators V¢, ¥, and # * in the basis {%, }.

A simple calculation shows that the representation of
the permutation operators is determined by the matrix>

—1/2 FV32 0
P = {(ey | P tey)) = ( V32 —1/2 0
0 0 1

The representation of the operator of the Coulomb interac-
tion (61) can also be readily calculated and is given by the
matrix*’
Wy wy —V 2wy,
We = {(4eh lvc| 435)} m— ( wg Woy Wag )
—V 2w, wy Wss

with elements

1 e 1 ¢ c
vu=g E+V3) wa=gum 5=V )

P | i3 |
w22=?(V1+? wu)v wzs=——v3 (Vi—wy); } (65)
g |

Was =g i Ve,
o=1 J

where V7, is the Coulomb potential in the particle pair a:

- 3 -1
Vi=nllal, Vi@ Y)=Vi(a, —y)=n|5+L2L]",

(Here, 1/2 and /3 /2 are the coefficients of the transition
from one system of reduced Jacobi coordinates to another in
the case of equal particle masses.)

The dependence of the nuclear interaction on only the
total spin of the pair of particles leads to diagonality of the
potential Vin the basis {*¢, }: (%e, |V |*e, ) =5, V, (x). At
the same time, ¥, (x) =0fork = 1, 2, since in the singlet—
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singlet (s,; =75, =0) and triplet-triplet (s,; =7,,=1)
states there is no nuclear interaction.

We now decompose the component ¥ with respect to
the spin—isospin basis:

2
IF= 20 IPII (xu y)‘= €;
j=

and project Eq. (64) onto the elements of this basis. As a
result, we obtain a system of equations for the coefficients
v,:
(—A+-Vo+wy—E) ¥+ w,, (‘Fi_V-Q_q’z) ST Vo@o;
(—A+wp—E) ¥ 4w, ¥+ wyy ¥y = 0;
(—A+wy—E) Yo~V 2w, ¥y + wy ¥, = 0,

(66)

@01‘_ (1P5P* 4Py #) ¥,

i=0

The next step is the separation of the angular variables in
(66). This is done conveniently in the bispherical basis

MLYy= 2 (mhu|LM)YT (@) Y (1), (67)
m+p=M

where L is the total orbital angular momentum of the sys-
tem.

The representation of the permutation operators in the
basis (67) was calculated in Ref. 9 and is given by

WULY| U (|z], |y]) IML)
=(=DM¥QVL'| U (|z|, |y])| ML)
= 3 8uz0 (b, a0) (I, Iyl),
where & .14 1s an integral operator that in the polar coordi-
nates p* = x* + y?, tan 6 = |p|/|x| has the form

oy
(i, 1al) (p. 8) =\ B, 10 (0, 0V U (p, 07) a0,
p
11 ju s = I
ewT—'e—-ﬂ, 0 =|9---?’.

(68)

The kernel of the operator (68) is described in Ref, 9.
The nuclear interaction is diagonal in the bispherical
basis:

LL Vol WUL') = 81,1.68,3:8,,:V (7).

For the potentials that act only in the s state, only the matrix
element ¥§ is nonzero. Following the tradition, we denote it
by V.

Expanding the functions '¥; in series in the bispherical
harmonics,

¥ ([, |
Wy o o LA T (69)
Al

lz] 1yl

and then separating the angular variables in (66), we obtain
an infinite system of coupled equations for the partial-wave
components ¥;'. These equations are coupled by the matrix
elements
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of the Coulomb potentials in (65).

It is clear that for the numerical solution of the problem
this infinite system of equations must be truncated, i.e., only
a few partial-wave terms are taken into account in the expan-
sions (69) of the components. Let us consider, for example,
the equations that are obtained when we retain in (69) only
the first term with / = 0,4 = L. :

The matrix elements (70) between the functions |L OL )
are given in polar coordinates by

1\
(LOL | wy | LOLy=n 5 du(z2—2V3 || |y| u
=1
a0

u () = 2/max (V/ 3sin 6, cosb);
(LOL | wyg | LOL) =0.

By virtue of the last equation, the system (66) when truncat-
ed in this manner decouples into a homogeneous system for
WEO =1, 2, and an independent inhomogeneous equation
for WL°, Therefore, by the uniqueness theorem of Ref. 12,
WL® = 0 for i = 1, 2. The remaining component Wg’=¥*
satisfies the so-called s-wave Faddeev equation'’:

(Hrot v+ 5O — ) Wh e — Vs, 0¥, (T1)

where

Hy=—otq —0+sQ+D) 1y +10¢+1 2

(72)
The integral operator 2%, , in (71) is determined by Eq.

(68). Its kernel can be expressed in terms of Legendre poly-
nomials®;

I =

| —gi L
b, 10 0, ) =-S5 (g ) 3 PRGHEIEOR (73)
where u = (cos 26 + 2 cos 20")/4/3 sin 6.

Thus, as a result of the / = 0, 4 = L truncation the sys-
tem of equations (66) is reduced to the single s-wave Fad-
deev equation (71). Note that in the (nnp) system (when
there is no Coulomb potential) this equation is exact for
nuclear potentials that act only in the s state. For the (npp)
system, the s-wave equation is approximate, since it does not
take into account the higher partial-wave components of the
Coulomb interaction. However, as the results of calculations
show, this approximation describes very accurately pro-
cesses of pd scattering at not too low energies. According to
our estimates, the contribution of the terms that are not tak-
en into account in it does not exceed 1% at energies
E 2, 20.5 MeV, and this figure is at the level of accuracy of
the calculations. The reason for this is that at distances of the
order of the range of the nuclear forces the Coulomb interac-
tion is much weaker than the nuclear interaction (since the
proton reduced charge is small, » = 0.035 F~1).

However, at very low energies it is necessary to take into
account the Coulomb interaction in the higher partial
waves.*® The region of applicability of the s-wave approxi-
mation will be discussed in more detail below.
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Thus, in the case of quartet scattering the modified Fad-
deev equation (64) is reduced to the integro-differential
equation (71).

For S = 1/2, the partial-wave analysis is analogous and
leads to the following system of s-wave Faddeev equa-

tions'*33:
(Huo+ L0 —E) W= — T (74)
2n np (8) L
(Fuatgier+-255-—E ) W
Vang 1 B (0) Lo o
+ 52 (=5 ) = — v
i 2np (0
(Brtgpsg+ 252 —E) ¥i
Van 1 p (0) Gho s
+ 3 (l“;'— P )q‘rj—-—lez,
the inhomogeneous terms of which are
z A
Tf=v{ +§0h£o, G ¥
where the matrix G is
1/4 —3/4 0
G=(—3/4 1/4 0 ) (75)
0 0 —1/2

The components V- correspond to the different spin-isospin
states of the system. The first two of them correspond to a
doublet with respect to the total isospin, while the compo-
nent W% reflects the contribution of the quartet component
with T = 3/2. Note that for the (nnp) system the total iso-
spin is conserved and is equal to 1/2. Accordingly, forn =0
the third equation in (74) “decouples” from the first two,
and therefore has the trivial solution ¥ = 0. The nontrivia-
lity of the component W5 for the (npp) system expresses the
violation of the isospin conservation law due to the presence
of the electromagnetic interaction.

Asymptotic behavior of partial-wave components

For a unique solution of Egs. (71) and (74), boundary
conditions for the components W/ must be specified. The
first of them follows from the regularity of the wave function
at the origin:

YF ] jmo =T | jpi=0=0. (76)

In addition, it is necessary to impose asymptotic condi-
tions at large distances. They are obtained by partial-wave
expansion of the asymptotic behaviors (29)-(33) of the
Faddeev componentsin R ®. For example, in the case of quar-
tet Nd scattering the asymptotic behavior of ¥* is

IFLpr:me +tar ¢g (| | )Q(ly |, k)
+ 44.0) Qo (p, 8) + O (P~ (77)

Here, ¢, is the deuteron wave function with binding energy
—¢&,k*=E +¢,and y, is the partial-wave component of
the initial-state wave function:

(]
wr=0a(|z|)e “LF, (m, k|y|), AL=arg [ (L-+1+in),
(78)
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where n = n/\[3k, and F, (9, p) is the Coulomb wave func-
tion.?’

The coefficients Q* and @, in (77) are outgoing plane
and spherical waves,

Qf =exp{ik|y| + 1 W —inlL/2};
Co=pW2exp (i VEp+iW,},
distorted by the Coulomb phase shifts:
W=—nln2k|y|, Wo= —z—ﬁp(e) In2V Ep.

In the case of doublet scattering, to describe the asymp-
totic behaviors of the components it is convenient to go over
in (74) to the representation in which the Coulomb interac-
tion is diagonal.”>** This transition is realized by a unitary
transformation W* = U W' with matrix

1 0 0

(79)

The asymptotic behavior of the transformed components is

lj}% o et 2‘ILCPdQL iy A ¢ (6) Qo;

ge  ap 1/, insec® i S

W~ A% (0) exp {IVEPT*I;}%IHEVEP}PM; (80)
Vi ~ A% (0) 0,

All physical characteristics of Nd scattering are deter-
mined by the coefficients in the asymptotic behaviors (77)
and (80). For example, the elastic-scattering phase shifts
BHIA, =AS +5+15, and the inelasticity coefficients
#+ 1y, arerelated to >+ 'a, by

s
B+1g, —gAL {25+1n, exp (2i25+1§,) — 1}/2,

where *** 5, is the contribution to the nuclear-interaction
phase shift,

The elastic scattering amplitude is given by the partial-
wave series

B (ky 0)==a®pkt X (2L+1)5+ g, P, (cos0).
Le=0

Here, a° is the Coulomb scattering amplitude (27).

By means of the doublet, %/, and quartet, , amplitudes
we can obtain the differential cross section for elastic scatter-
ing of an unpolarized beam of nucleons by the deuteron:

do "“"'%‘lzfl'l!%!‘ftz' (81)

dsd
The partial-wave terms *** '.&7 of the disintegration ampli-
tude can be expressed in terms of the amplitudes of the
spherical waves in (77) and (80). For § = 3/2, they have
the form

bpLl= (T —-.}f;ir.'u.m) by,

Inthe doublet case, the amplitude 2.7~ is a vector with three
components 2.7, i = 0, 1, 2, these corresponding to the dif-
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ferent spin—isospin quantum numbers of the system in the
inal State. This vector is related to the vector A4 £ = (A {,‘,
AT, 47) by

2AL = (1+hEy, 1oG) U~ AL, (82)

where U and G are the matrices in (75) and (79). The total
amplitude of disintegration can be expressed in terms of its
components *.o/} and *.«/* by a partial-wave series.®

Nucleon-deuteron scattering in the boundary-condition
model

We now briefly describe the method of solving the Nd
scattering problem in the boundary-condition model. In this
case the Faddeev equations (58) are equivalent to a single
equation analogous to (64):

(—A+ VL VAV —E) W= — (VL TV) (#* P9, (83)

where Vis a generalized potential. Depending on the type of
boundary conditions, ¥ has the form (46) or (57). This gen-
eralized potential generates boundary conditions of the type
(59) on the cylinder |x| = C, where C is the diameter of the
nucleon core.

By a partial-wave analysis, Eq. (83) for |x|#C is re-
duced to ordinary s-wave equations for the partial-wave
components (71) and (74). These equations are augmented
by additional two-sided boundary conditions on the line
|x| = C, the conditions being obtained by separating the an-
gular variables in (59).

For example, in the case of a hard core [i.e., in the case
of the Dirichlet conditions (35) ], the boundary conditions
for § =3/2 are'”:

aTaII Up(lzl, Ly 1) lixi=c-0=0; }
UL(€C+0, |yl)=Ur(C—0, |y]),

(84)

where

Up= TL——;- f;igl ro WL,

We recall that 4 £, , is the integral operator (68) with the
kernel (73). Note that (84) is equivalent to the simpler con-
dition U, (C, |y|) =0, which it is convenient to use in nu-
merical calculations.

If the two-body interactions are specified by conditions
of the third kind, the boundary conditions for the partial-
wave components have the form

[arar+# Uzl 141) lsimcra =0, (85)

U (€=0, |y ) =0,

where 7' and * are, respectively, the parameters of the
boundary conditions in the triplet and singlet spin states of
the particle pair (2, 3).

Thus, the Nd scattering problem in the boundary-con-
dition model is described by the s-wave equations (71 ) and
(74), augmented by the boundary conditions (84) or (85)
and the asymptotic behaviors (77) and (80) of the compo-
nents at large distances.
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Numerical method

The algorithm for solving the boundary-value problems
formulated above is based on finite-difference approxima-
tion of Egs. (71) and (74) in polar coordinates. Such a
method was developed for the first time in Ref. 10 to calcu-
late nd scattering in a potential model. In Ref. 13, it was then
generalized to the pd system, and in Ref. 17 to nd scattering
in the boundary-condition model. We shall describe the
main aspects of the implementation of this method for the
example of quartet Nd scattering [Eq. (71)] in the potential
model.

First of all, in Eq. (71) we must explicitly separate from
the component W* the initial-state wave function y, [see
(78)]. As a result, (71) is reduced to an inhomogeneous
equation for the remainder ¥, = ¥* — y,, which differs
from (71) only by the substitution ¥*—¥; and the addi-
tion to the right-hand side of an inhomogeneous term:

@, = % ( }/'éﬁ —u (9)) XL_% VihEo, Loxe.

For the difference approximation of the equation for
the function ¥, in the quadrant |x|>0, |p| >0 we take a grid
having N, points {6;} on the arc p = const and N, + 1
points { p; } on the ray 8 = const. On a fixed arc p = p;, the
values of the functions ¥, and ®, at the grid points form
vectors U, I'? eR e with components U {’ =¥, ( p,, ;)
and I ? = ®, ( p;, 6;). The set of N, vectors U and I*”
specifies the values of the functions W, and @, at the grid
points on the first NP arcs, i.e., determines the vectors U,
IeR ™, N, =N, Ny

N ,\"p
oUH;, I= E @ I,

i=1 =

U= (86)
In such a representation, the finite-difference form of
Eq. (71) is the system of equations

LU0 4 (M, — E) US4 RUGD =[O, =1, ..., N,
U —Q, }

(87)
Here, L,, M;, R, are matrices of rank N,. The matrices L,
and R, are generated by the radial part of the Laplacian in
(71) and are therefore diagonal. The nondiagonal matrix M,
describes the contribution of the spherical part of the Lapla-
cian, the potential, and the integral operator A £ o Ol the
arcp =p;.

The system (87) can be written in the form

(H—E)U+HNDD"Nf'+":I, (88)
where H is a matrix of rank N, . It follows from (87) that it
is sparse and has a strip structure with strip width 2N,.

Thus, we have obtained the system (88) of N,,, equa-
tions for N,, + N, unknowns. The subsidiary relation that
selects a unique solution of this system follows from the
asymptotic behavior (77). It specifies the connection
between the values of the Faddeev component on two
successive arcs:

USD = WD - tay S0 10 (o), (89)
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where C = diag(c,,..., ¢y, ) is a diagonal matrix with the ele-
ments

e;=Q (w10 0:) 05" (pw,» 81).5

* (N, N 1) N, i N,
and T = @™ * " _ ¢ where ®”eR " are vectors
with components

DD = gq4 (p; cos 8;)Q" (o, sin 8, k).
The condition (89) reduces Eq. (88) to the form

HU =1 +%a,1, (90)
where the matrix H differs from H — E by replacement of
the block M,y by My, + CRy,, while the vector 7eR " has a
structure analogous to (86) but only the last component
1" is nonvanishing.

By virtue of the linearity, the solution of (90) is

U=U,+*%.U,, (91)
where the vectors U, are determined by the equations
AU,=1I; Byu,=T, (92)

in which the inhomogeneous terms are known. Since the ma-
trix H has a strip structure, Gauss’s algorithm can be used
effectively to solve Eqgs. (92).

Having determined the vectors, U, , we can then, by
means of the asymptotic behavior (77), find the elastic-scat-
tering partial-wave amplitude “a; . For this, we compare the
representations (77) and (91) in the region |x|<|y| (6—0).
In this region, the third term in (77) is much smaller than
the second if p N, is sufficiently large. Therefore, ignoring the
third termin (77) we obtain from (91) the following expres-
sion for *a :

tag, = [U(UNp)ii ((D(iwu) =z [U(in)]i)_i.
where the index i corresponds to small angles 6;.

Having calculated “a; in this way, we can then, using
(91), find the vector U"*’ corresponding to the values of
the function ¥, on the final arcp = py_ and then determine
the disintegration amplitude:

sy, (8) = (U — 10, 07 P) Q5 (px » O0)-

To increase the accuracy of the calculations, the grid
points must be distributed nonuniformly. The grid must be
dense in the region adjoining the axis |x| = 0 and more dis-
persed as |x|— 0. However, it is here important to observe
the consistency condition—the correction term of the
asymptotic behavior (77) must be much smaller than the
discretization error in the neighborhood of the boundary
p=px, e, (AR)*>p N, 32 Here, Ah is the minimal step in
the neighborhood of the boundary.

Results of calculations

In this section, we describe some results of calculations
of the characteristics of Nd scattering in models with differ-
ent types of NN interaction:

a) The potential model MT-I-II1,
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FIG. 3. Differential cross section of elastic pd and nd scat-
tering at £}, =2 MeV (a) and EY, = 10 MeV (b). The
continuous and broken curves represent pd and nd scatter-
ing with the potential MT-I-III; the open circles and black
triangles are, respectively, the experimental data for pd and
nd scattering.*'

Figure 4 gives the phase shifts ***'§, of Nd scattering
for the models MT-I-I1I and HCY. Figure 5 gives the inelas-
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whose parameters are given in Ref. 38.
b) The boundary-condition model for the hard-core
Yukawa potential (HCY)
) exp ( —

Rs, 1
|z
and for the hard-core exponential potential (HCE)
Vet (@) =Vet exp [(C — |z |)/R*t], |z|>C.

|z |
R 8

Vﬂ.‘(x)=vg-‘( ) lz|>C

The parameters of the HCY and HCE models are given, for
example, in Ref. 39.

c¢) The model with boundary conditions of the third
kind without a potential (BCM).

In this model, the parameters 7' of the boundary con-
dition in (85) are uniquely determined by the deuteron bind-
ing energy and the energy of the virtual state of the np sys-
tem:

= —0.04 F~!; 1t — (.23 F!.

Figure 3 shows the differential cross sections (81) of
elastic Nd scattering in the MT-I-III model. The discrepan-
cy between the theory and experiment for nd scattering at
small angles was already noted in the early studies of this
subject (for example, Ref. 40) and was attributed to the un-
realistic nature of potentials of the type (93).

ticity coefficients 25+ '5, for the potential MT-I-III. This
figure clearly illustrates the effect of the Pauli principle in
Nd scattering. As is well known, the Pauli principle prevents
the incident nucleon and the deuteron from approaching too
close to each other. Therefore, the disintegration channel
N +d—N + p + nisstrongly suppressed for S = 3/2. Asa
result, 1 — *3,, which characterizes the contribution of the
disintegration amplitude to the total $ matrix, is almost
equal to 0 in a fairly wide range of energies above the disinte-
gration threshold. For a similar reason, !z,
<" 95| ,4» at all energies, since the Coulomb repulsion in
the pd system also prevents close approach of the colliding
particles.

Figure 6 gives the doublet disintegration amplitudes
(82) for the potential MT-I-III. These same amplitudes for
nd scattering in the HCY and BCM models are shown in Fig.
7. The core radius C in the BCM was taken from Ref. 44
C=1.095F.

To compare the models, Table II gives the phase shifts
and inelasticity coefficients of nd scattering at a given ener-
gy. It can be seen that the MT-I-ITI, HCY, and HCE models
give very similar results. Within reasonable limits, the re-
sults in the BCM with core C = 0.4 F differ from them. But
for core radius C = 1.4 F, as proposed in Ref. 45, the BCM
results differ strongly from the other calculations and the

FIG. 4. Doublet and quartet phase shifts 25+ '5,,.
The continuous and broken curves represent pd
and nd scattering for the potential MT-I-I1I; the
chain curves are for nd scattering for the hard-
core Yukawa potential; the plus signs give the
data of a pd experiment,*” and the open circles
and black circles give the data of an nd experi-
ment.*

B
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FIG. 5. Doublet and quartet inelasticity coefficients 25+ !7,. The contin-
uous and broken curves represent pd and nd scattering for the potential
MT-I-III; the chain curve is the theoretical result of Ref. 40, and the
points are from the experiment of Ref. 43.

experimental data. Evidently, such a large core radius does
not correspond to the physics of the NN interaction at low
energies.

The Nd scattering lengths

The Nd scattering lengths are included among the fun-
damental characteristics of three-nucleon systems. Their
calculation can be naturally included in the framework of
the differential formalism. We describe briefly the corre-
sponding scheme.

The Nd scattering lengths are determined in accor-
dance with the effective-range expansion for the phase shifts
28 +18, of scattering with zero orbital angular momentum,
i.e., as the limit at zero energy of the function

a, (k) = — C-§ (n)k-'tan8+l §, (k), (94)

where CZ(n) = 2my/(exp(2my) — 1) (in the case of nd
scattering 7 =0, i.e., C, = 1).

Thus, solving Egs. (71) and (74) at several energies
near the threshold, we can find the Nd scattering lengths
2+14,., by extrapolating the function (94) to the point
k=0.

The nd scattering lengths were calculated on the basis
of the differential Faddeev equations in Ref. 46. For the po-
tential MT-I-III, for example, they were found to be %4,
=0.62 F and *4,, = 6.4 F,*® in very reasonable agreement
with the experimental data. For the same nuclear potential,

the pd scattering lengths were calculated in Ref. 47:
MUpq =103 F, - *4;, = 11.96 F. (95)

For comparison, we give the experimental values of these

o 1
IZJ"K ‘z, arb. units

Ooms . deg

FIG. 6. Squares of the moduli of the disintegration amplitude /% (6)
for S=1/2, L =0 for the potential MT-I-III. The continuous and
broken curves represent the pd and nd reactions at E 3, = 14.1 MeV.
The numbers next to the curves are the values of &.
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FIG. 7. Squares of the moduli of the doublet (&% ="2/%_,(8), k=1,
2) and quartet (o/9="2/%(8)) disintegration amplitudes for nd scat-
tering with L = O and E ¥, = 14.1 MeV. The continuous curves are for
the boundary-condition model without a potential, and the broken
curves are for the hard-core Yukawa potential. The numbers next to the
curves are the values of k.

scattering lengths:

@B); My =il 3 = 0.2 F;
(42): A,y =273 — 04 F,

‘4, = 11498 F
Upy = 1186404

In Table III, we give the results of calculation of the pd
scattering lengths by other authors. A two-particle approxi-
mation of the original problem was employed in Ref. 48, and
therefore its results have the nature of a qualitative estimate.
The studies of Refs. 49, 50, and 52 were based on the integral
formulation of the Faddeev equations in the momentum
space. In them, the nuclear interaction was specified by sep-
arable potentials of rank 1.

In Ref. 51, the differential Faddeev equations for the
(npp) system were also used. However, in contrast to Ref.
47, which was based on rigorous results on the asymptotic
behavior of the phase shifts in the limit k—0, in Ref. 51 the
Faddeev equations were solved directly at zero energy. To
do this, it was assumed that the components of the wave
function with zero energy have the same coordinate asymp-
totic behavior as in the two-body problem. It should be noted
that the doublet scattering length for the potential MT-I-III
obtained in Ref. 51 differs appreciably from (95).

Polarization effects in pd scattering

As we noted above in the derivation of the s-wave Fad-
deev equations, these equations are approximate for the pd
system. The approximation actually reduces to the replace-
ment of the Coulomb interaction of the incident proton with
the target proton by an interaction of the proton with the
deuteron center of mass. The most important consequence of
this approximation is that Egs. (71) and (74) do not take
into account the effect of the polarization of the deuteron in
the pd scattering process.*® In other words, the Hamiltonian
of the s-wave equations corresponds to an effective potential
V. of the proton—-deuteron interaction, this potential con-
taining asymptotically only exponentially decreasing cor-
rections to the Coulomb interaction.?® But the Hamiltonian
of the original Faddeev equations (60) corresponds to a po-
tential V_; containing the well-known slowly decreasing po-
larization term:
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TABLE II. The s-wave phase shifts >** '8, and inelasticity coefficients *** '3, for nd

scattering at E [, = 14.1 MeV for different models.

Core
Model ra‘:;ius’ F | 260 deg 2 45, deg -
MT-I-I11 — 104 0.38 69 0.99
BCM 1.4 52 0.88 59 1.0
BCM 0.4 149 0.48 90 0.95
HCY 0.4 103 0.40 77 1.01
HCE 0.4 100 0.40 79 1.014
v n Phu _ 8a e'my (94). Without allowance for polarization, it has a finite limit
eff(y)“"m—m‘"r'---; YT T (96) i 25+1
Yoo at zero energy, equal to the scattering length A, But

where « is the deuteron polarizability, a~0.6 F3>

It is clear that the polarization potential (96) depends
essentially on the characteristics of pd scattering at very low
energies, when the Coulomb barrier at large distances sup-
presses the contribution of the short-range nuclear interac-
tion. Therefore, the region of such energies actually deter-
mines the limit of applicability of the s-wave Faddeev
equations.

At the same time, the polarization effects at such ener-
gies lead to invalidity of the effective-range expansion for the
phase shifts.*® As a result, the function (94) in this case does
not have a finite limit as k<—0. By the same token, the pd
scattering lengths do not, strictly speaking, exist. How then
must we understand the scattering lengths (95) correspond-
ing to the s-wave approximation?

To answer this question, we must establish the energies
at which the polarization effects begin to play an important
part and how they then affect the low-energy characteristics
of pd scattering. It is clear that this influence will generate a
significant deviation of the phase shift >** '§, calculated by
solving the s-wave Faddeev equations from its exact value
25+ 15, The difference §, = 25+'5, — 25+ 1§, will determine
the contribution of the polarization potential to the phase
shift.

Atlow energies, the function §, (k) can be approximat-
ed by an explicit expression®* (see also Ref. 36):

b (k) ~ k% (n), o7
b (t) = 3at? (1 — cot mt) + 2t + 22 Imy'(1 -+ it) — 1/3¢,

where 1(z) is the logarithmic derivative of the gamma func-
tion.
We now consider the function ag determined by Eq.

TABLE III. Scattering lengths for pd

scattering.
Reference | 24,,, F 44,,, F

[48] 1.8+0.4 10.9
[49] — 13.3
[50] 2.0 13.0
[51] 0,15 13.8
[52] —0.68+0.17| 14.04-0.2
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allowance for the polarization effects (*5+!§,>>5+!'§5,
+ 8,) leads, through the asymptotic behavior (97), to ex-
ponential growth of the function ay:

8 (k) ~— et

e ¥ j2y8 p2n,
woog Lo

The dependence of the function a, , on the proton lab-
oratory energy is shown in Fig. 8. The polarization effects
radically change the behavior of the function a,,, at super-
low energies E{,, =10keV. At higher energies, the contri-
bution of the polarization potential is negligibly small. As a
result, the value of the function a,, is stabilized in a wide
range of energies. The quartet function a;,, behaves in exact-
ly the same way.

From this it is clear that the pd scattering lengths are to
be understood as the value of the function ag at not too low
energies E{ < 15keV. It is this region of energies that de-
termines the limit of applicability of the s-wave Faddeev
equations.

3. BOUND STATES OF THREE-PARTICLE SYSTEMS

One of the important properties of the differential Fad-
deev equations is that they provide a unified approach for
solving both scattering problems and problems of the bound
states of few-particle systems. In this section, we use the dif-
ferential formalism to calculate the characteristics of some
three-particle systems differing very greatly in the nature of
the interaction and the scale of energies. We consider the *H
and *He nuclei, an atomic system with a purely Coulomb
interaction—the positroniumion (e “e™e ™), and also three-
quark systems—baryons in the spin-parity multiplets
JE =1/27,372*,

ay, F
03—

2| # 10 20E5, , keV

FIG. 8. Dependence of the function 4, ;, on the proton laboratory energy
near the threshold.
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TABLE IV. Binding energy of the *H nucleus and Coulomb energy AE, of the *He
nucleus for different models. For the experiment: E(*H) = 8.48 MeV, AE. = 0.764

MeV.
Model Reference A E(*H), MeV A
e radius, F (H), Me E., MeV

MT-I-IIT * — 8.58 0.670
156] s 8.55 0.667
[57] — 8.5 —
[38] = 8.3 P~

BCM # 1.005 3.2t =
58] 1.095 4.05 —

HCY . 0.4 9.46 —_

The 3H and 3He nuclei

The ground state of the tritium and helium nuclei is
characterized by zero total orbital angular momentum
(L = 0) and total spin .S = 1/2. The wave functions of these
nuclei, as in the problem of Nd scattering, can be decom-
posed into three components W, , which satisfy the modified
Faddeev equations (60). By means of partial-wave analysis,
these equations can be reduced to the doublet s-wave equa-
tions (74) with L =0. The only difference between the
three-nucleon bound-state problem and the Nd scattering
problem is that Eq. (74) is augmented by a different asymp-
totic condition for the partial-wave components V{ at large
distances. Instead of (90), we must impose on them the con-
dition of decrease

¥ (p, 6)— 0, L=0,1,2 (98)
e

which in conjunction with the regularity requirement (76)

determines a unique solution of (74).

If the interaction of the nucleons is specified by the
boundary-condition model, (74) must also be augmented by
boundary conditions of the type (84) or (85).

For the numerical calculation of the characteristics of
the helium and tritium nuclei, a finite-difference approxima-
tion of (74) can be used. It is implemented in exactly the
same way as in the Nd scattering problem (see Sec. 2). The
condition of decrease (98) makes it possible to truncate the
system of algebraic equations of the type (88) at a fairly
large poax =PN,+1: ie., toset UMY —0in (88). We
then obtain a matrix eigenvalue problem:

(H —E)U=0.

TABLE V. Three-boson
binding energy in the
BCM with parameters
C=1.095F, ' =0.231

F—l
Reference E, MeV
. 10.3
[44] 12.69
129] 7.70
(58] 5.58
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We recall that the matrix H is obtained by discretizing
the Hamiltonian of (74), while the vector U specifies the
values of the wave-function components at the points of the
polar grid. The structure of the matrix H and the vector U is
described in Sec. 2.

Thus, the bound-state problem for three nucleons re-
duces to determination of the eigenvalues and eigenvectors
of the matrix H. It can be solved by any of the well-known
methods of matrix algebra. In our calculations, we used the
inverse iteration method.*® The effectiveness of this method
is due to the strip structure of the matrix H, which means
that its inversion at each step of the method requires com-
paratively few computational resources.

Table IV gives the results of some calculations of the
binding energy — E(*H) of the tritium nucleus and the
Coulomb energy AE, = E(*H) — E(*He) of the helium nu-
cleus in the various models described in Sec. 2. Our result is
identified by the asterisk. The differential Faddeev equations
were also used in Refs. 56 and 57. The integral equations for
the components was solved in Ref. 58 by means of an itera-
tive method based on the construction of Padé approxi-
mants.

From the point of view of the analysis of a model of
boundary conditions of the third kind, it is also of interest to
calculate the binding energy of three bosons possessing nu-
cleon masses in the BCM. For such a system, separation of
the angular variables reduces the original differential Fad-
deev equations (58) to a single equation on a plane analo-
gous to Eq. (71). This equation is augmented by the bound-
ary conditions (85). Solving the resulting eigenvalue
problem, we obtained the binding energy given in Table V.
Also given there are the results obtained by other methods.

The positroniumion e e*e~

We consider the ground state of the e e e system,
which is characterized by zero total orbital angular momen-
tum (L = 0) and total electron spin equal to 1. To be specif-
ic, we label the particles in such a way that pair @ = 1 con-
tains the two electrons and the pairs @ = 2 and 3 contain an
electron and a positron. In the standard manner [see (2)],
we then decompose the wave function WV of the system into
the three Faddeev components WV, . On account of the Pauli
principle, the coordinate part of the wave function must be
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symmetric with respect to interchange of the electrons:

Wiryrogr) =Q¥ (r, ry, 13) =¥

(r1s Ty, Ta),

where Q is the operator that interchanges particles 2 and 3.
Therefore, the components ¥, must satisfy the conditions

Y, =Q¥; ¥, =0V, 99)

The relations (99) make it possible to reduce the Fad-
deev equations (3) to two equations for the components
Wiat

(—A—l—Vi—E)q‘r;-_—' "*171(1'}‘0)11;2; }

100
(—A+V,—E)¥,= —V, (¥, +Q¥,), e

where ¥, is the Coulomb interaction in pair a.

To reduce Eq. (100) to a form suitable for numerical
calculations, we must separate the angular variables. To this
end, we expand the components ¥, , with respect to the hy-
perspherical basis (67). Since L = 0, only the term in these
expansions with 4 = 1 are nonzero. At the same time, by
virtue of the symmetry condition (99), only terms with even
/ must occur in the partial-wave expansion (69) of the com-
ponent W¥,.

When the angular variables have been separated in
(100), we obtain an infinite system of integro-differential
equations for the partial-wave components ®/ =¥".

(Hy+V,—E) D) = —V, ; fl?z, D5; |

1 A
"jvz{?(“ 1)* h gk. u®i !(101)
)

R, =0 s 2

(Hu+Vy— E) @ =

'}L‘ E (Wl)m ;;?le]h.mmq)gl} H

(=0, 2, 4.

where the operators H, are determined in (72), and & B
are the integral operators (68).

A unique solution of the system (101) is fixed by
boundary conditions of the type (76) and (98).

In numerical calculations, the system (101) must be
truncated, i.e., partial-wave components ®. with only the
first few values of / are taken into account in it. The results of
our calculations showed that to achieve an error in the calcu-
lations of order 1% it is sufficient to retain in (101) only the
three equations for the components @}, ®9, and ®.. The
kernels of the corresponding integral operators /9 anane in
these equations have the form

o, 00 = 3 R, g0 (8, 0') = 4P, (u) ;
ho, 118, 0) = —=— (VT cos 20— P, (u) sin 26};
YT (3 0)

= ey (50 203V 3Py () cos 20 + 2P, (w) sin 29},

where P, are Legendre polynomials, and the parameter  is
defined in (73).

Solving numerically the system (101) by the method
described briefly at the beginning of this section, we can cal-
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TABLE VL. Binding energy and width of two-pho-
ton annihilation of the positronium ion. The experi-
mental value: ', = 2.09 4 0.09 nsec ™' (Ref. 59).

Reference E, a.e. T,,, nsec™!
¥ 0.267 2t
[60] 0.26451 =
[61] 0.26208 -2
162} 0.2620045 2.0908
[63) 0.2620045 2.0861

culate the binding energy — E and the wave function of the
e~ eTe” system, and also all its physically interesting char-
acteristics, for example, the width of two-photon annihila-
tion

i 7 9 L —
Iy = 2nat (ain) [ | —a (%—1—;)] W :
where a is the fine-structure constant, and a, is the Bohr
radius.

Our values of Eand I',,, areidentified in Table VI by the
asterisk. Also given there are the results of other authors.
Integral Faddeev equations in which the two-particle ¢ ma-
trix was approximated by a series of Sturm functions were
used in Ref. 60. The adiabatic technique of two-center ex-
pansions was used in Ref. 61. In the variational calculations
of Refs. 62 and 63, a Hylleraas basis with N = 125 and
N = 250 terms, respectively, was used.

Baryons in the nonrelativistic quark model

One of the important applications of the differential
Faddeev equations is to calculations of the static characteris-
tics of baryons in the nonrelativistic quark model
(NRQM)."'®'® The use of equations based on the original
dynamical formulation of the problem makes it possible, in
particular, to separate the difficulties associated with the
technique of three-particle calculations from the restrictions
inherent in the NRQM itself. Omitting a discussion of these
restrictions, which are mainly associated with the extrapola-
tion of the NRQM to the region of quarks of light flavors, we
analyze briefly the most popular methods of solution of the
spectral problem for the three-quark energy operator.

The main shortcoming of the harmonic-oscillator mod-
el (HOM) is the systematic use of oscillator wave functions
despite the fact that the quark—quark potential at large dis-
tances is evidently not quadratic.%* Another difficulty of the
HOM is the need to eliminate the defects of the wave func-
tions and the extreme degeneracy of the spectrum by intro-
ducing into the model anharmonic corrections,®® which lead
to a complicated technique of decouplings and mixings. As a
result, the connection between the properties of the baryons
and the dynamics on which the model is based is lost.

The alternative variational method of Ref. 66 is fairly
effective, especially for baryons constructed from quarks of
different masses, because the asymmetry of the system can
be parametrized in advance. However, it is difficult to esti-
mate the convergence of the variational calculations, since
the control is realized only for one fixed parametrization of
the trial functions.
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Finally, the method of hyperspherical expansions,®*¢’

which can be used for calculations in the NRQM, has, as is
well known, rapid convergence only for gg interactions that
are not too singular at short interquark distances. The con-
vergence of the method is already much less good for poten-
tials ¥, (x) possessing a Coulomb singularity as |x|—0.
This circumstance greatly restricts the class of potentials for
which the method is effective.

The Faddeev method in the configuration space is free
of the shortcomings listed above; it is a convenient tool for
investigating the bound-state problem in three-quark sys-
tems with two-body or three-body interactions of any type.
A further advantage of the Faddeev method is the fact that
the Faddeev components are smoother functions of the co-
ordinates than the total wave function. This feature of the
differential Faddeev equations is decisive for the attainment
of a high accuracy of numerical solution of the three-quark
spectral problem on a computer.

In the present section, we describe some results ob-
tained by solving the Faddeev equations for baryons of the
spin—parity multiplets J © = 1/2*, 3/2* under the assump-
tion ¥, = 1/2 V,. Omitting here a discussion of the valid-
ity of this last relation,*”®® we consider some of the most
frequently employed potentials: the Bhaduri potentials,*
the Richardson potential,®” and the Martin potential.”® Be-
sides the mass spectrum, we also calculate structural param-
eters of the baryons which characterize the “quality” of the
wave functions: the charge radii, the electromagnetic form
factors, and the quark distribution functions.

For simplicity, we consider baryons consisting of
quarks of equal masses, and introduce the operators Z * of
cyclic permutation (63) of the particles. Defining the opera-
tor? =P+ + P, P*=F,wewrite the Faddeev equa-
tions in the form

(—A+V,—E)¥,=—V,#¥,, a=1,23, (102)
where ¥V, and & are operators in the complementary spin—
isospin—color space %" = %", ® #, ® J .. The compo-
nents W, €5 are related to each other by the operators 7 =
and generate the total wave function ¥ in accordance with
(62).

Note that the operator H= — A+ V, + V, # isnot
symmetric, since the operators & and ¥, do not commute.
However, the readily verified relation 77 H = H* % makes

it possible to show that the eigenvalues of the operator H are
real.

We fix the coordinate system in R °, choosing the Jacobi
coordinates x,,, , corresponding to pair & = 1, and intro-
duce the operator Q, 0(123) = (132);Q Z* =% = Q.In
accordance with the Pauli principle, the total wave function
V¥ is antisymmetric and, therefore, after separation of the
color degrees of freedom the component U=Y¥, must be
symmetric with respect to interchange of the quarks of pair

= It

QU =U. (103)

We shall denote the Jacobi coordinates in pair & = 1 by
x, ¥, and the corresponding orbital angular momenta by /
and A: I ® A = L. The total spin S and isospin T take the
values 1/2 and 3/2. The total orbital angular momentum L
is combined with the total spin S into the total angular mo-
mentum J =L & S. The conservation of the spin § in the
strong interactions makes it possible to consider the multi-
plets J© = 1/2%, 3/27 separately. On the other hand, the
parity P = ( — 1)* *'of the state imposes a restriction on the
possible values of / and A. For example, for the multiplet
J? =1/2" we obtain from (103) the condition

ey, 1 Q | %) = (—1)Y,

where {e;, } is the basis of spin—isospin states of the system
that we described in Sec. 2.

Using the decomposition of the component U with re-
spect to the orthogonal basis {’e; ® |AIL )} [see (67)],
we obtain for the partial-wave components U}/ correspond-
ing to the baryons of the J ¥ = 1/2" multiplet the system of
integro-differential equations

(Hy -+ VE—E) U

»qq W &L + it
= —Vi - b, aoe P, v Udne,
RTI

(104)

(105)

where the operator H;, is determined in (72),

Vi = Cewn | Vg |2 €m); Pin, inr = (Cesn | ¥ 12einr).

and i %, ;. is the integral operator (72).

In numerical calculations, the system (105) must be
truncated with respect to the angular momenta at certain
=1, A =4, For s-wave baryons, L =0 and, therefore,
A = [. The minimal truncation of the system (105) corre-

TABLE VII. Baryon mass spectrum (GeV) for different models of the quark—quark

potential.
Model
Baryon, J * M Bl BIL
* [73] * | [66] * 166]
A, 3/2¢ 1.241 — 1.229 1.231 1.205 1.234
N, 1/2* 1.244 — 0.896 0.939 0.912 1).939
Q, 3/2* 1.647 1.621 1.694 1.695 1.655 1.668
Q*, 3f2* 2.112 2.139
ote, 27 4.770 4.776
cec*, 3/2% 5.237 5.254
bbb, 3/2* 14.323 14.326
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TABLE VIIL Structural characteristics of baryons for different models of the quark—

quark potential.

Characteristics {0 RM BIIL
My, iy MeV 282 405 336
msg, MeV 616 642 582
A, MeV 448 335 -
mpy, MeV 939 a3 912
my. MeV 1232 1232 1205
mg. MeV 1672 1672 1655
G 0.469 0.511 0.620
{30 B2 —0.021 —0.022 —0.029
v2/cd 1.93 0.58 0.50

sponds to retention of only the components U, In the
J* =1/2% multiplet, the condition (104) entails U ®=0
forisk, k < 2;in addition, the component U9, correspond-
ing to T' = 3/2, vanishes. Thus, the system (105) reduces to
a system of two equations for the components U, U%.
Similar equations can be obtained for the baryons of spin and
parity J ¥ = 3/2,

A unique solution of the system (105) is fixed by the
boundary conditions of regularity ( 76) and decrease (98) of
the partial-wave components.

The system of equations (105) was solved numerically
by the method of finite-difference approximations for the
Bhaduri potentials I, II, (BI, BII), the Martin potential
(M), and the Richardson potential (R). The parameters of
the potentials are described in Refs. 66, 69, and 70; we fitted
the parameters of the Richardson potential by means of the
N, A, and Q™ masses. We shall discuss in more detail the
Richardson model:

s ok S E
V(@) =g A (Alz] e = (106)
where

4 r sin gt 1 -3
fl= g Ve e i
0
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FIG. 9. Density of the charge distribution in the neutron. The contin-
uous curve corresponds to the potential BII in the nonrelativistic quark
model, and the broken curve to the result of the bag model of Ref. 74.
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and 7y is the number of flavors. We choose 7, = 3 (see Ref.
71), and there then remains the single adjustable parameter
A (in Richardson’s original study of Ref. 69, A = 398
MeV). In accordance with (106), we can make the decom-
position

Vo=al|z|, V, =V =V,

where ¥, is the fourth component of the vector potential,
and ¥, is the scalar part of the potential.

In accordance with this decomposition, we determine
two types of spin-spin interaction: “electric” ¥ *and “mag-
netic” V'3

2 trcilien s Vl:;
3"!% (S!‘Sf] A I!l: = .Vs‘

788 i
I’ L% S

The two types of spin-spin interaction generate, respective-
ly, two Richardson models; the first is the RE model

Ve, =TV T
and the second is the RM model

Vg =V 4+ Ve Ve,
where ¥V, = — (2/3)y27/3 Ae'?*~7; ¥ is Euler’s con-
stant.”

With the potentials listed above, we calculated the mass
spectrum of some s-wave baryons (Table VII). Our results

af

11
<t

o a2 oy 0.6 a.8

i

| 0’2 GeV?

FIG. 10. Neutron electric form factor. The continuous, broken, and
dotted curves represent the potentials BII, RE, and RM in the nonrelati-
vistic quark model; the open triangles, open circles, crosses, open
squares, and black circles are data from the experiments of Refs. 75 and
76.
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30 g% Gev

FIG. 11. Neutron magnetic form factor. The continuous, broken, and
dotted curves correspond to the potentials BII, RE, and RM; the black
circles and open triangles represent the data of the experiments of Refs.
76 and 77.

are in satisfactory agreement with the calculations of other
authors. It should be emphasized that for the potential BI
the three-particle problem for the baryons A and £~ can be
solved exactly. Thus, these baryons served for us as “bench
marks” in the model BI. The practically exact coincidence of
our numerical results with the exact solution indicates the
high efficiency of the Faddeev method and makes it possible
to estimate the error of our calculations at not above 0.5%.

The wave functions obtained as a result make it possible
to calculate characteristics of the baryons that are more dif-
ferentiated than the mass spectrum: the charge radii and
3% = (v/c)? for the neutron and proton (Table VIII), and
also the charge distribution in the neutron (Fig. 9). For
comparison, Fig. 9 also gives the charge-distribution density
in the neutron calculated in the bag model.” With the
known charge densities of the nucleon, we obtain the electro-
magnetic form factors of the neutron (Figs. 10 and 11) and
proton (Fig. 12). For small momentum transfers 0* s 1-2
GeV?, the results of the calculations are in satisfactory
agreement with the experimental data.

We emphasize that in the present section we have inves-
tigated only the s-wave baryons and some of their character-
istics. It would clearly also be interesting to investigate the
effects of including the pion field in the original version of
the NRQM, to calculate the amplitudes of the radiative tran-
sition A—Ny and weak transition A—pev, to take into ac-
count the effects of the inclusion of three-particle and tensor
forces, etc. All these effects can be calculated with guaran-

Q%63 /pp, GeV4 {/
I,

o ,f',.-"
- /,:.." f ®
il A

T

7
art- e

| |

|
0 0z 4§ 10 §%Gev:

FIG. 12. Proton magnetic form factor. The continuous, broken, and

dotted curves correspond to the potentials BII, RE, and RM. The ex-
perimental points are from Ref. 78.
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teed accuracy on the basis of the differential Faddeev equa-
tions.
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