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An extended exposition of the relativistic theory of gravitation (RTG) proposed by Logunov,
Vlasov, and Mestvirishvili is presented. The RTG was constructed uniquely on the basis of the
relativity principle and the geometrization principle by regarding the gravitational field as a
physical field in the spirit of Faraday and Maxwell possessing energy, momentum, and spins 2 and
0. In the theory, conservation laws for the energy, momentum, and angular momentum for the

matter and gravitational field taken together are strictly satisfied. The theory explains all the
existing gravitational experiments. When the evolution of the universe is analyzed, the theory
leads to the conclusion that the universe is infinite and flat, and it is predicted to contain a large
amount of hidden mass. This missing mass exceeds by almost 40 times the amount of matter
currently observed in the universe. The RTG predicts that gravitational collapse, which for a
comoving observer occurs after a finite proper time, does not lead to infinite compression of
matter but is halted at a certain finite density of the collapsing body. Therefore, according to the
RTG there cannot be any objects in nature in which the gravitational contraction of matter to

infinite density occurs, i.e., there are no black holes.

INTRODUCTION

The present paper is devoted to an exposition of the
fundamentals of the relativistic theory of gravitation (RTG)
constructed in the papers of Ref. 1. Before we present the
fundamentals of the theory, we briefly discuss some funda-
mental propositions of the general theory of relativity (GR).

When he created the general theory of relativity, Ein-
stein took as his point of departure the principle of the equiv-
alence of inertial and gravitational forces. He formulated
this principle as follows (Ref. 2, p- 423): *...for an infinitesi-
mally small region, coordinates can always be chosen in such
a way that there will be no gravitational field in the region.”
In formulating the equivalence principle, Einstein already
departed from the concept of the gravitational field as a Far-
aday-Maxwell field. This was later reflected in his introduc-
tion of the pseudotensorial characteristic -rf, of the gravita-
tional field. Later, Schrodinger* showed that for an
appropriate choice of the coordinate system all the compo-
nents of the energy-momentum pseudotensor 71, of the gravi-
tational field outside a sphere vanish. In this connection,
Einstein wrote (Ref. 2, p. 627): “With regard to Schro-
dinger’s arguments, their conviction derives from the ana-
logy with electrodynamics, in which the strengths and ener-
gy density of any field are nonzero. However, I can find no
reason why it should be the same for gravitational fields.
Gravitational fields can be specified without introducing
strengths and an energy density.” It can be seen from this
that Einstein deliberately gave up the concept of the gravita-
tional field as a physical Faraday-Maxwell field, since this
field, as a material substance, cannot be eliminated by any
choice of the frame of reference.

Since the concept of an energy-momentum-tensor den-
sity for the gravitational field is absent in GR, it is not possi-
ble in that theory to introduce a conservation law for the
energy and momentum of the matter and the gravitational
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field taken together. It was Hilbert who first emphasized this
circumstance. He wrote® : “I assert...that for the general the-
ory of relativity, i.e., in the case of general invariance of the
Hamilton function, energy equations that...correspond to
the energy equations in orthogonally invariant theories do
not exist at all, and I could even take this circumstance as a
characteristic feature of the general theory of relativity.”
Some authors still do not understand this; others do and
regard it as the most important fundamental step taken by
the general theory of relativity, overthrowin g concepts such
as energy. The abandonment of the concepts of energy and
momentum density of the gravitational field leads in GR to
the impossibility of localization of the gravitational field en-
ergy. But the absence of such localization and of conserva-
tion laws leads to the absence of the concept of gravitational
waves and a flux of gravitational radiation. This means that
the transport of gravitational energy in space from one body
to another is impossible.

According to the philosophy of GR, the relativity prin-
ciple is invalid for gravitational phenomena. It was in this
central point, almost 70 years ago, that Einstein and Hilbert,
constructing GR, took the fundamental step from the spe-
cial theory of relativity, leading to the rejection of conserva-
tion laws for energy, momentum, and angular momentum,
and also to the appearance of unphysical concepts such as
the nonlocalizability of gravitational energy and much else
having no bearing on gravitation. These two great scientists
abandoned the remarkable simplicity of Minkowski space,
which possesses the maximal (10-parameter) group of mo-
tion of space and entered the jungle of Riemannian geome-
try, into which subsequent generations of physicists interest-
ed in gravitation have been inveigled.

Thus, in accepting GR, we must give up a fundamental
principle—the energy-momentum conservation law for the
matter and the gravitational field—and also the concept of a
classical field. But this is a very great loss, and we should be
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irresponsible if we were to agree to it without the necessary
experimental foundations. There is but one way out—to give
up GR.

In Refs. 6-11 it was shown that since GR does not and
cannot have energy-momentum conservation laws for the
matter and the gravitational field taken together, the inertial
mass defined in Einstein’s theory does not have physical
meaning, the flux of gravitational radiation, as defined in
GR, can always be annihilated by an appropriate choice of
an admissible frame of reference, and therefore Einstein's
quadrupole formula for radiation of the gravitational field is
not a consequence of GR. In principle, it does not follow
from GR that a binary system loses energy through gravita-
tional radiation. General relativity does not have the classi-
cal Newtonian limit, and therefore it does not satisfy one of
the most fundamental principles of physics—the correspon-
dence principle. This then is the consequence of the absence
in GR of energy-momentum conservation laws; this is what
one finds by eschewing dogmatism and seriously pondering
the essence of the problem and making a detailed analysis.

All this shows that GR cannot be a physical theory,
since from the point of view of physics it is logically contra-
dictory, and therefore it also leads to a number of conclu-
sions contradicting experience. On the other hand, it does
have something attractive about it—the concept of the Rie-
mannian geometry of space-time. The problem of construct-
ing a theory of gravitation on the basis of field notions in the
spirit of Faraday and Maxwell using an effective Rieman-
nian space—time and satisfying all the requirements imposed
on a physical theory is an urgent problem.

Our theory, in contrast to GR, is based on the relativity
principle, which was advanced by Henri Poincaré as a uni-
versal principle for all physical processes and formulated as
follows'?: “The laws of physical phenomena will be the same
for both an observer at rest and an observer in a state of
uniform translational motion, so that we do not have and we
cannot have any means of establishing whether we are in
such motion or not.”

In such a formulation, it would appear that the relativi-
ty principle cannot be applied to accelerated frames of refer-
ence. Moreover, Einstein asserted that in this case it would
be necessary to go over to general relativity. However, this is
not correct. As was shown in Ref. 13 (p. 126), the discovery
by Poincaré and Minkowski of the pseudo-Euclidean geom-
etry of space-time makes it possible to formulate a general-
ized relativity principle: “‘...whatever physical frame of ref-
erence we choose (inertial or noninertial), it is always
possible to find an infinite set of other frames of reference
such that in them all physical phenomena take place in the
same way as in the original frame of reference, so that we do
not have and we cannot have any experimental possibilities
of distinguishing in which one of this infinite set of frames of
reference we are.” This means that for the description of
physical phenomena in Minkowski space we can, depending
on the physical problem, choose any appropriate frame of
reference adequate for the problem and, therefore, specify a
corresponding metric tensor 7, of Minkowski space. Why
did Einstein not understand this? This is evidently explained
by the fact that he interpreted the theory of relativity only
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through the postulate of the constancy of the velocity of light
in Galilean coordinates and identified accelerated frames of
reference with gravitation on the basis of the equivalence
principle.

Our theory is based on the idea of the gravitational field
as a physical field in the spirit of Faraday and Maxwell—
possessing energy, momentum, and angular momentum.
Thus, the gravitational field is analogous to all other phys-
ical fields and is characterized by its own energy-momen-
tum tensor of the system. We regard the gravitational field as
a physical field with spins 2 and 0, the asymptotically free
gravitational field having helicities + 2. The space—time ge-
ometry for all physical fields is pseudo-Euclidean (Min-
kowski space).

Thus, the conservation laws for energy, momentum,
and angular momentum hold strictly for a closed system.
This is another fundamental difference between our theory
and Einstein’s.

Another important question which arises in the con-
struction of a theory of gravitation is that of the interaction
of the gravitational field with matter. The gravitational field,
as we now believe, is universal: It acts in the same manner on
all forms of matter. We base our theory on the geometriza-
tion principle,'*' according to which the equations of mo-
tion of matter under the influence of the tensor gravitational
field ®* in Minkowski space with metric tensor ¥ can be
represented identically as the equations of motion of the
matter in an effective Riemannian space—time with metric
tensor g’ that depends on the gravitational field ®* and the
metric tensor ¢ . In this manner, we introduce the notion of
an effective Riemannian space of a field nature. This force
space is created in the RTG with strict observation of the
conservation laws and arises because of the presence of the
gravitational field and a definite universal nature of its ac-
tion on matter. The curvature of this dynamical Riemannian
space, as a secondary space, arises by virtue of the geometri-
zation principle and is a consequence of the action of the
gravitational field. Of course, this force Riemannian space
will not in the general case have any group of motions.

On the basis of Minkowski space and the geometriza-
tion principle the Lagrangian density can be represented in
the form

L=L, %, ")+ Ly @* @),
where ®* =\ — y®™ is the tensor density of the field vari-
able ®* of the gravitational field, 3* = — gg' is the den-
sity of the metric tensor g’ of the Riemannian space,
9% = —yy* is the metric-tensor density of the Min-
kowski space, and ®, are the matter fields.

In the RTG, the Lagrangian density L, of the gravita-
tional field depends on the metric tensor * and the gravita-
tional field @, and therefore it differs in principle from GR,
in which the Lagrangian density depends only on the metric
tensor g* of the Riemannian space. Thus, the Lagrangian
density of the gravitational field is not fully geometrized in
our theory, whereas in GR it is.

As will be shown below, the concept of the gravitational
field as a field possessing an energy-momentum density and
spins 2 and 0 makes it possible, in conjunction with the geo-
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metrization principle, to construct the relativistic theory of
gravitation (RTG) uniquely. Such a theory changes the
ideas about space and time formed under the influence of
GR, leads us out of the jungle of Riemannian geometry, and
in spirit corresponds to modern theories in the physics of
elementary particles. As a consequence of our theory, Ein-
stein’s general principle of relativity is devoid of physical
meaning and does not have any content.'® In the exposition
of a number of problems below, we follow Ref. 11.

1. CRITICAL REMARKS ABOUT THE EQUIVALENCE
PRINCIPLE

In the Introduction, we drew attention to the logical
presuppositions that must necessarily lead (and do indeed
lead) to a number of difficulties in general relativity. These
questions were discussed earlier in detail in Refs. 4-11 and
15. In this section, we intend, following Refs. 6-11, to con-
sider some of them and prove the inability of GR to over-
come these difficulties.

We begin with a discussion of the equivalence principle.
In the scientific literature, there is still no common opinion
about the content of the equivalence principle and the part
which it plays in GR. Some regard it as the basis of GR,
while others note its restricted nature. Einstein himselfin the
first stage in the creation of his theory used as a heuristic
argument the analogy between fields of inertial forces and a
gravitational field. It is true that in their effect on the me-
chanical motion of bodies these fields have much in com-
mon: The motion of bodies under the influence of a gravita-
tional field is indistinguishable from their motion in an
appropriately chosen noninertial frame of reference; in both
fields, the acceleration of bodies does not depend on their
mass and composition. This last circumstance gave Einstein
the ground for asserting the exact equality of the passive
gravitational and inertial masses of bodies, and also stimu-
lated him to the formulation of the equivalence principle.

He wrote (Ref. 2, p. 227): “The theory presented here
arose on the basis of the conviction that the proportionality
of the inertial and gravitational masses is an exact law of
nature that must find its reflection already in the bases of
theoretical physics. I attempted to express this conviction in
a number of earlier papers, in which I attempted to reduce
gravitational mass to inertial mass; this attempt led me to the
conjecture that a gravitational field (homogeneous in an in-
finitesimally small volume) can physically always be com-
pletely replaced by an accelerated frame of reference. This
hypothesis can be formulated in a perspicuous manner as
follows: An observer in a closed box cannot in any way estab-
lish whether the box is at rest in a static gravitational field or
is in a space free of gravitational fields but moves with an
acceleration due to forces applied to the box (equivalence
hypothesis).”

Thus, from Einstein’s point of view the only difference
between fields of inertial forces and the gravitational field is
in the different external cause producing them: The former
are a consequence of the noninertiality of the frame of refer-
ence used by the observer, whereas material bodies are the
source of the latter. However, in Einstein’s opinion, these
fields have an equivalent influence on all physical processes,
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and therefore in other respects they are indistinguishable.
This assertion, in its turn, created the illusion of the possibil-
ity of eliminating the influence of a gravitational field on all
physical phenomena, by analogy with the annihilation of
fields of inertial forces, by a transformation of the space-
time coordinates.

Characteristic in this sense is Pauli’s statement (Ref.
16, p. 204): “Originally, the equivalence principle was estab-
lished only for homogeneous gravitational fields. In the gen-
eral case, it can be formulated as follows: For an infinitesi-
mally small region of the four-dimensional world (i.e., for a
region so small that spatial and temporal variations of the
force of gravity in it can be ignored) there always exists a
coordinate system K, (X,, X,, X5, X, ) such that in it the
force of gravity affects neither the motion of a material point
nor any other physical processes. Putting it briefly, in an
infinitesimally small region of the world any gravitational
field can be annihilated by means of a coordinate transfor-
mation.” A similar assertion can be found in Einstein’s writ-
ings (Ref. 2, p. 423): .. for an infinitesimally small region,
the coordinates can always be chosen in such a way that
there will be no gravitational field in it. One can then assume
that in such an infinitesimally small region the special theory
of relativity holds. In this manner the general theory of rela-
tivity is related to the special theory of relativity, and the
results of the latter can be transferred to the former.”” Subse-
quently, these erroneous assertions migrated almost un-
changed into a number of textbooks. However, inertial
forces and gravitational forces are completely different in
their nature, since the curvature tensor for the former is
identically equal to zero and for the latter is nonzero. There-
fore, the influence of the former on all physical processes can
be completely eliminated in the whole of space (globally) by
going over to an inertial frame of reference, whereas the in-
fluence of the latter can be eliminated only in local regions of
space and not for all physical processes but only for the sim-
plest—those for which the curvature of space-time does not
occur in the equations.

Therefore, on the one hand, the equivalence principle
for processes with the participation of particles with higher
spins is incorrect, since the curvature tensor occurs explicit-
ly in the equations for these fields. On the other hand, the
equivalence principle is also not applicable to extended bo-
dies having a size sufficiently great for the deviation of the
geodesics corresponding to the extreme points of the body to
be manifested. Since the deviation equation contains the cur-
vature tensor, inertial forces and gravitational forces will
also not be equivalent for the mechanical motion of an ex-
tended body.

The merit of having played the main part in clarifying
these questions is due to Eddington (Ref. 17, p. 74), who
pointed out that “the equivalence principle played a large
part in the construction of the general theory of relativity,
but now that we have developed a new view of the nature of
the world it has become less necessary...it is essentially a
hypothesis that must be tested experimentally every time
that is possible. In addition, this principle must be regarded
as a guess rather than a dogma that admits no exceptions. It
is possible that some phenomena are determined by compar-
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atively simple equations that do not contain the components
of the curvature of the world; these equations have the same
form for flat and curved regions of the world. It is to such
equations that the equivalence principle applies.” However,
one cannot assert the complete equivalence in the descrip-
tion of physical phenomena in a gravitational field and in a
noninertial frame of reference of pseudo-Euclidean space—
time, since *...there exist more complicated phenomena sa-
tisfying equations containing the components of the world
curvature. The terms containing these components will be
absent in the equations describing experiments made in flat
regions; but on the transition to the general case these terms
must be recovered anew. Obviously, there must exist such
phenomena that permit one to distinguish a flat world from a
curved one; otherwise, we could know nothing about the
curvature of the world. To these phenomena, the equiv-
alence principle does not apply.”

Thus, the equivalence principle, understood as the pos-
sibility of eliminating the gravitational field in an infinitesi-
mally small region, is not correct, since space-time curva-
ture, if it exists, cannot be eliminated by any choice of the
coordinate system, even to a specified accuracy. In addition,
a gravitational field and fields of inertial forces do not have
the same influence on all physical processes.

It should be noted that Einstein subsequently reviewed
his point of view about the equivalence principle and no
longer asserted complete equivalence of fields of inertial
forces and the gravitational field, pointing out that fields of
inertial forces (noninertial systems) are only a special case
of gravitational fields satisfying the Riemann conditions
R . =0.Hewrote (Ref. 3, p. 661): “There exists a special
case of space whose physical structure (the field) we can
assume to be known exactly, on the basis of the special the-
ory of relativity. This is the case of flat space, in which there
are neither electromagnetic fields nor matter. It is complete-
ly determined by its ‘metric’ property: let dx,, dy,, dzy, dt
be the coordinate differences of infinitesimally close points
(events); then

ds? = daj§y+ dy} -+ dzg—diy (1.1)
can be measured and its value does not depend on the con-
crete choice of the inertial system. If in this space we intro-
duce new coordinates x, , x,, X3, X, by a transformation of
general form, then ds” for the same pair of points will have
the form

ds® = g;,drida® (1.2)
(here, summation over / and k£ from 1 to 4 is understood),
and g, = g;- Then the quantities g, , which form a ‘sym-
metric tensor’ and are continuous functions of x, ,...,x,, de-
scribe, in accordance with the ‘equivalence principle,’ a spe-
cial case of the gravitational field [namely, a field that one
can again transform to the form (1.1) ]. If we use Riemann’s
studies on metric spaces, the properties of a field g;;, ofsucha
kind can be exactly characterized (by ‘Riemann’s condi-
tion’).

“However, we seek conditions that gravitational fields
of ‘general’ form satisfy. It is natural to assume that they can
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also be described as tensor fields of the type g;;, which do not,
in general, admit transformation of the line element to the
form (1.1), i.e., satisfy not Riemann’s condition but weaker
conditions, also, like Riemann’s condition, independent of
the choice of the coordinates (i.e., invariant with respecttoa
transformation of general form). Simple formal consider-
ations lead to weaker conditions, which are intimately relat-
ed to Riemann’s condition. These conditions are the re-
quired equations for a purely gravitational field (in the
absence of matter and electromagnetic fields).”

Thus, Einstein changed the physical meaning of the
equivalence principle, although this circumstance appears to
have remained unremarked for many.

However, in the period of the creation of general rela-
tivity Einstein was entirely guided by the equivalence princi-
ple in its original formulation, which, therefore, played a
heuristic role in the construction of the theory (Ref. 2, p.
400): “The entire theory arose on the basis of the conviction
that in a gravitational field all physical processes take place
in exactly the same way as without a gravitational field but in
an appropriately accelerated (three-dimensional) coordi-
nate system (‘equivalence hypothesis’).”

Since at that time it was known, by virtue of Minkows-
ki’s discovery, that different (and in the general case nondia-
gonal) space-time metrics correspond to different frames of
reference, Einstein and Grossman (Ref. 2, p. 399) conclud-
ed that the field variable for the gravitational field must be
assumed to be the metric tensor of a Riemannian space—
time, and it must be determined by the distribution and mo-
tion of matter.

Thus, there arose the idea of a connection between the
space-time geometry and matter.

On the basis of these considerations, Einstein and
Grossman attempted, purely intuitively, to establish the
form of the equations connecting the components of the met-
ric tensor of the Riemannian space-time to the matter ener-
gy-momentum tensor. After long unsuccessful attempts,
such equations were found by Einstein at the end of 1915,

Since these equations were also obtained somewhat ear-
lier by the mathematician Hilbert, on the basis of variational
principles, we shall call them the Hilbert-Einstein equations.

It must here be particularly emphasized that the metric
tensor of the Riemannian space cannot characterize the gra-
vitational field, since its asymptotic behavior depends on the
arbitrariness in the choice of the three-dimensional (spatial)
coordinate system. It is precisely here that we have the
sources of the delusion that for many decades has been a
brake on the construction of a theory of gravitation.

2. ENERGY-MOMENTUM PSEUDOTENSORS OF THE
GRAVITATIONAL FIELD IN GENERAL RELATIVITY

Einstein assumed that in general relativity the gravita-
tional field together with the matter must possess a conser-
vation law (Ref. 2, p. 299): “...it must certainly be required
that the matter and energy together satisfy the momentum
and energy conservation laws.” In Einstein’s opinion, this
problem was completely solved on the basis of the “conser-
vation laws” that use an energy-momentum pseudotensor as
the energy-momentum characteristic of the gravitational
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field.

To obtain such conservation laws, one usually'® pro-
ceeds as follows. If the Hilbert-Einstein equations are writ-
ten in the form

et I:Hih__u

— e & gihR]_:_gTih, (1)

where g = det g;,, R is the Ricci tensor, and 7%, is the
matter energy-momentum tensor, the left-hand side can be
represented identically as a sum of two noncovariant quanti-
ties:

e in _ 1 in [ERTY ik
T 8 [ R —g g R =T ht pgrt, (2)
where 7% = 7%/ is the energy-momentum pseudotensor of

the gravitational field, and 4™ =
tensor.

Using the identity (2), we can rewrite the Hilbert-Ein-
stein equations (1) in a different, equivalent form:

— h"™ is the spin pseudo-

_g(Tnﬁ_l_TrIa)__ hikl (3)
.1'
By virtue of the obvious equation
9
} iRl 0
dzh dxl g (4)

a differential conservation law follows from the Hilbert-Ein-
stein equations (3):

S [—g (T* 4wy — 0, (5

and from the formal point of view this is analogous to the
energy-momentum conservation law in electrodynamics.

In accordance with this analogy, the “‘energy flux” of
gravitational radiation through an infinitesimal area dS, in
GR is given by the expression

dI = ¢ (—g)t"*dS,.

Choosing as a surface of integration a sphere of radius
r(dS, = — r’*n,d()), we obtain the “intensity of the gravi-
tational radiation™ in the element of solid angle dQ:

ar >
O e ers (—

e g) t%n,. (6)

In GR, the relation (5) is also used to obtain integral “ener-
gy-momentum conservation laws" for a system consisting of
matter and the gravitational field. For this, one usually>'®
integrates the expression (5) over a certain volume and as-
sumes that there are no fluxes of matter through the surface
bounding the volume of integration:

= b [ (—g) [T -] aV — Js} —g) i dS,. (7

Einstein (Ref. 2, p. 645) assumed that the right-hand
side of this relation for / = 0 “‘certainly represents the energy
loss of the material system”’:

1E e
ﬁﬁ,:.g (

In the absence of “energy-momentum fluxes” of the
gravitational field through the surface bounding the volume
of integration, an energy-momentum conservation law for

—g) t%dS,,. (8)
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the system is obtained from the expression (7):

pi— 1 S(_g’) [T 4 7%] gV = const. (€]

[
By means of the Hilbert-Einstein equations (3), the re-
lation (9) can be rewritten as

Pizé(ﬁ R%'® S, = const. (10)

In Einstein’s opinion (Ref. 2, p. 652), the four quanti-
ties P represent the energy (i =0) and the momentum
(i=1, 2, 3) of the physical system. Moreover, it is usually
asserted (Ref. 18, p. 362) that “the quantities P —the 4-
momentum of the field and matter—have a quite definite
meaning, being independent of the choice of the frame of
reference to precisely the degree that is needed on the basis of
physical considerations.” However, as we shall show below,
this assertion is incorrect.

On the basis of such a definition of the energy and mo-
mentum of a system consisting of matter and the gravita-
tional field, the concept of the inertial mass m; of a system is
introduced in GR:

m; W—P"—

r ) (—) 1Tt w0y av =1 § 1% as,

(1)

Expressions analogous to (5)-(11) can also be ob-
tained by writing the Hilbert-Einstein equations in mixed
components:

V —gIT% + 111 = a0t

To a large degree, the choice of the energy-momentum pseu-
dotensors of the gravitational field depended on the inclina-
tions of the authors and, as a rule, was made on the basis of
secondary properties. Thus, choosing #*' in the form

ct a [
160G da™

hikl = — g g L (12)

we obtain the symmetric Landau-Lifshitz pseudotensor,
which contains only first derivatives of the metric tensor:
s 16:1G {@Tlhp— Fiprgen—l nl'mp) (8''8™* —gitg™)
+£'%g™ (Tl + DLl — [pl g — Tu5)
-+ ghlgmn (F;atrmn + an pl — F;:pr L= P;nlrgp)

et 7] A . (13)
where
1
ann =g g (amgpn + 918 om—0p&mn)-
Choosing
ni__ cigem = a mi n gmng il 14
B EY — i E Hon ki)
we arrive at Einstein’s pseudotensor,
. 4 = 2 i "
T}i = _c_j.';—.[Ts{ QP irkpgmp "‘ P kpgm 'f‘ FSm .;pg o
+ I‘Mrmpng b= I‘i[l‘ﬁlpgm{ _6}11 [gmprinprrn MF%IP ]}1
(15)

A. A. Logunov and M. A. Mestvirishvili 5



which is identical to the canonical energy-momentum
(pseudo)tensor obtained from the noncovariant Lagrangian
density of the gravitational field:

L=V —gg" [T3Th— i),

For
i 4 —8 i
G;lt'ic_j.lb.[GL g8 ![alg.‘tm_amglij (16)
we obtain Lorentz’s pseudotensor
Th= &Y~ [5;;1‘5.,;?‘*—0kl‘f,,?)g”“’—6?ﬂ]. (17)

16

which is identical to the canonical energy-momentum
(pseudo)tensor obtained on the basis of the noncovariant
method of infinitesimal displacements from the covariant
Lagrangian density L, = J —gR of the gravitational field.

We shall study the properties of the “energy-momen-
tum” quantities introduced in Einstein’s theory for exam-
ples of the determination of the “inertial mass™ of a spheri-
cally symmetric source. For definiteness, all calculations
will be made using the symmetric Landau-Lifshitz pseudo-
tensor (13).

3. INERTIAL MASS IN GENERAL RELATIVITY

The equality of the inertial and gravitational mass of a
given body was regarded by Einstein as an exact law of na-
ture that must find reflection in his theory. At the present
time, it is assumed to be proven that in GR the gravitational
mass of a system consisting of matter and the gravitational
field is equal to its inertial mass. Such an assertion can be
found in the works of Einstein,? Tolman,'? and Weyl.?® Sub-
sequently, a “proof ** of this theorem with various modifica-
tions was given by a number of other authors.'®2!-22

However, this conclusion is incorrect. Following Ref. 9,
we shall show where it is erroneous.

The gravitational mass M of an arbitrary physical sys-
tem at rest as a whole with respect to a Schwarzschild coor-
dinate system Galilean at infinity was defined by Einstein
(Ref. 2, p. 660) as the coefficient of the term — 2G /(c*r) in
the asymptotic expression (r— oo ) for the component g, of
the metric tensor of the Riemannian space-time:

go=1—-25 M.

c®r

A somewhat different definition of the gravitational
mass was given by Tolman'?

M= | BV =gav. (18)

It follows directly from these definitions that the gravi-
tational mass is not affected by transformations of the three-
dimensional coordinates, since both the component R § of
the Ricci tensor and the component g, of the metric tensor
transform as scalars.

In the case of a static spherically symmetric source,
these definitions are equivalent. We now show that they are
equivalent for all static systems. To see this, we write the
component R § in the form
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e 1 i i
1y =@ [ =2 Thi— gy T+ Thihp— TRl .
After identical transformations, we obtain from this

expression

.8
RO_ V.__r; ao:, V ggon ]_gmt;_nl‘::i

__F" ,jgm 2 1

niTge U ‘/._. (19)

(3.7:“ [V ggonrﬂn]

Since the last three terms in (19) can be ignored for
static systems, from the expression (18) we have

2 P R
M=V dS, V —g g Ti,.

Since the metric of a static system sufficiently far from it
must be described to a given accuracy by the Schwarzschild
metric, the expression (20) takes the form

(20)

M= —-lim Sy A8 g (21)

8aG r—-x

Since the integrand in (18) is a scalar under all transfor-
mations of the three-dimensional coordinate system, the
gravitational mass M will also be independent of the choice
of the coordinates. In the Schwarzschild coordinates, we ob-
tain from the expression (21)

M= 11111[ ﬁ(l—-%ﬂf):l‘

r-roe

9
g guu)

lim (r'l

resoe

’G

Thus, according to Tolman’s definition, the gravita-
tional mass of any static system is the coefficient of the term
—2G /(c*r) in the asymptotic expression for the compo-
nent gy, of the metric tensor of the Riemannian space-time.
Therefore, the definitions of the gravitational mass given by
Einstein and Tolman are identical for static systems.

Einstein related the concept of inertial mass of a phys-
ical system in general relativity intimately to the concept of
the energy of this system (Ref. 2, p. 660): “...the quantity
that we have interpreted as the energy also plays the part of
the inertial mass, in accordance with the special theory of
relativity.” Since Einstein proposed that the energy of a sys-
tem in GR be calculated using energy-momentum pseudo-
tensors, the inertial mass is also calculated on the basis of the
expression (11).

We shall determine in accordance with this relation the
inertial mass of a spherically symmetric source of the gravi-
tational field and study its transformation properties under
coordinate transformations.

In isotropic Cartesian coordinates, the metric of the
Riemannian space—time has the form

(1—rglar)®

B0 =" Fr fary

Here, r, = 2GM /¢,
These coordinates are asymptotically Galilean, since in
the limit 7— o0

o= 1+O (ir) v 8ap="Vab (1+0 ('1—)) .

Using the covariant components of the metric (22), from the
expression (12) we obtain

8ap=Vap (1 +rgldr)s (22)

(23)

4
R = 16cng e (8118228 3587
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Substituting this expression in (10), bearing in mind that

dSy= —=%r2sin 0 d dg, (24)

and integrating over an infinitely distant surface, we obtain

i nG Tong Hmr? g x: 5oF | 81182:8336°F] sin 0 dB dp.

e (25)
Thus, the component P° does not depend on the compo-
nent gy, of the metric tensor of the Riemannian space-time.
From the expression (22) and (25), taking into account the
relations

e el 6
5l )= —=L5-10), (26)
where x. x* = — r", we obtain for the energy-momentum
component P° of the system
P = ¢ /2G = Me. 27

It was this agreement between the inertial mass and the
gravitational mass which provided the basis for the asser-
tions of their equality in the general theory of relativity (Ref.
18,p.424):“... P* =0, P° = Mecisaresult that was natural-
ly to be expected. It is an expression of the fact of the equality
of what are known as the ‘gravitational’ and ‘inertial’ masses
(the mass which determines the gravitational field produced
by a body is called the ‘gravitational’ mass—it is the same
mass that appears in the metric tensor in the gravitational
field or, in particular, in Newton’s law; in contrast, the ‘iner-
tial’ mass determines the relationship between the momen-
tum and energy of a body and, in particular, the rest energy
of a body is equal to this mass multiplied by ¢?).”

However, the assertion of Einstein (Ref. 2, p. 660) and
other authors (see Refs. 17-19, 21, and 22) is incorrect. As is
easy to show, the energy of a system and, therefore, its iner-
tial mass (11) do not have any physical meaning, since they
depend even on the choice of the three-dimensional coordi-
nate system.

Indeed, an elementary requirement that must be satis-
fied by the definition of the inertial mass is that it be indepen-
dent of the choice of the three-dimensional coordinate sys-
tem, a condition that holds in any physical theory. However,
in GR the definition (11) of the inertial mass does not satisfy
this requirement.

We shall show, for example, that in the case of the
Schwarzschild solution the inertial mass (11) can take arbi-
trary values, depending on the choice of the system of spatial
coordinates. For this, we go over from the three-dimensional
Cartesian coordinates x¢ to other coordinates x% related to
the old coordinates by

$%=$?I(1+f(rn})' (28)

where

re=V 2k + vk + 2,
and f(ry ) is an arbitrary nonsingular function satisfying the
conditions

fre)=0; lim f(rg)=0; lim ry———f () =0. (29)
L~ s e &
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It is easy to show that the transformation (28) corresponds
to a change in the arithmetization of the points of the three-
dimensional space along the radius:

re =rg [1 + f (re)l.

A necessary and sufficient condition for the transformation
(28) to have an inverse and to be one-to-one is

drc

¥ =1+ vl >0
where
1= o1 (ra).

Then the Jacobian of the transformation will also be non-
ZEro;

J=det

|7 | =+ 2 g <0

In particular, all these requirements are satisfied by the
function

fra) = a2}/ 0 (30)

where @ and ¢ are arb1trary nonvanishing numbers.
Since in the given case

dre ==l L0 z.l/

i SG‘II [1
6rH

T+ (e#ra—7)

X exp (--Eer):I =0,

it follows that r¢ is a monotonic function of 7, . It is easy to
show that f(r; ) is a non-negative nonsingular function in
the whole of space. The Jacobian of the transformation is in
this case strictly greater than unity:

= {1+ = >1.

Therefore, the transformatmn (28) with the function f(ry )
defined by the expression (30) has an inverse and is one-to-
one.

It is obvious that under the transformation (28) the
gravitational mass (18) does not change. We now calculate
the inertial mass (11) in the new coordinates x% . Using the
transformation law for the metric tensor,

é'xfj azc

(31
oz dzy

i i
g™

oy (e (zm))s

we find the components of the Schwarzschild metric (22) in
the new coordinates:
-2

Tg Tg b
dry (1+f)] [ o drg (144 "

Bap= [1 % Tﬂ%ﬁ]é {“

goo=[1—

8up (14 N2 —zizh

s e e

Jor+Era+n]}
(32)
The determinant of the metric tensor (32) is
g= —¢gp [1 = ?Hr('f__-rﬂ':lw (141
KIUL+ 12414 ()2 + 2rgf (14 1). (33)
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It should be noted particularly that the metric (32) is as-
ymptotically Galilean: '

lim gyo=1; lim g,g=Yas-
T L5 ane

In the special case when the function fis given by (30)
and ry; — oo, the metric of the Riemannian space-time will
have the asymptotic behavior

). 6

1 : 1
~ s Jls - 140 —
g00—1+0( TH )1 8ap Taﬂ[ i ( VTH
For the contravariant components of the metric (32), we
have

g0 =_g1_ s gob—=yoBA 4 3%, (35)
00

where we have introduced the notation

il g 5
Aﬁ(1+nz[1+ dry (141) ] ’
re ()22 (14-1)

§ g %o e i T . ’
THDTW] AN [AFNH2 4 ()2 4-2rpf’ (L1 1)]

Substituting the expressions (33) and (35) in (25), we ob-
tain
H
C"‘ . 9 [ Iig, d
167G rlrirf‘mr’f Yo ol

o=

{ve+ir
rg ‘]b

x[1+ T AT 4
w (P21 (P2 2ref (14+1)]

x?{”?{ g ry 8
(17 [+ iy ]

X [rig ()2 +2raf (1+ )]} av.
By virtue of the relations (26), we obtain from this

Po= o dim {r (PR (402 1+

"H

+

2
TH

g 48
drg (14+1)

e+ A+ f4raf) [U+ i) | 03O

Taking into account the asymptotic expression (29) for f, we
finally obtain"’

3 5 "
Po= rlirilw{rg+ry(f )2}, (37)
Thus, the inertial mass depends essentially on the rate at
which /' tends to zero as 7, — oo . In particular, choosing the
function f(#;; ) in the form (30), we obtain from the expres-
sion (37)

m, =M (1 + af). (38)
It follows from this that for the inertial mass (11) of the
system consisting of the matter and the gravitational field it
is possible in GR, a being arbitrary, to obtain any preas-
signed number m, >M, depending on the choice of the spa-
tial coordinates, although the gravitational mass M (18) of
this system—and hence all three GR effects—are unaffect-
ed. We note also that for more complicated transformations
of the spatial coordinates that leave the metric asymptotical-
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ly Galilean the inertial mass (11) may take all preassigned
values, both positive and negative.

Thus, we see that in GR the inertial mass, introduced
for the first time by Einstein and taken over subsequently by
many authors (Refs. 17-19, 21, and 22), depends on the
choice of the three-dimensional coordinate system and
therefore has no physical meaning. Therefore, the assertion
of equality of the “inertial” and “gravitational” masses in
Einstein’s theory is also devoid of all physical meaning. This
equality holds in a narrow class of three-dimensional coordi-
nate systems, and since the inertial (11) and gravitational
(18) masses have different transformation laws, their equa-
lity no longer holds on the transition to other three-dimen-
sional coordinate systems.

In addition, this definition of the inertial mass in gen-
eral relativity does not satisfy the principle of correspon-
dence with Newton’s theory. Indeed, because the inertial
mass in Einstein’s theory depends on the choice of the three-
dimensional coordinate system, its expression in the general
case of an arbitrary three-dimensional coordinate system
does not go over into the corresponding expression of New-
ton’s theory, in which the inertial mass does not depend on
the choice of the spatial coordinates. Thus, in GR there is no
classical Newtonian limit, and, therefore, it also does not
satisfy the correspondence principle. It follows from this
that GR is not only logically contradictory from the point of
view of physics but also directly contradicts the experimen-
tal data on the equality of the inertial and active gravita-
tional masses.

But this poses a question: Why has the meaninglessness
of the definition (10) of the energy and momentum of a
system and its inertial mass in GR not yet been revealed?

This can only be explained by the fact that all calcula-
tions of the energy, momentum, and inertial mass are usually
made in a certain narrow class of three-dimensional coordi-
nate systems, in which there is equality of the inertial and
gravitational masses.

In the same class of coordinate systems, the expression
for the inertial mass (11) in the Newtonian approximation is
equal to the corresponding expression of Newton’s theory,
and this created the illusion that GR has a classical limit. It
was evidently felt to be superfluous to consider the physical
meaning of the inertial mass introduced by (11) in GR.

4. ENERGY-MOMENTUM CONSERVATION LAWS IN
GENERAL RELATIVITY

The example of the baselessness of the definition of iner-
tial mass given in Sec. 3 does not exhaust all the shortcom-
ings of GR associated with the use of an energy-momentum
pseudotensor. These shortcomings, with all the conse-
quences of them, are considered in detail in Ref. 11. Without
going into details of a technical nature, we discuss some of
them.

In all physical theories describing different forms of
matter, one of the most important characteristics of a field is
the energy-momentum-tensor density, which is usually ob-
tained by varying the Lagrangian density L of the field with
respect to the components g,,,, of the space—time metric ten-
sor.
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This characteristic reflects the existence of a field: The
nonvanishing of the energy-momentum-tensor density in a
certain region of space-time is a necessary and sufficient
condition for the presence of a physical field in this region.
Moreover, the energy and momentum of any physical field
make a contribution to the total energy-momentum tensor of
the system and do not vanish identically outside the field
source. This makes it possible to treat the transport of energy
by waves in the spirit of Faraday and Maxwell, to study the
distribution of the field intensity in space, to determine the
energy-momentum fluxes in emission and absorption pro-
cesses, and to make other energy calculations.

In GR, the gravitational field does not possess the prop-
erties inherent in other physical fields, being devoid of such a
characteristic.

Indeed, in Einstein’s theory the Lagrangian density
consists of two parts: the Lagrangian density L, = L, (g,,,, )
of the gravitational field, which depends only on the metric
tensor g,,, and the matter Lagrangian density
Ly =Ly (8, Py), which depends on the metric tensor
&mn and the remaining matter fields @, . Thus, in Einstein’s
theory the quantities g,,, have a double meaning—that of
field variables and that of the space—time metric tensor.

As aresult of this physicogeometrical dualism, the den-
sity of the total symmetric energy-momentum tensor (the
variation of the Lagrangian density with respect to the com-
ponents of the metric tensor) is identical to the field equa-
tions (the variation of the Lagrangian density with respect
to the components of the gravitational field). This has the
consequence that the density of the total symmetric energy-
momentum tensor of the system is strictly zero,

™ 4 T =0, (39)
where T = — 25L ,/8g,, is the density of the symmetric
energy-momentum tensor of the matter (by matter we re-
gard all matter fields except the gravitational field);

. T e

Tigy=—2 :gii =it énG . [HM-— é-[g"iﬁ] :

It also follows from the expression (39) that all compo-
nents of the density of the symmetric energy-momentum
tensor 7’7y, of the gravitational field are zero everywhere
outside the matter.

Thus, it already follows from these results that in Ein-
stein’s theory the gravitational field does not have properties
inherent in other physical fields, since outside the source it is
devoid of a fundamental physical characteristic—the ener-
gy-momentum tensor.

The physical characteristic of the gravitational field in
Einstein’s theory is the curvature tensor R%,,. The clear
recognition of this we owe to Synge (Ref. 23, p. 8). “...If we
accept the idea that space—time is a Riemannian four-space
(and if we are relativists we must), then surely our first task
is to get the feel of it just as early navigators had to get the feel
of a spherical ocean. And the first thing we have to get the
feel of is the Riemann tensor, for it is the gravitational field—
if it vanishes, and only then, there is no field. Yet, strangely
enough, this most important element has been pushed into
the background.” And later he notes: “In Einstein’s theory,
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either there is a gravitational field or there is none, according
as the Riemann tensor does not or does vanish. This is an
absolute property; it has nothing to do with any observer’s
world-line.” The absence of such understanding leads to
miscomprehension of the very essence of Einstein’s theory.

Thus, since the gravitational field is characterized by
the curvature tensor, and by it alone, it is not possible in GR
to introduce any other simpler physical characteristic of this
field, for example, an energy-momentum pseudotensor.
Therefore, in Einstein’s theory energy-momentum pseudo-
tensors cannot in principle have any bearing on the existence
of a gravitational field. This assertion has the nature of a
theorem, a consequence of which is the possibility of situa-
tions in GR in which the curvature tensor is nonzero, i.e., a
field exists, while the energy-momentum pseudotensor is

‘zero, and, conversely, the curvature tensor may be zero but

the energy-momentum pseudotensor is nonzero. Therefore,
all kinds of calculation using energy-momentum pseudoten-
sors are devoid of any meaning.

Einstein’s general theory of relativity links matter and
the gravitational field, the former being characterized, as in
all theories, by an energy-momentum tensor, i.e., by a tensor
of second rank, whereas the characteristic of the latter is the
curvature tensor—a tensor of fourth rank. Because of the
different dimensionalities of the physical characteristics of
the gravitational field and matter in Einstein’s theory it fol-
lows directly that in GR conservation laws linking the mat-
ter and the gravitational field cannot exist in principle. This
fundamental fact, established in Refs. 5 and 8, means that
Einstein’s theory was constructed at the price of the aban-
donment of conservation laws of the matter and the gravita-
tional field taken together.

The physical characteristic of the gravitational field in
GR—the Ricci tensor—reflects in the first place the capac-
ity of a gravitational field to change the energy and momen-
tum of matter, i.e., it reflects the forces exerted by the gravi-
tational field on the matter, but does not give any
information about the flux of energy transported by a wave,
so that in Einstein’s theory there is no possibility of studying
the distribution of the gravitational field intensity in space,
determining energy fluxes of gravitational waves through a
surface, etc.

The use of pseudotensors to find conserved quantities
for the matter and gravitational field taken together in the
framework of GR is a profound delusion.

For in GR the point of departure for obtaining the con-
servation laws is the identity

8, (T5 + 77) =0. (40)
If matter is concentrated solely in the volume ¥, we find
from this relation

d
dz?

{ av 13+ = — <5 as,. (41)
There have by now been found numerous'®**2® exact solu-
tions of the vacuum Hilbert-Einstein equations for which the
stresses 7y are everywhere zero. Therefore, for exact wave
solutions of the Hilbert-Einstein equations that make the
components of the energy-momentum tensor vanish it fol-
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lows from the relation (41) that
(L avire+0) =0,

i.e., the energy of the matter and the gravitational field in the
volume ¥ is conserved. This means that there is no energy
flux out of the volume ¥, and therefore there cannot be any
effect on test bodies placed outside the volume. This is the
conclusion that follows from Einstein’s theory.

However, the exact wave solutions of the Hilbert-Ein-
stein equations that make the components of the energy-
momentum tensor vanish do not lead to a vanishing curva-
ture tensor R %,,,, so that by virtue of the equation

§2ni

-GT —}-H};;mu“u’ Mo O. (42)

where #' is the infinitesimally small vector of the geodesic
deviation and #' = dx'/ds is the velocity 4-vector, curvature
waves do act on test bodies outside the volume ¥, changing
their energy.

Thus, from two different but exact relations of GR in
Einstein’s philosophy we arrive at completely mutually ex-
clusive physical conclusions.

To understand the origin of these contradictory conclu-
sions, we analyze the formalism of energy-momentum pseu-
dotensors in Einstein’s theory in more detail.

Since 7" is a pseudotensor, all the components of 7
can be made to vanish at any point of space by the choice of
the coordinate system. This fact alone casts doubt on the
interpretation of 7 as the energy-momentum stresses and
density of the gravitational field.

In this connection, it is usually asserted®’ that in GR
the energy of the gravitational field is in principle nonlocali-
zable, i.e., that a local distribution of the gravitational field
energy does not have physical meaning, since it depends on
the choice of the coordinate system, and that only the total
energy of closed systems can be defined. But this assertion
too does not stand up to criticism.

Indeed, the local energy distribution of the gravita-
tional field determined using any energy-momentum pseu-
dotensor depends on the choice of the coordinates and can be
made to vanish at any point of space, this being usually inter-
preted as the absence of an “energy density” of the gravita-
tional field at this point. But the gravitational field, de-
scribed by the curvature tensor, cannot be made to vanish by
the transition to any admissible coordinate system, and
therefore, because of the effect of curvature waves on phys-
ical processes, one cannot assert that the gravitational field is
absent in any coordinate system.

This is most clearly seen in the example of two exact
wave solutions for which the components of the energy-mo-
mentum tensor are everywhere zero but curvature waves are
present. Conversely, in the case of flat space—time, when the
metric tensor g,; of the Riemannian space-time is equal to
the metric tensor y,; of pseudo-Euclidean space-time, the
components of energy-momentum tensors need not vanish,
although there is no gravitational field and all components of
the curvature tensor are equal to zero in any coordinate sys-
tem.

For example,® in a spherical coordinate system in
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pseudo-Euclidean space-time,
Rfalm=01 go=1; gr=—1; goo= —r% g¢y= —r?sin®0,
we obtain for the component 75 of Einstein’s pseudotensor

, _—
To= ———sin 6.

It is obvious that 75 <0 and the total energy of the gravita-
tional field in this coordinate system is infinite.

But in the same case the Landau-Lifshitz pseudotensor
demonstrates a different energy distribution in space:

(=)= —%(1+4511138).

It is evident from the examples given here that energy-
momentum pseudotensors in Einstein’s theory are not phys-
ical characteristics of the gravitational field and, therefore,
do not have any physical meaning.

Thus, there do not and cannot exist energy-momentum
conservation laws of the gravitational field and matter taken
together. However, in the theories of the remaining physical
fields we have a unified energy-momentum conservation
law, and at the present time there are no experimental data
indicating its violation. Therefore, we have no grounds for
abandoning it.

What is the way out of this situation? What must we
retain from the great creation of Einstein and Hilbert, and
what must we give up to ensure that the new theory of gravi-
tation possesses the fundamental laws of physics—the ener-
gy-momentum conservation law of the matter and the gravi-
tational field taken together?

In order to find the answer to these questions, we must
carefully analyze the existing very deep connection between
energy-momentum conservation laws and the geometry of
space—time.

5. CONNECTION BETWEEN THE ENERGY-MOMENTUM AND
ANGULAR-MOMENTUM CONSERVATION LAWS AND THE
GEOMETRY OF SPACE-TIME

The possibility of obtaining conservation laws for a
closed system of interacting fields depends to a large degree
on the nature of the space-time geometry.

As is well known,*®*! the theory of any physical field
can be constructed on the basis of the Lagrangian formalism.
In it, the physical field is described by a certain function of
the coordinates and the time, called the field function, the
equations for which can be obtained from the variational
principle of a stationary action. Besides the field equations,
the Lagrangian method of constructing the classical theory
of wave fields makes it possible to obtain a number of differ-
ential relations, called differential conservation laws. These
relations are consequences of the invariance of the action
functions under transformations of the space-time coordi-
nates, and they connect the local dynamical characteristics
of the fields and their covariant derivatives in the geometry
which is natural for them.

It is currently usual in the literature to distinguish two
types of differential conservation laws: strong and weak. By
a strong conservation law one usually means a differential
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relation satisfied by virtue of the invariance of the action
function under a coordinate transformation, and one does
not require fulfillment of the equations of motion for the
field. In contrast, weak conservation laws can be obtained
from strong conservation laws if one takes into account the
equations of motion for the system of interacting fields.

It must be particularly emphasized that despite the
name the differential conservation laws do not in the general
case assert that there is conservation, either locally or global-
ly. They are simply differential identities connecting differ-
ent characteristics of the field satisfied by virtue of the fact
that the action function is not changed by an arbitrary coor-
dinate transformation (i.e., is a scalar). These relations ac-
quired their name by analogy with the corresponding differ-
ential conservation laws in pseudo-Euclidean space-time, in
which corresponding integral laws can be obtained from the
differential conservation laws. For example, writing the con-
servation law for the total energy-momentum tensor of a
system of interacting fields in a Cartesian coordinate system
of pseudo-Euclidean space-time, we obtain

ad
[

g ) :
1ol — %,
 x az™

Integrating this equation over a certain volume and using
Gauss’s theorem, we obtain
d

dz?

[ aveo = — § £ dS,

This relation means that the change in the energy and mo-
mentum of the system of interacting fields in a certain vol-
ume is equal to their flux through the surface bounding the
volume. If there is no energy-momentum flux through a cer-
tain surface,
b P8, 0,

then we arrive at a conservation law for the total 4-momen-
tum of the isolated system:

1

d ; .
— P =0, where P! =—

[ 20iar.
Analogous integral relations in pseudo-Euclidean space-
time can be obtained for the angular momentum.

But in an arbitrary Riemannian space-time the pres-
ence of a differential covariant conservation equation does
not guarantee the possibility of obtaining a corresponding
integral conservation law.

The possibility of obtaining integral laws in an arbitrary
Riemannian space-time is entirely predetermined by its ge-
ometry and is intimately related to the existence of Killing
vectors of the space—time or, as one sometimes says, the exis-
tence of a group of motions in the Riemannian space-time.
We consider this question in somewhat more detail, since the
formalism developed here can also be used to obtain integral
conservation laws in arbitrary curvilinear coordinate sys-
tems in pseudo-Euclidean space-time.

In an arbitrary Riemannian space—time, it is possible to
obtain a covariant conservation equation for the total ener-
gy-momentum tensor of the system:

Vi I™ =0, T™ -+ T 4 T, = 0. (i
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We multiply this equation by a Killing vector, i.e., by a vec-
tor 17, satisfying the Killing equations
Vn"]m e Vm'rln = 0. (44)

The tensor 7" being symmetric, the resulting expression
can be written in the form

N ViT™ =V (1 T™] = 0.

Using the properties of the covariant derivative, we obtain
from this
1 ]

ﬁ 72l [V——g"]me]:O-

Since the left-hand side of this equation is a scalar, we can
multiply it by  — gd V" and integrate over a certain volume.
As a result, we obtain an integral conservation law in the
Riemannian space~time:

d [ e i m
4 \ V=g, aV = —$aS. V= 1*™n,.  (45)
If there is no flux of the three-dimensional vector through
the surface bounding the volume, then

\ V =g I, dV = const. (46)
Thus, in the presence of Killing vectors the integral conser-
vation laws (45) and (46) can be obtained from the differen-
tial conservation law (43).

We now establish the restrictions on the metric of the
Riemannian space-time which ensure that the Killing equa-
tions (44) have solutions, i.e., we find the conditions under
which there exists a vector satisfying (44). We note first that
the Killing equations (44) are a consequence of requiring
the vanishing of the Lie variation of the metric tensor of the
Riemannian space-time under infinitesimal coordinate
transformations

F2 gt (), (47)
where %" (x) is an infinitesimally small 4-vector.

Indeed, under such a coordinate transformation the Lie
variation of the metric tensor is

E’Lgfr: R~ Vlﬂn = VHIIE‘

Comparing this expression with (44), we see that the Killing
equations require the vanishing of the Lie variation of the
metric tensor g,,,:

aLgin. = 0.

Thus, Killing vectors describe infinitesimally small co-
ordinate transformations that leave the metric form-invar-
iant.

The Killing equations (44) constitute a system of linear
partial differential equations of first order. In accordance
with the general theory,*** to establish the conditions of
integrability of a system of partial differential equations it is
necessary to reduce it to the form

a0a
xi

=‘-}’f (Bb’ ;rn)w (48)
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where 6° are unknown functions; i, n = 1, 2,...,N;a, b =1,
2,...,M. Then the conditions of integrability of the system
(48) can be obtained from the equation
90 20a
dziazn | oz’

the partial derivatives of first order being replaced by the
right-hand side of (48):
A R L L T
gz ' ggp "7 gzt | gew

If the integrability conditions (49) are satisfied identi-
cally by virtue of (48), the system (48) is said to be com-
pletely integrable and its solution contains M parameters—
the maximal possible number of arbitrary constants for the
given system.

Butif the system (48) is not completely integrable, then
its solution will contain fewer arbitrary constants. We shall
determine the conditions under which the solution of the
Killing equations (44) in the Riemannian space ¥, contains
the maximal possible number of parameters and what the
value of this number is.

We shall make all the calculations in a manifestly covar-
iant form, this being the covariant generalization of the
scheme given above for finding the conditions of integrabi-
lity of the system of differential Killing equations (44) in the
required form. We differentiate covariantly the Killing
equations (44) with respect to the variable x", obtaining

(49)

i-

Najn + Mgpin = 0.
By virtue of this equation,

Nign ™ Nstn + MNatng =+ Mnsis — Nint — Mg = 0.
Regrouping the terms in this expression, we obtain
Najm + Ning + Mien — Mgind) + Omges — M) = 0. (30)

However, by virtue of the commutation rule for covariant
derivatives,

Neing — Netin = MaRinj. (51)
Substituting the expression (51) in (50), we obtain

204; jn+ MaRinj + MR bin+ nuRE; =0. (52)
Using the Ricci identity

R+ Rii+ Ritn =0, (53)

we obtain
M Rns + MR Yin = MR-

Therefore, the expression (52) can be written in the form
Ni; jn=—"MuRnij-

Thus, we have the covariant equations

Nin + Moyt = 0; Mg = — MRy (54)

12 Sov. J. Part. Nucl. 17 (1), Jan.-Feb. 1986

We transform this system of covariant differential equations
into a system containing only first covariant derivatives. For
this, we introduce in addition to the ;N unknown components
of the vector 7,, the unknown tensor 4,,, in accordance with
the equations

Nism = A'im' (55)
This tensor contains V> unknown components, but among
them only N(N — 1)/2 components are independent, this
tensor being antisymmetric by virtue of Eqgs. (44) and (55):

Ami + l;"im = . (56)
With allowance for all this, the required system of covariant
differential equations takes the form

Mozt = Mmay Amig = ThaR?in" (57)
Thus, we have reduced the Killing equations (44) to a sys-
tem of special form consisting of linear differential equations
solved for the covariant derivatives of first order.

This system is the covariant generalization of the sys-
tem (48), the part of the unknown functions 6 being played
by the N(N + 1)/2 components of the tensors 7,, and 4,,;:

0% = {np a'mi}'

The condition of integrability of the system (57) can be
obtained from the commutation rule for the covariant de-
rivatives, this being a consequence of the commutativity of
the derivatives in partial differentiation. On the basis of this
rule,

mj— Nijjim = Rk iy
Niy mj— N7, Nedftimj } (58)

himy 51— Mim, 1= hix R+ M R
Replacing on the left-hand sides of these equations the first
covariant derivatives by their expressions (57) and using the
antisymmetry property (56) of the tensor 4,,, , we obtain the
conditions of integration of the system (57) in the form

(59)
(60)

Mimy — hiym = MaRimss
Mk RBomils 1 — [Ma Rlmil; 5= MinRo; 1+ Aam B0

It is easy to show that the first of these expressions is identi-
cally satisfied by virtue of (57) and the properties of the
curvature tensor. Thus, if the condition (60) is identically
satisfied by virtue of the symmetry properties of the Rieman-
nian space-time alone, the system (57) will be completely
integrable, and therefore the solution of the Killing equa-
tions (44) will contain the maximal possible number
M = N(N + 1)/2ofarbitrary constants. Since the unknown
functions 7,,, 4,,; = — 4,,, in the system (57) must at the
same time be independent, the left-hand side of the expres-
sion (60) vanishes identically only when the following con-
ditions are satisfied:

Rhisi— R =0 (61)
82 Ry — 88 Rioy — 87 Ry + 83 Ry - ST RE 5
— 8} Ry — 8 Rl + 6 Ry =0. (62)
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Contraction of the expression (62) with respect to the in-
dices / and n with allowance for the relations

Rimn=Ryp; Rpm=0
and the Ricci identity (53) gives

(N —1) Rinij =85 Ry — 85 R .
It follows from this that

Rtmi.f:jfij‘(gﬂﬁmi_gilﬂjm)' (63)
Multiplying this equation by g™, we obtain

NR; = gy,

Substituting this relation in the expression (63), we obtain a

condition by virtue of which Eq. (62) is satisfied identically:
R

Rimij = Jry—1y [$i8mi—Eu8ml- (64)

From the expression (64) and Eq. (61) we obtain a require-
ment that the scalar curvature must satisfy:

a a
[838im— 8i25m] ey R— (8 g, — 8%y —5.7 B=0.
Multiplying this relation by 8, g™, we obtain

(N—128 -0,

dxi

Since N> 1 in the case considered, for this condition to
be satisfied it is necessary and sufficient that R = const.
Therefore, the conditions of integrability (61) and (62) of
the Killing equations (44) will be satisfied identically if and
only if the curvature tensor of the Riemannian space—time
has the form

R
Rimiy = NN=1 (8318mi— &uEiml]s

where R = const.

Thus, the Killing equations have solutions containing
the maximal possible number M = N(N + 1)/2 of arbitrary
constants (parameters) if and only if the Riemannian space
Vy is a space of constant curvature. But if it is not, the num-
ber of parameters will be less.

Therefore, from the mathematical point of view the ex-
istence of integral conservation laws for energy, momentum,
and angular momentum is a reflection of definite properties
of space-time—its properties of homogeneity and isotropy.
There exist three types of four-dimensional spaces possess-
ing the properties of homogeneity and isotropy to such a
degree that they admit the introduction of ten integrals of
the motion for a closed system: a space of constant negative
curvature (Lobachevskii space), a space of zero curvature
(pseudo-Euclidean space), and a space of constant positive
curvature (Riemann space). The first two spaces are infi-
nite, having infinite volume, while the third space is closed,
having finite volume but no boundaries.

We now find a Killing vector in an arbitrary curvilinear
coordinate system in pseudo-Euclidean space-time. For
this, we first write the Killing equations in a Cartesian coor-
dinate system:
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M +8:mi = 0.

Therefore, to determine the Killing vectors we have a system
of ten linear partial differential equations of first order.

Solving this system in accordance with the general
rules, we obtain

W = a; + 0™, (65)
where g; is an arbitrary constant infinitesimally small vec-
tor, and @,,, is an arbitrary constant infinitesimally small
tensor satisfying

Wym = — Omi-

Thus, the solution (65) contains all ten arbitrary param-
eters, as was to be expected.

Since the expression (65) contains ten independent pa-
rameters, we actually have ten independent Killing vectors,
and the relation (65) is a linear combination of these ten
independent vectors. ;

We shall find the meaning of these parameters. Substi-
tuting the expression (65) in the relation (47), we obtain

+ @ il x™ (66)

It can be seen from this expression that the four parameters
a” are the components of a 4-vector of infinitesimally small
translations of the frame of reference. The three parameters
@, are the components of a tensor of rotation through an
infinitesimally small angle about a certain axis (so-called
pure rotations). The three parameters @,z describe infini-
tesimally small rotations in the x°x # plane; they are called
Lorentz rotations. Since the metric tensor y,,, is form-invar-
iant with respect to translations, pseudo-Euclidean space—
time is homogeneous—its properties do not depend on the
point of space-time at which the origin of the coordinates is
placed. Similarly, from the form invariance of the metric
tensor ¥,,, under transformations of four-dimensional rota-
tions its isotropy follows. This means that in pseudo-Euclid-
ean space-time all directions are on an equal footing.

Thus, pseudo-Euclidean space-time admits a ten-pa-
rameter group of motions consisting of the four-parameter
subgroup of translations and the six-parameter subgroup of
rotations. The existence of this group of motions and the
existence of the corresponding Killing vectors guarantee the
presence of ten integral energy-momentum and angular-mo-
mentum conservation laws for a system of interacting fields.

To see this, we note that since y — ¥ = 1in a Cartesian
coordinate system, we obtain from the general relation (45)
in the case of the subgroup of translations 7, = a,

- S Tomg, AV = — <§ as. T,

Since a,, is an arbitrary constant vector, from this equation
we obtain

d
dx?

[ zomay — — & as rom.

For an isolated system of interacting fields, the expression on
the right-hand side of this relation is zero, as a result of
which the total 4-momentum of the system is conserved:
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Pm = \ Trmdy = const. (67)

Similarly, for 5, = ®,,,x™ we obtain

7‘:0— 5 AV T2, = — ) A8 T2
Since the constant tensor w,,, is antisymmetric, we obtain
from this an integral conservation law for the angular mo-
mentum:

dd_'D S dav {Tomxn_Tonxm] L s \‘ dSOL [T'J.mlrn __-Ta'na:'l)i]‘

£ v (68)
For an isolated system, its total angular momentum is con-
served through the vanishing of the right-hand side of Eq.
(68),

Mmn = S dV [T'™z™ — T%z™] = const. (69)

It is only for pseudo-Euclidean space-time that sepa-
rate conservation laws for energy, momentum, and angular
momentum for a closed system hold. It should be noted that
the solution of the Killing equations (44) in arbitrary curvi-
linear coordinates of pseudo-Euclidean space-time can, x’
and 7' being tensors, be obtained from the solution (66) of
these equations in the Cartesian coordinate system. For this,
we go over in the expression (66) from the Cartesian coordi-

nates x’ to arbitrary curvilinear coordinates x/,:

= (zx).
We then obtain
ajt J
i = 227 M [2 (zg)].

Thus, in an arbitrary curvilinear coordinate system of pseu-
do-Euclidean space-time the Killing vectors have the form

6fi (.TH') (70)

afi
—f—(fnia + ———— 0, f" (zg).
dx'’y gy

i =
The generalization of the expressions (67)—(69) to the case
of arbitrary curvilinear coordinates does not present any
particular difficulty. Proceeding in the same way as above,
we obtain for the 4-momentum of an isolated system

Pi= \ V4 () daky dey dy % 70 (2,).

W I.H

In this case, the antisymmetric angular-momentum tensor
has the form

Mim = [V =3 (ag) ek deh dzyTo" (g)

[ gm oft (zg) i ™ (zy)
A 17 ) G — () S ]
Thus, the possibility of obtaining integral conservation laws
depends on the geometry of space-time. In the case of four
dimensions (physical space-time) only spaces of constant
curvature possess all ten integral conservation laws; in other
spaces, their number is less than ten.

Our analysis shows that if we wish to have the maximal
possible number of conserved quantities, we must give up
Riemannian geometry of general form and for all fields, in-
cluding the gravitational field, choose one of the three geo-
metries of constant curvature as the natural geometry.
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Since the experimental data obtained from the study of
the strong, weak, and electromagnetic interactions indicate
that the natural space-time geometry for the fields associat-
ed with these interactions is pseudo-Euclidean, it can be as-
sumed, at least at the present level of our knowledge, that
this geometry is the single natural geometry for all physical
processes, including gravitational ones.

This assertion is one of the basic propositions of the
approach which we have developed to the theory of the gra-
vitational interaction. It is obvious that it leads to fulfillment
of all the energy-momentum and angular-momentum con-
servation laws, ensuring the existence of all ten integrals of
the motion for the system consisting of the gravitational field
and the remaining matter fields.

In our approach, the gravitational field, like all other
physical fields, is characterized by an energy-momentum
tensor, which contributes to the total energy-momentum
tensor of the system. This is the main fundamental difference
between our approach and Einstein’s theory. It should also
be noted that besides the general simplicity in pseudo-Eu-
clidean space—time integration of tensorial quantities always
has a quite definite meaning.

Another key question that arises in the construction of
the theory of the gravitational field is that of the interaction
between it and matter. Influencing matter, the gravitational
field can effectively change its geometry if the field occurs in
terms with higher derivatives in the equations of motion of
the matter. Then the motion of material bodies and other
physical fields in pseudo-Euclidean space—-time under the
influence of the gravitational field will be indistinguishable
from their motion in a certain effective Riemannian space—
time. It follows from experimental data that the effect of the
gravitational field on matter is universal, and therefore the
effective Riemannian space-time is common to all matter.

This leads us to a proposition that we call the identity
principle (geometrization principle), defining it as follows:
The equations of motion of matter under the influence of the
gravitational field in the pseudo-Euclidean space-time with
metric tensor ¥,,; can be represented identically as the equa-
tions of motion of matter in a certain effective Riemannian
space-time with metric tensor g,; that depends on the gravi-
tational field and the metric tensor y,;.

This principle was introduced and formulated in Ref.
14, though essentially it was already stated in Ref. 35. It
means that the description of the motion of matter under the
influence of the gravitational field in pseudo-Euclidean spa-
ce-time is physically identical to the description of the mo-
tion of matter in the corresponding effective Riemannian
space-time. In such an approach, the gravitational field (as
a physical field) is apparently eliminated in the description
of the motion of the matter and, putting it figuratively, its
energy is used to form the effective Riemannian space-time.

Thus, the effective Riemannian space-time becomes a
“carrier” of energy and momentum. The creation of the Rie-
mannian space—time requires as much energy as is contained
in the gravitational field, and therefore the propagation of
curvature waves in the Riemannian space-time reflects the
ordinary transport of energy by gravitational waves in the
pseudo-Euclidean space-time. This means that in our ap-
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proach curvature waves in the Riemannian space-time are a
direct consequence of the existence of gravitational waves in
the spirit of Faraday and Maxwell, possessing an energy-
momentum density.

The idea of the gravitational field as a physical field in
the spirit of Faraday and Maxwell, possessing energy and
momentum density and spins 2 and 0, changes our ideas
about space-time and gravitation formed under the influ-
ence of GR. The RTG makes it possible to describe all the
existing gravitational experiments, satisfies the correspon-
dence principle, and leads to a number of fundamental con-
sequences.

6. GEOMETRIZATION PRINCIPLE AND GENERAL
RELATIONS IN THE RELATIVISTIC THEORY OF
GRAVITATION

Without loss of generality, we shall assume that the ten-
sor density of the metric tensor g of the Riemannian space—
time is a local function depending on the density of the met-
ric tensor 7** of Minkowski space and the density of the gra-
vitational field tensor ®%*,

We shall assume that the matter Lagrangian density
L ; depends only on the fields @, their covariant deriva-
tives of first order, and also, by virtue of the geometrization
principle, the density of the metric tensor 2'*. We shall as-
sume that the Lagrangian density of the gravitational field
depends on the density of the metric tensor 3, its partial
derivatives of first order, and the density of the gravitational
field ®* and its covariant derivatives of first order with re-
spect to the Minkowski metric. To obtain the conservation
laws, we use the invariance of the action with respect to in-
finitesimally small displacements of the coordinates. Since
for any given Lagrangian density L the action

= | Ld
is a scalar, the variation 6J corresponding to an arbitrary

infinitesimally small coordinate transformation will be zero.
We calculate first the variation of the matter action

Tip = S Ly diz
under the transformation
(71)

gt o= gkt ‘E.i (‘T)’

where &' (x) is an infinitesimally small displacement 4-vec-
tor:

67y = | &t [é_fy_ngwu,. 2{;‘5 8.0, +div]=0. (72)

Sgmn

In (72), div denotes divergence terms, which in the present
section are unimportant for our treatment.
As usual, the Eulerian variation is defined by

8L _ oL ab’
Bp — g =0 d(d q)+a nh 0 (0,0,5)
The variations §, 2™" and §, ®, under the coordinate trans-

formation (71) can be readily calculated by using their
transformation law:
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8.8 =FDEN+ PDLE — Dy FF; (73)
804 = —E'Dy s+ FA j0,D, (74)

Here and in what follows, D, is the covariant derivative with
respect to the Minkowski metric. Substituting these expres-
sions in (72) and integrating by parts, we obtain

Tu=fae -t (m)

00 (82 -+ 0, (452 7 d0,)

55“ Dy, |+ div} =0

The vector §"" being arbitrary, the condition 6/, = 0 yields
the strong identity
D, (2 8Lar rm) b ( GEM ) Eln
5gmn &gt
=D, (33 F; J0s) — S5 D, D, (75)

which holds independently of the fulfillment of the equa-
tions of motion for the fields.
We introduce the notation

T B e i

6L. m n,
g ! e 55’7::1 =g"" " Thp;  (76)
jw —9 8Ly 8Lar : Fmn _ = 5 ﬁfar =Emk§'np'f1kp (77)
6gm“ Sgmn
Here, T,,, is the density of the matter energy-momen-

tum tensor in the Riemannian space and is called the Hilbert
tensor density.

Taking into account (77), we can represent the left-
hand side of (75) in the form

~

D ( mngkn)“'"_"g "D Tkp—“'dh( mngk")

The right-hand side of this equation can be readily re-
duced to the form

L ¢%0,,T, .

~ ~ ~ ~ ~ {1~ ~
ah (Tmngrm)—'%ghpamTkp=gnmvh (Tn"'—'_fghnT) ’ (78)

where T = Erp T*?, and V, is the covariant derivative with
respect to the metric of the Riemannian space.

On the basis of (78), the strong identity (75) can be
written in the form

Emnvh (E’!hn_ﬂ_%gkn%)

(79

6L OLar aL.\I
= —D, (57 Fi n®s) — g7 Dn®s-
By the principle of least action, the equations of motion for
the matter fields have the form

ﬁL’\I ).

T, (80)

Taking into account these equations, we find from (79) the
weak identity

m (T — 5 g™ ) =0 (81)
We note that the density of the matter energy-momentum
tensor in the Riemannian space, 7", is related to 7" by
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V ngn Tnm_%‘gvmn;. (82)
Therefore, from the expression (81) we obtain a covariant

conservation equation in the Riemannian space:

VmI™ = () (83)
If the number of equations for the matter field is four, then in
this and only in this case one can always use instead of the
equations (80) for this field the equivalent equations (83).

The variation of the action integral (72) can be ex-
pressed in the equivalent form

6-]_\1': 5 déx{ a,.,LJI

Spmn

) ;i)mn_l_ 8Ly 8 ':{J'nm
% 6¥mwz &

5e MJ" GL(D4+d1v} 0. (84)

The variations 8, ™ and 8, 7™ under the coordinate
L ¥

transformation (71) are
6L$mn T &;hnD Em a)h JnD Eu i Dh {Ekérrm);
§ ,Ymu JmD am +,YkmD °n__ﬁ;mnDhEk

(85)

(86)
Substituting the expressions for the variations &, ®™",

8,y™,8, @, in (84) and integrating, by parts, we obtain
&™ being arbitrary, the strong identity
8Lar Fwn) _ 8Lar kp 9 SLyr Zun
Dy (2 s )= D (5ar) O+ D (2 ¥ )
OLut N SL Bk OLy
- D, (m 7 )=_D"(6(D“ Fo. (IJH) follI DDy,
' (87)

which, like (75), holds independently of the fulfillment of
the equations of motion of the matter and the gravitational
field.

For any Lagrangian, we introduce certain notation and
relations that will be used in what follows:
8L .

vmn

L)

e 9

; tM'=—12 (88)

6":mn
1/%
Since L yy by virtue of the geometrization principle depends

only on y’"" through g™, we can readily find the connection
between 7y, and T,,,,,

1 o

tl’?! li.

(e — (89)

8L dghP
t(M’)mn_Q LS =T;l;p E . (90)
,51.mn dymn
Here, we have taken into account the definition (77).
Taking into account the identity
auhp L e a?pk
e S
Ymn aylu
we obtain on the basis of (88)
~ Pk
I(u)=—-—TM o s (91)
a'} mn

Taking into account in (91) the identity (77), and also the
relation

~ o~ a:fq 5;-‘
— Bl
Ymn vmn
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we obtain from (91)

fihy =T 2ezk (92)
a"‘;:mn
Comparing now the identities (79) and (87) with allowance

for (88), we find

e Thn 1 “pnm = - 1 hn3,
EmnVr (1 — _gh }T) ==YmaDhr ( '5{"_{}) T ‘Vf lt{l\l})
o 8Lar o SLar \ Fyap
+D, (2 2Lu_Gn)__p_ (S Y\, (93
: k ( ﬁa',mn ) m ( 6&’,};_11 ) ( )

Similarly, from the invariance of the gravitational-field ac-
tion J, = { L,d *x with respect to the coordinate transfor-
mations (71) we have

o n e o OLg =
b (B 77) 00 (2o
— Dy (22 ) B =0 (94)
ObkE
Adding the expressions (93) and (94), we find
n i1 1 1 e r’
gmth ( T _'_'g" [)-?mnDh (f" 7?’\’1“)&)
+ Dy (2% o) — D, (‘ff'_) dre, (95)
é(l]lﬂ?! BGJ‘W
Here and in what follows,
T = Ton 4. (%6)

From the principle of least action the equations for the gravi-
tational field have the form
SL BLG 6L A

SE e DIV ),
élpmn 6(IJmn é([;mn

(97)

Taking into account these equations, we obtain from (95)
the very important equation

Emth (%R’L_%Ek?lf)=;mnDk (F‘” ‘3’% ~). (98)

Since the density of the total energy-momentum tensor in
the Minkowski space is given by

V=g =i

we can write the relation (98), using the expression (99) and
also (82), in the form

~

n_ 1 S, (99)

D™ = T (100)
This last relation reflects the geometrization principle: The
covariant divergence in the pseudo-Euclidean space of the
sum of the densities of the energy-momentum tensors of the
matter and the gravitational field is exactly equal to the co-
variant divergence in the effective Riemannian space of the
density of the matter energy-momentum tensor alone. If the
equations of motion for the matter hold,

) B o v oy i PR T (101)
From the covariant conservation equation for the matter in
the Riemannian space it is not clear what is conserved,
whereas from the conservation law of the total energy-mo-
mentum tensor £ ;7 in the Minkowski space it is clear that we
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have conservation of the energy and momentum of the mat-
ter and the gravitational field taken together. Thus, in this
theory the Riemannian space arises as a result of the influ-
ence of the gravitational field on all forms of matter; it is
therefore an effective Riemannian space of field origin. The
Minkowski space finds its precise physical reflection in the
conservation laws for the energy-momentum and angular-
momentum tensors of the matter and the gravitational field
taken together.

Since there exist ten Killing vectors in flat space, there
are also ten conserved integral quantities for a closed system
of fields.

Since the conservation equation for the total energy-
momentum tensor in the Minkowski space

Dmtm=Dm(t(rg)n o t?j‘u] n)=0 (102)

is equivalent to the covariant conservation equation for the
matter in the Riemannian space, and the latter is equivalent
to the equations of motion for the matter, we can use (102)
instead of the equation of motion for the matter.

It must be particularly emphasized that both the matter
and the gravitational field in this theory are characterized by
energy-momentum tensors, so that in our case, in contrast to
GR, it is in principle impossible for pseudotensors to arise,
and therefore there are no unphysical concepts such as non-
localizability of the gravitational energy.

If, following Hilbert and Einstein, we had taken the La-
grangian density of the gravitational field in a fully geome-
trized form, i.e., dependent only on the metric tensor of the
Riemannian space g™ and its derivatives, for example,

L=V —gR
(where R is the scalar curvature of the Riemannian space),
the density of the energy-momentum tensor of the free gravi-

tational field in the Minkowski space would always be equal
to zero by virtue of the field equations:

8L, _ OLg dgPk i

Syman SgPh  gymn

(103)

Thus, on the basis of the Minkowski space and using a ten-
sorial physical field possessing energy and momentum it is in
principle impossible to construct a fully geometrized La-
grangian of the gravitational field. Therefore, a theory con-
structed on the basis of a fully geometrized Lagrangian is in
principle incapable of describing a physical gravitational
field in the spirit of Faraday and Maxwell in Minkowski
space. It has hitherto been asserted in the literature (see, for
example, Ref. 36) that in Minkowski space one can, using a
tensor field of spin 2, uniquely find the Lagrangian of the
gravitational field in GR, which is equal to the scalar curva-
ture R. However, these studies do not have any physical con-
tent, since the energy-momentum tensor for the gravita-
tional field introduced in them is equal to zero, as can be seen
from (103). Therefore, these studies are physically mean-
ingless and their results are incorrect.

7. FUNDAMENTAL IDENTITY

As was shown in Ref. 37, a symmetric second-rank ten-
sor /™ in Minkowski space can be decomposed into a direct
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sum of irreducible representations: one representation with
spin 2, one with spin 1, and two with spin 0,

f™ = [ Py4- Py Pyt Pyl 14, (104)

where P, (s =2, 1,0, 0') are projection operators satisfying
the standard relations

P,Pt=§tP, (here no summation over¢!);
Pl (23+ 1);
2 Plu= (8380 4 618h) = 61,

(105)

It is convenient to express the operators P, first in the mo-
mentum representation. To this end, we introduce the auxil-
iary (projection) quantities

1 939k \ . 4
T (?zk— ;f ), Y= ;.s:h'

It is easy to show that the operators P, satisfying (105) can
be expressed in terms of (106) as follows:

(106)

PR =X, X'™; PU =Y, Y™, (107)
Pl =L XY P XOVL L XYL LY (108)
Pz;m=_'[X Xn+XTX0]— X, X, (109)

It can be seen from (107)—-(109) that the operators P
symmetric with respect to the indices m/ and ni.

In the x representation, the projection operators P, are
nonlocal integro-differential operators:

(PRl = | Pl e —y) 1 (o

S.’H

The explicit expressions for P g7, (x) and P, (x) are
Piat (@) =5 (V™10 (2) + (1" 010

+ Vin0'0"™) D (2) + 8,0,0'0™A (2)]; (110)

P2 ﬂi(x) (6in _"_V Tl‘n)a(x)
+[5 (81973, + 6119, + 8Lma,

+870'0,) — 5 (¥"0i0n+ 7 0™) | D (@) + - 0'5"3,9,A (2).

(111)

In (110) and (111), D(x) is the Green’s function of the
wave equation,

O D)= —8(a), (112)

andA(x) = [ d*yD(x — y)D( y),and we therefore have the
equation

OA (x) = — D(z). (113)

On the basis of Egs. (110)—-(113), it is readily verified that
the operators P, and P, are conserved, i.e., for these opera-
tors the following identities hold:

a onmﬂi (E)’—anpiimm( )"""O }

(114)
1 PYl; () = 0"PHP; (2) = 0.
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But the operators P, and P do not possess this property.
It is clear from the decomposition (104) that if the ten-
sor field satisfies the equation

8, fm =0, (115)
the representations with spins 1 and 0’ do not occur in it.
This means that such a tensor field describes only spins 2 and
0.

By virtue of (110)—(112), it is easy to show that the
operator

O(2Py — PYI" = — (81" — y™9u) O 8 (2)
— (™00 + ud"0") 6 (2) + 5 (83070, + 87",

- 8Fama, + 87a"a;) 6 (z) (116)
is the unique local and conserved operator of second order.
Applying this operator to the function

40

CP” _'ﬁ"?ﬂ‘p,
where ¢ =y, ¢, we find
\ymn == \‘ Dy [2[)0 (JL‘ & y)

mn i 1 i
— Py (z — " (9" (1) — 3 v''e () diy
s ahap [,Pnk(pnm o ,,[,mh‘pnp e .‘,pkq}nm o ?mn‘.pph}‘

(117)
The structure of (117) for any symmetric tensor field is re-
markable in that it is local, linear, contains derivatives of
only second order, and satisfies a conservation law, i.e., the
divergence of ¥™" is identically equal to zero:

8, 0mn = 0, (118)

In what follows, we shall need the structure (117), ex-
pressed in terms of covariant derivatives with respect to the
Minkowski metric for the density of the metric tensor g :

Jmm = DD, [,an'é'hm o v?)m?m s vkp}mn £ .\,mu'ékp].(llg)

It is obvious from (119) that the following identity holds:

Dpd™ = 0, (120)
and we call it the fundamental identity, since it has funda-
mental importance for the construction of the RTG.

8. EQUATIONS OF THE RELATIVISTIC THEORY OF
GRAVITATION

In general relativity, Einstein made the metric tensor
g* of Riemannian space the characteristic of the gravita-
tional field. But this was a profound delusion and it must be
abandoned, since it is impossible to impose physical bound-
ary conditions on the behavior of g, their asymptotic be-
havior depending on the arbitrariness in the choice of the
spatial coordinate systems.

In the present section we construct in the framework of
relativity theory and the geometrization principle relativis-
tic equations for matter and the gravitational field.
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The connection between the effective metric of the field
Riemannian space and the gravitational field can always be
chosen in the very simple form

Eih =V—_g gik e V'—_W .Vih o V‘*jr’ i,

In our theory, the field variable of the gravitational field is
the tensor ®*, We shall assume that the gravitational field
hasin the general case only spins 2 and 0. As we saw in Sec. 7,
such physical requirements lead in Galilean coordinates to
the following four equations of the gravitational field:

3,@“’ s 51§m = 0.

(121)

(122)

Similar conditions have sometimes been used already'**® in

GR as a special class of harmonic coordinate conditions for
solving problems of island type. The importance of harmon-
ic coordinate conditions for the solution of island problems
was especially emphasized by Fock (Ref. 15, p. 476). For
example, he wrote: “The remarks made above about the pri-
vileged nature of the harmonic coordinate system must not
in any way be understood in the sense of prohibition on the
use of other coordinate systems. Nothing could be more
alien to our point of view than such an interpretation of it...”;
and further: “...although the existence of harmonic coordi-
nates is a fact of the first importance, both theoretically and
practically, it in no way precludes the possibility of using
other nonharmonic coordinate systems.” From the point of
view of our theory, Fock, in solving island problems, was
simply, without being aware of it, dealing with ordinary Ga-
lilean coordinates in an inertial frame of reference, and
these, as is known from relativity theory, are, of course, dis-
tinguished. In Fock’s calculations of island systems, the har-
monic conditions were therefore not coordinate conditions,
as he thought, but, as we see from our theory, field equations
in the Galilean coordinates of an inertial frame of reference.
It was for this reason that they played an important part in
his actual calculations, something that Fock, of course, as
incidentally, others, did not suspect.

Thus, Fock regarded harmonic conditions only as privi-
leged coordinate conditions and nothing more, making a re-
striction, moreover, to problems of island type. This is un-
derstandable, for, like all his great predecessors, he was a
prisoner of Riemannian geometry, and it in principle made
impossible a deeper penetration to the essence of the prob-
lem. To make the fundamental step and advance these condi-
tions it was necessary to abandon the ideology of general
relativity, to extricate oneself from the jungle of Riemannian
geometry, to extend, general relativity notwithstanding, the
relativity principle to gravitational phenomena, and to intro-
duce the concept of the gravitational field as a physical field
in the spirit of Faraday and Maxwell possessing energy and
momentum. And all this has been done in our theory, the
choice, moreover, of the coordinate system in our theory
being arbitrary and specified only by the metric tensor ¥* of
Minkowski space, as is usually assumed in the theory of ele-
mentary particles. Moreover, in our theory Egs. (122) are
universal, being equations of the gravitational field. They do
not have any bearing on the choice of the coordinate system.
In Minkowski space, these equations are written in the co-
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variant form

V =7 Ddi* =D, gt —0. (123)
On the basis of the results of Sec. 7, we see that these field
equations automatically eliminate from the gravitational
tensor field the spins 1 and 0'. Thus, for the required 14
variables of the gravitational field and the matter we have
already constructed the four covariant equations (123). To
construct the following ten equations, we use a simple but
far-reaching analogy with the electromagnetic field. Since
any vector field 4" contains spins 1 and 0, it can be decom-
posed into the direct sum of the corresponding irreducible
representations. This decomposition can be implemented by
means of the projection operators (106) introduced in Sec.
f -

Ar=X2A™ 4 Y A™, (124)
in which the operator X 1is conserved, i.e., satisfies the
identities

P Xn=0"X5=10, (125)
while the operator Y, does not have this property.

It is well known from electrodynamics that the source
of the electromagnetic field 4" is the conserved electromag-
netic current /" . Therefore, to construct the equation of mo-
tion for the field it is also natural to use the conserved opera-
tor X' ;.. But this operator is nonlocal. On its basis, one can,
however, construct a unique (containing second deriva-
tives) local, linear, and conserved operator CLX ;. Applying
this operator to 4™ , we obtain an expression that in terms of
covariant derivatives has the form

,merDm])hAn — )anAm. (126)
Postulating the equation
4
,?thkaAn_DanAm=%jn' (127)

we obtain Maxwell’s well-known equations.

One of the most important properties of the electrody-
namic equations (127) is their invariance with respect to the
gauge transformation

A" — A" |- Dhg, (128)
where @ is an arbitrary scalar function.

None of the physical quantities are changed by the
gauge transformation (128). This means that they do not
depend on the presence of the spin 0 in the vector field A" .
Therefore, a gauge transformation can be chosen in such a
way that the spin 0 is always eliminated from the vector field.
This means that one can introduce the condition

DA™= 0. (129)

Thus, in electrodynamics the condition (129) can be intro-
duced, though it need not be, since the spin 0 of the vector
field does not, by virtue of the gauge invariance, affect the
physical quantities.
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Taking into account Egs. (129) in (127), we find the
system of equations
VD Dy A = 22 .

2L DA™ =0,
which determine the vector potential 4", which possesses
only spin 1.

The Lagrangian formalism leading to these results is
well known. We note that the idea of constructing the theory
of interaction for vector fields (both Abelian and non-Abe-
lian) on the basis of gauge invariance has proved to be ex-
tremely fruitful and is currently being successfully devel-
oped.

The problems which we encounter in constructing the
remaining equations for the tensor gravitational field are of a
quite different nature, since its source—the energy-momen-
tum tensor—is noninvariant with respect to a gauge trans-
formation of the field ®*. There will be a more detailed
discussion of this below, while here, by analogy with Max-
wellian electrodynamics, we construct the remaining equa-
tions for the tensor gravitational field. The unique conserved
second-rank tensor is the energy-momentum tensor ™" of
the matter and the gravitational field in the Minkowski
space, and it is therefore natural to take it as the total source
of the gravitational field. Since, as we established in Sec. 7,
the simplest identically conserved tensor linear in g™ is
J™, we postulate by analogy with electrodynamics the
equations

Jmn — DhDJr [?k ng.;nn + ,\,h mE}Jn = .\,k;);.mn b ?mnEfipl

= A (I8 + 1) (130)
Such a form of the equations presupposes in general auto-
matic fulfillment of the conservation law for the energy-mo-
mentum tensor of the matter and the gravitational field in
the Minkowski space,

Dy (175 4 170 = Dyt™ =0, (131)
and also, as a consequence [see (101) ], the fulfillment of the
covariant conservation law for the matter in the Riemannian
space:

VT = (), (83)
The Hilbert energy-momentum tensor 7" can be specified
phenomenologically. In this case, (83) are the equations of
motion for the matter.

Using Eqgs. (123) and (130), we obtain
wwmﬁm=—Mw+$m}
Dnlgnln == n

The system of equations (132) is the required system for the
RTG.

The part played by the second equation of the system
(132) in the RTG is very different from the part played by
(129) in electrodynamics. Indeed, although the left-hand
side of (130) is invariant with respect to the gauge transfor-
mation

(132)

EITIH s Eh’lll __:_ D!H’gﬂ _:_ l]ﬂ’gi‘}l Bk, .\i,'ﬂli‘legf{‘

(133)
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where &" =\ — y£" is the density of the arbitrary 4-vector
£" (x), the right-hand side of (130) being noninvariant with
respect to the substitution (133), we do not have in the the-
ory an arbitrariness of the type (133), and therefore (123)
cannot be a consequence of (130).

Thus, in the RTG Egs. (123) are additional indepen-
dent dynamical equations of the gravitational field and not
coordinate or gauge conditions.

The main question which must be answered in the con-
struction of the theory is the following: Does there exist a
Lagrangian density for a gravitational field with spins 2 and
0 that leads automatically on the basis of the principle of
least action to the first equation of the system (132)?

The general Lagrangian density of a gravitational field
&™* describing spins 2 and 0 and quadratic in the first deriva-
tives of the field has the form

L,= agkmg“qgu:Dtgqu”Emn . E’Equm;'qup_Ekm
(134)

A characteristic feature of this Lagrangian is that the con-
traction of the covariant derivatives with respect to the Min-
kowski metric can be made by means of the effective metric
tensor % of the Riemannian space.

We shall see below (see Sec. 10) that this requirement
for the gravitational field is a consequence of the geometriza-
tion principle and the structure of a gravitational field pos-
sessing only the spins 2 and 0.

By the principle of least action, the system of equations
for the gravitational field is

4 CghmgnqupD:gh mngnq_

8L, 8Ly 8L

shin | sbir
We have here taken into account the constraint (121). In
(135), L\ is the Lagrangian density of the matter, and the
Lagrangian density L, is given by (134).

If the system of equations (135) is to take the form of
the first equation of the system (132), the constants a, b, and
c in the Lagrangian density (134) must be chosen in a defi-
nite and unique manner. To this end, on the basis of Eqgs.
(88), (89), (96), and (99) we find for the Lagrangian
L =L, + L, the density of the energy-momentum tensor
of the matter and the gravitational field ™" in the Min-
kowski space. Calculating the variation of the total Lagran-
gian with respect to y,,, , we obtain

(135)

§hik Sgik Suik

fm — 9 V?? (.\,nh.\‘,mﬂ_ "‘1)_ .Prrmﬂl,pk) EL & o Jmn
i Sghv
-+ D,, {(2a+ b) [[]ﬂ“,},km ok Hﬁthn_H,lT“‘yhp]

— 2(a+ 2) Y™ g"2g1, D"}, (136)

where H " = (g7 D,g"" + 8" D87 )8 -
It can be seen from (136) that the equations
t" = 2bJ""+ D, {(2a + b) [HE"Y*™ 4 HY" "™ — HP"yh)
— 2 (a+ 2c) y™"g*g,, 0,87} (137)

are equivalent to the field equations (135).
To ensure that Eq. (131) does not yield any new equa-
tion for the field ®*, in which case we should have an over-
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determined system of equations, it is necessary and sufficient
that the coefficients a, b, and c satisfy the conditions

a=—5% (138)

o= H.
For this choice of the constants, we have the identity
Dot = 0.

Thus, the equations of motion of the matter follow directly
from the equations for the gravitational field. With
allowance for the relations (138) between the coefficients,
the expression (137) takes the form

Dr-Dh (,V:'r mEpn £ T.’mE,um _Eam.vhp . .\‘,m n;.hp)
; (139)

mn mun 1 tm'ﬂ

1
=y () + 16D =5

which is identical to (130), which we wrote down earlier by
analogy with electrodynamics, if we set

2b = 1/h.

Thus, the Lagrangian density L, which leads us to field
equations in the form (139) has the form
1 % s = ] 55 = = ) e L ~7‘J’lll
Lg O [thDmgqu;.gkm —5 ghmgnr;g“ Dlgk JD]){!’

e s, I o ~ ~
I 7R ghmgqu“JDlgkmDI.gnq:I . (140)

It follows from the correspondence principle that the con-
stant A has the value

(141)

A= — 16m.

Withallowance for (141), the Lagrangian density (140) can
be represented in the form

1 h; > 2 ¥ A i -.;
Ly == [CrnDig™" — ™G G 1), (142)

where the third-rank tensor G £, is determined in accor-
dance with the formula

~ 1 “pk = . 2 = z
Gjr{m=fg” (Dmgzp'f'Drgmp“ng!m)' (143)
The Lagrangian density can also be written in the form

Ly= — 1 VB g™ (GGl GLaGhl.  (144)

Such a Lagrangian was first considered by Rosen.** In
(144), we have the third-rank tensor

1 wp
G:!nl':'ggm (Dmgp]_}"Di'gmp—'ngfm)- (145)

With allowance for Eq. (123), the complete system of equa-
tions of the RTG for the matter and the gravitational field is
?iJkDPDhEmn Py “’Sntmn;
D,g"=0.

Itis obvious that in a Galilean coordinate system Eqs. (146)
take the form

D-{;,'mn % 16:.”?:”:; }
Ing™™ == 0.

(146)

(147)
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If we were to restrict ourselves to Eq. (130), the divi-
sion of the metric of the Riemannian space into the metric in
the Minkowski space and the tensor gravitational field
would be nominal only and devoid of any physical meaning.
The system (123) of four field equations separates essential-
ly everything that has to do with inertial forces from every-
thing that has to do with the gravitational field. Both of the
equations (146) are generally covariant. On the behavior of
the gravitational field there are imposed, as usual, appropri-
ate physical conditions in a given, for example, Galilean co-
ordinate system. In GR, it is impossible to formulate phys-
ical conditions on the metric g™ if one remains in
Riemannian space, since the asymptotic behavior of the met-
ric always depends on the choice of the three-dimensional
coordinate system.

We now find the explicit form of the system of equations
(135). For the Lagrangian (140), it is possible to show that

I g . &
== o= [GmiGin — CrnGhil;

aygmn
and
?()—;L;""—}— T [ G — 7 8hGh— 3 8hah ]
Therefore
8Ly /08" = — -5 Rpum, (148)

where R,,, is the second-rank curvature tensor of the Rie-
mannian space, equal to

Hmu = 0hGﬁm o amG;I + annG;f.! = G;JG:{;E- ( 149)
Since by virtue of (77) and (82)
6];“! = __1_‘ -L
"(;i;"m =< V—r}% (Tmn e 0 gmnT) 1 (150)
we find from (135)
]/i?]fnm - HH(Tnm'"_"i:gmnT) H (151)

ie., we have arrived at the system of Hilbert-Einstein equa-
tions. It has long been known in the literature'®*® that the
Lagrangian (144) leads to the system (151). What we have
established is that for a gravitational field with spins 2 and 0
the gravitational-field Lagrangian density (140) is unique,
leading to the self-consistent system (146) of equations for
the field and the matter. This means that the equations of the
RTG are the unique simplest second-order equations.

In view of the importance of this fact, we give in a differ-
ent form the proof of the equivalence of Egs. (130) and
(151), based in this case on direct calculation of the tensor
densities ¢ {j} and # {y;, in the Minkowski space.

On the basis of the expressions (88) and (89) and tak-
ing into account the constraint (121), we find that the den-
sity of the gravitational-field energy-momentum tensor in
the Minkowski space for the Lagrangian density (140) is

g—rs
iF’.‘!? — # Jmn__ 1 8; i (.“,m;lvnh — % ,V)n?!—\;}h’f) th_ (152)
As we see, the second-rank curvature tensor R o« Of the Rie-
mannian space has here automatically appeared. Similarly,
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using Eqs. (88), (89), and (121), and also the definition
(76) of the Hilbert tensor density for the density of the mat-

ter energy-momentum tensor in the Minkowski space, we
find

=)/ I (yryet— & mgen) (Zin—guT). (153)

Substituting (152) and (153) in the field equations (130),
we obtain

(v = pma) [ R = (20— 4 07 ] =0,

from which we can readily arrive at the system of equations
for the gravitational field in the form (151).

Thus, the system of equations (130) is equivalent to the
system of Hilbert-Einstein equations (151). And the com-
plete system of equations (146) of the RTG for the matter
and the gravitational field is equivalent to the system of
equations

—— 1
V_‘g-Rmn_—ST (Tmn“‘fgnanT) } }
D™ =0.

It must be emphasized particularly once more that the sec-
ond equation of the system (154) is universal, since we have
here field equations describing a gravitational field with
spins 2 and 0. The choice of the frame of reference (or the
coordinate system) is specified by the metric tensor of the
Minkowski space. Therefore, these equations do not impose
any restrictions on the choice of the coordinate system.
Thus, Egs. (123) eliminate from the density of the tensor
field ®* the spins 1 and 0, leaving only the spins 2 and 0.
The required six components of the gravitational field, cor-
responding to the spins 2 and 0, and the four matter compo-
nents can be determined from the first equation of the field
system (146) or the equivalent Hilbert-Einstein equations
(151).

We note that some aspects of the theory of gravitation
in Minkowski space were considered in Refs. 39 and 40.
Even the authors who chose the correct direction did not at
that time understand this and followed a different path in
constructing the theory of gravitation. However, this path
did not lead them to anything definitive.

It follows from the RTG that solutions satisfying the
first equation of (154) but not the second equation of (154)
do not have any physical meaning. Such is the fate of all the
existing solutions of the Hilbert-Einstein equations. There-
fore, it is necessary to seek solutions that satisfy the complete
system of equations (154). Itis only such solutions that have
physical meaning. This will essentially lead to new physical
predictions about the development of the universe, gravita-
tional collapse, gravitational waves, etc.

To end this section, we make the following remark. The
system of equations (123) isnota consequence of the princi-
ple of least action. Therefore, to apply this principle for the
Lagrangian (134), we must take into account (123), intro-
ducing for this purpose in the action integral a term of the
form 7, D, g™, where 9, are Lagrangian multipliers. The
analysis made in the Appendix shows that the Lagrangian
multipliers 7,, can be taken to be equal to zero by virtue of

(154)
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the conservation of the energy-momentum tensor. There-
fore, both in this section and in what follows the principle of
least action can be applied without the use of Lagrangian
multipliers.

9. RELATIONS BETWEEN THE CANONICAL ENERGY-
MOMENTUM TENSOR AND HILBERT’S TENSOR

The gravitational-field Lagrangian density depends on
the density of the metric tensor 7™ , the density of the ten-
sorial gravitational field ®™" , and their first derivatives. For
the coordinate transformation (71), the variation 6J, of the
action is equal to zero, and, therefore,

6-]__: L= ‘i d*z [ijk =1 & (Dmn + mn:l e I
l O 6(DT"” {wmn (155)
Here
Jh — — kaDpEm ( 156)
where the density of the canonical tensor is
aL e
TI’ = 6?1 T - — _f ngnm
a (A m™)
dL, w~
=g _éng*‘ s, Dngmn (157)

3 (9pe™")
and the density of the third-rank tensor K 2 is

Kﬁ,ﬁ 5 d‘iﬂ ii’)-m 5B boaibne aL (D.'q_l_ 9 dLg ’?";m
d (dthmn) d lf)h‘l’l'*) @ (O™
Ly ~
T (158)
9 (9py1)

Suilstituting in_(155) the expressions (85) and (86) for
5, ®™" and 8, 9™, we obtain, the volume of integration ()
being arbitrary, the identity

h
& Dty +

D cl)m"] KZD, D"

6(’]”1“.
+ DyE" [Tﬁl— DKL — q (D'”‘-{— oL 2
6(1 mn 6\IJ'H
8L,
_26 1T’ﬂ+6l ,\,q,!:l_o (159)
-v)ll?'l

Since the displacement vector £ # is arbxtrary, from the last
expression we obtain the strong identities

Dyt =— 6?5; D™, (160)
o —D K =2—— 8Lg g _ gt 978 6L, D) ELg —
sibmn sl gymn
—6n ;L; 3 (161)
Kﬁwa — K3 (162)

Since we have a connection between the density of the metric
tensor of the effective Riemannian space, g™, and the den-
sity of the tensorial gravitational field ™",

E"'IH == ;mn + (ﬁmn ( 163)

we find
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OL 4 8L dLg 0Ly
Shmn B a'Emn ; a ((]!‘.ijn) P (D;,E"”‘) :
Using these equations, we obtain
( I
0Ly g~ 0Ly 9%
8 ‘51,.\,11171) a (DI gmn) i (Dh;;'ij) 7 :.dr;i;mn}
~ Ol T

- -

7 (DhEU) J (,]P';}nm) K
Here, 7., are the Christoffel symbols of the Minkowski
space:
g o , :
Von =5 V" (OgVn;+ O¥ig — 9 Van)-

After elementary calculations, we obtain for K & the expres-
sion

K-:;IP: ILy s Thn ALy on
(D ygmn) J (Dygmn)
g [t 1 8]
9 (Dygt™) 3D,
L ~ ~y ~ o~
b i | — ). (164)
3 (Digt™)

Since the energy-momentum tensor density of the gravita-
tional field is equal to

5Lz
By = 2 —— P — ‘5“ S (165)
§ymn 6.\.;:
the identity (161) can be written in the form
Ly s
t(g}m = Tm —D, Ahn:” 2—— (LR (‘Jk (D-”q (166)
Spmn shpa

It establishes a connection between the density of Hilbert’s
tensor in the Minkowski space and the density of the canoni-
cal energy-momentum tensor.

For what follows, it is convenient to introduce as a char-
acteristic of the gravitational field

w), i

t()m*"Tm_D Krr!a (]67)

which in the case of a free gravitational field is identical, by
virtue of the identity (166), to the density of Hilbert’s ener-
gy-momentum tensor.

The system of gravitational field equations (146) canbe
written in a somewhat different form in terms of the density
of Hilbert’s energy-momentum tensor in the Riemannian
space. To this end, on the basis of the Lagrangian (142) and
(143), we calculate the third-rank tensor density K 2* in
accordance with (164).

Taking into account the equation

OLg . o [(,k , e V1o &1
? (Dygmm) “'T ""“'1"25’ Bmn tp
s
we obtain
a ~pk o~ e e
16K = |2 Gl — B Gl ] + 8" g 171G b — V1G]

Thu

‘T ?m[p qn lgmh\" i & ?PQI

Substituting in this equation the expression for G%, [see
(143)], we find
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16.’!{{;{:{ e Eman (thEpn _EgrqE}in)

_.an[)q (E.'m.vpn + Epu,\,kq . qu?fm I Ehuv]w) " ( 168)

Using (168), on the basis of the definition (167) for 1% .
we obtain the formula

) 1

1 "

t(f:ﬂ:m o T&_THH—DJ'U:»‘?—T-,J“ \’nm‘]h”v (169)
with the antisymmetric tensor density

U:‘np 5= gm n Dq (qu;;hn T Z”' r,';;;m)' (170)

and J*" is the known structure (119).

We shall need the expression (169) in what follows. As
a preliminary, we now derive an identity frequently em-
ployed in the literature. In Galilean coordinates, the gravita-
tional-field Lagrangian density (142) takes the form

s i Smngit o
f;,ﬁ, = T:.’.'I_ {Gm,,dpf.’ Al _gmn(lthu”u
where in the given case

LR - O R ~
Gr:mzfg’”(rjmgqleergqm_dqgmn)'

Quantities of the type G, are third-rank tensors with re-

spect to linear coordinate transformations, and therefore L 2
will be a scalar density under the same transformations.
From the invariance of the action with respect to linear
transformations, we obtain

' oL, ~
8, = | dia [a,,J'- gl o 6,_gm"] e, (171)
O - 6 (gmm)
Here,
Jh = —EPek | KPkg Em (172)
where the canonical tensor density is
- IL ¢
=B, B (173)
i (g umn)

and the density of the third-rank tensor K 2* in this case is
equal to

19 " ~ aL s A
T g GRS (174)

7 *'f*h:;r‘")

o ph
Ky =2——

(j l'(',hgmn)

Substituting in (171) the formula for the variation &, ™"
with respect to linear transformations, we obtain, the vol-
ume of integration ) being arbitrary,

(30 . h 6['f.' i
S‘ [UATIJ—‘I‘ - d ]g”llt]
6 u‘rﬂ‘lu)
- OL ~ 6L, Ao
+o,8n [th—a, K —2 L g g 078 ] =,
8 |gll1u) ) :f.’k“')
(175)
From this there follow directly the identities
6L ~
Oy = — B, 8™ (176)
& (plﬂ..’l)
~ 6L, ~ 8L &
T’I,;l ‘”1,[\‘;;:}‘ =2 s = Hh“ ‘_é:;z ,_,R g’”- (177)
) (g ) U?"")

Since (148) holds, from the identity (177) we obtain
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AL

5 52 — 1
tn— 0Kyl = — L2 [Rh— S kR, (178)
Taking into account the equation

OLg 1 ~, 1 ~e~ =~

s, NI Y A = g v

o (d',,;-mn) 167 |:Gm“ 2 & gmnG(ltJ
and the expression for G wn in Galilean coordinates, we ob-
tain after some manipulations

162877 = 3, (Shg*" — bng'") + o1, (179)
where o7 is the density of an antisymmetric tensor;
O = — Oh' = Gy (g9 — g™, (180)

Substituting the expression for K ’,‘,f’ in (178), we obtain the
identity

(181)

1 —z 1
Tn— 16 0?,0f‘,{1—_*——m VS:{ . I:an—?(fnﬁ] :

It is always possible to replace in the curvature tensor,
without changing it, the ordinary derivatives by the covar-
iant derivatives with respect to the Minkowski metric, and
therefore the expression (181) can be written in the covar-
iant form

k 1 kp V =z by od gl
Tm_‘]a‘ .D;,,D'm = ST I:Rm*—gamR]v (182)
the density of the canonical tensor 74 in (182) being equal to
the expression (157), i.e.,

L,

9 (9ygPa)
where the Lagrangian density L, will be expressed in terms
of covariant derivatives with respect to the Minkowski met-
ric and have the form (142).

Using the identity (182), we can write the expression
for (169) in the form

{0y = T M e 1
t(g)m: = "8:1 [H:n—‘é‘ana]f_ ey

h k | o
Ty == _6ng“ﬁ Dngh,

Ymnd ™. (183)

We have established earlier that the system of equations
(146) for the matter and the gravitational field is equivalent
to the system of equations (154). By means of the expression
(183), the system of equations of the matter and the gravita-
tional field can also be written in the different equivalent
form

YtV Dy Dyg™ = 1671 (T +(F€)§m): l

DmEmu = U. J
Here, T}, is the density of the Hilbert energy-momentum
tensor (76) for the matter in the Riemannian space. It is
obvious that by virtue of Egs. (184) the conservation law for
the energy-momentum tensor of the matter and the gravita-
tional field has the form

(184)

)
D, (T +‘2n (185)

(gym) =0

The covariant conservation law for the matter in the Rie-
mannian space can be represented identically in the form

o 1 0 m
VRT;':l = dr,ng’"_T andmgnq = Dung T G?im] :;l =0. ( 186)
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Comparing (185) and (186), we obtain
GouT — — D, g (187)

e (g)m’
We see from this expression that the matter acquires energy
and momentum directly from the gravitational field and that
the total energy-momentum tensor of the matter and the
gravitational field is always strictly conserved.

The construction of the RTG on the basis of Minkowski
space and the geometrization principle has made it possible
for us to consider in each stage of the arguments only covar-
iant quantities.

10. SELF-INTERACTION OF THE GRAVITATIONAL FIELD
AND UNIQUENESS OF THE RTG LAGRANGIAN

In Sec. 8, we considered the Lagrangian density of the
gravitational field ®* (134), which describes spins 2 and 0
and is quadratic in the first derivatives D,, d*=p, g*.

A characteristic feature of this Lagrangian density is
that the contraction of the covariant derivatives of §* taken
with respect to the Minkowski metric is realized in (134)
solely by means of the effective metric tensor g’ of the Rie-
mannian space. However, the contraction of the covariant
derivatives of the field g taken with respect to the Min-
kowski metric can also be made by means of the density of
the metric tensor 7/ . Using for this the smallest® of the pos-
sible numbers of tensor densities 7/ and g7, we arrive at the
following Lagrangian densities different from (134) for the
gravitational field &% :

Lgs =Vmingl"” (@,Dg"9D, g™ L~ e, Dig"D,g");  (188)
Lo = Zumnay'" (a:Dg" D g™ e, Dg" ™D g™);  (189)
Las=TamTnq 817 (D 8" D g™ +coDig"Dyg™);  (190)
Los=ThmEna?"” (@ D" D g™ +cDigh"Dygt);  (191)
Les —umina ! (a5 Dig4D g™ 4 e, DF*mD,g . (192)

The Lagrangian densities (188)—(192) also contain a
gravitational field carrying only the spins 2 and 0, but the
self-interactions of the gravitational field described by them
differ from the self-interaction contained in the Lagrangian
density (134).

Using the Lagrangian densities (188)—(192) to calcu-
late on the basis of Eqgs. (88), (89), (96), and (99) the con-
tributions to 7" and requiring that the equation D, ™" =0
should not give rise to a new equation for the field ®*, we
find for the coefficients a; and ¢; the values

apie=ueg =, =y 25435 &5 00);

(193)

It follows from this that among the simplest Lagrangian den-
sities (134) and (188)—(192) considered above only the La-
grangian of the form (140) leads us to a compatible system
of equations (146) describing a gravitational field possess-
ing only spins 2 and 0.

Thus, the self-interaction of the gravitational field can-
not be arbitrary. Itis determined by the fact that the gravita-
tional field is a Faraday-Maxwell field possessing energy and
momentum and spins 2 and 0 and also by the fact that in
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accordance with (121) the Riemannian space arises as an
effective space of field origin.

11. GENERALIZATION OF THE SYSTEM OF EQUATIONS OF
THE RELATIVISTIC THEORY OF GRAVITATION

In Secs. 8 and 10, proceeding from the idea of the gravi-
tational field as a physical field in the spirit of Faraday and
Maxwell, possessing energy, momentum, and spins 2 and 0,
we found uniquely in the framework of the relativity princi-
ple the Lagrangian density L, (140) of the gravitational
field under the assumption that it must be a quadratic form
in the first derivatives of the fields, and we constructed for
the gravitational field the system of equations of motion
(146).

In this section, we show that our theory of gravitation
admits a rather interesting generalization, namely, that in
the framework of the RTG it is possible to introduce a rest
mass m for the graviton. As we shall see later (see Sec. 16),
an upper bound on the graviton mass can be obtained by
assuming that the entire “hidden mass” of matter in the uni-
verse is associated with the existence of a gravitational field
with nonvanishing rest mass. The bound is m<10~* g.

Without violating the general requirements of the
RTG, we can add to the Lagrangian (140) the simplest
terms of the form

AV —¢g (194)
and

Hy V _;7'\’; i'??:'\'m:gmn and A [2gmlr\’mﬂ‘ ( 195)

Then the Lagrangian density of the gravitational field can be
represented as the sum of Lagrangians

Ly=Ly+2g (196)
where L, is given by (140), and
1 Fe— —
A=15a (“oV—‘H- AV —¢g
+ 5 "™+ g Mo ¥™) (197)

Note that, in contrast to GR, the inclusion in the Lagrangian
of the gravitational field of terms of the form (195) is possi-
ble by virtue of the principal postulate of our theory, which
asserts that the special relativity principle is the basis of the
description of all physical phenomena, including gravita-
tional ones. It might at first seem strange to include in the
Lagrangian A, the term %,/ — ¥, which is essentially a con-
stant. However, as we shall see below, the constant term is
needed to ensure identical fulfillment of the field equation in
the case when there is no matter or gravitational field.

In accordance with the geometrization principle, the
matter Lagrangian L ; will depend on the gravitational field
@™ only through g™". Thus, the total Lagrangian of the
RTG is

L=l 4 Ly (198)
On the basis of the Lagrangian (198), where L, is given by
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(196), we calculate, using the connection (121), the energy-
momentum tensor density /" of the matter and the gravita-
tional field in Minkowski space:

fmn 21/:,\3 (?"k‘}”n"——.{*vm”v”k ) (fJ;L el 1‘11_.]-,,.”.‘{ 5
2 darh ba

—'I%IT l—mz'g,nm _i_uaf{,mn
Ly [V Ee TMPa 1 7
=Y —y (v Pyt — v'““v”“)gpﬁ].
(199)

In (199),J™" is the structure (119). By the principle of least
action,

8L/6g™ —= 0, (200)

It is therefore clear from (199) that the equations
J?’?H’l K| n]in?!ﬂ = x[ﬁ;nm

9 ~ [ampin 1  mn.p mn
=MV =Y (Y — AR g = —16me™ (201)

are completely equivalent to the system of equations (200).
To ensure that the equation

D™ = 0, (202)

where ™" is given by the expression (201), does not give rise
to any new equation for the field ™", it is necessary and
sufficient to require that
2 I T agTt R { mn.,nih —l
Mmz2D,, [(\ P! —T\’n ik ) gka =0
hold identically.
From this we find that

M2 = 0. (203)
The remaining constants in the Lagrangian (197), A, x,, m?,
are not determined by the condition (202), and therefore we
have

e 1

i T 1 2 =
L.=1L, :’——1@3‘ (Ku Vv —v+A 1/ TH AT 5 MV prE k) .

(204)

Thus, if the relativistic theory of gravitation is based on a
Lagrangian Eg of the form (204), and the matter Lagran-
gian is chosen in accordance with the geometrization princi-
ple, we obtain the system of equations

,p.'t]) ,D ‘nm_ m2 Enm — n,'mn — jﬁﬂt'"";
¥ 1 n& oY (205)
D F;.nm =)

ms ”

A system of equations equivalent to (205), obtained from
(200) by substitution of the Lagrangian (198), can be repre-
sented in the form

nn p O mn n* mp pnh 1 nnk
R ——- g™ R+ o Agm — S (gmigrk — 2 gm ") Vo
== g, (206a)
V —g
D8 =0, (206b)

Since the identities
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Vi (Hmn__;'__gmnR) =0; Vmé.\'mn__.___O,

where V,, is the covariant derivative with respect to the met-
ric ™", hold, on the basis of (206a) we have
2 T 1 n P mn
TV =2 (6™ — 5 ™" ) Vs pn -+ 81V, T =0,
(207)

We consider in (207) the term containing V,, ¥, .
Taking into account the equation

Vm¥pr= — Gjﬁpvqk . Ggﬂh?p‘?’

where the tensor G ¢,, is given by (145), we find

1
(8776™ — 2™ ) Vb = Vmgg™ (Dp"+ Ghug™).
(208)

In deriving this identity, we used the explicit expression
(145) for G, Using (208) in (207), we obtain

5 MY 2 VmE™ (D -+ Ghig?) + 87, ™™ = 0, (209)
By virtue of the gravitational field equations (206b)
Dyg" =V =g (Dpg" + Gug™) =0

and (209), which are a consequence of (206a), we obtain
necessarily the equations of motion for the matter:

VmI™ = 0. (83)
Thus, the fulfillment of the matter equations (83) follows
directly from the gravitational field equations (206). Equa-
tions (206b) ensure compatibility of (206a) with the matter
equations. The converse is also true. If (206a) and the mat-
ter equations (83) hold, Eqgs. (206b) are a necessary conse-
quence of them, and, therefore, such a theory describes a
massive gravitational field possessing only spins 2 and 0,
since the system of equations (206b) eliminates from the
tensor field ™" the spins 1 and 0.

In the absence of matter and the gravitational field,
D™ =0, Egs. (206) must vanish identically. This is possi-
ble only if m* and A are related by

A= —m? (210)
A further relation between the constants s, and m* can be
obtained by analyzing the Lagrangian L,. Taking in (204)
the gravitational field equal to zero and using Eq. (210), we
find

Lo=re=Y =2 (agemt).

In the absence of matter and the gravitational field, it is natu-
ral to require identical vanishing of the Lagrangian (198).
This leads us to

%o = —m?, (211)

Thus, as the analysis made here shows, the Lagrangian
(197) contains a single unique constant, which we denote by

>,
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We now clarify the physical meaning of the parameter
m?. To this end, we consider Eq. (206a) in the approxima-
tion of a weak field ®™". In Galilean coordinates, we can
obtain on the basis of the connection (121) the following
expansion for g™" and g:

gt =" L dmn__ _;_ .\,mnq)i ol _%_ (D"m(Dz

ey (@pg®P - OFOE) 4. (212)
= 1 — O} - 0 PP — - DEDL ... (213)
Using these expansions, we obtain
rme k- (Dom— Ly aal),
and therefore
V=g (R™—4-&™R) >0 O™ (214)

In the first order in the field ™", taking into account (210)
and (211), we have

4 1 — 5
__z__ngmn__Tsz_g (gmpg h___z_gmngz:k) Voh
1
= — — mipm"
5 A

Thus, (206a) in the weak-field approximation takes the
form

(O —m?*) @™ =0. (215)
As we see, for a weak field the constant m is the gravitoa rest
mass. In passing, we also note that by virtue of (212) and

(213) we obtain for A, in the lowest order the expression

A= - (@pg@P1— - D5 5 (216)
thus, in the framework of the RTG the system of equations
describing the gravitational field ®™" with nonvanishing
rest mass will have the form

Pk DOt — m2T® = 1651™";
g (217)
D, ™" =0
or, in a different form of expression,
|
(Rmn__TgmnR)_ \
1 mn 8a ;
—-’%: [g’"“+ (g’"pg""——z— gmg™) '\’ph]= 7= ™% ’
D, g™ =0.
(218)

Whereas the flat metric ™" occurred in the RTG hitherto
only in (154), we now see that it occurs in both of the equa-
tions (218).

To conclude this section, we draw the following impor-
tant conclusion. If the graviton rest mass is zero, m = 0, i.e,,
if the gravitational interaction is a long-range interaction,
then the gravitational field equations (218) go over into the
RTG equations (154). Thus, for a long-range gravitational
field the cosmological term is always equal to zero.
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12. SOLUTION OF THE RTG EQUATIONS FOR A
SPHERICALLY SYMMETRIC ISOLATED BODY

In this section, following Refs. 15, 19, and 41-43, we
consider the solution of the RTG equations for a body pos-
sessing spherical symmetry in the case of a massless gravita-
tional field.

In the Minkowski space, we choose spherical coordi-
nates:
t; z = rsin B cos @; y = rsin 0 sin ¢; z = rcos 6.

(219)

In what follows, it is also convenient to use for the coordi-
nates t, r, 8, ¢ the notation

(220)

t=2a%r=2a' 0=2 ¢ =2

In the coordinates- (219), the metric tensor of the Min-
kowski space has the form

Yoo=1; V= —1; Yea= —7% V3= —r2sin?0;

1 (221)
~7isin?0’

Y™ =¥, =0if m#n; | —y =r* sin 6, and the nonvan-
ishing Christoffel symbols are

Po=d; pllam—1; Yo —%; h=

¥ 1
Tao= —T; Vip= —78in?6; Viy="v,=—1

y2, = —sinBcos B; Yy =cotb. (222)

In Egs. (221) and (222) and in what follows in this section,
the numerical indices denote the spherical coordinates in
accordance with (220).

The interval for a spherically symmetric and static mass
in the Riemannian space can be written in the standard form
dst = U (r) di* — V () dr®* — W (r) (d6* + sin® 0dg?),

(223)
where U(r), ¥(r), and W(r) are positive functions and de-
pend only on the distance r in the Minkowski space.

In accordance with (223), the components of the met-
ric tensor of the Riemannian space are

Boo=U (r); gu=—V(r); goo=—W(r); ggg=—W(r)sin?6;

=__1_.-11=__ 1 zas_ A = 1 -
" omié AR __W(r}*gaa—_W(r)smse’
gt =g, =0, if mstn V —g=VUVWsin,

(224)

The functions U(r), ¥(r), and W(r) must be deter-
mined from the RTG equations. In order to write these equa-
tions in expanded form, we find first the density of the metric
tensor g™ . It is easy to show that
g0 =1 T-VW sin6; git— — )/ UV-1W sin 6; (225)
g2= —Y TVsind; g8= VUV —.

Since the second equation of (154) can be represented in the
form
DIEM — 61}”2 + anngm" =0.

we find on the basis of (222) and (225)
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L (WY V) =2 VTV, (226)

We now write the first equation of (154) in terms of the

functions U(r), ¥(r), and W(r). To this end, we find the
nonvanishing components of the tensor

1 ;
Firm = g* (Omgrn+ OnErm—0nEmn);

31:%{]— %; I';, = =~=sin 6 cos 6;
Pl t aF, o 1 @®
027 dr ' C1T I gy
’ 1. 1 dw |
=W T =g T )
Sl L e
D= T R I} =cot 0;
[ _ __8in*e dw
L SR R T
From the definition R { = p? R i » Where
R pp = 08,Tpx — 0y Tpn + Tpalnim — Tpm D, (228)
by virtue of (227) we find
R—1 @&U 1 U ﬂ_L(ﬂJZ
°T20V drf ~ 4UVE dr dr 40 \ar
. 14U aw
T 3UVW dr dr ° (229)

R;=w1_yi2_,z'+1dzw 1 (dU)z 1 (dW)2

wv drt —avoE\ar ] T avwe \ o
1 av 4du 1 4V aw
TIOVE @ dr W ar ar b (230)
RE_pi_ 1 a@&w 1 _av aw 1 1  4aU 4w ,
2T T 2VW Tdrf T AVEW dr dr W | LUVW dr dr !}
(231)
_pi_ 4 aw 1 av 4u
B Bim gy v 207 G
1 au\2 2 4w
e (Mo . 1.7
202y (dr) VW dr?
1 dU dw 1 (dW)z_ 1 dv aw 2
* UVW “dr “dr  2VW: \ dr VW dr dr W *
(232)
B=0 ksl (233)

Then the first equation of the system (154) can be written in

the form
V=g (R — 5 R)=8a1y;

V=g (Rl —— ) =8ar};

V' =¢ (R~ R)=8ar2 |

(234)

In what follows, we restrict ourselves to finding only the
exterior solution. It can be seen from (234) that outside the
matter

RO=R!=R2=0. (235)

On the basis of (229)-(231), we can show that the system of
equations (233) for the functions U, V, and W is equivalent
to the system of equations
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2 =2 L YTV, (236)
YTV, (237)
—;‘f‘f’_y—+bzvm1, (238)

only two of which are independent. Therefore, we limit our-
selves to studying Eqgs. (237) and (238). From these equa-
tions, we find

U ()= (V—“:’;?Wzﬂ) ; (239)

Note that ¢ and b in Eqgs. (236)—-(238) are arbitrary con-
stants that must be determined subsequently. Taking into
account (239) and (240), we obtain

d |~ VW (VY W—2ab) 7%
A’:Qr dg_

szt = 241
dr dAVW ( )
dr

It is convenient to solve this equation for 7 as a function of

VW

Following Belinfante,*' we introduce the new variables

VW =ab(z+1)and r = xy (242)

and as the independent variable we choose x. Since

dVW_dVW/d;:_.ﬂb_
ar dz — [y+= dy/dz]?

we find from (241)

(4a2—2) Gtz (z2—1) 2L _, (243)

The general solution of this equation is

z—1

y(z)=C, (%-I— %lﬂ m)-’-cy (244)

where C, and C, are constants of integration. Returning to
the original variables » and W, we find

/W —ab W — 2ab C =
S m‘“’ifw“ )+ Lo (V7 —ab). (245)

Since in the limit »— co we must have 822 Y22, from (221)
and (224) we see that in the region of large r

W ~ r2,

Considering (245) for large »and Wand taking into account
the last relation, we find that

C, = ab. (246)

Now suppose W —2ab. Then, as follows from (245 ), P—>co
if C, #0, aresult that is not justified from the physical point
of view. Therefore, it is necessary to set

Ci = 0-
Thus, we finally find

W (r) = (r -+ ab)?; (247)
U =35 o (248)
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r+ab

r—ab*

Vi)~

(249)

Since in the limit 7— 00 we must have U(r)—1, from (248)
we obtain

b= (250)
Taking into account the expressions (247)—-(249) and Eq.
(250) for the interval (223) outside the matter, we find

d§=L:iﬁL“E%dﬂ—&+M”@LHmmd@}

rta
(251)

It follows from the correspondence principle that the con-
stant a is equal to the active gravitational mass of the body:

a=m. (252)

To demonstrate more clearly the role of the second
equation of (154), we turn to the system (236)—-(238),
which is equivalent to the system of Hilbert-Einstein equa-
tions outside the matter. Of the three equations (236)-
(238), only two are independent, and therefore one of the
three functions U(r), V(r), and W(r) is not determined by

these equations. We identify W with r:
VW=r. (253)

Then it is easy to see that the system (236)-(238) with
allowance for (250) and (252) admits the solutions

W (r) =r%; \
D Ty (254)
vin=(1—F l
and, therefore, the interval (223) can be written in the form
dsz=(1——) dt?— (1——)’ dr2—r2 (402 +sin®0 d¢?).
(255)

This is the well-known Schwarzschild solution.

It can be seen from (255) that the parameter r has ac-
quired the meaning of distance in the Riemannian space.
Thus, Eq. (253) means that we have identified the distance
in the Minkowski space with the distance in the Riemannian
space.

In the framework of the RTG, such a global identifica-
tion of the distances is inadmissible. For in the effective Rie-
mannian space, the distance is given by the metric tensor
Zn - By virtue of the geometrization principle, the effective
Riemannian space has a field origin, and therefore its metric
g,.. must be determined from the system of equations of the
RTG. But in the Minkowski space the distance is fixed by the
metric tensor ¥,,, . As soon as 7 has been chosen in the Min-
kowski space, the connection between r and the distance W
of the Riemannian space must be uniquely determined by the
RTG equations. Since the solutions (254) obtained by virtue
of the connection (253) do not satisfy the field equation
(226), the solution (254) found by Schwarzschild is not a
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solution of the system of RTG equations. For the interval
(223), the RTG equations give an unambiguous result and
lead to Eq. (251).

In GR, the concept of flat Minkowski space does not
exist. Therefore, the quantity r in the Hilbert-Einstein equa-
tions (236)—(238) is a parameter with no physical meaning,.
A connection between W(r) and » in GR can be established
by means of so-called coordinate conditions. Fock was the
first who ascribed a particular significance to the harmonic
conditions as coordinate conditions for problems of island
type in GR.

Following Ref. 43, we give here an analysis of the inves-
tigation of the system of Hilbert-Einstein equations for a
spherically symmetric body in a sequence that most clearly
demonstrates the restricted nature of Fock’s ideas and how
this restriction is eliminated in the framework of the RTG.

Bearing in mind the exigences of the following Secs. 13
and 14 of the present paper, we consider an interval of more
general form than (223):

ds? = goo (¢, 1) di? -+ 2g, (¢, 1) di dr

gy (¢, 7) dr* — B® (t, r) (d0* - sin%0 do?) (256)
and we introduce the notation

2t = (t, r, 0, @) (257)
We now go over from x' to the variables £':

gi=(v, R, 0, ), (258)
setting

t=1t(R, 1), r=r(R, 7). (259)

We require of the function (259) that in terms of £ the
interval (256) take the form

ds? — dr? — eoR) dR? — B2 (. R) [d0? + sin?0dg?l.
(260)

It can be seen from (260) that 7 is the proper time and R is
the radial variable in the comoving coordinate system, i.e.,
&' are the “proper” coordinates of the body.

We write the system of equations (123) in a somewhat
different form. For this, we use the well-known equation

'Y (2) g* (2) = — v’ SV =2 @ g @), (261)
where T'{, is determined by the formula
1
h (2) = — 87 (Ong i + 018 pr — 9 p&ni)»

and x' denote the variables (257). Using the transformation
law of (259), we obtain for T'%, (x)g* (x)

1 a —_— Gz
T (@) g% @)= ——r=—=z7 [V=2@e*® T'JET] :
(262)
Comparing (261) and (262), we find

Oaf=

V—gm sV —g@ e (@)]; 4=0, 1, 2, 3.
(263)
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Here, O is the generalized d’Alembert operator:

000 4 e pg 7y 0%
ok A L CLA R B e
Fock, and before him De Donder®® used a noncovariant har-
monic condition of the form

a ———————
a—ﬂ;[]/—g(w)g”“(:f)1=0 (265)
as a privileged coordinate condition.

On the basis of Eq. (263), the condition (265) can be
represented in the form

O#=0 ¢g=0,1, 2, 3. (266)

The condition (266) cannot be made covariant in the
framework of GR. In harmonic coordinates, the system of
Hilbert-Einstein equations simplifies appreciably, and it was
evidently this that prompted Fock to call this a privileged
system. If we wish to keep the condition (265) and make it
universal, we should have to give it a covariant nature. But
this operation is not unique and cannot be implemented in
the framework of GR. We solved the problem of finding new
field equations on the basis of the physical structure of the
gravitational field. Namely, it was on this basis that in Sec. 8
we obtained Eq. (123):

ml)p 14 —g (z) g" (z)]
1

Soad . e 20 (2) g™ (z) =0, (267
1,:émﬁpﬂf g (x)g™ ()] + Vi () g™" (z) =0, (267)

which can be cast by means of (263) in the form

dzn 1
aE! Gl

Oa%= —y"n (2) 357 (268)

Here, y7,, (x) is the Christoffel symbol of Minkowski space:

Vhn (2) =37 Om¥on + OV pm—0Op¥mn). (269
In the case of Galilean coordinates, 7, = 0 and Eq. (268)
becomes identical to Eq. (266). Equation (268) is covar-
iant, reflects the structure of the gravitational field, and em-
phasizes the fundamental nature of Minkowski space. The
part played by these equations is extremely important, since
they change the nature of the predicted phenomena. A new
physics arises, especially in the domain of strong fields. We
shall see this in the following section, when we study the
gravitational collapse of massive bodies, and also in Sec. 16
when we study the evolution of a homogeneous and isotropic
universe in time.

We now turn to Eq. (268), which is a different form of
expression of the generally covariant field equation (123) of
the RTG.

Using for the metric tensor ™" the value (221), for the
connection ¥4, the expression (222), and for g7 (&) the val-
ues in accordance with the expression of the interval (260),

=1 g'®=—e"; g2@F=—B7% } (270)

g% () = — B-2sin20,
we find from (268)

w

a at a © at

w7 (B ) =7k (e Tpeag) 5 ik
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‘a"?{ (e;iBz%;-)=3% (e' ?—sz—;) = B, (272)

We now use the Hilbert-Einstein equations outside the mat-
ter,

By =0

In terms of (R, 7) and B(R, 7) they have the form

(35 ) —eo—((22)*+28 22 )eo=0;  (273)
=7 B (gt ())
_%(% g_;J,em_‘;g "’5_"';):0; (274)
2((am)'+ B am) —— (2%)"—B 3% 5%
(R ()0 o

Solutions of this system were found in Refs. 41 and 44-
B (R, t) = [R%* — br]¥s, (276)
(R, ©)=In R—-2In (R¥2 —px), (277)

The constant b is determined from the solution of the system
of Hilbert-Einstein equations inside the matter.

From (276) and (277) it is easy to show that
(0B/OR)* = ev , (278)

Therefore, on the functions (276) and (277) the system of
equations (271) and (272) has the form

()= () %) @
3 () = () 45 ) =2 caso

The solutions of Egs. (279) and (280) establish an explicit
connection between the coordinates R and 7 of the comovin g
coordinate system and the Minkowski-space coordinates »
and t.

In Egs. (279) and (280), we go over from the variables
R and 7 to the variables R and B. Then, as was shown in Ref,
43, the solution of the system (279) and (280) in the varia-
bles R and B can be represented in the form

B3/2dB

t—L giz, 3 et (281)
b 2b S [(_3?_ b) __B:I
r=s—4 (40" e

On the basis of Eqgs. (276), (278), (281), and (282) and
using the tensor transformation law for the metric coeffi-
cients of the interval (256), we find

4 (3

Boo (s B) = r-}-%('—i—b)g ; 81=0;
1 @ 2
gu=— r+f (2 b)g : gzz=—[r+%(-§—b)z]2;
Pt (Tb)

833 = '_[r+%(r§_b)a}a sin® R (283)

A. A. Logunov and M. A. Mestvirishvili 29



Therefore, in the variables » and ¢ the interval (256) takes
the form (251) if we set

B

()

where by virtue of the correspondence principle a is equal to
the active gravitational mass m of the body.

(284)

13. GRAVITATIONAL COLLAPSE

In the framework of GR, it is concluded (see, for exam-
ple, Refs. 18, 42, and 45) that if a massive star, having ex-
hausted its nuclear fuel, has not shed sufficient mass, then no
forces can halt its further contraction under the influence of
gravitation, and the density of the star will tend to infinity in
a finite proper time. This process of evolution of a star is
called gravitational collapse. Wheeler regarded gravita-
tional collapse and the resulting singularity as “one of the
greatest crises of all times” in fundamental physics.

In this section, following Ref. 43, we show that the
RTG fundamentally changes the entire character of gravita-
tional collapse and leads to the phenomenon of gravitational
restraint, by virtue of which the contraction of a massive
body in the comoving frame is halted after a finite proper
time and, most importantly, the matter density remains fin-
ite.

Thus, the prediction of the RTG is radically different
from that of GR.

We give briefly the collapse results that follow from
GR. In the comoving frame for a spherically symmetric
body, the interval can be written in the form (260).

Under the assumption that the pressure is zero, an exact
solution of the Hilbert-Einstein equations was found in Ref.
44

B=R(!—i)m, R<Ry; (285)
To
3 3 2
B:(R‘_Rgri . R>Ry (286)
0
dB \2
*=(7x)
where
Ry=—3-m1, (287)

Here, m is the active gravitational mass of the body. It fol-
lows from (285) and (286) that the range of variation of 7 is
bounded above by r = 7, while all values from 0 to o are
admissible for B(R, 7).
For the matter density in the comoving frame, we ob-
tain
i

E= % (T—1p)® ?

(288)
from which it can be seen that the collapse of the matter
takes place in a finite proper time 7, i.e., the matter density £
reaches an infinite value during a finite interval of proper
time.

In accordance with the conception of the RTG, the nat-
ural geometry for the gravitational field is the geometry of
Minkowski space. This means that the components of the
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gravitational field or, by virtue of the connection (121), the
components of the metric tensor g™ of the Riemannian
space satisfy not only the Hilbert-Einstein equations but also
the universal field equations [see (123)]:

Dmgm“ = M

Therefore, to study any problem in the RTG it is neces-
sary to find a simultaneous solution satisfying not only the
first system in ( 154) but also the second system of equations
in (154). This has the consequence that the “proper” varia-
bles R and 7 will be functions of the Minkowski-space varia-
bles.

In Sec. 12, we have already found this connection for
the region R>R ,, and it is expressed in terms of (281) and
(282). We write them explicitly with allowance for (252)
and (284):

2 32 pa2 — VB+Vim
t=W[R 5 2V2mB+2m]n1—f-§:72=m :
(289)

r=B—m. (290)
Note that (289) is identical to the formula obtained in Ref.
44 on the basis of different arguments.

It can be seen directly from (289) that for R>R , the
RTG restricts the range of variation of B(R, 7) from below:

B (R; )= 2m, (291)
where the point B = 2m corresponds to an infinite value of
the variable ¢.

On the basis of (286) and (291) we conclude that 7
never reaches the value 7.

From the point of view of an external observer, for ex-
ample, the surface of a spherical star of “radius” R = R , will
approach the Schwarzschild sphere with radius B(R,,
7) = 2m during infinite time ¢, while from the point of view
of the comoving frame this process will take place in a finite
proper time 7, equal to

T,= [1- (-‘;% m] Toe

This last formula can be readily obtained from (286) by
taking into account (291).

Thus, the RTG equations (123) restrict the range of
variation of the proper time 7:

T T, < Ty

(292)

We now calculate the limiting value of the density €. In
(288), we can use the expression (292) for Fis since it is
valid for R = R . Then

Emax = O/32mme. (293)

It can be seen from this that the density £ does not be-
come infinite because the new field equations (123) neces-
sarily prevent the proper time 7 from reaching the value 7.
Therefore, in the comoving frame the process is halted at the
finite time

T = Tpe
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From the point of view of the external frame of reference, the
brightness of the object decreases exponentially (it becomes
black), but at the same time nothing untoward happens toit,
since the matter density always remains finite. For example,
for a mass of the body of the order of 10°My it is 2 g/cm’.

Despite the fact that the gravitational contraction of the
massive body to the Schwarzschild radius occurs in a finite
proper time 7, <7, this does not by any means imply that
objects at the present time can reach such a state. In the
RTG, this is in principle impossible, since such a state is a
limiting state and is reached subject to the condition that the
time ¢ in the Minkowski space is equal to infinity. The possi-
ble existence of fossil objects of such type is not ruled out.

We now analyze the system of equations (279) and
(280) within the body. We recall that this system is obtained
from (123).

Within the body, one should take into account the de-
pendence in £ not only on 7 but also on R. But this would
greatly complicate the determination of an exact solution,
and therefore we consider for methodological purposes the
simple case when £ depends only on 7 and, hence, the solu-
tions of the system of Hilbert-Einstein equations within the
body have the form (285) and (278).

We require that (285) and (278) as functions of the
Minkowski-space coordinates satisfy the system of equa-
tions (279) and (280). Solving this system, we find in this
manner the explicit connection between the coordinates R
and B(R, 1) of the comoving frame and the Minkowski-
space coordinates 7 and ¢ within the body.

As was shown in Ref. 43, these solutions have the form

= § |:v«(§+Ro—R)+ ”o(§—30+ﬂ):l

m E+Ru"R &—HD—I—R
L A
— Vo (2
— mm dz =
E—Ro+R
E+Ry—R
— & dz0, (2) i—ﬂ%ﬁm . (294)
E-Ho,+R
r=B—pr B — j’;‘u R. (295)

To shorten the expressions, we have introduced in (294) the
notation

n=(1—1/t); E=3tn"3; (296)
w0 =E () {7 o 5o
7 ()" (=35 )]
-2 ()" s (297)
00 () =700 (9 —2 (2-)" r—tpze (298)

For R = R, the solutions (294) and (295) go over into the
solutions (289) and (290), respectively, and therefore it is
sufficient to analyze the expressions (294) and (295) in the
region R < R . Since ¢ must be real, from (294) and (296)—
(298) we find
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E>Emin =3Ro— R>2R, (B> m). (299)
The maximal value permitted for & can be determined from
(296) and is equal to 37,. From (294) it can be shown that
in the limit £—¢&,;, the value of ¢ tends to infinity in accor-
dance with the law

tt*gmin

1
§_E‘min (R) ~

For different values of R, we shall have different values
of the limiting proper time 7, (R) and, hence, different limit-
ing densities £ corresponding to an infinite value of the vari-
able 7. This means that the limiting density is a function of
the radial variable R. Of course, our investigation of the so-
lution of the problem within the body has only methodolog-
ical interest. It merely demonstrates that the restriction for 7
which arises in the solution of the RTG equations for the
exterior problem also holds for the interior problem. Thus, if
we retain the name “gravitational collapse,” we must change
its physical meaning, since in the RTG, in contrast to GR, it
does not lead to an infinite matter density. Since the matter
density in a collapsing star is not very great, and in a number
of cases is even small, its interior region can in principle be
observed from an external frame of reference.

We have considered a model in which the pressure is
equal to zero, and even in this case there is no catastrophical-
ly strong contraction of the matter. But in real objects it
must be assumed that the process of gravitational contrac-
tion is even weaker. Therefore, according to the RTG there
cannot be in nature any objects (black holes) in which gravi-
tational contraction of matter to infinite density occurs.

In the RTG, we encounter a new phenomenon—gravi-
tational “‘restraint.” It is by virtue of this phenomenon, with
allowance for the mechanism of formation of neutron stars,
that objects with density greater than 10'® g/cm® cannot
arise in nature. Objects with greater density, if they exist at
all in nature, can only be of a fossil origin. To study the
evolution of a collapsing object, it is necessary to make a
detailed study of the processes that take place within it, with
allowance for the equation of state.

Thus, in the RTG it is in principle impossible for a sin-
gularity to arise as a result of gravitational collapse, and
therefore there is no “greatest crisis of all times” in funda-
mental physics.

R 3 )
=7 (T‘:‘J—'T) ( 3, ) (3R, — R) (4m 4- 31¢) In

14. GRAVITATIONAL FIELD OF A NONSTATIC SPHERICALLY
SYMMETRIC BODY IN THE RTG. BIRKHOFF’'S THEOREM

In the general theory of relativity, it is proved that the
gravitational field exterior to a nonstatic spherically sym-
metric body reduces to the static gravitational field deter-
mined by the Schwarzschild metric (255). This was proved
by Birkhoff.*® However, as was noted in Sec. 12, the
Schwarzschild metric does not satisfy the RTG equations,
and it is therefore necessary to prove an analogous theorem
in the framework of the RTG. Following Ref. 47, we shall
show that the exterior gravitational field of a nonstatic
spherically symmetric body in the RTG is static.
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Let the interval have the form (260). Then the func-
tions @ (7, R) and B(7, R) outside the considered body sa-
tisfy the following Hilbert-Einstein equations:

e = o (220 (S2) =1 B+ G, (300)
where f(R) > — 11is an arbitrary function of the variable R,
and m is a positive constant number.

We note that the combination of variables (7, R, 8, @)
used in the representation (260) for the interval ds* forms a
set of comoving coordinates &' = (7, R, 6, ¢) (see Sec. 12).

To find solutions satisfying not only (300) but also the
RTG equations of the form (123), we must go over from the
comoving coordinates to the Minkowski-space coordinates

=(r 0,0
by means of the substitution

t =1t (1, R)and r = r (7, R), (301)

and write the interval ds* in the form

ds? = gy dit - 2g,,dtdr + g,.dr® — B? (d0® - sin® Odg?).
(302)

By virtue of the tensor transformation law, on the basis of

(301) we can establish the following connection between the

metric coefficients of the representations (260) and (302):

at \2 at \2 at  ar at  dr
|3 O Lo BB - - et LR LR =T
g '“(ar) (aR)E P B = %T 3t "9R R Y '

] T ar |2 dr \é -0 g i___i. = 1
Pl —lar) v M= e

(303)
Then from (123) we obtain equations of the form

L N -5 at 7.

w [ B 5 | =77 [ 5% T g s i
d [ po.s Or 3 [ po.- 5 Or T
o [ BT Ih | =[BT T g | —2re”. (305)

Note that the system of equations (300), (304), and (305)
for f(R) = 0 is identical to the system (278)-(280).

We now find solutions of Egs. (304) and (305) for all
f> — 1. Weshall seek the metricg* (303) in a form station-
ary with respect to the variable :

a

2 g (2)=0. (306)

Going over in (306) to differentiation with respect to 7 and
R, we obtain

dgik ar _ agik ar
ot oR 0B o'
Hence, for (i, k) = (8, ) we find

dB_ ar __ 3B ar
gt 9R ~ dR dt’

(307)

and this gives r = r(B). Therefore, we seek a solution of
(305) in the form » = r(B). Then we obtain
a° i
o (B*— 2mB) + — (2B — 2m) — 2r =0;
B> 2m.

This equation has a unique regular solution of the form'**?
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(308)

r=08—m; r=m

Since by virtue of (306) g" must be a function of », and also
setting g = 0 with allowance for (303) and (308), we ob-
tain for dt /a7 and 9t /AR the relations

}(309)

(g—i)z“ (%)z (%)_2{1+f)#g" (r)= H (B);
(310)

From these we find

% _ i p. Ot _ 0B B _¥(B)
?T__]/i—rf‘P(B), TR v o8 YiInh

where

¥ (B) :HW(BJ/ (1— %)“2‘

The condition of compatibility
2 at 9 dat
TR (”?E') T (ﬁ )

of the system (310) makes it possible to determine the func-
tion W (B), for which we obtain the equation

v 2m ; 2m
a7 (1 —F ) +¥m ="

Choosing as a solution of this equation the function
¥ (B) = (1 — 2m/B)7, (311)
we find for H(B)
H (B) = (1 — 2m/B)-.
Then from (310) we obtain for the function ¢ the system
%=V1_-l-f(1--%"»)“i; }

1—53 B Zm)"i 1
dR ~ dt IR (

(312)

Quadrature gives

B ety )
t (B, R)z'Vi_‘E'_f:\dB'[(f_i__%’lf_) ”2(1__12;17) 1]_

(313)
Hence, for f> 0 we find®
th—"zl—i-lhy
t(B, R)y=2mIn
th—ﬁg—-gthy

1
+2mecth y [(1]—sh n) g n] .
where

f(Ry=sh?y (R); chn=fart1;
n G i B B Y=t}
thz?—th y_(2m 1)(1—{—-2-"7) Tyl
For f= 0, the expression for 7 simplifies and takes the form
(289), which we have already encountered in Sec. 13.
We do not give the explicit form of #(B, R) when f<0,
since the expressions are cumbersome.
Substituting (308) and (312) in (303), we obtain the
required exterior solution to the system of RTG equations
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(283). Then for the interval ds?, taking into account (284),
we find

r—m
ds? = o di? —

TE™ G2 (r 4 m)? (d62 + sin? 6 de?).

r—m
(251)
But a static spherically symmetric body has such a solution
(see Sec. 12). Therefore, in the RTG BirkhofPs theorem

holds: A nonstatic spherically symmetric source produces a
static gravitational field outside the body.

15. GRAVITATIONAL RADIATION

In the theory of gravitation, one of the most important
problems is the emission and detection of gravitational
waves,

Comprehensive theoretical study of this problem en-
counters a number of difficulties, which are mainly associat-
ed with the strongly nonlinear nature of the field equations.
It is only in the weak-field approximation that the problem
of gravitational radiation can be systematically studied to
the end. As yet, nobody has succeeded in detecting gravita-
tional radiation. It is natural to expect, gravitational radi-
ation having an exceptionally low intensity, that the linear-
ized field equations completely satisfy the requirements of
investigators who study gravitational radiation reaching
them from observable sources in the universe.

We assume that in the whole of space—time, including
the region occupied by the source, the gravitational field
o™" (x) is weak:

| D™ (z)] < 1. (314)
As was shown in Sec. 11, the generalized system (218) of
RTG equations can be represented in a Cartesian coordinate
system in the weak-field approximation in the form

O™ — m2@mt — 16:1(;‘)’“”; }
0, d™ =0,

Ifin reality the graviton mass is nonzero, it must be very
small and its influence should be manifested only on cosmo-
logical scales.

In this section, we intend to compare the results of GR
and the RTG. It is therefore expedient to consider the system
of equations

(315)

(0)
O0™ — —16xT } iy

amq)mn e 0,
which are obtained from (315) for zero mass of the graviton.

The quantity (TD)"‘" on the right-hand side of (316) can be
obtained from the Hilbert energy-momentum tensor for the
matter by replacing in it g™" by ™" and V, by d,. In the
weak-field approximation, the covariant conservation law
(83) takes the form

T 0. (317)

We use the standard scheme of solutions of (316). We repre-

0) . g
sent the tensors @™ (r, ) and T ""(r, 1) in terms of Fourier
integrals with respect to the time:
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Q™ (r, )= § o= I0tD™ (¢, o) da; (318)
(0) T 0)
™, )= | om0 (v, ) do, (319)

- 00

Because @™ (r, t) and (]0")’”"(1-, t) are real, we obtain from
(318) and (319)

u (0) (0
O™ (r, ©)=D™ (r, —w); T*"™(r, @)=T""(r, —a).
Substituting in the first equation of the system (316) the

integral representations (318) and (319), we obtain the
equation

)
(A + 0?) @™ (r, w) = 16xT™" (r, o), (320)
whose solution is well known:
ioR (0)
O™ (r, )= —4 ( e —T™ (¢, w)dV. (321)
Here
R=|r—r]|.

For the Fourier transforms ®™" (r, ) and (Tm”“’ (r,w),

.we find from the second equation of the system (316) and

(317)
io®@™ (r, o) = d,D°" (r, w); (322)

)
(0T (1, ©)= T (v, ®). (323)

Here and in what follows, the Greek indices take values from
1 to 3 inclusive. On the basis of (322), we can readily express
@ (r, ®) in terms of the spatial components & (r, »):

(324)
(325)

DO (r, 0) = — 0,050 (1, o);
" (1, ) = —— 9D (1, ).

Thus, the solution of the system (321) of RTG equations has
only six independent components.

The spatial components of the Fourier transforms
@ (r, w) can be conveniently expressed in a form that will
later enable us to demonstrate the quadrupole nature of the
field @8 (r, t) more clearly. With allowance for (323), we
represent the expression (321) for the spatial components in
the form

O (r, o) =202 { S e

iR (0)
yo I (v, o) z'%zx'8 dV

: ¢ ioR (0)
+ i_lac 5 EIR T 0g ('I", (0) x’“‘x'ﬁ dV
1 i ein (ﬂ)cr'z ’ 1ot
——7 040 j P w)m“xﬁdl/‘}_ (326)

We now use the arbitrariness in the solution of the sys-
(tg,)m of equations (316). In the weak-field approximation,
I'™(r, t) does not depend on ®™" (r, t). Therefore, if
®™" (r, t) is asolution of the system of equations (316), then
sois -
@™ (p, t) = O™ (r, &) -+ ™ a" (r, t) + "a™ (r, )

— y"gak (r, t), (327)

where the 4-vector a” (r, t) satisfies the equation
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0 a" (r, £) = 0. (328)

It is here appropriate to emphasize that (327) is a gauge
transformation and has no relation to coordinate transfor-
mations.

Besides (328), we must impose on &” (r, #) a condition
which ensures weakness of the field @' (r, ¢). This means
that for 3" a" (r, t) we must require fulfillment of the in-
equality

|oma® (x, 2) | < 1. (329)
Then the observable physical quantities in the weak-field
approximation can be calculated equally well on the basis of
O (r, £} and P (1,.£).

From (327) and (328) we find for the Fourier trans-
forms

D (r, @) = O (r, 0) — iva® (r, ®©) — dua* (r, ®);
(330)
D% (r, ©) =D (r, ©)—ioa®(r, ©)+3a(r, ); (331)
D (r, ) =0 (r, ©)+ %P (r, ®)+03%a*(r, ©)
— 2B (8,a9 (r, ©)—iwa (r, ©)); (332)
(@2 —,d%) a™ (v, w)=0. (333)

We choose the 4-vector @” (r, @) in such a way as to make the
transforms ®"°% (r, ») (a = 1, 2, 3) and the trace of the field
@' (r, w), which is equal to ®’(r, @) + ®.%(r, @), van-
ish. Conditions of such form for the field ®'™" (r, @) impose
the so-called TT gauge.

On the basis of Egs. (324), (325), and (330)—(333) we
can show that the field ®'™" (r, w) satisfies the conditions of
the TT gauge if

a® (v, ©)= —2i—m[¢)0" (r, 0)— 5 P2 (r, ©)]; (334)
a(r, ©)= ~—%CDD"c (r, ©)
[@m r, 0)— 5 OL(r, )], (335)

Taking into account the expressions (334) and (333), we
obtain from (332) for ®'*? (r, @) outside the matter
D (r, ©) =5 (r, ©) =5 (0.5 (¢, ©)

+ 8%9,5% (r, ©))

S (r, ©) 4 2 — 576%0,0,8°% (r, ©), (336)
where we have introduced the notation
S (r, ©)=D (r, 0)— % yePDF (r, ®). (337)

In (337), ¥*# is the spatial part of the Minkowski metric
with elements — 1 on the diagonal. It is readily noted that
S°P (r, w) is a traceless tensor, i.e.,

(r, )=0. (338)

Tuﬁsaﬂ
We now turn to the solution of (326). Expanding R ~'

34 Sov. J. Part. Nucl. 17 (1), Jan.-Feb. 1986

in powers of !, where r is the distance from the center of
the source to the point of observation of the field, and assum-
ing that the linear dimensions of the source are appreciably
less than r, we find from (326)

0P (r, 0) =2 gdveimﬂx'“ﬂ"'ﬂ (T°°(r 0) 426, (', @)

= 3 eoerT“ (', @)). (339)

Heree® = x° /¥',e, e’ = — 1. On the transition from (326)
to (339), we have omitted the nonwave terms, which de-
crease faster than . Substituting (339) in (337), we ob-
tain

Saﬂ {1‘ (!J) g AdVeioR ( rlegp'B— _,\,aﬂz lx'u)

X [T"u ', (o)—l—QeﬁT“"_(r’, o) + eoe,T‘“ (', ©)].  (340)

It is easy to show that apart from terms of order r ~ >

3,878 (r, ©) = —iwe,S%P (r, w);
a°S* (r, ©) = —iwesS™ (r, w).
This enables us to rewrite (336) in the form
P (1, 0) =8 (r, 0)+e“e, 5 (r, @)+ ePe.S™(r, ©)

= % vPe,e S°° (r, ®)-- % e%ebe e 877 (r, ). (341)

Introducing the projection operators

P = 8F - e%ep, (342)
which satisfy the conditions

P2 =2; P%P§=P§, (343)
we represent (341) in the compact form

O (r, @)= [ PIPE — 5 PP IS (ry @) (344)

Taking the Fourier integral of both sides of Eq. (344), we
obtain

O (r, ) = (PIPE— 5 P¥Py,) 87 (r, 1), (345)
where S°7 (r, t) has by virtue of (340) the form
v LI P R
7, =B [0 ()
e ) ’ ’ 0{1 ’ ' (O)O'.B ’ '
% [T9:(x", t)—}—QeuT (', #')4e.eaT™ (r', t)]pet- (346)

Here and in what follows, the subscript ret of an integral
means that the expression in the square brackets is to be
taken at the retarded time ¢’ =t — R /c.

We define the traceless tensor of the generalized qua-
drupole moment % *? by ,

™ = D 20, 0°P 1000 DPV, (347)

where

i (0)
D= | aV (3a'aa/d—yhaa’) [T0 (', ¥)]rei (348)

afo y Fogoal e ¢ (0)00
DO 5 dv (3z'oz'8— y*Bxia') [T ° (', t')]rer; (349)
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PP jdV (3z"ex’B — pafizl z'v) T‘" (el )] HBS0)
It then follows from (346) that
S (r, t) = — L DB (r, 1), (351)

Substituting (351) in (345), for the field ' (r, ) satisfy-
ing the TT gauge we obtain outside the matter the basic for-
mula

’ 2 1
(Daﬂ(rv t)i_?(-pgpg“?-paﬂpot) FTE] (r, 2).

(352)
If for the source we have
d2 0 Ot Inm:r
[ 7| >[4 > |45

then in (352) 277 (r, t) can be replaced by
(0)
D™ (r, t) = S av (3z'9z't — yotz,2’v) [T“" (r', t—-%)] :
(353)
In Sec. 11, on the basis of the connection (121), we obtained
the expansions (212) and (213) in the weak-field approxi-
mation for the Riemannian metric g™ and the determinant

g. It follows from these expansions in the first order in the
field @™ that

g=—1— (354)
and

g = g pmn, (355)
where

L L 1‘,mncp’l (356)

Ifin (356) we take as the field @™ (r, ¢) a field satisfying the
TT gauge, then it follows from (356), (352), and (353) that

B (r, 1) = o (Pept— 5 PP, ) 2 D (r, 1). (357)

dt?

For completeness of the exposition, we study the polar-
ization properties of the field 4*? (r, £). It is easy to show on
the basis of (342) and (343) that

Vash™? (v, 1) =0;
e h™P(r, 1)=0, p=1, 2, 3.
Therefore, because of these four relations only two of the six
field components hA*? (r, t) are independent. We consider
the field 4% (r, ¢) at an appreciable distance from the source
in the direction of the z axis, this corresponding to the choice
of the vector ¢” in the forme! = ¢* = 0, ¢* = 1. For the com-
ponents #*” we then obtain

RIS — h2 — p% — 0; Bl = — h%, (358)
Therefore, as independent components of the field #** we
can choose 2! and /2.

We now establish the transformation properties of #%?
under rotation of the three-dimensional space around the z
axis through an angle 6. Since the nonvanishing elements of

the matrix of rotation about the z axis have the form
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Ql=cos0; Q2=s5inb;
Q'l= —sin0; Q2=cos0; DE-—A.
we find from (358) that
B =p'23=p'=(,
— h'2 = cos 20k — sin 20h12;
h'2 — sin 20k 4 cos 20/ 12,
Since the field 4% (r, t) outside the matter satisfies a linear
homogeneous equation, any linear combination of the com-
ponents 4’ will satisfy the same equation. We consider the
combinations

hy = b1 4 iR12,

For them, we find from (359) the transformation law

't =

(359)

hi =e=218p (360)
Itis well known that if the wave function ¥ transforms under
a rotation of space through an angle 8 about the direction of
propagation of the wave in accordance with the law

Y — pli20y,

then W is an eigenfunction of the helicity operator 7 2 with
eigenvalue equal to A.

Therefore, we conclude from (36.0) that the functions
h . areeigenfunctions of the operator I, and describe a state
of the gravitational field with helicity A = + 2, respectively.
The states of the gravitational field with helicities A = + 1
and A4 = 0 do not have physical meaning, since they can al-
ways be made to vanish by an appropriate gauge transforma-
tion.

Thus, outside the matter the field #%° (r, #) describes a
physical gravitational field possessing only spin 2 and heli-
city + 2.

Following Einstein (Ref. 2, p. 631), we now calculate
the intensity of gravitational radiation in the framework of
GR. The method proposed by Einstein for calculating the
intensity and various modifications of the method have been
widely used and are given in many papers and monographs.
In the present paper, we consider the variant presented by
Landau and Lifshitz in their book."® It is well known that
from the Hilbert-Einstein equations it is possible to obtain
the differential conservation law

3, [— g (T 4 ™)) = 0, (361)
where 7" = ™" is the pseudotensor of the gravitational
field. Integrating (361) over a sufficiently large volume and
assuming that there is no flux of matter through the surface

bounding the volume of integration, we obtain

ar (U Lo = —§ (—gwmas,  (362)
According to Einstein (Ref. 2, p. 645), the right-hand side of
(362) for m = 0 “‘certainly represents the loss of energy of
the material system,” and, therefore,

2E — _ § (—g)1dS,.

T (363)

Then the “energy flux” of the gravitational radiation
through the infinitesimal area dS,, will be given by
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dl =(—g) 1% dS,,. (364)

If as the surface of integration we take a sphere of radius

r(dS, = — rPe,dN), then for the “intensity of the gravita-
tional radiation” in the element d{} of solid angle we obtain
AL = —r2(—g)T0e, (365)

Calculating ( — g)7°¢, for example, by means of the Lan-
dau-Lifshitz pseudotensor (Ref. 18, p. 360) in the weak-
field approximation using (354) and (355) in the TT gauge,
we find

% ny dhy v
_ fo.. © dh )( TEL )
(—g) v = 32 ( di at /°

Hence, the expression for the intensity of the gravitational
radiation in the element d€} of solid angle takes the form

(367)

(366)

dly . land dnty ) dhu\')
@@ T 32a ( dt ( dt

After substitution of the expression (357) in (367), we ob-
tain
1 aie: o 0 DS EVES L S e
%:Tﬂt-{ 4 (e GBD B)z ! Daﬁpaﬂ+9 EEDBU Ua}
(368)

Here and in what follows, dots above D denote derivatives
with respect to the time ¢. Integrating (368) over the angular
variables with allowance for the relations

{ doe 0= — F-vops

5 dQe,egeqe, = 15 (YapVor T Yao¥Vpt T Yar¥po)s

we find the well-known quadrupole formula for the “total
radiation” established for the first time by Einstein in Ref. 2
(p. 631):

re B, (369)
It is obvious from this that
I =i, (370)

It should, however, be emphasized particularly that al-
though the expression (369) for the intensity of the gravita-
tional radiation is correct, it does not follow from GR. For
the derivation that we have reproduced here of the expres-
sion (369) in GR is based on the definition of the “energy
flux’’ by means of the expression (365). This last expression
contains 7°%, which is not a tensor.

The analysis made in Refs. 6 and 11 showed thatin GR,
depending on the choice of the coordinate system, the inten-
sity (368) of gravitational radiation through each element of
a spherical surface of arbitrary radius r and, therefore, the
total intensity through the complete sphere during any finite
preassigned interval of time can be not only zero but also
negative, in contradiction to Einstein’s assertions (Ref. 2, p.
631).

By the choice of an admissible frame of reference in GR,
we found, on the basis of the expression (365) in the weak-
field limit, the following expressions for the intensity of the
gravitational radiation in the element d{} of solid angle and
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for the total intensity:

dI _— (1—&3) 1 Gﬂz
=t {x (eatsD 2+

............

(371)
and

1B D, (372)
where g is an arbitrary constant. It can be seen from (371)
and (372) that it is only for @ = 0 that we obtain the expres-
sions (368) and (369). Taking, in particular, for @ the values
+ 1or — 1, we find that the gravitational radiation intensi-
ty dI /dQ and also the total intensity vanish.

Thus, we conclude that d7 /d€} and I, determined in GR
following Einstein’s method on the basis of (365), can be
made to have arbitrary sign by an appropriate choice of an
admissible coordinate system—they can be positive, nega-
tive, or zero. This fact by itself is physically meaningless,
since radiation, as objective physical reality, cannot be de-
stroyed by any admissible coordinate transformation.

In contrast to GR, we shall show below that in the
framework of the RTG such difficulties do not arise, and the
expressions (368) and (369) are rigorous consequences of
our theory.

We base the calculation of the gravitational radiation
intensity on the covariant conservation law of the RTG in
the form (185):

Dy (Tn + 1t (gim) =0,

In Sec. 9, it was shown that such a form of expression of
the covariant conservation law for the energy-momentum
tensor of the matter and the gravitational field taken togeth-
er is completely equivalent to the covariant conservation law
(102). We chose the form (185) for expressing the conser-

vation law for purely technical reasons. For tj(g) 2y We al-
ready have the representation (167), in which we have expli-
citly separated the term*’ that is the covariant divergence of
the tensor K ¥, which is antisymmetric with respect to the
superscripts and therefore does not contribute to (185).
With allowance for (167), the expression (185) can be writ-
ten in the form

D (Ta+15) =10, (373)

where

= — 80 Lyt (Gt £ E0eCh | Dag™ (374

The left-hand side of the expression (373), in contrast
to (361), is a true tensor, since it is a covariant divergence
with respect to the Minkowski metric of the tensor quantities
T and 7. Therefore, calculation of the intensity (or other
characteristics of the gravitational field) based on the rela-
tion (373) will not depend on the choice of any particular
coordinate system. Choosing a Cartesian system, we find
from (373)

m (Tl’ “E“TT) =0.

Integrating (375) over a sufficiently large volume and as-

(375)
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suming that there is no flux of matter through the surface
bounding the volume of integration, we obtain

8 5 (T %) dV = —é}'cgdsa. (376)
Since for n = 0 the left-hand side of Eq. (376) is the energy
loss of the system, the energy flux of the gravitational radi-
ation through the element of area dS,, is

I =13 dS,. (377)
Choosing as the surface of integration a sphere of radius ,
we arrive at the following expression for the intensity of the
gravitational radiation in the element of solid angle d(2:

PSP plgd — =P/ IP (378)
To find the explicit form of the intensity (378), it is neces-
sary to calculate 75 in the weak-field approximation. Ex-
pressing first (374) in Cartesian coordinates and using the
decompositions (354) and (355) in the weak-field approxi-
mation in the TT gauge, we find

1 1

= — o 0 RT + 5o Ol R, (379)
To terms O(1/7* ), we have the identity

gy = P dgligr, (380)
and in the TT gauge

3,h™ =0,
so that from (379) we obtain

10, = — - 0 yhge. (381)

Therefore, the expression (378) for the gravitational radi-
ation intensity takes the form

%:-3;—“ Beh“Payh -

With allowance for (357), this expression leads us to the
expressions (368) and (369).

Einstein obtained a correct expression because of the
fact that in Cartesian coordinates the expressions in the
RTG for the energy-momentum tensor are identical to the
expressions for Einstein’s energy-momentum pseudotensor.
On the transition to other general admissible coordinates,
this equality no longer holds, and it therefore leads in GR to
the possibility of annihilating the gravitational radiation by
the choice of an admissible frame of reference. This indicates

from the physical point of view the logical inconsistency of
GR.

16. HOMOGENEOQUS AND ISOTROPIC UNIVERSE. BOUND ON
THE GRAVITON MASS

In this section, on the basis of (218), we consider a
homogeneous and isotropic universe. As usual, we represent
the interval for such a universe in the form

ds® = U (1) di* — V (t, 1) (dz® + dy* + dz?),

where

(382)
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r=VEFPTE.

In the expression (382), (ct, x, , z) are coordinates of pseu-
do-Euclidean space and are chosen in accordance with the
values (1, — 1, — 1, — 1) of the Minkowski metric.

For a given matter distribution, the functions U (z) and
V(t, r) in (382) must be determined from the system of
equations (218).

To simplify the calculations, we have hitherto used a
system of units in which ¢ =% = G = 1. In this section, we
return to the system of cgs units.

In what follows, it is convenient to base the treatment
on the system of equations (218) written in mixed coordi-
nates:

V__g(R;?‘_“;*b‘:?R)— Vz__&’ (%6—)2[6?1“5'3'711&‘?&71_ ]

1 i m
== 75$§; k?ph] =ulyn;

D,g™ =0.

In (383), we have introduced the notation »x = 87G /c2.
As T'77, we take the energy-momentum-tensor density
of an ideal fluid*:

12 =V =2 [ (0 + L 0) v —2 &),

where p (¢) is the density, p(¢) is the isotropic pressure, and
u" is the unit 4-vector of the velocity. In accordance with
(382),

goo = U (1); 811 = 822 = oz = — V (¢, 1);

(384)

Emn = 0; m s~ n; (385)

1 i mn
=g === — i £ =0; mEn;
(386)

V—e=VUTWOV({nr).
We first consider the conditions imposed by the second

equation of (383) on U(¢) and ¥ (¢, r). In a Cartesian coor-
dinate system, we find

WV UTH V(L 1)=0;
1 1 L
oV (t, r)=0,V® (t, =08,V 2 (¢, r)=0.
From this an important conclusion follows: The func-
tion ¥ does not depend on r and

Ut) = V(. (387)

Therefore, the expression for the interval (382) takes the
form

ds® = c2V3 (1) di* — V' () (da® -+ dy? + dz?). (388)
Going over to the proper time 7 in accordance with
VA2 (D) dt = dx; (389)
we write the interval (388) in the form
ds* = c*dv® — V (1) (da® + dy® + dz?)
= ¢*dv® — V (7) (dr® + r%d0® + r? sin? de?). (390)
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Comparing (390) with the well-known general expression
for the Robertson-Walker interval

1ir2 < +r3d82+r35i1129d(p3], (391)

dst =2 dvi—V () [ 127

where the constant & takes the values 0, + 1, wearrive at the
conclusion that in the RTG the constant & is uniquely deter-
mined, its value being zero.

Thus, by virtue of (123) the RTG leads uniquely to this
prediction: The universe is infinite and is “flat.” Since this
conclusion is a consequence of (123) alone, this general con-
clusion does not depend on the value of the graviton rest
mass.

We now write the first equation of (383) in terms of
V(t),p(t), and p(t). By virtue of (384), (385), and (387),

—

(Re—5R) =m0+ (5°) 1+ 7 (w7
(392)

M= p 0+ (3 [1 =4 (Fr )]
(393)

1
177

(i

Parametrizing the function ¥(#) in the form
V() = end

for the left-hand sides of Egs. (392) and (393) we can obtain
the expressions

(Ri— 5 B)=pro(3)"s (304)
(R —5B)=se-n[ S (%-)]. 399

Going over in accordance with (389) to the proper time and
setting

eh™) = R? (1),

we obtain

me?

=gt (5
7 )

(%)=
(397)

Here and in what follows, the dots above R denote the de-
rivatives with respect to the proper time 7.

Note that the expression in the square bracketsin (396)
is non-negative. Indeed, it is easy to show that

V147 (=)
(396)

—g @ —gwm+g () (1 -

1 1 3 1 o 1
Vg (=) =7 (B— 17 (R + ) >0
By virtue of this inequality, Eq. (396) is defined for any
R>0.
We introduce the notation

H@o=(x)-

For the contemporary epoch in the evolution of the universe
T =1, the quantity H(7,) is known as the Hubble *“‘con-
stant” and is positive. Therefore, after the extraction of the
root in (396) it is necessary to take the positive sign in front

(398)
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of the root:

mc? 1/2

(5

) 12 (R4 )]
(399)

(%J:[%xﬂﬂﬂ+

Differentiating (399) with respect to 7 and taking into ac-
count (397), we obtain after some transformations

do.
1 dt *
3 (P‘!"—cz—P)

1 dR . 1

= (400)

dt —

On the basis of Egs. (399) and (400) we can draw some
general conclusions about the development in time of a ho-
mogeneous and isotropic universe.

It is obvious from (399) that R > 0. Therefore, R(7) isa
monotonically increasing function of the time 7. Since
p+ (1/¢*)p>0, from (400) we obtain dp/dr <0 and,
hence, p(7) is a monotonically decreasing function of the
time 7.

If m =0 and p(7) for any ﬁni;c T is nonzero, then, as
can be seen from (399) and (397), R >0, and the “accelera-
tion” is negative, R <0. Therefore, in this case the graph of
the function R = R(7) rises monotonically and is always
convex upward. Therefore, after a finite time 7,,;,, in the past
R(7) reachesits minimal value R ;,, (T1in ) = 0. In what fol-
lows, we take 7,,;, as the origin of the proper time 7, and we
can therefore set 7,;, = 0.

In the case when the graviton mass m is nonzero, the
function R = R(7) also increases monotonically, and in the
region R (7)< it is convex upward. Therefore in this case
too R () vanishes at a certain value 7,,;, . But in the region
R(7) > 1, an additional analysis is needed to determine the
sign of R (7), since the right-hand side of Eq. (397) contains
notonly a negative term forp(7) + (3/2)( p(1)/c*) >0but
also the positive term

7 () (1 =)

We determine for any 7 the critical density by

0, (¥) = o5 HZ (3). (401)
Then by virtue of (398) and (399) we find
pcuy=pmy+ﬁéﬁ(lg)%ﬂz—1y(ﬂk+%ﬁ. (402)
From this it can be seen that if m 0, then

pe () > p (7), (403)

apart from the time value 7 = 7, for which R(7,) = 1. In
this last case, i.e., when R(7,) =1,

pe (T1) = p (7). (404)

But if m = 0, then for any 7 the RTG leads to the equality
pe (v) = p (7). (405)

We consider the relation (402) for the present time 7 = 7.
It is natural to assume that R(7,)>1 at 7 = 7, and, there-
fore,
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< 1.

1 1 3
2 | RS T RT
Then from (402) we find

2
(—r;i) o 2% [P, (Tg) — Pyl (406)
Here, p, is the matter density at the present time 7 = The
On the basis of the present observational data,

e (7o) &~ 33p,

and therefore from (406) we can obtain the estimate

2upo (To) > (me/h)*. (407)
This inequality then determines an upper bound for the gra-
viton mass. If we set

Pc (Wo) o 102 g/cm?,
then from (407) we find®

m < 0,64-10-95 g. (408)

We now turn to the investigation of the system of equa-
tions (399) and (400). This system is incomplete, since
there are only two equations for the three unknown func-
tions R(7),p(7), and p(7). As a third equation, one usually
takes the equation of state of the matter, which relates p(7)
top(r).

Assuming that at the initial stage of development at
7~0 the universe was in an ultraviolet state, we can use the
relation

2
p(M="5p). (409)
But at the present time 7~7,, the pressure can be ignored,
and therefore in this stage of development of the universe we
set

) = 0 (410)
We analyze Eqs. (399) and (400) separately for the cases
when the graviton mass is zero, m = 0, and when it is non-
Zero.

A. Vanishing graviton mass, m=0. For the initial stage
in the development of the universe, we find from Egs. (400),
taking into account (409), the solution

p (1) = a/R* (v), (411)
where a is a constant of integration having the dimensions
g/cm?. From Eq. (399) we obtain in this case, taking into
account (411),

R ()= (5 uca) v, (412)

3
The expressions (411) and (412) are true for all times 7 at
which the universe was in an ultraviolet state.
In the region of times for which the pressure can be
ignored, we find from Egs. (400)

p (1) = b/R? (1), (413)
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and from Egs. (399) we have in this case, taking into ac-
count (413),

R(1)= {%xczb)”%w. (414)
In (413) and (414), b is a constant of integration with the
dimensions g/cm®.

For the purposes of cosmological measurements, we in-
troduce the deceleration parameter

R\ [ R\2
=—|=])+]. 415)
)=~ (x) (%) (
On the basis of (413) it is easy to show that
g (7) = 1/2. (416)

In accordance with (405), at the present time the mat-
ter density must be equal to the critical density
Pe (19) =102 g/cm>. Thus, the RTG predicts the existence
of a large amount of “hidden mass” of the universe in some
form of matter. This missing mass is almost 40 times greater
than the mass of matter that we currently observe in the
universe.

B. Nonzero graviton mass, m><0. In an early stage in the
evolution of the universe the solution of Eq. (399) can be
represented in the form

R(1)
1 1 [ me2\2 /1 3 -1/2
i | S S T
t_dez[axaca:—l-ﬁ(ﬁ)(2+x 2.7,*)] ‘
0

(417)

In deriving (417), we took into account the relation (411),
which is a solution of Eq. (400).

For the range of values

|R =5 B @] <5 (418)
we obtain from (417) after integration
e (5 () VT,
where

y=2Vﬁ(%)B(T). (420)
In the region of small 7, we obtain from (419)

R(v) o (V3.2) P, (421)

Comparing this expression with (412), we see that the be-
havior of R(7) as 7—0 has been somewhat changed by the
existence of the graviton mass.

Using (421), we obtain on the basis of (401) and (411)

1 1,
Pe (V) 55 753

(422)

I 43 1
P(T)ﬂa(mg—) ViRt

(423)
For times at which the pressure can be ignored, we ob-

tain from Eq. (400) for p(7) the formula (413). Then the
solution of Eq. (399) for R>1 has the form
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= 311/5 ln[(%)

X(QB-}—Q ]/52 —{-%sxﬁp (17)—[—-;—%62[} (1:))], (424)
where we have introduced the notation
1 me? \2
e=g ( ; ) y (425)
In (424), o is a constant of integration.
Solving (424) for R(r), we obtain
R (1) —6[28+2 ]/e- euczp~|-—-xczp] feVEr,
(426)
On the basis of (426), it is easy to show that
He )/ ot np () (421)
and by virtue of (415)
3 %e2p (T)
(F(T)=—"1+?m. (428)
If for the graviton mass we take the value
m = 0,64-10-% g,
then from (425) we obtain
e = 4.3-10-% sec™2. (429)

Then for the contemporary epoch 7 = 7, in the evolution of
the universe we obtain from (427) and (428), taking into
account p, = 3x 107! g/cm?,

H, = 2:107 sec™'~)e (430)

and
g (ty) = — 0.94. (431)

As 7— oo, bearing in mind that the matter density tends to
zero, p(7)—0, with increasing 7, we find from (426)—(428)

R(t)~0 (-[‘%)”eﬁr; (432)
H~Ve~ Hy (433)
el (434)

Taking into account the relation (433), we obtain in the
expression (432) for R(7)

1 )”331{(.-:,

R(t)~c (_mmg

This last expression differs appreciably from (414), which
was obtained under the assumption that the graviton rest
mass is zero.

17. POST-NEWTONIAN APPROXIMATION IN THE RTG

The post-Newtonian approximation is used to study
systems of island type moving with small nonrelativistic ve-
locities. In the post-Newtonian approximation, the velocity
v, the gravitational potential U, the specific pressure p/cp,
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and the specific internal energy IT have the orders of magni-

tude

vie ~ O (e); U~ O (%); plpc? =~ O (&%); Il ~ O (7).
(435)

As experimental data show, the value of the dimension-
less Newtonian interaction potential GM / re* on, for exam-
ple, the surface of the Sun (and, therefore, for other celestial
bodies of the type of the Sun) does not exceed 2X 107,
while on the surface of the Earth it is 6.95x 10~°. For the
solar system, it is also known that the specific pressure p/c*p
and the specific internal energy II have approximately the
same order, this being £* ~ 108, This means that within the
solar system & can be used as an expansion parameter for a
perturbation-theory series of post-Newtonian form. One can
expect that the first few terms of this series will describe the
complete set of phenomena in the solar system with a suffi-
cient degree of accuracy.

One of the characteristic features of the solar system is
that in it the velocity of motion of the matter does not exceed
£ in units of ¢ = 1. Therefore, in order of magnitude we can
use for the spatial and time derivatives the relation

a a
TR PRt (436)

The connection (436) means that the variation of all quanti-
ties with the time is due in the first place to the motion of the
matter.

In this section, we construct the post-Newtonian ap-
proximation for the RTG equations (154). Even if the gravi-
ton rest mass is nonzero, it cannot play any role within the
solar system, being so exceptionally small, and therefore it
will be sufficient to study only Eqs. (154).

In what follows, to simplify the calculations, it is con-
venient to work in a system of units in which ¢ = 1.

Our point of departure is the expansions

2) (4)
8o T 1+goo+goo+

(437)
(4)
gaﬂ'—'\’aﬂ+5’aﬂ+gqg+ (438)
3) (&)
gnm=gua+gﬂm+--- (439)

Here, .5 is th(ck)spatia] part of the Minkowski metric
¥mn- The symbols g,.. (k=2, 3, 4,...) on the right-hand
sides of Eqs. (437)—(439) represent the terms of order £
the expansion of g,,,, , respectively. It should be noted that if
the sign of the time is reversed, t— — ¢, it is necessary to
require reversal of the sign of the parameter £ as well. It is for
this reason that the expansions (437) and (438) contain
only even powers and (439) contains only odd powers of 1&1{1}e
parameter £. The fact that g,, does not contain the term g,
is natural, since already the main (Newtonian) approxima-
tion for g,, must be not lower than the second order in ¢.

We now find the expansions for g = det g,,,, and g™"
On the basis of (437)-(439), it can be shown that

@ @ @ @ @ W W W
g=—1—8u+8u+82+83—E8n+ 8u+8at8as
2) (2) (@) (2) 2)(2  (2) (2
+ oo (811 + 822+ 833) — 811822 — E118ss

2@ (2 (2 (2)

_g22g33+g12+g13+g23+ (440)
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(2) (%)
g =140+ g0+

(441)
@ &)
goB=yab L gub L gaBy . (442)
@ (3
g% = gla.l gl o0y (443)
(k) (k) .
where g ™" and g,,, are given by

@) @ (@ @)
80= —go; g% = — g, youyP;
@ @ u; (?w @ @
I4 &opY gou Eoos (444)

) @ @ {
g = —v“"vﬂ“gs#v“‘“vﬂ“v“gngmm I
(5) (5) (@) (3

g% = —yBgy, | '\’“Bguugun o \’“W“Bgougw )

To write down the second equation of (154) for the terms of

the expansions (441)-(443), we first find g™ . From
(440)—-(443),
@ W
W= 1400yt (445)
i (i) (’-'3‘)
gna, =gDa + gOm +. (446)
(2! (4)
g“ﬂ—‘\’“ﬁ+g°‘ﬂ+g°‘ﬂ+ (447)
where
2) (4)
ooy o g @ 1B 0@ @ (@ @y )
GO =gt A; g gt godt L (4L 42),
(3) (5)
gﬂac_(gs(;u gOa_(;-%}a_*_ 1 (3) le
@ L
b = g“ﬂ' + ‘\’“54
£ 1@ W 4@
gub— gony L Ledy Lo (4—742). ]
(448)
In (448), we have introduced the notation
@ @ @ @ @
A=gop—81—8Boum— &as (449)
and
W oW W W oW @ e @ ®
A= goy— 11— 22— B33 — oo (811 + 822+ Lss)
@@ @@ @@ @ @ @
T8l t 1Lt Bl —81a— &y, —E&h,-  (450)

In a Galilean frame of reference, we find from the second
equations of the system (154)

£ 65§3.,—-1— VPO = — R0 gup; (451)
1 agoo‘|‘ ™ éhgm ?“Ehgiu; (452)
al e —tw— g A+ 5 (=2 3)]
~ —a, (g 4ghd) ; (453)

(%) (2) ( @) (3)
oa[ 879+ lgau+_ b (.4—— A2) | = ougepyPe. (454)
We now write down the first equation of the system
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)
(154) for g,,,. We first find the expansion of the tensor I'?,,
in powers of £. Since in the Galilean frame of reference -

1 Al !
Pfﬂﬂ=7g;q (amgqn Tanng_aqgmn)"

we find from this by virtue of (437)-(439) and (441)-
(443)

1 2) 1 2 3 2

I‘?mm? 608'004"3.— ( ﬂaogu,,—-g“@agm) i3
1 23 g I3 2

e = ‘“amgoo T ( ngO 4 g% aaguu) i

(2)

. 1
lgfﬂ'__ ( agDB_,_aBgﬂa_aogo;ﬂ) + .- '3

Iy=—= 'Vq'ﬂaﬂgoa T Yiﬁaﬁgm
(3] ($:3]
-!-".’“ﬁ@‘ogoa—— g“"ﬁﬂgoa F 2253
@) i @)
Tfy== g ¥*0p8on+ - V*00ipo — - V0o Zup +- - -

2)

I‘mﬂ:_'?ao (0ﬁgcw+amguﬁ_aogﬂm) f .

(455)
On the basis of (455), we can already find the expansion
which we need for the curvature tensor R,,, of second rank.
Since R,,, can be expressed in terms of I'2, by means of
(149), we find after simple calculations

1 (2 1 (4)
Ry=—— ?qﬂa 80— 5 ?aﬁa 9800

(2) (2)
+ yebd,0 ocg{)ﬁ =g 3 (g™ Baﬂguo) g '\’ Baoaogmﬁ

- YPORary " Ol + T Y480, 200 Optnn (456)
Ry, = —;‘ YPo040g (;)mc = ‘;— ?ﬁuaﬂa;;a
+-1-vﬂ“6 6é§lo—ivﬁ°aﬂaé§'w+ ST
Royg=—— Yt0,0, gas e vﬂﬁoaagm
+%\’Graﬂaﬂ Era— 3 dﬂgoo—_'\’ 9 5ﬁgw+ (458)

Taking into account in these expressions Egs. (451) and
(452), we finally obtain

2)
Ry= —= Y“BB aﬁ gou ——y 1’ kg 333’00 —i 6000 Zoo
A 1oy 0,0 guu‘l“'g‘ VRO Oploot -+ 5 (459)
1 (3)
Roy = — 5 vP99p00 gpu + + + *; (460)
1 (2)
Ryp= —5 V060 8op+ ¢ - - (461)

To complete the construction of the approximate equations
of the RTG, we must expand the matter energy-momentum
tensor in powers of £. For what follows, it is convenient to

use for 7" the expansion
m (2 3
TOO—T00 4 004 ..., T00—T0x | T0x 1 ...;

(2) (4)
Tob— Tep L Top ... (462)
Taking into account (437)-(439), from (462) we find for
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Tmn
0 @ (1) (3)
Too=Too+Too+ --; Too=Too+Tou+ i
(2) (4)
Tup=Tun+Tap+ oo (463)
where
(0) (0) (2) (2) (2) (D) \
Too=T%; Tgg= T+ 2gn T |
(1) (1) (3) (3) () (2) 2y
To =Vl Tow=E0al*® 4 (8up + VupZoo) Toﬁ } (464)

(2) (2)

Taﬂ = ?uﬂ\’BtTor'

Since the right-hand side of the first equation of (154) con-
tains the combination

(465)

1
Smn=Tmn__2'gmnTv

on the basis of (463) and (464) we can readily find expan-
sions for the components S,,, in powers of &:

1 1@ (2) (0) (2)
Soo="2— oo + = (T00_|__2gnDTUU i vaﬂTa'ﬂ) = ooy (466)
Soa= vaaT°ﬁ+ .o (467)
1 (0) 1 (2)
Sap=—5 Vsl + (\’au\’ar 5 \’aﬂ%r) e
@ (@ (0
= (\’aﬂT ° + VopBool °° + &apl ) + - (468)

Substituting in the first equation of (154) the expansions
(459)—(461) and (466)—(468) found above, we obtain

(2) (0)
V*P0,0p800 = — S*tGT‘m (469)
(4) (2) (2)
¥*80,0p800 + o008o0— ‘\’““Y"ﬂgutﬂ Ap800
(2) (2) ) (0)

— Y480, o Opn = — 8 G (oo . QgMT““ o T®);  (470)
?ﬂ“aﬂaogom =i 16nGvaBT°ﬂ; (471)

(2) (0
Y7000 ap = BTG Ve pT 0. (472)

@), (1
For given 7 N, TP, and il , the system of equa-

tions (469)—(472) comp]ete]y determines the effective Rie-
mannian metric g™" in the Newtonian and post-Newtonian
approximations.

Setting

2)

goo=—2U, (473)

where U is the Newtonian interaction potential, we obtain
from (469)

VAU = — 4nG T, (474)

The solution of this equation under the assumption that U
vanishes at infinity can be represented in the form

(0)
Bz T (x', §)

F 475)
v=6 | St (
Similarly, from (471) and (472) we find
o)

(3 dsz' TOB (x* | 476

Bou = —4G7Vqp S le__—w ik
and
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()]
@ g &z’ 70 (x', 1)

gaB-__QGVa.ﬁ A [x—x'] (477)

== QVaBU'

Equation (470) with allowance for (473), (474), and (477)
can be written in the form

(4) @) @
V2 (goo— 202 = — 203U + 8nG (T — vy, T6),  (478)
Since ‘(g:,)o must vanish at infinity, from (478) we find
(4) 1 32U (x',
8o = 2Uz+ﬁarﬁ 5——_d 'TxU_(:Jl )
@) @

. dz’ (T90 —yoa T%F)

D L (479)

We note that by virtue of (451) and (477) the potential U
3
and g, are related by

1 3
U = 7 ¥**0u8up CaEG)
Thus, we have found solutions of the RTG equations for
the components of the effective Riemannian metric g,,, in
the following orders:

€oo Up to &%,
8ap Up to £, and

£oo Up to E%.

As we shall see below, such accuracy in the determina-
tion of g,,,,, is practically sufficient for the description of all
gravitational experiments made within the solar system.
Therefore, from the system of equations (451)-(454) it is
sufficient to use only the first two. We note that by virtue of
(473) and (474) Eq. (452) is satisfied automatically.

Before we turn to the study of gravitational effects in the
post-Newtonian approximation, we must choose a “model”
for the matter. We assume a body in the state of an ideal
fluid. Then as 7" we can take the expression for the energy-
momentum tensor for an ideal fluid:

m™® = (p +p (1 + II)) ™™ — (481)

pg™™.
In (481), as usual, p, p, and II denote the isotropic pressure,
the density of the ideal fluid, and the specific self-energy,
respectively, and u" is the 4-vector of the velocity.

For the energy-momentum tensor 77" and for the in-
variant density p we have the following exact relations:
the covariant conservation law

Vin Tmn _ g Tmn_l_l" TJen+Fnkka 0 (482)
and the covariant continuity equation
1 el
V—gan (V‘“gpu"')ﬂo (483)

In the Newtonian approximation, i.e., when we ignore
the gravitational forces,

u =140 (e?); ur=v*(1+ 0 (e?)) (484)
and we therefore find from (481)
)
T0=p (140 (e%); (485)
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Top=0(;
)
Tt = pve (140 (7).

(486)
(487)

In deriving (485)—(487), we used the fact that the specific
isotropic pressure p/p has the order £?

Ignoring in Egs. (482) and (483) the terms of order
higher than &, we obtain for p

99p + g, (pv®) = 0. (488)

From this we see that in the Newtonian approximation the
total mass of the body is equal to the integral

M = S od3z

and is a conserved quantity.
Taking into account (485) and (487) in Eqgs. (475),
(476), and (477), we find

)
‘gun— —20; guﬁ_g'\’mﬂU goa_4?aﬂvﬂ (489)
where
G \ p(x| | d3 r. (490)
P(x . 1) vP ,
VE=—G 5 i diz. (491)

Therefore, in the approximation (489) the metric coeffi-
cients g,,, of the effective Riemannian space can be repre-
sented in the form

g00=(1 _2U); gop =Yap (1 -[—-QU)' guu=4vaﬂvﬂ' (492)

Knowing the metric in this approximation on the basis
of Egs. (482) and (483), we can determine the components
of the matter energy-momentum tensor in the following ap-

proximation. But for this it is first necessary to find { — gu®
and the components of the tensor I'?, in the Newtonian

mn

approximation. By virtue of (492) and (455),
V —g=1-L20;
w=1 +U——-§—vava;
PBO = —dyU; F%a =—8,U,; ]‘gcu =l ?aﬁaﬂU;
— Vapdol’ - 2 (\’ﬂcaa + Voolp) VO
I'Gp = 205V -+ 850U — 2y=0y;,0,V';
Boo = 8adpl + 650, U — V% Pa,05U .

(493)
Is=

Then the covariant conservation equation (482) can be
written in the form

do (12'%’0 + a, 1(F3°)°‘ — p8,U — 20123, U = O (&%); (494)
2)
8T8 - 8, (pv®) - y*Bpdal) = O (e4), (495)

and the continuity equation (483) takes the form
1 1 2
ﬁ[an(P‘f‘ 3Up—-,—pvmv‘x)-{-cz1 (pv - 3pvl’
+g o) | =0 (&9). (496)

To these equations, we must add the equations of motion of
an ideal fluid'®:
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p (0% + vPogw®) = y*B(— pdgl + 95p) -0 (&%);  (497)
0 (8011 +vPOgIT) = — i, 40 ( e9), (498)

where
p=V —gow, (499)

In accordance with (483), p is the conserved mass density.
In the approximation which we require, p admits the
expansion

=p(‘1+3U—%UQU“), (500)
and therefore p in (497) and (498) can be replaced by the

invariant density p. From the systcm of equatlons (494)—
2)

(498), we readily find solutions for T"“ T Y0a and T °%;
@
T ==p (2U + 11 —v,pv%); ‘
@
T0% = pv= (2U + I — vgvb) 4 pu*; ! (501)

(2)
TaB — pv’lyﬁ et Yuﬁp_

4
Therefore, from (479) we find for ;;0)0

(%
guw=20 45 5 [ LD 4o, 40, — 200,60,
(502)
The quantities ®; (i = 1, 2, 3, 4) have the form
¢ Ul Fe F'U {AS
®=—6 | l{“—Jde b iy { =2 &%
chj A pdir
{DFGSIK & O,=6 | T (503)
and are generalized gravitational potentials.
Since we have the identity*®
1 d3z'U G 5 5 diz’
o j‘ [x—x"|= 2a SP(X ' Y die 5 | x—x" || x" —x"
=—G j p(x’, t)|x—x"| d*x”,
) )
we finally obtain for g,
(%) o
8o0=2U2— G0} | p (x', t)|x—x'| &2’
— 4D, — 4Dy — 20D, — 6D, (504)

Combining the expressions (492) and (504) for the
metric coefficients of the tensor g,,,, of the effective Rieman-
nian space-time up to the post-Newtonian approximation,
we obtain the expressions

goo = 1 — 2U + 20U — 40, — 4D, — 20, — 6D,

— G S p(X', t) |x—x' |d% +0(e5: (505)
Zoo = 47apVP + O (e%); (506)
Bap = Yap (1-4-20)+ O (e%). (507)

Until recently, the requirements imposed on possible
theories of gravitation reduced to the need to obtain New-
ton’s law of gravity in the weak-field limit and also to de-
scribe the three effects accessible to observation: gravita-
tional red shift in the field of the Sun, bending of a light ray
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passing near the Sun, and advance of Mercury’s perihelion.
The insufficient accuracy of measurement in these experi-
ments, and also their paucity were the reason why we have at
the present time a large number of different theories of gravi-
tation that successfully explain all these effects.

For further selection of the theory of gravitation, it is
necessary, on the one hand, to increase the accuracy in the
measurement of the old experiments and to propose qualita-
tively new experiments, and, on the other, to develop an ap-
propriate theoretical formalism, since the requirements on
the possible theories of gravitation are clearly inadequate, a
very large number of theories satisfying these requirements.

More recently, in connection with the development of
experimental techniques, above all space physics, and the
increased accuracy of measurements, new possibilities have
appeared for more accurate measurement of the orbital pa-
rameters of the planets (and above all the Moon), for mea-
surement of the delay of radio signals in the gravitational
field of the Sun, and for new experiments within the solar
system. These experiments make it possible to restrict the
class of viable theories of gravitation. To facilitate the com-
parison of the results of experiments made within the solar
system with the predictions of the various theories of gravi-
tation for which Riemannian geometry is the natural geome-
try for the motion of the matter, Nordtvedt and Will** devel-
oped the so-called parametrized post-Newtonian (PPN)
formalism.

In this formalism, the metric of the Riemannian space-
time produced by a body that consists of an ideal fluid is
expressed as the sum of all possible generalized gravitational
potentials with arbitrary coefficients, which are called the
post-Newtonian parameters. Using the revised Will-Nordt-
vedt parameters, we can write the metric of the Riemannian
space—time in the form

E.’oo=1"'2U+2?'(]2“‘“(21"!‘2"‘“3"1'51) O, +§ A +28,Do
—2[(3y+1—2B+ &) Dy+ (1 4&) D3+ 3 (v+ &) D4]

— (O — Oy — 0g) WOW U 4 atgWOWPU g — (2003 — aty) WPV
(508)

G0 = (67 + 30—+ ) agV P+ (10— ) Vg

— L (o, — 200) WU + aaWPU o5

5 (509)

8ap=Vap (14 2v0). (510)

Here, W™ are the spatial components of the velocity of the
frame of reference relative to some universal rest frame. For
some theories of gravitation, this is the velocity of the center
of mass of the solar system with respect to the rest frame of
the universe. The expressions (508) and (509) contain in
addition to the generalized gravitational potentials (490),
(491), and (503) introduced above the potentials
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ot
U= | LT g, } (511)
8- {00 [ o8 1]

X (x—x') d3z’ d3z". J

To each theory of gravitation for which the natural ge-
ometry for describing the motion of the matter is Rieman-
nian geometry there will correspond a set of values of the ten
post-Newtonian parameters 53, ¥, @, @, @3, Einlnbylmban
From the point of view of experiments made in the solar
system, one theory of gravitation will differ from another
only by the values of these parameters. It should be noted
that when different theories of gravitation are compared the
metric tensor g,,, in each theory must be specified in the
same coordinate system as are the components (508)-
(510), for otherwise the comparison of the post-Newtonian
parameters becomes meaningless, different sets of param-
eters corresponding to different coordinate systems. There-
fore, after the determination of the metric tensor g,,, pro-
duced by the gravitational field of the solar system, it is
necessary to go over to the “canonical” coordinate system,
in which the metric tensor g,,,,, takes the form (508)-(510).

A characteristic feature of the standard post-Newtoni-
an expansion (508)-(510) is that in canonical coordinates
the nondiagonal components of the spatial part of the metric
tensor g,,,, are equal to zero and the nonvanishing compo-
nents do not contain terms of the form

a S plx—x'| di2'. (512)
Our solution (505)-(507) for g,.., in contrast to Egs.
(508)—(510), contains the expression (512) in ggo- There-
fore, it is necessary to go over to the coordinate system in
which the solutions (505)—(507) take the form (508)-
(510). Making the coordinate transformation

't =1z,
where £° (x)=~0(&* ), we obtain
Boo = Eoo— 20,5 (2);
800 = Goou — 0580 (7); } (514)
g(’zB:qu'

Choosing £, (x) in the form
G !’ r I
 (2) = —5 0 | P (X, DIx—X | d%

we find from (514), taking into account (505)-(507), the
following expressions for the metric coefficients g/, in the
canonical coordinates:

o =1 — 2U+ 2U* — 40,— 40, — 20, — 6D+ O (e);

(515)

. 7 g 1 i
8oa =5 VupV — 5 No+0 (&%); (516)
gap="Vap (14 20) + O (Y). (517)
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In deriving (516), we used the identity

1
Buo =+ (Vas? —NV). (518)
Comparing (515)-(517) obtained in the post-Newtonian
approximation for the metric coefficients in the framework
of the RTG with Egs. (508)-(510), we find for the post-
Newtonian parameters the values

y=18 =1;

@ =ay =03 =§ =§ =& =& = = 0. (519)
We note in passing that for the case when the source of the
gravitational field is a static spherically symmetric body of
radius 7, the metric (515)—(517) takes the form

; 2MG | 2M2G* G M3

g =1— r ' rs +0(T);
Goa=0; (520)
, 2MG G*M?
guﬁ=?as(i+T)+0( = ),

with total mass of the source
To

M =4n Spl:i+ﬂ+3—:+2U]r?-d‘r. (521)

0

To find the theories of gravitation that in the post-New-
tonian limit make it possible to describe all experiments per-
formed in the solar system, it is sufficient to determine from
all these experiments the values of the ten post-Newtonian
parameters and to select only those theories of gravitation
whose post-Newtonian approximation leads to parameter
values agreeing with the values obtained from the experi-
ments. Then all such theories of gravitation will be indistin-
guishable from the point of view of all experiments made
with post-Newtonian accuracy. Further selection of the the-
ory of gravitation requires either an increase in the accuracy
of measurement to the post-post-Newtonian level or the
search for possibilities of studying the properties of gravita-
tional waves and also phenomena in strong gravitational
fields.

As was shown in Ref. 50, the vanishing of the three
parameters @, &,, @; has a definite physical meaning: Any
theory of gravitation in which @, = a, = @, = 0 does not
possess a preferred universal rest frame in the post-Newtoni-
an limit. In this case, on the transition from the universal rest
frame to a moving system the metric of the effective Rieman-
nian space-time in the post-Newtonian limit is form-invar-
iant, and the velocity W* of the new coordinate system rela-
tive to the universal rest frame will not occur explicitly in the
metric. Since (519) holds, both GR and the RTG belong to
the class of such theories.

A linear dependence of the parameters £ and a also has
a certain physical meaning. As was shown in Ref. 51, if ©

O = oy =ag = 0; § = 0; §; = Eo; (522)

38 + 28, = 0; & + 28, =0,

then from the post-Newtonian equations of motion it is pos-
sible to determine quantities that in the post-Newtonian ap-
proximation do not depend on the time. Generally speaking,
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one can interpret these quantities as energy, momentum, and
angular momentum of the system (i.e., as integrals of the
motion) only in the theories of gravitation which possess
conservation laws for the energy-momentum tensor of the
matter and the gravitational field taken together.

For example, in GR the relations (522) are satisfied,
but, as detailed analysis shows, the corresponding time-inde-
pendent quantities in the post-Newtonian approximation
are not integrals of the motion of the system consisting of the
matter and the gravitational field.

In the RTG, an isolated system has in pseudo-Euclid-
ean space-time all ten conservation laws in their usual sense,
and these lead in the post-Newtonian approximation to ten
integrals of the motion of the system. The fulfillment of the
relations (522) in the RTG confirms this conclusion.

18. GRAVITATIONAL EXPERIMENTS IN THE SOLAR SYSTEM

The experiments of Bessel and Eotvds, which were al-
ready made in the last century, established that for bodies of
laboratory sizes the ratio of the gravitational mass to the
inertial mass can differ from unity by not more than 10~°,
irrespective of the matter of which the body is made. This
result made a deep impression on Einstein and prompted his
formulation of the equivalence principle.

The more recent gravitational experiments have estab-
lished that the deviation from unity of the ratio of the gravi-
tational mass to the inertial mass for bodies of laboratory
size does not exceed 10™'? (experiments of Braginskil’s
group®?).

Although these results are regarded as experimental
confirmation of the hypothesis of the equality of the gravita-
tional and inertial masses to a very high accuracy, this does
not mean that for large bodies the gravitational and inertial
masses are equal to the same accuracy.

According to Nordtvedt’s estimates,® for bodies of lab-
oratory size the ratio of the gravitational self-energy to the
total energy of a body is a quantity in order of magnitude not
greater than 10 2%, Therefore, at an accuracy of measure-
ment equal to 10~ 2, nothing can be said about the distribu-
tion of the gravitational self-energy between the inertial and
gravitational masses of the body.

To solve the problem of the equality of the gravitational
and inertial masses of an extended body experimentally it is
necessary either to increase appreciably the accuracy of gra-
vimetric experiments with bodies of laboratory size or to
make measurements with bodies, for example, planets, for
which the ratio of the gravitational self-energy to the total
energy must be appreciably greater than 10~ 2%, In the latter
case, small perturbations in the planetary orbits may be re-
vealed if the gravitational and inertial masses do indeed dif-
fer.

What is the answer given by GR and the RTG with
regard to the question of the equality of the gravitational and
inertial masses?

It does not follow from GR that the inertial mass is
equal to the active gravitational mass. In GR, as was shown
in Sec. 3, the value of the inertial mass depends on the choice
of the coordinate axes in three-dimensional space, some-
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thing that is meaningless from the physical point of view.
It follows from the RTG that the active gravitational
mass and the inertial mass of a body are equal.
For since the RTG is based on the special relativity
principle, the inertial mass of an island system is strictly
defined and is equal to

my= | da (i) + tin). )
By virtue of the conservation law for the total energy-mo-
mentum tensor in Minkowski space,

Om (1) +1o0) =0
it is obvious that m; does not depend on the time. Note also
that (523) is a scalar with respect to transformations of the
spatial coordinates.

We now write down the first equation of (146) for the
field ®% in a Cartesian coordinate system. Since in this case
(‘I')oo 52 (I,oo

0O % =16 (£ + i)

When ¢y, =10y, is constant in time or varies very
weakly in time, so that the gravitational radiation is negligi-
bly small, for ®°° we obtain the equation

ADW — — 167 (122, +
whose solution we represent in the form

%z’ (19, |~t(°3”)
| x—x’ |

(M)):

cpﬂa=45

Hence, in the limit x| = r— o we find

D ~ dmylr, (524)

500

By virtue of the connection (121), for §* we have the

expression
g““ ~ 1+ dmylr.
At the same time, determining g*
(489), we obtain
e ~ 1+ 4T,
where U is the Newtonian potential. Now far from the
source U (in the units ¢ = G = 1) has the representation
U= Mlr,

where M is by definition the gravitational mass of the body,
and therefore we arrive at the identity

from (445), (448), and

m; =M, (525)
which is what we wanted to prove.

In passing, we note that in the framework of the RTG
the quantity

= [ e g+ oty (526)

is the energy-momentum 4-vector of the system with respect
to arbitrary transformations of the coordinates. Similarly,
the angular momentum of the system in the RTG is a tensor
with respect to all coordinate transformations in the four-
dimensional Minkowski space.

In order to obtain bounds on the values of the post-
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Newtonian parameters imposed by the experiments, we con-
sider them in the following order. We first consider the stan-
dard effects—the deflection of light and radio waves in the
field of the Sun, the advance of Mercury’s perihelion, and
measurement of the time delay of radio signals in the gravita-
tional field of the Sun. We then analyze the experiment
planned to measure the precession of a gyroscope in a near-
Earth orbit. After this, we consider the Nordtvedt effect, and
also effects with nonvanishing parameters «,, a,, @3, and
So

Deviation of light and radio waves in the gravitational
field of the Sun. To calculate the standard effects in the gra-
vitational field of the Sun, one usually takes as an idealized
model of the Sun a spherically symmetric sphere of radius
R, . Then in this case the metric coefficients of the effective
Riemannian space are to post-Newtonian accuracy in the
region 7 > R,

2GMG

GM?
go=1——7"+2

CM,ﬁ))

?

Eap="YVap ('1_l 2?

‘I
} (527)
Dazov I

where M, is the mass of the Sun. On the basis of (527) we
readily obtain expressions for g™

GMO d

Mﬁ ¥ (528)

g*"f*—v“ﬂ(i—?v
go==0. J

Note that we have chosen the spherical coordinates in the
pseudo-Euclidean space in accordance with the Minkowski
metric, which has the form (221), and therefore the Greek
indices in (527) and (528) take the values (7, 6, @).

We write the equations of motion for a material particle
or a photon in the form of geodesic equations in the effective
Riemannian space with the metric (527):

dzP dx‘l

D d:rm
)+ glq “do

— (529)

=0,

where o is the parameter describmg the trajectory.
For the metric (527), the components of the tensor G
which are nonvanishing to the post-Newtonian accuracy are

1
Ggr =g g°°0, 800
1
Gio= ——5 & "0r800;

1
G:r= Tgrrargrr;

Gho= — 583, 80c; (530)
Goo= — i‘ g0, 844

Gro= 6’995r830,

Glo= —2— 8990, o

For what follows, it is convenient to express the metric
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coefficients (527) and (528) in a different form, equivalent
to the post-Newtonian accuracy:

Boo=(8%)1=1—2U 4 28U

Err=(g")'= — (14 2v0);

Zoo= (8% = —r2 (14-29) ~~— (r +-yrU)%;
Bou=(899)™ = —r?sin20 (1 4-2yU) o —sin20 (r+ yrl)2,

(531)
where
U = GMg/r. (532)
Let
R =r+ yrU = r + yGMp,. (533)
Then
8oo=(g%) 1= —R?% goy=(g%%)'= — R?sin20. (534)
Introducing the notation
Boo = (8%)7' = (1 — 2U + 2pU?) = B (R);
= (8= — (1 + 290) & — (1 + YUY = — 4 (R)
(535)
and noting that d /dr = d /dR, we find from (530)
0 1 dB(R)
Gor =35 (R) &R °
Gtk ABAR).
0= 34(R) dR
1 adAR),
r Rsin%0 |
Gho= — 1+ Goo= —"41m
1

From this point on, we shall follow the scheme set forth in
Ref. 42. We write the geodesic equations (529) in the ex-
panded form

d2t dB(R) dR dt _
do?® T H{R} dR do do (337)
d*R d4 (R) 2. 1 dB(R)/( dt\2
ae+24m) iR (?1?) T3A(R) 4R (T)
R dd \2  Rsin?@ (de \2
AR (d_o) TTAR) (d_a) = (538)
a0 | 2 dR do _ .
= TEm wmE (539)
d*p it 2 dR dq>_0. (540)

do® " R “do do

Since the field is isotropic, without loss of generality we
can consider only those trajectories that lie in the equatorial
plane. Therefore, in Egs. (538) and (539) we can set
@ = w/2. Then in this case Eq. (539) is satisfied identically,
and Eq. (538) takes the form

d*R dA(R) [ dR
dor taa (R dﬁi ) (d_)

tarty S (8= oy (480

From (537) and (540), we can readily find that

(541)
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dt/do = C/B(R) (542)

and

Rideldo = J, (543)
where C and J are constants of integration and are integrals
of the motion of the problem. However, by a redefinition of
the parameter o it is always possible to make the constant C
in (542) equal to unity. Therefore, in what follows, without
loss of generality, we shall use the equation

dtldo = 1/B (R). (544)

Substituting the relations (543) and (544) in (541) and
multiplying the resulting expression by 24 (R )dR /do, we
obtain after simple manipulation

d I 1
e (R)( ) Jr'?ﬁ"fs(ﬁ)]=0‘
It follows from this that

dR\2 , J? 1
A(R) (_d;) (545)
is also an integral of the motion of the problem. We now find
the connection between the proper time 7 and the parameter
o of the trajectory. We determine the proper time 7 from the
interval

dv? = gy di* 4 g, dR? - gog dO2 + gy do?, (546)

where the metric coefficients are specified in terms of Egs.
(534) and (535). Since @ = 7/2, taking into account the
relations (543)—(545) we obtain from (546)

dt® = Edo®. (547)

Sincedr® = 0 for massless particles, we see from this that for
a photon

E =0. (548)

If the rest mass of the particles is nonzero, then from (547)
there follows the inequality E > 0. On the basis of (544) and
(547), we can relate the proper time 7 to the time coordinate

t of the Minkowski space:
di?* = EB? (R) di2. (549)

Similarly, from (543) and (545), eliminating the parameter
o by means of (544), we find

(550)
(551)

RZ‘;_‘:’=13 (R);

A(R) (%)24_ J?

B®(R) T B(R)+E 0.

Since A(R) >0, the following inequality must hold if Egs.
(551) are to be solvable:
J%R® + E< 1/B (R). (552)

The system of equations (550) and (551) can be solved by
quadrature if the variable ¢ is eliminated. Determining dt
from (550) and substituting in (551), we obtain
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A (R) (%)3+_1_ ot g Roap (553)

Rt R'z__f‘iB(R)_r 72
Hence, the solution, which expresses @ in terms of R, can be
represented in the form

V2 (R)dR 2 E 1 -2
P==x \ g [J’“B(H) e Ri] i

We must now express (553) and (554) in terms of ». By
virtue of (533) and (535),

(554)

1 fdary2, 1 (4302, E(@d4+y0)2 _
F( dcp) +m= J2B (1) ¥ J? = (355)
and
\ (14U E 1--% 1 uz
Q= —F—\ rzl: Jj;}?r)i ( e ] (556)

The relation (556) determines the shape of the trajectory of
the particles in the gravitational field of the Sun in the post-
Newtonian approximation.

Suppose that we are interested in the problem of de-
scribing the trajectories of particles which arrive from dis-
tant regions and pass by the Sun. We place the origin of the
coordinate system at the center of the Sun. We assume that
the particle in which we are interested moves in the equator-
ial plane (xy) parallel to the x axis, from positive infinity in
the direction of negative infinity. Since the angle ¢ is mea-
sured from the positive direction of the x axis, it is obvious
that @( + o) =0.

If there were no deflection of the particle trajectory in
the gravitational field of the Sun, the change in the angle ¢
during the complete motion would be 7, since
@( — ) —@(«) = 7. However, the gravitational field de-
flects the particles from rectilinear motion. Therefore, we
shall characterize the measure of this deflection by

8p = Ag — =, (557)
At an appreciable distance from the Sun, i.e., in the limit
r— o0, we find from (535) that A(« ) =B(«) = 1. Then
from (551) we obtain

(dride)t =1 — E. (558)
Since the particle moves freely in the region r— o, its veloc-
ity dr/dt = v is constant and, therefore, E = const, in com-
plete agreement with the significance of E as an integral of
the motion. Since for a photon (in units withec = 1)v = 1, we
have E = 0. For a material particlev < 1 and therefore E < 1.

Let 7, be the distance of closest approach to the Sun
along the trajectory of the particle. Then for the integral of
the motion J we find from (555) by virtue of
(dr/dg) =0

o 14v )”2.

Taking into account this expression in (556), we obtain

J=ro U300 (g7 — (559)

= C dr B (rq) r’ N2 A% (r')
o= [;1—(1—v3)8(r0)1 (r_u) AT (ry)
1 -1/2
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For a photon, we find from this

o= [ 28 -

To

1]“”2. (561)

In the first order in M, G /r, we obtain from (561)

¢ (ro) = (MaGlry) (1+¥) + 5

Note that the complete change in the angle ¢ (#) when the
photon travels from infinity to the point 7 = r, and then out
to infinity again is 2¢ (#, ). Therefore, for Ap we have

Ap=2[9 (r)) —¢ + %) + .

(+o0)) = =&

Substituting this expression in (557), we obtain for the de-
flection 6@, apart from terms of order GM,/r,, the final
expression
AM oG ¢ 1
of (1t
(<3%)-

Ty

8¢ = (562)

Taking r, equal to the radius of the Sun, we find from (562)

bp=1,75" (—51). (563)
Analysis of the experimental results obtained from observa-
tion in the gravitational field of the Sun of the bending of the
light rays of distant stars and also radio waves emitted by
quasars suggests>* that the post-Newtonian parameter is
y=14+02.

Advance of Mercury’s perihelion. Suppose that a particle
with mass m %0 moves in a closed curve around the Sun. To
describe this motion, we use the general expressions (555)
and (556). As in the preceding subsection, we place the ori-
gin of the coordinate system at the center of the Sun and take
the equatorial plane (xy) coincident with the plane of the
motion of the particles. Since the trajectory is closed, there
exist two values of r(g) for which dr/dg = 0. We denote

them by r, . Then from (555) we have
R s
T B (r,) R

From this we can determine the integrals of the motion J and
E:
o P3rRA(r) A(r)  B(r)—=B(r) .
F=% (u)fb‘ (r)  rid (r:) —r2A(r) " (565
_ 1 rid(ry)  r2A(r)
B I: B(r) B(r) ]

rid (ry) —r2A(r.)

(565)

In accordance with (556), the angle ¢ (r) through which the
particle-position radius vector r is turned (measured from
the direction r = r_ ) can be calculated in accordance with

r
Codr' [ AR EA(r' 1 =172
o) =0+ | L [Fpe— T ] . (566)
r—
Setting here r = r . and taking into account the relations
(564) and (565), we find after simple but lengthy calcula-

tions in the post-Newtonian approximation
02) - (2+27—f).

Here, L is the semimajor axis and e is the eccentricity of the

cp(r+)—rp(r)~:t+ (567)
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orbit.

The changes in the angle ¢ for motion of the particle
from the position » = r_ to the position » =, and back
from the position  =r_ to the position r = r_ must be
equal. Therefore, the total change in the angle ¢ in one revo-
lution is

Mp=2n 4 (9 4 9yp). (568)
From this it can be seen that the orbit of the motion is not
closed. It precesses in the direction of the motion of the parti-
cle, and the measure of the precession in the post-Newtonian
approximation is

2nGM
eg)OL (2+2y—B).

The advance of Mercury’s perihelion is subject to the influ-
ence of various other factors besides the post-Newtonian
corrections in the equation of motion. These factors include
attraction by the planets in the solar system and the exis-
tence of a quadrupole moment of the Sun. The only undeter-
mined factor among them is the quadrupole moment of the
Sun; the influence of all the other factors can be calculated
with sufficient accuracy.

The total displacement of Mercury’s perihelion due to
the presence of the quadrupole moment ./, of the Sun and the
post-Newtonian corrections to the equations of motion is

8p=Ap—2n— (569)

dp = 42.98 [(2 + 2y — B)/3] - 1.3-10°7,

(in units of seconds of arc per century). It follows from the
results of the observations®* that 5@ = 41.4 + 0.9 seconds of
arc per century.

Measurements of the apparent shape of the Sun made
by Dicke and Goldenberg®™ gave for J, the value
J, = (2.5 +0.2) X 10—, while later measurements of Hill e¢
al>*%7 showed that J, <0.5% 10~ *. Comparison of the ob-
served displacements of the perihelia of Mercury and
Mars®® gave the estimate J, <3x 1077,

Thus, because of the absence of direct measurements of
the quadrupole moment of the Sun there remains a large
uncertainty in the value of 5 as determined from the advance
of Mercury’s perihelion: 8 = 1775 subject to the condition
thaty = 1.

Time delay of radio signals in the field of the Sun. An-
other independent method of determining the post-Newto-
nian parameter y is through measurement of the time delay
of radio signals in the field of the Sun.>® This effect takes the
form that the propagation time of radio signals sent from the
Earth to a reflector situated somewhere else in the solar sys-
tem and back, measured by a clock on the Earth, differs from
the time obtained when the process takes place in the ab-
sence of a gravitational field.

If one takes the reflector to be Mercury when in superi-
or conjunction and the path of the radio signal touches the
Sun, the delay time is maximal and can be calculated by
means of (551).

As was shown in Ref. 57, it is

9 o
At ~4GMe(1+7) [1 Lln -V—:"}"—“] a 107,960 psec,

49 Sov. J. Part. Nucl. 17 (1), Jan.—Feb. 1986

which exceeds the corresponding GR result by 20 usec.

Thus, already in the solar system the RTG predicts a
result amenable to experimental verification and different
from the GR prediction.

In view of the fundamental importance of this conclu-
sion, it is extremely desirable to make careful experimental
measurements of the delay time.

Precession of a gyroscope in orbit. If the parameters «, ,
a,, @ are zero, measurement of the precession of a gyro-
scope moving in orbit around the Earth provides a third in-
dependent way of measuring the parameter y.

According to Ref. 60, the angular velocity of precession
of a gyroscope in a circular orbit in the Earth’s field is

922\’;—1 [rv] S y+1 (mJ_{_3r(Jr))

2r3

where m is the mass of the Earth, v is the linear velocity of the
gyroscope relative to the center of the Earth, J is the angular
momentum of the Earth, and r is the radius vector of the
point at which the gyroscope is situated. The level of the
present development of technology offers hope that this ex-
periment will be realized in the near future.

Nordtvedt effect and lunar laser ranging. In recent
years, several investigators®-®* have concentrated their at-
tention on establishing relationships between the inertial
and gravitational masses of a given body in different theories
of gravitation and the search for possibilities of testing these
relationships in experiments.

In any theory of gravitation, we can, following Bondi,**
distinguish three forms of mass according to the measure-
ments by which they are determined: the inertial mass m;,
the passive gravitational mass m,, and the active gravita-
tional mass m, .

The inertial mass is the mass that occurs (and is defined
by it) in Newton’s second law:

mya® = F*,

The passive gravitational mass is the mass on which the
gravitational field acts, i.e., it is the mass determined by the
expression

F*= —m,voU.

The active gravitational mass is the mass that is the
source of the gravitational field.

In Newtonian mechanics, Newton’s third law requires
equality of the active and passive masses, m, = m,, irre-
spective of the size and composition of the bodies; the equa-
lity of the inertial mass and the other two is taken as an
empirical fact.

In Einstein’s theory, the inertial and passive gravita-
tional masses are equal for point bodies. However, equality
of the active and passive gravitational masses is not postulat-
ed.

In some theories of gravitation, all three masses of a
given body may be different. It is therefore necessary to es-
tablish the correspondence between these three masses by
means of experiment.

As was already pointed out at the beginning of this sec-
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tion, the attempt to measure the ratio of the passive gravita-
tional mass to the inertial mass for bodies of laboratory
sizes®® provided only a partial answer to the question posed,
since the accuracy of the experiments was certainly insuffi-
cient to determine the ratio in which the gravitational self-
energy of the body, the energy of elastic deformations, etc.,
occur in these masses.

Since the ratio of the gravitational self-energy of a body
to its mass increases with increasing size of the body, it is
more expedient to use extended bodies—planets—for these
pUrposes.

However, since gravimetric measurement of the ratio of
the passive gravitational mass of an extended body (a plan-
et) toits inertial mass is impossible, it was necessary to study
theoretically the motion of extended bodies in the gravita-
tional field of other bodies with a view to establishing what
features in the motion of an extended body can result from a
possible inequality of its inertial and gravitational masses.

One such effect is the possible deviation at the post-
Newtonian level of the motion of the center of mass of an
extended body from motion along a geodesic of the Rieman-
nian space—time. The possibility of such an effect was point-
ed out by Dicke,®' who suggested that the ratio of the gravi-
tational mass to the inertial mass for astronomical bodies
could differ slightly from unity if the gravitational self-ener-
gy of all these bodies changes when their position in the gra-
vitational field of other bodies changes. Subsequently, this
effect was investigated by Nordtvedt,*® Will,*® and Dicke.*?

Using a model of coherent particles, Nordtvedt®® made
a very detailed study of this effect (which subsequently be-
came known as the Nordtvedt effect) and demonstrated its
possibility in certain metric theories of gravitation.

Calculating the motion of an extended body in the gra-
vitational field of a massive point source at rest, Will** con-
cluded that the tensor of the passive gravitational mass of an
extended body in the post-Newtonian approximation of an
arbitrary metric theory of gravitation has the form

m%B

T — 7 [1— (4 —a,—y—3—§+ay) Q]

—(as+E—Ey) Qaﬁ, (570)

where )} and QO are the post-Newtonian corrections:

erﬂ= _2_1_M S PP' (.’.Ca—i"a)'(ﬂ'ﬂ—-r'ﬁ) dsx daxr;
el (571)
0 ] ipp'daa:daa:'
¥ M) | x—x"]

In such an approach, the presence of post-Newtonian cor-
rections in the expression (570) was interpreted as the result
of violation in certain theories of gravitation of the equality
of the gravitational and inertial masses of the extended body
at the post-Newtonian level. In addition, it was asserted that
equality of the inertial and passive gravitational masses in
the post-Newtonian approximation will mean that the cen-
ter of mass of an extended body moves along a geodesic of the
Riemannian space-time.

However, it is also rather difficult under the conditions
of a real experiment to determine whether or not the center
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of mass of an extended body moves along a geodesic of the
Riemannian space—time. Therefore, it was proposed to de-
termine from experiments the values of all the necessary
post-Newtonian parameters and, using Will’s formula
(570), to answer the questions, already becoming academic,
of the relationship between the tensor of the passive gravita-
tional mass of an extended body and its inertial mass, and
also of the nature of the motion of the center of mass of this
body relative to a geodesic of the Riemannian space-time.

As a result of calculation of the motion of the Earth—
Moon system in the gravitational field of the Sun, Nordt-
vedt®® drew attention to a number of possible anomalies in
the motion of the Moon whose observation could permit the
measurement of different combinations of the post-Newto-
nian parameters. One of these anomalies is a polarization of
the Moon’s orbit in the direction of the Sun with amplitude
ér = yL, where L is a constant of order 10 m, and

= —'_;'._ (§2+aa"§1}+(45""&—7'—“5_!'“2—3)#1_;)5“"

(572)
To detect this effect, data obtained by lunar laser rang-

ing were analyzed. As a result of this analysis, one of the
groups® arrived at the conclusion that

n =0 = 0.03. (573)
Another group®” obtained the very similar result
n = — 0.001 =+ 0.015. (574)

Using these estimates and Will’s theoretical formula (570)
for the tensor of the passive gravitational mass, the authors
of the groups concluded that the ratio of the passive gravita-
tional mass of an extended body to its inertial mass is near
unity:

m%B
P
| = — §aB

< 1.5.1074,

Thus, the data obtained by the lunar laser ranging ap-
peared to permit the assertion (as was made in the litera-
ture®#%67 ) that in the post-Newtonian approximation the
passive gravitational mass of an extended body is equal to its
inertial mass and that the center of mass of an extended body
moves along a geodesic of the Riemannian space-time.

However, as was shown in Ref. 51, Eq. (570), obtained
by Will, is incorrect. Therefore, the interpretation of the re-
sults of the measurement of %, (573) and (574), given in
Refs. 66 and 67 and based on the use of this formula is incor-
rect.

Ejffects associated with the presence of a preferred frame
of reference. Theories of gravitation in which at least one of
the parameters a;, a,, @; is nonzero possess a preferred
frame of reference. The predictions of such theories of gravi-
tation for the standard effects can agree with the results of
the observations only if the solar system is a preferred frame
of reference. However, it is more reasonable to assume that
the solar system, moving relative to other star systems, is in
no way distinguished compared with them, and therefore
cannot be a preferred universal rest frame for such theories.
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Since the preferred rest frame must be distinguished in some
manner from other systems, it is more reasonable to associ-
ate this system with the center of mass of the Galaxy or even
the universe. In this case, the solar system will be in motion
relative to the preferred frame of reference with velocity
v=~10""¢, of the same order of magnitude as the orbital ve-
locity of the solar system relative to the center of the Galaxy.
In this case, it is possible to observe a number of effects asso-
ciated with the motion relative to the preferred frame of ref-
erence,** permitting estimation of the parameters a,, o

In theories of gravitation with a preferred rest frame,
the gravitational constant G measured in gravimetric experi-
ments will depend on the motion of the Earth relative to such
a system.

For the relative quantity AG /G we have**

AG o
. (-?z-l—cxa—ai) oV

- % oy [(ve )+ 2 (we,) (ve,) - (ve,)?],

where v is the orbital velocity of the Earth around the Sun, ©
is the velocity of the Sun relative to the preferred rest frame,
and e, is the unit vector from the gravimeter to the center of
the Earth.

Because of the rotation of the Earth about its axis, the
vector e, changes its orientation relative to the vectors v and
o, and this leads to a periodic change in the scalar products
vee, and o+ e, with a period of about 12 h. This leads to
corresponding periodic changes in the acceleration of free
fall, and for a point of observation at latitude &

A;- a2 3ot,- 1078 cos2 0,

Will,***° analyzing the results of gravimetric experi-
ments, found that the relative changes in g do not exceed
1=

£| ~11
= |<10 :

From this we obtain the estimate
| oy | < 3:1074,

Motion of the Earth around the Sun also leads to a peri-
odic change in @ * v with a period of the order of a year. This
variation is due to contraction and expansion of the Earth,
this leading, in its turn, to periodic changes in the angular
velocity of the Earth’s rotation produced by the change in its
moment of inertia:

A y - 2
Tm= 3:-10°® (GS+T az—'ai) .
It follows from the results of observations that
aa—i—% Qg — Oy I < 0.02.

Motion of the solar system relative to the center of the uni-
verse can lead to an anomalous displacement of the perihelia
of the planets. For Mercury,®® the additional contribution to
the advance of the perihelion (in seconds of arc per century)
has the form

8, = — 1230, + 92u, + 1.4.10%, + 63Eq
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Comparison with the observations and combination of all
the estimates of the parameters a gives

| Em | << 2.10-8 |q,1 | << 10-3;
lop | <4-107% g | < 2-107

In the RTG, a, =a, = a; =0, and therefore all these ef-
fects are absent.

Ratio of the active and passive gravitational masses. For
the active gravitational mass in the post-Newtonian approxi-
mation, Nordtvedt’™ obtained the expression

o | =
m‘u=mi+2 (73 T_-ZL_E&)Ekin

i

ck E3Eh|l + (46— 2§2_3_Y) Q

—EE*Pe e, (575)

where e, is a unit vector along the line connecting the mas-
sive body to the point at which its field is measured;

Eyjp= H*% 5 v dor; By = 5 oIl da;
m; is the inertial mass of the body,

M= gp (4——;—qu"+ll—%lj) d3z;

e _ o4
E™ = 2
In the RTG, we obtain from (575)

\n prevh g3z,

v

m, = m;.

Effects of anisotropy relative to the center of the Galaxy.
In theories of gravitation for which &, #0, anisotropy ef-
fects due to the influence of the gravitational field of the
Galaxy are possible.”

If we assume that the mass M of the Galaxy is concen-
trated at its center at distance R from the solar system, then
the gravitational field of the Galaxy leads to periodic
changes in the readings of a gravimeter with period 12 h:

20 g, (1—25) o (eren)®,

S mr?

G

where K is the moment of inertia, m is the mass, and r is the
radius of the Earth; e, is the unit vector directed from the
gravimeter to the center of the Earth; and e, = R/R.

Another effect is the anomalous displacement of the
perihelia of the planets due to the anisotropy produced by
the Galaxy:

I A ;
Sy = —%i —h{ cos? i cos? (w—A),

where A and 3 are the angular coordinates of the center of
the Galaxy, and w is the angle of the planet’s perihelion in

geocentric coordinates.
The comparison with observations gives as an upper
limit for £, the estimate

|l < 10,

Inthe RTG, £, = 0and all anisotropy effects due to the
gravitational field of the Galaxy are absent.
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19. POST-NEWTONIAN INTEGRALS OF THE MOTION IN THE
RTG

We write the covariant conservation law (102) for the

density £™ of the total energy-momentum tensor in the
pseudo-Euclidean space-time in Cartesian coordinates:

Gt =0 [tznq;z—l- tﬁﬁ]:o. (576)

On the basis of this relation, we readily obtain the corre-

sponding integral conservation law
r

—d, |\ avem = <\3 ds, tan,

o

(577)

If there is no energy flux of the matter and gravitational
field through the surface bounding the volume of integration
in (577), then

§ ds, tn =0, (578)

and we arrive at the conservation law for the total 4-momen-
tum of the isolated system:

dpv/dt — 0,
where
pr = 5 avieo. (579)

In this case, because the density " of the total energy-
momentum tensor is symmetric, the angular-momentum
tensor of the system is also conserved:

dM™ dt == 0,

where

Mr = \ dv [ — gim],

o

(580)

It follows from the conservation of the components M °* that
the center of mass of an isolated system, determined by the
formula

§ 2 10dV _ poy_ p0=

%= 581
X (pogy — P 7 L
executes uniform rectilinear motion with velocity
d ya_ P 582
¥ =7 ke

Thus, to describe the motion of an isolated system con-
sisting of matter and the gravitational field it is necessary to
determine the 4-momentum P* (579). It should be noted
that in any real system gravitational waves may be emitted
because of the motion of its constituent parts; any real sys-
tem exchanges matter with other systems both in the form of
electromagnetic radiation and in the form of particles,
atoms, etc. Therefore, in the general case the energy fluxes of
the matter and the gravitational radiation cannot be ignored.
There are astrophysical processes in which these energy
fluxes play a leading role, and allowance for them makes it
possible to understand and predict many astrophysical phe-
nomena. At the same time, for the systems for which the
energy fluxes of the matter and the gravitational field are
small the condition (578) of being isolated is satisfied to a
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certain degree of accuracy. Then to the same degree of accu-
racy we can assert that the 4-momentum of this system is
conserved. Systems for which the post-Newtonian formal-
ism apply belong to the class of such systems.

To find the explicit form of the 4-momentum P" in the
post-Newtonian approximation, we shall proceed from the
identity (100). We write this identity in a Cartesian coordi-
nate system:

Ol = VT (583)

Multiplying both sides of (583) by d¥ and integrating over
some sufficiently large volume, we obtain

3, \ 10V + § £7.dS, = ( v Trav. (584)
Setting

{y £248, =10, (585)
we find

0 S VT dv, (586)
where by virtue of the definition (579)

By =P § avior, (587)

To the accuracy that there is no energy flux of matter
and gravitational radiation through the surface bounding
the volume of integration in (584), i.e., (585) holds, the
relation (586) is exact.

We now use (586) to determine the explicit form of the
4-momentum P, . This will be possible if we represent the
right-hand side of Eq. (586) in the form of the time deriva-
tive of some expression.

Since in this section our aim is to find integrals of the
motion in the post-Newtonian approximation, we consider
the right-hand side of (586) in this approximation.

We write down the expression V,, 7% component by
component:

Vi T™0 = 8,79 48, T L T3, 4 IS T + I‘&gTaB;
(588)

Vme - 60T0”+ d,T"“ i F%UTOO..{,_ QP?}LvTvn_i_ F%\,Tﬁ".
(589)

Here

1

Tho =5 8" (9810 + Dty — 0 pg). (590)

Using the post-Newtonian expansion (505)-(507) of
the metric, and also the relation

623, | dVplx—x'| = N*—V* 40 (e9),
)

we find from (590) to the required accuracy
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Too= ————{—0(65) Py Bl 0 (5
T%, = (82,0 + 8%0,U — y29y5,3,U) + O (&%);
Tio—8F G + 2 a0 — v75:0,V )+ O (e9);
(591)

Tl B (s8h, Tai=4 ﬂ-ﬁu—QU) 6o

_%aa[zuz_m, —40,—20,— D |

g e (N =)+ 0 (29),

In addition, from (485)—(487), (500), and (501) we havein
the post-Newtonian approximation

T°°=?J[1+U+H—% vvv") + 0 (e4);
Tou=ﬁv“[1 —}»H-{~U—~—;—vvvv:|+pva+o(sa);

o “ﬂp+0(e6).J
0

% = poovt (1 — vy +T+U +

(592)

Substituting the expressions (591) and (592) in (588), we
obtain

ermo=aiz [5 (1+H+U_%,,a,,m):|

0 [po (14U + T — v ) + pie | —p 51
— 20020, A0 (e9). (593)

Similarly, after substitution in (589) of the expressions
(591) and (592), we find

Vanio:= % [5 v ('[ +II4+U —-% vav) +PU°‘]

+ o [ poevd— pyP o+ pueod (14 114U — 5 o) |

+ ; 6 66‘: —1-p(1—l—1]~—l,-—-—bvu‘)o°‘£’

- 4pL’6“U +pa [2(1::, + 2, 1 @y + 3D, ]

1"0
R

4 pdab s 2,.uuvﬁaﬁt‘ + pu2ol + 0 (e5).  (594)

+ Zpre o + L 4pub (97 — 62V )

The expressions (593) and (594 ) can be simplified if we take
into account the continuity equation (483) and the Newto-
nian equations of motion for an elastic body,

b= — PO ey = —pigy  (595)

where d /dt = 3 /dt + v,d”°, and also the relations

f’l"ﬁ‘[’u — aG‘.Vﬂ = (‘)Bl\‘a = dﬂ.“\'ﬁ; }

o 1 8 A |

b =17 7 V] { (596)
b o T B o BT

+ 55 07 [da[ Tt_td“a_r]’ |

As a result, we obtain

53 Sov. J. Part. Nucl. 17 (1), Jan.—Feb. 1986

VmT”"’—-—I:p(i-i—l']——U-——va)]
—|—3u[§v“(1+ﬂ+U——vvv”)+pu°‘———d°‘Uﬂ
+ —Uoe 22 ]—{—O(s), (597)
Vme“=Ta[§v“(1+H+U—7vvv“)
+ pof - p (N = V)]
+ g [av%ﬂ (1+n+U—T vy ) + poevP— p (1+20) yob
+pUP (N — V)] +4p & 495 L (%) +$9°U + 20050
+p (42004 %") G4l — 4puP0RY y — — puPdy (N — V)

+ 0% [2D; + 20, + @y + 3D, + O (&5).  (598)

Substituting these expressions on the right-hand side of
(586) and taking into account the identities

5 AV [T3pU + 0,D,] = 0;
dVp [UdgU + 05D, = 0;
AV [poglU -+ pds®,] = 0;
dV V295U + 05D,] = 0;

(599)
av 2 ey =9 S dVE» [v*U + N% = 0;

dVpV® = — S dvpvel;

dVpagl = 0;

|
|
|
{ avovss, (ve—v*) =
J4
J
J

5 dVpv,0gV" = S dVpv,9pN"® =0,

and also the fact that the volume integrals of a spatial diver-
gence vanish after they have been transformed into surface
intcgrals, we obtain

e Pr=a {avp (14— U——Fvpv); (600)

7 P
= | @V [pva (1411 — 50— va0) +po, + 5 6N, ]
(601)

In deriving this last formula, we have used the fact that in the
expression (598) the indices can be raised and lowered by
the metric tensor of the Minkowski space.

From (600) and (601), we finally find

po={avp[1+1—5 U~ vo] (602)
and
P 5 av [pv= (1+H— 5 U——5 vw®) + po 5 pN*].
(603)
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20. POST-NEWTONIAN MOTION OF BINARY SYSTEMS

We now study the post-Newtonian motion of two ex-
tended bodies in the gravitational field that they produce.
We shall assume that both bodies consist of an ideal fluid,
occupy volumes V| and V,, and are separated by a distance
R appreciably exceeding their linear dimensions L , and L , :
L,/R~L, /R ~e¢.Forsimplicity, we assume that the matter
in each of the bodies is distributed spherically symmetrically
and that their internal motions are negligibly small.

The conserved mass density of the ideal fluid in the case
which we consider can be written in the form

p (2, 1) = p, (x, 1) +py (2, 8), (604)

where the density 4, (x, ) is nonzero in the volume ¥, and
the density p, (x, 7) is nonzero in the volume V.
Taking into account the relation

a Jeres vy av= {4 [Gh+0@]av,  (605)

and also Eq. (604), we integrate the post-Newtonian equa-
tions of motion (598) of the ideal fluid over the volume oc-

cupied by the first body. Since V,, T™* = 0, we obtain
d
= Py ="FG), (606)

where the post-Newtonian expressions for the momentum
P, of the first body and the force F{,, acting on it are

Py, = S F;l{vﬂ [1—}-[]4—30_}_% Uz+_§i_+0 (E")]
'*‘%Na‘i'%V“} d?x;
Fg,=— j o {[1—U+0+5 vz+_3£_:] —

+ 20%D, + 20%D, + ¢ad, 4 3620, —

7 0 1
-5 UﬂOG’Vﬁ‘* h vﬂ'o“Nﬂ} dix.

(607)

Integrating (598) over the volume occupied by the second
body, we obtain

T‘dt_Pfxﬂl:F?zl‘ (608"

The expressions for the momentum of the second body anc

the force acting on it are analogous to the relations (607):

P, = | o {o (141480 + w24 2240 (0]
P2

+ 3 N+ 2V} @

i 3 oo {[1—U 11+ F-v2 422 oy
P2

+ 209D, -+ 269D, + 69D -+ 369D, — — vhGaV

— 5 VPN } .

]
(609)
Using Eqgs. (599) and (605), and also (500), we can
readily show that F¢,, + F{,, = 0. Therefore, as was to be
expected, the total momentum of the binary system is con-
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served.

We place the coordinate origin at the center of mass of
the binary system. We denote the radius vector of the center
of mass of the first body in this coordinate system by ¥'¢,,,
that of the second body by Y'{;, , and their difference by ¥ ¢,

— Y%, = R®. Then for the radius vector X {,, of an arbi-

trary point of the first body we have X ¢}, =x{,, + Y§,,,
where x{;, is the radius vector of the same point but in the
coordinate system with origin at the center of mass of the
first body. A similar relation can be written down for the
radius vector of any point of the second body.

In the coordinate system associated with the center of
mass of the binary system,

§oxe, [1404+2 — LU 0] s

% o "
+ [ pXe, 140+ S — 5 U+ 06y @z=0.  (610)
Since the radius vectors Y ¢;, and Y {, satisfy by virtue of
their definitions
Ye, 5 pi[1+10 —s U+t vt0 () ] @2z
1

= S g;’X?‘D [1+II—%U+TU:+O(EA)] d3x;

Y 5 52[1+H~%U+—}v2+0(s«)] d*z
= | poxg, [14 =L U+ L2 0 (ey] s,

it follows that

5 6.x?[1+H+i;—§c7+0(sﬂ)]d3;r=o;

- Y 0 e .
§ et [ 140+ G — 3 U0 ()] P =0, (611)

Yﬁ) S 61[1"‘l'l'f'%zgélr'%—O(s*)Jd%

+Ya) 5 52[1+H+%2—"%L'+0(84)Jd3.’1:=-0.

We shall find the equations of motion of the centers of
mass of each body. Taking into account the relations (604)
and (500), we rewrite the generalized potentials in the ex-
pressions (607) in the form

T e e L & i 520‘“." 19 Porgt™ "
= 3@2 ZCD’—!—J -_[X—)'J +2 | T a3y

- e el -
35 X—X [ TX—%x"T ¢XPX"+0(;

- Dot 1 3y 1 O (%)
cDi_cDI_ [ X—v | dy—r (t }!
I N e AL R .
=D, + | R = O %) |
~ pllddy
D, =y + Y ;—p'x“-_-‘!—Il -+ 0 (£9);
- & { podiy 8.
O, =0, 4 YTResT + 0 (£%;

E'z"ad"‘.'f

Vla=i;a‘ .gw+0(e5);

2 521*5 (XB— By (x2%—y "
= -4 - d? 0 EJ]
{ ST Y+ 0 (€°) ]

(612)
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where for the gravitational self-potentials of the first body
we have introduced the notation

A A

I [ 1 IR R | plval'm .
Uﬂ.\ TR 7T i, O S TX—y 1 4V
x 0l o pulldsy
(1"2_5_fx ’I dayr qj:{‘_ S Ix__yl 1

> s (613)
= pictl | . T Pt s
q’*‘SlX—yl' i Slx—yldy'
~o [ owp (XP—iB (X*—y%
x ‘S TX—y .

We introduce the notation

my= \‘ pudPr; My = .\; podPz (614)
for the rest masses of the first and second body respectively.
By virtue of the continuity equation (483), these masses do
not depend on the time.

We expand each term in the expressions (607) in pow-
ersof 1/R toorderO(1/R*).For this, we use the expansions
S SRS MY

IXi—X:| & 3
3 Ry (#) —x)? .

P40 L)

(x¢—x3) (X —xB) _ R*RP | 3R*RPR, (a2} —27)

X=X 12 = & Re
L3RR ey @) | 15 R*RP Ry (2} —a})]?

2 Rb 2 R?

R (of — )+ RP (aF —o) | BR®R, (s} —a}) (af —ab)
+ 7 + R

v v
(xy—9y) (7] —25)
Rs

1_1‘2) o 2

3RPR (J:\'-—I\.)(Iq-"-‘ﬂg') (-’51““3’2)(1': _-"'52 1 ¥
e A e +0( )

XO—XP _ R® | 3RCRyul—ed) | st .
TG E— B 7 7t 0law);

(XF X% (X?—XL‘) (XY—X})__ R*RPRY | R*RP(a}—a})
I xl 15 Rﬁ RS
B*RY (zf —2B) | RPRY (2 —a})
RS B RO
SR*RPRVR,, (2} —ab) 1
O )

+

(615)
Introducing the notation

C Pib) (ra—2'%) (z
| x—x" |3

=2 pap

paps (z*—2'%) (-T —z'f dBrd®z';
J | ==z |?

1 1
P(“:? 5 pld3£: P(2)=m—2 5 pgdax;

L (616)

1 1 N
Mg S pdld’z; Tl =—- S olldsz;

n*= R*/R; Q=%
using the expressions (612) and (615), and taking into ac-
count the trivial relations

e ARG I
- s prﬂ_(mﬂ-'_l. ) dagdpat =
m . |x—x" |3

]
—a%% ]
: (617)
3 pxdie = M L0 (¢2), !

we obtain a number of relations needed in what follows:
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.\' f)lv'x[i-g-l'l-:-—;—vﬁ-;-%] &y —
Py
=m,V{ [1-}-1’[“,4— Py+—— '“ +0 (E"‘)]
| bwetdsz=m,v [ 200+ 22 +0(e9]
[ pvode = —m, [ 22V + T Vi +0 (4]
S 61N0d3x =my [» QQ?RV(M o _’"éz nongVhy 4 0 (85)] z
§ 00 VP = "am2 L [1— 60— Viy— 22+ 0 (&9 |

5 P cpzdam_-‘— \ 00D, dz;

)

rulm 9

j pyPd™Ngdiz = {IVEV i+ VEayinl ny
+ 3n2n ViyngV iy + O (e4));

S pBd™V gddz = — (n2VELV @6+ O (e9)];

S P UPr =102 | 2090y —n O + 12 S 40 (¢4 |

+ S p,0*0 U ddx;

mymy
R?

[n21yy -+ O (e4)] +- ﬁ p10*0 2z

§ o arz =

mlml

po®U ddx =

J
5 p0°UdBz =

[n%VE, + O (%] + S p 20 U dsa;

mln 2

[Py +0 (9] + | p*Tase;

O D, d3x = m}‘?m“ [(n2VE) + 0 ()] + 5 0,0, d%a;

-+ 5 p,@“f’f)zd‘*x;

) o
| b @ = &) +neB+0en]

{ Do ydiz = 20 (ol + 0 (¢4)] + | 5" Dydia; L
[ birwa= 1000 (nepy .0 @)+ § b By, |
(618)

where V'{}, and V'{,, are the velocities of the centers of mass
of the first and second body, respectively:

: s
=37 Y3 Viy= o d, Y.
Substituting the expansions (618) in the expressions (607)

4nd taking into account the relations (599), which are satis-
fied by the self-potentials (613) of the first body, we obtain

T
fu)_mi{[1-1-11(1:—9(1)+P<11-f-_‘(1)+ - ]V(n

— OV ntg 5 5 (Vi — Vi) -+ 0 5)}:
Fiy=—"1* {"“ [1—29m—29<2)+ M+ ey +3Py ¢

: 3 50 3 1,2 3 ; % T P e
+3Po+ 5 Vin+ 5 Vio— 5 aVluneV iy + 5 ViV s

= ml—;'ﬂ — -; ViVl + VEVE) ng+0 (84)} -
(619)
We have similar expressions for the second body:
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o . Koo 3my 7 1o
Pﬁ?}z"‘z{[|+”(2>—9c2)+f’(21-r§l/c2)+%:I[é) ]
1 m 4 it T
— Qe+ e [n7ngVE— TVE 4 Q (e )} ;
&= —Fly. )
(620)
Using the Newtonian virial theorem

Qi =P y; Q=3P Q) =1*PPy; Qoy=3Pg

and introducing the notation
My=m 1 + Iy — Qul; My, = my [1 + Ty, — Q)
(621)

for the total rest masses of each of the bodies, we write the
expressions (619) and (620) in the form

o i g [ 1 M, i

J0 s e Viy+0(e9) } 5
sl

-
7R T N
= Vin—V)
2 B

B Cae P Tos ol @ W . T AR L
P("z)zﬂz{lé)[l*?l!3)*"—' 37 Ve —Va)

2 RITZTR
1 M B, .
+g RVl +0 (8")} : g
% MM, o Y DR 3 .2 y
Fty= =T {w* [ 1+ 3 Voot g Vot T VoV e

=Mk —}; .8 % Vil WJ'PS)”B]
_'_i VeV e+ VeVl ng+ 0 (83)}‘ 4
(622)
The characteristics of the first and second body in these
expressions are not independent, being related not only by
the equations of motion (606) and (608) but also by the
third of the relations (611). With allowance for the expres-

sions (612), (618), and (621) this last relation takes the
form

o 1,3 1 .
.]rfi (1)[1-{-31'(1)——3 ;;2 _,_O{Ei)]
F MY [14 5 Va— 5 F+ 0] =0, (623)

With allowance for the expressions (622) and (623),
the equations of motion (606) and (608) make it possible to
determine the motion of each of the bodies in the post-New-
tonian approximation. As in Newtonian mechanics, it is
convenient in the case that we consider to reduce the equa-
tions of motion of the two bodies to the equation of motion of
a single body in the field of a fixed gravitating center. For
this, we must express all the quantities (622) in terms of the
relative coordinates R* and v*:

Yi=R*"+Y&; Vi=ve+V
Substituting these relations in the expression (623), we ob-
tain
M, .
Y= —nzm B [ 4

M,—M, M, i
—sor =iy r TOE )] :

M, (Mp— M)

M8 17 g2
(M, =l

(624)

Then for the radius vector of the center of mass of the
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first body we have

o, My (My—My)
Y =3 B {4 +s0n+ae Y

M,—M, ﬂ+0(e*)].

T2, +M,) R (625)

The center-of-mass velocities of the bodies can be ex-
pressed in terms of the relative coordinates in two ways: ei-
ther by directly differentiating the relations (624) and (625)
with respect to the time and taking into account the equa-
tions of motion of the centers of mass of the bodies in the
Newtonian approximation, or from the condition of vanish-
ing of the total momentum of the bodies. Since the equation
P, + P, = 0is a consequence of the expression (623),
in the two cases we naturally arrive at the same result:

M —M,
P o [+ S (-
M My (My—M,)

+ S R 0 ()] 5

M My(My—M,) (.
o — 1 a2 (Mg 1 2
Ve, M+, Y [1 R T ,+M2)2"(”
Mi+M MMy (My— M
. IR L )—l— 2}4"ffi";fz)2 Bl) n*npvd - O (35)]_

(626)

Substituting the relations (626) in the expressions
(622), we obtain

MM Mi+M§ .,
s e IO e S o ALTIE gy
Phy= —PG, MM, [1 Z(My+M,p U 7

1

3M2 4 TM, My +3M3 ] MIM3 st cafl 5 e
T On TR | TGy E et 0 (@)
B MM, 3MI4TM My +3M3
Fg=—Fa= -1t {na [1 fae e 2
3M, M, s Mddly
+ 3 are () R :|

MM
4 _—___{Mrlé-ﬂf’z)z veEngul 4 0 (55)} -

(627)

Thus, in the relative variables the equations of motion (606)
and (608) take the same form. Introducing the notation

M =M, + My;m = MM,/ (M, + M,),
we obtain
d m 1 3m 3M4-m
mr (v [1+ 7 (1= 57) v+ 572 ]

+ 5 nenp 40 ()}

Mm [ M o1 m
=—g{»[t-g+z(3+5)7
3 e -
+ T:r;_ (n,,v")-] +-;1-T vER Y - (),(s‘)} :
Using the Newtonian approximation

dv* Mm

M= = Re [n® 40 (e7)],

(628)
we find from this
e (o [1- (44 20) ot (1)

— i (] + (4= ) venr 10 ). (629)

In three-dimensional vector form, this equation gives
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S B (e ) s (143

-3 ()T - 3) v o, 60

Multiplying Eq. (630) by the vector R vectorially, we obtain

[R Z—:]: (4 H%"—) %{Rv) [Rv] 4 O (e5).

With allowance for the Newtonian approximation of the
equations of motion (628), this relation can be written in the
form

{mvi[1+2 (2—5) 0]} =o.

It follows from this that the expression in the curly brackets
is a first integral of the equations of motion (629):

{Rv][1+i‘—:{(2—%}—) +0(s*)]=C5=const. (631)
Multiplying this integral scalarly by the radius vector R, we
obtain

C5R == 0.

Therefore, in the RTG the trajectory of the post-Newtonian
motion of the binary system lies in a plane whose normal is
directed along the vector Cs.

We shall find the equation of this trajectory. Introduc-
ing in the plane of the trajectory the polar coordinates R and
@, we obtain from the relation (631)

R [1+ 8L (2-3) +0 9] =cs,

where C5 = |C; |. We also write down the equation for the
radial component of the acceleration:

- Rir— — e [1=(4+31) 7
3m

(gm—3) R (14 57) R +0E)].

(632)

(633)

Using the expression (632) and introducing the notation
u=M/R, u' =du/dp, we transform Eq. (633) to a form
analogous to the Binet formula:

o (1t (2= 3] (1437

Fwp (2 =0 i [ — (4 +22) 4] =0 (a1}
M ) [oF; I: ( M ) :I (634)
Since the quantities that occur in this equation are
small, it can be solved by successive approximation. We ex-
pand u and M?/C} in series in the small parameter £2:
W @

U=u-u-+ ...,

2
= U+Crt ..,
where

(1) 2)
u~0(e?; u~0(e;

(635)

M2
o~ 0(e); Ci~ 0 (e2).

Substituting the expansions (635) in Eq. (634), we obtain in
the first order

) g
w + U= ﬁ o
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It follows from this that

Thus, in the first approximation and for e < 1 the trajectory
of the motion of the binary system is an ellipse. Expressing
the constant of integration C 2 in terms of the parameter p of
the ellipse, we obtain

1)
u=%[i+ecos @].

In the second approximation, Eq. (634) gives

@, @ g M2 3m Mze? 3m
o momfucon fufo i) 4+ 22 (1452
6M2e 3Mme?
+ 7008 @ +- “hmTe cos 2¢.

The solution of this equation has the form

2)
w2 [Cr+Cy cos g1+ 2 (5 3n)

p* M
M%2 . . 3m 3M2
+ o8 (1 +4_) + %

4 mMe?
P 8in @——5— cos 2¢.

Redetermining the Newtonian expressions for p and e,
we finally obtain

=M _M oo | gy B L 9m \ o
e E {1+ecoscprp I: dfM r(l—}-w)e
. Sy 2 ; : 2
-{—T(I— ;IL ) e cos @ -} e sin cp—’Z—?Icos 2f,r>:|}.
(636)

Since this solution is valid only under the condition
|meg /p| <1, it can be written in the form

Lz:J;Li {1—}-ecos (t;o%&%(p) --+—£—[-3+ 1

P M
-%(1-{—%)&—5—%(7-—3—?) e cos fp—%;— 0052([}]}.

(637)
It follows from this expression that the trajectory is a curve
that is not closed, its pericenters (i.e., the points of the trajec-
tory at the shortest distance from the origin of the polar
coordinate system) being systematically displaced with in-
creasing polar angle @ into the region of larger values of the
angle. Indeed, it is easy to show that the position of the peri-
centers of the trajectory is determined to post-Newtonian
accuracy by the condition

M
$n— T Pn= an!

where # is the number of the pericenter. From this it is readi-
ly found that the nth pericenter of the trajectory is at a polar
angle equal to

Pp 21'm.l(1 +%ji) .

Thus, in accordance with the RTG the displacement of the
pericenter of the binary system in one revolution is
6(]) =@Pn— QPpq — 2n = 6'14]{/}79

in agreement with the results of measurements of the displa-
cements of the perihelia of Mercury and Mars. Substituting
the expression (637) in the relation (632), we obtain
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=V Mp [1-—%1}(4-— 2,;? ) cos (p]

We can now find the relative velocity of the binary system as
a function of the polar angle. If the Cartesian components of
the radius vector R® are written in the form

R*= R [8 cos ¢+ 85 sin ¢],

then after simple calculations the expression for the relative
velocity can be reduced to the form

2m
P = o [1—-— (4— )cosr,o]
% {6% [ —u sin ¢—u’ cos @]+ 8F [u cos ¢ —u’ sin ¢]}.

Substituting in this expression the relation (636) and re-
stricting ourselves to the post-Newtonian terms, we obtain

P = ]/-%{_6% sin @+ 82 (e cos ¢)

-+ 08¢ — M [—Secp%-(S 5 )sm ¢— (1+ 3 )ezsin(p

e 1 (1_—) eanrp—-—Tsm 3(,0]

M

-{—505 o 31m

—(8—r) 059 — (83— ) e*eos o

+?(1—%)ecos2(p+—g—j—;3053(p]}. (638)

The trajectories of each of the bodies and the velocities of
their centers of mass can be obtained from the expressions
(624)—(626), (636), and (638).

21. PETERS-MATHEWS COEFFICIENTS IN THE RTG

It is well known that in the scientific literature there is
much discussion of not only GR but also other variants of
the theory of gravitational interaction. In recent years, the-
ories of gravitation have been analyzed mainly in two direc-
tions. The studies of the first direction have considered their
agreement with various general theoretical requirements:
completeness of the theory and its consistency, covariance of
the basic equations and subsidiary conditions, analysis of the
solution of the energy-momentum problem for the gravita-
tional field, and similar questions. These studies have made
it possible to reduce considerably the number of theories
worthy of further study, and have also revealed logical con-
tradictions (in the first place, the absence in principle of
conservation laws for the matter and gravitational field tak-
en together) in GR from the point of view of physics.

The studies of the other direction have analyzed the
agreement between the predictions of the various theories of
gravitation and the results of gravitational experiments and
have also looked for the experimental situations in which the
different theories must give different predictions. The inter-
est of investigators in these questions increased considerably
after the experimental technology had achieved the post-
Newtonian level of accuracy and the parametrized post-
Newtonian formalism—the main theoretical formalism
used to analyze post-Newtonian effects—had been con-
structed.

The studies in this direction made possible a further
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restriction of the class of viable theories of gravitation claim-
ing to describe physical reality.

Following the discovery of the binary pulsar system
PSR 1913 + 16 and in view of the possible existence of other
such systems, the prospects of using the results of observa-
tions of them as a new experimental test for the various the-
ories of gravitation have been considered in the literature.
These systems are of interest for two main reasons. First, in
the case of compact binary systems containing a pulsar sta-
tistical analysis of the pulsar radiation makes it possible to
determine with high accuracy the parameters of the orbit of
each of the components of the system. Second, the character-
istics of compact binary systems (the masses of the compo-
nents, which are comparable with the mass of the Sun, the
dimensions of the orbits, which are of the order of the radius
of the Sun, the short revolution periods, and the fairly large
values of the eccentricity) make these systems most favor-
able objects for observing a number of small gravitational
effects; in particular they make possible an indirect measure-
ment of the energy loss of such a system through gravita-
tional radiation.

In addition, there is a prospect of direct detection of
gravitational waves emitted by binary systems. Then deter-
mination of the directional diagram and the spectral charac-
teristics of the gravitational radiation extends still further
the use of the results of observation of these systems as a
decisive test for the majority of theories of gravitation.

To analyze the emission power of compact binary sys-
tems in the various theories of gravitation and make a com-
parison with the results of observations, Will’?> proposed the
use of the following general expression for the energy loss of
a binary system through gravitational radiation:

dE __ 8m*M2 Rg*\2, 5
— G ="Ta ko'~ ks (TF) g Q-]
(639)

where &, and k , are the Peters-Mathews coefficients, k 4 is
the coefficient of dipole radiation, m and M are, respectively,
the reduced and total mass of the system, R is the distance
between the bodies, v and R, v /R are the total and radial
relative velocities of the bodies of the system, and 2, and 2,
are, as usual, determined by the relation (571).

In such an approach, each theory of gravitation will
correspond to a certain set of values of the coefficients &, ,
k,, k4, which characterize it in the approximation of weak
gravitational waves to the same degree that the set of post-
Newtonian parameters characterizes its post-Newtonian
limit. And comparison of these coefficients with the coeffi-
cients found experimentally will make it possible to establish
the correspondence between the predictions of each theory
of gravitation and the results of observations.

As follows from the expression (639), the energy losses
of a binary system on gravitational radiation do not in the
general case have a positive sign: For k, <k, orfork, <0,
the right-hand side of the relation (639) can become nega-
tive in the case of certain binary systems. Therefore, in the
theories of gravitation for whichk; <k, ork 4 <0itis possi-
ble to have emission of gravitational waves carrying negative
energy, something that is physically meaningless, and there-
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fore such theories must be immediately rejected.

Once the values of the coefficients k,, k,, and k ; have
been found from the results of observations of binary sys-
tems of the type of PSR 1913 + 16, the requirements on the
possible theories of gravitation will be greatly strengthened.

We shall determine the values of these coefficients in
the RTG. For this, we consider two neutron stars moving in
an orbit in the gravitational field which they produce, and we
calculate the energy losses of this system through gravita-
tional radiation. In accordance with the model of the system
adopted in such cases, we shall assume that both stars are
spherically symmetric and are static. In addition, we assume
that the gravitational fields produced by them have values
that permit the use of the post-Newtonian formalism for the
determination of the motion of the bodies of the system.

Since the gravitational self-potential U, on the surface
of each of the bodies in compact binary systems is apprecia-
bly greater than the potential Uy, of the gravitational inter-
action, we shall in what follows assume that )~ U, ~¢,
U... ~€*. This means that the ratio of the characteristic di-
mension L of each of the bodies to the distance R between
them must be equal to £ in order of magnitude: L /R ~¢.

It is convenient to write the gravitational field compo-
nents (345) in the form

D ob(r, t)= _% [P%Pﬁ —-%—P““PM] Ew(r, 1),  (640)
where 7 is the distance from the center of mass of the binary

system to the point of observation, and

EW— 5 AV (XVX*— "X X) [glrer- (641)

Here

g=T" 421, 7% { n,ngT*®, and n*=Xo/|X|.  (642)

We shall find the post-Newtonian expansion of g. Using
the expansion (592) for the energy-momentum tensor, we
obtain

g=p [1+ o2+ I+U+£ +2n07-+ (rw")2+0 (&9 ].
P
(643)
Since the expression (641) contains the retarded value of
(643), we must, taking into account the estimate v ~¢, ex-
pand [g], in the neighborhood of the retarded time
t'=t—r
t ’ v 1 e r Il
[@leet = ¢ (') — g (') X"+ 5 g (¢') (nyX")2 + pO (&%),
where X" is the radius vector of the points of the bodies in the
frame of reference associated with the center of mass of the

binary system. It follows from the expressions (643) and
(595) that

[g]ret =;) I:i - '}2—02-*— II -+ U =+ -L:- =+ any\’_i_ (nvvv)ﬂ
P

+ 2npXPn,0"U ] + 1y X3y (p0B) + - (nuX")? 30, (ProvP)
- ? (nyXV)2 8, [ —po®U + 6% p]
—2neXPn,8"p + O (€9).

-+ 2nyngX B (Vs (6v°‘v“) (644)
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Substituting the relation (644 ) in the expression (641), inte-
grating it, and bearing in mind that for static spherically
symmetric bodies

1 1
Py =5 Qu, Q== 18,

we obtain in the relative variables (624)—-(626)

af __ m[’l +_;k_ ( M@+ M;Qy )]

M

 R*RP {1 +

H(1-3) %)

+m ( 1— %{"f—) vl (n,R")?

+m M= Mey, BV RP 4 PR%) 4 mR20 (), (645)
where
M=M,+M,, m=MM,/M.
Using the Newtonian energy integral
%—%:E:const-—l—O(a*} (646)
and introducing the notation
“n[i+ (1= ) p g (), oo

it will be convenient for what follows to write the expression
(645) in the form
B 5m M M,—M 2
E*®— mR"RP {1+ [2"—]T+ =t nev)
m —————(M‘M M) nyR* (v*R® +vBR%)
+m (1 - %’) v2ub (n,RY)2 4 mR20 (&%). (648)

To determine the components of the gravitational field, we
differentiate the expression (648) twice with respect to the
time and, taking into account the post-Newtonian equations
of motion (629), substitute it in the relation (640). We ob-
tain

DR e [Pipt— 5 PP,
el (2= 3 2 (1= ) 2 iy
e ('.1 HEMIL) (nw¥)2 - M!+M3 nvv"]

+ o (Rvoe 4 Revw)

[(3—“’—’”) ,,vv—4(1_37’7")3vvmﬁvo
— 202 B3 (1—32) (0, B2 B
o MﬁSRS [—2+3(2+-3-T-)%—(4+—§-) w2
o) B ()
et M), G N (649)
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To determine the coefficients k,, k., and k, in the
RTG, we must retain in the expression (649) only the terms
having the order of magnitude me* /r:

B_ _4m [paph_ 1 pap
il _—T[PJ’G— P pw]

MR"RY
pd {va"— 7w —+0 (as)}.
Differentiating this equation with respect to the time and
noting that in the TT gauge ®"™" = — A™" [see (356)], we

obtain after substitution in the relation (367) the following
expression for the radiation intensity of the gravitational
waves of a compact binary system in the RTG:

-% - fﬁ%‘%i {4U2HZ —4R? (nywv):— 4 (n,R")2
+4 (nywv)? (nBRﬁ)2 -—% (RwY)2—6R v¥ngvBR no

3
2R®

+ e RwnguB (Ryn®) + o (RY)? (R n%)

+ g (B2 (R}

Integrating this relation over the solid angle and bearing in
mind that

S dQnonb = — éai b,

4
S dQnenBnvpd — T:_ [y*Byv 4 p2vyBd L apabyBv].
S dQn*nPrv = 0,

we obtain an expression for the energy loss of the compact
binary system through gravitational radiation:

—2E _ 8 mM® qopapa_ 1 (Rwv)2). (650)

15 RS

Comparing the expressions (639) and (650), we obtain
PR

Thus, in the RTG there is no dipole gravitational radi-
ation, and the Peters-Mathews coefficients are in agreement
with the results of observation of the binary pulsar system
PSR 1913 + 16.

We note that for the energy loss of a compact binary
system in Cartesian coordinates in GR we also arrive at Eq.
(650), since in these coordinates the expression for Ein-
stein’s energy-momentum pseudotensor is identical to the
energy-momentum tensor of the gravitational field in the
RTG. However, on the transition to other admissible coordi-
nates this equality no longer holds, and therefore the expres-
sion (650) for the energy loss does not follow from GR.

Indeed, of what formula for the radiation in GR can we
speak if the gravitational field can be annihilated in GR by
the choice of an admissible frame of reference? We are here
dealing with one of the deepest and most fundamental delu-
sions in theoretical physics. This is evidently due to the fact
that dogmatism and belief have penetrated so deeply into
GR and have become so strongly rooted there that Einstein’s
ideas have for long not received the critical analysis and nec-
essary creative development. But there lacks but a little time
and this dogmatism will become a thing of history.
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22. GAUGE TRANSFORMATION AND UNIQUENESS OF THE
RTG LAGRANGIAN

We shall formulate a gauge principle and on its basis
construct the Lagrangian density of the gravitational field in
the RTG. The general route to the construction of the theory
proposed here leads us to the Lagrangian density (140) (see
below). In addition, the following important fact will be es-
tablished: The Riemannian geometry of space-time is
uniquely determined only in the presence of matter; other-
wise, because of the gauge freedom, it cannot in principle be
fixed by gravitational fields.

We introduce a gauge transformation of the gravita-
tional field:

8ebmn= bgmn = gmiDyen +gniDiem— Dy (elg™™).  (651)
We note that the gauge transformation for the field ®™ is
quite different from its coordinate transformation (85).
Therefore, the gauge transformations (651) are hypercoor-
dinate transformations. One can show that the operators &,
determined by (651) form a Lie algebra. It is easy to show
that under the gauge transformation (651) the Lagrangian
density (140) changes in accordance with the law

Lg = Lg+ D@k (z), (652)

where
1 ~ ~ t
Qh (z) = —ehLy——e— [DnePDpghh-ehD, Dpg"P — D), (ePDpgh)).

(653)
The requirement that under the gauge transformation (651)
the Lagrangian density of the gravitational field change only
by a divergence can be advanced as a gauge principle. The
RTG Lagrangian (140) satisfies this principle. We shall
show below that if the original requirements of the RTG are
satisfied, then the gauge principle advanced here leads
uniquely, when applied to Lagrangian densities of general
form but quadratic in the first derivatives D,g™", to the La-
grangian (140).

The general relation that must be satisfied by a Lagran-
gian density which transforms in accordance with the gauge
principle can be obtained from the condition of vanishing of
the action under a variation (651) of the field ™" . It has the
form™

V!(z%—)so. (654)
The identity (654) reflects a requirement on the structure of
the Lagrangian density L, of the gravitational field. It is easy
to show that this identity is satisfied by any scalar density
which depends only on g;, and its derivatives. The simplest
densities of such form are

T Vg

and

(655)

Lg=‘f:_éRi (656)

where R is the scalar density of the Riemannian space—time.
One can show that under the transformation (651) the ex-
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pressions (655) and (656) change, respectively, in accor-
dance with the law

—g = V —g=—Dy (ek V' —=g);

V =gR -~ V —gR—Dy (2 V —¢R).

(657)
(658)

By virtue of Eq. (103), the choice of a Lagrangian density
that depends only on g, and its derivatives does not satisfy
our original requirements, since in this case the gravitational
field will not be a field of Faraday-Maxwell type. Therefore,
in accordance with our ideas it is necessary to construct a
Lagrangian density that depends on both g, and ¥ and
their first derivatives. It can be shown that such a solution
exists and is unique.

From the requirement of relativistic invariance, the to-
tal Lagrangian density of the gravitational field, quadratic in
the first derivatives D, 2™, can be represented in the form”

5 6
Lyg= E a;L;+ E Lgis (659)
i=1 j=1
where
L= Erq DmgPaDpg™k; Ly EEEPD[Emnngmn;
Ly=gpmEnqg'?DgkmD gna; L, =gpmDpePtDyg™; (660)
L,5 = gmnngpthgmn;
Lgg= bﬁthqghang"'m"l.pc“T;mnDFEPqugﬁﬂ, (661)

and the Lagrangian densities L,; (j = 1,...,5) have the form
(188)-(192); a;, b;, and ¢; are arbitrary numbers.

Under the gauge transformation (651), the change in
the Lagrangian densities (660) can be represented in the

form
BeLy=DpQpy+ ek (@) (@D + B+ okl 1=1, ..., 5, (662)

and the change in the Lagrangian densities (188)—(192) and
(661) in the form

8eLg = Dpb(jy+ 4 (2) (b7 UP+ VP LW ey XD+ Y+ 20

i=1,2 ..., 6 (663)
In (662), the structures a}” are equal to”?
ah = nglgkleD,,DpEm":
o = —2afV --—-;- a;

e - 664
af = —4gmgmnDkD,,Dlgm’1; ( )
a.‘,‘”:a:&”;

1 ¢ ~
a?):—. —_— T CC!?)_ZD};D!DJJ.QPI-

We do not give the remaining structures here because the
expressions for them are cumbersome. We note only that
U}” and X | contain covariant third-order derivatives of
g™, B 7, Vi, and Y contain second and first deriva-
tives, and, finally, the structures o{”, W {”, and Z {”’ contain
derivatives of only first order.

On the basis of (662) and (663), we obtain from (659)
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5

6 b
5923=Dh { 2 aiQ&)—l—Zi Gf‘j)]—f—gk (z) [2 a; (afli)-l-ﬁ%i)-f'ﬂgﬂ)-
j=

i=1 i={
6
+ 2 10 UV WD) oy (XD 1Y P4 200)]). (665)
=1

From this it can be seen that a necessary and sufficient condi-
tion for the Lagrangian density .%° ¢ to change under the
gauge transformation (651) by only a divergence is the iden-
tical vanishing of the expression

§=

3 6
2 e @ +B0 o)+ 2 b WPV
=

ey (X VP 200 =0, (666)
Since the groups of structures (a(”, U, X (), (B,
Vi, Yi?), and (o, W, Z {?) differ from one another
in containing different orders of derivatives of ™", separate
identities follow from (666):

5 6 . .
21 a4 21 b U +e;x0) = 0; (667)
= =

5 G - .
21 B+ 21 @V +e ¥ = 0; (668)
= =

5 8 y
-21 a0 1 _21 ®WP+e;2d) = 0. (669)
i= j=

The structures U {” and X {’ contain the metric tensor
of the Minkowski space,” but a{” do not contain it, and
therefore, by virtue of the absence of possible compensation
of the terms of these structures, the identity (667) decom-
poses into two identities:

5
S gl =0; (670)
ie=1
6
) 0 U e;x) = 0. (671)
=1

Taking into account (664), we obtain from (670)
efd (a—2as+a)+afd (o, —= as) +asafp = 0.

Since the structures af", af?, and a{> are independent, it
follows from this that

(672)

as-—_i‘ﬂ2=0, a;=0.

ay—2a;+a,=0, 5

In Ref. 73, it was shown that the structures U {” and X (¥
(j=1,...,6) are also independent, and from (671) we there-
fore obtain

bj=c;=0 (j=1, ..., 6). (673)

On the basis of (672) and (673), we obtain from the identi-
ties (668) and (669)
1

& (B -+ B+ B) s (B BB ) = s
(674)

a (a};’+—;—o}f’+—i~0§3’)+a4 (—;-— cr‘kg’—f—%cr}f’—{—cg“) =0.

(675)
Since we have the identities™
B+ B+ B = 0; (676)
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ot -
1)y sl g8 =
ot o'+ om0,

(677)

the coefficient @, in (674) and (675) is not determined and
is arbitrary. Its value must be found from the correspon-
dence principle.

Using (677) in (675), we obtain

(678)

ay (o —of) = 0.

The expression (o" — o{"’) does not vanish identically,”
and it therefore necessarily follows from (678) that

a;=0.
Then from (672) we find
(679)

1
ay, Gg=——ay, a;==0, a;,=0.

L
2 A

az':,'

Obviously, for the values of the coefficients (673) and (679)
we obtain from (659)

~ T B § e e -
Lg=ay [QhQDmgqupzmh+T g‘[pDIgmnngmn

A B g DGR D g | (680)
and from (665) we have
1 w4
8o g =arDy (O, +5 O+ 0B, ) - (681)

Choosing the coefficient @, on the basis of the correspon-
dence principle,
{

Ay = ——go—
¥ 32x !

we arrive at the RTG Lagrangian (140). One can show that

g (O g O 0 ) = 0r e,
where Q" (x) is given by (653).

Thus, the gauge transformation (651) of the gravita-
tional field has made it possible to establish uniquely the
nature of the self-interaction of the field ®* and the struc-
ture of the Lagrangian—results that were obtained in Secs. 8
and 10 on the basis of different arguments.

In the presence of matter, the RTG equations do not
admit the gauge transformations (651). In this, they differ
from the gauge transformations in electrodynamics, which
also hold for interacting fields. In the absence of matter, the
gauge transformations (651) do not change the gravita-
tional field equations but lead to a change in the interval of
the Riemannian space-time and, therefore, in its geometri-
cal characteristics. One can show that
8e ds® =dxt dakbeg,,;

8:Rip= — Ry Dpe!— Ry Diel —elDi Ry} ‘}
BeR = —RopimDie"— R,

— R y1qPmeT— "D Dy

(682)
amDre?— Ry gm D

It is in this respect that we see the main difference between
the transformations (651) and gauge invariance in electro-
dynamics, in which gauge transformations do not change the
physically observable quantities. The geometry of space—time
is uniquely determined only in the presence of matter, since it
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is in this case that there is no gauge freedom. In our theory,
the equations of motion of the matter are consequences of
the ten equations ( 130) for the gravitational field. If we were
to restrict ourselves solely to the equations (130), then for
the ten gravitational field variables ®* and the four varia-
bles that characterize the matter we should have only ten
equations. For completeness of the system, we require four
further covariant field equations. Such equations were intro-
duced in Sec. 8. They have the form (123) and determine the
structure of the gravitational field as a field of Faraday-Max-
well type, possessing spins 2 and 0. Equations (123) are uni-
versal and bear no relation to the coordinate conditions of
Fock and De Donder, since the choice of the coordinate sys-
tem in the RTG is completely specified by the metric tensor
9™ of Minkowski space. For the gravitational field outside
matter, Eqs. (123) restrict the class of possible gauge trans-
formations, imposing on &’ (x) the condition

gD, Doel (z)=0. (683)
Thus, the gauge principle in conjunction with the concept of
the gravitational field as a physical Faraday-Maxwell field
possessing energy, momentum, and spins 2 and O leads
uniquely to the system of RTG equations.

In conclusion, we note that the gauge freedom (682)
considered in this section is also present in GR. Therefore,
our conclusions about the extent to which the geometry is
determined also apply to GR.

APPENDIX

The system of equations (123) that we have postulated
for the gravitational field is not a consequence of the princi-
ple of least action. Therefore, these equations, as universal
equations, must be taken into consideration as ““subsidiary
conditions” when the principle of least action is applied. In
other words, we must vary the action

=L (A1)
with respect to the fields ™" or, in view of the connection
(121), with respect to 2™" on the manifold determined by
the system of equations (123).

It is well known that such a variational problem can be
solved by the method of Lagrangian multipliers. The stan-
dard device of this method is to add to the Lagrangian L in
the integrand of (A1) a term of the form 5, D,g™", where
7,, is a Lagrangian multiplier, and apply the principle of
least action to the expression

7= { (LD avz. (A2)
Since the variation of (A2) is made independently with re-
spect to 77,,, as well as all the components of the tensor den-
sity g"", we find

OL

g O+ D)=, (A3)
gﬂi'ﬂ
Dn?’““=0- (A%

We make the further analysis for the example of the Lagran-
gian L =L, + L, where L, is given by (140), and L, is
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the matter Lagrangian.

Calculating for L +17,,D,g™ the total energy-mo-
mentum tensor ™" in accordance with (88) and (89), we
obtain

#m7= (—1/16m)J ™" 1 Dy, {[ghnymi - ghmynt —gmnyhl] g}

- 1 8L 1 1
+2V =y (v”“v""——z— v”‘"v”‘) |:—,.—-— < D — —Z—Dnm] .
6ghi

From this we see that if (A3) holds, then

£ = (—1/16m) J™n - Dy [y (ghmymt - gom ynt — G g,
(A5)
Since

Dpimn = 0,
we find from (AS5), taking into account (A4),
2 RmD Dy = 0,

Therefore, the Lagrangian multipliers 7" can be taken to be
equal to zero.

! See also C. Mller, Atti del Convegno sulla Relativit4 Generale: Prob-
lemi dell’Energia e Ondre Gravitazionali, Vol. II, Rome (1964), t. 1, p.
21.

* The most general Lagrangian density of the gravitational field quadrat-
ic in the derivatives D, can be constructed by taking also contrac-
tions by means of the expressions y,,” 7, B V' &1ns VP8 7", ete.
However, this does not introduce anything fundamentally new, and
therefore we restrict ourselves to studying the Lagrangians (134) and
(188)-(192).

» Translator's Note. The Russian notation for the trigonometric, inverse
trigonometric, hyperbolic functions, etc., is retained here and through-
out the article in the displayed equations.

) Terms whose divergences vanish identically by virtue of their structure
do not lead to conservation laws for any quantities.

? A similar estimate was found earlier on the basis of other arguments by
F. M. Gomide and D. F. Kurdgelaidze (see F. M. Gomide, Nuovo
Cimento 30, 672 (1963); D. F. Kurdgelaidze, Zh. Eksp. Teor. Fiz. 47,
2313 (1964) [Sov. Phys. JETP 20, 1546 (1965)]).

© SeealsoD. L. Lee, A. P. Lightman, and W.-T. Ni, Phys. Rev. D 10, 1685
(1974).

7 As in Sec. 10 (see footnote 2), for the contraction of indices we choose
the minimal possible number of tensors: 1T .
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