The pion-nucleon o term: state of the problem

V. P. Efrosinin and D. A. Zaikin

Institute of Nuclear Research, USSR Academ y of Sciences, Moscow
Fiz. Elem. Chastits At. Yadra 16, 1330-1372 (November—December 1985)

The problem of establishing the mechanism of breakin

g of SU(3) @ SU(3) chiral symmetry and

estimating the pion-nucleon o term, which is the parameter of this breaking, is the subject of this
state-of-the-problem review. The main methods of determining the pion-nucleon o term are

reviewed. The possible reasons for the large spread in the existing estimates of o,y areinvestigat-
ed, and the main uncertainties of the various methods are established. The analysis leads to the
establishment of an acceptable interval for 7,y from 30 to 50 MeV, this being in agreement with
the (3,3*) ® (3*,3) mechanism for breaking the SU(3) @ SU(3) chiral symmetry in accordance

with the Gell-Mann—Oakes—Renner model and QCD.

INTRODUCTION

The chiral group SU(3) & SU(3) as an approximate symmetry
group for hadrons

The point of departure for models of the 7 interaction
in the framework of current algebra was the prediction, sat-
isfactorily confirmed by experiment, by Weinberg' of the
relationships @, —a; = 0.3m ! and a, + a5 = 0 for the s-
wave scattering lengths, which he derived using the current
commutation relations® and the hypothesis of partial conser-
vation of the axial current (PCAC).? The idea of approxi-
mate SU(2) ® SU(2) symmetry provides the simplest way
of understanding why the pion masses are small. The picture
of the strong interactions that is obtained in the light of this
symmetry corresponds to a Hamiltonian containing two
terms:

H = H, + eH,, (1)

where H, is a scalar with respect to the group
SU(2) ®SU(2), and the term cH 1 is such that in the limit
£—0 the pion mass tends to zero, m,—0. In this framework,
the SU(2) @ SU(2) algebra, generated by the vector, Q,,
and axial-vector, -Q, (e = 1,2,3), charges, can be regarded
as the algebra of an approximate symmetry group; one can
then speak of corrections proportional to

-ﬁa:ie (A, aa]v (2)
where 5,_, =d" A7 (x) is the divergence of the axial-vector
current. The characteristic scale of the SU( 2) ®SU(2) sym-
metry breaking is 10-15%. This estimate is determined with
the accuracy to which the Goldberger-Treiman relation® is
satisfied experimentally.

At the same time, an example of successful use of the
symmetry-breaking principle for the description of elemen-
tary particles is provided by the SU(3) symmetry group.>*3
Exact SU(3) symmetry would mean that the particle multi-
plets are degenerate with respect to the mass (examples: the
baryon octet or the octets of vector and pseudoscalar me-
sons). In fact, the SU(3) symmetry must be broken to the
extent needed to obtain the experimentally observed mass
spectrum. An example of the impressive achievements of
SU(3) symmetry is provided by the various mass formulas
and classification schemes, and also Cabibbo’s theory of
weak decays.® This theory is a consequence of the fact that,
as is shown experimentally, the weak and electromagnetic
hadronic currents generate the algebra SU(3) @ SU(3).™#
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It is thus natural to assume that the group
SU(3) ® SU(3) will be an approximate symmetry group for
the hadrons.

In field theory, currents and charges are usually intro-
duced in the standard manner. For a field theory with a La-
grangian density L (@,dp /dx,) the Euler-Lagrange equa-
tions (equations of motion) have the form

d,nt=38L/6g,
where 7 = 8L /5(dgp /9x* is the canonical 4-momentum.

We consider an infinitesimal transformation of the
fields:

@ (z) - o (z) + b (z).

This transformation will be a symmetry if without explicit
use of the equations of motion the variation of the Lagran-
gian is the total derivative of some function:

¢SL=:§T[;6rp +—-—%— (:—i)
5(%:—.:)

= -%% 6o -+ m, M8 = 8,AM

(we consider transformations for which the operations & and
d /dx commute). Then variation of the Lagrangian does not
change the action I = § d*xL(x), and in this case a con-
served quantity can be introduced.

Using the equation of motion explicitly, we have

8L = 3,8 4 m, M8 = d,, (),

or
0= (?u (ﬂ“ﬁltp—A“),
ie.,

Jh = nhdp/8e® — BAP/5e (3)
is a conserved quantity. If the system possesses an integral
symmetry, then A* = 0.

For the Lagrangian of the free quark fields

L = ipyra,p — mip)
the transformations of the SU(3) ® SU(3) chiral symmetry
are  Yse N, Sp/6e"= —id,/2%),  and

Y€ Y 50 1667 = — i¥sA /2, where A, are ordi-
nary matrices of the SU(3) algebra.?
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To these transformations there correspond eight vec-
tor, V.= Y, A./2¢, and  eight axial-vector,
Ay = qby#yy_l_a/w, currents (the canonical 4-momentum
being 7, =iy, ).

Using the canonical anticommutation relations

b (x, 1), Py (x, 1)}
={ 1P:- (=, £), lIJ; (x, t)} = 0; } (4)
(ot (x, 1), Vi @y, 0} = 88 x— V)

for the quark fields, and for the matrices A, the commuta-
tion relations

Mm lﬁ] L 2i.faﬁ'f;"'n (5)
we can show that the charges

?cr. (tym § 22 VE (x, 0); } -

0" ()= Pz A (x, 1)

are generators of the corresponding transformations, i.e.,
oxp (i£,Q%) ¥ exp (—ie,Q%) =exp (—ie*Aq/2) b;
oxp (ieg0%) ¥ exp (—ie,0%) =exp (—ie%yshq/2) ¥
and generate the SU(3) ® SU(3) algebra
1Q% (1), QF (B)] == ifapy” (8);
Q% (1), Q° (1)1=1fap@" ()3 M
[0* (), Q° (1)) =1fapsQ” ()-

This algebra is isomorphic to the product SU(3).
@ SU(3) of two mutually commuting SU(3) algebras:

Q% QR1=1fapsQLs } ®)
1Q%, Q%] =ifapQk:
[Q%y Q%] =0,

whose generators are
Q%)= 1/2{0“&)—6%)}'} 9)
Q% (t)=1/2{Q" (1 +Q" (1},

and basic vectors are, respectively, the left and right quarks

g =12 (1 F 1) ¢-
Further, g is invariant under the SU(3), transformation
and vice versa. Thus, the mass term of the Lagrangian of the
free quark fields (and the Lagrangian of QCD) transforms
in accordance with the (3*,3) @ (3,3*) representation of the
group SU(3) @ SU(3):

gMg=q Mqg+ qrMaL-
Exact SU(3) @ SU(3) symmetry predicts the existence of
SU(3) multiplets degenerate with respect to the masses of
the particles (baryons, vector mesons, etc.) and eight mass-
less pseudoscalar mesons (Goldstone bosons) 7, K, and 7.
These mesons must satisfy low-energy theorems,” by means
of which one can, in particular, obtain certain conclusions
about the nature of the meson-baryon interactions. The
SU(3) & SU(3) summetry also leads to predictions such as
the generalized Goldberger-Treiman relations'®!! (rela-
tions between the masses of the baryons, the meson-baryon
coupling constants, the axial-vector constants, and the me-

(10)
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son decay constants), the Adler-Weisberger sum rule (re-
normalization of the axial-vector constants by the strong in-
teractions), and the Callan-Treiman relation (which relates
a certain combination of form factors for
K—m + [+ v,(1 =eu) to the K, decay constants).

In the real world, chiral symmetry is approximate, so
that there exist SU(3) particle multiplets with mass split-
ting, and the eight low-mass mesons 7, K, and 7 satisfy the
approximate PCAC conditions, so that the low-energy theo-
rems mentioned above are approximately valid. The most
sensitive to the symmetry-breaking mechanism are the cor-
rections to the low-energy theorems. These theorems, which
relate the chiral-symmetry breaking part of the Hamiltonian
to the scattering amplitudes of soft mesons (i.e., mesons of
zero mass), become exact in the limit in which the meson
masses tend to 0 and the axial-vector currents are conserved.

PCAC hypothesis

As was pointed out, the physical consequences of the
partial conservation of the axial-vector currents
Aj(a= 1,2,3) are related to the small values of the pion
masses. By virtue of Lorentz invariance, the matrix element
of the axial-vector current between the single-pion and vacu-
um states has the form

(0 | A% (@)| 7Py = iBqafrgue ™" (11)

where £, is the pion decay (m—p + ¥, ,7—€ + v,) con-
stant. Taking the divergence of both sides of Eq. (11), for
on-shell pions we have

(0| D*(0)| niPy =8 pf ar¥s- (12)

The relation (12) is equivalent to the field-theory version of
PCAC?*:
1 4%
o (@) =Fomr 5 ?

(13)

where @, (x), the operator of a pseudoscalar field with the
quantum numbers of the pion, is such that

(0| g (0)] 70} =Bisp-

It can be expected that the error arising from the simulta-
neous use of PCAC and the formulas valid in the soft-pion
limit is not large (about 10%).

Noninvariance of the vacuum and Goldstone’s theorem

In the limit of exact SU(3) ® SU(3) symmetry, all the
16 vector and axial-vector currents are conserved, i.e.,

[Q% H]=0 and 10%,: H1=0.

Then, if the charges "Q—" do not leave the vacuum invariant,
ie, 0%0)#0, whereas 0*|0) =0, Goldstone's
theorem'>'? predicts the existence of an octet of massless
pseudoscalar mesons. In this case, the ground state is nonin-
variant with respect to the group of continuous transforma-
tions with the generators 0, and spontaneous symmetry
breaking arises. Massless and spinless hadron states are gen-
erated by the operators which transform one vacuum into
another in the degenerate set. In the case of approximate
conservation of the axial-vector current (13), the experi-
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mentally observed octet of pseudoscalar low-mass mesons
arises.

Low-energy theorem for the isosymmetric amplitude of nA/
scattering; the pion-nucleon o term

Very important information about the way in which the
chiral symmetry is broken can be obtained by using the low-
energy theorems for meson-baryon scattering. Important in
this connection is the pion-nucleon o term, which arises nat-
urally in the 7N interaction amplitude in the soft-pion limit.
Consider the scattering process

7% (q)+ N (p)—> B+ N’ (p"), (14)

where the 4-momenta of the particles are given in the brack-
ets, and a and f are the isotopic indices of the pions. The
kinematic invariants of the process are defined by

s=(p+ 9% t=(g—q), (15)

this being equivalent to
v=(p+p) (g+ &)/ (4my) = (s —u)/(hmy) = 0, + t/(‘imw):}
V= —4qq'/(2my) = (t — ® — ¢'?)/(hmy),

(16)
where m is the nucleon mass, w, is the total laboratory
energy of the incident pion, and u = (p — ¢')2,

The amplitude of the process (14) has the form

TP (v, t, ¢% ¢ = (@BNjy |i%(0)| Ny, (17)
where jZ is the pion source,
(m5— ¢%) % (z) = j% (), (18)

and the amplitude 7% is related to the S matrix of the pro-
cess by

5% = e +1 (21)$8% (p -+ g— p’ — ¢') T (19)
Substituting (18) in (17) and using the PCAC relation
(13), we obtain for the scattering amplitude

T = (mi — g2) (BNt |0% (0)| V0

=my—q* , | 945(0)
T <ﬂﬂNout 2t ' N1n> s
or, in the limit g>—0,
, | 04k (0) \
7% = (PN | | W) (20)

Further, we reduce the “out” state 7 (¢') .., ™* replacing it
by the corresponding field creation operator:
1 . s a4% (0) ‘
T = oy <Nout[a§u'z (q') ;;u ! N1n>
a4k (0) 244 (0) ;
LT NI

dzH azt

=),

3 ’
= _f:-;_ <.{Voutlac'>3ut (q'J

(21)

+7= { Mo

The last term on the right-hand side of (21) contributes to
pion scattering only at zero angle, and therefore we omit it
(|Nin» — ¢') is the initial state, from which it is necessary to
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remove the pion with momentum equal to the final momen-
tumg').
If we use the expression for the pion field,

i dﬂq + igx L —igx
in, (0 )= | (af (@6 tapn (@)e-ie), (22)
we can obtain

P (x, t) da. (23)
t

ou

: ! \' eld
‘0= ) var,
Substituting (23) in (21) and introducing the interpolating
field @ (x,1),

? (x, ) = Py (x, i), t =003
? (x, t) — Pout (X, 1), t = oo,

we have

TP =—L { g g0 [ (|7 (99 @ 6:#; 0 )|¥

= Wé 5 dbzele’s (0 4 mg) <N’ ! { (‘Pﬂ () aiiio) ) ]N> 3

or, using (13) for @# (x), we obtain in the limit q"*—0
fo_ i e ; 04} (z) a4l (0)
e 5daxeqx<1v |T( )‘N> (24)

azV¥ axt

The expression (24) can be transformed by means of the
generalized Ward-Takahashi identities,'® and in the soft-
pion limit (¢—0,¢'—0) this leads to the expression

Tﬁa('\}:O! t=01 112‘:0, q’:’:O)

=g J e (v | [ gy, 22 | v

+ift | eV g30,T (43 () A% (O 1.

(25)

The nucleon pole with singularities as q.—0,g, —0 makes a
nonvanishing contribution to the second term on the right-
hand side of (25). Using for the nucleon vertex the simpli-
fied expression

V| A5 N) = g/ 20" vyvs7Puy (26)

we readily find that this contribution of the nucleon pole is

gin/m ~Oagily iy, Where g, is the pion-nucleon coupling

constant, g2/(4w)~14.3,'® and u, is a Dirac spinor

(Uyuy =2my).

The pion-nucleon o term is defined as

Uy Uy Oanog =i S dizele'8 (a0) (N’ |[AS (z), 0, AL (0)] V).
(27)

The expression (27) can be rewritten by means of the expres-

sion for the derivative of the axial-vector charge:

()= [ @zanal (x, =i1t, G o), (28)

where H is the Hamiltonian of the system. It follows from
(28) that the Hamiltonian density #°, (x), which breaks the
SU(2) ® SU(2) symmetry, is related to the divergence of the
axial-vector current by

6448 (0) =1 [5#,(0), Qp(0)]. (29)

From this we obtain!
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Tt Ganap = (V[0 (0), [Qp(0), 220NN (30)
Denoting T * iy uy = (T + T7%)/2, we have

2 J

7+ (0, 0, 0, 0)=—flicw+ ";:; 1
The expression (31) is the basic relation connecting the
pion-nucleon o term to the isosymmetric amplitude of 7N
scattering at the Weinberg point (v = 0, = 0,¢° = g?=0).

Thus, the pion-nucleon o term (o, (30) is a measure
of the SU(2) ® SU(2) symmetry breaking, and reliable de-
termination of its value is particularly important from this
point of view, since chiral symmetry leads to a number of
important consequences, mentioned above, for strong-inter-
action physics.

Mechanisms of chiral-symmetry breaking and QCD

Interest in the value of o is also due to the fact that it
can be used to establish the mechanism of chiral-symmetry
breaking. In accordance with the relations for the diver-
gences of the axial-vector, I_)a , and vector, D, currents

D, (x)=i[5¢ (x), Qal, Do (x) =115 (x), CQals

where % (x) is the part of the Hamiltonian density that
breaks the SU(3) ® SU(3) symmetry. These divergences be-
long to the same representation of the group SU( 3) @SU(3)
as #". Since there are experimental grounds for assuming
that there are no “exotic” operators—carrying isospin / = 2
and hypercharge Y = 2—among the divergences and cur-
rents, it can be concluded that the operators D,, and D,,and
also &, transform in accordance with the representations
(3,3*) @ (3%,3) or (1,8)®(8,1) of the chiral group
SU(3) @ SU(3) (Gell-Mann-Oakes-Renner model®). At
the same time, it has been shown® that the effect of the possi-
ble (1,8) ® (8,1) admixture is small. It should be noted that
the part of the Hamiltonian which transforms as
(1,8) @ (8,1) does not contribute to the pion-nucleon o
term.

Reliable establishment of the mechanism of the
SU(3) ® SU(3) symmetry breaking is even more topical be-
cause of the need to test standard QCD. The QCD Lagran-
gian density is'’

& = ig8D gt — 1/AF s F™ — gaM* g, (32)

where
D opat = (Busdy — ighandi/2) YHai:

g/ are the operators of the quark fields, & is the color index,
which takes three values, 4 is the flavor index, g is the strong
coupling constant, A is the vector gauge field
(a =1,2,...,8), A° are the matrices of the color group
SU, (3),F}, is the tensor of the gluon field,

Foy = 0,43 — 0,AR + gi**ARAS;

and £ are the structure constants of the group SU, (3).
This Lagrangian density .2 is gauge-invariant under
SU, (3) and can be represented in the form

$=$0+$’7
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FIG. 1. Results of estimates of the pion-nucleus o term by various meth-
ods: A) methods using the experimental pion scattering lengths and sum
rules; B) calculations of o, using quark models and current algebra; C)
calculations using dispersion relations and extrapolation of the =N ampli-
tude to the Cheng—Dashen point; D) methods using expansion of the 7¥
amplitude with respect to the variables, v, 4} ,g5 and data on N scatter-
ing near the physical threshold. (References are given in square brack-
ets.)

where .7, is also invariant under the chiral SU(3) @ SU(3)
transformations, and .¥' = — gMg is a tensor operator,
transforming in accordance with the representation
(3%,3) @ (3,3*) (10) as in the Gell-Mann—-QOakes—Renner
model.® Thus, the magnitude of the pion-nucleon o term can
be regarded as a serious test of standard QCD, just as of the
well-known Gell-Mann-Oakes—Renner scheme.

This parameter being so important, numerous attempts
have been made to estimate o_y (see, for example, Ref. 15).
Unfortunately, the literature data on the value of the pion-
nucleon o term have a large spread (25-80 MeV) (Fig. 1).
Moreover, there is a contradiction between the results of
estimating o, in the two main methods using experimental
data: on the one hand, in methods using sum rules of the
Fubini-Furlan type'® and extrapolation of the isosymmetric
pion-nucleon or pion-nucleus amplitude to the Weinberg
point (v=0¢=04 =045 =0),""* which give
o, = 25-35MeV, and, on the other, in the methods which
use dispersion relations and extrapolation of the isosymme-
tric 7N amplitude to the Cheng-Dashen point
(v=0,=2m>,g> =m2,g: =m?)**?®  which give
o,y = 60-70 MeV. There is also a contradiction between
these last results and that of the standard calculation of
Cheng®® in the framework of the quark-gluon model
(0,5 = 32MeV). Such a situation is itself a problem. More-
over, the spread in the estimates of o,y means that prefer-
ence cannot be definitely given to the (3,3*) @ (3*,3) mech-
anism for breaking the SU(3) @ SU(3) chiral symmetry as
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suggested by the Gell-Mann-Oakes-Renner model and
QCD. In this review, in which we take into account Refs. 30—
45, which relate to this problem, we attempt to establish the
reason for the spread in the estimates of 0,y in the various
methods with a view to determining an acceptable interval
for o,y sufficiently accurate to permit a conclusion to be
drawn about the mechanism by which the SU(3)®SU(3)
chiral symmetry is broken.

1. DETERMINATION OF THE PION-NUCLEON o TERM USING
SUM RULES OF FUBINI-FURLAN TYPE

Connection between the physical plon-nucleon and pion-
nucleus amplitudes and the soft-pion amplitudes

As was pointed out above, the pion-nucleon o term is
related to the isosymmetric amplitude of 7V scattering in
the soft limit (25), (27), (31). It is often estimated by a
method similar to the extrapolation technique of Fubini and
Furlan,'® which relates the pion-nucleon or pion-nucleus
scattering amplitude in the low-energy limit to the corre-
sponding amplitude at the threshold (the group of results A
in Fig. 1). In this case, to derive the corresponding sum
rules, which contain half-off-shell amplitudes (i.e., ampli-
tudes in which one of the states, the “in”’ or the “out” state, is
off the mass shell), off-shell dispersion relations or a reduc-
tion technique' are used.

Using the characteristic linear dependence of the real
part of the pion-nucleus scattering lengtha,-, on4 for nu-
clei with 2<4<24,* Gensini'®*’ derived within the frame-
work of current algebra and PCAC a linear formula for the
pion-nucleus scattering lengths, this following from the sum
rule
(1-+ma/M) Re a (n-A) = a [Ts_z‘”")—(a (n-A4)

2nf 2my

+ maC- (= A))/(4mE M)

1 Mma\2p Fr-a )
T it (Ti‘) P a =il w2
where F,- , () is the imaginary part of the pion-nucleus off-
shell forward scattering amplitude

[Fa-a (§)=Fn-ya (s=M>(1+ £)z, $=m3z), {> 0,

Frop(Q)=Frp(@=M2(1+7) 2= ma), £<<0];
2(mA) =Ao,y, M is the mass of the nucleus, and
C*(m~A)and C ~ (7—A) are the equal-time commutators,

equal to 0in models in which D is proportional to the canoni-
cal pion field:

Sd-’x (Al[Dxs (x, 0), Dr- (0)]]4) = C* (-A);

§ @2 (41D x, 0), By 014y = —ic- (n-A).

An important point in this approach is the estimate of
the integral of the imaginary part of the pion-nucleus ampli-
tude in (33), which is represented in the form of the existing
singel-particle contribution of the double pion pole using
PCAC and a certain continuum of pion-nucleus states. The
approximations of this integral in Refs. 19 and 47 are differ-
ent, and the results for o, accordingly differ appreciably:
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Oan = (26 = 8) MeV (Ref. 19) (34)

and
Gy = (57 & 6) MeV (Ref. 47). (35)

This spread of the results (34) and (35) for o, is to be seen
primarily as reflecting the uncertainty in the estimate of the
dispersion integral in (33).

In the method analogous to that of Refs. 19 and 47 with
the assumption that the imaginary part of the pion-nucleus
scattering amplitude with an off-shell pion can be approxi-
mated by the imaginary part of the physical amplitude near
the threshold, Hakin?® obtained

Oan = (22 o= 1) MeV. (36)

In an approach analogous to that of Chew and Low,*
but without the static approximation, Banerjee and Cam-
marata® obtained sum rules for the physical 7N scattering
amplitude and for the amplitude with one off-shell pion:

Fa (k)= Fya O)+1  dtae®™ (P |1 (13 (2) 1, (0)) 1Py

~i [ & (P)IT (13 0) jo (0)) 1Py, (37)

where
Fg, (0)=lim [lim Fg,, (k)],
ko=+0 k=0

i.e., Fg, (0) is the limit in which one pion is soft and the other
hasmomentum#k ' = P, — P,. The quantity Fg., (0) includes
a part proportional to the pion-nucleon ¢ term, and also a
nucleon pole in the soft-pion limit. The integrals (37) take
into account the intermediate states |N)and |[7N) and Z
diagrams, which arise from the intermediate states |NNN ).
The approximate solution of the system of integral equations
(37) with expansion of the amplitude with respect to c.m.s.
partial waves gives an estimate for the pion-nucleon ¢ term:

Oqn 2 26 MeV (Ref. 23). (38)

To estimate oy, Ericson and Rho®? used a sum rule
different from that of Refs. 19, 20, and 47 and relating the
isosymmetric amplitude of pion scattering by nuclei in the
low-energy limit 7 * (0) to the same amplitude T~ (m,, ) at
the physical threshold. This sum rule is derived by means of
a reduction technique. We consider pion eleastic scattering
by a nucleus B:

n% 4+ B—nf B, (39)

If double charge exchange is ignored, we obtain the ampli-
tudes 7"~ and T *:

(Z—N)T-=1/2(Ta-—Tns), T*=1/2 (Tt Twe)y  (40)

where 7~ and T'* are, respectively, the charge-exchange
and charge-symmetric amplitudes, Z and N are the proton
and neutron numbers, and T _+ are the amplitudes for 7
scattering by the nucleus. The S matrix of the process (39)
can be expressed as

§% =i (2m)46% (k4 p;— g — py) TP, (41)
where ¢,p, and k,p, are the 4-momenta, respectively, of the
initial and final pion and nucleon, and

V. P. Efrosinin and D. A. Zaikin 597



TP = 1/2 [tg, Tol+T*+ 1127 Tal-T7 (42)

where 7, are isospin matrices.
In the reduction formalism of Lehmann, Symanzik, and
Zimmermann,'* we have by analogy with (20) and (24)

7% — i (3 — ?) (m&— ¢2) | dszeih=0 () (1O (@) O (O)I1)-
(43)
Using for the pion field the PCAC relation (13) and inte-
grating by parts, we find at zero pion momenta,
q=k=0,,=ko
(m2—a3)?

Tt
fama

T% (g)) = i [ asaeins (71630 (z0) (48 (@), 43 (O]

— 8 (o) [AB (2), A (0)] —igod (zo) [48(2), 48 (O]ID)-
(44)
Noting further that
(m3— gi) el9o%: = (m3 +- ) efase,
and integrating by parts for a second time in (44), we obtain

,my—aq§
Tﬂa(?o)=1ﬁi— {qﬁ S dtz

¢ e-1005) (— zp) (FI[AR (0), (mk+0%) AF ()11
({13 0P (0), A% (0)] + igm4 [0° (0), 43 ODID}. (49)

The integration in (45) can be performed by substituting a
complete set of intermediate states 2, |n)(#| in the commu-
tator using a relation of the type

[ @ cnl(mic+ ) A% @) 1m)

fam} g
-t | datnl(@stmd) ©@1m)

Then the symmetric combination of 7N amplitudes can be
written as

% () 4T (q) i B : -
29-(’-" (mlz_[_.{l.‘ﬁ') = f%m%q% (f”O (O)i Ag’ (0)”1)

(£ 18 (0) In) (n | ©%(0) | §)
— {3 @8 a—P) g rT TR =B O

n

(46)
where E,, and P, are the energy and momentum of the inter-
mediate system, and c.t. corresponds to the crossed term
with 7 (0)=®%(0) and E, — E;=E, — E,. The second
term on the right-hand side of (46) has a pole at g, = m.
This pole can be subtracted by means of the model-depen-
dent commutator C '#*:

%= @ (| D° (0), % (x, )]0
Subtracting from the right-hand side of (46) the quantity

oo gl A
- 0 ) Sl G )
n

(FLIEO Il 0*O) 18

t.
mi—En—Eil ‘

and simultaneously adding it to the second term of (46), we
obtain
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™ @+ ) _ _ 1 e
2} (% — 4D m3

— gy 110° 0), 45Ol
— {5 2 @ny8 (P, —P)

(1780 1 ne(n %O 1 e

Eo—Epmi—(En—E (47)

c.t.}+—D.C..

where (f|f%(0)|n), is the connected part of the pion-nu-
cleon amplitude,'® and D.C. denotes the half-connected part
of the term

— 3 (@8 (P —Py) [ :
- TV LU —(En— E0*l (En—Ey)

48 Eq—Ej
mE Mk —(En—E0))

1<t 17% @ 1m) m1O* O) 1) — et

It can be seen from (47) that none of the terms on the right-
hand side apart from D.C. have a pole at g, = m,, 0 that

170 (mg) 4 7% (m) (48)

D.G. =E§- 2(?7??.:—({%)

Substituting (48) in (47), we obtain asum rule for T'* (m,,)
at the threshold (as go—m, ):

1/2 [, 51T (ma) = —im3C™— 2 (f1(Q°. Ag (011D

(1B | j%(0) | i
—{m?t D) (2n)%6 (P, —P;) (EniEi) [ﬁi(j(és_yi)gf—-c.t.}

(49)
Thus,

T* (m) =T* (0) + e | 2 BID* (0), D™ (x, O11B)

Bljz (O r)(n|iz(0)]B
s {miz (2m)36 (Pnr—PB)iEn]_EB)[ m?[(_r_z_(;n_ Eﬂ)z] —c.t.} 4

(50)

where

T+ (0) = —i/(272) (BIIQ* (0), A; (0)]1B) (51)

or
& (0)=—-2}—§<B|[<7*¢0), [Q-(0), 5" (ON11By. (51a)

In Ref. 22, the summation over the intermediate states |n)
took into account states without a pion with an excited nu-
cleus B' and with one pion and the nucleus in the ground
state and the excited state. In Refs. 34 and 35, it was not
necessary to introduce such a restriction on the intermediate
states (see below). The commutator in (50) in a model in
which the divergence D is proportional to the canonical pion
field [see (13)] is equal to zero.

Sum rules of Fubini-Furlan type and potential model of pion-
nucleus scattering

Ifin the sum in (50) we separate explicitly the coherent
multiple scattering, i.e., |n) = |Br), we can rewrite the
expression (50) in the form??
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. . Mg d? =
T* (M) =75+ Gy | g 2Tl + 75 ] (52)

In the integral on the right, the coherent multiple scattering
has been explicitly separated, ¢ and @, are the momentum
and energy of the pion in the intermediate state, and T o
includes the soft-pion part of the amplitude and the contri-
butions to the amplitude of the other (i.e., in addition to the
coherent) intermediate states n, including incoherent multi-
ple scattering [n) = |B'7) and pion absorption |n) = |B');
T and Tg, are the charge-symmetric and charge-ex-
change parts of the expression

T35 =(B(0)17% (0)|B (— g) 78 (). (53)

Note that in the amplitude (53) the state |B( —q)7? (q)) is
an off-shell state.
Determining the scattering amplitude

f=1/2ik) g (204 1) (*™1—1)P, (cos 6)

in the usual manner, we obtain for s-wave scattering of pions
with zero momentum

(1 +ma/mp) foo= — 4nm XolVopt|¥s)s (54)

where the indices in f,, denote the initial and final momenta
of the pions, y, is a plane wave, 1" is the wave function of an
outgoing pion with zero momentum, Vet is the potential of
the pion-nucleus interaction, with

HoYo = Egyo, (BEy — Hy -+ ie) P = Vopt‘l’tl
and H = H, + V,,, is the total Hamiltonian. Substituting in
(54) 9¢" from the corresponding Lippmann-Schwinger
equation,

1

Yo =Xo+ To=HF1s " ortXor
we obtain

(1 +malmp) foo= —bnm. (XolVopt|Xo)

1
—4n2m, <XUIVOIH mvoptIXo)- (55)

Introduction of a complete set of “out” states in the second
term on the right-hand side of (55),

Eq} P8} (bgl =1,

makes it possible to transform this term to the form

a=ap+ gz (14 malms) | DL i1, (56)
where a=f,,,
(1 +malmp) ap=(xo| —4n’maVop¢|%od (57)

and
(14 ma/mp) foa = (2%l —4"2mnVopt [¥3)-

The analogy of (56) with the expression (52) and the corre-
sponding expression for the charge-exchange amplitude
T — ,22

29 Re [T5, (T30 2T

T (m) =75~ i | g

(58)

599 Sov. J. Part. Nucl. 16 (6), Nov.—Dec. 1985

becomes clear after the transition from the relativistically
invariant amplitudes 7+ to the nonrelativistic amplitudes

If*:
T= = 81 (my + my) f*.

In this case, we obtain

1 i i d? - 8
@ =aht gz (1Emalmy) { ZL (205012 + il ”
J 59)
b bl it B s s
a~=apg T e (1—- niz/mpg) 5 _qzq fﬂq”ﬂqﬁ’ quuI-

On the transition in (59) froma* to scattering lengths with
a definite isospin channel, for example, in the case of an iso-
spin-1/2 target.

Z—-—N)f-=@Z—-N) ¢, — fs)/3 and f* = (f, + 2f,5)/3
Eqgs. (59) can be written as
aT-——(aH)T%-—E.%(l-[—m_—,/mB) S %}' [(Fog)r |2 (60)

Thus, T F correspond to the Born amplitudes of the poten-
tial model of pion-nucleus scattering, which are known from
analysis of the data on the levels of pionic atoms. This makes
it possible to reduce the uncertainties that arise in the calcu-
lation of integrals which include the unphysical pion-nu-
cleus amplitudes 7' and makes the method of Ref. 22 pre-
ferable to the use of sum rules of Fubini-Furlan type in Refs.
19-21, 23, and 47. In Ref. 22, Ericson and Rho, making the
assumption that the contribution of absorption to (50) is
small, and estimating the contribution of incoherent multi-
plescattering |[n) = |B ') in the Fermi-gas model, obtained
the value

Oxn & 34 MeV. (61)
However, the estimate used here for the contribution of the
incoherent processes is too crude. Therefore, it is difficult to
speak of the uncertainty of the result (61).

Scattering of slow pions by light nuclei and the pion-nucleus
o term

The sum rule (52) can be written down for the isosym-
metric scattering length a* in the form?®*-35

(62)
(63)

+ +
a* (ma) = ap -+ @eop;

ap=a*(0)+ @fon,

where a™ (0) is the soft-pion scattering length, Gy is the
contribution of coherent multiple scattering, and @incon de-
scribes the contributions of the intermediate states apart
from |n) = |Br).

The sum rules (62) were tested for self-consistency in
Refs. 30-32 for nuclei with 4 <4, and it was shown that (62)
is satisfactorily fulfilled for these nuclei; the same form fac-
tor for this group of nuclei was used to calculate the unphysi-
cal amplitudes (53).

To determine o, from the scattering lengths in the
case of scattering by light nuclei (4<4<24) the studies of
Refs. 33-35 used the circumstance that the experimental
data on s-wave scattering of pions by a number of these nu-
clei*® indicate that in the s-wave amplitude
Jo= (n4€%% — 1)/(2i) the absorption parameter 7, is near
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zero. Now if 77, = 0, the cross sections of inelastic and elastic
scattering are equal, so that we may assume

(64)

Gineoh & Aoup
for this range of nuclei. Then it follows from (62)—( 64) that
(65)

a* (0) = 2ap—a* (mx).

Equation (65) makes it possible to calculate a* (0) for these
nuclei [without the calculation involving considerable un-
certainties in the integrals with the unphysical amplitudes in
(50)1, since the Born scattering lengths are known from
analysis of the level shifts of pionic atoms in the potential
model. It is convenient to use nuclei with isospin I = 0, since
for them the experiment gives directly the isosymmetric
scattering lengths a* (m,. ).

In the calculation of the pion-nucleon o term by such a
method, the 4 dependence of a* (0) is important, and for
this it is desirable to investigate the 4 dependence of
Rea*(m,) =Rea(r—4) and agf >*

The values of a(7~A) are usually calculated by analyz-
ing the experimental data on pionic atoms by means of the
modified method of Deser.*®*! However, Gensini recently
proposed a new method®? for extracting a(w—A4) from the
same experimental data, based on solution of the static
Klein-Gordon equation for a pion-nucleus bound state ina
simple approximation. The Re a™ (m,, ) values as obtained

in both methods exhibit a well-defined linear dependence on
A ’33—35

Re a* (m,) X 4 — 1. (66)

A dependence of the type (66) is rather natural, since
the optical pion-nucleus potential in the approximation of a
“frozen” nucleus can be represented® in the form
Vope = (4 — 1){(7), where {r) is the expectation value of
the pion-nucleon scattering operator in the nuclear medium.
At the same time, the Born amplitude of pion-nucleus scat-
tering must also have an 4 dependence of the type (66), as
shown in Ref. 54: The s-wave part of the effective pion-nu-
cleus potential has the form

V(r)=(4—1) 2= b (1), (67)
£

where p (r) is the density of the nucleons, normalized to uni-
ty. Note thatthe 4 dependenceofa™ (m, ) mustalso include
a small quadratic term’3; for the experimental values® of
Rea*(m,) can be very satisfactorily described by the
curve®® shown in Fig. 2:

Re a* (m.) =[—0.0320 (A — 1)+

4 0.000242] mz". (68)

In the considered range of nuclei, the quadratic term plays
an unimportant part and can be ignored in the calculation of
o, - Thus, bearing in mind the relations (65)—(67), we can
assume that @ (0) is also proportional to 4 — 1, and this is
important for the determination of 0, as the single-nucleon
contribution to @(0). Therefore, taking into account the re-
normalization of the soft-pion part of the 7V amplitude in
the nuclear medium, we have®*—3*
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Re a(n4) (m3)

FIG. 2. Pion scattering lengths for scattering by light nuclei with isospin
I=0. The experimental values are taken from Ref. 52. The continuous
curve corresponds to Eq. (68).

4ntjia* (0)
Ony = — _Ai—i— c(p)s

(69)

where c(p) is a coefficient that takes into account this renor-
malization and, in general, depends on the nuclear density.

To estimate ¢(p), we use the circumstance that in the
linear o model®® the commutator in (51) is equivalent to the
divergence 9%4 % (0) = D “(0) of the axial-vector current.
In the limit g>—0, we have the matrix element

(N|D* (0)|N) = 2myg suiyPt*u, (70)

where |N) is a free-nucleon state, my is the nucleon mass,
andg, istheaxial-vector constant of neutron/ decay. In the
nuclear medium, the relation (70) is renormalized in such a
way that the product m, g, becomes iy g, , Where /iy and
Za are, respectively, the effective nucleon mass and the re-
normalized axial-vector constant in the nuclear medium.
Thus, ¢(p) is determined by the renormalization of the pro-
duct myga,ie.,>
mNga

¢(p)= (7

MNEA

In the theory of finite Fermi systems,”’ the effective nucleon
mass in a nucleus is given by the estimate iy = (0.8-
0.9)my. For g, in this theory one obtains the expression
(see also Ref. 58) g, = (1-25,)ga with the parameter
£, = 0.05-0.1. For our estimates in the considered range of
nuclei (4<24), it is natural to use Ay =0.9my and
£, = 0i08;

Thus, using the relations (65), (68), (69), and (71),
we can calculate the pion-nucleon o term. Moreover, the
Born scattering lengths a for these nuclei have been found
in terms of the parameter b, of the pion-nucleus interaction
potential.® which successfully describes a large set of ex-
perimental data on pionic atoms and pion-nucleus scatter-
ing. We note that in these calculations the parameter b, was
converted to the form (67).

Such a procedure for calculating a5 reduces to the re-
placement of ¥, in (57) by a phenomenological potential
of the Kisslinger—Ericsons type used in Ref. 59. Of course, in
this calculation too there is uncertainty. However, it can be
hoped that this is not great, since the phenomenological opti-
cal potential, although not rigorously derived in multiple-
scattering theory, nevertheless describes well a large set of
experimental data.
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As a result, for the pion-nucleon o term we obtain’*

Oax = (10 + 7) MeV. (72)

The uncertainty in the result given in (72) is a consequence
of the procedure for fitting the experimental data to (68),
and also the uncertainty in the estimate of ¢(p) in accor-
dance with (71).

In this calculation of o, the parameter b, (67) of the
effective pion-nucleus potential is very important. This pa-
rameter is determined from analysis of the level shifts of
pionic atoms. It is found that in the procedure for determin-
ing the parameters of this potential it is difficult to separate
unambiguously in the optical potential the contributions
proportional to b, p and Re By, p*.>>-% Therefore, in practice
itis necessary to fix the value of Re B, using additional argu-
ments. Theoretical estimates in different approaches give for
the ratio Re B,/Im B, a fairly wide range of values: + 0-2.5'
In Ref. 59, in accordance with the theoretical calculation of
Ref. 62, Re B, was taken to have a small positive value
(~0.002m,*), and this leads to the value b, = 0.033m !
used to obtain (72). Such a choice of Re B, is also confirmed
by the calculation of Ref. 63. In contrast to this, in Refs. 50
and 64 the ratio Re B,/Im B, is taken to be equalto — 1,and
this gave for b, the value — 0.017m '. The use of this value
of b, in our calculations would lead to a too small value of the
pion-nucleon o term (smaller by 15 MeV), contradicting the
existing estimates of this quantity. This circumstance must
be regarded as an argument for using the parameters of the
pion-nucleus optical potential in Ref. 59 rather than those of
Refs. 50 and 64, and equally as an indication that the order of
magnitude of Re B, obtained in Ref. 63 is correct.

We note that the form of the dependence (68) is very
important for calculating o, in the approach of Refs. 33—
35. It would therefore be very desirable to determine more
accurately the experimental data on the ls-level shifts of
pionic atoms. Also desirable is further improvement in the
procedure for extracting the pion-nucleus scattering lengths
from these data. An interesting attempt in this direction was,
as we mentioned above, made by Gensini.*?

2.METHODS OF DETERMINING THE PION-NUCLEON ¢ TERM
USING DISPERSION RELATIONS

Extrapolation of the isosymmetric =¥ amplitude to the
Cheng-Dashen point (Cheng-Dashen method)

The expression (31) relates the value of the pion-nu-
cleon o term to the off-shell amplitude. Cheng and Dashen®*
proposed a method of relating o, to the 7V amplitude on
the mass shell (¢} = g3 = m?2); this would make it possible
to use dispersion relations to extrapolate this parameter. In
this method, one usually employs the amplitude

Frv, & @ G)=T"(v, 4, ¢} &)

2 12 2. o2
9an VB g .,1+;,VB+_é{\_ ___\__B____
m  vg—vt o T my vi—v:'

(73)

Theamplitude F * is equal to the ordinary isosymmetric am-
plitudeT ™ =4 * + vB * of mNscattering withisospin/ = 0
in the # channel, from which the nucleon pole term is sub-
tracted to obtain a smooth function near the Weinberg point;
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A" and B are the ordinary invariant amplitudes.®® In ac-
cordance with (31),

FEf0, 0,0, 0=ty

T

(74)

Cheng and Dashen®® assumed that the amplitude

F*(0,2m%,m2,m2 ) can be expanded with respect to g7 and
2
92

F*(0, 2m§, m%, m%)=F*(0, 0, 0, 0)

. 4 ; 8 o
_'_mft—aﬁl'*((), 0, 0, 0)+mg o F*(0, 0, 0, 0)-+0 (md).
(75)

Adler’s consistency condition®” gives
F* (0, ma, m%, 0)=F*(0, m&, 0, m3) =0, (76)

Then the use of the expansions
F*(0, m&, m%, 0)=F*(0, 0, 0, 0)
k5 FH(0, 0, 0, 0)-0 (miy;

F*(0, m&, 0, mg)=F*(0, 0, 0, 0)

s @
mi i F*(0, 0, 0, 0) +0(ms

77
leads to the relations D

FD. D0, 0, Oy —agd ai% F*(0, 0, 0, 0)+0 (mb);
(78)

F*(0, 0, 0, 0)= —mi 2= F*(0,0,0,0) +0 (m3).

Substitution of (78) in (75) leads to

F* (0, 2m%, m%, mi)=—F*(0, 0, 0, 0)+-0(mb), (79)
or, in accordance with (74)
F#(O, 2mb, miy mi) = = Oy -0 (mh). (80

Note that an important part of the derivation of (80) was the
assumption that the 7N scattering amplitude does not have
singularities with respect to #,47,¢% at v = 0. Also important
is the question of the corrections needed in (80). This ques-
tion was investigated in Refs. 6870 but is still topical. The
question is evidently intimately related to the possible non-
analyticity of the 7N amplitude with respect to ¢ at
V= 0'36.33.69

The group of results C in Fig. 1 includes the methods of
determining o, by extrapolating the 7N scattering ampli-
tude to the Cheng-Dashen point (v=0,t=2m?2,
q: = g3 =m.).>* 7 These methods include four basic
elements:

1) Data on the pion-nucleon coupling constant;

2) the data of phase-shift analysis;

3) the use of dispersion relations to determine the am-
plitude for spacelike r and v = 0, and also frequent use of the
amplitude

= v

Cr (v, 1) =4*(v,1)

" Ty B Y

8aN VRl
my (1—t/(dm%)) v3—v2 '’

(81)
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4) extrapolation with respect to? to the Cheng—Dashen
point for C*+(0,t) and F*(0z,m2,m2) or efpansion of
€ +(0,2) and F *(0,t,m%,m? ) or expansion of C * (0,):

F*(0, t, m%, mi)~ Ct+Ch(timb)+C;(t/mg)?2. (82)

The pion-nucleon o term is calculated from C(0,2m%) by
means of the relation®®

Oy f2==C* (0, 2m%) + ghvmi/(@mA) +0(my)  (83)

or from (80).

In Refs. 26 and 27, to make the extrapolation with re-

spect to ¢ the amplitude C * (v,t) was expanded in a series

with respect to v and ¢ about v = 0, = 0:
M,N

CHiv, B)= D) T (VO™
m, n=0

(84)

The values of the coefficients x,,, calculated in the two
quoted papers agree with one another. To determine these
coefficients, subtracted dispersion relations were used for
C(w,t) for the first derivative of C(v,t) with respect to # and
also for the derivatives of the amplitude with respect to .
Nielsen and Oades 2¢ used contour dispersion relations at
fixed ¢ of the form

vilt)

P \ dv

ReC* (v, t)= p @ IREHE, B

v E T

+Ce (v, 1),
(85)

afw

i
m,+ _"‘"‘N

where v,(#) corresponds to the highest energy at which
phase-shift data are available; C ;" (v,1) is the contribution
from the finite contour. As a result, they obtained

On = (66 & 9) MeV. (86)

A systematic analysis was made by Hohler ef al.”’ using all
the available data on 7N and 7w scattering, and they ob-
tained

oan = (61 &= 8) MeV. (87)

In Ref. 24, to estimate o,y Chaoet al. used an extrapo-
lation of C *(v,t) along hyperbolic curves in the vt plane
below the physical threshold. The lower branches of these
curves are in the physical region for energies above the elas-
tic threshold. They found

0.n = (57 = 12) MeV. (88)

The given error was estimated from the spread of o, values
found by the different methods of extrapolation. Moir et al. 2
determined o,y by means of so-called interior dispersion
relations. These dispersion relations do not require knowl-
edge of the 7N coupling constant and are not sensitive to the
contribution of the higher partial waves. In this method, the
pion-nucleon o term is obtained by extrapolation to the
Cheng—Dashen point only with respect to one variable, and

the result was
Gan = (T4 &= 7) MeV. (89)

Langbein®® extrapolated the 7N amplitude to the
Cheng-Dashen point, using an expansion of the amplitude
with respect to polynomials of the third degree,

602 Sov. J. Part. Nucl. 16 (8), Nov.-Dec. 1985

3
CH (0, )= X et (90)
i=0
where g(t) = m2 —t/4)'"2.
To reduce the errors of the extrapolation, he used a re-
striction that follows from unitarity in the ¢ channel:

efeg= —ad=(—0.28 &= 0.05) mz*,

where a9 is the 77 scattering length for I = J = 0. The best
fit for o, gives

6.x = (69 = 22) MeV (Ref. 28). (€29)

Thus, in the studies in this direction the most probable
values of the pion-nucleon ¢ term are in the interval 60-70
MeV.2428 On this basis, discussing the results of this group,
Jaffe’® gave as their final result for o,y the value

0.y = (65 4= 5) MeV. (92)

In fact, the most careful calculation was the recent one
of Koch,”! who, using hyperbolic dispersion relations in the
(+2,1) plane, obtained

On = (64 & 8) MeV. (93)

We note that the derivation of the results (92) and (93)
did not take into account any corrections in the relations
(80) and (83), i.e., it was assumed that the amplitude F +at
the Cheng-Dashen point did not effectively differ from the
amplitude at the Weinberg point taken with the opposite
sign.

Series expansion of the isosymmetric =¥ amplitude near the
physical threshold (Altarelli-Cabibbo-Maiani method)

The group of results D in Fig. 1 corresponds to methods
that employ expansion of the ampltitude with respect to the
variables #,v,4° g% and 7N scattering data near the threshold
(Refs. 36-38 and 73-75). In the Altarelli-Cabibbo—Maiani
method,” the amplitude is represented in the form of the
expansion

Ft(v, t, ¢},q3)= A+ Bt
+C(qi+ g3+ Dvi+ R(v, &, 43, 43), (94)

where R is a nonlinear function of t,%,43, and g3, and
R(0,0,0,0) = 0. To determine the unknown coefficients 4,
B, C, and D, the following were used: Adler’s consistency

condition
F*+ (0, m%, m, 0)‘_ 0; (95)

the connection between the pion-nucleon o term and the
amplitude F * at the Weinberg point (74),

F*(0,0,0,0) = —0ay/fa; (96)
the experimentally known threshold values of
F+(m=, 0, m3, m¥andd/dt F* (ma, t, mz, mz) | 1=n;

and, finally, the dispersion relation for F * (v,t,m},m? ) in
the forward direction (¢ = 0) with a subtraction at the point
v=0,
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Re F (vy, t, m&,m%)

00
2§ \ dk
k1

=Re F (0, £, m&, m&)+ - 0t (%, 1), (97)

[
where v, =m, +t/(4my ), k is the momentum of the pri-
mary pion in the laboratory system, and
ot (vt)=k ~'Im T * (v,t). The relation (97) follows from
the dispersion relations proposed by Chew, Goldberger,
Low, and Nambu’® for the invariant amplitudes 4% (v,¢)
and B* (vt)(T* =A% +vB*):

Re A% (v, t)

l v , e e Lanot Sl : L .

= P \ dv’ Im 4% (v, i)( T Iﬁ) ;
m_+1 (4111_-\~) (98)

pad &N PR el B2
Be B0 e S

«o ko i dv' Im B= (v' t)( = .

m_+ !_(‘imi\AJ (99)

Among these, the dispersion relations for 4+ (v,f) and
B* (v,t) and their derivatives in the forward direction, (d/
dt)ReA* (vt)|,_, and (8 /3t)Re B* (v,t) ¢ — o, were de-
rived the most thoroughly, by Hamilton and Woolcock”’
(for v5£0). They showed that unsubtracted dispersion rela-
tionsexistford ~(v,2),B *(v,t),B ~ (v,t),whileford * (v,z)
one subtraction is needed.

To estimate R (v,2,47,43 ) in the method of Ref. 73, the
resonance model with the main contribution given by the
isobar A (1232) is used. However, as was shown in Ref. 37,
the contribution of only one isobar in the calculation of the
dispersion integrals in (97)—(99) is not sufficient to describe
the experimental values of the 7V scattering amplitudes at
the threshold, or the s- and p-wave scattering lengths (and
volumes). Since the contribution from the nonlinear terms
R(v,,41,43) to 0,y in the calculation of Ref. 73 was large
(about 50% ), a large uncertainty (about 50% ) arises in the
Altarelli-Cabibbo-Maiani resonance model, and as a result
one cannot in practice rely on the calculated value of o, :

Tax = (80 - 30) MeV (Ref. 73). (100)

Influence of nonanalyticity of the isosymmetric wNamplitude
with respect to ¢ at v = 0 on the dispersion estimates of Ty

Olsson and Osypowski’™ attempted to avoid the diffi-
culty of the Altarelli-Cabibbo-Maiani method by consider-
ing from the very beginning, not the expansion (94), but an
expansion of F + atv = 0.

F2(0, 8, g, ¢)) =F* (8, ¢}, 93) = —Oan/f3 + B (g2 + ¢3)
+Ct+R (L, ¢, ¢b). (101)

According to the estimates of Ref. 74, the contribution of the

isobar to R(t,4%,g3 ) is small, but it was here assumed that °

the functional dependence of the resonance contribution of
the isobar on ¢ does not change on the transition from phys-
ical values of v to v = 0. However, this assumption does not
correspond to the results of Ref. 78, in which it was shown
that the ¢ dependence of the isobar contribution at v = 0
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must be assumed to differ appreciably from the ordinary
parametrization for physical values of v.
Application to (101) of Adler’s condition gives

Cmy = Oay/fx— Bmi— R (m%, m, 0).

Hence, on the pion mass shell the expansion (101) takes the
form

F (t, mi, my) == — Onplf% -+ 2BmE + ( :1'”; ——B) t
ELE 4

(102)

To find the unknown terms of the expansion in (102), the
dispersion relation (97) and its derivative with respect to ¢ at
t = 0 were used. This yielded a system of two equations with
the two unknowns o_,, and B:

[ (t, m%, mz)— R (m%, m, 0)t/m2].

F*(0, my, mk) = T*(m., 0)

A V}g (Mg —vg)
my  (mg—vp)®(mg--vp)

i . (103)

didt F* (t, m}, m%),—o=d/dt T'j—,

'\'zlii_-t

e Vi (mg—vp)
S PR e 1/ (2mymg)—1I,, (104)
where
2m2
3 :,, %0*(15); (105)
0
mg T e
e e ol B
0
_ %mz t ak dat (%, 1) 107
S & st iy A0
0
1/ (42) I* (ma, 0)= (14 m./my) aj 123 (108)
1/ (4a) d. dt T* |(m_c0y =1/ (8m%) af 1,2
—1 2@,{ 1[;2+(1+3m;,.‘ (Qm;\r)) ai 3/2s (109)

o = (mk% + ke,
Using for [, and I, the values obtained by Hohler ez al,”®
from experimental data on the 7NV scattering cross sections,
I, = (1.46 == 0.02) mzl:y

I, = (112 % 0.01) m3 / (110)

and calculating the integral 7, under the assumption that the
isobar makes the leading contribution,

I, = (0.28 £ 0.01) mz, (111)
Olsson and Osypowski obtained
Oanx = (70 & ) MeV. (112)

But when Olsson’ used a dispersion relation for
T(w,0) with a subtraction at the threshold and the s-wave
parametrization near the threshold”’

Vsl (my+ ma) Re f§ o= ab 1,5+ K2C* (),

this making it possible to replace the combination
1/2(ay},; + 2a.%,, ), which makes the main contribution to
(109), by an expression that depends on C * (k), he obtained
for the pion-nucleon ¢ term the value™
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0.y = (51 == 9) MeV. (113)

This value was found from the expression
Ony!fo=4m [(1 +ma/ (2my))2ai 12
L 3my/myay 3,3 — (14 ma/my)2 miC*)

+2/mm (14 ma/my) | i (0" () —0° (0)
0
—mg (14 ma/my)a* (0) +mal g —2mEI, -0 (R (t, m%, m%)),
(114)
where

dk
WA

oo
2m
T S
TN .
0

oo ot (k).
To estimate o, in accordance with (114), Olsson’ used
C * = (0.032 + 0.008) m 3, calculated in Ref. 77, the 7N
scattering lengths from the energy-independent phase-shift
analysis of Ref. 80, and the parametrization of the phase
shifts from this phase-shift analysis to an energy-dependent
form at low energies.®’

The spread in the results (112) and (113) of the calcu-
lation of o, induces doubt, if not in the procedure, then at
least in the uncertainty in the estimates of o,y given by the
authors of Refs. 74 and 75. Important here is the circum-
stance®®>®  that the wvalidity of differentiating
F*(0,5,m,m>) with respect to ¢ was assumed in Refs. 74
and 75. For differentiation of this function (or for interpola-
tion with respect to the variable ¢ fromz=0to t= 2m?2),
analyticity of F *(0,t,m2,m2) with respect to ¢ must be es-
tablished. But in 1971 Pagels and Pardee® showed that the
function 2() = o, (£)/(f,,m%), which arises in the expan-
sion of 4 ¥ (v,1),

A* (v, 1) =mz/fZ (1) + ganimy [1 4 (ma/my)ta

+ (2vp/my) b+ (v/my)*el, (113)
is nonanalytic with respect to ¢ in the sense that
3 (2m¥) — = (0) =
=3 (Sﬂl) (gAf (2f1))2 my/fa+ 0(m3 In m'Jz'l:}, (116)

i.e., the difference is proportional to Jt. The fact that the
difference is proportional to m,,, and not m?, emphasizes the
singular nature of the point 7= 2m?. The importance of
such nonanalyticity increases with increasing contribution
3(2)in (115) and in the amplitude T * (v,£), and this occurs
as v—0 and vz —0(—2m? ). At the physical threshold, the
relative importance of the terms with the coefficients a, b6
and = (¢) will be comparable, whereas at the Cheng—Dashen
point the contribution m?2 /f, 2 (#) will be dominant. Thus, it
canbe seen from (116) that, o,y (¢) being nonanalyticin the
neighborhood of the Cheng-Dashen point, o/(2m? ) will dif-
fer from o, (0) = 0,y . The value of the correction, calcu-
lated in chiral perturbation theory in accordance with the
estimate of Ref. 69, is — 14 MeV. If one simply subtracts
this correction from the results (92), as was done in Ref. 72,
then (92) is replaced by

Oy =0ay (0)=(51 £ 5) MeV. (117)

A more accurate determination of the correction used
here would be very valuable.
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Determination of the pion-nucleon o term from phase-shift
analysis of =N scattering near the physical threshold

To reduce the influence of the nonanalyticity of
F*(0,t,m%,m>) with respect to ¢ in the estimate of the pion-
nucleon ¢ term, the amplitude F * (v,t,qf,qi) was expand-
ed?*3® near the physical threshold (v =m, ,t = 0), and the
coefficients of this expansion were determined from the re-
sults of the energy-dependent phase-shift analysis of Ref. 82.
Since the isosymmetric amplitude F ™ must be an even func-
tion of v, its expansion can be written in the form

Ft (v, t, ¢, §3)= —Oay/fa

+ Bt -+ C{g* -+ ¢3) - Dv2 -+ Ry® 4 Rytvi -+ Rgv*. (118)

Taking into account (73) and representing the amplitude
T+ by means of the phase-shift data,** we obtain the possi-
bility of determining the coefficients of the expansion (118).

Strictly speaking, if the expansion (118) is to be used,
its convergence must be proved. In the absence of such a
proof, the restriction in the expansion of F* to the terms
given in (118) is justified by the smallness of the following
terms. Namely, the coefficient C in the earlier analyses’"’
was approximately 0.3m >, and therefore terms with higher
powers of (g7,q3) were not included in the expansion. As
was shown in Ref. 23, the coefficient R is small, so that there
is no need to take into account the terms of higher powers of
t. The direct calculation of Ref. 37 showed that the coeffi-
cients of the terms with #* and +° are small in modulus
(£0.1m_ 7). Therefore, bearing in mind that in the phase-
shift analysis of Ref. 82 the expansion of the amplitude
T * (»,0) was known with good accuracy only to terms ~q*
(g is the c.m.s. momentum), a restriction was made in Refs.
36-38 to the terms in the expansion of F * given in (118).

The requisite number of equations for determining the
coefficients of the expansion (118) was obtained by using
Adler’s consistency condition and also by equating the terms
with equal powers of g on the right- and left-hand sides of
Eq. (73) at £ = 0 and, respectively, Eq. (73) differentiated
once and twice with respect to 7 at # = 0. The result obtained
was

Fr(v, t, g3, g3)= —0.69+1.05¢

—0.37 (g2 — ¢2) 4 1.06v2 - 0.02¢2 - 0.48tv2 4 0.48v¢  (119)

(here, a system of units in which m, = 1 is used). For the
pion-nucleon o term there was then obtained*®

G,y = (42 + 8) MeV, (120)

where the given error includes the inaccuracy due to the
ignored terms in (118) and the uncertainty in the results of
the phase-shift analysis of Ref. 82. Using the coefficients of
the expansion (119), it is not difficult to estimate indepen-
dently the dispersion integral I, (105):

7,=D + By = 1.5 m,

this giving a value close to the result (110) of the direct
calculation of this integral by Hohler et al.”® It was also
shown in Ref. 37 that the dispersion relation (97), differenti-
ated with respect to  (at ¢ = 0) contradicts the original rela-
tion if for the calculation of the dispersion integrals that arise
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the experimental data for o™ (k) and do™* (k,t) /dt loeorare
used. This gives a possibility for understanding the reason
for the spread of the results (112) and (113) of the O 5
estimates.

An analogous procedure for calculating the coefficients
in the expansion of F * using the parametrization of Ref. 81
of the results of the energy-independent phase-shift analysis
of Ref. 80 leads for o, to a result close to (120):

0.n & 40 MeV (Ref. 38).

However, it must be borne in mind that the parametrization
of Ref. 81 reproduces the energy dependence of the 7V am-
plitude near the physical threshold somewhat less well than
the results of the energy-dependent phase-shift analysis of
Ref. 82. One must therefore give preference to the result
(120), obtained using the results of Ref. 82. This follows, in
particular, from the fact that the value of the integral ob-
tained by means of Ref. 81 (J,=1.2m, ') agrees less well
with the result of Ref. 79. If the result (120) is to made more
accurate, it is necessary to raise the accuracy in determining
the coefficients in the expansion of the purely nuclear phases
with respect to ¢* in the energy-dependent phase-shift analy-
sis of 77V scattering at low energies.

3. THEORETICAL METHODS OF ESTIMATING THE PION-
NUCLEON ¢ TERM

The calculation of ¢,,, made by Cheng in the quark-gluon
model

As was noted in the Introduction, the kinetic part of the
QCD Lagrangian density (32) is invariant under
SU(3) @ SU(3) transformations, while the mass term gMyg
[see (10)] transforms in accordance with the
(3*,3) @ (3,3*) representation of the chiral group as in the
Gell-Mann-Oakes—Renner model.® Denoting the mass ma-
trix of the “bare” (current) quarks by

. 00 0
M= ( 0 my 0 ) = ¢gh? -+ ¢5A3 - cghl,
0 0 m,
where
1 0 O
A= (2/3)1/2 (0 1. 03,
£} <))

and equating the corresponding terms, we find
co=1/V6(m, +mqg-+m,);
3= 1’2 (mu i md’);

eg=1/ (2V'3) (my +my— 2m,).

(121)

Then, ignoring the mass difference of the nonstrange quarks,
we can write the SU(3) ® SU(3) symmetry-breaking mass
term #" = gMgq as

H' = cqu® + caud,
where

u(x)=g(2) Aq(z), «=0,1,...,8,
It is easy to show that the pion-nucleon o term (30) gets a

contribution from only the part 5, of the density 5% that
breaks SU(2) @ SU(2)

(122)
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H#2=13(V 2ey+¢s) (VT up—uy), (123)
the other part
Hy=1/3 (fo—]’/gcs) (%“Véus) (124)

breaking the SU(3) symmetry but not SU(2) & SU(2). Sub-
stituting (123) in (30) and taking into account the relations

1Q%, uP] = id,pw¥; ] (125)
[Q%, vB] = —id,gu?,
where v* (x) =ig(x)A"y°q(x) (a=0,1,..,8), and d,p,

are the structure constants of the SU(3) anticommutation
relations

(%, AP} =2d,4.17,

we obtain

U‘nNz':z:’n?' (L\- | u_u—f—cid 1]\"},

(126)

where /1 = 1/2(m, +m,), and the nucleon states IN,)
with momentum p are normalized covariantly:

(Np | Npad = (2n) 2pob (p — p). (127)

In a different notation,
Oy = 5 (V 2ot ca) (N | V Zug+us | ), (128)

2my

from which it can be seen that the contribution AM, (#°,)
to the nucleon mass of the SU(2) @ SU(2) breaking part
(123) of the Hamiltonian density is equal to the pion-nu-
cleon o term, while the contribution to the nucleon mass due
to #°, has the form

AM g (54) = -2 (N | 55| N).

~my

(129)

To estimate the pion-nucleon o term from (128), it is
necessary to know only the ratio
_ (N lup | &)

(130)
TN Jug | N)

o
In fact, the ratio cg/c, can be calculated in the framework of
current algebra and PCAC. In Ref. 9, it is estimated to be

csle, = —1.25, (131)

while the matrix elements (B, |czu®|B; ) = AM, are fixed by
the experimentally known splitting of the masses of the bar-
yon octet.
Asis well known, SU(3) symmetry leads to the relation
cg (B |u; | By) = ifj5:F + dygyiD,
where

F=1 1/3(1'?’1_\-—7?13), D:VS/Q (mz—m/\).

Taking into account the covariant normalization (127) of
the states, we obtain

(N |egud | Ny= —mL-t-mb. (132)
The consistency of such an estimate of the matrix element
(132) with allowance for the covariant normalization (127)
[in contrast to the other approaches to estimation of the
matrix element (132) encountered in the literature] can be
confirmed in the framework of chiral perturbation theory,”®
in which in the first order in the quark masses the following
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relations are obtained for the squares of the masses of the
baryon octet:
my=A--m (B"+ B')-+m,B*+0 (m3/2);
my=A-+ m (BY - B% -+ m.sBd + 0 (m?/2);
mg =4+ m (B? 4 B®) - m B* 1+ 0 (m3f2),
where B* = (p|tu|p),B* = (p|dd |p),and B° = (p[ss|p). A
formula for the square of the singlet mass of the baryon octet
(A) can be derived from (133) by assuming the validity of

the Gell-Mann—Okubo formula for the mass squares of the
baryon octet,

(133)

(3m3 —m%)/4= (mk +mk) 2, (134)
which is satisfied with an error up to 1.5%. Namely,
m} — A5 m (B -+ 4B+ BY)
4 my (2B — B! —2B°) + 0 (m¥?). (135)
Then from (133) and (135) we have
mi —mi = — - (m —m) Uy
7 Ly V—S‘ s lrg
% (B*+4 B'—2R%) = (N |equ® | N). (136)

Thus, the expression for the pion-nucleon o term is a func-
tion of the coefficient a:

1 1 3—cdley - (—mi-+-mi)
. 52:7&1_&%(]/9&..:_ 1)_2”“__\. (137)
In Ref. 30, it was assumed that the relation

(m|egu® + cguB|m) =~ m2 (Ref. 9) implies smallness of the
total mass shift due to #” for any quark system not contain-
ing strange quarks, i.e.,
(N | cqu® + egu® | N) ~ my and
(N |egt? | N) = — (N | csu® | N).
From this the value @ = 1.25 was obtained. In Ref. 29,

Cheng, assuming exact fullfilment of the Okubo-Zweig-Ii-
zuka (OZI) rule,?? found that

AMy (1) = 5= (N | ss| N)=0,

2m

and then, with allowance for (123)
(N Jugl Ny=V2(N | ug| Ny,

i.e.,, @ =+2. With this value of a and the value from Eq.
(137) for cg/c, (131), we obtain

o.x = 32 MeV (Ref. 29). (138)

The pion-nucleon o term and the Okubo-Zweig-lizuka rule

The OZI rule is an important property of strong-inter-
action dynamics and states that processes with correspond-
ing Feynman diagrams in which two ends of one and the
same quark line belong to one particle are forbidden. The
experimental testing of the rule showed that it is well satis-
fied for the vector mesons (w,@.J /¥,¢'), less well for the
tensor mesons ( f,f"'), and not at all well for the pseudoscalar
mesons (7,7"'). Two simple sources of violation of the OZI
rule are known: quark-antiquark annihilation processes
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la

all

g=w—~Jn
a

FIG. 3. Basic diagrams for the violation of the OZI rule: a) annihilation
diagram of the decay ¢—3m; b) diagram with “twisted” quark lines for
the transition p—KK—w.

(Fig. 3a) and “twisted” diagrams with physical intermedi-
ate hadronic states (Fig. 3b).
Introducing the phenomenological parameter

L S— (139)
(N | (uu+-dd) V2| N)
which measures the violation of the OZI rule, we obtain
a=(p+V2)/(1—pV?2) (140)
and for the value of the pion-nucleon o term*®
sl Vidlege, A M3—ML (141)
TN ggfey 1—pYZ 2my

From experiments on the production of @ and ¢ mesons,®*%

it can be concluded that |8 | 0.1 if it is assumed that the
contribution of the diagrams in Fig. 3 dominates over the w—
@ mixing effects. But if, following the quoted investigations,
it is assumed that the violation of the OZI rule for the phys-
ical states @ and @ occurs only through the mixing of the
states |(%u + dd)/\2) and |55), then B is near zero. The
estimate of B in the parton model*° (see below) gives for this
parameter the interval

p = 0.09 & 0.13. (142)

In Refs. 43-45, the following interval for the ratio c3/c, was
obtained in the framework of current algebra and PCAC
with allowance for breaking of the SU(3) symmetry of the
vacuum:

—1.26 << egley << —1.22. (143)

Taking into account (142) and (143), from the expression
(141) for o,y we can obtain®®4°

Gan = (42 = 8) MeV, (144)

where the confidence limits reflect the variation of the pa-
rameters 8 (142) and cg/c, (143).

The violation of the OZI rule gives rise to a positive shift
(about 70 MeV) of the nucleon mass from the chiral-invar-
iant mass of the baryon octet (about 830 MeV) due to the
breaking of the SU(3) symmetry in addition to the shift,
equal to the pion-nucleon o term, which arises because of the
nonvanishing pion mass.

Dominguez and Langacker®® obtained the estimate
(N |ss| V) 5
y T T 2
(N | (wu—dd)/2 | N) vap
under the assumption that the matrix elements in this ratio
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satisfy unsubtracted dispersion relations which can be satu-
rated by pairs of Goldstone bosons. Then y~0.36 and

Oan = (36 = 8) MeV (Ref. 68), (145)
this being close to (144).

Estimate of the parameter of the OZl-rule violation in the
parton model

The value of the parameter 8 (139) can be calculated*
in the parton model using the distribution functions of the
valence quarks, quark-antiquark pairs, and gluons in had-
rons; these are known from deep inelastic lepton-nucleon
scattering experiments. The parton model is based on the
assumption that the cross section of deep inelastic processes
is equal to the sum of the cross sections on the quasifree
quark-partons. In the framework of this model, the electro-
production and neutrino-production structure functions can
be expressed in terms of the corresponding distribution func-
tions f, (x), which are the probability that the partons of
species a have longitudinal component of the momentum

equal to xp (p is the nucleon momentum):
1

0<fo (<1, | dofo(@)=t.
0

Since nucleons can emit virtual mesons, a quark-anti-
quark sea is present in nucleons even at the smallest Q ? (pri-
mordial quark sea). The production of dimuon pairs of op-
posite sign in deep inelastic ‘neutrino and antineutrino
scattering was analyzed in Ref. 86 in order to determine the
sea of strange quarks in the nucleon. The results of this anal-
ysis do not contradict the assumption of SU(3) symmetry of
the ¢g sea. On the other hand, from neutrino experiments®’
the second moments®® of the quark and antiquark distribu-
tions of the sea were found to be 45, = 0.06 and £ 5 = 0.5£,
(£ foruand d, and £ ' for 5). It should be said that the value
0.5 for the SU(3) symmetry-breaking factor was chosen in
Ref. 87 rather arbitrarily.

Therefore, one can make the assumption of SU(3) sym-
metry of the g7 sea in the nucleon, as was done in Refs. 88
and 89. In addition, it is natural to assume that the ¢t pairs in
the wave function of the incident nucleon are not “internal”
but arise in the process of QCD evolution at sufficiently large
Q?~m?. The distribution functions of the valence quarks
and the quark-antiquark pairs of the sea vary by virtue of the
violation of scaling with variation of Q %; to estimate the pa-
rameter 5 (139), it is natural, in accordance with the mean-
ing of its definition, to use these distribution functions at
comparatively small Q?, corresponding to the start of the
asymptotic region. And to determine the initial distribution
of the quark sea in the nucleon it is necessary to choose
©? < Q7 = m?. Buttoinvestigate the quark-gluon structure
of the nucleon, one requires fulfillment of the condition
Q?»m). We note that the numerous current attempts to
solve the evolution equations of QCD?%-! are rather unin-
formative in the region @ > S m? in the sense that they do not
reflect the initial quark-gluon distribution but, in the best
case, give evidence of the possibilities of a ““test” virtual par-
ticle with the given Q2 Because of this, for our estimate of
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the parameter it is sensible to use the parton distribution
functions at @ ?~2 GeV? at the point frequently taken as a
reference point, at the beginning of the asymptotic re-
gion, 599092

Following Refs. 47 and 72, we can assume that the ma-
trix elements in (139) are proportional to the contributions
of the quarks of the corresponding flavor to the longitudinal
nucleon momentum,

1

p=1/3 S zqP (x) dz

0

-

(146)

ey

.y

Agifil = 2
B L reraentng
where xg" (x) is the distribution of the valence quarks with
respect to the longitudinal momentum, and xg” (x) is the
corresponding distribution of the quarks and antiquarks of
the g7 pairs. The expression (146) would be exact if the
distributions with respect to the longitudinal momentum of
the valence quarks and sea quarks and antiquarks were the
same. In fact, the quark distribution in the nucleon with
respect to the fraction x of the longitudinal momentum is
defined®® as

(N 1 Patq | Ny =g (2)+ g (),

where g(x)dx is the expected number of quarks of species ¢
having fraction of the longitudinal nucleon momentum from
X tox + dx. In our case, the relation (146) can be regarded
as an order-of-magnitude estimate.

In Ref. 40, the parameter B (146) was estimated by
means of the distribution functions of the valence quarks
("), the sea quarks and antiquarks (¢ ), and the gluons (g)
in the nucleon from Ref. 92 for @ 2~2 GeV?:

2q" (x)=3-1.7329-% (1 — 2)%; xgP (x) =0.87 (1 —2)%;
zg(x)=0.493 (1+n) (1—=)", n=3—9. ]

o (@) ds ]},

(147)

The gluon distribution is not well known but affects the

quark distributions comparatively weakly. Using (147) and
(146), we obtain*®

B =~ 0.09. (148)

It should be noted that the second moments of the dis-
tribution (147) of the nonstrange sea agree with the results
of neutrino experiments®’ and also with the results® of the
solution of the QCD evolution equations. Confidence that
the estimate (148) is correct in order of magnitude arises
from using the parton distribution function at different 02,
when these distributions vary. Indeed, calculation of B with
the quark and gluon distribution functions at 0% = 5 GeV?
(Ref. 88) gives the value S~0.12. Use of the distribution
functions® at Q2 = 5 GeV? gives 8~0.10.

In fact, the representation of 8in the form (146) means
that there is no violation of the OZI rule. If this rule is violat-
ed, gluons contribute to the matrix element (N |g|N ). Then
the parameter B can be expressed by

B=80z1VZ 3 (1+ 3 aozy)] ™",
where

(149)
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Agzi= (C + G)/V; (150)
V, C, G are, respectively, the contributions to the matrix
element (N |#u + dd +3s|N') of the valence quarks, sea
quarks and antiquarks, and gluons. Allowance for the gluon
contribution G in (150) at 10% violation of the OZI rule4#3
gives for 8 (149) the value*

B~ 0.13. (151)

Such values of the parameter 5, (148) and (151), corre-
spond to the B interval (142) used to obtain the result (144)
foro, .

Difficulties associated with the estimate of ¢, in the bag
model

Bag models trace their origin to P. N. Bogolyubov’s
paper of Ref. 93 and are a variant of quark models based on
the corresponding equations for bound states.**

In Ref. 95, the MIT bag model®®®” was used to obtain a
wide range of o, values corresponding to different non-
strange quark masses. The other hadron characteristics cal-
culated in this model are weakly sensitive to the choice of m.
The experimental value of the axial-vector constant g, of 8
decay of the neutron [g, = 1.255 4 0.006 (Ref. 98) ] is not
reproduced well in this model. To calculate o,y in the MIT
model, the interval allowed for the nonstrange quark mass in
Ref. 39 was chosen by requiring simultaneous description of
the experimental values of the proton mass, charge radius,
and magnetic moment. It was shown that in the framework
of the MIT model it is impossible to describe satisfactorily
ga simultaneously with these parameters. In Ref. 72,
allowance was made for the chiral contributions to the pion-
nucleon ¢ term in a “hybrid” model. However, in this case
the calculation of o, was not coordinated to the simulta-
neous description of the parameters of the light hadrons,
including g, and the pion mass.

It should also be noted that on the background of the
general success of the MIT bag model®®®’ in describing the
masses and other parameters of the light hadrons by means
of a small number of constants the pion is the greatest excep-
tion. A satisfactory description of the light hadrons together
with the pion has also not proved possible in the chiral-invar-
iant forms of the bag model.*®'%° Nor has it been possible to
describe the axial-vector constant g, in either the MIT bag
model®®®” or the two-phase chiral-invariant bag mod-
els.101192 Moreover, there is an indication that in models
which allow the existence of the pion field both outside and
inside the bag'°*'® the contribution of the pion field to the
axial-vector constant g, is equal to zero'® for a fairly large
class of functions describing this field.

For a reliable estimate of the pion-nucleon o term, it is
necessary to use a variant of the bag model which describes
satisfactorily the experimental data on the light hadrons,
including the pion, and also the axial-vector constant of neu-
tron 3 decay. In Ref. 41, an attempt was made to formulate
such a variant of the bag model.

For the description of the pion-nucleon ¢ term in the
bag model, the choice of the nonstrange quark mass
m, = m, = m,or theratiom,/m is very critical. In Ref. 41,
this ratio was taken to be equal to the mass ratio of the corre-
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sponding current quarks by analogy with QCD. In Ref. 41, it
was assumed that the failure to describe the pion in the bag
models is due to an incorrect approach to the influence of
spin-spin splitting, which in the case of 7 and p is particular-
ly large. Helpful for the solution of this problem is the ana-
logy with the nonrelativistic potential model of constituent
quarks for light hadrons. In Ref. 43, it was shown that the
masses of the light hadrons can be well described by the
formula

ma=2m;+Vy+ T4V, (152)

where /i, is the constituent-quark mass, ¥} is a scalar inter-
action, T'is the kinetic energy, and V; is the chromomagnetic
interaction responsible for the spin-spin splitting: for mesons

818y

Vs=PBu—==—, (153)
myig
and for baryons
8,8 8,-S ERE
Vo=Bs (o + 22+ 22
mymg Momg mymg

The representation for the hadron mass in the MIT
model®®®7 also includes the corresponding chromomagnetic
interaction E y;:

M;j(miR, m;R)
Eijp= 2 ?Laiuja;i_._’L_‘R—)_,

i>j

(154)

where o® is the effective quark-gluon coupling constant,
A = 1forbaryons and A = 2 for mesons, o; are the Pauli spin
matrices, M; (m; R,m;R) is a function of the masses of the
interacting quarks and the bag radius, and the summation is
over all the quarks of the hadron. Specifically,

(155)

my= 3\ MO L gRIBt By — 2
where n; is the number of quarks (antiquarks) of the hadron
of the corresponding flavor, w; /R is the self-energy of the
given quark in the spherical bag of radius R, and Z,, is the
dimensionless constant of the vacuum contribution. By ana-
logy with (152), it was assumed in Ref. 41 that E, (in the
absence of chiral contributions) is completely responsible
for the spin-spin splitting. This analogy requires equality of
the bag radii for the corresponding hadron pairs: NA, 7p,
KK *,etc. Animportant resultis thatin such an approach the
constants }; determined from the experimental spin-spin
splittings depend in practice only on the strangeness of the
pair of interacting quarks, i.e., this splitting can be described
by means of three constants.

Chiral invariance is introduced in Ref. 41 by represent-
ing the axial-vector current in the form

A* = gyiyt/2¢0, —fL0"D,, (156)
where 8, (respectively, 8, ) is equal to 1 inside (respectively,
outside) the bag and 0 outside (inside) the bag. The assump-
tion of approximate chiral invariance leads to a discontin-
uity of the flux of the axial current through the bag surface,
i.e., to the introduction of the parameter 7, which measures
the violation of the continuity of the axial-vector current,
into the boundary condition on the bag surface:
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ab i

IR i T ngy°tg. (157)

This parameter 7 renormalizes the pion field ® and the
chiral contribution to the hadron energy:
AE=+3 3 [aemo, 23| (158)

2 ar |r=r
a, b

The introduction of three parameters 7 in such an approach
(15 for the baryons, 7, for 7 and p, and 7, for K and K *)
makes it possible to describe the mass spectrum of the light
hadrons, including the pion, and the experimental values of
the axial-vector neutron S-decay constant g, and also the
charge radii of the hadrons and magnetic moments of the
baryons. The estimate of the pion-nucleon ¢ term with
allowance for the chiral contributions gives*!

0nn & 30 MeV. (159)

Of course, this result is approximate because of the consider-
able uncertainties in not only the estimates of the nonstrange
quark mass in the bag model but also the contribution of the
pion field to o,,. However, it appears that allowance for
these uncertainties cannot lead to a significant increase in
the value of o, calculated in the framework of the bag mod-
el.

CONCLUSIONS
Acceptable interval for the values of the pion-nucleon o term

Summarizing the results of our discussion of the calcu-
lations of the pion-nucleon o term, we conclude that the
range o,y = 34-50 MeV (144) calculated in the quark
model®**’ under the assumption of the (3,3*) @ (3*%,3)
breaking mechanism of the SU(3) ® SU(3) symmetry, with
allowance for the violation of the OZI rule and the uncer-
tainties in the masses of the current quarks,*~*5 matches the
interval (120) for o, calculated in Ref. 38 by expanding
the isosymmetric 7V amplitude near the physical threshold
and using the data of the energy-dependent phase-shift anal-
ysis. These intervals (144) and (120) for o,y also agree
with the interval o,y = 3347 MeV (72) calculated in Ref.
35 using sum rules for the isosymmetric pion-nucleus ampli-
tude and data on the scattering of slow pions by light nuclei,
and also with allowance for the renormalization of the soft-
pion part of the 7V amplitude in the nuclear medium.

Thus, as the acceptable interval for o, we can take

Onn = 30 — 50 MeV. (160)

We emphasize that the interval (160) is a consistent result
for o, obtained by very different methods. This result does
not contradict the estimates obtained earlier by methods of
the Fubini-Furlan type'®-** (o, ~30-35 MeV), and the
results of theoretical calculations [o, 5 ~32 MeV (Ref. 29),
O.n =36+ 8 MeV (Ref. 68), and o,,~35 MeV (Ref.
70)].

However, it should be noted that the methods of esti-
mating o,y which use extrapolation of the 7V amplitude to
the Cheng-Dashen point (v = 0, t = 2m? ) give much larger
values for o,y [60-70 MeV (Refs. 24-28)].

Thus, there is a certain contradiction between the re-
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sults of the studies that use extrapolation of the isosymme-
tric 7V amplitude to the Cheng-Dashen point and the re-
sults of alternative methods of estimating o,y. In this
connection, it must be emphasized that the value of or( 2m?)
calculated at the Cheng-Dashen point does not in general
differ from the value o(0) taken as the definition of the pion-
nucleon o term. It is, however, possible that the isosymme-
tric 7N amplitude is nonanalytic near the Cheng-Dashen
point.*”*? To reduce the influence of this possible nonanaly-
ticity, the result (120) was obtained in Ref. 38 by an expan-
sion of the isosymmetric 7V amplitude near the physical
threshold. With regard to the methods that use extrapola-
tion to the Cheng-Dashen point, for the calculation of .y it
seems justified to take into account the difference between
o(2m?) and o(0). Unfortunately, it is difficult to estimate
this difference correctly.”® However, if one takes for it the
value calculated in Ref. 69, — 14 MeV, then for this group of
studies it is found that o,y =51 +5 MeV [Eq. (117)].
Such a correction to a large degree eliminates the contradic-
tion between the results of these studies for the interval
(160) for the pion-nucleon o term. We emphasize that the
interval (160) for o,y agrees with the (3,3*) @ (3%,3)
mechanism of breaking of the SU(3) ® SU(3) chiral sym-
metry, in agreement with the Gell-Mann-Oakes—Renner
model® and QCD. We note that the acceptable interval
(160) for o,y could be further reduced by more accurate
experimental data on the 1s-level shifts of the pionic atoms of
light nuclei and by an improvement in the procedure for
extracting the pion-nucleus scattering lengths from these
data. For a further improvement in the result (160) it is also
necessary to raise the accuracy in the determination of the
coefficients in the expansion of the purely nuclear phase
shifts with respect to ¢° in the energy-dependent phase-shift
analysis of 7V scattering at low energies.

Pion-nucleon o term and parameters of the quark model.
Behavior of the ~A amplitude outside the region of physical
values of v and f and its bearing on the pion-nucleon o term
The pion-nucleon ¢ term is the parameter which mea-
sures the breaking of the SU(3)  SU(3) chiral symmetry
and gives important information for determining the struc-
ture of this breaking. The explicit form of the QCD Lagran-
gian gives certain restrictions on the mechanisms of this
breaking possible in the general case. Namely, the mass term
of the “bare” quarks in the QCD Lagrangian, which breaks
the SU(3) @ SU(3) symmetry, isa (3,3*) @ (3*3) represen-
tation of the chiral group. With such a mechanism for break-
ing the chiral symmetry, the pion-nucleon ¢ term in various
theoretical estimates is a function of the mass ratio m, /#i of
the current quarks, and also of the parameter # measuring
the violation of the OZI rule. To reconcile, for example, the
results of these theoretical estimates with the o, estimates
in the methods that use extrapolation of the 7V amplitude to
the Cheng-Dashen point (g, = 60-70 MeV),>*28 it is
necessary to assume a ratio m, /i both in the framework of
current algebra and in QCD. Another possibility for recon-
ciling these results would be to assume that the OZI-rule
violation parameter is #~0.37, which contradicts the ex-
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perimental data of Refs. 84 and 85. Thus, a more accurate
determination of o, would lead to a decrease of the uncer-
tainties in the parameters m,/m and f and also in the non-
strange-quark mass in the bag model.

We mention also the connection between the pion-nu-
cleon o term and assumptions about the behavior of the
pion-nucleon and pion-nucleus amplitudes off the mass shell
in the methods of Refs. 19-23 using sum rules of Fubini-
Furlan type, and also the connection with the behavior of the
N amplitude outside the region of physical v and 7 values in
the methods of Refs. 24-28, which use extrapolation of the
N amplitude to the Cheng-Dashen point. A more accurate
value of o, would make it possible to obtain information
about these properties of the 7V amplitudes and would also
indicate whether the procedures used to extrapolate o,y are
justified. In particular, this is related to the need to justify
the dispersion-relation method for the 7N amplitudes at
physical values of v as well as at v = 0.

We thank M. K. Volkov, B. L. Ioffe, E. K’h. Akhmedov,
Yu. V. Gaponov, V. B. Belyaev, and R. A. Eramzhyan for
interesting discussions and helpful comments.

We thank P. N. Bogolyubov and D. E. D’yakonov for
helpful discussions and also W. Weise, E. Werner, R. Brock-
mann, and R. Tegen for interesting discussions and G.
Hohler for stimulating comments.

1S, Weinberg, Phys. Rev. Lett. 17, 616 (1966).

2M. Gell-Mann, Phys. Rev. 125, 1067 (1962).

3M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178 (1958).

4Y. Ne'eman, Nucl. Phys. 26, 222 (1961).

5M. Gell-Mann and Y. Ne'eman, The Eightfold Way, Benjamin, New
York (1964).

SN. Cabibbo, Phys. Rev. Lett. 10, 531 (1963).

7S, L. Adler and R. F. Dashen, Current Algebras and Applications to
Particle Physics, Benjamin, New York (1968) [Russian translation
published by Mir, Moscow (1970)].

8V, de Alfaro et al., Currents in Hadron Physics, North-Holland, Am-
sterdam (1973) [Russian translation published by Mir, Moscow
(1976)1.

M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175, 2195
(1968).

194 T, Nieh, Phys. Rev. Lett. 20, 1254 (1968).

1R, Dashen and M. Weinstein, Phys. Rev. 188, 2330 (1969).

12] Goldstone, Nuovo Cimento 19, 154 (1961).

137, Goldstone, A. Salam, and S. Weinberg, Phys. Rev. 127, 965 (1962).

14 Lehmann, K. Symanzik, and W. Zimmermann, Nuovo Cimento 6,
319 (1957).

I5E, Reya, Rev. Mod. Phys. 46, 545 (1974).

16M, M. Nagels et al., Nucl. Phys. B147, 189 (1979).

179 Marciano and H. Pagels, Phys. Rep. 36, 137 (1978).

18 Fubini and G. Furlan, Ann. Phys. (N.Y.) 48, 322 (1968).

19p_Gensini, Nuovo Cimento A6, 98 (1971).

208, J. Hakim, Nucl. Phys. B36, 436 (1972).

21w, T. Huang, C. A. Levinson, and M. K. Banerjee, Phys. Rev. C5, 651
(1972).

22M, Ericson and M. Rho, Phys. Lett. B36, 93 (1971); Phys. Rep. 5, 57
(1972).

23\, K. Banerjee and J. B. Cammarata, Phys. Rev. D 18, 4078 (1978).

24y, A. Chao, R. E. Cutkosky, R. L. Kelly, and J. W. Alcock, Phys. Lett.
B57, 150 (1975).

25D, C. Moir, R. J. Jacob, and G. E. Hite, Nucl. Phys. B103, 477 (1976).

26, Nielsen and G. C. Oades, Nucl. Phys. B72, 310 (1974).

27G, Hohler, R. Koch, and E. Pietarinen, Preprint TKP 77-11, Karls-
ruhe (1978).

28W, Langbein, Nuovo Cimento A51, 219 (1979).

29T, P, Cheng, Phys. Rev. D 13, 2161 (1976).

30y P, Efrosinin and D. A. Zaikin, Yad. Fiz. 33, 75 (1981) [Sov. J. Nucl.
Phys. 33, 39 (1981)].

610 Sov. J. Part. Nucl. 16 (6), Nov.-Dec. 1985

3y, P. Efrosinin and D. A. Zaikin, in: Tr. II Vsesopuznogo seminara
“Programma éksperimental'nykh issledovanil na Mezonnoi JSfabrike
IYal AN SSSR.” Zvenigorod, 1981 (Proc. of the Second All-Union Se-
minar “Program of Experimental Research at the Meson Factory of the
Institute of Nuclear Research, USSR Academy of Sciences,” Zveni-
gorod, 1981), Institute of Nuclear Research, USSR Academy of Sci-
ences, Moscow (1982), p. 135.

32y P. Efrosinin and D. A. Zaikin, Kratk. Soobshch. Fiz. No. 3, 32
(1983).

3y P. Efrosinin and D. A. Zaikin, in: Tr. III Vsesoyuznogo seminara
“Programma éksperimental’nykh issledovanii na Mezonnol fabrike
IYal AN SSSR.” Zvenigorod, 1983 (Proc. of the Third All-Union Se-
minar “Program of Experimental Research at the Meson Factory of the
Institute of Nuclear Research, USSR Academy of Sciences,* Zveni-
gorod, 1983). Institute of Nuclear Research, USSR Academy of Sci-
ences, Moscow (1983).

34y P. Efrosinin and D. A. Zaikin, Yad. Fiz. 39, 1135 (1984) [Sov. J.
Nucl. Phys. 39, 717 (1984)].

35y, P. Efrosinin and D. A. Zaikin, Z. Phys. A 318, 357 (1984).

36y P. Efrosinin and D. A. Zaikin, in: Trudy simpoziuma “Nuklon-nuk-
lonnye i pion-nuklonnye vzaimodeistviya pri promezhutochnykh éner-
giyakh.” Gatchina, 1982 (Proc. of the Symposium “Nucleon-Nucleon
and Pion-Nucleon Interactions at Intermediate Energies,” Gatchina,
1982), Leningrad Institute of Nuclear Physics, USSR Academy of Sci-
ences, Leningrad (1982), p. 272.

37y, P. Efrosinin and D. A. Zaikin, Yad. Fiz. 37, 672 (1983) [Sov. J.
Nucl. Phys. 37, 400 (1983)].

38y P. Efrosinin and D. A. Zaikin, Phys. Lett. B136, 214 (1984).

39y P. Efrosinin and D. A. Zaikin, Yad. Fiz. 35, 1546 (1982) [Sov. I.
Nucl. Phys. 35, 904 (1982)].

40y P. Efrosinin and D. A. Zaikin, Yad. Fiz. 38, 1069 (1983) [Sov. L.
Nucl. Phys. 38, 642 (1983)].

41y P. Efrosinin and D. A. Zaikin, Yad. Fiz. 39, 115 (1984) [Sov. J.
Nucl. Phys. 39, 71 (1984) 1.

42y P, Efrosinin and D. A. Zaikin, Yad. Fiz. 34, 1044 (1981). [Sov.J.
Nucl. Phys. 34, 580 (1981)].

43y P. Efrosinin and D. A. Zaikin, Yad. Fiz. 37, 1532 (1983) [Sov. J.
Nucl. Phys. 37, 912 (1983)].

44y P. Efrosinin and D. A. Zaikin, Yad. Fiz. 40, 250 (1984) [Sov. J.
Nucl. Phys. 40, 159 (1984)].

45y P. Efrosinin and D. A. Zaikin, Z. Phys. C (1984).

46, Hufner, Phys. Rep. 21, 3 (1975).

47p. M. Gensini, Nuovo Cimento A60, 221 (1980).

48, F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956).

“SF_ Binon et al., Nucl. Phys. A298, 499 (1978); Yu. A. Shcherbakov et
al., Nuovo Cimento A31, 249 (1976).

501, Tauscher and W. Schneider, Z. Phys. 271, 409 (1974).

51C, R. Mason et al., Report TRI-PP-77-17, TRIUMF (1979); H. Poth,
“Compilation of mesic data,” Physik Daten 14, 1 (1979).

52p_ Gensini, Lett. Nuovo Cimento 38, 469 (1983).

537, K. Kerman et al., Ann. Phys. (N.Y.) 8, 551 (1959).

54A . W. Thomas and R. H. Landau, Report TRI-PP-79-23, TRIUMF
(1979).

55V, B. Belyaev and O. P. Solovtsova, Yad. Fiz. 33, 699 (1981) [Sov. J.
Nucl. Phys. 33, 363 (1981)].

36M. Gell-Mann and M. Levy, Nuovo Cimento 16, 705 (1958).

5TA. B. Migdal, Teoriya konechnykh fermi-sistem, Nauka, Moscow
(1983); English translation of 1st Edition: Theory of Finite Fermi Sys-
tems, Interscience, New York (1967).

8Yu. V. Gaponov, Yad. Fiz. 2, 1002 (1965) [Sov. J. Nucl. Phys. 2, 714
(1966)1; M. A. Troitskii and V. A. Khodel’, Yad. Fiz. 1, 205 (1965)
[Sov. J. Nucl. Phys. 1, 143 (1965) |; E. E. Sapershtein et al., Izv. Akad.
Nauk SSSR, Ser. Fiz. 41, 2063 (1977).

39K. Stricker et al., Phys. Rev. C 22, 2043 (1980).

SOR. Seki ez al., Phys. Lett. B97, 200 (1980).

61D, S. Beder, Nucl. Phys. B14, 588 (1969); K. Nishimoto et al., Prog.
Theor. Phys. 46, 135 (1971); I. Afnan and A. Thomas, Phys. Rev. C10,
109 (1974); R. Rockmore et al., Phys. Rev. Lett. 37, 1720 (1976).

62§ Chai and D. O. Riska, Nucl. Phys. A329, 429 (1979).

63R. M. Rockmore, Phys. Rev. C 24, 2193 (1981).

S4E. Friedman, in: Proc. of the Second Intern. Topical Conf. on Meson-
Nucleon Physics, Texas (1979), p. 404; Phys. Lett. B104, 357 (1981).

S5T. P. Cheng and R. Dashen, Phys. Rev. Lett. 26, 594 (1971).

86R. G. Moorhouse, Ann. Rev. Nucl. Sci. 19, 301 (1969).

7S, Adler, Phys. Rev. 139, B1638 (1965).

$8C. A. Dominguez and P. Langacker, Phys. Rev. D 24, 1905 (1981).

$°H. Pagels and W. J. Pardee, Phys. Rev. D 4, 3335 (1971).

V. P. Efrosinin and D. A. Zaikin 610



70J. Gasser and H. Leutwyler, Phys. Rep. 87, 77 (1982).

"'R. A. Koch, Z. Phys. C 15, 161 (1982).

"’R. L. Jaffe, Phys. Rev. D 21, 3215 (1980).

3G. Altarelli, N. Cabibbo, and L. Maiani, Nucl. Phys. B34, 621 (1971).

M. G. Olsson and E. T. Osypowski, J. Phys. G 6, 423 (1980).

M. G. Olsson, J. Phys. G 6, 431 (1980).

G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, Phys. Rev.
106, 1337 (1957).

”"J. Hamilton and W. S. Woolcock, Rev. Mod. Phys. 35, 737 (1963).

"8G. Hohler and R. Strauss, Z. Phys. 232, 205 (1970).

7°G. Hohler, H. P. Jacob, and R. Strauss, Phys. Lett. B35, 445 (1971);
Nucl. Phys. B39, 237 (1972).

8J. R. Carter, D. V. Bugg, and A. A. Carter, Nucl. Phys. B58, 378
(1973).

SIF. A. Berends and A. Donnachie, Nucl. Phys. B84, 342 (1975).

82G. Rowe, M. Salomon, and H. Landau, Phys. Rev. C 18, 584 (1978).

8G. Zweig, Report No. 8419/TH412 CERN; S. Okubo, Phys. Lett. 5,
165 (1963); I. Iizuka, K. Okada, and O. Shito, Prog. Theor. Phys. 35,
1061 (1966).

S“P. L. Woodworth et al., Phys. Lett. B65, 89 (1976).

837, Arafune, M. Fukugita, and Y. Oyanagi, Phys. Lett. B70, 221 (1977).

$SB. J. Edwards and T. D. Gottschalk, Nucl. Phys. B186, 309 (1981).

$M. Holder et al., Phys. Lett. B69, 377 (1977); J. G. H. De Groot et al.,
Z. Phys. C1, 143 (1979); Phys. Lett. B82, 456 (1979).

®5E. Reya, Phys. Rep. 69, 195 (1981).

%R. C. Hwa and M. S. Zahir, Phys. Rev. D 23, 2539 (1981).

°S. Wada, Phys. Rev. D 24, 1915 (1981).

'L 8. Zlatev et al., in: Tr. 4-go Mezhdunarodnogo seminara po proble-
mam fiziki vysokikh énergii i kvantovoy teorii polya. Protvino, IFVE,
iyul’ 1981 (Proc. of the Fourth International Seminar on Problems of

611 Sov. J. Part. Nucl. 16 (6), Nov.-Dec. 1985

High Energy Physics and Quantum Field Theory, Protvino, Institute of
High Energy Physics, July 1981), Vol. 1, p- 59.

22A.J. Buras and A. J. F. Gaemers, Nucl. Phys. B132, 249 (1978).

3P. N. Bogoliubov, Ann. Inst. Henri Poincaré 8, 163 (1967); P. N.
Bogolyubov, Fiz. Elem. Chastits At. Yadra 3, 144 (1972) [Sov.]. Part.
Nucl. 3, 71 (1972)].

**N. N. Bogolyubov, V. B. Struminskii, and A. N. Tavkhelidze, Preprint
D-1968 [in Russian], JINR, Dubna (1965); H. J. Lipkin and A. N.
Tavkhelidze, Preprint IC/65/54, ICTP, Trieste (1965).

%J. F. Donoghue, E. Golowich, and B. R. Holstein, Phys. Rev. D 12,
2875 (1975).

%A. Chodos, R. L. Jaffe, K. Johnson, and C. B. Thorn, Phys. Rev. D 10,
2599 (1974).

*'T. De Grand, R. L. Jaffe, K. Johnson, and J. Kiskis, Phys. Rev. D 12,
2060 (1975).

**Particle Data Group, “Review of particle properties,” Phys. Lett,
B111, 1 (1982).

%M. V. Barnhill, W. K. Cheng, and L. Halprin, Phys. Rev. D 20, 727
(1979).

'9°C, E. De Tar, Phys. Rev. D 24, 752, 762 (1981)

101M. V. Barnhill and A. Halprin, Phys. Rev. D. 21, 1916 (1980).

192M. M. Musakhanov, Yad. Fiz. 33,1621 (1981) [Sov. J. Nucl. Phys. 33,
873 (1981)].

%G, A. Miller, A. W. Thomas, and S. Theberge, Phys. Lett. B91, 192
(1980); S. Theberge, A. W. Thomas, and G. A. Miller, Phys. Rev. D
22, 2838 (1980).

'R, Tegen, M. Schedl, and W. Weise, Preprint, Regensburg (1982).

Translated by Julian B. Barbour

V. P. Efrosinin and D. A. Zaikin 611



