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The theory of pion scattering by nuclei at low energies (below 80 MeV) is reviewed. The experi-
mental situation is discussed. The present status of the optical model of the pion-nucleus interac-
tion is analyzed. The problem of taking into account the pion-absorption channel and its influence
on elastic scattering are considered. Despite considerable progress in the development of formal
aspects of the optical model, there are serious shortcomings in its practical applications. The
importance of making the theory consistent with the general requirements that follow from
unitarity is emphasized. A unitary approach to the description of low-energy pion-nucleus scat-
tering based on evolution with respect to the coupling constant is presented.

INTRODUCTION

The interaction of low-energy pions'’ with nuclei has
been intensively studied in recent years at the existing meson
factories (high-current proton accelerators). An advantage
of low-energy pions compared with resonance pions is that
their mean free path in nuclear matter is long compared with
nuclear dimensions. They are therefore more sensitive to nu-
clear structure and can be used for its study. In particular,
simultaneous study of the interaction of 7 and 7~ mesons
with nuclei can give valuable information about the proton
and neutron distributions.

Knowledge of the dynamics of the pion-nucleus inter-
action is needed for the analysis of numerous reactions ac-
companied by the production of pions. For example, an im-
portant part in the description of data on the
photoproduction and electroproduction of pions on nuclei is
played by allowance for their interaction in the final state.

If pions are to become a genuinely effective tool for ob-
taining new information about nuclei, a reliable theory of the
pion-nucleus interaction is needed. Significant progress has
been achieved in this direction, and ways of creating the
quantitative theory have been outlined (see, for example, the
reviews of Refs. 1-4 and the monographs of Refs. 5-7).
However, the practical realization is still far from complete.
The main difficulty is in the correct description of the chan-
nel of pion absorption in nuclear matter. It is in this channel
that pions differ in principle from other particles such as
electrons and nucleons generally employed to study nuclear
structure.

As a rule, interactions between particles and nuclei are
described by some formulation of the theory of multiple
scattering, which is fundamentally a potential theory.®® Itis
only in recent years that the manner in which the absorption
channel must be taken into account in the framework of such
a theory has become clear. A fairly full analysis has so far
been made only for the case of 7d scattering.'®"* The exact
integral equations of Faddeev for a three-particle system'?
make it possible to calculate correctly the potential part of
the problem, and these equations, generalized to the case
when the particle number is not conserved,'®!? give a real
picture of the influence of the absorption channel on the
other reaction channels. For nuclei with 433, the integral
equations become effectively useless from the point of view
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of numerical calculations. In this case, various forms of the
optical model are used to sum the multiple-scattering se-
ries.!” The optical potential is a complicated many-particle
operator and is constructed approximately in terms of the
two-particle pion-nucleon scattering amplitudes. Only in
special cases (see Refs. 3and 14) isit possible to establish the
inelastic channels that correspond to the imaginary part of
the potential obtained in this manner. Therefore, the pheno-
menological allowance for the absorption channel is not de-
termined uniquely, and the parameters that determine the
correction for the absorption depend on the adopted ap-
proximate scheme. It is therefore necessary to make the the-
ory consistent with the general requirements that follow
from unitarity. Only then can one obtain a correct picture of
the part played by the absorption channel.

Much attention has recently been paid (see, for exam-
ple, Refs. 3, 5, 15, and 16) to questions related to the consis-
tency of the theory with the unitarity condition. The present
review analyzes various theoretical schemes employed to de-
scribe pion-nucleus scattering at low energies from this point
of view. In particular, there is a detailed exposition of the
unitary variant of the theory of pion scattering by nuclei'®?®
based on the method of evolution of systems with respect to
the coupling constant.?

In this review, we consider mainly studies that have
concrete results on the description of elastic pion-nucleus
scattering data at low energies. Therefore, there is no discus-
sion here of the many studies (see Ref. 5) which have devel-
oped formal aspects of the theory and field-theory models.
Section 1 analyzes the experimental situation in low-energy
pion-nucleus scattering. Sections 2 and 3 discuss the prob-
lems of the optical model of pion-nucleus interaction and the
predictive power of the theory. Sections 4 and 5 present the
unitary approach to the description of pion elastic scattering
by nuclei. In the conclusions (Sec. 6), the prospects for the
theory of the low-energy pion-nucleus interaction are dis-
cussed.

1. SCATTERING OF LOW-ENERGY PIONS BY NUCLEI
(EXPERIMENT)

We consider the experimental data of recent years on
the measurement of the cross section of pion elastic scatter-
ing by nuclei at low energies. The systematic study has been
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made basically by three groups working at the meson fac-
toriess TRIUMF (Canada) and LAMPF (USA). At
TRIUMF, measurements have been made of the differential
cross sections of 7+ scattering by the carbon '>C nucleus at
30, 40, and 50 MeV,?! 7~ scattering by the '*13C and 161830
nuclei at 29 MeV, and also by the 2°°Pb nucleus at 50 MeV. 22
Recently,” the cross section of 7+ scattering by '*C was
measured there at the hitherto record low energy 13.9 MeV.

At LAMPF, one of the groups® has measured the dif-
ferential cross sections of 7+ scattering by a whole series of
nuclei from lithium to iron at 50 MeV. The other group at
LAMPF has measured the differential cross sections of 7
scattering by the *C, '°0, *°Ca, *Zr, and °*Pb nuclei at the
pion energies 30, 40, and 50 MeV,> and has recently ob-
tained data on the same series of nuclei at 20 MeV.26 In Ref,
27, the same group presented data on 7+ and 77— scattering
by “*Caat 64.8 MeV. A detailed discussion of the experimen-
tal data up to 1979 is given in the review of Ref. 28.

In the low-energy region in which we are interested,
there are data on 7+ scattering by the **He isotopes at 24
(Ref. 29), 25 (Ref. 30), 51 (Refs. 30 and 31 ), and 68 and 75
MeV,*"*? and also by the deuteron at 47.7 and 65 MeV.*

Thus, much material has now been accumulated on the
elastic scattering of low-energy pions by a considerable num-
ber of nuclei from 4 = 2 to4 = 208. The range of scattering
angles of the measured cross sections is in the interval from
20 to 160°. The most complete set of data is that on 7+ scat-
tering by '>C, the cross section of which has been measured
at energies from 14 to 50 MeV. There are more data on 7+
than 7~ scattering, the reason being the larger cross section
for 7~ capture in nuclear matter. Nevertheless, there are
now available simultaneous data for both 7+ and 7~ at low
energies for deuterium nuclei at 47.7 and 65 MeV,* the
**He isotopes in the interval from 25 to 75 MeV, >3 the 12C
nucleus at 30 and 50 MeV,2"?? the “*Ca nucleus at 65 MeV,?”
and ***Pb at 50 MeV.2"?2 Data of such type are of particular
interest from the point of view of obtaining information
about the proton and neutron distributions in nuclei, testing
the charge symmetry of strong interactions, etc.

Figure 1 presents experimental data for 7+ scattering
by '*C as a function of the energy of the incident pion. It can
be seen that with increasing energy the characteristic minj-
mum at g, ~60° due to interference between the pion-nu-
cleon s and p waves becomes more pronounced. The cross
section has a basically simple nature. As a function of A, the
form of the cross section also changes little (Fig. 2). For
nuclei with 4 2 40 at pion energies around 50 MeV a second
diffraction minimum appears, this shifting to smaller angles
with increasing energy in accordance with the law
qR = const, where ¢ is the momentum transfer and R is the
radius of the nucleus. The characteristic difference between
the differential cross sections for 7+ and 7 is shown in Fig.
3for7* scattering by *°Ca at 65 MeV.2’

Despite this simple behavior of the differential cross
section of pion scattering by nuclei at low energies, its theo-
retical description has proved to be a difficult problem. For
this reason, low-energy pion-nucleus scattering is regarded
as a test of the various models of the pion-nucleus interac-
tion. The first-order optical potential (Kisslinger, 1955)
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FIG. 1. Energy dependence of the differential cross section of 7™ elastic
scattering by the '*C nucleus. The data and curves (fitting to the pheno-
menological optical potential) are taken from Refs. 23 and 25.

obtained in the framework of multiple-scattering theory in
terms of the free 7V amplitudes proved to be inadequate for
the description of low-energy pion-nucleus scattering (see,
for example, Refs. 35 and 36). Thus, it was necessary to take
into account the second-order effect in order to obtain at
least a qualitative description. Very important in this energy
range is the part played by the pion-absorption channel.
Only when it is taken into account can one hope for a quanti-
tative theory.

2. OPTICAL MODEL IN THE COORDINATE SPACE
The scattering problem and pionic atoms

When the importance of second-order effects was rec-
ognized, the idea arose of describing the scattering data at
low energies phenomenologically by means of the optical
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FIG. 2. The 4 dependence of the differential cross section of elastic pion-
nucleus scattering at 50 MeV. The figure is taken from Ref, 25.
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FIG. 3. Differential cross section of 7% scattering by the *°Ca nucleus at
65 MeV. The curves represent fitting to the phenomenological optical
potential, the continuous one for 7+ and the broken one for 7~. The
figure is taken from Ref. 27.

potentials used to describe the shifts and widths of pionic
atoms.>**! The most complete investigation in this direc-
tion was made in Refs. 38 and 39. The potential proposed
there for nuclei with zero spin and isospin has the form

20U opt (r) = —4au [b(r) + B ()]
+4nVA{L(r) [e(+C M}V

B i (1)
—4n{ Bl v (r) + B VEC (r)},

where
Lo ={t -5 reo+cen}" (2)

is the vm]l:_kncwm42 Lorentz-Lorenz correction (LL effect),
b(r) =p,bop(r) andc(r) = cop(r)/p, aretheterms linear
in the nuclear density p(7) (the density is normalized by the
number of nucleons), B(r) =p,Bop’(r) and C(r)

= Cop*(r)/p, are the terms quadraticinp, p; =1+ o/M
andp, = 1 + w/2M are kinematic factors, w is the total pion
energy, and M is the nucleon mass.

This potential is a kinematic extrapolation of the well-
known Ericson-Ericson potential*® for pionic atoms. In par-
ticular, the terms with the Laplacian arise from the angle
transformation on the transition from the center-of-mass
system of the (7, N) and (7, 2N) subsystem to the pion-
nucleus center-of-mass system. The importance of this
transformation was pointed out for the first time in Ref. 43.
The terms linear in p, b(7), and c(r) correspond to the po-
tential part of the interaction, while the quadratic terms
B(r) and C(r) take into account the pion-absorption chan-
nel under the assumption of a two-nucleon mechanism.

Parameters of the optical potential (pionic atoms)

The single-particle parameters b, and ¢, occur in the
N scattering amplitude
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fan = by + by (1) + [ep + ¢ (t-9)] (koK) (3)

and, therefore, can be obtained from the data of phase-shift
analysis of 7N scattering. Here, t and /2 are the isospin
operators of the pion and nucleon, and k and k' are the pion
momenta before and after scattering. It is known that at the
threshold (k—0) the isoscalar scattering length is approxi-
mately zero, b, ~0. Therefore, the potential (1) contains
the quantity*

by=by+ b, b= — (b} +2b7) (1/r), (4)

which arises in the s-wave term when multiple scattering of
the pion on a pair of nucleons is taken into account. The
reciprocal correlation length of two nucleons is represent-

ed® by its expression in the Fermi-gas model:
{1/r) = 3ky/2m, where kg is the Fermi momentum
(kg =14F~1).

The absorption-correction parameters B, and C,,and
also the parameter A, which determines the strength of the
LL effect, are usually regarded as free and are obtained by
fitting to the data on pionic atoms (see the reviews of Refs. 1
and 44-46). Actually, the adjustable parameters also in-
clude b, since a better description of the data is obtained at
values of it much larger than suggested by (4). One of the
parameter sets of the optical potential (1), obtained in Ref.
38 for the description of the shifts and widths of pionic
atoms, is given in TableI (set 1). It differs only slightly from
the standard set (see Ref. 2) on account of the terms propor-
tional to V2p contained in (1).

Unfortunately, it is not possible to determine the pa-
rameters of the optical potential uniquely from the data on
pionic atoms. There is a correlation between the s-wave (Re
bo,ReB,) andp-wave (Reco, ReCo) parameters.***° Ap-
proximately constant are linear combinations of them*’: Re
by =Re by + pS, Re B,and Rec.e =Recy +pf, Re Co,
where p, = po/2 and p, = 3p,/4, and p, = 0.134 ~?is the
density of nuclear matter (1~ ! = 1.4 Fis the reciprocal pion
mass). For the p-wave parameters, the situation is further
complicated by the fact that they are also correlated with the
parameter A of the LL effect, and the value of this parameter
is very uncertain."** In particular, it was noted in Refs. 1
and 40 that the data on pionic atoms do not give any indica-
tions of the existence of the LL effect, i.e., they are compati-
ble with A = 0. We recall that the classical value of this pa-
rameter®> is 1. Thus, there is a whole set of
phenomenological optical potentials that describe the pionic
atoms equally well.

TABLE I. Parameters of the optical potential for pionic atoms.

Parameters set 1 (Ref. 38) set A (Ref. 39)
T —0.028 —0.033
By, p? —0.0434-10.043 0.002+i0.048
Cor 173 0,266 1,234
Oy [ —0.10-1i0.10 0.036--i0.,117
A 1 1.4
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Optical potential and theory (pionic atoms)

There have been several microscopic calculations*’->°
of the parameters B, and C o of the optical potential under
the assumption of the two-nucleon absorption mechanism,
for which these parameters can be expressed in terms of the
diagrams that make the main contribution to the Td<>NN
process. The calculations are reviewed in Ref. 4 (see Sec. 4.2
there). The nucleon-nucleon correlations are calculated
with allowance for the exchange of 7 and p mesons. The
exchange of heavier mesons is simulated by the introduction
of a repulsive core (core radius r, ). The corresponding ma-
trix elements are calculated, as a rule, in the Fermi-gas mod-
el for infinite nuclear matter. The results of the calculations
are very sensitive to the cutoff parameter r. and to the pa-
rameters of the vertex functions. It should be noted that in
such an approach an enhancement of the LL effect is predict-
ed, this giving for the parameter A a range of values from 1 to
2.4%° With regard to the numerical results for B,and C,,a
more or less stable value is obtained only for Im C ot (0.12—
0.16)4~5, this being fairly close to the empirical value (see
Table I). The value of Re C,, depends strongly on the com-
putational scheme, the value 0.036 ~ ¢ being obtained for it
in Ref. 47 but 0.121 =% in Ref, 48. It is interesting that Re C,,
and Im C|, in the given model have the same sign. We recall
that thestandard choicegives Re C, = — Im C,,."*6 This
underlines the strong correlation between the parameters A
and Re C,,.

The s-wave parameters b, and B, of the optical poten-
tial can be strongly influenced by the corrections associated
with the influence of the medium on pion propagation.*®
Their values depend strongly on the parameter A. Thus, the
theoretical situation with regard to the parameters b, B,
and C, in the model of Ref. 4 is as yet uncertain.

In Ref. 39, the data on pionic atoms were fitted using
the potential (1), in which some of the parameters were cho-
sen in accordance with the theory of Refs. 47 and 48. Table I
gives one of the sets (set A ), in which the parameters A, b,
ImB,,and Im C,, were regarded as free, whileRe B, and Re
C were taken from Ref. 47. The two sets (set I and set A)
describe the shifts and widths of the pionic atoms equally
well.
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FIG. 4. Differential cross sections of 7+ scattering by the SO nucleus.
The continuous curves represent the calculation with the optical potential
(1) with the parameters of set 1 in Table IL. The data are from Ref. 25, and
the figure is taken from Ref. 38,
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Low-energy pion-nucleus scattering

Can scattering data narrow the class of optical poten-
tials equivalent from the point of view of pionic atoms? This
question was investigated in Refs. 38-40 with different pa-
rameter sets (two of them given in Table I). No particular
sensitivity was found—the differential cross sections hardly
differ (see Fig. 3 in Ref. 39). Thus, in the scattering ¢ yblem
thereis also a correlation between the parametersb, and B,
and also ¢, C,, and A (see the detailed discussion in Ref.
40). However, the dataat T’ =~ 30 MeV cannot be satisfacto-
rily described with the optical-potential parameters deter-
mined from the data on the pionic atoms (Figs. 4and 5); the
dependence of these parameters on the energy must be taken
into account.

Energy dependence of the optical-potential parameters

The energy dependence of the potential parameters b, ,
and ¢, was taken into account in Refs. 38 and 39 by the
introduction of the pion-nucleon amplitudes (3) in place of
the 7V scattering lengths. It was shown in Ref, 38 that Re
by, and Re ¢,; hardly change in the range of energies
T ~50MeV. However, the parameters b o,1 and ¢, acquire
imaginary parts corresponding to quasielastic pion scatter-
ing. To take into account the influence of the medium on this
process, the imaginary parts of the phase shifts were multi-
plied by a Pauli suppression factor @, (k), which was calcu-
lated in Ref. 51 for infinite nuclear matter. The imaginary
part of the parameter b, (4) is formed not only by the 7N
phase shifts, but also by the correlation quantity (1/r),
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FIG. 5. Differential cross sections of elastic pion-nucleus scattering at 40
MeV. The data are from Ref. 25, and the curves represent the calculation
with the optical potential (1), the continuous curves corresponding to the
parameters of set A in Table I and the broken curves to set A in Table II.
The figure is taken from Ref, 39.
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which for low-energy pions in the Fermi-gas model has the
form*®

Amy=22 1 ikt 0 (),
" where k . is the Fermi momentum, and k is the pion momen-
tum in the pion-nucleus center-of-mass system. Note that
when the imaginary parts of the parameters b, ande,in (1)
are determined in this manner the excitation spectrum of
real finite nuclei is not taken into account. There is no cor-
rect quasi-two-particle limit of the theory, i.e., the imaginary
parts do not vanish at pion energies below the threshold for
excitation of the nuclear system.

The parameter A arises in Ref. 42 through the short-
range two-nucleon correlations. At T, ~50 MeV, the pion
momentum is k ~0.6 F~ . Therefore, at core radius 7, ~0.5
F we have kr, =0.3, i.e., this parameter is fairly small at
energies up to 50 MeV, and the dependence of 4 on the ener-
gy can be ignored. For the same reason, the parameters B,
and C, must depend weakly on the energy. Their energy
dependence can be estimated more accurately (see Ref. 52)
by considering the energy dependence of the cross section of
the 7 d<>pp process:

92
o(n'd - pp)=-7 (—”!:—)2 [%:_ 4oty A+ ayna 0 {ui):‘ 5 (5)
where 7, = p, /i, p, and p, are the pion and proton mo-
menta in the 7d center-of-mass system, and &, are ener-
gy-independent constants. It is found from this that B, and
C, vary by only 33 and 21%, respectively, in the energy
range T, = 0-100 MeV. In Ref. 47, the energy dependence
of Im B, and Im C, was calculated in the one-boson ex-
change model and a strong variation of these parameters was
obtained, namely, in the interval from 0 to 50 MeV these
parameters increase by almost a factor of 2.

Table II gives two different ways of extrapolating the
parameters B, and C, (see Table I) to the region T, ~50
MeV. In the first case (set 1), they were taken to be con-
stant,® while the second set (set A) was obtained by taking
into account their energy dependence in accordance with
Ref. 47. The corresponding differential cross sections are
shown in Figs. 4 and 5. It can be seen that the description has
not been significantly improved. At lower energies (7, =40
MeV), the differential cross section is reproduced better
with the optical-potential parameters corresponding to the
pionic atoms. This was also noted in Refs. 23 and 26, which
give data on 74 scattering at T, = 14 and 20 MeV. How-
ever, with increasing A the description of the differential

TABLE II Parameters of the optical potential for the scattering problem:
T, = 50 MeV.

Parameters set 1 (Ref. 38) set A (Ref. 39)
by IE —0.028+410.004 —0.040-i0.004
By nt —0.0434-10.043 —0,0054i0.063
75 i i 0.266--i0.011 0.266-1-10.011

0.045--10.150

—0.10-+i0.10
1 1.4
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cross sections at the given energy becomes less good (Fig. 5).

Extremely sensitive to the imaginary part of the poten-
tial are the total scattering cross sections (0 ), the total
reaction cross section (o, ), the quasielastic scattering cross
section (o, ), and the absorption cross section (o, ). These
cross sections were calculated in Ref. 38 by the DWBA. In
particular, for (7% , '*C) it was found that g, (77) = 126
mb, while o, (7~ ) = 159 mb at 50 MeV. Recent measure-
ments®® of the total cross section of pion absorption by a
number of nuclei at T, = 50 MeV gave for (7*, '?C) the
values o, (7+) =88 +27mb and 0, (77) =2201 30
mb.

The unsatisfactory situation at T, = 50 MeV, and also
the deteriorating description with increasing 4 at given ener-
gy, may arise not only from the procedure for extrapolating
the parameters B, and C, responsible for the absorption to
this region of energies. It is also necessary to take into ac-
count correctly the energy dependence of the potential pa-
rameters b, ¢, and others, something that was done rather
crudely in Refs. 38 and 39. Indeed, just as the real parts of the
parameter pairs bo, B, and ¢, C, are correlated, so must
their imaginary parts be,*® since the differential cross sec-
tions are sensitive only to the total imaginary part of the
optical potential.

Thus, at low energies it is necessary to take into account
more correctly the potential part of the pion-nucleus interac-
tion. In this connection, we must point out the important
part played by off-shell effects in the construction of the opti-
cal potential (see Refs. 3 and 54). Potentials of the Kiss-
linger type ( ~VpV) correspond to the assumption of a zero
range of the 7N interaction, i.e., from the very beginning
there is here an incorrect picture of the off-shell behavior of
the 7N scattering amplitude. Allowance for a finite range of
the 7N interaction (7,5 ~0.3-0.5 F) leads in particular toa
significant weakening of the LL effect in nuclei.” It is also
necessary to take into account the effects of the binding of
the nucleons in nuclei in order to ensure the correct thresh-
old behavior of the pion-nucleus scattering amplitude. None
of this can be done at all easily if we remain in the coordinate
space,’® since the characteristic simplicity (locality) of the
Kisslinger potentials is lost.

3. OPTICAL MODEL IN THE MOMENTUM REPRESENTATION

In recent years, great efforts have been made (see Refs.
1,3, 5, and 6) to construct a theory of the pion-nucleus inter-
action directly in the momentum representation. In such a
formalism, avoiding the additional approximations needed
to obtain a local optical potential in the r space, one can
systematically take into account off-shell effects, multiple-
scattering effects (using nuclear models more realistic than
the Fermi-gas model), and relativistic aspects of the prob-
lem, and one can also generalize the theory to the case when
the particle number is not conserved, i.e., one can take into
account the pion-absorption channel. As the basic dynami-
cal equation, we have here the Lippmann-Schwinger equa-
tion for the many-particle T scattering matrix, on the basis
of which the series for multiple scattering® of the pion on the
nucleons of the nucleus is constructed. The optical model
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arises as an effective method of summing this series when the
elastic scattering amplitude is calculated. A detailed review
of various versions of the optical model and its applications
is given in Ref. 3. We here restrict ourselves to analyzing the
problems that arise in the description of the scattering of
low-energy pions by nuclei.

Potential plon-nucleus interaction

The theory of multiple scattering is a potential theory
based on the Hamiltonian

A
H=K +H,+V, V= .21 vi, (6)
=
where K, is the operator of the pion kinetic energy, H, isthe
Hamiltonian of the nucleus, and v is the potential of the
interaction of the pion with nucleon i of the nucleus. The
effects of the many-particle forces, which arise in any realis-
tic theory of 74 interaction (see, for example, Ref. 5) are
here ignored.

The many-particle T matrix of pion-nucleus scattering
is determined by means of the Lippmann-Schwinger equa-
tion

T = 3v* + ZviGT, (7)
where G is the Green’s function

G(E) = (E +i8 — K, — H,) (8)

We introduce the auxiliary operator 7:

T = v; + v,6G4T;, 9

which has the physical meaning of the # matrix of pion scat-
tering by a bound nucleon of the nucleus. The operator 4 in
(9) is responsible for antisymmetrization of the nuclear
wave functions in the intermediate states, Eliminating the
potentials v; from Egs. (7) and (9), we obtain the following
expansion of the T matrix in powers (in collision multiplic-
ities) of the 7 matrices:

T(E)=2 v (E)+ X v,(E)Gdr,(E)~ .. .. (10)
i 197

—
=

which is known as the Watson series.®

Optical model

For exact solution of the problem, there are two equiva-
lent variants of the optical-potential method: the Watson
formulation (W)® and the Kerman-McManus-Thaler for-
mulation (KMT).® A detailed discussion of the difference
between these approaches can be found in Refs, 1,5, 14, and
57

The equation for the T matrix of elastic pion-nucleus
scattering in the W and KMT methods can be written®® as
follows:

7’ (E):U(E)—E—U(E)pG(E) I (E), (11)

Where 7" = (4 — §)T/4, P = |0) (0| is the operator of pro-
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jection onto the ground state of the nucleus, G(E ) is the

Green’s function (8), and the parameter § = 0 corresponds

to the W formulation, and § = 1 to the KMT formulation,
The optical potential U(E) satisfies the equation

UE)=AU—8)tE)+ (A —1)1(E)6E) U ®E).

i . okt (12)
Here, 0 = 4 — Pisthe operator of projection onto the excit-
ed states of the nucleus, and the operator 7 is determined by
Eq. (9), where for S = 0 (W formulation) 4 must be re-
placed by the operator Q. In writing down Egs. (11) and
(12), it is assumed that all the operators are defined on the
space of antisymmetric nuclear states.

First-order optical potential

By the first-order optical potential one means the ap-
proximation linear in the 7 matrix:

UD(E) = (4 — 8) © (B). (13)
In this approximation, the two approaches (W and KMT)
are, as can be seen from (11) and (12), equivalent if the
matrix is the exact solution of Eq. (9). In the usually em-
ployed impulse approximation,

T (E) ~ 1 (0), (14)
where ¢(w) is the free 7N scattering matrix, the equivalence
is lost and the difference between W and KMT can be re-
garded as an indication of the importance of the second-
order effects.

The 7 matrix can be expressed more accurately in terms
of the two-body ¢ matrix as follows:

T (B) =t (0) + ¢ (0) [0G (E) — g ()]

T (E) + St (o) PG (E) 1 (E). (15)
Here g(w) is the two-particle Green’s function, S distin-
guishes the W and KMT approaches, and o is the pion-nu-
cleon collision energy, which is usually regarded as a param-
eter of the theory chosen on the basis of physical or
mathematical considerations.

There exist different possibilities for choosing . In the
spirit of the impulse approximation, the most natural is the
so-called two-particle variant:

0 = oz (k) + Ey (py), (16)
where k is the momentum of the incident pion, and p, is the
momentum of the nuclear nucleon. In this case, we have the
half-off-shell matrix, and Eq. (15) takes the form (S=1)"

T(E) = Zp, [t (o)) + t (wy) @ (E) — g (0,)) T (B)], (17)

where p, = |y, ) (.| is the operator of projection onto a
definite state of the free Hamiltonian & o=K_,+K,, and
K, is the kinetic-energy operator of the nucleons.

In the impulse approximation, the first-order potential
has the form™
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& | UD (E) k) = (A — ) poo @ | dpFuo @, P)

X (k' p+po— qlt(wo) |k, P+ Ppol (18)
where po = —k/4 +q(4 —1)/24, q= k' —k, k and K’
are the pion momenta before and after scattering, poo is the
nuclear form factor with parameters taken from electron
scattering data, F is the single-particle density Z,@ 2(p),
@.. is the single-particle wave function, and @, is the colli-
sion energy of a pion with momentum k and a nucleon with
momentum p + po - This expression is obtained in the factor-
ization approximation and is well justified only for a wave
function of the Gaussian form @, ~exp( — ap®). By averag-
ing the two-particle ¢ matrix of wN scattering in (18) by
means of the single-particle density one can take into ac-
count the Fermi motion of the nuclear nucleons.

Angle transformation

The final aim is to express the optical potential in terms
of the N scattering phase shifts. For this, it is necessary to
express the two-particle 7 matrix in (18), which is deter-
mined in the pion-nucleus center-of-mass system, in terms of
the two-particle # matrix in the pion-nucleon center-of-mass
system. In a fairly general form, this transformation can be
expressed as

&, p It |k p) =7y & 7@ (19)
In the nonrelativistic case, the factor ¥ is unity, ¥ = 1, and
the pion momenta x and %' in the pion-nucleon center-of-
mass system can be expressed in terms of the corresponding
quantities in the pion-nucleus center-of-mass system:

.

e-i(E—f). R (E- ).

where  and M are the masses of the pion and the nucleon,
and /i is their reduced mass. The scattering angle in the pion-
nucleon center-of-mass system can be expressed in terms of
the scattering angle in the pion-nucleus system by means of
the condition of invariance of the momentum transfer:
=K —k)?>=(x—x)"

In the case of pion-nucleus scattering, the pion cannot
be regarded as nonrelativistic even in the low-energy region,
since its kinetic energy is comparable with its mass when
T, ~50 MeV. There was therefore proposed>” a simple gen-
eralization of the Lorentz transformation for the # matrix
(see Ref. 8) to the off-shell case, the factor y being chosen in
the form

¥ = [0x (%)@ (%) Ey (%) Ex (")
(0= (k) 0= (k) Ex (p) Ex (p) )]s

where @, and E,, are the total energies of the pion and the
nucleon, and the connection between the scattering angles
was determined from the condition of invariance of the four-
dimensional momentum transfer, t=(k'—k):?
= (%' —x)}ie,

(20)

' — 0 (%) wa (2') —oq (k) o (F) + kK.

(21)
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The approximate nature of this transformation must be
borne in mind. First, the transfer ¢ is invariant only if the
total 4-momentum of the 7N subsystem is conserved in the
scattering process. To be more correct, one must make the
Lorentz transformation®"*

= Q—1(Q-K)/ (K, (Ko +-V s DK }
20 =K —P—[(u*—M?)/s] K; (22)
K = (K), K)= (o (k) +Ex(p), k +p)

separately for the initial and final states. Here, s = (k+p)?;
k and p are 4-momenta: k = (@,, k), p= (Ey, p). The
expression for the final momentum »’ is obtained by simple
replacement: k—k ', p—p’, and s by s’ = (k' + p')* How-
ever, as was shown in Ref. 3, in real calculations the transfor-
mations (21) and (22) lead to the same numerical results.
Second, the transformation (19) for the off-shell ¢ matrix
does not reduce simply to the factor ¥ (see Ref. 63, and also
Sec. 2.3 in Ref, 5). It has a more complicated form, differing
by an additional kinematic factor as well as by an additional
integral term that has a dynamical origin (for the off-shell
continuation, it is necessary to use the equation for the ¢
matrix). Thus, the expressions (19 )—(21) must be regarded
only as a certain approximation that is adequate in the non-
relativistic limit with respect to the nucleon. Allowance for
the angle transformation is very important even at low ener-
gies. It significantly increases the s-wave repulsion due to the
contribution from the P;; wave.

Summarizing, it can be said that the technique for cal-
culating the first-order potential has been fairly well devel-
oped in the optical model in the p space.

At low energies, the first-order potential, like the Kiss-
linger potential (see Sec. 2), does not describe the scattering
data satisfactorily. It is necessary to take into account sec-
ond-order effects such as the corrections to the impulse ap-
proximation (correction for the binding energy of a nucleon
in the nucleus), the corrections to coherent scattering
[allowance for the second term in Eq. (12) for the optical
potential], etc.

Three-particle model of the w4 interaction

In order to take into account more accurately the nu-
cleon binding energy in the nucleus, a three-particle model,
in which the collision of the pion with the nuclear nucleon
takes place in a certain average field formed by the remain-
ing A — 1 nucleons (core), was considered.** Such a gener-
alization of multiple-scattering theory was proposed for the
first time in Ref. 60. As in any three-body problem, the prob-
lem here arises of separating the disconnected diagrams cor-
responding to the free ¢ 7 matrix of 7N scattering and the ¢
matrix for scattering of nucleon j by the single-particle po-
tential U7.

For the optical potential of first order the expression
obtained in this scheme has the form

D =l — T e (23)

J

Here, 7, is the solution of the Faddeev equations
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b S
¢
T= th[])Tgv

where G{ =(E+if—K, —K, —K. —H,)"! is the
Green’s function; K, K;, and K are the kinetic-energy op-
erators of, respectively, the pion, nucleon, and core, de-
scribed by the Hamiltonian H_,and 7, is an auxiliary opera-
tor.

Of course, the solving of the Faddeev equations and the
calculation with them of the potential with which one must
then solve the Lippmann-Schwinger equation in order to ob-
tain the required scattering amplitude is a technically most
complicated problem.

Therefore, in Ref. 52 only the first term in ( 24) was
taken but the collision energy of the free 7N amplitude was
chosen in accordance with the three-particle nature of the
model, i.e.,

03 = 0 (k) + k2M, — | B |

— (0 + po -+ K)¥2M + M, (25)

where the momentum p, is defined in (18). Here, the nu-
cleons are regarded as nonrelativistic: M 4 18 the mass of the
nucleus and M is the reduced mass of the 7N system and the
core. The term — |B | corresponds to the nucleon binding
energy. The difference between w, and @, (16) is most
clearly seen by comparing them in the limit 4 »land k~0:

03 = wy — | B | — p*2M,

i.e., the collision energy of the two-particle 7V system is
shifted compared with w, by the binding energy and the
nucleon kinetic energy, i.e., by almost 25 MeV for light nu-
clei, where (p*|2M ) ~20 MeV and |B | ~5 MeV. This leads
to a very strong decrease in the cross section at energies
T, <70 MeV. Therefore, invoking the important part played
by pion-rescattering effects, which are not taken into ac-
count in the quoted study, the authors regard |B | as a free
parameter of the theory. This is unsatisfactory from the
point of view of the unitarity condition, since |B | determines
the correct threshold behavior of the optical potential, deter-
mining the upper limit of the range of variation of the energy
@3 =(— o, T, —|B|),ie, for T, <|B| the potential is
Hermitian. Even at |B |~0 the energy shift is still large,
about 20 MeV. It is compensated by introducing corrections
for Pauli blocking and absorption (see below). Doing this,
the authors obtain a very good description of the scattering
data at low energies (see, for example, Fig. 6). It should,
however, be noted that the data of the calculations are ex-
tremely sensitive to the balance of various corrections, and
also that there is a free parameter |B | in the theory.

A series of studies® developed a covariant optical mod-
el for describing elastic pion-nucleus scattering based on the
relativistic variant of multiple-scattering theory. In this ap-
proach, only the first order of the theory (triangle diagram)
for the optical potential has been studied in any detail. The
second-order effects are taken into account phenomenologi-
cally by the introduction of a correction to the potential, the
parameters of the correction being determined by fitting the
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FIG. 6. Differential cross sections of elastic 7+ scattering by the '2C
nucleus. The data are taken from Ref. 2 1; the continuous curves represent
the calculation in accordance with the optical model with the three-parti-
cle choice of the energy of the 7NV subsystem (25) and with allowance for
the absorption channel. The figure is taken from Ref. 21.

data. In its practical realization, this approach is very close
to the three-particle model presented above.

Second-order potential

There have been very few second-order microscopic
calculations®®®® —such calculations are very laborious.
Mainly, the second-order effects have been illustrated by the
example of 7**He scattering. The general structure of the
second-order potential in the impulse approximation and
the completeness approximation has the form

(27 (k" | UMD (E) | k)

dk”

ij(ﬂ’fi‘lk”)M"Itz[K)

X UA—1) (4—38) Coy (k' —Kk", k" —k)

— (A= 8)*pgo (k" — k") pyy (k" — k)], (26)
where the indices 1 and 2 of the ¢ matrices relate to the spin-
isospin parts of these operators, averaging of which over the
nuclear wave functions is understood in the given approxi-
mation; k, k', and k” are the pion momenta in the pion-
nucleus center-of-mass system, and x, x', and %" are the
momenta in the pion-nucleon system. Further, C,(q, q') is
the two-particle correlation function, and py, (q) is the form
factor of the nucleus.

The expression (26) for the second-order potential is
obtained by taking into account the correction to the im-
pulse approximation [the second term in Eq. (15)] and to
the coherent approximation [second term in Eq. (12)]. It
was shown in Ref. 58 that these two corrections to a large
degree cancel each other. The effect of the second-order po-
tential on the differential cross section of 7*He scattering at
51 MeV is shown in Fig. 7, i.e., it is large. It was found that
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FIG. 7. Differential cross section of 7~ scattering by “He at 51 MeV. The
data are taken from Ref. 31; the curves represent the calculations in accor-
dance with the optical model (without allowance for absorption), the
continuous curve representing the first-order potential and the broken
curve the second-order potential (U + U®). The figure is taken from
Ref. 58.

the difference between the contributions of the second-order
potential in the W and KMT formulations increases with
decreasing energy, reducing at the same time the rather
strong difference between these formulations in the first or-
der of the theory. The results obtained in Refs. 58 and 65
agree qualitatively with one another. Quantitatively, their
discrepancy in the contribution of the second-order poten-
tial is due mainly to the choice of the energy of the pion-
nucleon ¢ matrix. The two-particle variant ( 16) was used in
Ref, 65, whilein Ref. 58 use was made of an expression of the
form

L E oAt

o=E——r 5 7

(k+k")?, (27)
where E is the total collision energy, and i and M are the
reduced masses of the 7N and 74 systems. This expression is
Galileo-invariant and effectively lowers the two-particle en-
ergy by 3-10 MeV compared with the two-particle choice.
We note that the expression (27) does not ensure the correct
threshold behavior of the optical potential.

Allowance for the pion-absorption channel

The main difficulty in the theory of the pion-nucleus
interaction is the description of the channel of pion absorp-
tion in the nuclear medium. It is only recently that definite
results have been achieved in this direction. A fairly full
analysis has hitherto been made only for 7rd scattering on the
basis of the Faddeev equations generalized to the case in
which the particle number is not conserved.'®!? The influ-
ence of the absorption channel on elastic 7d scattering at
T — 47.7 MeV is illustrated in Fig. 8. The formalism of Ref.
10 was generalized to the general case of pion-nucleus scat-
tering in Ref. 66. A systematic exposition of the optical-po-
tential method with allowance for the absorption channel is
given in Ref. 5.

The expression for the 7'matrix of pion-nucleus scatter-
ing in this case has the form

Tap =T + TS | T35 =QuATwg T,

(28)
where T',, and [y, are the many-particle vertex operators
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FIG. 8. Differential cross section of 7 *d scattering at 47.7 MeV. The data
are from Ref, 33, and the calculation is in accordance with the Faddeev
equations, the broken curve corresponding tono allowance for the absorp-
tion channel and the continuous curve to the complete calculation. The
figure is taken from Ref. 11.

that determine the absorption and creation of a pion in the
nuclear system, and g, is the total Green’s function of the
system of interacting nucleons. The diagrammatic represen-
tation of these operators can be found in Refs. 5 and 66; To%
is the scattering matrix that describes the purely potential
interaction, i.e., all processes that conserve the pion in the
intermediate states, and Q¢;’ and Q] are Médller opera-
tors (see Ref. 8) describing the distortion of the pion wave
by the potential interaction. In the calculation of the poten-
tial quantities 75 and (7, it is necessary, in order to
avoid double counting, to subtract the pole part in the py,
wave of the 7N interaction, since it is precisely this term that
is formed by the clementary (7N, N) vertex function, which
is already included in the definition of the vertex operators
I'pand I'y;.

In the presence of the absorption channel, the optical

potential has the form™*®°
Uy (E)=UE™(E) + U™ (E); } o
Uas ()= PK (E) (1 +g (E) K (B)™ P,

where

K (E)= Q;rv.—(fjrmgzx (E) AmQA A

the operators Pand @ project onto the ground and excited
states, respectively, of the nucleus, and g(E) and g, (E) are
the total Green’s functions for the pion-nucleus and nucleon
systems.

So far, no microscopic calculations of the optical poten-
tial have realized the rigorous formulation given above. The
absorption channel is usually taken into account phenom-
enologically by means of an additional term in the optical
potential, calculated in the framework of multiple-scattering
theory as described above. The parameters of the correction
for the absorption to describe the low-energy pion-nucleus
scattering are taken from a fit to the data on pionic atoms.
The expression for the correction for the absorption under
the assumption of the two-particle absorption mechanism
has the form

\3 y7abs r. " ___gl_ 1 go (k) go (')
(QH]EL 1] (k' k ] E)_ M *4 ("i 1) {BO{E) . f,’% (R[;)
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gt (k)
where B, and C, are adjustable parameters having the same
meaning as in the optical potential (1), 52(g) is the Fourier
transform of the square of the nuclear density p(#), and go.1
are the form factors corresponding to the departure from the
mass shell; the momentum &, corresponds to on-shell scat-
tering, and the parameters of these form factors are taken to
be the same as for the case of the off-shell ¢ matrix of pion-
nucleon scattering in the model with a separable interaction

[see (31)].

The absorption channel strongly influences the elastic
pion-nucleus scattering, and allowance for it by means of
(30) significantly improves the description of the experi-
mental data (see Refs. 52, 58, and 83, and also Figs. 6 and
11). One should, however, bear in mind a certain inconsis-
tency in the existing calculations. For example, in Refs. 52
and 58 the potential part of the pion-nucleus interaction was
calculated with different forms of the optical potential.
Therefore, to determine the parameters of the correction for
the absorption, one should first calculate the lengths and
volumes of the pion-nucleus scattering and then, using the
values obtained, fit to the data on pionic atoms. The values of
the parameters B, and C, used in Refs. 52 and 58 were not
made consistent in this manner.

Off-shell effects

As already noted (Sec. 2), the optical potentials of the
Kisslinger type (1) correspond to the assumption of a zero
range of the 7V interaction. In Ref. 54, in which a separable
model of the 7V interaction was used, it was shown that such
an assumption is very crude and that allowance for the finite
range of the 7V interaction significantly affects the results of
the calculations.

The range of the 7N interaction (r,, ) determines the
off-shell behavior of the scattering matrix. This is most
clearly seen in the model with a separable interaction, in
which the off-shell # matrix is expressed in terms of the scat-
tering # matrix by the simple relation

Lalk's Ky E (ko)) =t (hy, ky; E (k) B (k) 8o (K') g% (Fo).
(31)
Theindex @=(/, j, I') determines the partial wave of the
N system; / and j are the orbital and total angular momen-
tum, and [ is the isospin. The form factors g, determine the
¥ potential

vo (K, k)= 0u80 (k') g4 (E)

and are found by fitting to the data of 7V phase-shift analy-
sis. Their decrease in the r or p spaces gives us an estimate of
the range of the 7V interaction. A review of the specific ex-
pressions for the form factors g_, (k) and references to indi-
vidual studies can be found in Ref. 3. In such potential mod-
els, the range is found to have a value r,, ~0.6-0.8 F, i.e., to
be comparable with the mean internucleon separation and
the length of the short-range two-nucleon correlations
(r. ~0.5 F). A more detailed analysis of the 7N interaction
range gives 0.255 7,y S0.5 F.%
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Allowance for the finite range of the 7V interaction
leads (for a detailed discussion, see Ref. 1) to a significant
suppression of the LL effect, making it practically unobser-
vable in the analysis of data on pionic atoms. Therefore, in
calculations of pion-nucleus observables using realistic mod-
els for the off-shell 7V amplitude the short-range correla-
tions leading to effects of the LL type are ignored. Since the
range of the 7V interaction is comparable with the length r,
of the short-range correlations, one must expect that at low
energies (7' 80 MeV) there is a weak sensitivity to the defi-
nite value of 7.y, as is confirmed by numerical calcula-
tions.**

In this section, we have considered papers that gave
definite results on the description of elastic pion-nucleus
scattering data. It is evident from our exposition that, de-
spite the significant progress in understanding the dynamics
of the pion-nucleus interaction, the theory has difficulties in
concrete applications. The description of the interaction of
low-energy pions with nuclei has revealed the importance of
the effects of second order relative to the lowest, fairly well-
studied first-order optical potential. Many of the effects
compensate each other to a considerable degree, and this
makes the calculations highly sensitive to the various ap-
proximations employed in the calculations. Also unsolved is
the problem of reconciling the optical potential with the uni-
tarity condition, i.e., the requirement that the optical poten-
tial have the correct threshold behavior in the low-energy
limit.

Most of the calculations in the optical model were made
in the KMT formalism.® Analysis of the general unitarity
condition shows™'*%7 that in this formulation, in contrast to
the Watson formulation,® the contribution of the elastic
channel in the unitarity relation is not separated from the
contribution of the inelastic processes. Therefore, in the
KMT approach it is difficult, in an approximate solution to
the problem, to determine the channels that are responsible
for forming the imaginary part of the optical potential. Thus,
for the description of the pion-nucleus interaction the Wat-
son formulation is preferable. This is important for the con-
sistent allowance for the channel with true pion absorption.
The problem of microscopic calculation of the correction for
the absorption in accordance with the program determined
by Egs. (28) and (29) still awaits its solution.

4. UNITARY THEORY OF PION-NUCLEUS SCATTERING

In the cases when the lowest approximation of the the-
ory is insufficient and the problem of taking into account the
higher corrections becomes acute, methods that from the
very beginning are consistent with the unitarity condition
are very helpful from the practical point of view. The unitari-
zation method is successfully used to describe nucleon-nu-
cleus scattering at low energies (see the review of Ref. 67).
Figure 9, for the example of 7#d scattering at 14 MeV, shows
the result® of unitarizing the impulse approximation in the
framework of the R-matrix approach. Thus, a quantitative
description can be obtained in the unitary scheme already in
the lowest order. The unitarization mechanism consists of
taking into account effectively the higher corrections—the
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FIG. 9. Differential cross section of nd scattering at 14 MeV. The contin-
uous curve represents the exact calculation in accordance with the Fad-
deev equations; the chain curve, the impulse approximation; and the
broken curve, the unitarized impulse approximation. The figure is taken
from Ref. 68.

so-called background diagrams, whose singularities are situ-
ated much further away than the nearest singularities (with
respect to the energy and the scattering angle) of the lowest
basic diagrams.

There is an analogous situation in the problem of pion-
nucleus scattering at low energies, admittedly in a weaker
form because of the relative weakness of the 7N interaction.
Indeed, the fact that, despite a strong quantitative discrep-
ancy, the first-order optical potential reproduces qualita-
tively the differential cross section (see, for example, Fig. 7)
as well as the energy dependence of the total cross section
means that the analytic properties of the impulse graph (sin-

gle scattering of a pion by a nucleon of the nucleus) correctly .

reproduce the analytic properties of the required amplitude
with respect to the angle and energy variables. Pion-rescat-
tering effects correspond to more complicated diagrams,
whose singularities lie much further off. It can therefore be
expected that the use of the unitarization method will signifi-
cantly improve the convergence of the theory.

Agreement of the theory with the unitarity condition
acquires particular importance in the case of the pion-nu-
cleus interaction on account of the presence of the pion-ab-
sorption channel. It is only in the framework of such a
scheme that one can obtain a correct picture of its influence
on the other reaction channels.

Method of evolution with respect to the coupling constant
(evolution method)

A simple and elegant unitary theory of multiple scatter-
ing can be constructed by the evolution method, which is
based on the law of evolution of the system as the coupling
constant is varied. The characteristic feature of this method
is that the iterative scheme is constructed here directly for
the calculation of the partial-wave phase shifts of particle
scattering by a compound system. The evolution method
was formulated as an independent approach by Kirzhnits in
1965.2° A clear exposition of the essence of this method can
be found in Refs. 69 and 70, where, in particular, some of its
applications to problems of quantum field theory are consid-
ered. Below, we shall concentrate on the nonrelativistic var-
iant of the method.
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We give the basic equations of the evolution method
applicable to the case when there is only one type of interac-
tion (see Ref. 70). In this case, the Hamiltonian of the sys-
tem is

H = H, + gV, (32)
where H , is the free Hamiltonian, gV is the interaction, and
g is the coupling constant. We shall denote the eigenfunc-
tions of H by |u), |v), etc., and the matrix elements of the
interaction potential taken between them by V,,, etc. The
system of equations for the S matrix of scattering from the
state |u) to |v), S, , has the form

nve
d y > :
_:G Spv=—2mi 2, SuoVoyd (En—E,), E,=E,; (33)
a
iy Sy y.| 1 . ;
,&Eluv ',_;V!Lr:I uvk ‘Ei!_ffg—ib ) E\""£n‘*“i6 ) (34)

a

with the obvious boundary conditions S,,(g=0)=1,
V.. (g =0) = V5™, which is the Born approximation for
the matrix element.

We draw particular attention to the matrix elements
V... These quantities occupy a central position in the evolu-
tion method, since observables such as the phase shifts and
the energies of the bound states are expressed in terms of
them. In particular, the energies of the bound states are de-
termined by means of the well-known Hellmann-Feynman
relation™

dE, /dg =V -

It is important that V,,, is a Hermitian matrix for a Hermi-
tian interaction V. A consequence of this is unitarity of the §
matrix. Therefore, all iterative schemes of solution of (34)
that preserve Hermiticity of ¥, will lead to a unitary S ma-
trix in each successive approximation.

We consider a simple problem—the elastic scattering of
two particles. In this case, one can make a partial-wave ex-
pansion in each channel @ = (/, j, I) (/ and j are the orbital
and total angular momentum, and [ is the isospin) of all
quantities in Eqgs. (33) and (34):

S(K', k: g)=4n D VE(K) Y, (k) S, (k, g), k=K
[+4

VK, k; g)=4n2 Ya(k)Y, (k) V, &,k g).
o
Here, k and k'’ are the momenta of the particles before and
after scattering in their center-of-mass system. Setting
S, = exp(2i8, ), where 8, is the partial-wave phase shift,
we obtain an important relation for determining the phase
shifts,

8, (k, @)= —me (B) V.y (ks B ), (35)

wheree(k) = k /[ 27*dE (k) /dk] is the density of the scat-
tering states, and E(k) is the total collision energy of the two
particles in the center-of-mass system.

The two-body problem was considered in detail in the
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evolution method in Ref, 70. It is important that Eq. (34)
can be solved exactly for a separable interaction. Such a class
of potentials is widely used in nuclear-physics problems, in
particular to describe the 7 interaction.

In Ref. 71, a study was made in the framework of this
approach of the problem of the interactions of three nu-
cleons with the Hamiltonian (32), the potential ¥ corre-
sponding to two-body forces. An important result of Ref, 71
was the expansion obtained there for the many-particle ma-
trix element V.. in a series in powers of the two-particle
matrix elements v/, (7is the spectator particle). We shall use
this result below to construct a unitary theory of multiple
pion scattering by nuclei. The rapid convergence of this ex-
pansion was demonstrated for the example of nd scattering
in Ref. 71.

Plon-nucleus scattering: basic equations of the approach

We here consider the problem of the elastic scattering of
a particle by a composite system when the scattered particle
is different from those that form the bound complex. Pion
scattering by nuclei is such a case.

We assume for the moment?® that the pion-nucleus in-
teraction has a potential nature, and we write the Hamilton-
ian in the form [cf. (6)]

A -
H = Kok By L A Wi = 3 ik,

i=1

(36)

where H, is the Hamiltonian of the nucleus, K, is the kinet-
ic-energy operator of the pion, v, is the potentiai of the
interaction of the pion with nucleon 7 of the nucleus, and A
plays the part of the 7V coupling constant. We assume
known the solution to the purely nuclear problem with the
Hamiltonian

h=K;+H,. (37)

We consider the evolution of the system as A is varied
from O to the real value A = 1. The parameter A is here intro-
duced formally and is allowed to tend to unity at the end of
the calculations. A central part is here played by the matrix
elements ¥, = (u|V |v) of the interaction potential Sapbe
taken between the eigenfunctions |4}, |v), etc., of the Ha-
miltonian A (36). It is in terms of them that the pion-nu-
cleus phase shifts are ultimately expressed.

It is convenient to introduce the eigenfunctions of the
channel Hamiltonian 4: |4, ), |14, ), etc. In the space of the
given asymptotic, A-independent, states, the equation for the
S matrix has the form!'®

= S(E, )= —2miS(E, M) 8(E—h)V (4) (38)
with the boundary condition S(E,1 = 0) = 1. Accordingly,
for the 7" matrix, defined on the mass shell by the relation

S=1+42ni6 (E —h) T,
we obtain the equation

L T(E, N=—V (\)—2miT (E, \)8(E—h)V (4) (39)
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with the boundary condition T(E, A =0) = 0. The Hermi-
tian operator V(A1) is defined so that

Viv=@ | VIvy=M, | V()| ¥,). (40)
It is obvious that for A = 0 the operator F(A) is identical to
the potential V.

Equations (38) and (39) admit an iterative solution in
the form of a series in powers of ¥'(1). These expressions can
be represented compactly in the form

'
S(E, A)=T, exp [—Q:Li \ dhyd (E—n) v (A9 ]
b

T(E, §)= =1, | diy )
0
}-'.
Xexp |:——2.T£i \ dhob (E— 1) V (Ag)

= A

1, (41)

k]

where T, is the operator of “antiordering”® with respect to
the variable A. Under this symbol, the operators are ar-
ranged in order of ascending arguments from the left to the
right.

Optical-potential method

We concentrate on the study of elastic scattering. We
introduce more detailed notation for the asymptotic pion-
nucleus states: |/)=|k, n), where k is the pion momentum
in the pion-nucleus center-of-mass system, and z denotes the
quantum numbers of the states of the nucleus (n = 0 corre-
sponds to the ground state). To elastic scattering there cor-
responds the transition from the state |k, 0) to |k’, 0), where
k and k' are the pion momenta before and after the scatter-
ing. o

By means of the operator of projection P = |0} (0| onto
the ground state we define the submatrix T, of the total
scattering matrix T: T, = PTP, describing the elastic reac-
tion channel. Rearranging the right-hand side of Eq. (39) by
means of the operators P and Q = 1 — P, we can obtain the
following equation for the matrix 7, :

7 To (B, M) = —U, (E, A

— 2Ty (E, A) P8 (E—h) U, (E. 1) (42)

with the boundary condition T' o (E, A =0) = 0. The effec-
tive energy-dependent operator U o (£, 4) is determined by
the system of equations

Uo(E, W)=V (\)+2nisk (E, M) Q8(E—h)V (1); (43)

G
25 % (B, W= —U, (£, &)

+20il, (E, A) P8 (E—h) 3 (E, ) (44)
with a boundary condition for the auxiliary operator
K (E, A =0)=0. A brief proof of the equivalence of

Egs. (42)-(44) to the original relation (39) is given in Ap-
pendix 1.
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In matrix form, the equation for the elastic-scattering
matrix T, is

L, 0| T4 (E, ) [k, 0)= — (K, 0] Uy(E, 1) | k, 0)

—2ai | —('12%? &', 0| Ty (E, h)| K, 0)8 (E—Eq (k")

X (k", 0| Uy (E, &) | Kk, 0). (45)
Here, E=E, (k) = 0, (k) + o4 (k) is the collision energy
in the pion-nucleus center-of-mass system, measured from
the ground state of the nucleus;
0 (k)= (p2+ RV o4 (k) =(Ma+ k2)iiz;

and pu and M, are, respectively, the masses of the pion and
the nucleus. Here and below, relativity is taken into account
at the kinematic level.

It can be seen from Eqs. (42) and (45) that the compli-
cated many-channel problem has been reduced effectively by
means of the energy-dependent operator U, (E, 4) toa two-
particle problem (presence of the projection operator P on
the right-hand sides of these equations). Thus, the operator
U, (E, A) playsin this approach the part of an optical poten-
tial.

By a partial-wave expansion of the quantities that occur
in Eq. (45) it is possible to obtain [in complete analogy with
(35)] for the partial-wave phase shifts of pion-nucleus scat-
tering the simple formula®

: .
8 (k) = —mes (k) 5 dh K, 0| Uy (Ey M) | K, 00, (46)

Here, ¢, (k) = k?/[2m*dEy(k)/dk] is the level density of
the scattering states. In the nonrelativistic case,
e (k)=kA/ 272, where .# is the reduced mass of the 74
system.

The problem of finding the pion-nucleus phase shifts
has been reduced to the calculation of the matrix element
(K', 0| Up|k, 0). It can be seen from Eq. (43) that the opera-
tor U, (E, A) is non-Hermitian. Its non-Hermitian part re-
flects the contribution of the inelastic channels to the elastic
channel [ presence of the operator Q on the right-hand side of
(43)]. In the low-energy limit, when the pion energy is less
than the energy of the first excited state of the nucleus,
Ey (k) —E,(k=0) <0, the second term in (43) disap-
pears. In this limit, the operator U, = V is Hermitian, and
T, the scattering matrix, is unitary [the phase shifts (46)
are real]. Therefore, in this approach the condition of two-
particle unitarity is automatically satisfied.

Iterative solution of the equations for Uy(E, A)

The system of equations (43) and (44) can be solved
iteratively,

™ —v 4 20isa V=106 (E—h) V;
L g ® e UM+ 20" PS(E—)H Y, (47)

where N = 1,2,3,... is the number of the iteration, and N
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and U {™ are set equal to zero for N<0. Such a scheme gives
an expansion of U, in powers of the operator ¥, the first two
terms being

Uy(E, )=V () —2ni | dh,V () Q8 (E—h)V (A).  (48)

o —>

Accordingly, for the phase shifts (46) we obtain in this ap-
proximation

S
ah [, 0] V (A) | k, 0y — 2ai 5 D)

0 n>0
| B 0, 01V () | R, )8 (Ey (k)= En (k)
% k", n |V (A) |k, 0,

8 (ky= —mey (k)

ST

(49)

where E, (k) =, (k) + o4 (k) +&,, in which &, is the
energy of the excited state, measured from the ground state,
ie,g,>0.

Multiple-scattering series

As a result of the iterative solution of the equation for
U, (E,A), we have obtained the expansion (49) for the pion-
nucleus phase shifts in powers of the many-particle Hermi-
tian operator ¥(4), which is defined by the relation (40).
The problem is to express this quantity in terms of the two-
particle scattering matrices u' (4) that correspond to inter-
action of the pion with nucleon i of the nucleus. Thus, in
contrast to the standard theory of multiple scattering, in
which a series is constructed for the 7" matrix, the analogous
expansion is here obtained for the scattering operator V(A).

The required expansion was obtained in Ref. 17. The
first two terms of the series have the form

V() =TO Q)+ VD M), VO=VD+VP,

where
A
Vo )= 2 ut () (51)

A h
vem= 3 | au[3 e )6 B)w () +he |5
is=j=1 0 s
(52)
A

A
vem= 3 | o {[3 w06 E)w @)
0 8

i, j=1

— 3 pot (M) GO (Bo)u! (1) | +hec. ). (53)

Here, p,=|y. ) {x. | and p,=|¢, ) (¢, | are the operators of
projection onto the eigenstates |y, ) and |#, ), respectively,
of the free, H, = K, + K, (K, is the kinetic-energy opera-
tor of the nucleons), and the channel, 4 (37), Hamiltonians,
and G, and G are the Green’s functions

G (B) = (E =+ 18 — Ho)"andG) (E) = (E & i8 — )™

(54)
The diagrammatic representation of this expansion is
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FIG. 10. Graphical representation of the multiple-scattering series (50).

shown in Fig. 10, in which the double line denotes the nu-
cleus; the thin continuous line, the nucleon; the thick line,
the residual nucleus; the broken line, the pion; the black dot,
the interaction vertex; the open circle, the nuclear wave
function; and the square, the multiple scattering of the nu-
cleons. The diagram of Fig. 10a corresponds to the first-
order approximation (51), and the diagrams of Figs. 10b
and 10c to multiple scattering of the pion without the inter-
action (52) and with the interaction (53) of the nucleons in
the intermediate states, respectively.

The two-particle scattering matrix «' (1) in (51)-(53)
is the matrix element of the given two-particle potential v
[see (36) ] between the exact wave functions Yiy (4) of the
problem of pion scattering by a free nucleon with the Hamil-
tonian

Hi=K_ 4+ KL, (55)

where K is the kinetic-energy operator of the nucleon, i.e.,

K plu )k D)=y MO (). (56)
Here, k, p and k', p’ are the momenta of the pion and of the
nucleon before and after the collision. In the pion-nucleon
center-of-mass system, these matrix elements determine the
N phase shifts by means of the relation (35). In (51)-(53),
thematrixu’ actsonthe (4 + 1 )-particle space and includes
the & functions for the conservation laws of the momentum,
spin, etc., of all the spectator nucleons.

The structure of the resulting series is analogous to the
Watson series (10). It is important that in each successive
approximation the operator F(4) is Hermitian. Therefore,
the condition of two-particle unitarity is not violated in this
iterative scheme.

Pion-nucleus phase shifts

Substituting (50) in (49), for the first two terms in the
expansion of the phase shifts in powers of the two-particle u
matrix we obtain the expressions

8 (k) =6 (k) +- 62 (k), 6@ = 6 + i6¢, (57)
where 5" is the approximation of the first order,

1

80 (k)= —me, (k) { ank!, 0Pk, 0y (58)
0

& is the real part of the second-order correction,

1

84 (k) = — me, (k) 5 dh k', O [V (M) k, 0y,  (59)
0
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and &{2) is its imaginary part:
"

81t (k) = 2n2e , (k) \ dkb:dhi k', 0|V (2,)
[

X Q8 (E— 1) VO (A) [k, 0). (60)

The operators ¥ "? are defined in (51)~(53), and the
operator { projects onto the excited states of the nucleus.
The structure of the matrix elements in (58 )—(60) is analo-
gous to that of the expressions for the first- and second-order
optical potentials [see (13), (14), and (26) ]. A difference is
in the replacement of the two-particle # matrix by the 4 ma-
trix. Therefore, in the actual calculations below of the quan-
tities (58)-(60) we shall use a number of approximations
that have already been tested in the optical model (Sec. 3).

First-order approximation

In this approximation, with allowance for (58) and
(51), the pion-nucleus phase shifts are determined by the
expression

80) (k) = — me 5 ()

ot ——

A
i /\k olZ i {h)ik, 0. (61
i=1

By means of the single-particle overlap function

A
v 1 ’ ( ki
P”“) (ki’ ki}= -\ Hz (gﬂ)a

A
) (k mj Z kJ') Vo (kpy kay ooy ky)
=t

X 1‘[1'0 (k;v kz! saay k.a].)! (62)

where ¢, is the wave function of the ground state of the
nucleus, 5 (k) can be represented in the form

i
8 () = — Ame 4 (k) 5 di.
0

S-(%FE.L' (P, p—a) ¢k, p [t (M) K, p—q),  (63)
where ¢ =k’ — k is the momentum transfer. Besides inte-
gration over the momentain (62) and (63), summation over
the spin-isospin variables is also understood. The index 1 of
the u matrix corresponds to the spin-isospin part of this op-
erator.

In order to gain a better understanding of the expres-
sions obtaineu in this approach, it is helpful to calculate (63)
in the static limit of the theory, i.e., as u/M—0, where u and
M are the pion and nucleon masses. In this limit, as is shown
in Ref. 73, the matrix element (k,0|Z,4'|k’,0) factorizes and
has the form

A
(k, 0| Xut (d) |k, 0)
i=1
= Apyo () (k, —k [u® () K, —k'), (64)

where
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- (
oo (@)= | <o Far (0 p—a)=(0lela1[0) (65
is the nuclear form factor. Thus, for the phase shifts we ob-

tain

1
80) (k)= —ndes (k) poo (@) [ dh (k. —k [ ut () K, —K").

0
(66)

The two-particle # matrix is here found on the mass
shell (|k| = |k’|), and therefore the integration over A can
be performed exactly by means of the relation (35) after a
preliminary expansion of the matrix element with respect to
the partial waves. We give the result” for the case of pion
scattering by a nucleus with total isospin zero:

ol |
% l% (3+T)

j=£:':T

Ll 3/2 1."2
x(g o o) or 0% @F oY,

o (k)= A

(67)

where .# and i are the reduced masses of the pion-nucleus
and pion-nucleon systems, p; (k) is the partial-wave har-
monic of the nuclear form factor,

2 (21 +1) py (k) Py (k")

and 6 (k) is the 7N phase shift in the channel @ = (1, j, I)
with deﬁmte orbital (/) and total ( j) angular momenta and
isospin (I = 1/2, 3/2).

For the scattering length, we obtain in this approxima-

Poo(9) =

tion
ad) = lim 6 (k)/k = Ai/lii(2a3—|—al),

k=0

(68)

where a, are the s-wave 7N scattering lengths in the isotopic
states, 7 = 2/ = 1 and 3. This expression is identical to the
first order of multiple-scattering theory' in the impulse ap-
proximation.

It can be seen from (67) that the partial-wave pion-
nucleus phase shifts have been expressed in terms of the 7N
phase shifts and the nuclear form factor. This makes possible
a semiphenomenological analysis of pion-nucleus scattering
in which the experimentally determined values and param-
eters are used as input data.

In the description of pion-nucleus scattering, the cor-
rections to the static approximation are not small. The p-
wave 7N interaction plays an important part. It is therefore
necessary to take into account the Fermi motion of the nu-
cleons in the nucleus and the angle transformation (see Sec.
3) that arises when the two-particle # matrix is transformed
from the pion-nucleon center-of-mass system to the pion-
nucleus system. Therefore, in real calculations we use the
factorization approximation (see Sec. 3, first-order poten-
tial), in which the following expression is obtained for

8V (k):
1

80 (k) = —Amea (k) poo (a) | drist (k, K5 2),  (69)
0
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where py, (q) is the form factor (65) of the nucleus, and 7V
is the two-particle » matrix averaged with respect to the sin-
gle-particle density:

— ’ d «
it (k, K5 0= | o P00, D)

X(k, p+pout (M) |k, p+po—@. (70)
Here,p, = — k/A + [(4 — 1)/24]q,and F §) is defined in
(62). We give below the result of integrating ##' over 4 and its
expression in terms of the 7V phase shifts (see “Two-parti-
cle u matrix”).

The results of numerical calculations of the differential
cross sections of pion scattering by the light nuclei “He and
12C in the first order of the theory are shown in Figs. 11 and
12. It can be seen that in this approach, in contrast to the
optical model, a satisfactory description of the data is ob-
tained already in the first approximation, this being a conse-
quence of its consistency with the unitarity condition.

Second-order effects

The restriction to the first-order approximation (69) is
invalid for two reasons. First, in the first order of the theory
the pion-nucleus phase shifts are real. The processes with
excitation of the nucleus in the intermediate states corre-
sponding to the occurrence of imaginary parts in the phase
shifts (inelasticity parameters) appear only in the second
order [see (60) ]. Second, it is necessary to take into account
the effects of multiple scattering of the pion, i.e., the term
(59), particularly at low energies. This is due, not to the slow
convergence of the method, but to the well-known isotopic
effect of the almost vanishing of the isoscalar 7V scattering
lengths

by= 5 (a+2a),
where a,; are the s-wave mV scattering lengths. For exam-
ple, in Ref. 74 the following values were obtained for a, 3:
a, =0.170u "' and a; = — 0.092u~". For this reason, the
pion scattering length (68) for scattering on an isoscalar
nucleus is also very small. As can be seen from Table III,
allowance for the second order in the case of 7d scattering
practically reproduces the exact result’® in accordance with
the Faddeev equations.

A. The real part of the second-order correction (59)
contains two terms, 8{&) = 852, + 8., Where

1
B (k)= —ae, (B) [ drk, O VR YK, 0), i=1, 2.
E (71)
The operators V'], are defined in (52) and (53) and corre-
spond to the diagrams of Figs. 10b and 10c.
As is shown in Ref. 19, the following expression is ob-

tained in the factorization approximation for 8 :

; ¢ oigk™ s 1
6(1’3(}', 1 lk}: *’A(A_tl) ey (k) \ (2n )3 21 (Eo{k)—l‘:u (k"))

¥ Coo (4’5 4") i | dku‘(k k"; A)uz(k”, k'; &), (72)

Oy

Sty
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TABLEIIL The nd scattering length calculated for different sets of 7V scattering lengths.

7NN scattering lengths, F

wd scattering lengths, F

g ag F Reference 0_511,1) ‘ aﬁr‘d’ + uf-;";;) ‘ afud
| |
0.2573 —0.1541 [81] —0.0365 —0.0725 —0.0746
0.2566 —0.1260 | |84] 0.0032 —0.0284 —0.0309
0,2404 —0.0141 —0.0485 —0.0460

—0.1300 ' [74]

Note. The values of a©% are taken from Ref, 75. The experimental value of

the 7d scattering length is — (0.073 +2%!) F.%°

where ¢' =k — k", ¢" =k” — k’; P denotes integration in
the principal-value sense; #'? are the elements of the ¥ ma-
trix (70) averaged over the single-particle density, and

Coo (4; q') = (0 ] exp (iqr, -+ iq'ry) [ 0) (73)
is the two-particle correlation function.

We now consider the correction 8),. It can be ex-
pressed in terms of the matrix element of V{2’ (53). In Ref.
17, it was shown that this correction vanishes strictly in the
static limit of the theory, i.e., as u/M—0. This is due to the
fact that in this limit the energy denominators of the Green’s
functions G and G, (54) do not depend on the nucleon var-
iables, and G = G, + O(u/M). Therefore, taking into ac-
count the completeness condition for the wave functions of
the Hamiltonians 4 and H ;, we obtain the desired result.
From thisit is to be expected that the contribution from 5’
will be not more than 20% 8, . The estimate can be made
more precise by using the completeness approximation in
the calculation of the term proportional to G in (53),i.e., by
setting E, (k") = E, (k") + A, where E, is the eigenvalue
of the Hamiltonian 4, and A is a certain mean excitation
energy of the nuclear system. In Ref. 65 (Wakamatsu, 1978 )
it was shown by numerical calculation for the example of
7*He scattering that variation of A from 0 to 20 MeV
changes the value of the integral by only 10%. Therefore, we
shall assume that 6 ~8§, .

B. In accordance with (60), the imaginary part of the
second-order correction 8§’ has the form

(74)

)3

6‘11‘] (k) = 2:"[26‘& (k) Z ( Tt.zlk_.a (Eo(k)___En (k"))
n>0 ~

1
x \ i\ g ik, OV ()17, Ry R?, R|TO ) IE, O),

o

0 ]

where

VO = ul; By (k)= 0 (k) + 04 (k); Eq (k) =E, (k") +e,;
€, is the energy of the excited state of the nucleus, measured
from the ground-state energy.

The matrix elements in (74) are analogous to the ma-
trix element that arises in the first-order approximation
(61). Therefore, by analogy with (69) they have in the fac-
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torization approximation the form
A
(k, 0] X ul ) |K, n) = Ape, (¢) 2t (k, k”; A),

i=1

(75)

where p,, (q') = (O|exp(igr,) |n) is the transition form fac-
tor, ' =k — k", and @' is the # matrix (70) averaged with
respect to the single-particle density. Substituting (75) in
(74) and integrating explicitly over d k” with allowance for
the & function, we obtain

it (k) = 27242 , (k) D) 4 (k) pon (0) Pno (97)
n>0

L. 2

\ @ | dhut (k, K7 Ay u (K, k' A),

hrest
it

(76)

whereq' =k —k”,q" =k” — k', k" =k,n". The pion mo-
mentum £, in the intermediate state is determined by the
equation

Ey (k) — By (kn) — &, = 0. 77
In the nonrelativistic case, &, (k,)=.#k,/27%
k, =\k*—2.#¢,, where . is the reduced mass of the
pion-nucleus system. Thus, the expression (76) gives the
correct threshold behavior of the scattering amplitude, mak-
ing it possible to take into account consistently the channels
that become open as the pion energy is raised.

To estimate the inelasticity parameters 7 = exp
( — 25y, ), we can use the completeness approximation, set-
ting E, (k) = E, (k) + A, where A is a certain mean excita-
tion energy of the nuclear system. Then, integrating explicit-
ly over d k" and summing over the intermediate states with
allowance for the identity

Z Pon ((]') Pno ((] .) = A_lpuu (q' -+ q ”)

n=>0

T+ (1 — A7) Coo (a', q") — poo (q) Poo (7).
we obtain

£ (k) = 2An%e 5 (k) e (ka) | 2 [000 (9) — Apoo (0') pao (0)

1 A
HA—=1)Co(a', a")] | dh | drga!
0 1]
(k, k" A)u(k”, k'; A), (78)
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where q = k' — k is the momentum transfer, ¢’ =k — k",
q" =k" — k', k" =k,n”", n” is a unit vector, and the mo-
mentum k, is determined by the equation
Eqo(k) — Eqks) — A =0.

In this approximation, the theory contains the param-
eter A, which depends, in general, on the energy of the inci-
dent pion. It follows from (76) and (77) that at a pion ener-
gy insufficient for excitation of the lowest (g, ) state of the
nucleus the imaginary part of the phase shift must vanish.
Therefore, as a first approximation it is reasonable to choose
A =¢,, i.e., to take A equal to the experimental value of the
first excited state. As numerical calculations show, such a

choice gives an upper bound for §{Z).

Two-body matrix elements

The final aim of the calculations is to express the pion-
nucleus phase shifts in terms of the 7N phase shifts. For this,
the two-body u matrices in (69), (72), and (78), deter-
mined in the pion-nucleus center-of-mass system, must be
expressed in terms of the two-body # matrices in the pion-
nucleon center-of-mass system. Bearing in mind that the u
matrix has the same transformation properties as the ¢t ma-
trix, we obtain

g plu() |k, pd="1|u@d)|x)), (79)

where the factor ¥ and the pion momenta in the pion-nu-
cleon center-of-mass system are given in (19)-(22).

The two-body # matrix, as an operator on the spin-iso-
spin space, has the form

3

(u]u(?h)lu').—_-ﬂ% (|ug (A) %) Op. (80)
Here, Op = 1, t-7, i(o°n), i(own) (t-r); t is the pion isospin
operator; 7/2 and /2 are the nucleon isospin and spin oper-
ators, and n = [%xX%']/|[%Xx']|. If we ignore the spin-
dependent terms (8 = 2, 3), the partial-wave expansion of
the matrix elements of u,, can be written in the form

g W) 'y m D) cf ) (§-+5 ) uly (, %5 2) Py (),
I Lj

(81)
where I = 1/2, 3/2 are the isospin values of the 7V system,
andcl, =1/3,6), =2/3, ¢} = —clp =1/3,j=1+1/
2

On the mass shell % = x' the partial-wave matrix ele-
ment u,, (%, 2; A) (v=l, j, I) determines the corresponding
N phase shift.

1
8 (1) = — meqy (%) S dhuy (%, %; A), (82)
0

where £,(%) = %*/[27°dE,(x)/dx],
+ Ey (%).
The off-shell behavior of the two-body # matrices can be
taken into account in the model of a separable 7V interac-
tion [see (31)]:

E,(x%) =w, ()

Uy (%, ®'5 M) =uy (%, %5 A) gy (%')/gy (%), (83)
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where g, (x) is the form factor of the separable interaction,
which can be determined by fitting to 7N scattering data.

We consider, finally, the integrals over A4 in (72) and
(78) of the products of the two-particle matrix elements.
With allowance for (83), they reduce to

1 A
Ay = d) S dhy [y (%, %5 Ag) une (75 %3 )+ (ve=V));
i oo

0
1 )

Byws | b { dhtuy (o 5 My () 5 )+ (== v),
0 n

(84)

Integrating by parts using (82), we can obtain an expansion
whose leading term is
Agyr=Byy = 0 (%) 8y (')/ [ () €2 (x')]s (85)
One can show that the corrections to (85) are about 20%
(see, for example, Eq. (31) in Ref. 17). Therefore, they can
beignored to the accuracy of our calculations of §¢. and 552
in (72) and (78).
The relations (79)—(85) complete the determination of
the first two iterations of (69), (72), and (78) in terms of the

mN phase shifts, the correlation functions, and the nuclear
form factors.

Convergence of the iterative scheme

The calculation and analysis of the second-order cor-
rections (72) and (78) make it possible to establish the do-
main of convergence of the iterative scheme. This was inves-
tigated in Refs. 17 and 19. In Ref. 17, it was shown (see Table
III) that the 7d scattering length calculated in the second
order of the theory is practically equal to the exact value of
Ref. 75 obtained by means of the Faddeev equations.'® In
Ref. 17, an analysis was made of the contribution of the sec-
ond-order corrections, and also partly of the higher itera-
tions for 62 in the case of 7*He scattering. It was shown

1000

3 60 90 120 150
6cmu dcg

FIG. 11. Differential cross section of 7+ scattering by '2C at 28.4 MeV.
The data are taken from Ref. 21; the continuous curve represents the first-
order approximation (5’ ) of the unitary approach, and the broken and
chain curves are the calculations of Ref. 5 with the optical potential in the
three-particle model (23) without allowance and with allowance for the
absorption channel, respectively.
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TABLE IV. Phase shifts of 7*He scattering, deg, and the total and total elastic cross

sections at 51 MeV.

Phase shifts Red; |Imd, |Reb,|Ims

0-(01 Ll
P| mb mb

Re f(0),
¥

pot
b:t a— 6;1__1

pot abs
dna=0 a4 T074

Data of phase-shift
analysis’®

—7.56 | 0,98 |12.82] 0.51 | 53.1
—9.60 | 1,89 | 8.17 2.22 | 29.0

—8.40 | 1.75 | 9.05( 2.30 | 30.6 |79.6

1.04
0.59

0.61

that for T, <70-80 MeV the contribution from the second-
order correction §'* (72) is about 10% of the first correc-
tion 8V (69) at T, $70 MeV. However, with decreasing
energy, when 7, S50 MeV, the part played by multiple-
scattering effects becomes important, particularly for the s-
wave phase shift. The scattering length a_.y. in the first or-
der with the 7V phase shifts from Ref. 76is — 0.0231~, but
with allowance for the second order a4, = — 0.071x~},
this satisfactorily reproducing the experimental value” : Re
@ = — (0.098 + 0.028)x . The increased importance
of the second-order effects is due to the isotopic structure of
the problem, large quantities canceling in the lowest approx-
imation [see (68)].

The results of numerical calculations of the 7*He phase
shifts and the differential scattering cross section are given,
respectively, in Table IV and Fig. 12. The details of the cal-

100r

FIG. 12. Differential cross sections of 7+ scattering by “He. The data are
taken from Refs. 29 and 31; the curves are the results of the potential
calculation in the unitary approach of Ref. 19, the broken curves repre-

senting the first-order approximation (5" ), and the continuous curves
6(!) i 6(2) .

561 Sov. J. Part. Nucl. 16 (6), Nov.-Dec. 1985

culation—the actual choice of the form factor, correlation
function, etc.—are described in Ref. 19. It can be seen from
Table IV that the real parts of the 7*He phase shifts agree to
within 20% with the data of the phase-shift analysis of Ref,
78. In the potential theory, it is not possible to describe the
imaginary parts. This is the main reason for the discrepancy
between the theory and experiment (Fig. 12). The charac-
teristic qualitative feature of the potential behavior of the
inelasticity parameters at low energies is'® their increase (at
a given energy) with increasing orbital angular momentum,
ie,Ns <Mp <np,ete. [, =exp( —2Imé, )]. Thisis nat-
urally explained by the increasing importance of the centri-
fugal barrier. Therefore, the deviation observed at T o ~50
MeV (see Table IV, and also Ref. 79) in the data of the
phase-shift analysis can be regarded as a manifestation of the
pion-absorption channel.

5. ALLOWANCE FOR THE ABSORPTION CHANNEL IN THE
UNITARY APPROACH

We now generalize the formalism of Sec. 4 to the case in
which the pion number is not conserved. We shall assume
that the solution to the potential problem determined by the
Hamiltonian (36) is known and restrict ourselves to colli-
sion energies insufficient for the production of a second pion,
i.e,, T, <250 MeV. In this case, the problem of taking into
account the absorption channel can be reduced’® to the two-
channel problem with the Hermitian Hamiltonian

S =H+nR, (86)
where
N Hy 0 A 0. Ry
e Cr R=( ) (87)
(U Ho) Ry 0

Here, the subscript 1 denotes the channel with one pion in
the complete configuration space, while 0 denotes the purely
nucleon states. The quantities R ;, and R, are the many-
particle pion absorption and creation operators, and 7 is a
dynamical variable, which can vary in the range from O to 1.
The potential pion-nucleus interaction is described by the
Hamiltonian

’ A
HB—K.LH.1F¥, V= N7, (88)
i=1
where K, is the pion kinetic-energy operator, H,, is the nu-
clear Hamiltonian, and v' is the potential of the pion interac-
tion with nucleon 7 of the nucleus. To avoid double counting
in the potential scheme, it is necessary to subtract the pole
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part of the p,, -wave 7NN interaction. The channel Hamilton-
jan H, does not, in contrast to the physical H,, contain
renormalizations of the masses and interactions generated
by the operators R ,, and R, .

The Hamiltonian (86) is obtained by projecting the
complete state space of the pion-nucleus system, which con-
tains an arbitrary number of mesons (7, p, @, etc.) in the
intermediate states, onto the subspace of states with not
more than one pion. A microscopic derivation of this Hamil-
tonian and a diagrammatic representation of the quantities
contained in it are given in Refs. 10 and 66 (see also Chap. 6
in Ref. 5).

Basic equations

We denote by |m, 1), E,,., etc., the eigenfunctions and
energies of the Hamiltonian 5#°, where the Latin letters dis-
tinguish asymptotic states with respect to the number of
pions (m = 0, 1). Weshall denote the corresponding matrix
elements of the operator R by R, ,., - The equation for the T
scattering matrix has the form™'®

% Ty, nv= — Ry iv— 2ni 2{ Lo 500 (E— Eg5) Rga, ny
& T
(89)
with the boundary condition for the elastic channel
Ty 10 (Ey n=0)=T}3 (E), (90)

where T8 is the potential scattering T matrix correspond-
ing to the Hamiltonian H , . The matrix elements R, ,,,, are
determined by the system of equations

d
‘ETRmu. nv
1 1
= 2 Rmu: SGRS": nv ( Emp‘_ESU—ib + Epy—Ego+16 )
5 0
on
with the  boundary condition R, ., (7=0)

= (U |R [¥ny ), Where |, ) are the eigenfunctions of the
channel Hamiltonian H (87).

In the problem of pion elastic scattering, our aim is to
reduce the multichannel problem effectively to a two-parti-
cle problem. This will make it possible to obtain an explicit
expression for the correction to the pion-nucleus phase shifts
corresponding to allowance for the pion absorption. In the
presence of the absorption channel, this procedure, in con-
trast to the optical-potential method presented in Sec. 4,
consists of two stages. In the first, the purely nucleon chan-
nel (index 0) is separated from the channel with one pion
(index 1), and in the second the elastic channel is separated
from the inelastic channels in the subspace of wave functions
of the pion-nucleus system. We note that in the second stage
the problem is reduced to the one already solved in Sec. 4. If
this program is implemented (see Appendix 2), the follow-
ing expression can be obtained for the pion-nucleus phase
shifts'®:

abs

B (k) =054 (k) + 03 (k) (92)
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with allowance for the boundary condition (90). Here, 8%
is the phase shift that arises from taking into account the
potential scattering (46). The method of calculating it was
presented in Sec. 4. The correction for the absorption has the

form
1

838 (k)= —miea () | anck, OIA(E, WK, 0), (93)
0
where k and k' are the momenta of the pion before and after
scattering, and

A (B, ) =QW" 70 (E, 1) Q9 (94)

where Q'+ is the Méller operator that describes the distor-
tion of the pion wave:

bk e) = QF |k, @),

|# %) are the scattering states of the Hamiltonian H ,, |k,
a) are the eigenfunctions of the Hamiltonianh =K, + H,,,
and @ = 0,1,2,... are the states of the nucleus. The operator
P (E, n) includes all diagrams with intermediate nucleon
states. It can be expressed (see Appendix 2) in terms of the
original operator R (87) by means of a system of integral
equations.

In the framework of this formalism, the distortion of
the pion wave is taken into account by an expansion with
respect to the multiplicity of the mN collisions, i.e., in powers
of the two-particle # matrices of the 7N scattering (56):

1
o) = (14 | daG* (E) PU, (£, 1)) |k, 0,

0

(95)

where G(E) and U, aredeterminedin (43) and (45). Under
theassumption that the operators R ,, and R ; haveasingle-

nucleon nature, i.e., Ry = 2 .o, to calculate the operator
i

R, (E,n) wecan, using (91), develop a systematic iterative
scheme. Such an expansion can be obtained by complete ana-
logy with the construction of the unitary multiple-scattering
series for the operator U, (E, 17) (see Sec. 4). The only dif-
ference is in the replacement of the two-particle # matrices
by the two-particle matrix elements 7, ,, = (mu|r |nv)
corresponding to interaction of the pion with nucleon i of the
nucleus through the absorption or emission of a pion, i.e., in
terms of vertex functions.

Thus, with allowance for (95) the general structure of
the operator A(E, 77) (94) has the form

A(E, W= AYE, 0+ 2 AY(E, n)+...,  (96)

i iwi

where the first term corresponds to the mechanism of single-
nucleon absorption (Fig. 13a), the second to two-nucleon
absorption (Figs. 13b and 13c¢), etc. In Fig. 13, the hatched
circles denote the potential multiple scattering of pions,
while the open circles denote the NN interaction.

Two-nucleon absorption mechanism

abs

We obtain an expression for §5; by assuming that the
main contribution is made by the two-nucleon absorption
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FIG. 13. Graphical representation of the series (96) for the operator A (E,
7).

mechanism (Figs. 13b and 13¢). For this, it is necessary to
calculate the matrix element of the two-particle operator
A'? between the ground-state wave functions of the nucleus.
We have already encountered such a problem in calculating
the second-order correction ) (see Sec. 4). A simplifying
circumstance in this case is the fact that the range of the
absorption operators is appreciably less than the mean inter-
nucleon separation. This makes it possible to use the approx-
imation of a local density. As a result, we obtain®®

87X (k) = A(A—1) y [e4 (k) egn ()] Moy} (q);
1

M (%, #') = — e,y () 5 d \ dpdp’ . (p, p")
0

XAL(p, k; p's K 1), (97)

where £, and ¢, are the level densities for the pion-nucleus
and pion-two-nucleon systems, respectively; x — 2] = |2’
is the pion momentum in the (7, 2N) center-of-mass system;
the factor y arises as a result of the transition from the (s,
2N) center-of-mass system to the pion-nucleus system;
p°(q) is the Fourier transform of the square of the nuclear
density p(r), normalized to unity; q = k' — k is the momen-
tum transfer; and % (p, p’) is a correlation function of Jas-
trow type. In the region of low energies, nonrelativistic kine-
matics for the nucleon can be employed. Then

® = (k - EP(])/‘(I o E)’ R =5 k' — GP(’))/“ e
€= o (R)2M, o (k) = (k2 - u)re,

where 2 and M are the pion and nucleon masses, P, and P},
are the total momenta of the pair of nucleons (in the approx-
imation in which they are “frozen”: P, = —k/24 and P;,
=Py — q). Finally, ¢, /e,y = (1 + €)/(1 + 2e/A).

Besides the integration over the momenta in (97), ap-
propriate averaging of the matrix element of A!? over the
spin-isospin variables is assumed. The spin-isospin structure
of A'? is completely analogous to the structure of the (7,
2N) amplitude (see Ref. 42). Restricting ourselves to the s
and p waves in the 72N scattering and taking the corre-
sponding partial wave from the right-hand side of (97), for
nuclei with zero spin and isospin we obtain!®

8% (k)= A(A—1)k Tjjz—cﬂ 07 (k) (By (k) -+ k2T, ()

+ BRC, () (1 + 1) Fe s (B) -+ Ip2- 1 (k))/
X(2r4+1)], 1=0,1,2... (98)

Here, p7 is the partial-wave harmonic of p” (), and the pa-
rameters @ and § correspond to the angle transformation
from the pion-nucleus center-of-mass system to the (7, 2N)
system; @ =(1-1/24)(1+€/24)/(1 +€)2, B=
(1+€/24)/(1 + €). The complex quantities B, and C,
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can be expressed in terms of the 7V phase shifts and the (7N,
N) vertex functions. They have not yet been calculated mi-
croscopically in the framework of this formalism.

Energy dependence of the parameters 5, and Co

From the discussion in Sec. 2 it can be seen that as yet
little is known about the energy dependence of the param-
eters B, and C,, which determine the correction for absorp-
tion in the optical potential. One can only expect that at low
energies (T, S50 MeV) they will vary weakly, since the
relative momentum corresponding to the short-range two-
nucleon correlations (p, ~400 MeV/c) is appreciably
greater than the momentum of a low-energy pion (p, ~120
MeV/cat T, ~50 MeV). This assumption was used, in par-
ticular, to obtain the expressions (97) and (98) in the ap-
proximation of a local density. Therefore, as a first step one
can assume that the parameters B oand C o are constant in
the region of low energies and choose them in such a way as
to describe the experimental data for the scattering lengths
(2o =lim 8, (k)/k, k—0) and volumes (@, =1lim &, (k)/
k3 k—0),ie.,

agP — gPot— '}‘F‘;.?} (0) EO; y=4A(A—-1)(1+6)/1 +2€/4),
af®—aP*t =y (85, -+ pCop? (0)/3), (99)
where /3 is determined in (98); Q: lim 52 (k) /k 2, k—0.

Note that the parameters B, and C, differ from the
corresponding parameters of the optical potential by inclu-
sion (see Fig. 13) of the effects associated with the distortion

of the pion wave in the elastic channel.

Low-energy mwHe scattering

In Ref. 16, the differential and total cross sections of
7*He scattering were calculated with parameters B, and C o
determined in accordance with (99) (Figs. 14 and 15). It
can be seen from Fig. 14 that allowance for the absorption
channel makes it possible to describe quantitatively the dif-
ferential cross sections in the region up to 50 MeV. In Fig.
15, the calculation (continuous curve) satisfactorily repro-
duces the data of the energy-independent phase-shift analy-
sis of Refs. 31 and 86 for o, and O at energies below 80
MeV, except for the point for o,,, at 24 MeV.2® At this ener-
8y, the phase-shift analysis given in Ref, 29 is significantly
underdetermined, since data are available only for scattering
angles larger than 50°. New data for 7*He scattering at 25
MeV were recently given in Ref. 30. The differential cross
sections obtained there for 7+ mesons agree well with the
old data of Ref. 29, but for 7~ mesons they differ in the
region of small angles ( they are significantly smaller). As
was shown in Ref. 87, our calculations describe the new data
better. The broken curve in Fig. 15 shows the 1/v law (vis
the pion velocity) for the total cross section. A deviation
from the 1/v law is observed at energies higher than 5 MeV.

Thus, the results obtained confirm the assumption
made above of the approximate constancy of the parameters
B,andC o in the region of energies from 0 to 50 MeV. These
parameters are directly related to the scattering lengths and
volumes (99). One can therefore successfully solve the in-
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FIG. 14. Differential cross sections of 7 elastic scattering by “He. The
data are taken from Refs. 29 and 31; the broken curves represent the
potential calculation (8" + 8*); the continuous curves take into ac-
count the correction for absorption. The figure is taken from Ref. 16.

verse problem of determining the shifts and widths of the p
orbits of the pionic atoms of light nuclei from data on low-
energy scattering.

Effect of subtracting the pole term in the p4; wave

We have considered three variants of potential calcula-
tion of the quantitiesa,,; (Table V). In the first row, we give
the results using the data of the phase-shift analysis of Ref.
76 without subtraction of the pole term of the p,, -wave 7N
interaction. The value obtained for a, agrees well with the
result of the calculation of the 7*He scattering length made
in Ref. 90 in the framework of multiple-scattering theory.
The parameters B, and C, agree qualitatively with the stan-
dard values for B, and C,, in the optical potential (see Table
I),andReB,/ImB,~ — 1. Thesecond row corresponds to
exclusion of the p,, wave. It can be seen that the results are
changed little, this reflecting the small value of the p,, phase

0 20 40 60 80 0
TJ;,MCV

FIG. 15. Total (upper curve) and total elastic (lower curve) cross section
of 7*He scattering calculated in the unitary approach with allowance for
the absorption channel. The open squares are the results of the phase-shift
analysis of Refs. 29 and 31, the open circles are the data of the phase-shift
analysis for 7~ scattering by “*He from Ref. 86, and the broken curve isthe
1/v, dependence for g, . The figure is taken from Ref. 16.

shifts ( %2°) up to energies of 200 MeV. Finally, the third
row corresponds to exclusion of the pole term in the py,
wave. In this case, the values of @, ;_have changed apprecia-
bly, and, as a result, the parameters B, and C, have changed
too. This is a consequence of the fact that in the p,, wave
there is a strong mutual cancellation of the pole and the non-
pole term. For example, the scattering volume in the py;
waveis — 0.082u 3! whereas in the first Born approxima-
tion, corresponding to the pole approximation, the value
—0.243u~2 is obtained for it, i.e., a value three times
greater than the experimental value. The calculations shown
in Fig. 14 correspond to the last variant.

6. CONCLUSIONS

We have considered problems in the theory of low-ener-
gy pion-nucleus scattering. We have paid much attention to
the analysis of the optical model (Secs. 2 and 3) from the
point of view of its applications to the description of experi-
mental data. Despite great progress in the development of
the formal aspects of the optical model, the practically em-
ployed schemes are not yet free of adjustable parameters.
This is due to the important part played by the second-order
effects, allowance for which greatly complicates the compu-
tational schemes. Since a number of the second-order effects
have a tendency to mutual cancellation, the results of the
calculations are sensitive to the approximations employed.
Consistent allowance for the pion-absorption channel re-
mains a problem. Of great importance here is the consistency
between the theory and the unitarity condition. Formally,
consistency can be achieved in, for example, the framework

TABLE V. Length a,, volume a,, and parameters Byand C, of the absorption correction

for m*He scattering.

Phase shifts of 7N, _ pot - pot . _q L R e
scattering Wo'sl hr gl g
RSL (Ref. 76) —0.071 0.367 —0.024-}-10.026 —0,30+410.146
RSL (— pyy) —0.067 0.394 | —0.027-4-i0.028 | —0.38--i0.146
RSL (— pP') —0.055 0.508 —0.038-+-i0.026 | —0.,694-10,146

Note. The experimental value for a§® = ( — 0.098 — i0.030)z~"',"”” and
the value a*® = (0.258 + i0.054 )y ~* is taken from Ref. 38.

564 Sov. J. Part. Nucl. 16 (6), Nov.-Dec. 1985

M. Kh. Khankhasaev 564



of a three-particle model (see Sec. 3) for the optical poten-
tial. However, in the practical implementation, in which the
parameter characterizing the nucleon binding energy be-
comes a free parameter, the optical potential ceases to repro-
duce correctly the threshold properties of the scattering am-
plitude.

In this connection, the unitary method of describing the
pion-nucleus interaction expounded in Secs. 4 and 5 is prom-
ising. Besides the correct separation of the potential interac-
tion from the nonpotential interaction, the unitarization
method effectively takes into account the higher corrections,
this leading to rapidly converging iterative series. In the
method of evolution with respect to the coupling con-
stant,?%**7® such a series can be constructed directly to cal-
culate the pion-nucleus phase shifts. This, in particular,
makes it possible to avoid the additional approximations as-
sociated with the need for off-shell continuation of the opti-
cal potential in the solution of the Lippmann-Schwinger
equation for the scattering amplitude.

The rigorous formulation of the optical model,*%° (see
also Sec. 5) prescribes, in particular, subtraction of the pole
term of the p,;, wave of the 7N interaction in the construc-
tion of the potential block of the optical potential in order to
avoid double counting when allowance is made for the pion-
absorption channel. Because of the strong mutual cancella-
tion of the pole and nonpole parts of the 7N scattering ampli-
tude in the p,, wave, this procedure can strongly influence
the relationship between the potential term of the optical
potential and the term in it responsible for the absorption
(see Ref. 11, and also Table V). In this connection, one must
exercise caution with respect to the comparison of the micro-
scopically calculated parameters B, and C,, which deter-
mine the absorption correction, with their phenomenologi-
cal values determined from the shifts and widths of the levels
of the pionic atoms. In the variants of the optical potentials
considered above, the pole term of the P11 wave was not
separated.

Further investigation is required to study the influence
of the short-range NN correlations on the pion propagation
in the nucleus that arise as a result of p-meson exchange. In
Refs. 47-50, this mechanism was ascribed a decisive role in
the dynamics of the pion-nucleus interaction. In the optical
models developed in the p space (Sec. 3), a satisfactory de-
scription of the data at low energies can be achieved without
allowance for the short-range correlations. The energy de-
pendence of the parameters that determine the correction
for pion absorption is still little studied.

In this review, we have not touched on the problem of
taking into account the Coulomb interaction, which strong-
ly influences the scattering of low-energy pions. Rigorous
allowance for this interaction is a complicated problem, and
significant progress has been achieved here only recently for
the three-body case (see Ref. 92). An analysis of the prob-
lems that arise when the Coulomb potential is introduced in
the Watson multiple scattering expansion can be found in
Ref. 93. In the majority of calculations in the optical model

(see, for example, Refs. 40 and 52), the Coulomb potential is
simply added to the strong potential, this corresponding to
neglect of the Coulomb excitation and Coulomb interaction
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in the intermediate states in the construction of the optical
potential.”® These effects can play an important part in the
description of the interaction of slow pions with heavy nu-
clei, when the characteristic scales of the strong and Cou-
lomb (Bohr radius) interactions become comparable.®>%4
These remarks also apply to the unitary method of describ-
ing pion-nucleus scattering (Secs. 4 and 5). Here, the Cou-
lomb interaction is taken into account by means of the well-
known formula for the amplitude of scattering by two
potentials.*'* The Coulomb corrections to the phase shifts
are calculated in accordance with the procedure developed
recently in Ref. 95. Correct allowance for the Coulomb in-
teraction is particularly important in the analysis of simulta-
neous data for 7 and 7~ mesons, such data being a source
of information on the proton and neutron distributions in
nuclei,””*® on the possible violation of charge symmetry,®
and also in the description of the shifts and widths in heavy
pionic atoms,*>9

The final aim of the theoretical schemes considered
here was to express the pion-nucleus characteristics in terms
of the two-body 7V scattering amplitudes (or the two-body
u matrices in the unitary approach). To describe the 7N
interaction, potential models with a separable interaction
having parameters determined by fitting to the data of
phase-shift analysis in each partial wave have been used. A
defect of such a description is the lack of consistency with the
crossing-symmetry condition,”” which relates the partial-
wave amplitudes in different channels. When allowance is
made for the absorption channel, the theory also contains
the form factor of the 7NN vertex, which cannot be deter-
mined uniquely from data on on-shell 7V scattering. At the
same time, the results of calculations of the characteristics of
the 7NN systems'"*® are sensitive to the actual choice of the
7NN form factors. To eliminate these uncertainties, it is nec-
essary to go beyond the framework of the potential descrip-
tion of the 7 interaction. Great hopes in this direction are
now placed in the chiral theory of 7V interactions based on
the fundamental principles of quantum chromodynamics. In
its semiphenomenological realization—the chiral bag model
(see Ref. 99)—a natural cutoff parameter arises; this is the
radius of the quark bag, which determines the required ver-
tex functions.

Recently, a start has been made on the experimental
study of various inelastic processes at low energies such as
pion absorption,**'® quasielastic knockout,'®" inelastic
scattering with the excitation of nuclear states,®® etc. There-
fore, in what follows great attention will be devoted to simul-
taneous analysis of both the elastic and the inelastic interac-
tions of pions with nuclei. The inelastic processes are more
sensitive to the details of the nuclear structure and to the
dynamics of the pion-nucleus interaction.

I'thank V. B. Belyaev, D. A. Kirzhnits, M. Gmitro, R.
Mach, M. G. Sapozhnikov, F. Nichitiu, and N. Zh. Takibaev
for discussing the questions considered in this review.

APPENDIX 1

We shall prove that the system of equations (42)—(44)
is equivalent to the original equation (39) for the 7" matrix.
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Substituting (43) in (42), we obtain by a simple regrouping
of the terms

8 7 (E, M= —V (M —=2niT, (E, A) PS(E—=1)V (D)

an
—2niM (B, W) 08 (E—h)V (M), (AL1)

where
M(E, ») = (1 + 2qiT(E, WS(E — )PK(E, n. (AL2)

Equation (Al.1) will be equivalent to (39) if M(E,
A) = T(E, A). Using (42) and (44), for the derivative of
M(E, A) with respect to dA we obtain the expression

;;L_M (E, W=[1+2niT (E, A8 (E—R)] PU(E, b);  (AL3)

Using (42), we find from this equatio/r\l that on the subspace
of functions formed by the operator P (ground state of the
nucleus)

PM(E, WP=T,(E, A). (Al1.4)

In the general case, substitution of (43) in (A1.3) and the
use of (A1.2) and (Al.4) lead to an equation of the form

E{‘;—,‘II(E, M= —V () —2miM (E, N8 (E—h) V() (ALS5)

with the boundary condition M(E, A =0) =0, which fol-
lows from (A1.2) and (44). It follows from (Al.5) [cf.
(39)] that M(E,A) = T(E, A), and therefore Eq. (Al.1)is
indeed equivalent to the original equation (39).

APPENDIX 2

We obtain a system of equations for the operator H(E,
), which determines the absorption correction (93). It is
convenient to introduce the wave functions |¢7), |¢7), etc.,
of the channel Hamiltonian H (87) and regard all the re-
quired quantities as operators that act on this space of func-
tions. In particular, instead of the original operator R (87)
we obtain the new 7-dependent operator R(7) determined
by

R, nv = (mpt | B | vy = (4T [ R (n) | ¥7)- (A2.1)
It is obvious that R(n =0) =R. The equation for the T
matrix (89) can be written in the form

84 7, )

= . —R(n)—2niT (E, 0) § (E—H) R(M), (A2.2)

where 3(E — H) is the 2 X 2 matrix
8 (E—Hy) 0 )

S(E—H)= Iy
) ( 0 8 (E—Hy)

(A2.3)

1. Separation of the nucleon channel

We decompose the space of the state vectors of the Ha-
miltonian & (86) into two subspaces by means of the pro-
jection operators §; and §,, where g, projects onto the states
with one pion at each point of the space, and g, onto the
pionless states. In complete analogy with the derivation of
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the system of equations (42)-(44), we can obtain for the

submatrix Ty, =§, Tq, in which we are interested the equa-

tion

7% Tyy (s )= — Ry (Ey W)— 20Ty (Ey ) 0 (E— Hy) By (E, 1),
(A2.4)

where the effective energy-dependent operator R ; (£, 77) is

determined by the system of equations

Ry(E, M) = R) + 2niB(E, W) 50(E — TRy (A2.5)
-J(]ITH(E, )= — By (E, 1)+ 23Ry (B, 0) 0,6 (E—Hy) B(E, ).
(A2.6)

The boundary conditions for Eqs. (A2.4) and (A2.6) have
the form

T\ (E. w = 0)= TPt (E), B(E,n = 0)=0, (A2.7)
where T P°* is the matrix of potential scattering correspond-
ing to the Hamiltonian H ; . The non-Hermitian part of the
operator R , (E, ) arises from the presence of the absorp-

tion channel.

2. Separation of the inelastic channels

Equation (A2.4) is completely analogous to Eq. (42)
for the T matrix of potential scattering. Therefore, the sepa-
ration of the elastic channel from the inelastic channels is
made by a system of equations of the form (42)-(44). We
denoteby .7 o the elgstic-scattering submatrix of the Ty, ma-
trix, i.e.,, PT,, P (P is the operator of projection onto the
ground state of the nucleus). The equation for this quantity
has the form

F”n_fn(s, M= — Ao (B, W—27i 7y (E, M) P8 (E—Hy) Ro(E. M)

(A2.8)

where the operator #,(E, 77) is expressed in terms of the
operator R, (E, ) by the system of equations

R(E, M) = Ry(E. n) + 2nilNE, 1])(:‘6(.'? — IIDRUE. w: (A2.9)
?‘f_lvu-:, M = — R (E. W)--27i By (E. M) PS(E—H) D(E, n)

(A2.10)
with the boundary condition D(E,n = 0) = 0. The operator
Q = §, — Pprojects onto the excited states of the nucleus. In
matrix form, Eq. (A2.8) can be written as

d — ’ nd 1ol
ml—.l ok, k' E. )= —(\l"k'"“ | AR (B M) | 4 o)
Derie 7 dl‘l” T - L ' (= F N N
— 2mie 4 (k) \' T Tolke K% B M) (W3 o | A (B W) Pags o)
(A2.11)

wherek” = kn", k = |k| = |k'|, kand k' are the momenta of
the pion before and after the collision, and £, (k) is the den-
sity of the scattering states. The partial-wave expansion of
the quantities that occur in this equation in conjunction with
allowance for the boundary condition (A2.7) gives the
expression (92) for the 7-nucleus phase shifts.
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The system of equations (A2.9)—(A2.10) in conjunc-
tion with (A2.1), (A2.5), and (A2.6) completes the deter-
mination of the operator %, (E, ) in terms of the original
operator R (77). Using it, we can construct an iterative solu-
tion, expanding %, (E, 1) in powers of the operator R (7).
The first two terms of this expansion have the form

il
R (E, (=R (n)—2mi [; dn & (ny) a_i,b(ﬁ'-—[!,,] Ry
0
A
—2ai l‘ dny R (1) ;06 (E— ) R ().
i

(A2.12)

By low-energy pions we mean particles whose kinetic energy in the labo-
ratory system satisfies 7, <70-80 MeV.

“In the relativistic case, the theory can be constructed® on the basis of the
Bethe-Salpeter equation.

¥Section 5 is devoted to the problem of taking into account the pion-
absorption channel.

“In relations like (46) that have a general nature, we do not indicate
explicitly the angular momentum, spin, etc., indices.
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