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Methods that can be used to derive dynamical equations in quantum field theory are reviewed. A
new method based on using the asymptotic LSZ condition is described. It is shown that by means
of this method equations can be obtained for the wave functions of both scattering and bound

states.

INTRODUCTION

The present paper is devoted to the description of meth-
ods that can be used to derive dynamical equations in quan-
tum field theory. Dynamical equations in quantum field the-
ory occupy a central position. At the beginning of the fifties,
Bethe and Salpeter, using Feynman’s diagram technique, de-
rived a four-dimensional completely relativistic equation for
the wave function of a bound state of two Dirac particles
with an arbitrary interaction." Gell-Mann and Low soon
after gave a formal derivation of the Bethe—Salpeter equa-
tion in quantum field theory.? Other methods of deriving the
Bethe—Salpeter equation were proposed in a number of sub-
sequent studies.’ The present paper considers some of these
methods.

The methods of deriving the Bethe—Salpeter equation
hitherto developed can all be divided into two groups. In the
first, there are the methods by means of which the Bethe—
Salpeter equation for the wave functions of scattering states
can be derived. As a rule, the point of departure is the wave
function expressed in terms of the matrix element of the field
operators taken in the interaction representation. In the sec-
ond group are the methods used to derive the Bethe—Salpeter
equation for the wave functions of bound states. In these
methods, the point of departure is the expression bound-
state wave function in terms of the Heisenberg field opera-
tors, and these methods are based on investigation of the
singularities of the four-point Green’s functions with respect
to the invariant mass of the two-particle system.

In the present paper, we describe a new universal meth-
od suitable for deriving the Bethe-Salpeter equation for both
scattering and bound-state wave functions. In addition, the
method is very convenient for deriving expressions for the
amplitudes of scattering of elementary particles by compos-
ite systems.

In deriving the dynamical equations, we shall not use
any particular field-theory model but only the facts that pro-
vide the basis of the axiomatic formulations of quantum field
theory. This means that from the very beginning we avoid
discussions associated with divergences of the theory and
methods—renormalization procedures—of eliminating
them. In addition, we shall assume that there exist vacuum
expectation values of the Heisenberg field operators, or
Green’s functions and matrix elements determining the
Bethe-Salpeter wave functions, leaving, of course, on one
side the question of the rigorous justification of such an as-
sumption. We shall see that the universality of the method
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derives from the use of the LSZ asymptotic condition,* the
validity of which we also assume.

We give a brief summary of the content of the present
paper. In Sec. 1, we consider the derivation of the dynamical
Bethe—Salpeter equation for the wave function of a system of
two interacting particles in the framework of the axiomatic
formulation of quantum field theory in Bogolyubov’s form.
In Sec. 2, this method is generalized to a system of three
interacting particles. We also discuss in detail the boundary
conditions corresponding to different physical processes in
the three-particle system. In Secs. 3 and 4, we formulate
asymptotic conditions for elementary and composite parti-
cles and discuss the connection between the asymptotic con-
ditions and the singularities of the many-particle Green’s
functions. Using the asymptotic conditions, we derive ex-
pressions for the amplitudes of physical processes in the
three-particle system and develop a universal construction
for deriving dynamical equations in quantum field theory, to
the description of which Sec. 5 is devoted. In Sec. 6, we con-
sider various iterative schemes for calculating the main
physical quantities. Section 7 gives the derivation of a three-
dimensional dynamical equation for the wave function of
elastic scattering of a particle by a bound state of two other
particles.

1. BETHE-SALPETER EQUATION FOR THE WAVE FUNCTION
OF A TWO-PARTICLE SYSTEM IN QUANTUM FIELD THEORY

We define the two-particle Bethe-Salpeter wave func-
tion for scattering states by means of the matrix element

(Dab (‘l.I‘TZ) (0 E r ((Drl (.1:1) (I)-’J ("rz)) ' cDﬁb; in}, (1)
where @, (x, ) and ®, (x, ) are the Heisenberg field opera-
tors of particles @ and b; |®,,; in) is the state vector corre-
sponding to the asymptotic configuration ast — — co of the
two free particles in the “in” basis. The vector |®,,; in) can

be represented as the result of applying creation operators to
the vacuum state vector:

[ Dyp: in) = ainbin|0).

In the axiomatic formulation of quantum field theory,*
the asymptotic “in” and “out” fields are expressed in terms
of the Heisenberg fields by means of the Yang-Feldman
equations,
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@, (2) = ¢in (2) + | YD (2 —1) ju ()
=N 5 D" (x=1Y) ja (),

where the current operator j, (x) is expressed in terms of the
Heisenberg field by means of the equation
Ja(x)=K5®,(x); K% is a differential operator (Klein-
Gordon operator in the case of scalar particles, Dirac opera-
tor in the case of spinor particles, etc.) satisfying K 7D ot (x)

= epaMY(x) = 64(x), where D™ (x) =0 for x° <0 and
D2¥(x) = 0forx° >0. From the Yang-Feldman equations,
it is readily seen that the asymptotic “in” and “out” fields
satisfy the equation

Rigin (2) =0, Kigout (z) =0.

The creation and annihilation operators are defined in terms
of the asymptotic “in”” and “out” fields and smooth normal-
ized solutions of the equation K af. (x) = 0.% Below, we de-
scribe explicit expressions for these operators.

A dynamical equation for the wave function (1) can be
elegantly derived by using the formulation of axiomatic
quantum field theory in Bogolyubov’s form.>® In this case,
the Heisenberg field can be expressed in terms of the S opera-
tor and asymptotic fields by®

D, (@) =T (ga" (x) S) S+, (2)

where the symbol T'is understood as follows® : It is assumed
that the § operator is a functional of the asymptotic fields
that can be represented as an expansion with respect to nor-
mal products of the asymptotic fields, after which the T pro-
duct is defined in accordance with Wick’s theorem on the
expansion of a time-ordered product with respect to normal
products; “ex’ denotes “in”’ or “out,” depending on the rep-
resentation in which the S operator is taken. In what follows,
we shall use the “out” representation, and in Eq. (2) we
therefore omit the index “out” of the asymptotic field. It can
be readily shown that the Yang—Feldman equations follow
from the relation (2) if the current operator j, (x) is identi-
fied with the first-order radiative operator®

88 +
Ja(z)=1 9.0 oy

Using the expression (2), we obtain®
T (('Du (.1'1) ('DIJ ('7"2) .. ) f ((Pﬂ ( ) Py ('1.2) » S) S+'
(3)

For the T product of the asymptotic fields, we have the
standard representation

T (90 (21 9a (¥) = 0a (2) @0 0): +1- D (z—3),  (4)

where D, (x), the causal Green’s function, satisfies the equa-
tion
KD, () = 8 (z).

Using Eq. (3), we can rewrite the expression (1) for the
Bethe—Salpeter wave function in the form
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Wy (x5) = 0| T (9, (1) 9 (x2) S) | Dyps out), (5)

where we have used the fact that |®,, ;in) =5 |D,,; out). If
we now use the Bogolyubov reduction formula

[F (¢), a'1= | da

D 1, (@),

where F(¢) is some functional of the asymptotic fields, and
Ja (x) is a smooth ngrmalized solution (of wave-packet
type) of the equation K 2f, (x) = 0, then for the wave func-
tion (5) we can obtain the expression

Dy, (2425) = j dy, dy, <0 879q (#1) 95 (%) S ’ >

T8¢, (y1) 09s (2)
a6 (Y1lz)s (6)

where O (x,x,) = f, (x,)f, (x,) is the wave function of
the initial state of the two noninteracting particles.

The two-particle (four-point) Green’s function, which
is defined by the equation®

Gap (%3705 Yala) = i2 (0T (D (z1) Dy (22) Dy, (1) Dy, (2)) 0)

=207 (9q (21) s () Pa (1) Po (¥2) S) S*10),
can, after partial expansion of the time-ordered product, be
represented in the form

Gop (24223 Yila)

- 87 (9a (21) @1 (72) 8) s
- S dz, dz, <'O l %4 (21) 69p (25) ft

Y1) Dy (22— ¥a)-

By means of this equation, it is now easy to see that the linear
relation, (6) which connects the Bethe-Salpeter wave func-
tion to the initial wave function of the two free particles, is
equivalent to the relation

%)

XD, (2, —

My (2425) = [(Gyp * D'D5Y) + DY (2,3,). 7
The operation * denotes convolution of the functions in the
configuration space.

Expanding completely the time-ordered product in the
four-point Green’s function by means of the generalized
Wick theorem,’ we obtain

Gabﬁ b + Em"’I;{ab"gaﬂb? (8)
where G ) =D, D, is the free two-particle Green’s func-
tion, and the function R, has the structure

R,p =R Dy + R¥ D'+ Rof (9)
where the functions

R{® (z; y)= i=a, b (10)

’ bip; {w) 6@
are the vacuum expectation values of the second-order radi-
ation operators, and the function

ab (T35 YiYo)

1 / 818 N
=—=<(0]|— = S0 11
J 89q (1) 89p (22) 694 (1) 8¢5 (42) 4 (D
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is the vacuum expectation value of the fourth-order radi-
ation operator.

After substitution of the expression (8) for the two-
particle Green’s function in the linear relation (7), we find

Dy, (T4) = DY (24%5) + (Gab * Ropx DY) (2425)

= DY (z,25) + (CY *B;a DY) (za).  (12)

The second equation in the relation (12) is a consequence of
the stability of the single-particle states. We note that from
this stability there follow the relations®

D;xR®xf;=0, i=a, b. (13)
Therefore, the linear relation (7) can be rewritten in the
form

@y = (Gap * D3'D5Y) + O, (14)
where
Gb_Gab*Gb*R(“ l[ll

=Gup—Gay *(RPDp' + Ry DGY) * Gap. (15)

We define the function ¥, by means of the relation

5]
ab = Vap+ Vap * Gop + Rij. (16)
Substituting the relation (16) in (12), we arrive at the dyna-
mical equation for the Bethe-Salpeter wave function:
D, (2,25) = Do (247.) - (Gap * Vo # Byy) (2375). (17)
The inhomogeneous term in Eq. (17) is the wave function of
the system of two free noninteracting particles and corre-
sponds to the boundary condition of the scattering problem
asx) — o0, X5 — — oo. One can readily show that the func-
tion R (P is directly related to the amplitude of two-particle
elastic scattering. Indeed, using Bogolyubov’s reduction for-
mulas, we obtain for the S-operator matrix element corre-
sponding to the two-particle elastic scattering process the
expression

(Dgy; out |§—1]| D,y; out)

j dxy dz, dy, dyzf (z) fa (z2) Rap (24205 Yala) fa (44) Fo (Ua).

The Bethe—Salpeter wave function for the bound state
of two particles is determined by means of the matrix ele-
ment

D (2425) = {0 | T (D (1) Dy (22)) | Db (18)

where @, (x; ) and ®, (x, ) are, as before, the Heisenberg
field operators of particles a and b; |®2, ) is the vector of the
bound state of the same particles. For the bound-state vec-
tor, we shall also use the notation | M, ;P,o) ,where M, is the
mass of the bound state, P is the total momentum of the
bound system, and o is the set of all the remaining quantum
numbers, continuous and discrete, which together with the
mass and the momentum completely characterize the bound
state.

Our derivation of the dynamical Bethe—Salpeter equa-
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tion (17) is not suitable for deriving a dynamical equation
for the wave function (18), though it is intuitively clear that
the bound-state wave function must satisfy the homogen-
eous equation

q)élb (#42q) = (Gof = Vyp * chb) (242,). (19)

This result can be understood as follows. In Eq. (17), we
introduce the variables X = (x; +x,)/2,x =x; — x, and
go over to the Fourier transform of the wave function with
respect to the variable X:

®, (@ | P)= S dX exp (i PX) @, (X, 2).

Then, with allowance for the translational invariance of the
theory, Eq. (17) can be rewritten in the form

Dy (2}P) =D (2|P)
+ | dydaGy (P12 ) Vay (Ply; 2) o (31P),  (20)
where

Gy (X Yy)=Gp (X—Y|z; y)

— (2n)% S dPexp[—iP (X—Y)1G2 (P|z; y); (21)
Vap (Xa; Yy) = Vo (X — Y |35 p)
=(271)‘45dP exp [—iP(X —Y)lVa(P |2 y). (21)

If JP2 =M, <m, + m,, the inhomogeneous term in Eq.
(20) obviously vanishes, and we thus arrive at a homogen-
eous equation for the bound-state wave function:

a (2] Py= j dy dzGsY (P45 Y) Vay (Paly; 2) Ois (2]P),
Piy= M3, M) =VPr I,

It is, however, clear that the transition to the homogeneous
equation also requires specification of the correct boundary
conditions, these being obtained from the physical formula-
tion of the problem of describing the bound system.

The rigorous derivation of Eq. (23) is based on investi-
gating the singularities of the two-particle Green’s function
with respect to the invariant mass of the two-particle system,
and we consider it briefly here.

We require the Fourier transform of the two-particle
Green’s function:

(24 84 (P — Q) Gy, (P75 )
= 5 dX dY exp (iPX —iQY) G,y (Xz; Y).

P \=E,=E (P, . (23)

(24)
The expression for the inverse transformation is
Gy (Xz; Yy)=Gop (X—Y |2; )

— (2m) S dP oxp [ —iP (X —Y)] Gy (Pjz; y). (25)
From the expression for the two-particle Green’s function in
terms of the vacuum expectation value of the Heisenberg
field operators, it can be readily seen that G, (P |x; y) con-

tains a pole singularity at the energy of the bound state. More
precisely, for this quantity we can write down the represen-
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tation

. D@3, (=P, 0) D2 (3P, 0)
a

T ZE(P, M4)[PY—E (P, M4)—10]

+ G (P75 y),

‘G_ab (Px; y) ==

(26)

where G X#(P |x; y) does not have a pole singularity at
P°=E(P,M, =/[P> + M2 Fromtherepresentation (26)
near the pole corresponding to the bound state, we obtain

Gay (P23 3)

=[i (P2— M3 +i0)]"* X} @ (z|P, o) Dj, (y|Py 0).  (27)
[v2

The wave functions ®Z, (x|P, o) are related to the matrix

element (18) as follows:

OIT (D (z4) Dy (5)) [ M 45 P,0)

= (2n)32exp (—iPX) @3, (2] P, 0);
(Ma; P, 0T (D (z,) Dy (22))]0)

= (2m)~%2exp (iPX) DY, (2|P, o).

We now note that substitution of (16) in the expression
(15) leads to an equation for the two-particle Green’s func-
tion:

Gap =G -G # Vi % Gy (28)
Making a Fourier transformation in this equation by means
of (21), (22), and (25), we obtain

Gap (Plz; y) =G (P25 y)
e 5 dz’ dy' Gy (Plz; &) Vay (Pla's ¥') Gy (Ply's y). (29)

We substitute in Eq. (29) the representation (26) for the
two-particle Green'’s function, after which we multiply both
sides of the equation by (P2 — M2) and go to the limit
P?— M?%. As aresult, we find

@7y (z|P, 0)

= | de ay G (Pa1z; @)V (Pal2's y) OB (1P, 0),
) (30)
5= M5,
In the derivation of Eq. (30), it is necessary to take into
account the linear independence of the wave functions
@4, (x|P, o) corresponding to the different quantum
numbers o.

Equation (30) is the required Bethe—Salpeter equation
for the bound-state wave function. Our rigorous derivation
of Eq. (30) can serve as a justification of the heuristic argu-
ments for dropping the inhomogeneous term in Eq. (17) on
the transition to the description of the bound states of the
two-particle system. The order of the arguments can be re-
versed. For example, once Eq. (30) has been derived, one
can say that to describe the scattering states it is necessary to
go over from Eq. (30) to the inhomogeneous equation with a
term outside the integral correctly describing the boundary
conditions as xJ, X — — co. In this case, the first method,
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by means of which Eq. (17) was derived, could serve as a
justification of the correctness of such a transition.

In the following section, we shall show how both these
methods can be used to investigate three-particle systems in
quantum field theory.

2. DYNAMICAL EQUATIONS FOR A SYSTEM OF THREE
PARTICLES IN QUANTUM FIELD THEORY

We define the wave function of a system of three inter-
acting particles by means of the matrix element

Dpe (2y2575)
= (0| T (@, (x;) Dy (x) D (x3) | Dype; in)

=0 | T (9a (21) 9o (22) @c (25) S) | Dype; out), (31)

where ®, (x), i =a, b, ¢, are the Heisenberg operators of
particles @, b, and ¢; @, (x) are the asymptotic “out” fields of
these particles, and P, ; in) is the state vector correspond-
ing to the asymptotic configuration as t — — oo of the three
free particles. The vector |®,,.; out) can be represented as
the application of creation operators to the vacuum state
vector:

I(Dabc; out) = agutbautcirut |O)

By means of the Bogolyubov reduction formulas, as in
the previous case, we can readily find a linear relationship
between the wave function (31) and the initial wave func-
tion of the three free particles:

Dy (242073) = [(Gope * DD DY) % DG (2,2525), (32)

where @) (x,x,%3) = £, (x,)f, (x,)f. (x5) is the wave func-
tion of the initial state of the three noninteracting particles,
D, (x), i=a, b, ¢, are the causal Green’s functions defined
above by the relation (4), and G,,, is the three-particle (six-
point) Green’s function determined by means of the matrix

element:

Gope (242255 Yiifolfs)
=i} (0 IT fDa (‘T[) cDb (sz) (Dc (‘Tﬂ) .@u (yi) —a)b (yz) ac (ys)) IO}
= 1 (0[T (9a (%1) @p (22) Pe (23) P (41) T (o) Tc (¥5) S) $*10).

Expanding the time-ordered product of the field opera-
tors by means of the generalized Wick theorem, we obtain
the following expression for the three-particle Green’s func-
tion:

0y 1o 0
Gane = Gape + Gipe * R e % Gope,

(33)

where G{)) =D,D,D, is the free three-particle Green’s
function, and R, has the structure

Rupe = Re® Dy D' ++ D' Ry? D' ++ D' D' R
+ Roy D + R D3+ R Dy* + R,
The functions R (¥, i = a, b, ¢, and R {*, (ij) = ab, be, ac,
are determined by the expressions (10) and (11), and the

function R §,. is the vacuum expectation value of the sixth-
order radiation operator:
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R (2,20255 Y1Yalfs)
888
| — S
B N7 | 8, (21) 89 (+2) 0c (23) 6pq (¥1) Sp (¥2) 6P (3)

+

We substitute the expression (33) in the relation (32).
We obtain
D, (4275) = D (wy20525) + ( e # Rope * Dghe) (242273)
— DY, (2,25%5) - (G * Rope # Di2) (z47075),  (34)

where R_,, =R$’D-'+R Wp-1LROD '+R (o)
In the second equation of the relation (34), we have again, as
in the derivation of (12), used the stability of the single-
particle states. With allowance for the stability of the single-
particle states, the relation (32) can also be rewritten in the
form

(Dabc = (Eubc ¥ DEIDglpc_l) *® clzu.’.w)cu (35)

where

I () o . D 0
Gape = Gabe + Gape * Rape * Gabe

= Gope— Gitye * (R D' D3t + DRy DF* + D' Dy Re™) * Gape-

(33a)
We introduce the function ¥V, by means of the equation

]—?abc = Vase + Vabe * Gebe *T?abc' (36)

Then the relation (34) can be expressed in the form of a
dynamical equation for the wave function of the three-parti-
cle system:

Dype (212273) = Dpe (z12573)

+ (leloﬁlc * Va be * (Dabc) (xlxg-'l'a)- (37)

Equation (37) is the basic integral equation in the theory of
three-particle scattering. By means of Bogolyubov’s reduc-
tion formulas, one can readily show that the function R, is
directly related to the three-particle elastic scattering ampli-
tude. More precisely, the matrix element of the S operator
corresponding to the three-particle elastic scattering process
has the representation

@i out]S— 1y 0ut)= | (@) (@) Fi (@) Fi (22)
?é (z3) Ribe (2202 3; YiYoys) fu (Y1) [ (¥2) fo(ys),  (38)
where we have introduced the notation

(dz) = dx, dz, dzs, (dy) = dy, dy, dys.

The three-particle bound-state wave function, defined
by means of the matrix element

Dby (21, Tyy 25) = 0 | T (D (21) Qo (@) Do (%)) | D).
2 3

where |7, ) is the vector of the bound state of particles a, b,
and ¢, will satisfy the homogeneous equation

(39)

A (0 A .
q)abc (JJ,.I2I3) = (ng)c*vubc*(babc) (xtizxs)-
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0).

In confirmation of this result, we can bring forward intuitive
arguments like those mentioned in the two-particle case. It is
possible to give a rigorous derivation of Eq. (39) for the
three-particle bound-state wave function, but we shall not
dwell on it, since it is based on essentially the same argu-
ments as those used in the previous section to derive a homo-
geneous equation for the two-particle bound-state wave
function.

In the three-particle case, there is a new feature, which
is related to the fact that the homogeneous equation (39) is
satisfied by not only the three-particle bound-state wave
function. For example, the wave function corresponding to
the ¢ — — oo asymptotic configuration in which two parti-
cles are in a bound state and the third is free also satisfies the
homogeneous equation (39). Indeed, we define the wave
function of the scattering state in which two particles in the
initial state, say a and b, form a composite system, and the
third particle c is free by means of the matrix element

A
Diapre(#12275)

= 0|7 (®, (z;) Dy (x) D (3)) | DD,; in ), (40)
where | @7, ®; in)is the vector of the bound state of particles
a and b and particle ¢, which does not interact with them.

In Eq. (37), we go over to the variables
X = (x; +x,)/2, x =%, —X,, leave the third coordinate
unchanged, and make a Fourier transformation with respect
to the variable X. We obtain

D, (€25 | P) = Qg (225 | P)

i (G:;:Db)c *Va be ¥ (Dabc) (;rx3 I P) (41)
If yPZ =M, <m, + m,, the inhomogeneous term in Eq.
(41) vanishes and, therefore, the wave function (40) also
satisfies the homogeneous equation (39). It is readily under-
stood that the wave functions ®Z,., and ®f,, will also
satisfy the homogeneous equation (39). This circumstance
indicates that in this case the equations of Bethe—Salpeter
type do not have unique solutions, and subsidiary conditions
must be imposed in the choice of them. In nonrelativistic
scattering theory, this circumstance was noted for the first
time by Faddeev.” He derived dynamical equations (Fad-
deev equations) free of this shortcoming.

Returning to the derivation of the dynamical equation
(37), we can readily identify the origin of the nonuniqueness
pointed out above. From the very beginning, by the manner
of its derivation, the basic integral equation (37) is suited to
the description of processes of elastic scattering of three par-
ticles and is ill suited to the investigation of processes in
which bound systems participate. The inhomogeneous term
in Eq. (37), the wave function of the system of three free
particles, correctly describes the boundary condition in the
problem of three-particle elastic scattering but is quite un-
suitable for specifying the boundary condition correspond-
ing to the asymptotic f — — oo configuration in which there
is a bound system of two particles and a third particle which
does not interact with them. One of the ways to solve the
problem of the correct specification of the boundary condi-
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tions is through rearrangement of the basic dynamical equa-
tion (37).

Bearing in mind this remark, we consider the derivation
of a dynamical equation for the wave function (40). To this
end, we introduce the function ¥ (apyc by means of the rela-
tion

Rape— R D7 = Viapret+ Vigpse # Gt # R
Substituting this in Eq. (34), we obtain

(])ubc (1‘1‘1‘2.1‘3) = (Dab (-"51-‘-"2) (Dl(:m (‘2‘3)

(42)

+ (Gabe * Vianye * ©upe) (212,5),
where
D, (#y25) = DY (y25) [(DeDy) = RGP D] (242,).

Equation (42) is equivalent to the original equation
(37), butit is now easy to go over from Eq. (42) toadynami-
cal equation for the wave function (40) describing decay of
the bound state. For this, it is sufficient to set the inhomo-
geneous term in Eq. (42) equal to @, (x,x,) ® (x,),
where ®7; is the wave function of the bound state of particles

a and b. As a result, we arrive at the equation
(I’(..rlab)c (31-‘"21'3) =Dy, (425) DL (5)

+ (Cabe * Vigp), (Df}lzb)c) (242535). (43)

It is readily seen that the wave function (40), satisfying
Eq. (43), will describe the breakup of the bound state of
particles @ and b as a result of its interaction with particle c.
The inhomogeneous term in Eq. (43) specifies the correct
boundary condition asf — — oo, and the presence of the free
Green’s function G ) in the kernel of this equation ensures
the asymptotic configuration of three free particles in the
limit f — + o0.

If we define the function R ,,,. by means of

Ravye = Vigvre + Vianye * Godle * Riapyes

then Eq. (43) can be rewritten as
(D(‘,i,h)c (42515) = D (2120) D ()
+ (Gl * Rigp). % Dy @) (21252,).

We show below that the function R . is directly related to
the amplitude for the breakup of the bound state, the matrix
element of the S operator corresponding to this process be-
ing given by the expression

<¢jabc; out IS_ 1 Iq)ﬁbq)c; out) = ril_' (f:fgf:} * R(ab)c # ((I);bfo}

To describe the process of elastic scattering by the
bound state, it is more convenient to make a different rear-
rangement of the basic integral equation for the wave func-
tion of the three-particle system. To be specific, we consider
the elastic scattering of particle ¢ by the bound state of parti-
cles @ and b. If we substitute Eq. (36) in the expression for
the three-particle Green’s function G,,., we arrive at an

490 Sov. J. Part. Nucl. 16 (5), Sept.-Oct. 1985

equation for the Green’s function,

Gate=Gilo+ Gi¥le  Vage G, (44)
which can be rewritten in the equivalent form
Eabc:‘:aém+a’éu} ="-T}c * C_;abca (45)

where V, = V,,, — ¥,,D ', G°=G,,D,, and G,, satis-
fies Eq. (28). Substituting Eq. (45) in (35), we obtain an
equation for the wave function of the three-particle system in
the form

Dype (xy2p25) = Dty (242025) + (@:m #* I—]c *Dyy0) (x42573),
(46)
where

Difhye (23257,) = {(Eém s Gopet) w DL (2 2025)
=Dy (z42,) O (23)-

To describe elastic scattering by the bound state, the inho-
mogeneous term in Eq. (46) must be replaced by @7, ),
where @7, is the wave function of the bound state of particles
a and b; by doing this, we specify the correct boundary con-
dition as f — — co. The Green’s function G (’ in the kernel
of Eq. (46) will ensure the boundary condition as # — + o
required for the given problem.
We define the function R“* by

RY°=V,4+V.xG" « R%°
Then Eq. (46) can be rewritten as

Dype = DD + G % B 4 (D5D).

The function R%“ is directly related to the amplitude of elas-
tic scattering of particle ¢ by the bound state of particles @
and b. The corresponding matrix element of the § operator
can be expressed in terms of R%® by means of

(Dfpye; out]S—1 |CD[l1ab)c; outy = —i (@gf,) # R % (Do)

These examples are paradigms of the general scheme
for constructing the dynamical equations. In the general
case, the problem can be formulated as that of writing down
a dynamical equation whose solution is directly related to
the amplitude for the transition of the system from the state
characterized by the wave function ®5” to the state with the
wave function ®{”. The indices @ and B take values a,b,c,
abe, so that, for example, @ = ¢ means that particle ¢ in the
state (% is free: DL (x,x,%;) = B, (x,x,) /. (x3); similar-
ly, @0 (xxx;) =f, ()DL (xx3), D (x,3,%5)

=®% (xx3)f;, (x,). The wave function D) (x,x,%5)
= fa (x1)f, (x,)f, (x5) describes the state of three free parti-
cles.

We proceed from the basic integral equation (37) for
the wave function of the three-particle scattering state. We
rearrange this equation by using the representation for the
three-particle Green’s function in the form

Cape =G 4GP « R84 G0, (47)
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where G =
=B D.D..
We define the function ¥** by

Gbc a,G(O)-—G Db’ G(O) Gch, G{o)

abc

Rﬂ'-; B__ V@'- B V“: B *E"(g?) . Roﬁ ﬁ.
Then (47) can be rewritten as an equation for the three-
particle Green’s function:

abc G(U) L G(D)*Va ﬂ*G | o

Substituting this equation in Eq. (35), we obtain the equa-
tion for the wave function in the form
(Dr:bc = ('Dﬂ +—G$x9) * V“; # * (Da,bci (48)
where &, = (GL*G )~ 1)*®). The required equation
is obtained from Eq. (48) if as ®; we take from among the
wave functions described above the asymptotic-state wave
function @ specifying in the considered problem the
boundary condition ast— — .
The function R%# is directly related to the amplitude for the
transition of the system from the initial asymptotic state
with wave function @5 to the final asymptotic state with
wave function ®¢”. The matrix element of the S operator
corresponding to this process can be written as follows:
(@9 out |S—1 1(Df30); out) = %E)gj) *REP= @Y.  (49)
We can readily extend to the relativistic case Faddeev’s
well-known scheme’ in nonrelativistic scattering theory.
For this, we express the function V. defined by means of
Eq. (36) in the form
Vabc:Vabl)glTVbcD:;1+VacD51+VUw (50)
where V, is the part of the function ¥V, that does not reduce
directly to two-particle interactions in the system. Given the
functions Vs, Vass Vies Vacs the relation (50) essentially
determines the function ¥,. From each of these functions,
we find a function R, a = a, b, ¢, 0, by means of the equa-
tions
R,=V,+V,#GhexRy=Vo+ Ry #Gpe Vs, (51)
sothatR, =R¥D R, =RPD, R,
Ro=V,+ Vo*Gc(.gg*Ro =V + Ro*Gf:gg*

Following Faddeev, weintroduce the functions M,z by

4 =
=R pe,

4 “;B:Vuamﬁ'{"va*gabc*vﬁ' (52)
It is easy to see that
D) Mo p=Rgper (53)

o; B

From the definition (52) of the functions M, ; and Eq. (44)
for the three-particle Green’s function, we obtain

Moy p=VoBop+Vo# Gilo e X My p.
o4
We multiply the left- and right-hand sides of this equation by
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(14 R, *G ). Using the relation (51), we obtain a system
of equations for M, 4:

Me;p=RoBop+ Ry % Gles 2 Moy (54)
V=0

The functions Mz, in contrast to the functions R%# intro-
duced above, are not related by simple expressions to the
amplitudes of the physical processes in the three-particle
system. The one simple relation (53) reveals the direct con-
nection of these quantities to the three-particle elastic scat-
tering amplitude.

3. ASYMPTOTIC LSZ CONDITION AND AMPLITUDES OF
PHYSICAL PROCESSES

We consider the theory of neutral scalar particles. Let
fon(x) be a smooth negative-frequency solution of the
Klein—Gordon equation

m?) fr, (x) =0

We denote by f,,.., (x) a complete orthonormal system of
smooth negative-frequency solutions of the Klein-Gordon
equation. The orthogonality condition can be written in the
form

(O« +

=

U a
1 S daxfm: o (Z‘) b.?fm; B (3') = 6aﬁ
The completeness condition has the form
D) (my

fm a(z)fm o (y)= z—Y),

where D ~(m; x — ) is the negative-frequency part of the
commutator function of the scalar field. For practical pur-
poses, we shall use the limiting case of smooth solutions of
the Klein-Gordon equation in the plane-wave form:

fm;or, (J') = fm;p (JJ) = (2‘1)“3‘-2 exp (_i p;(;)’
-V P ma

pPP=E(p, m)= (55)

The orthogonality condition is written in the form

o * “——

i § @ (@) Gofons () = 2 (p, m) 8 (p—a),
and the completeness condition in the form

. dip ¥ £

1 ‘\ mjmm(i) fm;p (y) =D (m; x—p).

We define smeared field operators by means of the expres-
sions

&7 (fm ) =1 | Pxfmi0 ()00, () = a7 (56)
x0=¢
& () =1 | PxDq (@) Oyfms o« (@) =™, (57)

xt=t

where @, (x) is the Heisenberg field operator of particle a,
and f,,., (x) is a smooth normalized negati@e-frequency S0-
lution of the Klein-Gordon equation. It is easy to show that
the Heisenberg field operator can be expressed in terms of
the smeared operators:
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[I)a (‘7'5) = E ag-)mfm; o (X? t) + af&““?m; o (X, t)-
(20=1)

The asymptotic LSZ condition is formulated as the condi-
tion of weak convergence of the smeared field operators:

lim (‘PL’a(tt) (Fmy ) |2} = (‘-Pllaf(,ﬁg (Fm; ) |a);
P (58)

IEH}” (‘l’imgi) (Foms ) [Wpa) = {4y |ﬂ':iﬁ) (Fm; o) [P=)
for all normalized state vectors |¢, } and |4/, ). In the formu-
lation of the asymptotic condition, the operators ags)
are defined in accordance with (56) and (57), in which the
Heisenberg field operator @, (x) must be replaced by the
operators of the asymptotic “in” and “out” fields, @ = (x),
which satisfy the free Klein~-Gordon equation. From this, in
particular, it follows that the operators a{,%), do not depend
on the time.

By means of the asymptotic condition (58), Lehmann,
Symanzik, and Zimmermann* obtained a reduction formula
by means of which the matrix elements of the scattering op-
erator § can be expressed in terms of the vacuum expectation
values of a time-ordered product of the Heisenberg field op-
erators. For the special case when there are only two free
particles in the initial and final states, the reduction formula
has the form

. £
(@' pipalS—1 |D25" Q) = it j dzy day dy, dyﬁfmﬂ; n, (24)
iy (@) RESK2 (01T (@ () @ () @, (31) D, (1)) [0)

XAy Ky e gy (Ws) Fovgs o, (We)s (59)
where K7’ = (O, + m?) is the differential Klein—-Gordon
operator, and the direction of the arrows above it indicates
the order of its application. Ifin (59) we substitute the rela-
tion (8) and use the property K2D,(x—y)
=D,(x—p)Kj =8%x —y) of the causal Green’s func-
tions, for the matrix element of the S operator corresponding
to two-particle elastic scattering we obtain

(D22 pep2| S — 1| Dob"; q4q5)

o #® *
=i2 | daydzy dy, dysfm,; 5, (20) fony: 0, (22)

ab (2425 YY) Tm s a, (U1) Frog: g, (Ya)- (60)

It thus follows from the reduction formula (59) that the
amplitudes of physical processes for which there are only
free particles in the initial and final states are directly related
to the single-particle singularities of the Green’s functions.
We emphasize once more that essential use is made of the
asymptotic condition (58) in the derivation of the reduction
formula (59), from which in turn the expression (60) is
obtained.

The expression (60) for the element of the S matrix can
be obtained without recourse to the reduction formula (59).
To this end, we write the relation (8) in the expanded form
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20T (@, (2,) Dy (z5) O, () Dy (35) | 0)
= D, (x, —y) Dy (®a — ¥s) — (2m)26

X j dpy dp, dk, dky exp (—i pyz, — i Pats)

X D, (p1) Dy (p2) R (P1pa} Feikey)

K D (k) Dy (ko) exp (i kryy + 1 kays), (61)
where D, (p) = m? — p® — i0) ~! is the Fourier transform
of the causal Green’s function. In this equation, we take a
definite sequence of times x§ >x9 >»? > 9 and go over to
the smeared field operators in accordance with (56) and
(57), after which we go to the limit x{, x} — + o with »?,
¥2 = — . Then, taking into account the asymptotic condi-
tion (58) on the left-hand side of the relation (61 ), we obtain

. =)20=) _(+)p(+ out, in,

lim <Ola§t? )bgcg ag,g )byg)fo) = (D55 pip2|Dop; UL
X9, x0->+o0
yh yd- oo

On the right-hand side of (61), we use the limit relations

o m I v i i
thl?l i | dix Y fm; p (%) =5 D(w—y)Tﬂfm;q(y)
B 7 x”‘=t

y=—t
=2E (p, m) & (p—q); (62)
Bof

lim i \ Pxf;p (2) = | dROD (k) exp (— ikz)

Lewifoo X0y e,
= (2m)** 183 (p—k). (63)
o I e T o
Jim_ ‘yuL dy _L dk°D (k) exp (iky) - fus 4 (9)
= (21)** i8° (k — q). (64)

As a result, on the right-hand side of Eq. (61) we obtain
122E (py, mq) 8° (py— ay) 2E (py, my) 8° (P2— )
14 2) R (papei 1),
where the tilde means that the corresponding momentum
lies on the mass shell, 7; = m2 =%, 52 = m? =g, and we
have used the stability of the single-particle states. Thus,
after the passage to the limit xJ, x2 — + o, 3%, )3 — — «

in Eq. (61) in accordance with the procedure described
above, we find

(D25 pipa| Diy; qua)
=2E (p;. m,) & (p,—q,) 2 (p,, 1) 6% (pa—qs)

12 (270) R (paas 01ds)- (65)

The last term in (65) is obviously equal to

* p
i gdxl dizy dYy dYsfm ; v, (21) Fmy; v, (T2) RaY (2425 Y1)
x fmﬂ; q (1) fmb: a, (12),

in complete agreement with the expression (60).

This derivation of Eq. (65) makes it possible to trace
the connection between the asymptotic LSZ condition and
the single-particle singularities of the Green’s functions.

Proceeding from the representation (33) for the three-
particle Green’s function, we can in the same manner readily
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obtain an expression for the amplitude of three-particle elas-
tic scattering. For this, we must carry out the smearing pro-
cedure by means of Egs. (56) and (57) on the left- and right-
hand sides of the relation (33) and go to the limit

U i} 0 i 0 0 0
¥, 28, 2 — + o0 Yis Yu» Yz — 0.

Using the asymptotic condition (58) and the limit relations
(62)-(64), we obtain

(Do Pipzl’a‘itpﬂc; 449293
= 2E (py, m,) 8 (Ps— qy) 2E (p2. m3)

8 (py— ) 2E (P, m,) 8% (p3— Us)
12 (2m) R (pape 7102) 2L (p3s m,) 8% (p;—Us)
412 (27)° Ry (pabss 929s) 2E (P mg) 6% (Py— Uy)

442 (27) SR (pypsi Nads) 2 (P2, mp) 8 (D2 —a2)

~ ~ o~

+ i3 (2n)°Ribe (P1P2P3s 919293)- (66)

The last term in (66) is equal to the expression (38), in
which the plane waves (55) areto be taken as the wave func-
tions f,, (x).

Using this method, we now show how expressions can
be obtained for the amplitudes of other possible processes in
the three-particle system. We consider the scattering of par-
ticle ¢ by a bound state of particles a and b. In this case, it is
convenient to proceed from the representation (47) for the
three-particle Green’s function with @ = B=qc:

Gope— GO + G e B G, (67)
We recall that G = G,,D,, where G,, is two-particle
Green’s function.

Following Ref. 8, we write down the expression for the
three-particle Green’s function, separating explicitly the
poles corresponding to the bound states of particles a and b:

Gy (15235 Yi¥aYs)

—i (2m) \ dP dQexp (—iPX +iQY)
~ [2EE, (EE, — Po—i0)
X 2E jo(Eay — Q°—i0)]™ 02'0 ®Z, (z|P, o)
(D P, o |T (D, (z3) De (y3))

|03 Q, 0)Da, (¥1Q, 0)+ .. -, (68)

where the wave functions of the bound states are determined
by means of the matrix elements
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OIT (D, (2;) Dy (2,)) | D23 P, 0)

= (2n1)"%/2 exp (—iPX) @ (2| P, o)

@ Q, o|T (Qq (1y) @, (y2))10)

— (2m)" ¥ exp (1QY) Da (1Q, ©);
X=(r, Tt z)2 =2 —%p

Y = (y1 + Yo)/2, ¥ = Y1 — Yai
EA = E(Q, M=V @+ ME;
EE,=E (P, My)=V P+ Ms.

For the two-particle Green’s function G, , we shall use the
representation in the form

Gup (wy2s ) =120 § 4P
XooRp AP (= V) [2E Ry (Bl Pr—i0)I™
) ©2(x|P, 0) Dey (y|P, 0) + - ..

)

—i(2m)* SdQexp[-—iQ(X—Y)J
x [2ES (& — Q0 —i0)]t D) @3 (1Q, o) Pas (¥]Q, o)+ - - -

We introduce the Fourier transform of the three-parti-
cle Green’s function with respect to the variables X and Y:

Gope (P 2255 Y51Q)

L S dX dY exp (iPX —iQY) Gyp, (X2z5; YiYs). (69)

Using the expression (68), we can readily see that the Four-
ier transform (69) of the three-particle Green’s function has
poles corresponding to bound states of the particles a and b,
and near these poles has the representation
Gape (Plazs; yWalQ)l o5,

Q-Eg

— i (2n) [(M3— P2—i0) (MAi—Q*—i0)™
2 S OB, (z|P, ¢') (D P, o |T (D (x3) e (ya))|
o'o

D; Q, o) @i (41Q, 0)-

We make a Fourier transformation with respect to the
variables X and Y in Eq. (67). As a result, we arrive at a
relation whose left- and right-hand sides have poles corre-
sponding to the bound states of particles a and b. Multiply-
ing both sides of this relation by (M 2 _PH(ML —0?
and going to the limit P2 — M}, Q% — M, we obtain
(@B P, o |T D, (z3) De (4)) | Pai Q, 0) -

— —i—- D(: (ms = y;;) 6_,1 ;;600.2E?b63 (P_ Q) R,
+1i S (dz’) (dy") Dy (z/25| P, o)

X D, (wg—a5) R (222 :0as)

w D& (y14.1Q, ) D, (Y, — ys)- (70)
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It is now easy to find an expression for the amplitude for
scattering of particle ¢ by a bound state of particles g and b.
In (70), we take the sequence of times x3 > and carry out
the smearing procedure by means of (56) and (57), after
which we go to the limit xI — + o, ¥§ — — . Using the
asymptotic condition (58) and the limit relation (62), we
find

(Dae; Py 0, p; out|Dfhye; Q, o, q; in) -

= 845800285, (P— Q) 2E (p; m,) 6° (p—q) -
—i § (@) @) T (2@alP, &) Ty (27) -

X R%° (2129237 Y1yolis) Di (#14:1Q, o) fmc; a (U3).

This expression for the amplitude of scattering by a
bound state is obviously an expanded form of expression of
(49) fora =B =c. It is also readily seen that by means of
the method described here it is possible to obtain expressions
for the amplitudes of arbitrary processes in the three-particle
system and, thus, to completely justify the expression (49).

Our derivation of expressions for the amplitudes of pro-
cesses involving two-particle bound states was based on in-
vestigation of the singularities of the three-particle Green’s
function with respect to the variable that is the invariant
mass of the two-particle subsystems, Investigating these sin-
gularities, we obtained explicit expressions for the ampli-
tudes of these processes. In addition, we found that the am-
plitudes of physical processes with asymptotic states
involving only free particles are related to the single-particle
singularities of the Green’s functions, and we showed how
the single-particle singularities are related to the asymptotic
LSZ condition. These results suggest the possibility of a gen-
eralization of the asymptotic LSZ condition that makes it
possible to take into account the presence of bound states.
The following exposition is devoted to formulation of such
an asymptotic condition.

4. ASYMPTOTIC CONDITION FOR COMPOSITE PARTICLES

We consider first the normalization of the Bethe—Sal-
peter wave functions for bound states. The representation
(27) for the two-particle Green’s function near the pole cor-
responding to a two-particle bound state is bilinear in the
Bethe-Salpeter wave functions. Therefore, the representa-
tion (27) already essentially fixes the normalization of the
Bethe-Salpeter wave functions for the bound states.

We write down the formal identity

(_;ab (Pixv y)
= | &' dyGoy (Plas ) G (PIa'; ) G (Pl 1), (T1)

where G, (P |x; ») is the translationally invariant part of the
two-particle Green’s function and can be expressed in terms
of the total two-particle Green’s function in accordance with
(24). Substituting in (71) the representation (26) and
equating the residues at the poles on the left- and right-hand
sides of the resulting equation, we arrive at the normaliza-
tion condition for the bound-state wave function:

Sda:dyﬁgt, (z|P, o') N, (Plz; y) Dl (y[P, 0)=i8ssr, (72)
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where @7, (x|P, o) is, obviously, the translationally invar-
iant part of the Bethe-Salpeter wave function, and we have
introduced the notation

Na(Plz; 4) =555 Gt (Pl2; 1) pa_yp.

In deriving the normalization condition (72), we used the
fact that the wave functions @7, (x|P, 0) corresponding to
different quantum numbers ¢ are linearly independent.

One can obtain similarly the orthogonality condition
for wave functions corresponding to different values of the
square of the invariant mass of the two-particle system, For
this, we write the equation for the bound-state wave function
in the form

Gab (Pp) » DF, =0, Ph=1r3 (73)
and consider the formal identity
Gap (P) # Gh (P) = DY, = D, (74)

Multiplying (73) from the left by G,, (P) and subtracting
the equation then obtained from the identity (74), we obtain

e 1 %,
Gop (P) * iy, * Qo= pry

Substituting here the representation (27) and going to the
limit P2 — M2, we obtain the orthogonality condition

§ dw 2, (1P, &) Wip (Pla; 1) ®F (4IP, 0)=i5, 500

where
Gah (Palz; y)—Gg} (Pla; y)
. ab\" A ab 2
Wag (Plz; y)= P% — Py, '
Pi=Mi, Py=M3.

It is easy to see that
Waa(Pl2; 1) =Wap (Pl2; Y)lps . py =Ny (Pl2; y).

For the total Bethe-Salpeter wave function, the norma-
lization condition can thus be written in the form

§ dzayv, (la; y) | @xT8, (xo 1P, o) 22D (Xy1Q, o)
=2E (P, M,)8 (P—Q) Sgq.

We define new functions U2, and %, by means of the rela-

tions

Ui (XzIP, o) = | dy®d (XyIP, o) N, (Plys ) (75)
Vi (XzIP, o) = [ dyN, (Ple, ) @ (XyIP, o). (750)

Then the normalization condition can be rewritten in the
two equivalent forms

5 dz | d3XT%, (Xz[P, o) —2 - D (X2]Q, o)
—92E (P, M,) 8% (P—Q) 8,

=

- j dz S dXDG, (Xz|P, o) a7 Vi (X2]Q, o).
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We now turn directly to the formulation of the asymp-
totic condition for the composite particles. We express the
Bethe-Salpeter wave function for bound states by means of

A ( Xz ).

the matrix element
(0|T (D (X +2/2) Dy (X — 2/2))] Ofy) =

AT (@, (X + 2/2) @, (X —2/2))/0) = cD;‘,, (Xz), } (76)
where |®2, ) is the vector of the bound state of the two parti-
cles g and b with invariant mass M, .

Let U4, and V4, be functions smooth with respect to

the vanable X and satlsfymg thc normalization condition

[ az § X0, (X2) e ®;"*b (Xa)

={as S PXTA, (Xz) s T yA (Xa)=1.
We consider a bilocal construction of the form
A (X2) = T (@, (X + 2/2) ®y (X — a/2)).

A construction of such type was used in Refs. 9-11 to con-
struct local field operators of composite particles. The “in”
and “out” fields of the composite particles are determined,
as in the case of elementary particles, by means of the Yang-
Feldman equation:

A (Xz)= A (Xz)+ S dYDe (X—Y)J (Yz)
= Agu (X2) + | Y DEY (X —Y) 7 (Va),
where the current operator is determined by

J (Xz)=(Ox+M4) A (Xa).

We define the smeared field operators for the composite
particle by

AP (@) = S do | @EXUA (Xx) o5 A (Xa); (77
Xo=¢
4P @)= [ dz | aXA(Xo) 5w VXD (78)

X0=¢
and require fulfillment of the conditions of weak conver-
gence® :
lim (| AT (@) o) = (b A6 (Pa) | ha;
(79)

t—+-+teo

hnlmﬂhlflm (D) 1) = (s | AR (Dab) [1ba)
for all normalized vectors |#, ) and |#,). The operators
A LE) (P4,) are determined by means of (77) and (78), in
which the bilocal operator A (Xx) must be replaced by the
operator Ay oue (Xx). As is readily seen, the operators
(Xx) satisfy the free Klein-Gordon equation

11'1 out

(Ox+ M%) App, out (X2) =0

The smeared operators A 1), (®5,) can be mterpreted as
the operators of creation and annihilation of bound “in” and
“out” states with wave function @7, .

For practical purposes, it will be sufficient to use the

495 Sov. J. Part. Nugcl. 16 (5), Sept.-Oct. 1985

Bethe-Salpeter wave functions in the plane-wave represen-
tation. In other words, for the bound-state wave functions
we shall use the expression (76), in which the bound-state
vector has the form

| CDaAb) = | Myu; P, a).

Accordingly, for the functions U , and V3, we shall use the
expressions (75) and (75a).

It is of interest to compare the formulation of the
asymptotic condition in the form (79) with the asymptotic
condition formulated in Ref. 9.

Let fy;, (X) bea smooth negative-frequency solution of
the Klein-Gordon equation (O, + M3 )fy,, (X) =0 nor-
malized by the condition

i [ aXfar, (0 5 oy () =1

We introduce smeared field operators in accordance with

=

A7 (z) =i j daX;nrA(X)j;(—oA(Xx)EAT'(fMA; z); ]|
XO0={
[
A;‘H(x):i ‘ asX A (XJI) UX“ f.MA(X) Jl

Xo=¢

AP (faygi 2)-
(80)

The asymptotic condition formulated in Ref. 9 presupposes
the existence of the weak limits

bl AT (@) %) > (9sl AGEE (@) 123 }

o 81
(| AT (2)192) g (0] AR (2) 1) (el

for all normalized vectors |¢;) and [¢,). The operators
A {£), (x) are determined by means of the expressions (80),
in which the operator 4 (Xx) must be replaced by the asymp-
totic fields A, o, (Xx), which satisfy the free Klein—-Gordon
equation with respect to the variable X.

It was shown in Ref. 9 that the operators 4 {£), (fi,:X)

admit a factorized representation in the form
A5 out (ar s # @)= A1 out (P) @iy ([ P);
A oue (farg; vs )= Afg) out (P ) D, (2| P),

where 4 {£), (P), the operators of creation and annihilation

of the bound state with momentum P, satisfy the canonical
commutation relations
[ARout (B), Ajtlout (Q)] = 2E (P, M,) 8 (P — Q),

all the remaining commutators vanishing; ®, (x|P) is the
Bethe-Salpeter wave function. Thus, the asymptotic condi-
tion (81) in the plane-wave representation can be rewritten
in the form

s AT (s w5 @) [) > (AR (P) 1) D (| P);
B A4S (fargs v @) [0 o (bl Al (P)[2) Dy, (|P).
(82)
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If it is borne in mind that the asymptotic condition (81) is
satisfied uniformly with respect to the variable x, and
allowance is made for the normalization condition for the
bound-state wave function, it is readily seen that from the
asymptotic condition (82) it is possible to obtain the asymp-
totic condition in the form (79). In other words, we have the
following important proposition: In the plane-wave repre-
sentation, the validity of the asymptotic condition (79) fol-
lows from the asymptotic condition (81).

We rewrite the expressions (77) and (78) in the plane-
wave representation:

AP (@5 (|P, 0)) = A (P, o)

-

= dedyV, Iz ) | XL (XalP, 0) =T A (Xy;
* Xo=¢

(83)
AP (@fy (P, 0)) = A (P, o)

5
X0 (Dt;ib (XylP, 0)'

- 5 dzdyN , (P|z; y) 5 43X A (Xaz)

Xo0=1

(83a)

The operators 4 {£), (P,a) can be constructed in accor-

in,out
dance with the same formulas with the operator 4 (Xx) re-
placed by the asymptotic field operators Aipou (Xx). It is
readily seen that they have the representation

dsP 5 A
A (X2)= ? | oy [4i (P,0) D}(Xz|P, o)

+ Aff (P, o) D, (Xz|P, o))

in
out

(84)
The representation (84) agrees with the result of Ref, 9 men-

tioned above if it is remembered that the Bethe-Salpeter
wave function admits the factorized representation

@3, (Xz | P, o) = faegivi (X) Dy (2 | P, o),
where
far g3 p (X) = (2n) /2 exp (—i PX);
P =E (P, M,)=VP+ M.
By means of the asymptotic condition (79), using the

method of Ref. 4, we can obtain different reduction formu-
las. For example, we have

Wil Aout (P, 0) T(@y (yy) - .. O (¥2)) 1)

=Pl (Dy (1) - . Dy (y2)) AR (P, 0) |4

= j dzdyN , (P|z; y)

X | dX®% (Xz|P, o) Kx* (44| T (O (X +/2)

XADy (X —y/2) Oy (yy) ... Dy (1)) |2)

or
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(wllA:Jt& (P1 0) T (CDI (yl) slaie ch (.Un))hpz)
T (Dy (). .. @ (yn)) A (P, 0)|9a)

= j dzdy N . (Ply; @)
X | 4o 0T (@4 (X + 5/2) 0, (X —p2) Oy ...

oo @, (1)) 192) Ky A% (X2 |P, o).

As another example of the use of the asymptotic condi-
tion (79), we consider the derivation of the amplitude for
scattering by a bound state. To this end, we write the relation
(67) in the expanded form

-gabc (@1 Z9%3; Y1als) =Eab (403 y4y) D (25— y3)
+ | (@) (@) By (2123 (23)
X Dy (mg— ;) R*° (w1292 ylylyl)

X Gap (Y1¥35 Ya¥2) De (¥5 —ys)- (85)

Using the representation for Green’s functions in terms
of the vacuum expectation value of the time-ordered product
of the Heisenberg field operators of the particles, we can
readily show by means of the asymptotic condition (79) that

lim | dzdyN, Qly; @) | @Y,y (yiyi; Yy)

Yo=¢

X 52 P4(Y2 1Q, 0) =204 (45IQ, o);  (86)
lim SdzdyNB (Ply; =)
f-r o0
B ’ ‘_; rai .t
X S EXDE, (Xy|P, o) 525 Gy (Xz; 2[2))
X0=t
= i2Dg, (z,2,/P, o). (87)

In (85) we consider the sequence of times X > x9 > »
> ¥ and carry out the procedure of smearing with respect to
the coordinates X and Y by means of (83) and (83a) and
with respect to the coordinates x, and ¥; by means of (56)
and (57), after which we go to the limits X°, x2 — + o and
Y°, y§ — — . Using the limit relations (62), (86), and
(87), we obtain

(@Gne; P, o', p; out|Dfaye; Q, o, g; in)

=08,n000-2E (P, M) 8°(P—Q) 2E (p, me) 8 (p—q)
—_— &
—i | (d2) (ay) B, (@,221P, o) Fon_;p ()
X R (2122%53 Y1yays) O3y (Y1y21Qy 0) fn; g (Us)s

in agreement with the expression obtained earlier for the
amplitude of scattering by a bound state. It is obvious that in
the same manner one can obtain expressions for the ampli-
tudes of arbitrary processes in the three-particle system.

Thus, the asymptotic condition in the form (79) completely
solves the problem posed at the end of the previous section.
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5. ASYMPTOTIC LSZ CONDITION AND DERIVATION OF
DYNAMICAL EQUATIONS IN QUANTUM FIELD THEORY

In the previous sections, we have established how the
asymptotic conditions formulated in the form of (58) and
(79) are related to definite singularities of the Green’s func-
tions. In this section, we wish to show that by using the
asymptotic conditionsit s, in addition, possible to arriveata
universal method for deriving dynamical equations in quan-
tum field theory. The universality of the method is expressed
in the fact that it can be used to obtain equations for the wave
functions of both scattering states and bound states. Since
the Green’s functions contain complete information about
the system, it is natural to construct the derivation of the
equations for the wave functions on the basis of the equations
for the Green’s functions.

The essence of the method that we wish to describe here
is, proceeding from the equations for the Green’s functions
and applying appropriately asymptotic conditions, to obtain
dynamical equations for the wave functions. It should b
noted that the dynamical equations that we considered i
Secs. 1 and 2 were also essentially obtained as consequenct
of the corresponding equations for the Green’s functions.

We consider the derivation of the Bethe—Salpeter equa-
tion. We proceed from Eq. (28) for the two-particle Green’s
function, which we rewrite in the expanded form

Gop (4% YY) =Da (24— 1) Dy (22— 1)
+ | (da') (@y") Da (01 —2) Dy (22 —23)

X Vay @@5; Y1) Gap (Uil Yabe)- (88)
In this equation, we carry out the procedure of smearing
with respect to the variables y, and y, by means of (57),
after which we go to the limit J§ — — o, y3 — — . Using
the limit relations

: 5
Jim § @YD @— 1) 55 frsa ) = 0 @) (89)
ynl_if_nm \ d*yy 5 ByaGap (2122 Yila)
y_[],;-r—oo
1—6—)- <=
X 27 B7 a0y (B0 g 0, (42)
=y (7422 019), (90)

we obtain the Bethe—Salpeter equation for the scattering-
state wave function:

Dy (212, | ) = ab (zgzy | LIS
+ | @) @) Da @ — 30) Dy (02 — )

X Vap (@2s yiys) Pan Uals | 09:):
where

9 (2425 ]0102) = Tmys a, (€1) Fmyiay (22)3

Proceeding from the same equation, Eq. (88), we can
obtain a dynamical equation for the bound-state Bethe—Sal-
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peter wave function. For this, we carry out in Eq. (88) the
procedure of smoothing with respect to the variable
Y = (y, +7¥,)/2 by means of (83a) and go to the limit
¥Y° — — o. Using the limit relation (86) and bearing in
mind that the inhomogeneous term in Eq. (88) makesavan-
ishing contribution in the limit Y° — — o0, we obtain the
homogeneous Bethe—Salpeter equation

@2, (2425[P, 0) = 5 (dz’) (dy") Do (21— 37)

XDy (23— ;) Vay (24255 Yi83)
% ®% WiyalP, 0).

As another example, we consider the derivation of Eq.
(43) for the wave function describing the breakup of a
bound state. Substituting the definition of the function
¥ (apye in the expression (33a), we obtain an equation for the
three-particle Green’s function in the form

Eae‘m (429243 Yilfalla) = _G—ab (493 Yiya) De (3 —Y3)
+ | (d2') (@y") D (@1— ;) Dy (22— )
X D, (25— %) Viavre (212575 Y1¥3Y%) Gave (Y1HaYs3 Yrbala)-

In this equation, we carry out the procedure of smearing
with respect to the variable Y = (y, +¥2 )/2 by means of
(83a) and with respect to the variable y, by means of (57)
and go to the limit Y° — — 0, y3 — — oo. Taking into ac-
count the limit relations (89) and (86), we obtain

Dp)e (#12223]1Q, 05 ) = 0% (2:22]Q, 0) fmg a(Zs)
+ { (@2) (@) Da (1= ) Do (ra—23)

2 D, (23— 23) Viavre (212375 YaYsY5) Ofoye (WiyaY51Q, 05 ),
(91

where
q)faab)c (w423 Q, o, q)

= (017 (@ (1) Dy (25) D (25)) [ Dayes Qs @, @3 in)-

In Sec. 2, we obtained Eq. (91) by heuristic arguments.
The method based on the use of the asymptotic conditions
provides us with a rigorous derivation of Eq. (91). It is ob-
vious that by this method one can also obtain a rigorous
derivation of the other dynamical equations found in Sec. 2.

6. ITERATIVE SCHEMES FOR CALCULATING THE
FUNCTIONS A<*F

It was shown above that the functions R*# introduced
in Sec. 2 by means of the relation (47) are directly related to
the amplitudes of physical processes in which the system
goes over from the initial state characterized by the wave
function @’ to the final state with ®¢”. Through the rela-
tion (47), the functions R*# specify a certain representation
for the Green’s function of the three-particle system. We
consider some equivalent representations for the three-parti-
cle Green’s function:
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E‘abc =—é{o¢0)—l— @,ﬂ?’ # RUTI%B EE;O); (92)
Gare=Gf" G » R0, GO, (93)
Gape =G4 6,5+ G % % B 4 G, (94)

Each of these representations determines a corresponding

function R*# ang, conversely, each of the functions R*#

determines through Eqgs. (92), (93), and (94) a certain rep-

resentation for the three-particle Green’s function. Compar-

ing the different representations for the three-particle

Green’s function, we find the connection between the differ-

ent functions R%#

R% P _ = 60:.&) Ehﬁ)'l +R(+}OC; B__ (1 —- ‘Smﬁ) éfao)ﬂ 3 R ﬁ_
(95)

It follows from this that

5&0) % R B, (DEO) i @f) w RO B q)faﬂ)

=BV RO%P @),

i.e., to calculate the amplitudes of the physical processes we

can use any of the functions R*#, This means that the func-

tions R*#, R(+)a8 R(-)aB o0 physically equivalent.

Comparing, for example, the representation (94) with

(33a), we find

R%Pm (1—8,0) GO 1 R, —Rbop—R, + G2« R% B

—R“Py G0, # Ry — R, %G, % R% Py GO 4 Rg.

This relation can be used to construct an iterative scheme

making it possible to calculate the functions R%# in terms of

the fundamental functions of the theory—the vacuum ex-

pectation values of the radiation operators.

To calculate the functions R*# , it is also possible to use
dynamical schemes taken from nonrelativistic three-particle
scattering theory. For example, proceeding from the defini-
tions of the functions R £2# and the equation for the three-
particle Green’s function in the form

aabc "=_&éam ’f"E:X‘.” b Tit:r. * Eubc s é_&m s é:zbc * Fo; * E&Ol,

where V, = V,,. — ¥, (we recall that the index takes the
values a, b, ¢, 0), we can readily establish that the functions
R‘%)%8 have the representation

RO PV 4V, 5 Copen T
R Pm Ty T, w Gy v Vs
Substituting here the equations
Vo #Gope # Vymm R T G # Ry;
Vi # Gopo % Va== R, = G3), & RO B,
we arrive at equations” for the functions R (% )%8.

RT3 ROV 60 R, (96)
v+p

RO%P=Fq 3 R, eGWw RS, (97)
Yo

Hence, using the relation (95), we obtain equations® for the
functions R*#
BEP=(1—8,0) 635" + 3 Ry %G = BYP
V=0

=(1—8,0) 6. + X R* %G+ R,.
Y+

(98)
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Equations (96)-(98) can serve as the basis for the con-
struction of iterations for the functions R%# The system of
equations (98) is particularly convenient for constructing
an iterative scheme when the function R o can beignored. In
this case, iterating the system of equations (98), we obtain
expressions for R*? solely in terms of the functions
R.a = (a,b,c), which are the vacuum expectation values of
the radiation operators of fourth order.

7. DERIVATION OF THREE-DIMENSIONAL DYNAMICAL
EQUATION FOR THE WAVE FUNCTION OF ELASTIC
SCATTERING BY A BOUND STATE

The dynamical equations considered in the present pa-
per are four-dimensional and manifestly relativistically in-
variant. Therefore, to investigate the structure of the kernels
of these equations it is possible to use the methods of relativ-
istic quantum field theory. For example, in the case of a
small coupling constant it is possible to use the method, well
known from quantum electrodynamics, of invariant pertur-
bation theory. Many of the relations which we have consid-
ered can serve as the basis for the derivation of three-dimen-
sional equations if one uses for this purpose the method of
one-time reduction developed in Refs. 12, 16, and 17, the
sources of which go back to Logunov and Tavkhelidze’s qua-
sipotential approach in quantum field theory.!®

In Ref. 12, the present authors used the method of one-
time reduction to obtain a one-time equation for the wave
function of elastic scattering of a particle by a bound state of
two other particles. We shall now rederive this equation,
using for this purpose the method described above for deriv-
ing dynamical equations in quantum field theory.

We proceed from the relation (85), in which we smear

-with respect- to the variables X — (x; +x,)/2 and

Y=(y, +y,)72 by means of (83) and (83a) and with re-
spect to the coordinate y, by means of (57), going then to
the limit X° — 4 o0, ¥9, 30 5 _ . Using the limit rela-
tions (86), (87), and (89), we obtain

(@; P; out|®, (z5)|Ddyye; Q, q; in)
=2E (P, M,)8(P—Q) Fon s q (3)

— [ dz; dy;D, (@y—2;) RG* (PJa2; 421Q) Y

(99)

where we have introduced the notation

RA® (Plag; y)|Q) = | de] dx] dy; dyDi (v} |P)

X RS (zizyzs yiyay:) O (v211Q)

and considered for simplicity the case of a bound state with
zero quantum numbers o,
We introduce the Fourier transforms

De (@ — ys) = @)~ [ dpD.. (p) exp [—i p (&5 — g
Ri°(Plp; q|Q)
= j dzy dysexp (ipzs—iqys) RE (P | 233 ys | Q)

and make a three-dimensional Fourier transformation in the
relation (99) with respect to the variable X3, obtaining

A. A. Arkhipov and V. . Savrin 498



{@ah; P; out | D (p, 1) | Dlaryes Q @
in)y=2E (P, M,)&(P—Q)
. (2m)¥/263 (p—q) exp [—iE (q, m) {]

— @y | aphD, (p)exp (—ip'0) B3 (P17 71 Q)
- (100)

We introduce the new functions

(@35 Py out | D, (p, t) | DLy o0 Qs 4y in)exp[—iE (P, My)¢]
=(21)* 8 (P+-p—Q—q) 2E (P, M,)%q;q(p,s 1),

1 F . N

s ) APD.(p) RS (P I pi 71 Q)

_ @3B ®p—Q—q) T (p; 4| Q+1q)
E%(p, m¢)—[E—E (P, M4)2—i0 *

(101)

where E = E(q,m, ) + E(Q, M, ) is the energy of the initial
state, and we have used the fact that, translational invariance
holding, the function R §° contains the four-dimensional &
function 8* (P + p — @ — q). The relation (100) can be re-
written in terms of the functions that we have introduced in
the form

%, q (P 1) =78 q (P t)+{2E (P, M,)[E*(p, m)
—(E—E P, M)pP—i0) | dk7 (b3 k| Q-+ ) x8a (&, 1),
(102)
where X {, q(p, 1) = (2m) ~*/?6°(p — @)exp( — iEt), and
P=Q + q— p. The relation (102) can be conveniently
written in the symbolic form
%0, q=1%0, a + G T7Q) ¢
where to the operator G (*’ there corresponds the kernel
G (i k1Q-+q)

- 8* (p—k)
T 2EA[EE(p, me)—(E—EAV¥—10]

We introduce the function ¥ by means of the relation
T=V4VGT.
Then the wave function y o, Will satisfy the equation

%Q, a=%Q a+ GV, &

which, as already noted, was obtained in Ref. 12 by a differ-
ent method. It is readily seen that on the energy shell

E (P, My + E (P, me) = E (K, M) + E (k, m.) = E,

where K=Q +q—k, P=Q + q— p, the function T'(p;
k|Q + q) introduced by the relation (101) is equal to the
amplitude of elastic scattering of particle ¢ by the bound
state of particles a and b expressed in the invariant normali-
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zation. For this reason, we call the function yq, the wave
function of elastic scattering by the bound state.

CONCLUSIONS

In this paper, we have attempted to show how, proceed-
ing from the most general structure of local quantum field
theory, it is possible to obtain simple and perspicuous rela-
tions that can be interpreted as dynamical equations. To this
end, we have proposed an original method for deriving dyna-
mical equations of Bethe-Salpeter type and have demon-
strated the universality of this method, universal in that it is
suitable for deriving the dynamical equations for the wave
functions of either scattering states or bound states. In addi-
tion, by means of the method which we have developed it is
possible to obtain correct expressions for the amplitudes for
scattering of elementary particles by composite systems and
composite systems by one another, so that this method can
be used not only in relativistic nuclear physics but also in the
quark physics of elementary particles.

In formulating the method, we did not adopt any parti-
cular quantum field-theory model, nor did we have recourse
to concepts such as an interaction Lagrangian; instead, we
used only those facts that lie at the basis of the axiomatic
formulations of quantum field theory. In such an approach,
the kernels of the dynamical equations are determined out-
side the framework of perturbation theory, something that
ultimately may present an attractive possibility for the con-
struction of a dynamical formalism of the theory of strong
interactions.

DFor a review of work on the Bethe-Salpeter equation, see Ref. 3, in which
there is an extensive bibliography on the subject.

2'We shall not here go into the subtleties related to the difference between
the time-ordered product defined in this way and the standard Dyson
definition. Such a discussion can be found in Ref. 6. Our terminology is
also taken from Ref. 6.

3The expression (3) can be justified in any renormalizable perturbation
theory.

4The tilde above a field operator denotes the Hermitian conjugate for the
operators of charged scalar fields and the Dirac adjoint for the operators
of spinor fields. It must, of course, be borne in mind that when spinor
fields are present the Green’s functions and related quantities are opera-
tors in the spin space.

S'The condition (13) is automatically satisfied if the function R** has in
the momentum space a zero of second order at the point P =m*.

9Such an asymptotic condition was used implicitly in Ref. 12. See also
Ref. 13.

TEquations (96) and (97) are obviously a relativistic generalization of
the equations of Ref. 14.

#Equations (98) were obtained in nonrelativistic three-particle scattering
theory in Ref. 15.
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