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Two-dimensional classical relativistically invariant integrable (admitting infinitely many conser-
vation laws) field-theory models are considered. It is shown that the local conserved currents for
the Thirring model, the higher energy-momentum tensors for the sigma models, the sine-Gordon
and Liouville systems, and some nonlocal conserved currents for the sigma models (including the
supersymmetric case) have a Noether character. The corresponding symmetries are usually said
to be hidden, because they are not imposed in the construction of the model. The explicit form of
the hidden symmetry transformations is found for the listed models. For the sigma models, the
Thirring model, and all conformally invariant two-dimensional models transformations whose
generators form an infinite-dimensional closed algebra are also identified.

INTRODUCTION

There exists a large class of exactly solvable two-dimen-
sional (with one time and one spatial coordinate) nonlinear
equations. These equations are applicable to hydrodynamic
processes as well as to various phenomena in plasma theory
and nonlinear optics. The class includes the well-known
Korteweg-de Vries equations, the nonlinear Schrédinger
equation, and the sine-Gordon equation. Of particular inter-
est are the relativistically invariant nonlinear equations that
retain their exact integrability at the quantum level. For
these, one can therefore construct at least two-dimensional
exactly solvable quantum-field models. As a rule, there exist
infinite series of conservation laws for the exactly solvable
models. For some models, for example, the sigma models,
there are not only local conserved quantities but also an infi-
nite number of nonlocal conservation laws."? Then to find
an exact solution for the corresponding quantum problem as
well one can use either the quantum inverse scattering meth-
od or, in the case when higher conservation laws also exist at
the quantum level,>” use Zamolodchikov’s method?® to find
the exact S matrix.

We here restrict the treatment to classical relativistic
two-dimensional nonlinear exactly solvable equations that
can be obtained from an invariant action and for which there
exists an infinite number of conserved quantities. The first
conserved quantity for these models is always obtained from
Noether’s theorem as a consequence of isotopic invariance of
the action (for the current) or translational invariance (for
the momentum). Then it is natural to assume that the re-
maining higher conserved quantities also have a Noether
character. This was shown for the first time for nonlocal
currents in the case of the nonlinear sigma models in Refs. 9—
11, where the corresponding transformations were found. In
Ref. 12, an infinite closed algebra of the generators of these
transformations was constructed. Because symmetry with
respect to such transformations was not postulated in the
construction of the action, such a symmetry is usually said to
be hidden.

In Ref. 13, the present author discussed the existence of
hidden symmetries and found the explicit form of the trans-
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formations that generate the local conserved quantities for
the Thirring model,'*'* the sigma models,'* and also for the
sine-Gordon and Liouville systems. An analytic derivation
of the commutation relations of the hidden symmetry trans-
formations for chiral models was proposed in Refs. 16 and
17. The group structure of the transformations of the hidden
symmetry that generates the additional series of nonlocal
conserved currents for the chiral models found in Ref. 11
(see also Ref. 9 for the supersymmetric case) was investigat-
ed in Ref. 18.

Nonlocal conserved currents for supersymmetric sigma
models were obtained in Refs. 19-22, and the corresponding
hidden symmetry transformations were found in Ref. 9. The
group structure of these transformations was investigated in
Refs. 23 and 24.

It should be noted that the problem of finding a hidden
symmetry of the considered type is very similar to the prob-
lem of linearizing the nonlinear equations considered in
Refs. 25 and 26.

All our treatment will be given in Minkowski space with
the metric tensor go, = — g,; = 1. The transition to Euclid-
ean space—time is made without difficulty.

1. LOCAL CONSERVED QUANTITIES

To demonstrate the existence of an infinite set of local
conserved quantities, we consider first the massless Thirring
model, whose Lagrangian is

£ (2)=1 (HIP) — g (By™P) (Byub), (1)

where d =y #d,, and ¥, are the Dirac matrices, for which
{y#, v, }= 2g,.... For convenience, we use here and in what
follows the y-matrix representation

0 1 0 1 1 0
F\’D:(,l 0)1 Yiic:(__i 0)1 ?5ﬁ?!130:(0 _1)v

(2)
where C'is the matrix of charge conjugation. It is well known
that the Lagrangian (1) is invariant with respect to ordinary
and y;-global gauge transformations. This can be readily
verified by going over to the light-cone variables
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xi=%‘(xo¢-r))v (3)

in which (1) takes the form
E (®)= 5 (¥} 0_ ) ++ (W2 0 W) -2 (W10 (§30). ()

Here 1,, #, are the components of the two-component
Dirac spinor 3 = (:’Z;), and the asterisk denotes complex
conjugation. It is then obvious that (1a) is invariant with
respect to such global gauge transformations, which trans-
form each of the components of ¢ independently. The same
applies when ¢ transforms in accordance with a non-Abelian
gauge group. Then by Noether’s theorem we have one con-
served vector current and one conserved axial-vector cur-
rent:

W@ =0 (2), 7R @)=V =g (),  (4)
"y (2) =0, 0% (2) = £,y0"7" (z) =0. (3)
In the light-cone variables (3),

J+ (@) =¥ (@), j- (2) = Vi, (@),
a_i+$ = 0, 6,;.]'— (..C) == 0.

(4a)
(5a)
Note that we do not discuss here the question of the existence
of the corresponding conserved charges.

Then it follows from (5a) that there exists an infinite
number of local conserved currents® :

P @ =00 (A FE™ @ =004 (™ (6)
a4*™M=0, agP ™=, (7)

A second class of models that admit an infinite number of
local conserved quantities is provided by the nonlinear sig-
ma models. The action for these models has the form

S= § et ouert (0) g (2
=—a 5 &2z tr{A" (z) A, (2)}, (8)

where the field g(x) takes its values in some compact group
G or on the symmetric space M = G /H, where H is a sub-
group of G.*’* In the first case, we are dealing with a princi-
pal chiral field, while the second case includes the O(N),
CPY~' , and other chiral models, for which

g () — 1

and, therefore, g~ (x) =g(x), i.e., there exists a represen-
tation

g =1— 22 (2),

where #%(x) = 7 (x) is a field with projective properties.
In (8), we have used the notation

Ay (2) = g7 () 0,8 (2), (9)

and this represents some conserved Noether current. Then
the equations of motion can be written as the condition for
conservation of the current (9):
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"4, (z)=0. (10)
The fact that (10) is indeed equivalent to the equation of
motion is verified by substituting (9) in (10) with subse-
quent multiplication of both sides from the left by g(x):

0 ¢ () +g0"¢*0,¢ () = O g (2) — gg*9,e=0.  (10a)

Thus, we have indeed obtained the equation of motion for
the generalized sigma models.

We note that the action (8) is conformally invariant,
and therefore the conserved energy-momentum tensor

pr =1r {aug-iavg -+ avg_jaug i guvag_aﬁg}
is a symmetric traceless tensor, i.e.,
Tu'uszu Tt=0| (1)

T,y =0. (12)

In the light-cone variables, these conditions take the
very simple form

Fp-svm i Paspiaayly (11a)
I R . ey | (12a)

It follows from (12a) that*
TED=@F T, TE M =@ (T (13)

are also conserved, i.e.,
gF M0, 4. 5% m_4

Therefore, for all conformally invariant models in
which the energy-momentum tensor is symmetric and has
vanishing trace there exists an infinite number of local con-
served quantities.

2. NONLOCAL CONSERVED QUANTITIES

It was shown in Ref. 1 that in the case of the O(N)
nonlinear sigma model an infinite number of conserved non-
local currents exist. A simple constructive proof of the exis-
tence of an infinite number of nonlocal conserved currents
for the classical nonlinear sigma models was given in Ref. 2.
We give here this proof. We define the matrix covariant deri-
vative

Dy=0,+ 4, (), (14)

where 4, (x) is given by Eq. (9). Then it follows from (9)
and (14) that

Fuy (@) =Dy, Dy]=0d,4,—0d,4,+[4,, A4,]=0. (15)

In addition, when the equations of motion are satisfied, the

following operator identity holds:
"D, X (z) = D"9,X (x), (16)

where X(x) is an arbitrary smooth matrix function.
Suppose that we are given the k th conserved current
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= 0. Then # \* can always be represented

F LX), o r P

in the form

YU (1) = £0"1™ (2), (17
where ¥y (x) is a smooth matrix function; &, = —é&,,
and g, = 1. We make the ansatz
A (7) — Dy® (2) = (8, + 4,) M (@) (=0, 1...).

(18)

We shall show that this current is also conserved if the equa-
tions of motion (10) are satisfied, i.e.,

P ETD (2) = o (Dyx®) = D', x™)(z)

= — D, ev§P (z) = e#vD, Dy (2) =0
Here, we have used the vanishing of the curvature ( 15), and
also the identity (16), which is satisfied only when the equa-

tion of motion is. Therefore, beginning with y® =1, for
which by virtue of (18)

{y,( 1) (x)

we obtain an infinite series of conserved currents. For exam-
ple, the k th nonlocal current has the form

A, (x),

#(k) (z) = BHVA'VX(k-z) 4 ‘,Ll%(k-n, (19)
where
xy
) (z) = 5 (Iy{'#’((lh) (20, ¥4)- (20)

It follows from (20) that the & th conserved charge is
the value of y™ (x) at the point x; = 0, ie,
Q* = y® (x4, w). Finally, from (17) and (18) we ob-
tain the following recursive system of differential equations:

3;;%(““ (.13) = &pv (av 'J\_ Av (.Z')) X(k) (x) (183)
The condition of integrability of this system is
" (8, + A, (2) ¥ (x) =0, (20a)

where we have taken into account the vanishing curvature
(15) and the identity (16).

3. INFINITE NUMBER OF CONSERVED CURRENTS FOR TWO-
DIMENSIONAL SUPERSYMMETRIC SIGMA MODELS

The constructive proof of the existence of nonlocal con-
served currents given in Sec. 2 of Ref. 2 was generalized for
supersymmetric nonlinear sigma models in Refs. 19-22. We
give here the proof of Ref. 20. For this, we consider the ac-
tion of the two-dimensional generalized supersymmetric sig-
ma model, which has the form*'*

S=3 j &2z 20 tr { D251 (z; 0) D, (x; 6)
(21)

= __? \ d2z d20 tr {(§192%9) (9717 ,9)},

a

0= Vuau (a": 11 2)

is the supercovariant derivative; for the “Dirac” matrices,
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we have used the representation (2). The superfield
9 (x; 0) takes its values in a certain compact group G or
symmetricspace M = G /H, where H is a subgroup of G.>**°
In the first case, we are dealing with a principal chiral super-
field, while the second case includes the O(N), CPY ', and
other supersymmetric generalizations of the chiral models,
for which

G2(z; 0)=1I, ie, F7'(z; 0)=7 (x; 0).

From the action (21), we obtain the equation of motion

G A (z; 0)=0, (22)
where
Ao (x; 0)=8"1 (z; 8) D5 (z; 0). (23)

As in the ordinary case, it is readily verified that Eq. (22) is
equivalent to the equation of motion for the supersymmetric
chiral models:
TD,G (z; 0)+5 (x; 0) 57! (z; 0) T
In terms of its components, the field & (x; @) can be
expressed as

G (z; 0)=

9 (; 0) =g () + 0 (x) + 5 86 (2), (24)
where g(x) and x (x) are scalar fields, and ¢ (x) is a spinor
field. Substituting (24) in (23), we express the components

of the spinor supercurrent in terms of the field components,

% (2) =187 (<) 9q (2);

r(z) =597 (2) 1:0 (:c);

vy (2) = g1 () 0,8 (x) —— 97 (2); (25)
ba () = — & (2) (3 (2)a — (17 08 (@)

+ = [(P9™) 9o + 0u (@791, ]

where a(x) and b(x) are the spinor, r(x) the pseudoscalar,
and v, (x) the vector components of &7, (x; 8). By virtue of
Eq. (22) the scalar component of &7, (x; 6) is annihilated,

the pseudoscalar component remains completely arbitrary,
and the remaining components satisfy the conditions

ifa (z) =b(x), v, (zy=0 (26)
Equations (26) in the case when a, b, v,, and r are deter-
mined by the expression (25) are equlvalent to the equations
of motion (22). However, they are also satisfied for any con-
served supercurrent.

As we saw in Sec. 2, a necessary condition for the exis-
tence of infinitely many conserved nonlocal currents was a
vanishing curvature. In the supersymmetric case, the corre-

sponding curvature tensor

Fap={Var Vp} = Aﬂ'l"-@-fja%m'roé’a,ﬁ%ﬂ'i'd%ﬂfé

— 21 (Cy) o 97 (z; 0)0,9 (23 8) (@ B=1,2) (27

does not vanish at all for any @ and 8. The nonvanishing of
some of the components of the curvature tensor 5 5 is a
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manifestation of the torsion in superspace:
(Do, T} =21 (Cd)yp.
In (27),
Vo =g+ e (5 0)

denotes the matrix covariant derivative. It follows from (22)
and (27) that

Fo=Foy=D 1A+ Doty Ay + AsAy=0. (28)

It can be readily shown that (28) is the sufficient condition
for the existence of conserved spinor supercurrents:

TE (5 0) = (vsZ)o X® (23 0) (k=1 2,...), (29)

where X® (x, @) can be obtained from the recursion rela-
tion
D X® (25 0) = (1:V) XA (23 8), XO=1 (k=1,2...).

(30)
We begin here with X® =1 and then from (29) we
also have

Jo' (23 8) = A, (2; 0).

From (27), (28), and (30) we find that
DI (z; 0)=0 (k=1,2...),

if the equations of motion (29) are satisfied, i.e.,
G, =0.

It should be noted that for smooth functions X the
following identity holds by virtue of the equation of motion
(22) and the condition (28):

VDX (z; 8) = DOV, XM (3 6) =0, (31)
which is the integrability condition of the system (30). If
X (x; 6) is written in the superfield form

X (x;0) = % (2) + B%%, (2) + 6'0% (x),
the recursion relation (30) has in components the form
B = e, {(6" FuY(z) ¢ (2) + %E(x) V””‘k)(x)};]

®BH) (z) = pyu®) (2) — i (p5a) ¥ ® (2);
EAD (z) = ir (2) x® (2) —

— 7 (@) 1 (2) FEO (2) (=0, 1...). j

(32)

We have here used the integrability condition (31), and
a(x), v, (x), and (x) are the components of o, (x; 6) giv-
en by (25).

The solutions of Eq. (32) for k=0, Y9=1,
x'® = £© = 0 have the form

x

W () = — j dy, (g_laog‘“% (_I;"jvofp) (o, ¥4);

# (z) = g7 (v50); &V (2) = — % P59 (2).

Therefore, for the general term of the sequence we find
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xq S
'x(k*'i) (;,t;) = ‘\ dyi {aox(h) = (g-jagg_*%‘ ‘P_"‘u’o@) X(k)

B ‘;—'8_16'}’5'}’0"(“} (Tos ¥4);

D (2) = psu®™ () + v5071gx™ (2);

E(h+1) (z) = 0} (z) — -ir@“vwx"" (x) + % g—ifwaxtk},
(33)

Substituting (33) in (29), we obtain the corresponding con-
served currents.

4. HIDDEN SYMMETRIES IN SOME TWO-DIMENSIONAL
MODELS

As was shown in Secs. 1 and 3, the first conserved quan-
tity in the obtained infinite series has a Noether character. It
is a consequence of the translational or gauge invariance of
the action that we postulated in constructing the model. A
natural question then arises: Does there exist a symmetry of
the action which generates the higher conserved quantities
too? This symmetry is not postulated in constructing the
model, and we shall therefore call it a hidden symmetry. We
first consider the general conditions for the existence of such
a symmetry.

Condition for the existence of hidden symmetries

Suppose that we are given a set of fields ¥, (x)
(x = 1,2,...,M) that each transforms under space—time
transformations

=y + 8, (0 =0, 1, ..., D—1), keK (34)
in D-dimensional space-time and global gauge transforma-
tions G [G = U(N), N=1,2,...] in accordance with the
laws

Vi (2) = o (2) + 8ppu (2), KEK

and

Vx(2) =U () ¥« (2), g€G (35)
respectively. Here, the variations &8, x, and 8,9, are ex-
pressed in terms of the infinitesimal transformation param-
eters by

6ka:Xﬁ)6m,, ‘6,!11%,{-—-9',,”1%60)1. (36)

We also assume that for these fields there exists an action

S= | a%L (pu, 9, (37)

invariant with respect to transformations of the group

G @ K. Here, L is an invariant Lagrange function which de-

pends only on the fields #,, and their first derivatives a.v,.
Then by the first part of Noether’s theorem*?

AL :
o= —— i U= V) —XPL@  (38)

is conserved if the equations of motion hold:
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OL g 9L 39
0 i 0. (39)
The number of these quantities is equal to the number of
independent parameters o, .

With regard to the hidden symmetry transformations
that extend the group G ® K, we make the following assump-
tion.

Assumption. The generators of the extended group
G ® K are functions of the coordinates x determined by the

condition of invariance

88 =0 (40)
of the action without the introduction of new fields.

Here, as usual, the condition (40) is ensured by the
invariance of the Lagrange function with respect to the con-
sidered transformations. Thus, proceeding from the given
finite-parameter transformation group, we arrive in general
at certain infinite-parameter transformations. The explicit
form of these transformations depends on the model and on
the method of extending the original group. We here consid-
er separately the extensions of the internal and space-time
transformations.

Generalized gauge transformations. We extend the glo-
bal gauge transformations (35) as follows:

Wy, (z) = exp {in *(@) 0l *} b (2), (41)

where 77%(x) are N XN matrix-valued functions
(k =0,1,...; % = 1,....,M). For simplicity, we consider the
case of one (complex) field, i.e., M = 2 (here, the field and
its complex conjugate are identified by different values of the
index 5 ). Then the variations of the Lagrangian under infini-
tesimal transformations (41) have the form

L
MZEt 21( Ty S0 17 7 O (B0 )
N2 “"M
=42 3 {[mwm £ 'W Dy, ::\ (ma"
j=1n=1
+ o Y1 O * (2)) ) B0 = tr (0,e) 8. (42)
Here 5&)2‘" = — 8wk =80k and
Mg b B s i i
i ty=i ( o am L) @ i=t . W)

is the Noether conserved current generated by the invar-
iance of the Lagrangian with respect to the global gauge
transformations of G. This amounts to fulfillment of the
equation

N 2
22 ( By, + oL
) e B

PR’ APy, % I,
=0,
which was taken into account in (42). Therefore, the condi-
tion of invariance of the Lagrangian with respect to the
transformations (41) without recourse to compensating
fields has the form

tr {j* () unth) (x)}=

duu‘l.") (1'[" ( ))Hﬁﬁ)‘ k

(43)
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We emphasize that the derivation of (43) did not use the
equations of motion, i.e., (43) ensures invariance of the La-
grangian for all fields.

It is obvious that Eq. (43) always has the trivial solu-
tion % = T, which leads to the original group G. The possi-
ble existence of nontrivial solutions is discussed in Sec. 2.

In this case, the following theorem holds.

Noether’s theorem: For any generalized one-parameter
transformation of the gauge type (41) for which the gener-
ator function satisfies (42) there exists the quantity

¥, (@) =tr (j, (@) 0 (2)), (44)

which is conserved,
P o (2) =0,

if the equations of motion (39) are satisfied.

Generalized Translations. We recall that the original
Lagrange function L (¢, d,, %) does not depend explicitly on
x. Then the condition of invariance of the action (34) with
respect to generalized translations, for which 8x,, depends
on x, and the total variation of the field (33) is zero, as for
ordinary translations (Q® = 0), has the form

88 = S Pz {ov (8z,) L () + L (x) 5xu+8 L (x)}
Sd”w{é‘ﬂ Lﬁxu)-l-aaq)aué 9+ 550}

= \ dPx {au (L8z,) — 6“6“({61,,
- &‘F 3‘ Sz, — 03 oucpa 61}
- S Pz {Lguv— - avcp} 9,0z, = — \ APz, 0z, = 0,

(45)
where we consider generally a D-dimensional space-time
and the translational invariance of the Lagrangian is taken
into account, i.e.,

aL Ay
al-l-L (l)_ aa\-(p aud\.(P

aL
-5 5,9=0

and

Sp=q (z')—¢ (2') = —Ohgdz, = — Xy, jhpdo,  (46)
is the form variation of the field. From (44) we obtain one
sufficient condition on X (', i.e.,

vy g, X (2)=0 (45a)

Therefore, the following theorem holds.

Noether’s theorem: For every one-parameter transfor-
mation (36) whose generators satisfy the condition (45),
i.e., which conserves the action of the model, there exists a
quantity

TH (z)=TWXY (2), (47)
that is conserved, i.e.,
8,Tr (z) =0, (48)

when the equations of motion are satisfied.
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Equation (46) always has the trivial solution
X = const, which gives the ordinary translations. As we
shall see below, in some cases this equation also has nontri-
vial solutions.

Generalized Lorentz transformations. In this case, we
make the additional assumption that

Xy " (2) = R® (2) [2¥65 — 2281, }
QM(z) = R® () [2,0, — 243,]

(49)

where R (x) is a function determined from the requirement
of invariance of the action, which reduces in this case to

M GPRO (2)=0 (k=0 1...). (50)
Here, M,,,,; is the conserved tensor of the relativistic angular
momentum and spin. Note that the derivation of the invar-
iance condition (50) uses only the invariance of the action
with respect to the ordinary Lorentz transformations. It is
clear that R‘® = const is a trivial solution of (50). One can
similarly extend the scale and special conformal transforma-
tions for conformally invariant models.

Therefore, here too we have the following theorem.

Noether’s theorem: For any one-parameter generalized
Lorentz transformation (36) whose generators (49) satisfy
the action invariance conditions (50) there exists one quan-
tity,

M®By =M, BR® (z) (k=0, 1...), (51)

which is conserved, i.e.,
M, (z) =0,

when the corresponding equations of motion are satisfied.
On the generator functions 7{*(x), X (x), and

R (x) we impose boundary conditions that ensure the ex-

istence of the corresponding integrals of the motion:

o® = | ap-12P (2), P, =

MB<= | ao- 1My, @) (E=0,1...),

[ ar-17) (),

where # ¥, T, and M {¥) are given by Egs. (44), (47),
and (51), respectively. For this, it is sufficient to require
7% (x), X (¥ (x), and R™® (x) to be bounded at spatial in-
finity, i.e.,

lim W®| < My<oo, lim [XP| < My<oo,
Xy -+ 00 X1+ o
lim |[R®| << M,<<oo. (52)
X3 - + 00

We note finally that we have here required invariance of
the action only in the strong sense, i.e., S = 0. However, as
is well known, this restriction can be weakened by equating
&S to the integral of a total divergence of some vector W (¥,
as, for example, in the nonlinear sigma model:

88 = 5 A2,y tr{on (A, P)} S0l

(see Sec. 5). The form of such a vector must be chosen in
accordance with the particular model. In this case, the corre-
sponding conserved quantities have the form
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@(k) e(k) Wﬁ‘), (53)
where 6 (¥’ is given by the expression (38). In addition, we
note that in some cases solutions of Eqgs. (43), (45), and
(50) can be found only on the subspace of the solutions of
the equation of motion, i.e., on the extremals. As was shown
in Ref. 33, such a restricted symmetry also ensures the exis-

tence of the conserved quantities (44), (47), and (51).

5. NOETHER CHARACTER OF SOME LOCAL CONSERVED
QUANTITIES

Generalized “local” gauge transformations

We consider a two-dimensional model invariant with
respect to global gauge and y;-gauge transformations, for
which, therefore, the current j, and the axial current j; are
conserved, i.e., Egs. (5) are satisfied. As examples here we
can take the massless Thirring model, for which j, and jf, are
given by the expressions (4), and also the free spinor field,
the Schwinger model, etc. We note that for all models satis-
fying the continuity equations (5) there are infinitely many
conservation laws, i.e., the quantities (6) also satisfy the
continuity equations (7). To obtain the higher conserved
currents (6) by Noether’s theorem, we consider the gauge
transformations

Vo (2) =Uq () o (2) =exp {il, (2)} Yo () (2=1, 2).
(54)

i.e., the spinor ¥(x) transforms component by component.

Note that the transformations (54) do not violate relativistic

invariance, ¥ transforming under Lorentz transformations
in accordance with

Py —> A2y, Ay 6= A2y,

i.e., each component of the spinor ¢ transforms separately.
The condition (43) of invariance of the action with respect
to the transformations (54) takes the form

tr {f (@) 0-Lie)) = 0, txfj. (2) 8:.0, @)} =.0,
(55)

The general solution of the condition (55) is given by

L (2) = F1 (24, o®), L, (@) = Fp (2, o®),  (56)

where F'|, are arbitrary scalar functions satisfying the
boundary condition (52), and @® are infinitesimal tensor
parameters of rank k& (Lorentz dimension k). In particular,
we choose F, , in the form

z h( m) + L ) ml (m)_!_E k{i‘m)( ) ('Ji(m) }

Fzzm () DO )02,
w

(57)

where, the scalar functions F, , having Lorentz dimension
zero, b {~™ and h {™ have Lorentz dimension — m, h {~™
and 4 {"™ have dimension m, and @‘{™ are parameters with
Lorentz dimension + m, respectively.

It follows from (57) that local polynomial conserved
quantities are generated by the generators
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™™ (x4) = (@)™ G™ R™ ™ (2) = @)™ (GI" (58)
In the non-Abelian case, the currents j, are matrices. Then
the generators of the “local” gauge transformations (54)
have the form

C(imr ") (:r) — hs:?'in) (-T-}-) (l)a(m+ﬂ); } (59)
™™ (2)=h" (2) @37,
where
o i Y B i i gl ) B
R = M o (B3) YT (0:) LT L (0,

e (N LN GRS AR I O (A A

(60)

Here, k; and /; are non-negative integers satisfying the equa-
tions

n n
Dk j=m, b§ j=n.
i=1 i=1
Then Noether’s theorem indicates that the currents

Fays (z)=tr (j+hﬂ.. 1)) #a. - (.‘1’,‘) =1r (j—ha. 2) (61)
where & |, given by Egs. (56)—(58) or (60) are conserved if
the equations of motion (39) hold.

Note that (57)—(59) satisfy the condition of invariance
of the Lagrangian only on the extremals. However, one can
identify a class of functions that satisfy Eq. (55) up to a total
derivative for arbitrary field configurations. It is obvious
that in the Abelian case all the 2" (x) (58) are here suit-
able. In the non-Abelian case, the combinations

B = T T i ) o P P, (60a)

constructed from (60), also change the Lagrangian by a to-
tal derivative for arbitrary fields ¢, #0.

Generalized translations

In two-dimensional conformally invariant field-theory
models the condition (11) is satisfied for the energy-mo-
mentum tensor, i.e., it is symmetric (“improved”) and
traceless. As can be seen from Sec. 1, in this case there is an
infinite number of conserved quantities of the type (13).

To obtain the quantities (13) in accordance with
Noether’s theorem (47), we write down the action invar-
iance condition (45) in the light-cone variables In the case
considered here, Eqs. (45) take the very simple form

T d XW (2) =0, T__0,.XP (z) =0, (61a)
Obviously,
X, = const

is a trivial solution of (61). The general solution of Eq. (61)
can be expressed in the form

xP =X (z), XM= X_(24), (62)

where X | and X _ are arbitrary functions of x 4. ‘and x- ;
respectively, that satisfy the boundary conditions (52).
In the special case, (62) can be chosen in the form
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In}

XE™ (2)= (0" (Te)™, XL ™ (@)= (@) (T_)™  (63)
It follows from (36) and (63) that m‘,{f’?‘i , transforms as the
— and + component, respectively, of a Lorentz tensor of
rank k +2m + 1.

Noether’s theorem gives an infinite number of con-
served quantities,

.fﬂ’_(.f' m)_ T++X(f' m), lgf{_-’!, m) __ T _X[iz. m},

where X ‘™ are given by the expressions (62) or (63). The
corresponding integrals of the motion have the form
j dzy Tre XD,

Thus, we have shown that the higher conserved energy-
momentum tensors can also be obtained from Noether’s
theorem. They are generated by the coordinate transforma-
tions (36), where the generators X (' are given by (62) or
(63), with respect to which the fields @, (x) transform in
accordance with the law (46).

It should be noted that for the integrals of the motion
P ™ the canonical Poisson brackets vanish,

Wk, m) __
PLicy=

(P ™, Py o,

i.e., the integrals are in involution. However the generators
of the field transformations (46),

P by,

do not commute with one another at all with respect to the
ordinary commutator:

[#E™ (2), PE™ (2)] 0.

Therefore, here 7 (i"'”’ are not a representation of the alge-
bra of the integrals of the motion. In Sec. 8, we shall discuss
this algebra. If the model is not conformally invariant, the
invariance condition can be written in the weak form, i.e.,

w99, XM (z) = opW® (a), (64)
where W), is an arbitrary vector function.

As examples, we consider scalar-field models for which
the Lagrangian has the form

1
L (z)=—50+99_9—V (g),

where V(@) is an arbitrary function of ¢. The corresponding
equations of motion and the energy—-momentum tensor can
be expressed in the form

Q4. = — dV/dg, (65)
Toomog (0005 Too= (@)% Too=T.=V (g).  (66)
We seek solutions of Eq. (64) in the form
XP) = gy 28, X g
whereG, _ =g_, =1and»%* arethe + components

of a tensor with Lorentz dimension + 2k. The explicit form
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of % . depends on the model.

We consider two special cases. The first is specified by
theinteraction ¥ = a exp Bp(x), where a is a coupling con-
stant with the dimensions of the square of a mass, and Bis a
dimensionless constant. Then from (64), taking into ac-
count (65) and (66), we find

(2) (q7+-+ ) o 5

xs (%)= @) + p* (9)
Substituting the latter in (47), we obtain
Tisis =lps, —(172)B(p, ), T5 .., =0.The
remaining generators x?*’ are obtained similarly.

The second case is the sine-Gordon model,?* for which
V=a(cos Bgp — 1). Then

ﬁ(Pii' (67)

(P,.)? 52
Tl el i A -1 2
+ (n)? UP:!:)

Titi:t (

++ =0 (@x)* cos fo. }
(68)

4)? — _ (CP+)

Note that the translations with the generators (67) and (68)
are symmetries (in the weak sense) only on the extremals.

6. NOETHER CHARACTER OF NONLOCAL CONSERVED
QUANTITIES

Generalized nonlocal Abelian gauge transformations

If G is an Abelian group, Eq. (43) in two-dimensional
space-time can in principle always be integrated. Note that,
as was shown above, to find the conserved currents it is suffi-
cient to have the explicit form of these solutions only in the
case &j, =0, i.e., on the extremals. In this case, the differ-
ential equation of the characteristics that corresponds to Eq.
(43) (for D = 2) reduces directly to the equation for a total
differential. The first integral of this equation can be written
in the form

Xy

® (@)= | dysjo (r, ).

(69)

As is well known, the general solution of Eq. (43) has the
form 7(x) = F[®(x) ], where Fis an arbitrary function. It
follows from (69) that ®(x,, 0 ) = Q is the first conserved
charge, and therefore '’ = ® satisfies the boundary condi-
tion (52) if the first charge exists.

It can be verified that the Poisson brackets of the gener-
ator functions (69) vanish, i.e., they generate an infinite-
parameter Abelian group. Therefore, the charges corre-
sponding to them are in involution.

Explicit form of the generator functions in the non-Abelian
case

In the two-dimensional case, if the gauge group G is
non-Abelian, the invariance condition (43) can be written in
the following equivalent forms:

ame? (D) =euy {1° (2), ¥ (2}, (70)

or
3 (2) =[j, (=), xP (2], (71)

(k)

where 7 (x) and y{¥ are matrix functions, and { , } and
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[, ] are the matrix anticommutator and commutator, re-
spectively. We obtain a restriction on the functions y and ¥
from the conditions of integrability of (70) and (71), which
have the form

o* {j, (), & (2)} =0,
eva, {iy (z), 1 (2)} =0.

(72)
(73)

On the subspace of the solutions of the equations of motion
(when 3"j, = 0ord*; j.u = 0) we denote the trivial solutions
of Eq. (43) by C, and C,, respectively. Substituting these
constants on the right-hand sides of (70) and (71) [C, and
C, satisfy the integrability conditions (72) and (73)], we
obtain the following solutions of these equations:

x5

YA A

-0

(74)

P (@)=

Xy
TISIU (:L') = S dyi []0 (xm yl)r Tn]r
where we have substituted C, =C, = = T,. Substituting
(74) and (75) in the expression for the conserved current
(44), we obtain

Filla (@) =1r (u (2) 0 (@), Fila @) =tr (7, (2) 7O ().

(75)

We also consider the Gross-Neveu model, for which the
Lagrangian is
L (2)= 4 $0%;+ oo 80 B2 G=1, 2 ..., N)

and the conserved current is given by [ j, (x) 1, = 1,0} Vi
The corresponding axial current

(j?-l):k = ldi’ﬂ’s‘?u'q’k =&y (Jw)fk

satisfies on the extremals o~ Ju (x) = 0 the relation

M (@) = —EL ju (2) i (2) = —EL gy u* (2) j¥ (). (76)
Then by analogy with the chiral models,
S S &z tr {j# () 9%y ()} Sek
= [ @z e 0, (1, (2) 1 ()} Bk
= 5 d2x tr {j, (0,0 + j\;' Furs )} S, (77)

where we have used the identity (76), i.e., S reduces to an
integral of a divergence only on the extremals, and ¥y is a
new set of functions (see Ref. 35). At the same time, there
exists a set of functions satisfying (77):

e (@) = S dy{ 00 (2, 1) +5- o %P1 (@00 1),
(78)
where y{” = T,, y{=" =0. It follows from (53) that the

corresponding nonlocal conserved currents have the form
¥l (@) =tr {ju (@) 16 @)+ euy [7° (@), 14 @)])-
Note that the transformations (41) with the generators (78)
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are a symmetry in the weak sense, i.e., only on the extremals.

Explicit form of the generator functions for the generalized
nonlinear sigma models

As already noted in Sec. 3, there is a simple proof of the
existence of an infinite number of nonlocal conserved cur-
rents for the generalized nonlinear sigma models; it was pro-
posed in Ref. 2. The main assumptions are the recursion
relation (18a), the vanishing curvature (15), and the condi-
tion of integrability of Eq. (18a). Note that (20a) is satisfied
only on the extremals 4, =0 for any smooth function
x(k) (x).

We shall show here that all these currents have a
Noether character, i.e., they are determined by symmetry of
the action in the weak sense (up to a total divergence). We
shall solve this problem first only on the extremals and then
show that there exist nonlocal transformations that are a
symmetry of the action for all field configurations
4,(x)=0.

We consider the infinitesimal transformations

g (@) =g (z) + 62 (2) (79)
and require that 4, (x) transform as a gauge field, ie.,

84, (x) =0g7" () 0,8 () + & (2) 9,0 (2)

=0,0 (x) +[4,, o ()] (80)
We have here substituted
o (z) = g™ (z) 6g (z) = L™ (2) dag, (81)

where £% (x) are generators of the transformation (79),
w,, are the corresponding parameters, and [ , ] is the matrix
commutator. The variation of the action (8) with respect to
the infinitesimal transformations (79) has the form

T — 5 APz tr {An (z) 84, (2)}

= S dP z tr {4Ar (2) (B,L™ (z)

14y (@), T (@)D} 80y = — | dPz tr {4¥ (2) 3, (2)} bo.

(82)
Therefore, only transformations for which
tr(4#39,¢™ ) = 0 preserve the action (8), i.e., 6§ =0. In
this section, we consider the more general class of transfor-
mations (79), for which 85 can be expressed in terms of an
integral of a total divergence. The explicit form of these
transformations can be determined from the following as-
sumptions.
Assumption 1. The variation of the action (8) under the
transformations (79) can be represented as the integral of
the total divergence of some arbitrary function, i.e.,

88 = S dPz tr {0MK), (z, g, 048)} S0, (83)
where K/, is a D-vector function with explicit form given by

the second assumption.
Assumption 11. We restrict ourselves to D-vector matrix
functions K/, that can be represented in the form
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KL (m)=A" (@) xiw (®) (=1, 2...) (84)

wherey 7, (x) = — x 1., (x), i.e., y 4, is a second-rank anti-
symmetric tensor with ;V X N matrix components. The func-
tions y {W (x) are related to §; (x) by the following theorem.

Theorem I: A necessary and sufficient condition for the
equivalence of (82) and (83), where K L is given by (84), is
that £/ (x) and y 4, (x) be related by the system of differen-
tial equations

0,87 ()= DV (2) = (0¥ + 4" (2)) v (). (85)
To see this, we substitute (80) in (82) and take into account
the vanishing curvature, i.e., F,, (x) =0; we then obtain
(83), where K, is determined in (84). Conversely, substi-
tuting (84) in (83), again taking into account the vanishing
curvature, F,, =0, and comparing with (82), we obtain
(85).7

For the transformation (79), whose generators (81)
satisfy Eq. (85), i.e., which change the action by the integral
of a total divergence, the generalized Noether theorem (53)
holds.

Noether’s theorem: To any one-parameter transforma-
tion whose generators satisfy (85), i.e., for which the vari-
ation of the action can be represented in the form of an inte-
gral of a total divergence, there corresponds

B (2) =tr {4, (2) T0 (2) + A" (@)}, (86)
which is conserved in the weak form, i.e., & £ (x) =0,
when the equations of motion 3“4, = 0 are satisfied.

Therefore, for all functions §* (x) and y ¥ (x) satisfy-
ing (85) there is one conserved current. Equation (85) is a
first-order partial differential equation and, therefore, has
infinitely many solutions. As will be seen in what follows,
these solutions are nonlinear and nonlocal functionals of the
field g(x). It follows from this that we are dealing with non-
linear and nonlocal transformations (79) whose generating
functions, specified by ¢, are obtained as solutions of Eg.
(85). Therefore, the problem of finding the nonlocal cur-
rents (86) and the generators that determine these currents
reduces to the problem of solving (85). These last equations
have the trivial solution

£ (z) =const, yuy=0. (87)

For this solution, the current (86) is identical to (9) apart
from a constant factor. The transformations (79) corre-
sponding to (87) are linear and local.

To find the remaining solutions of the system (85), it is
necessary to take into account the subsidiary conditions

DH3, 0™ (2)=0 (88)

and

auDL)Cv?\.— 0y Dy =0 (89)

on the functions £* (x) and y (¥, respectively. The first of
them is a consequence of the vanishing curvature (15), while
the second is the condition of integrability of the system
(85).
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In the following treatment, we restrict ourselves to the
two-dimensional case, for which

Yuv (2) =un (%)) Buy=—8yy, Eu=28t"=1 (90)
and, therefore, (85) and (89) take the form

0, (2) = euu DV, (2) (91)
and

DHi,y (z) =0, d*D,L (x) =D, L (z)=0. (92)

Therefore, in the two-dimensional case the subsidiary condi-
tions (88) and the integrability conditions (89) have the
same form. The fact that in the two-dimensional case £(x)
and y(x) are Lorentz scalar matrices satisfying the same
second-order equations (88) and (92) is very helpful for
solving Eq. (91). Indeed, if we know one solution y‘® (x) of
Eq. (92), then, substituting it in the right-hand side of Eq.
(91), we determine the function £ = y" from the equation

030 () = ey DV (2).

It follows from Eq. (91) that y‘!’ (x) also satisfies (92),
and, therefore, we can substitute it in the right-hand side of
Eq. (91). Thus, we can construct an infinite sequence of
functions y*® (x) (k = 0,1,...) satisfying (92), and any two
functions y* and y*— ¥ satisfy (91), i.e.,

0,0™ (2) =y DD () (£ =0, 1...). (93)

If we find M linearly independent® solutions y{ (x)
(m = 1,...,M) that are not related by multiple application of
(91), we can construct by the above method M linearly inde-
pendent infinite sequences {y'¥(x) (k=0,1,...)}. Note
that, given ¥ we can determine y*~" (x) from Eq.
(91). Thus, the sequence {y‘*’ } can be continued to nega-
tive &, i.e.,

-k -1 0 (€] (k)
(—k) ( )’ x()

ces¥m g eee Ym m}Xm,"'va L

(94)

Substituting (94) in (86), we obtain M infinite sequences of
conserved currents:

PP (@) =4y (8) 1 (2)+ el (@) X~ (@) (95)

To find the solutions ¥ of Eq. (92) with which the con-
struction of the sequence (94) commences, we consider the
stronger condition

Dy (x) = dyyan’ + A, () xm’ (2) =0, (96)

Note that Eq. (92) is equivalent to the first-order equation

Duys® (2)=CH (), (97)

where C is a constant N X N matrix and ¢ 'f:")(x) is some
conserved current, & ¢ fj”’ = 0. We shall discuss this possi-
bility later, restricting ourselves initially to the case C =0,
i.e., we consider Eq. (96). We note that the condition of
integrability of Eq. (96) is a consequence of the vanishing
curvature (15).

For the system (96), we have three linearly indepen-
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dent solutions unrelated by multiple application of (93):
a) the trivial solution

%1 (2)=0;
b) nontrivial solutions that can be written in the form

2 (2)=U_C, (=2, 3), (98)
where U, (@ =2,3) satisfy Eq. (96) and C, is a constant
N X N matrix. Equation (96) has the following two nontri-
vial solutions:

U, (2) = g7 (@) (99)

and

Us () =V (x) W (2), (100)

where

X0

V () =P9XP{_ 3 dyo Ao (Yo -Tt)} ’

— o0

X1
W (2)=Pexp{— | dy (V10 +V4V] (5, y))}.
(101)
Here, P is the Wilson ordering operator.

From (98)—(101), using the method developed above,
we construct three linearly independent sequences of func-
tions {y{¥}. It follows from the fact that y{ (m = 1,2,3)
satisfy Eq. (96) that for k>>1 all these sequences are identi-
cal. However, these sequences differ for k<0, and they are
therefore linearly independent.

We begin by constructing the first series. It can be veri-
fied that the general form of {y{*'} is given by

%" =0;
%1 =Cy;
: (102)
X
x(!h) (2)= S‘ dyy {9gx 9 + Agy*D} (24, yy) +Cy,
o ]

where C,, C,,... are constant N )} N matrices. The constants
C, from (102) in the currents (95) lead to the terms 4,,C,,
which are conserved separately. Therefore, without loss of
generality the constants C, for £>2 can be omitted in (102).

The functions X* (x,, c0 ) are identical to the nonlocal
conserved charges found in Refs. 1 and 2.

To find the remaining two series, we use the following
symmetry of Egs. (91) and (93). Suppose that there exists a
nonsingular matrix U satisfying Eq. (96). Then by means of
the ansatz

t=Ut and y=U¥

Eq. (91) can be written in the form

=ty (07 + 4 T (2), (103)
where
A, (z)= —U4, (z) U. (104)
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From (91) and (104) we find that
mA, (z) = —U-tonA,U =0,

if the equation of motion (10) is satisfied and
Fuw=1D,, D,)=U[D,, D,)U=U-F,U=0.

Therefore, f and ¥, like £ and y, satisfy (92).
Then it follows from (103) that

O™ =08}, 5 =Uxd), (105)
where 7 can be obtained from (102) by the substitution

A, (&) —UAU;" (a=2, 3),
and U, has the form (99)-(101).

Substituting (102) and (105) in (95), we find three
linearly independent infinite series of conserved currents.

It should be noted that the derivation of (102) makes
explicit use of the equations of motion, and therefore the
symmetry of the action so far considered exists only on the
extremals, i.e., when 8"A (x) =

To generalize this symmetry for an arbitrary case, we
use the method proposed in Refs. 11 and 12. This will be
done in Sec. 9.

Toend this section, we consider in more detail Eq. (97),
from which the initial functions y{” (x) can be determined.
From the condition of integrability of the system of equa-
tions (97) we obtain the following restrictions on the con-
served currents ,# ™ on the right-hand sides of these equa-
tions:

e (3,4 A,) #57 (2)=0. (106)
As follows from (17), any of the conserved currents ob-
tained above can be represented in the form _# (™
=£,,0"y" (x), where the function y™ (x) is deter-
mmed from Eq. (18a).

Substituting (17) in (106), we obtain

(O -+ A¥ (z)) 3,0 (2) =0

This is the condition of integrability of Eq. (18a), i.e.,
for all conserved currents constructed from y'™ the condi-
tion of integrability of the system (97) is satisfied. Then the
solution of Eq. (97) has the form

X1
T ()= @ j dy, (xO) P = —y© \ dyy (x) 190%™,
where y‘? is a nontrivial solution of the corresponding ho-
mogeneous equation (96) having the form (99) or (100).

Using Egs. (18) and (96), we obtain

(ﬂ’!) — ,x(méi)

i.e., if in the right-hand side of (97) we substitute any of the
conserved currents (17), we obtain the original sequence of
functions (102). To find the new sequence, we must find
conserved quantities of some other origin satisfying the inte-
grability condition (106).
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Solution of Eq. (43) for a subspace with an arbitrary number
of dimensions in the Abelian case

For D> 2, Eq. (43) does not always have a nontrivial
solution in the complete space. As an example, we consider
the three-dimensional case D = 3. Then the corresponding
characteristic system of equations (43) can be written in the
form

jo dxy + jidxy = 0, jo dxy + ju drxy = 0. (107)

One first integral of the system (107) can be found if

ju @) = ju (2o, & + o) (0 =0, 1, 2) (108)

or
x1

S dy,60g (zg, Yy + 0zy),
where a is an arbitrary parameter and g is an arbitrary func-
tion. Then the first integral of (107) has the form

i @)+ (2) =L (109)

D, (2)= g) Ayyjo (Zor Y1 + 0T3),

- 00

D, (z)= Sld.fhg (zgy Y1 + oxy)

respectively. As in the two-dimensional case, any function of
these first integrals satisfies the invariance equation (43).

For the four-dimensional case, the conditions (108)
and (109) have the form

ju (.2'.‘) = ju (xm Z, + oz, + ﬁ$3)
x1
Jo

Ji-t aja+ ﬂ]s—_ ) dys008 (Toy Y1+ 062y + Pag)

—co

(pe=0; 41, 2. 3);

respectively. The first integrals are given by

O, = deljﬂ €9y Y1 + axs + Pxs),

—o0

x
e Sldylg (%o, Y1 + oz + Pay),

—00

D

(5]

where a and f are arbitrary parameters and g is an arbitrary
function.

We can similarly obtain solutions of Egs. (45) and (50)
in a space with an arbitrary number of dimensions.

7. NOETHER CHARACTER OF THE NONLOCAL CONSERVED
CURRENTS IN THE SUPERSYMMETRIC NONLINEAR SIGMA
MODELS

As we have seen in Sec. 3, for the supersymmetric non-
linear sigma models there is also an infinite number of con-
served nonlocal currents. In this section, we generalize the
results of the previous section to the supersymmetric case.

We note that, as in the ordinary case, the first, k = 1,
conserved spinor supercurrent (29),

W (x5 B)= A, (x; 0)=5F1(z; 0) D5 (z; 0) (a=1, 2),
(110)
is identical to (23) and, therefore, can be obtained by

Noether’s theorem as a consequence of the invariance of the
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action (21) with respect to global gauge transformations. To
investigate the origin of the higher conserved nonlocal cur-
rents, we make the following assumption.

Assumption 1. There exist two functions X(x; ) and
Y(x; 8), which are N X N matrices whose elements trans-

form as scalar superfields, related by the equation
DX (2 0)=(y:V)o Y (z; 0) (=1, 2). (111)

Using these functions, we define the spinor quantity

Yoz O)=ctq (x5 0) X (5; 0)+ (vsb)s (25 O) Y (; ).

(112)

Then the following theorem is readily verified.

Theorem I. Assumption I is the necessary and sufficient
condition for conservation of the spinor supercurrent (112)
in the weak sense, i.e.,

Doy5 ¥ (x; 8)=0,

if the equations of motion (22) are satisfied.
It is readily verified that after the substitution

X=X® (,0), Y = Xt (z; 0) (k =1, 2...)(113)

Assumption I becomes equivalent to (30), and the supercur-
rent (112) can be expressed in terms of a linear combination
of the currents (29). However, Assumption I is more gen-
eral than (30) because it holds not only for the countable set
of functions (113). In addition, as we shall see, Assumption
I makes it possible to obtain the supercurrents (112) from
the generalized Noether theorem.?® To this end, we consider
one “global” transformation of the field & (x;8).

G (z; 0)=9 (x; 0) U (x; 6). (114)
For this transformation, we assume the following property.

Assumption 11. The variation of the action (21) under
the infinitesimal transformations (114) does not in general
vanish but reduces to the integral of the total superdiver-
gence of some spinor quantity.

It can be readily verified that Assumption I is a suffi-
cient condition for fulfillment of Assumption II. Indeed, the
variation of the action for the infinitesimal transformations
(114) has the form

gL S 222 tr {A* (z; 0) Sutly (z; 0))
= — [ @220 tr (42 (23 0) DX (z; 0)} b0,

= — { d%d?0 tr (F* [(h)e T (33 O)1} S0,
where we have used Assumption I and made the ansatz
Ot =019 ,G + 5D G ={D XV [A,, XV} ba,.

Here, 6w, are infinitesimal parameters that do not depend
onxand #, and X' are the generator functions of the trans-
formations (114), i.e.,

XO (25 0)= o (7 T,

6mﬂ w=0

(115)

As we see, these generators are in general nonlinear and
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nonlocal functionals of the field .

It follows from Assumption II that the generalized
Noether theorem?® holds.

Noether’s theorem: To every one-parameter nonlinear
and nonlocal transformation satisfying Assumption II there
corresponds one conserved quantity (112).

The explicit form of the generator functions (115) of
the transformations (114) is obtained from (111). Note that
the transformations with the generators X = const are an
exact symmetry of the action, i.e., 8§ = 0, and the currents
corresponding to them have the form (110). The functions
X = const, ¥ = 0 are a trivial solution of (111). To find non-
trivial solutions of Eq. (111), we use the following proper-
ties of these equations:

VoD X (z; 0)=2%7 X (z; 8)=0 (116)

and

Fey,Y (z; 08)=0, (116a)
where X and Y are smooth functions. The first of them,
(116), is a consequence of (22) and (28), and the second,
(116a), is the condition of integrability of Eq. (111).

Equations (116) are partial differential equations. As is
known from the general theory of differential equations,
they have a nondenumerable set of solutions. Therefore,
from these solutions it is possible to construct an infinite
number of conserved currents (112). To each of these solu-
tions there corresponds a field transformation (114). Thus,
from Assumptions I and II we find the conserved quantities
(112) and the transformations (114) generating these quan-
tities. As we have seen, the determination of an infinite num-
ber of nonlocal conserved supercurrents was reduced to so-
lutions of Eq. (111) under the restriction (116) on the
functions X and Y. We shall here make essential use of the
fact that Eqgs. (116) for X and Y are identical. Then the
problem of finding the explicit form of X and ¥ can be solved
in two ways:

a) find all solutions of (116) and seek among them pairs
satisfying (111);

b) using the ansatz (113), write the assumption (111)
in the form (30), i.e., restrict our treatment to the countable
set of functions X*’ . Then, beginning with certain indepen-
dent solutions® X (m = 1,...,M) of Egs. (116), we sub-
stitute them in the right-hand side of (30). Solving these last
equations, we obtain the functions X {!,, which also satisfy
(116). Therefore, X {’ can again be substituted in the right-
hand side of (30), and so forth.

Thus, we obtain the infinite sequences

2. 2D, 22, 0 ZR e im0, 2 0000 M),

where each element satisfies (116) and each pair of neigh-
boring elements X ¥’ and X {* * !’ is, by construction, related
by (30). The constant correction C,, to X**?, being the gen-
eral solution of the homogeneous equation

. X® (z; 89)=0

need, the term &/, C,, being conserved separately, be taken
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into account only once, for example, for k = 1.

It must be noted that Assumption I (30) is a two-sided
connection, i.e., from given X we can also determine ¥. Then
the general solution (30) contains solutions of the homogen-
eous equation

(Do + Aq (23 0)) X (2; 0)=0. (117)
The solutions of this equation are no longer constants, and
therefore they must be taken into account.

Thus, from given X * we determine X |\~ ", X{=2,...
and, therefore, we have in general the sequences

0y EM 0 et g RS 3 e 'Te)

If for some element X f,f’ ( — o </ < =) the sequences
(118) satisfy Eq. (117), then the sequence (117) can be
terminated at this element X .

For our purposes, only the linearly independent se-
quences (117) are of interest. We shall assume that two se-
quences {X (¥} and {X (¥} are linearly independent if each
of them contains not more than one element X {#’ (respec-
tively, X {’) linearly independent of an element of the se-
quence {X (¥} (respectively, {X {*}).

Using (112), for each sequence (118) we associate one
infinite series of conserved supercurrents. In the case of lin-
early independent sequences, the currents corresponding to
them are also linearly independent.

Using the procedure described above, we can find the
explicit form of each term of the three linearly independent
infinite series of conserved supercurrents. For this purpose,
we consider (116). Suppose that we have found a certain
number of conserved currents # ™ (m = 1,....,M). Then

Eg. (116) is equivalent to the system of first-order equations

(Do + Ao (23 0} X (2; 0)=F5” (2; 0).  (119)

The condition of integrability of the system (119) has the
form

(Z%+ A% (25 8)) (1)EHE” (=5 0)=0,

where we have used the fact that % ,; = 0. Note that if, as in
the ordinary case, ,# (™ is one of the conserved currents
(112), then we obtain from the solution of (119) the same
sequence {X $°} from which the currents # (™ are con-
structed. Therefore, we restrict our treatment to the homo-
geneous equation (117). This last equation has three linear-
ly independent solutions.

The first solution is the trivial one

X{9=0; (120)
the second has the form
X4 (23 0) =5 (23 0) C. L

To find the third solution, we use the expression of As-
sumption I (111) for the components [see the expression
(32)].

Then, with allowance for (22) and (25), Eqgs. (117)
take the form (for C = 0)
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(0, + g7 0,8) ¥® (z) = 0; (122a)
20 (z) = —¢~ (z) g (2) @ () 1@ (2); (122b)
B ()= 5 gt (D)9 @) ¢ (D g @) 1 (x).  (122¢)

Itis readily verified that (120) and (121) satisfy (122).
Moreover, integrating Eq. (122a), we find the further solu-
tion

1 = VWC,, (123)
where C; is a constant matrix, and
Xp
v=Pexp{— | dyw (0 29},
(124)

- |
x1 i
W=Pexp{— | dy, 70,V +V-u,¥)}. ,

=2 )
Here, P is the Wilson ordering operator. Substituting (124)
in (122a), we obtain %* and £ {%’, respectively.

The solutions of Eq. (30) are given by Eq. (33). The
conserved currents (112) corresponding to this sequence in
the case when C, =1 are, apart from linear combinations,
identical to the expressions found in Refs. 19-22.

To construct the sequences {X (¥} and {X {¥'}, we use
the following symmetry of Assumption I.

Assumption (30) has the following symmetry. Suppose
that there exists a nonsingular matrix ¥, (x; &) satisfying
the equation

Voo (25 0)={Z o+ A4 (z; 0)} Y, (25 0)=0. (125)
Then we represent X(x; #) and ¥(x; €) in the form

X=Y,X, Y=Y,Y. (126)
Substituting (126) in Assumption I, we obtain

DY (2, 0)= (1)l (Dot Ay (25 0)] X (23 0), (127)
where

Ao (@3 0)=—Y5' 4, (z; 0) Y. (128)
It is readily verified that

Dy =~ Y5 DAy, (z; 0) Yy, (1292)
if the equations of motion (22) are satisfied and

Foup=Y5'FopYo={Va» Vs}- (129b)

Therefore, X and ¥ must also satisfy the second-order equa-
tion (116). Note that (126) is not a similarity transforma-
tion.

It is then sufficient to require invertibility of the matri-
ces C, and C, for the sibstitution (126), i.e.,

XCB (z; 0)=XLOX® (23 0) (=2, 3). (130)
Assumption I takes the form [see (127)]

@ X (@3 0)= (1) (Dp+ Hp) XA (z: 0)

(a=2, 3 k=1,2...).
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Therefore, each term of the sequence {¥ ¢} can be obtained
from the corresponding term {X {*’} by the substitution
FIZ8Ys Ao A,

Thus, we can construct the three sequences

(XP 1 k>0), (XP = XPOXP |k >0}
and {X§™® = x("FP |

which are linearly independent by virtue of (121), (124),
and (125) and are not related by a similarity transformation.
Indeed, from (121) and (126) we find the sequence

X5 (a3 0) =8 (z; 0) Gy

which is linearly independent of the sequence {X (¥}, whose
members are given by (125). To these sequences there corre-
spond three infinite series of conserved nonlocal supercur-
rents.

The conserved charges obtained from the supercurrents
# &9 have the form

o0 = | deyP (), (131)
i.e., are determined by the vector component of the spinor
supercurrent. It follows from (131) that @ are the values
of the functions ¥y (33) at the point x, = w0, i.e.,
0® =y (x0, 00).

8. GROUP STRUCTURE OF LOCAL HIDDEN SYMMETRY
TRANSFORMATIONS

In this section, we study the group structure of hidden
symmetry transformations that generate higher local con-
served quantities, as considered in Sec. 5. We discuss the
question of gauge transformations.>* For this purpose, we
consider the commutator of two infinitesimal transforma-
tions:

(U U,—=UU ) jr (2)
= {51 () 51 (Wi () brB8? 0] 80
< By 41 () 808} by, (2)
= {850-+1 ()10 [+ 1 () mn¥n B0 ] S0,
A8 +1 ()80 o} g (@)

={ (9 (@), 1 @t 20 (g,

a (M o d (Ma
- ("]’ )Jk (Me i P — (ll* (T](q})+)n (,;]4 )ik

- F ) LG D () B0 B0

=[P (2), 05"(@)]pPa()00F s 808, (132)

where we have introduced the notation [ , ] for the commu-
tator of two generator functions, and [ , ] denotes the ordi-
nary matrix commutator. It is obvious that if the generators
do not depend on the fields, then (132) can be expressed in
terms of the ordinary matrix commutator. From (132) we
find that each original symmetry group of the considered
model is Abelian, as is the corresponding group of hidden
symmetries.

481 Sov. J. Part. Nucl. 16 (5), Sept.-Oct. 1985

We consider the following generator functions of the
type (56):

18 a (1) = (22)"Ta, (188)
where v is any, in general complex, number. Substituting
(133) in the commutator (132), we obtain

) o (2), 180 @)1= (2), 97 (2)]
— (Ii)‘.+v [Tm Tb] = abc (xi)V+V'TE = Cabcn sEak el (x):

where C,,. are the structure constants of the group G.
Therefore, (133) realizes the infinite Lie algebra considered
in Refs. 37 and 38. Note that the transformations (133) with
Re v> 0 do not satisfy the boundary condition (52).

We consider also the transformations with the genera-
tors

e ™) = (™) (T o)
5 T

It is readily verified that
"™ (@), " ™ @)1= Caen” ™ (a),
1LT](0’ m) (x) ,rI(U n) (I):ﬂ#cab ,rls:ﬂ, m+n) (.’L‘),

i.e., the generators 7{>* and 7> form the same infinite Lie
algebra as the generators (133).

In conclusion, we note that we have not succeeded in
obtaining a closed Lie algebra for generators (60) realizing a
symmetry for arbitrary fields. We note also that our treat-
ment is valid for both cases of spinors with commuting or
anticommuting components. In the latter case, the num-
ber of generators #{®* (134) and (135) is finite
(k=0,1,....,N).

We also consider the group structure of some of the
transformations of the generalized translations (46). To ob-
tain the commutator of the generators of the translations
(62), we take the commutator

=P (V*To)n (W*P)™1,
=t (j") (Ta)

(134)
(135)

(T4To—ToTy) @ () = [+ 8, (2 +8,2)] — @ [+ 8, (x+ 82)]
X R o g
= (T XV — 5 X) 0% (@) Sof00f?,

(136)
where T is the translation operator, which acts on @(x) in
accordance with (62). We choose the functions X * in the
form

XV = (zy)v, (137)

where v is an arbitrary number. Substituting (137) in (136),
we obtain the following infinite Lie algebra:

(D, #L1=(v—v) #L+D,

(138)
where
-‘?g) = (24)V0..

Note that the corresponding Lie algebra that can be
obtained from (138) by substituting there the polynomial
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generators (63) has a more complicated form.

9. GROUP STRUCTURE OF NONLOCAL TRANSFORMATIONS
FOR CHIRAL MODELS

In this section, we shall investigate the group structure
of the nonlocal transformations (79) in the case of ordinary
chiral models. We shall show that from the generator func-
tions (102) and (105) we can construct several series of
generators, each of them forming an infinite-dimensional
closed algebra. Further, on each of these series there is im-
posed the natural boundary condition

Sa (® M) lxymooo=Tq. (139)

Here T, are the generators of the group G:
Sa (@ N =y (@ M) Ty (x5 A), (140)
M= 3 Mo, (141)

where y* (x) are given by (102) if k>0 and by (105) if
k <0. For ¥y, we assume that

x(l]) (.1?) — af + BUB (.1;)! (142)

where U, (x) is given by (100) and & and S are arbitrary
parameters satisfying the restriction @ + 8 =1, which is a
consequence of the boundary condition (139). In the case
when y® =0 for k<0, @ =1, and B =0, we obtain the
series considered in Ref. 12 (see also Refs. 16 and 17). The
case when y® =0 for k>0, a =0, and S=1 was dis-
cussed in Ref. 18.

We recall that the explicit form of y** (x) was obtained
as the solution of Eq. (18a). Substituting (141) in (18a), we
obtain (in the light-cone variables)

(1 A) de g (1 &) = £MAL 3 (o M)

From the condition YAy )
=y '(x; A)y(x; ) = I we now have the following equa-
tion for y ~' (x; 4):

(1 F Ay de ™" (25 &) = Fhy™ (7 A) A (2).

The last two equations enable us to obtain the equations for
N

(1 —R) 0.8, (@3 M) = A4, (@), S, (& M), (143)

(1 +3) 0.8, (@ ») — —Al4_ (2), S, (= M. (143a)
We find the explicit form of y = (x; A) as the solution of the
corresponding equation for the coefficient functions

7% (x) of the Laurent expansion of y ~':
oM™ (2) = 0™ (2) F P (2) Au

Note that the transformations with generators S, (x; 4) sa-
tisfying both equations of (143) are a symmetry only on the
extremals. As was shown in Refs. 16 and 17, if it is required
that.S, (x; A) satisfy only one of the equations of (143), then
we are dealing with a symmetry for arbitrary field configura-
tions.
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Indeed, suppose that S, satisfies only one equation of
(143). Then

8,8 = 3 d2z tr {A* (z) 0,48, (x; M)+ A~ (z) 8.8, (x5 A)}
S \ a2, tr {[Ay, Sal+ (Jf —4) x9,xTa}

Therefore, in this case too the transformations (79) are a
symmetry of the action (in the weak sense) for arbitrary
field configurations.

To investigate the group structure of the transforma-
tion (79) with generators S, (x; A), we consider the commu-
tator of two infinitesimal transformations:

g (z) (UsUt UMW) =g (z) {S, (z; A) Sp (%5 7)

— 85 (23 T) 8o (B M+ 8,8, (7 T)— 08, (25 M. (144)

Here, 6,5, (x; 7) are the transformations of the generator
S, (x; 7) under the transformation U, =1+ S, (x; A)éw.,
ie.,

8.8, (z; ©) Sot=38, (g+ g8.00:) — S, (g).

To calculate the commutator (144), it is necessary to
find §, S, (x; 7). For this purpose, we obtain from (143) the
following equation for §,.5, :

(1—1) 0848 (23 T) = T84([ A4y Sp (25 7))
o (A4, Sa (3 M1 S, (2 0]+ (A4 8,5, (5 9,
(145)

where we have used the gauge nature of the transformation
(82) ofAﬂ and the Jacobi identity. The solution of Eq. (145)
satisfying the boundary condition

GaSb (x; T) Ix+=—m:6aTb =1
has the form

88y (23 1) = 72— [Sa (23 W) —8, (25 T), Sy (25 V)]

T

= 3= {USa (x5 A), 8y (75 V)] —CapcSe (25 1)}

(146)

We have here used the fact that
[Sa (@ 1), 8y (x5 D] = g (25 <) [T,, Tyl ! (z; )
e Cachc (z; T),

where C,,,. are the structure constants of the original group
G. Introducing now the quantity'?

T (W)= 3 d2zg (2) S, (x; k)%,

we obtain

e (D—ASe (W) 8
A—T bg *

(147)

[‘-Jj_‘ﬂ (9“)7 7?1 (T)] = Cabc S d2zg

Note that the commutator ( 147) has the same form as in the
cases considered in Ref. 12 when the summation in (145) is
over k>0 and in Ref. 18 when over k<0. Expanding both
sides of (147) in powers of A and 7, we find

g (R)

e, g™

TN =CopeT ™™ (&, m>=0), (148)
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and this is the algebra obtained in Ref. 12. In addition, we
obtain the further nonvanishing commutators

WP, TP =170", 7#

=Coned ¥  (k=D, 4 2 ) (149a)
T TE™ = —CoeT ™ (k, m—0, 1 ...);

(149b)

T TE ™ =Cpe (B (m—F) 7™ P _ @ (k—m) 7 *~™)
(o m=1,"2 . 5.}
R FE =Tt T =0 (b=, . 5. ), (1496)

Here, © (k) is the Heaviside function: © (k) = 1fork>0and
O (k) = Ofor k < 0. The commutation relations ( 149a) were
obtained for the first time in Ref. 12, and also in Refs. 16 and
17, in which a parametric representation was used for the
generators .7, . The algebraic structure of the transforma-
tions (79) with generators .77 ~*’ was investigated in Ref.
18. Finally, we note that the second series of generator func-
tions (130) gives the same algebra (149) if we require addi-
tionally g( — o0, x_) = L This is a consequence of the iden-
tity of the differential equations satisfied by the generator
functions y/* (j=1,2,3). We note also that the transfor-
mation U, = g~ '(x) carries the current 4, =g~'d, g into
—U;'4,U,=gd, g7, ie., carries the left-handed cur-
rent into the right-handed current.

10. GROUP STRUCTURE OF NONLOCAL
TRANSFORMATIONS FOR SUPERSYMMETRIC CHIRAL
MODELS

Here, we shall merely outline the generalization of the
results of the previous section to the supersymmetric case.
We introduce the generators

Qu(2; 6, =X (2; 0, A) T, X @ 8, L, (150)
where
X (5 0, = 2 MX® (5 0), (151)

k=-oc0

and require for ), (x; 6, ) fulfillment of the boundary con-
dition (139). Here, X** are given by (33) for k> 0 and by
(130) for k < 0. For k = 0, we use the combination

X = al 4+ pX (z; 0), (152)
where X {*’ has the form (125). From the equation
A — ) B,X (15 0, &) = Aty (3 8) X (a3 0, 1)

we obtain the following equation for Q, (x; &, 1):
(1 —2 DL (x 0, M) =h[A4 (= 0), Q, (= 0, M)
(153)

On the extremals, , (x; 8, A) also satisfies the equations
A+ A D92, (5 0, )= — M A, (z; 0), Q. (27 8, A)].

For arbitrary field configurations, we obtain the vari-
ation of the action
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B { d2d tr { 4% (2; 0) D,Q, (z; 0, )}
2 g { Pad0 tr (2% {A[ () Q0+ (+— 2) x-1]

X (1Z4) XT, }),

and, therefore, the transformations (134) with generators
), satisfying (153) are a symmetry (in the weak sense) of
the action for arbitrary field configurations.

As in the ordinary case, we consider the commutator of
two infinitesimal transformations (114):

G (z; O){Uy (x5 0)Us(z; 8)—Uy(z; B)U, (25 0))
= (x; 0){[Qu(z; 0, X), Q,(x; 0, 1))
6, (z; 0, 1) — 8,2, (z; 0, 1)} 6wk dw;.

Here, 6, Q, (x; 6, 7) is obtained as the solution of the differ-
ential equation that we find from Eq. (153):

(1 — 1) &, (6,824 (x5 6, T)
- Wy ([ (2, 0), Q4 (z; 8, T)])
= [l (250), Q, (30, )], Q, (2; 0, 7)]
+7 [A4, (% 0), Qs (230, 7))
for the boundary condition

8.2, (%5 0, T) lpym—oo = 6,7, = 0.
This solution has the form

8aSy (23 8, T)= 7"—{IQ (¥ 0, A),

Q (5 8, 1)1 —CopoQ, (23 6, T)},

and therefore has the same form as (146). Then denoting

T a(b)= | d20d05 (z; 8)Q (2; 6, x)ﬁw

and expanding the commutator [.7", (1), 77, ()] in pow-
ers of A and 7, we obtain the algebra (148) and (149).

Note that if we choose a =1, #=0 in (152) and
¥ =0 for k<0 in (151), we obtain the algebra (148)
found in Refs. 23 and 24.

’Note that all the propositions proved above are also valid if (84) is
replaced by K / (x) = [4*(x), e

?'We say that the sequences {y%'} and {y{*'} are linearly independent if
each of them contains not less than one element y{f), linearly indepen-
dent of all the elements of the other sequence.

¥L.e., not related by multiple application of (116).
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