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Studies of the vacuum state of the electroweak interactions in the presence of strong magnetic and
electric fields are discussed. The following topics are considered: introduction of an external
electromagnetic field in renormalizable gauges, calculation of the effective potential in the single-
loop approximation and its investigation, the connection with Yang-Mills theory in the presence
of a covariantly constant field, and the problem of tachyon instability of the vacuum in a magnetic
field. The renormalization-group method is used to study the effective potential near the instabil-
ity threshold, and also the tachyon problem with allowance for radiative effects. The phase
transition in a magnetic field associated with tachyons is described, and some features of the new
vacuum state are noted. The case of an external electric field is briefly discussed.

INTRODUCTION

The modern theories of the weak and electromagnetic
interactions are based on the spontaneous breaking of non-
Abelian gauge symmetry groups. In these theories, the sym-
metry and properties of the vacuum, which is the condensate
of a neutral scalar field, are not given once and for all and
may change in phase transitions brought about by external
factors. In this review, we discuss the results obtained in
recent years from study of the electroweak vacuum in the
presence of a strong electromagnetic field. The behavior of
Abelian gauge symmetry in external fields has been dis-
cussed in particular in the review of Ref. 1.

Interest in such investigations was stimulated in the
first place by cosmological problems and developed after
Kirzhnits' had shown that an increase in the temperature
leads to restoration of the symmetry. At that time, it was
assumed that the physics of the electroweak vacuum is simi-
lar to the physics of the superconductivity phenomenon, and
it was therefore natural to expect that a strong magnetic
field, and also a combination of a field and temperature,
would lead to analogous results in agreement with the super-
conductor case. Such macroscopic conditions are important
for understanding the processes that took place in the early
universe. Investigations in a field at zero temperature are a
necessary stage in their study. Such investigations, in parti-
cular, make it possible to determine the different possible
phases of the system and the properties of the phases and the
response of the vacuum to external influences; they also
make it possible to gauge the extent to which the analogy
with superconductivity is in fact justified.

There are also other questions posed by the develop-
ment of the theory that can be considered in the framework
of the problem in a field. A characteristic feature of investi-
gations at the present stage is the fact that they are made in
the framework of individual specific models that combine
different fundamental interactions and include, as a rule,
experimentally undiscovered particles. It is important to
clarify the general vacuum properties inherent in the major-
ity of the models, and also to determine the consequences of
the differences between the particle contents and of the de-
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pendence on the coupling constants and masses. This will
make it possible to carry out a certain classification of the
models. Results of this kind, obtained for a wide range of
external fields and the relevant parameters, have a great im-
portance extending beyond the specific study of the
electroweak interactions.

The first investigation of the effects of an external field
in non-Abelian gauge theories was made by Salam and
Strathdee,” who studied the possible restoration of symme-
try by a magnetic field H. The restoration of the symmetry is
expressed in the disappearance of the scalar-field condensate
by analogy with the disappearance of the Cooper-pair con-
densate and the destruction of superconductivity in a mag-
netic field. Salam and Strathdee® concluded that this effect is
possible, so that in a strong field H the weak interaction
acquires a long range like the electromagnetic interaction,
and the symmetry of the system is identical to the symmetry
of the original Lagrangian. However, the approximation
used in Ref. 2 did not take into account adequately the vacu-
um dynamics in a field in non-Abelian theories, this dynam-
ics being very different from the case of the Ginzburg-Lan-
dau theory® or the Higgs model. Further investigations were
therefore needed. In addition, the following question arose:
If the scalar condensate disappears, to what extent is the
electroweak vacuum similar to the vacuum of massless non-
Abelian theories? This question is nontrivial because the per-
turbation-theory vacuum in a magnetic field is unstable*>
with or without spontaneous symmetry breaking. Thus, the
solution to the problem of restoration of the symmetry was
found to be intimately related to the problem of finding a
stable vacuum for non-Abelian gauge theories in a field.

The superposition of external fields is one of the effec-
tive methods of going beyond the framework of perturbation
theory and uses solutions that are exact with respect to the
field. The external field is a classical solution of the corre-
sponding equation of motion on the background of which
quantum effects are studied. It need not necessarily corre-
spond to a real physical field but may serve as an auxiliary
object in the investigation. The method has been widely used
in quantum electrodynamics (QED), in which important
results have been obtained.*® We mention some of them.
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There is the production of electron-positron pairs by an
electric field, study of the asymptotic properties of QED, the
establishment of the connection between strong-field elec-
trodynamics and short-distance electrodynamics,”'® and
more. In non-Abelian theories too, such investigations have
been and are still being made for different fields. The litera-
ture on this subject is very extensive. Therefore, we mention
only the results relating directly to the questions under dis-
cussion.

In the first place, there is the study of asymptotic free-
dom as a problem in a field,""""* the occurrence of spontane-
ous magnetization,'* and the discovery of instability of the
perturbation-theory vacuum in a magnetic field,** these be-
ing intimately related to one another. Below, we shall men-
tion other results.

The Higgs model in a magnetic (or, rather, quasimag-
netic') field H was studied comprehensively in Refs. 1 and
15-17. The original Lagrangian is U(1)-symmetric and has
the form

(n

where F,, =6ud, —8,4,, P, =i5, +ed,, and ¢ is a
complex scalar field. If mi, <0, A >0, then spontaneous sym-
metry breaking occurs, and @ acquires a vacuum expectation
value 8(0) = (@ )o = 2|m% |/A and the gauge field 4, ac-
quires a mass M, = e5(0). In the model, there is a complete
analogy with the Ginzburg-Landau theory of superconduc-
tivity."'® In particular, for large H the symmetry is restored
and the mass M, vanishes. In the broken phase, the gauge
field is completely screened and its measured value is zero.
The effect of the external field reduces to an increase in the
vacuum energy and is manifested at the tree level. Therefore,
the critical field strength H,, is HZ /2~0(M %), this esti-
mate showing that the symmetry is restored when the energy
density of the magnetic field is equal to the energy density of
the scalar condensate, which is ~M %.

In theories of the electroweak interaction, the gauge
symmetry corresponding to an external electromagnetic
field remains unbroken. Therefore, the measured field is
nonzero in the broken phase as well. From general argu-
ments it is to be expected that the restoration of symmetry
must here occur at the single-loop level. For the scalar con-
densate is electrically neutral, and a magnetic field acts on it
in the tree approximation. The effect of the field H reduces to
a change in the spectrum of the vacuum oscillators of the
charged fields and, as a result of this, a change in the vacuum
energy density, and this may lead to a phase transition. An
estimate of the critical field gives e*H %, /2~0(M *), where
M is the mass of the charged vector bosons.

Such arguments were the basis of Ref. 2, in which a
single-loop calculation of the effective potential V" (®,,
H) of the scalar field ®, in the presence of a field H made it
possible to study the behavior of the symmetry. Using the
effective potential in the approximation of small H, Salam
and Strathdee noted that, because non-Abelian theories with
spontaneous symmetry breaking have asymptotic freedom,
the vacuum expectation value of the scalar field, determined
from the position 8 (H) of the minimum of the effective po-

1 -
L = — 3 Fiv+ Plo*Plo —mpp*e — %} (P*9)?,
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tential, decreases with increasing H. On the basis of this ten-
dency, it was concluded that the symmetry may be restored.
Thus, despite the difference in the mechanisms by which a
field influences the vacuum in the Abelian and non-Abelian
cases, it was assumed that the asymptotic freedom of the
latter leads to the expected final result—restoration of the
symmetry.

The approximate expression for the effective potential
was later used by Midorikawa'® to determine the critical
fields in a number of models, and it was shown that symme-
try is restored by a phase transition of the first kind.

Estimates showed that the critical fields must be fairly
strong. Therefore, the weak-field approximation may be in-
valid. In Ref. 4, the present author studied the behavior of
the exact expression for the single-loop effective potential

V(@ , H) and showed that the vacuum expectation value
S8(H) does not vanish. In addition, a new phenomenon was
noted in Ref. 4—instability of the electroweak vacuum in a
magnetic field, manifested by an imaginary part, Im ¥ V(®,,
H) =0, in the effective potential. Nielsen and Olesen® dis-
covered an analogous instability for Yang-Mills theory in
the presence of a covariantly constant magnetic field
F° = Hn", where n® is a vector fixing a direction in the
isotopic space. A difference between the massless and spon-
taneously broken non-Abelian gauge theories is that in the
latter there is a threshold for the appearance of Im ¥V, i.e.,
the imaginary part, this threshold being determined by the
mass M of the charged vector particles, H, = M */e, while
for massless theories H, = 0. The physical reason for the
instability is that the spectrum of the charged vector parti-
cles in a magnetic field includes a tachyon, a consequence of
the structure of the interaction in non-Abelian theories.

The discovery of vacuum instability made it necessary
to re-examine the behavior of the symmetry in the field H. It
became clear that the use of only the single-loop effective
potential for this purpose is inadequate, more comprehen-
sive investigations being needed. In Ref. 19, the renormal-
ization-group method was used to study V" (®,, H) near
the instability threshold H,, and a singularity in the behav-
ior of the effective electric charge e (H) was discovered. So-
lution of the classical equations of motion in Refs. 20 and 21
showed that the behavior and properties of the electroweak
vacuum in a field are determined by, not one ®,, but two
order parameters, ®, and (W W ),, and the interaction
between them ({ W ;" W ),is the condensate of the compo-
nents of the W bosons). The qualitative arguments and esti-
mates of the critical fields given above did not take into ac-
count this circumstance. It was also found that the
properties of the vacuum are very different for theories with
“light” and “heavy” Higgs mesons.

It can be seen that the problem of spontaneous symme-
try breaking is rather complicated and involves several
stages. In addition, the results obtained by different authors
in their studies of the effective potential ¥ V(®,, H) (see
Refs. 4, 18, 22, and 23) frequently differ or even completely
contradict each other. For this there are various reasons,
given below. In the present review, the exposition is there-
fore arranged in such a way as to combine the currently
available results for two specific models—the Weinberg-Sa-
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lam (WS) theory and the Georgi-Glashow (GG) mod-
el —and to correct inadequacies of the quoted studies
when they exist.

The paper is arranged as follows. In Sec. 1, after a brief
description of the theories, we consider the introduction of
an external electromagnetic field in renormalizable (R) and
unitary (U) gauges. We then describe the general formalism
for calculating the effective potential by means of Green’s
functions. In Sec. 2, we study the effective potential in the
complete range of magnetic fields, and also the dependence
of the effective potential on the ratio of the squares of the
masses of the Higgs and Wbosons: K = K(0) = m2/M 2. We
show that the behavior of Re V" (®,, H) is different for
K <9-10 and for K % 9-10. There is therefore a natural limit
K =9-10 in the definition of the concepts of light and heavy
Higgs mesons. We consider the connection with massless
Yang-Mills theory and also the phenomenon of spontaneous
magnetization of the vacuum in their dependence on the giv-
en scalar field @, . It can be shown that at sufficiently large
@, spontaneous magnetization does not occur.”*> We also
discuss the tachyon instability in a magnetic field. Section 3
is devoted to investigations at the instability threshold
H, = M?*/e.Itisshown by the renormalization-group meth-
od that the effective charge 2*(H) exhibits “zero-charge”
behavior as H — H ;. The influence of radiative effects in the
tachyon problem in a magnetic field is studied. A renormal-
ization-invariant mass of the charged vector boson in the
field H is introduced, and by means of this mass it is shown
that in the Georgi-Glashow model for K (H) < 1.66 the mass
square MZ (H) can become negative in fields
H=H,, <H,, K(H) =m*(H)/M?*(H) determining the
ratio of the mass squares in the presence of the field. At large
K(H), M % (H) is positive. The Weinberg-Salam theory is
also considered. In Sec. 4, phase transitions associated with
the tachyon instability are discussed. The formation of a
condensate of the W-boson field for K < 1 and K> 10 is de-
scribed, together with some properties of the new vacuum.
In the conclusions, we summarize the results and briefly
consider the case of an external electric field and the state of
the problem of the role of fermions in the presence of a field.

1. BACKGROUND-FIELD FORMALISM AND THEORIES WITH
SPONTANEOUS SYMMETRY BREAKING

Models of electroweak interactions

We briefly describe the Weinberg-Salam?* and Georgi-
Glashow?® models. The first of these is the realistic theory of
electroweak interactions, in good agreement with the experi-
mental data, while the other, which is simpler, is of interest
for the following reasons. First, it is close to massless Yang-
Mills theory and is actually its massive regularization.?6
Second, in the single-loop approximation investigated in
what follows for the effective potential and the mass opera-
tor of the W boson all the results obtained in the Georgi-
Glashow model can be extended to the Weinberg-Salam the-
ory by a renaming of the parameters and some simple
algebraic manipulations. Therefore, many studies have been
made in the framework of this model. For this reason, and
also to shorten the exposition, most of the calculations will
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be made for the Georgi-Glashow model, and the corre-
sponding results for the Weinberg-Salam and Yang-Mills
theories will be given without calculations.

The new and most important properties of the
electroweak interactions discussed in the review are due to
interaction with the external field of charged vector parti-
cles. Therefore, we consider only the bosonic part of the La-
grangians of the corresponding theories. The fermionic part
is described in many sources (see, for example, Refs. 24, 25,
28, and 58).

The Georgi-Glashow model is based on spontaneous
breaking of the gauge symmetry: SU(2) — U(1). It is as-
sumed that the theory is quantized by the method of func-
tional integration over classes of fields.”> We represent the
part of the Lagrangian in which we are interested in the form

E=Zv+Lg+ZLr. b (1)

where .#°;, describes the Yang-Mills field, a triplet of scalar
fields, and their interaction:

1 o
Ey=— Fasf™ 2 DyeDMa—v (), 2)

Fp, =0,V -0,V +ge™V:, V¢ is the field strength of
the gauge field, a = 1, 2, 3 is the isotopic index,

V (x) = 5 min 4 (o) (3)
&, is the gauge-fixing term, and .%;.  is the Lagrangian of
the Faddeev-Popov ghosts.

If mf( <0, A >0, then the potential (3) has a minimum
at (¥*x*). =2|m’|/A. A condensate of the scalar field is
formed in the vacuum: yi = (y“ ), #0. To specify the sys-
tem above this nonsymmetric vacuum, it is necessary to fix a
direction in the isotopic space, this leading to spontaneous
symmetry breaking, and to go over to new fields ¢ that have
a vanishing vacuum expectation value: (¢ ), = 0. We set

0 . B

(xﬂ)ozﬁ(O)(O); 5(0)ZI/2I:172C| ;

1
xa = <x0>0 + (pﬂ
and introduce in place of V., @" the new fields
1
V32
vt i O

i T
Wi =

(V= 1VR0); Ay =Vi;
(4)

We then obtain
Ly=—PLWIPMW ™+ PAWSP YW —ieF, WHiW ™"

+ (M -+ @) WiW ™ 4. PPy

— (M 4 e®) (Wi P — WyP¥'g)

— 1 Pl S (W e WaW Wi

+ 5 10,0+ ie (Wip™ — W) |2 — 2o @2
— 4 (90 + 5 D248 (0) ®) — 4 [+ 4 (9 )
— P (@2 4205 (0) — =2 @3, (5)
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where F,, =3d,4, —d,4,, and ® is the Higgs scalar. Its
mass m and the W-boson mass M = e5(0) are related by

K = m?/M? = \e. (6)

The constant g is identified with the electric charge: g=e;
= — |m%| + JA6°(0) is the condition which ensures the
vanishing {(@” ), = 0 in each order of perturbation theory.
The field ¥, remains massless and is identified with the elec-
tromagnetic field.
The Lagrangian (5) is invariant with respect to the
gauge transformations

Wi — Wi =W + ie (4d,0* — Wia®) + d,a%;
A, — Ay = A, +ie (Wioa — Wiat)+0,a%

@t — @*' = @* + ie (Do — ¢p=a’) F iMa*;

D - Q' =D +ie(pre” —oa’),

(7

where a* and a° are parameters of the transformations.
We also consider the variant of the Georgi-Glashow
model in which the field y* is not initially massless and the
symmetry breaking and acquisition of masses by the parti-
cles are due to radiative corrections. The corresponding
mechanism was proposed by Coleman and Weinberg®® and
is called dynamical symmetry breaking. The expression for
the potential in the tree approximation is obtained for
m> = 0in the expression (3). The Lagrangian (5) is degen-
erate. We consider the term .%, that fixes the gauge for the
quantization in our context of applied external fields.

External electromagnetic field in non-Abelian gauge theories
with spontaneous symmetry breaking

In QED, an external electromagnetic field "F#, can be
introduced by decomposing the electromagnetic potential
into a quantized part 4 X and a classical part 4,,: 4, =4
+ A . The Lagranglan will be invariant w:th respect to
gauge transformations 4, — 4, =4, +9, a® realized by
virtue of the external ﬁeld

AR A =45 A, —~ A)=A4,+0,00. (8)
In non-Abelian theories, the situation is more complicated,
since the electromagnetic field is separated from the multi-
plet of fields ¥}, that transform together under the group
SU(2) and in the quantization it is necessary to fix the gauge
for W .

We consuler the most general linear R gauge R’

amwi“mi; ot =C* (z), (9)
where £ is a parameter. The conditions (9) completely lift
the degeneracy (7) for the broken subgroups described by
the parameters ™ and a~, and this makes it possible to
quantize the theory. Formally, 1t all reduces to the addition
to ., of two terms:

M 2

Le=—F| QW =i 0| (10)
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— - % i i
a‘gF.P=1]DDT]D+”"|+DT]++M?T]+’Q+—}—%(DT]W]'*

— gt 4 i (3,4" + 4,0

—ien* (G, W+ Wia") 1

+ien® (@, W L Wre") -+ h.c., (11)
where 7+ and %° are scalar Fermi fields of the Faddeev-
Popov ghosts. The first term in (11) arises if the gauge of the
electromagnetic field is fixed, d,4* = C° (x). -

If we now make the decomposition 4, =A%+ 4,
then .%°, + .7, and also %’ will not be invariant with
respect to the transformations (8). This makes it difficult to
interpret A as the potential of an external electromagnetic
field. thn studying processes due to interaction with A,u ,it
is necessary to use a complicated system of equations and
Ward identities for the complete set of fields corresponding
to both the unbroken and the broken subgroups. Most prob-
lems are then effectively unsolvable. In this connection, and
also because the effective potential depends on £ (see be-
low), the first studies in non-Abelian theories with sponta-
neous symmetry breaking involving an external field were
made in the U gauge, in which there are only physical fields
and only the U(1) symmetry of the photon is explicitly pre-
served. Accordingly, the external field can be introduced in
this case as in QED. However, the U gauge has the short-
coming that the Green’s functions in it are nonrenormaliza-
ble, only the S matrix being renormalizable. This leads to
difficulties in the calculations.

The quantization of theories possessing an arbitrary lo-
cal symmetry by the introduction of classical fields satisfy-
ing certain equations of motion was implemented by
DeWitt,>? and his method has been widely used in massless
non-Abelian theories. The main advantage of the method,
the background-field method, is the possibility of maintain-
ing invariance with respect to a gauge transformation of the
external field under the imposed gauge conditions. Various
aspects of gauge invariance and renormalization in this ap-
proach are discussed in Refs. 33-35.

We shall use the background-field method to quantize a
theory with spontaneous symmetry breaking. Instead of (9),
we impose a condition covariant with respect to 4,,,%*

W & ied W F

= q)*—C (), (12a)

and this solves the problem of introducing the electromag-
netic field in the R gauge. The addition .%°, in (1) has the
form
£y=—8|Pawee — gl (13)
We shall discuss the transformation properties of the
ﬁclds in the presence of A . Under SU(2) transformations,
=Ay By A transforms in accordance with (7). Under
transformatlons of the external field, we have (8). The
SU(2) transformations can be realized in two ways: 1) by
the homogeneous transformation AT A
+ie(Wa =W, a") andA —->A ' 2) forﬁxedA
AR = AR -ie(Wia—

Wiat) + 8,00 (14)
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The law of transformation of the fields W E is obtained by
replacing d,a™ in (7) by the covariant derivative
D,a* =d,a* tied,a*:
Wi — Wi =Wy +ie (45 + 4,) 0t — Wi + d,a=].
(15)
For ¢* and @ the expressions (7) still stand. Using
(12a), (14), and (15), we can readily find the ghost Lagran-
gian ¥ ;. For its calculation, ;1-# is assumed fixed. This
Lagrangian differs from (11) by the presence of additional
terms describing the interaction with 4,,:

ALy, p=ien* (9,A" +24,0") n* + A, Wy
—ent (4,45 4+ 4, 4% v* + h.c. (16)

As a result, the Lagrangians ., + .%, and .%gp are
invariant with respect to the gauge transformations (8).
Therefore, for the renormalization constants we have the
Ward identity Z, = Z,, as in QED, and, in particular, to
calculate the 8 function it is sufficient to calculate the polar-
ization operator. In what follows, it is also necessary to take
into account the presence of the external scalar field ®, be-
sides the electromagnetic field. This is readily done by mak-
ing the substitution M — e(5(0) + P, ) in (12a).

We have considered the introduction of external fields
in the R gauge for the example of the simplest Georgi-Gla-
show model. For an arbitrary gauge symmetry group, this
question was studied by Shore,?> who considered in detail
constant external electromagnetic, F = const, and scalar,
@, = const, fields and formulated a number of simple theo-
rems that ensure their specification. Shore took the Lagran-
gian before the symmetry breaking, in accordance with
which he used the condition (12a), in which M /e is replaced
by an arbitrary “running” parameter of the scalar field ®,:

QW= - ie A W 1200 gk — 0= (z), (12b)
The gauge (12b) is specialized for calculations of the effec-
tive potentials of the fields Fand &, , since it does not require
a preliminary fixing of the vacuum of the theory. The choice
of a particular gauge is dictated by convenience in solving
the problem. Below, we shall use both of the gauges (12a)
and (12b).

We shall establish the connection between the formula-
tions of the theory in the R gauge (12a) and the U gauge. The
subsidiary condition (12a) differs from (9) only by terms
describing the interaction with 4, . The propagators of the
free particles are unchanged:

DW . i guv— kuky/M? . Fuky/(ME[E) .

uwv T is = - = ]

i k? 11’;'2—}-15 k2 — M2E+ie } a7
D or =1 a3

while the vertices differ from the vertices in the U gauge by
the terms

iekd, (WEo,W=" — W g, W) —e2EW;W;4*4". (18)
It follows from (17) that in the limit £ — O the mass of the
fields n* , @* , and also the mass of the unphysical quanta
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transmitted by the vector field W .=, tends to infinity. There-
fore, their contribution to the matrix elements vanishes. So
do the vertices (18). Thus, the gauge (12) contains the uni-
tary gauge as the limiting case when £ = 0. The background
ﬁcldA introducedin (12) and the external electromagnetic
field in the U gauge are identical.

Weinberg-Salam model

The Weinberg-Salam theory is based on spontaneous
breaking of the gauge symmetry: SU(2) @ U(1) — U(1).2*
The bosonic part of the Lagrangian is

°<f‘;%’S: e % Fiszuuv A

1 v "

7 fud™ D) (D) -V (),
(19)

where f,, =d,b, —4d,b,,

Dux=0ux —1/2ig'b,y —
isotopic index,

VY =

= (%) is an isodoublet,
1/2tgr"Vﬂx, a=1, 2, 3is the

= myx*L -+ A ()% (20)

and g and g’ are the SU(2) and U(1) gauge constants. For
mi <0, A >0, spontaneous symmetry breaking occurs and
the field y acquires in the tree approximation the vacuum
expectation value

5 (0))

0
(o= 1
vz

(for a suitable orientation of the internal symmetry space).
After the shift y = (y), + P, the gauge fields Vi, b, ac-
quire a mass, except for the combination

gby+-g'Vi

T Verer

which is identified with the photon. We also introduce the
fields

= (21)

& b e o oarn. g PR O
Wi =3 (Vi £iVi); Z,= VargE
which describe the W and Z bosons. Their masses are ex-
pressed in terms of &6(0) by M=g5(0)/2, M,

= (6(0)/2)gZ + g”°. The electric charge e is related to g
and g' by e = g sin 6, tan 6 = g'/g, where @ is the Weinberg
angle.

For the quantization, it is necessary to add to (12) con-
ditions that fix the gauge of the Z boson:

6 Zp, lﬂfz

W2" — gL (22a)

¢z=Cz (x)

or
0HZH—-§T(€2+8"2)1”2 Doz =Cz (). (22b)

The Lagrangian of the Weinberg-Salam theory is rather
complicated. We give it in the U gauge, setting £ = £’ = 0:
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wSs 1 5 1 o
L = '"'_'Ffiv__é_‘zf;v

4
1 2
( +T g(D) 72 ﬁtw+ﬁuw—v
+ 2 cos? 0 T

+ PRWIP W (M o g® ) W —igN, W
— 5 LV — (W3]
o (0P —" @ — - Dt

—9 _’gLMch VO (5 (0)). (23)
In (23), P* = id, +gN, =id, + g(sin 04, + cos 0Z,,);
F,, and Z,, are the four-dimensional curls of the fields 4,,
andZ,;and V°(8(0)) = —4(M*/g*) (4 /g?) isthe energy
density of the condensate of the scalar field y.

All aspects of the introduction of external fields in the R
and U gauges discussed above remain the same.

Formalism for calculating the effective potential

To study the vacuum, the effective potential is used.
The problem of calculating it in the case of an arbitrarily
varying electromagnetic field is extremely complicated and
has not hitherto been solved. Only for a constant and homo-
geneous electromagnetic field, Fm, = const, is the W-boson
propagator known'! and it is possible to obtain the effective
potential V(F, ®, ) in a closed form. From the physical point
of view, the restriction to constancy of the field is not so
important in the study of the behavior of the symmetry. It is
clear from general considerations that the fields of interest
must be strong in order to produce a sufficiently strong vacu-
um polarization, which is what will determine the properties
of the effective potential. In the case of strong fields, it is well
known®¢ that the results for the vacuum polarization ob-
tained in a constant field remain valid for fields that vary
rapidly from point to point. The condition of applicability of
the approximation of a constant field for the study of inho-
mogeneous fields, (VF)? /F<eF /M*,* shows that it is en-
tirely suitable for the problem which we are considering and
can correspond to a wide range of real physical conditions
producing the field.

The physical meaning of the effective potential is that it
gives the energy density of the classical field for a fixed value
of it.** Let us clarify this assertion more formally. We write
down the action for the Lagrangian (1) in the presence of
external sources

S 1N = [ {Zald, ®) 4 T, A"+ IO} s

and the generating functional®*>*’
exp W/, JI

. { DWEDA DOD =D DyFexp IS (1, J, Vi, 49
v

(24)
The integration on the right-hand side of (24) is over all
fields, including ghosts. Making a Legendre transformation,
we introduce the effective action
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o
(

T(F, ®)=W(J,, J]— | diz (J,4" + T D). (25)
The classical fields
A, —8W/S],; M,=8W/8] (26)

are defined as the vacuum expectation values of the quan-
tized fields:

Z}; = (AB)D‘ [DG = ((D)O‘

The effective action can be expanded in powers of the exter-
nal field momentum. In the coordinate representation,

T(F, O)= S d*x[—V(CDc, F)

5+ Z(® (2), F) (0,0, @)+ ] 27
The first term in the expansion (27) is the effective potential.
It is an ordinary function of ®_ and F.

The occurrence of spontaneous symmetry breaking is
expressed in the existence of a nonvanishing vacuum expec-
tation value of the scalar field, this being determined from
the equation

8T (D, A)/6D, = 0. (28)
An analogous equation holds for the electromagnetic field in
the presence of a classical source,

8T (4, Bg) _

L0 — —J,, (29)

where J,, must be expressed in terms of A . and @, by means
of (26). Choosing the source J,,, one can create any external
field F,,. If we are interested in another phenomenon, the
spontaneous production of an electromagnetic field in the
presence of the scalar field, we must, in contrast, set J, =0
in Eq. (29), and on the right-hand side of (28) specify a
source J that sustains a @, of any value.

Wenote also that a constant electromagnetic field satis-
fies Maxwell’s equation without a source. Therefore, such a
field can be formally specified directly in Eq. (28), in which
ZP is a free parameter. We choose the potential of the exter-
nal field in the form'*??

A= — 5 Fua, (30)
which takes into account the fact that the corresponding
subgroup is not broken. For constant fields F and ®,, Eq.
(28) is transformed from a functional equation into an equa-
tion for the extremum of the function V(®,, F):

v (D, F)lod, — 0. (31)

The expression for V(®,, F) is extremely complicated; it
can be calculated only in a loop expansion with all possible
numbers of external electromagnetic and scalar fields:

V (@, F)= 2.0 Vi (D, F).
2

In this review, we discuss the results of the investigation
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of the effective potential in the single-loop approximation,
for which it is necessary to retain in the expansion the terms
with#n =0and 1:

V (D¢, F) =V (Dg) + VO (F) -+ VO (D, F). (32)
Here, V' (®, ) is the potential of the tree approximation
determined in accordance with (3), F*® (F) is the energy of
the classical Maxwell field, and " (®,, F) is the single-
loop correction. The potential ¥ (®, , F) can be calculated by
means of the Green’s functions G, (®,, F) of the quantized
fields. They are also needed to calculate the change in the W-
boson mass in a magnetic field due to the radiative correc-
tions. For brevity, the letters 4B in G ,; denote suitable com-
binations of the fields W=+ , AR, &, p*, 9=, 5°. We have
the formula®*

S AV (D, F)= —--Indet G, . (33)
Using the identity
Indet G,z = Sp In G4 5,

where the trace denotes summation over all pairs AB and
integration over the coordinates X, , we obtain |

| @A)
DF.p == det 0
0 0

The matrix 525 /5468 can be written in the form

—_ G;;i O .
Gy
o288 Dﬁvl (38)
§ASE I#1 i
7
-0 K3'_
where
Ciy = {[P,P* — (e®,)2] guw—(1—8) PP 4 2ieF . };  (39)
Dy = 0,0%g,y—(1—1/p) 8,0,; (40)
I‘1=P,VP}‘—@ —-%CD.§+IR§; (41)
Kd = — 0} — 5 A+ m3. (42)

The first term of (36) is given by the sum of the six
terms on the diagonal of the matrix (38). The term ~D %,
does not depend on ®, and F and makes a trivial contribu-
tion. To obtain the potential corresponding to dynamical
symmetry breaking, we must in (41) and (42) set m3, = 0.
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—P,(&) P+ 00

VO (D, Fy= — 4 3} (2|lnGyp (., F)|). (34)
(A, B)
The Green’s functions G, (x, y) are determined from the

operator G, as
Gap (®, ¥) = (@ |Gap |Y) = G,p6 (x — p)
and are calculated in accordance with the formula

6%

T BA(@) 6B () * (3%)

Gap(x, y) =
which can be inverted by using the boundary conditions of
causality. Thus, V" (®,, F) is found from the diagonal ele-
ments of the matrix In G ;.

Conditions of normalization of the effective potential

We shall calculate the effective potential in the gauge
(12b).* This makes it possible to consider simultaneously
the cases of both spontaneous and dynamical symmetry
breaking. In the expression for ¥’ we separate the contri-
bution of the Faddeev-Popov ghosts, obtaining

S dsaV D (D, F)— — %Sp In (_6672%9) +iSpln Dy p.

(36)

The determinant Dy, is equal to

0

0 1 (37)
o

' We write the propagators in the representation of the
proper time s:
I e
Gup=—Ii j dse™"CaB
0
Then the trace is calculated in accordance with3%3*
¢ ds ——
\ = trexp (—isGy'p).
0

1

— 5 SpInG,, (43)

To find the right-hand side, we use the eigenvalues of s
= E2 1122 1/2
Foo={[(%55) +(EH)2 |

The final result of the calculations is

EEEHQ}UE. (44)

b o

VO (D, F)—i g Esi {exp (— iseD2)
c

X(1—2ch 2eFs—2 cos 2eF,s)
+exp (—ise*DY/E)} (z (s) |z (0))
+i | Srexp [ —is (085 + 5 03— m ] ¢z (91 O

—J,——.j— g %Mp | —is (% lil)g—m%)] e
C

(4ms)2 ?

(45)
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where"

@)z 0)=— (,m exp [L ()],

8 h (ieFys
L(s)=In [i‘;‘{;i—*s‘ E_%zl]

and the contour C passes in the complex plane of s from the
origin to infinity in the direction of convergence of the inte-
gral. The expression (45) shows that in the case of a theory
with spontaneous symmetry breaking the effective potential
for an arbitrary value of ®_ depends on the gauge parameter
§ This dependence vanishes for the equilibrium values

= 8(H), at which the effective potential is gauge-invar-
1ant In the calculations that follow, we choose the U gauge,
setting § 0. In a theory with dynamlcal symmetry break-
ing (m}, =0), the constants 4 and e* are related by
A~0(e* ), and the term of order A in the second integral in
(45) can be ignored. The terms of order A2 must also be
omitted in the terms that do not depend on F. After this, the
terms containing & cancel each other, and the effective po-
tential is gauge-invariant for arbitrary @, .

The integrals in (45) diverge ass — 0. To eliminate the
divergences and fix the effective potential, we specify the
renormalization conditions. They have different forms for
spontaneous and dynamical symmetry breaking. In the for-
mer case, we choose the renormalization conditions in the
form'®

av ((Dc .!) ‘ — 4 (46)
avoe ( =8(0), F=0
amy, B =5(0), F=0 0; 47)
PV (D, F
6(DE D, =0(0), F=0 = 2jmyl, (48)

where ¥ © = 1/2(E? 4+ H?), this corresponding to renor-
malization at the position of the minimum of the tree poten-
tial (3).! In the case of dynamical symmetry breaking, the
condition (46) is preserved, while the other two are replaced
by the single condition
@2V (D, F) _ A
(@D o =b0), F=0 4 °

(49)

since for m = 0 the divergences ~ ®? are absent (for a suit-
able method of regularization). The subtraction pomt 5(0)
now corresponds to the position of the minimum when F=0
of only the complete effective potential that takes into ac-
count the radiative corrections as well [see the expression
(60) ]; the minimum of the tree-approximation effective po-
tential ¥ (P, ) is at the point &, = 0. On the renormal-
ized potential one usually imposes the further require-
ment23,30

8V (e, F)

i = =0
D, ©,=6(0), F=0 ’

which makes it possible to eliminate A from V"’ by express-
ing it in terms of ¢*:

3
472

ko= et. (50)
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A detailed study of the effective potential is made in the
following section.

Effective Lagrangian of the electromagnetic field

As we have noted, the effective potential depends on the
gauge. There is a further function closely related to it—the
effective Lagrangian .%o (M %F) of the external electro-
magnetic field. It determines the nonlinear corrections to the
Lagrangian of the Maxwell field,

g0 (F) = - (B2 — H?),

due to the vacuum polarization of the charged field. In the
single-loop approximation, .# ¥ (M >< F) can be calculat-
ed in the Georgi-Glashow model with spontaneous'**” and
dynamical®* symmetry breakings and has the form

ZL (M2, Fy, )

1 \’ ds s s € 2F Fy (1 —2ch 2eFys—2 cos 2el’ys)
s sheFssinelss ?

(51)
c

where M is the mass of the W boson, F, and F, are deter-
mined by the expression (44), and C is the contour in the s
plane. In contrast to the effective potential %’ ¢ is gauge-
invariant, since the mass M is. The F-dependent part of the
effective potential in the U gauge is related in a simple way to
Lo VO(D,, F) = — LM —ed,; F); this relation
was used in Ref. 4.

Renormalizing . (Y by a subtraction at F = 0, we find
the renormalization constant Z ;- ! of the external field and
the electric charge:

7—1_1: 7 821 ( 1 .
T T g i~;s,,M2) ;

g
63:82 [1 +%5—n2—ln ('ﬁ‘s:w')] .

The subscript 0 is appended to the unrenormalized value, y

is Euler’s constant, and s, — 0 is the parameter of the cutoff

at the lower limit in the integral (51): Knowing Z ;, we can

readily find the B function of Callan and Symanzik, which

regularizes the ultraviolet (F — oo ) asymptotic behavior®’:

‘3

B=—15 = (52)

The minus sign indicates the asymptotic freedom in the field.
We now discuss the passage to the limit of zero mass of
the field W F in £, Setting M = 0, we rewrite (51) as
follows?’
e2F\F,
sh eFyssineFys ®

LG (M=0, Fy, F)=28u+ g | =
c
(33)

In (53), .21, is the effective Lagrangian obtained by Bata-
lin, Matmyan, and Savvidi'® in massless Yang-Mills theory
for the case of an external covariantly constant color field
F* =Fn®,where n° is an isotopic vector. The second term
on the right-hand side is equal to the contribution of the
massless scalar particles.® The expression (53) indicates the
existence of the transition to zero mass of the field W ;. In
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the limit M — 0, the contribution of the charged scalar fields
producing the longitudinal polarization of the massive W
boson can be readily separated.

For the Weinberg-Salam theory, .2}’ is equal to (51),
since the Z bosons do not contribute to the polarization in
the single-loop approximation. All that is changed is the for-
mula that relates M to the vacuum expectation value of the
scalar field.

At the position of the minimum, the effective potential
does not depend on the gauge and determines the energy
density of the classical scalar field. The mass of the particles
in the field F must be determined from the position of the
minimum of the effective potential §(F); in particular, this
applies to the mass of the W boson. It is therefore clear that
M in the expression (51) depends on F, and precisely there-
fore . ¢ is gauge-invariant:

2. INVESTIGATIONS OF THE EFFECTIVE POTENTIAL IN A
MAGNETIC FIELD

Expression for the effective potential

We shall assume that E = 0, H = const #0. In this case,
thefield invariants (44) are F; = 0and F, = H. Theexpres-
sion (32) takes the form

VD, H) = VO (Do) + 2= + VO (@) + VO (D, H). (54)

In (54), we have separated the tree and single-loop poten-
tials @ (P, ) and VP (@, ), which depend on the specific
model. The part containing the field, V"’ (®,, H), is the
same in all the cases discussed (apart from the notation for
the parameters).

We shall consider the Georgi-Glashow model. Where
necessary, we shall denote the effective potential corre-
sponding to the case of spontaneous breaking by ¥V, (P, ),
and for dynamically broken symmetry by ¥4, (®,). From
Eq. (45), we obtain the potential

Vv (@, H)

1 Cds  —e2 25 —3eH [ ds —ie2mis .

—_—— s PR o Tzt ()

6 [\ =@ SHEEs 4 5 e eH sin eHs]
0 0

+ay Lt 0,08+ 0,08 (55)

The first term in the brackets is thrice the contribution
of the charged scalar particles,® while the second gives the
contribution due to the magnetic moment of the W boson;
a,, a,, a, are renormalization counterterms. We begin with
the case of spontaneous symmetry breaking. Using the con-
ditions (46)—(48), we fix the counterterms. We find the first
integral in (55) by using the generalized Riemann § func-
tion,>

VP (@, H)=VP () + o (eH)?
x{ith [ -1 5 (1+57)]

1 edg .[1 1 e‘“’é:l

S
TTE T (eHE

6 2 (eH)®
: e2(D2 1 e2(?2
X ].ll(“ze—Hc) -—'—B—'ln e—-ﬂﬁz(cﬂ) = (56)
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The first term V' $;’ (®,) here is given in (57b) (the term in
the second square brackets); §(0) is the normalization
point, taken at the position of the minimum of the tree poten-
tial (3). We recall that the mass of the W boson in the ab-
sence of a field H is equal to M = ¢5(0). The second integral
in the expression (55) can also be readily calculated.
Another representation for the effective potential, con-
venient for numerical calculations, can be obtained by using
the relation™®
U (—1, 2)=InTy(2)+{ (—1), L' (—1) =5 —0.2487,

12
InTy (@)= | dyInT () 4+ z(@@—1)— 4+ zIn 2n).
3

In what follows, we shall measure the effective potential in
units of H2 = (M? /e)? and employ the dimensionless var-
iables®? = *®2/M2,h = eH /M? ,K = A /&* . Theeffective
potential v(®?, 1, K) = V(®_,H)/H?} is determined by the
sum of the following terms:

b0 (O2, K) =K (—— Q>+ 5 @) ;  (57a)
K2

U(i) (CDE, K) = T’%

af (5 @—302+ ) m (2°71)

2

1 7 =
44 In (4naK)—E£—®4+2—;®ZJ

o 3 9 I3 o7 i
+E[ g O md— Dt B2 (5TH)
2 )
v ()t (@2, B)=L & {8h2InT, [—;— (1+@2n) |
303 (—1)

3 1 3 T e
— 5 @ In (©2/2h) — - h2In (2h) — 1 Dé+ h—}
+— {h*+ h®?) In (h+ ©?) + (h2 — hD?) In |h— D2| — 242}

4+ i Im v® (@2, h), (57¢c)
a=1/137.

In the expression (57b), the term in the first square
brackets gives the contribution of the Higgs scalars. The ex-
pressions in the first and second curly brackets in (57¢) de-
scribe the A-dependent contributions of the integrals (55),
respectively:

Im o9 (@2, k)= — -6 (h— @?) (h2— hD2). (58)
It can be seen that in fields 4 > ®? an imaginary part arises in
the effective potential.**>** It is a characteristic feature in-
herent in non-Abelian gauge theories (massless and with
spontaneous symmetry breaking). Investigations associated
with it make up an appreciable fraction of the present paper.

We turn to the systematic study of v(®?, 4, K) as a
function of all the parameters. We now see the advantage of
measuring the effective potential in units of H 3. For then the
energy of the scalar-field condensate can be expressed direct-
ly in terms of the ratio K of the squares of the particle masses.
Since a Higgs meson has not so far been detected, it is natural
to express the quantities in terms of a parameter that has
been reliably fixed in experiments, namely, the mass of the W
boson.
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We shall find the values of K at which it is possible to
have spontaneous symmetry breaking in the absence of the
field 4; this will give us the so-called Linde-Weinberg restric-
tion.** The formation of a condensate is energetically ad-
vantageous if v'© (®? = 1)<p™V (®? = 1). In the dimen-
sionless variables, the point ®*> =1 corresponds to the
position of the minimum when 4 = 0. By means of (57a) and
(57b), we find

K>K=5 2. (59)
With increasing K, the energy of the condensate ® decreases,
and accordingly the minimum of the effective potential be-
comes deeper (Fig. 1).

For a theory with dynamical symmetry breaking, the
potential vy, ($*) can be calculated from the expression
(45) using the renormalization condition (49) and the rela-
tion (50), and it has the form*°

(60)

Vay (@?) = 20t (In @2 — ).

This expression must be used instead of (57a) and the first
square brackets of (57b). In the given case, K = 3a/7.

Asymptotic properties of the effective potential

The possible restoration of spontaneously broken sym-
metry by a magnetic field was raised in Ref. 2 in connection
with analysis of the expansion of the expressions (57) in a
weak field, # /®?< 1. In this approximation, the expression
(57¢) becomes®'®

h2

v (B) + 30 (@2, ) =2 + 1 L2 ln e,

ST

(61)

It is determined by the ®*-dependent part of the renormal-
ization constant Z, = 1 + (7/4) (a/m)In ®°. The plus sign
in front of the logarithm arises because of the asymptotic
freedom of the theory and leads to a decrease in the vacuum
expectation value of the scalar field at small 4. It was this
result that suggested the possible restoration of symmetry.

In Ref. 18, Midorikawa studied the restoration of sym-
metry in the Weinberg-Salam theory. He considered the case
K, < K<1 and used the approximation (61) for the effective
potential. He found that the symmetry is restored and that
the transition to the state & = 0 is a phase transition of the
first kind. The critical field 4, was calculated from the sys-
tem of equations

av (@2, h)/oD = 0;
v(0,h) =v (@ =06 "), h).

(62)
(63)

The first of these determines the position §(/4) of the
minimum of the effective potential, while the second is the
condition for the absence of a condensate to be energetically
advantageous.

As noted in the Introduction, to study the restoration of
symmetry it is necessary to use the exact expression (57).
The problem is complicated by the fact that the effective
potential contains the imaginary part (58). We encounter a
new physical situation which calls for a more comprehensive
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FIG. 1. Behavior of v, ($?, K) as a function of ®? for fixed K.

approach to the study of the effective potential. The same
situation is encountered in massless non-Abelian theories in
the presence of a covariantly constant magnetic field
F =Hn"ja question that has been discussed from various
points of view.>***? In the literature, there has been a ten-
dency to divide the investigation of the effective potential
into two parts: 1) study of the properties of the real part Re
v(®3?, h, K); 2) examination of the various questions asso-
ciated with the presence of Im v‘" (®?, /). We shall follow
this tradition.

We consider the real part. We write down the asympto-
tic behavior in a strong field h/®2s 1:

Rew (@, &, K) =0 (02 -+ v (0 + /2
12
f 7 A 3
—%—% {hz[E Inh-+3 ‘\ InT (y) dy— - lnm
(1]

7 i 3
— & 2+ 37 (—1)— 5 | — 5 O 1n2
17

+ @ [ 55 b (1/2) + = (n 2 —In D3 ] .

I B4)

Note the appearance in (64) of a term linear in 4, which
plays the part of a field correction to the mass of the scalar
field. Assuming K < 1 and omitting the contributions ~ K 2
in (57b), we solve Eq. (62):

K—f—3%(hln2—1}

8 (h) = (65)

K3 % (In 20 -1 (1/2) - 4/3)
Substitution of (65) in (64) gives Re[v(8%(h), h) — v(0,
k)1 <0. Therefore, in strong fields the vacuum expectation
value of the scalar field does not decrease but increases. The
asymmetry of the vacuum increases (of course, if the exis-
tence of Im »" is ignored).

The expression (64) makes it possible to discuss one
further interesting possible phenomenon—spontaneous
magnetization of the vacuum. It was discovered by Savvidi'
for massless Yang-Mills theory. We consider the potential
for ® =0:

v (h, 0)=Lf+Tf 2 n2(Ink—0,916). (66)
It has a minimum at 4 = A,
Hy=2exp (—4% +0.416). (67)

The occurrence of a level with a nonzero average field has
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also been widely discussed in the literature***® and is re-
garded as an important feature of quantum chromodyna-
mics. We note that the argument of the exponential in (67)
differs somewhat from the corresponding argument in Ref.
14, this being due to the contribution of the additional term
in the theory with spontaneous symmetry breaking [see the
expression (53) ]. It can be seen that M? plays the part of the
normalization point in the field for the massless theory. The
existence of a smooth limit ®> — 0 is a very important fea-
ture of non-Abelian gauge theories with spontaneous sym-
metry breaking, and it has a double significance. It gives rise
to a similarity between the vacuum properties of the
electroweak interactions and chromodynamics (for corre-
sponding external conditions). On the other hand, theories
with spontaneous symmetry breaking can be regarded as a
mass regularization permitting the elimination of infrared
divergences in massless theories. The possibility of sponta-
neous magnetization at ® = 0 poses the following question:
Ifin some manner a value ¢ #0is maintained in the vacuum,
how will this affect the occurrence of spontaneous magneti-
zation? The asymptotic behavior (64) makes it possible to
consider this question for the case of small ®°. Differentiat-
ing (64) with respect to 4 and equating the derivative to
zero, we obtain the equation

A dv (w2, m= 1_‘_2% [_; Tk & ';__B-!

h an

3 (O]
g ( h

)mz:u

where B is a constant that is here unimportant. The solution
of the equation in the adopted approximation has the form

h(@Y) =k, [14+4 2 (5) 2],

where %, is given by (67). Thus, at small > the Savvidi
level arises. It is shifted to fields 4 > k. The depth of this
level is less than the depth at ® = 0.

(68)

Spontaneous magnetization of the vacuum when 20

Ghoroku?® investigated the possibility of spontaneous
magnetization of the vacuum for different values of
@, = const in the framework of the Georgi-Glashow model
with dynamical symmetry breaking. He used numerical inte-
gration of v(®?, k). His results are shown in Fig. 2.

Theabscissaistheratiok /h,, where &, is the magnetic
field for ® = 0 (68), and the ordinate is the ratio Re vy, /A 5
for fixed values of ®*. It can be seen that for 4 #£0 the local
minimum is shifted with increasing ® to the region of larger
values of 4. Simultaneously, the minimal value of Re vg,
decreases. When ®? = 1.24,, the nontrivial minimum is
shifted to A = 1.5k, and its depth at this point becomes
equal to the minimum at the point & = 0. For ®*> 2 1.2h,,
the absolute minimum is at the point # = 0. With increasing
@2, the nontrivial minimum continues to be displaced to the
right and disappears at sufficiently large ®2. Conversely, the
small initially minimal value of Re vy, at A = 0 is preserved
at large ®? and becomes the bottom of the potential when
& =&, =1 in accordance with (60). Thus, if the scalar
field acquires a large vacuum value, spontaneous magnetiza-
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FIG. 2. Behavior of v, () as a function of & /A , for fixed 2.

tion of the vacuum is impossible. This conclusion also holds
for theories with spontaneous symmetry breaking.?’

Behavior of the symmetry in a magnetic field

We investigate the behavior of Re v(®?, /) as a func-
tion of ®? for fixed # and K. It is necessary to make numeri-
cal calculations because of the presence of InT',[1/
2(1 4+ ®*/h)] in the expression (57¢). For a theory with
spontaneous symmetry breaking when K > 1, this question
was considered in Ref. 4, and for K <1 in Ref. 23. In Ref. 23,
and also in Ref. 22, the case of the Georgi-Glashow model
with dynamical symmetry breaking was considered. The
conclusions reached about the behavior of the symmetry in
Refs. 4, 23 and Ref. 22 are contradictory. Shore,?* like Mi-
dorikawa,'® concluded that there is a phase transition to the
state with @ = 0. In this case, problems associated with the
presence of Im v‘" (® =0, k) arise, as in Yang-Mills the-
ory. In Refs. 4 and 23, it is asserted that restoration of the
symmetry does not occur, since (/) #0, though it is noted
that the presence of the imaginary part in the effective poten-
tial (but for ®* £0) means that this conclusion is not fi-
nal.®

We begin with the case of dynamical symmetry break-
ing. We consider the function v, (®% k) = Re vy, (92,
h) — Re vy, (0, k), which is of interest for studying the be-
havior of the symmetry. The results of the numerical calcu-
lations are shown in Fig. 3.

It can be seen that with increasing & the position of the
initial minimum at ? = 1 is shifted to smaller values. In the
range of fields 0.1 < # < 0.4 there are two minima. The mini-
mum at the larger ®? is shifted in the direction of decreasing
@2, The second minimum at smaller ®? is due to the effect of
the magnetic field. It is produced by the term with the mag-
netic moment of the W boson [second integral in the expres-
sion (55)]. Characteristically, this minimum is in the region
®2 <h. At h~0.3 and for A > 0.3 the depth of the new mini-
mum becomes equal to and greater than the depth of the
displaced original minimum. The position of the field-in-
duced minimum is displaced with increasing / in the direc-
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FIG. 3. Behavior of v}, (9%, h) as a function of ®? for fixed 4.

tion of increasing ®*. In the region 4 > 0.4 the minimum
displaced from the point ®* = 1 disappears altogether. The
change in the relative depths of the minima can lead to tun-
neling to the deeper minimum, for which Im 'V (®2, &) #£0.
In the figures, the marks on the curves indicate the values of
®? to the left of which the effective potential has an imagi-
nary part. As will be shown below, the presence of the imagi-
nary part is an indication of instability of the system at the
new minimum, and therefore further phase transitions are
possible.

This behavior of the effective potential occurs in the
Georgi-Glashow model with spontaneous symmetry break-
ing when K < 1. In the interval 1 < K < 9-10, only the mutual
position of the curves in the graph of v}, (®°, 4, K) for dif-
ferent & values changes. The curves corresponding to larger
h are here situated lower. Figures 4 and 5 give graphs of
vl (D%, A, K) for K = 0.06 and K = 5, respectively. It can
beseen that at the larger K the field-induced minimum arises
in stronger fields, the distance between the minima when
their depths become equal is decreased, and the field mini-
mum becomes less pronounced on the background of the
complete curve. For example, for K = 0.06, the depths of the
minima become equal at # = 0.7, while the distance between
them is A®? = 0.12. For K = 5, however, & = 0.9919 and
A®? = 0.002. In Ref. 22, the field minimum was not taken
into account, and it was said that there is a phase transition
of the first kind to the state with ®* = 0 beginning with
fields A = 0.336. However, the neglect of the deeper mini-
mum is unjustified. This is obvious in the case of the theory
with spontaneous symmetry breaking, for which
v, (P2, h, K) <0 until the disappearance of the original
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FIG. 4. Behavior of v, (9%, h, K = 0.06) as a function of ®* for fixed 4.
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FIG. 5. Behavior of v}, (92 A, K =35) as a function of ®* for fixed A.

minimum with increasing 4. Further increase in K qualita-
tively changes the properties of the effective potential. Fig-
ure 6 shows the behavior of v, (®?, h, K) for K = 10. The
most important thing is that the field minimum remains
shallower than the original one at all 4. Therefore, tunneling
is impossible, and the system always remains in one mini-
mum, which is slightly shifted to smaller ®*. The imaginary
part appears with increasing 4 in the original minimum.
Such behavior of the effective potential was described in Ref.
4, in which the field minimum was therefore ignored alto-
gether.”

This behavior of the effective potential as a function of
K leads to important differences between theories with light
(K <9-10) and heavy (K =R 9-10) Higgs mesons, since the
effective potential is the main characteristic of the system
that describes its properties. These differences will largely
become clear from the following exposition. If Im v* is not
taken into account, then with increasing A the system goes
over to a new field minimum when K < 9-10 or remains in
the original minimum when K > 9-10. Thus, the existence of
Im vV (®2, k) determines all the further properties of the
non-Abelian gauge theories in the field /. It can be seen that
the vacuum state of the system and its properties are not
determined by V' (®,, H) alone and remain unknown. In the
Weinberg-Salam theory, the effective potential differs from
the one considered here by the additional contribution of the
Zbosons, which does not depend on K and 4. This somewhat
changes the depth of the potential v($?, & = 0), but all the
results obtained apply fully to the Weinberg-Salam theory.

L0995 0.996 0995 ¢
T i T 1 ] T i
|

-1,221515 |-

=1221515

FIG. 6. Behavior of v, (9%, h, K = 10) as a function of ®* for fixed 4.
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Imaginary part of the effective potential

The physical meaning of the effective potential as the
energy density of the vacuum state determines the interpre-
tation of the imaginary part (58). Namely, 2 Im v’ (®2, k)
is the probability of decay of the vacuum in unit time.** The
large numerical value of Im vV leads to rapid damping of
the vacuum amplitude.

The reason for the instability is that the spectrum of the
charged vector boson in the magnetic field contains a state
with negative square of the mass—a tachyon. We consider
the linearized equation of the W boson in the field H. The
corresponding vacuum is the perturbation-theory vacuum,
since (W £ ), =0, (Z, ), = 0. The equation of motion that
follows from the Lagrangian in the U gauge (23) has the
form

[(Pz—ﬂ’jz)guv""‘Pupv_ie-Fuv] W_H':O! (69)
where P, =id, + ed .. - Taking into account the commuta-
tion relations for P,, we transform (69) into the following
equation and subsidiary condition:

[(P2— M2) g, + 2ieF, | W™ =0; } i
PW =0,
Its spectrum is***
P2 = pi+ M2+ (2n+1—20) eH, (71)

where p is the projection of the momentum along the field H,
o is the spin variable, taking values0, + 1,andn =0, 1, 2,...
. Without loss of generality, we set p; = 0. The ground state
n=0,0= + 1 of the spectrum,

P! = M? — eH = M2© (H), (72)

becomesa tachyon state when H > H, = M?* /e. Thisis what
leads to the appearance of an imaginary part in the effective
potential. The same phenomenon occurs in Yang-Mills the-
ory.’ The corresponding spectrum and Im ‘" are obtained
from (71) and (58) for ®, = 0. The value o = 0 must be
eliminated.

The instability of the perturbation-theory vacuum for
& £0 gives grounds for re-examining the question of restora-
tion of the symmetry: Could the classical scalar field disap-
pear by a mechanism different from the one originally ex-
pected, namely, by evolution of the system caused by the
tachyon? In the following sections we shall attack this and
other related questions. It can be seen that instability of the
vacuum in an Abelian field is a characteristic feature of non-
Abelian gauge theories. Thus, the problem arises of finding
the stable ground state and determining its properties and
structure. In QCD, many studies have been devoted to these
problems. In particular, the series of studies of Refs. 4042,
which considered the evolution of the perturbation-theory
vacuum in the chromomagnetic field, led to the construction
of the so-called Copenhagen vacuum. The case of spontan-
eously broken theories was considered in Refs. 19-21. There
are here a number of features associated with the presence of
the threshold for the occurrence of instability, to the discus-
sion of which we now turn.
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3. INVESTIGATIONS NEAR THE INSTABILITY THRESHOLD

The tachyon appears in the spectrum of the equation of
motion of the tree approximation. It is important to establish
how the situation is changed if allowance is made for the
radiative corrections to the mass M? (H) determined by
the expression (72). It is also important to establish the
properties of the effective potential outside the framework of
the single-loop approximation. The presence of a threshold
for the occurrence of instability makes it possible in theories
with spontaneous symmetry breaking, for H < H , atleast, to
use the traditional methods of field theory—calculation of
the radiative corrections and solution of the renormaliza-
tion-group equations. In massless non-Abelian theories, sys-
tematic allowance for the radiative corrections is not yet pos-
sible, since the perturbation-theory vacuum is unstable and
the true vacuum state is not known. At the same time, as we
have seen, theories with spontaneous symmetry breaking
have a regular limit M — 0 and it is possible to obtain some
results corresponding to massless non-Abelian theories.

Renormalization-group equation for .£'(H)

We investigate the properties of the effective Lagran-
gian .Z'(H) by the renormalization-group method as
H— H,." The study of .#'(H) rather than the effective
potential is simpler, since M2 is a fixed number.”> We choose
the gauge (12a). We recall that in this gauge the action is
invariant with respect to the gauge transformations
X# A L d, a® . The electric charge e and 4, . are renor-
malized by the single renormalization constant Z 4. There-
fore, the effective Lagrangian .%"' (M ?, H) is gauge- and re-
normalization-invariant. The use of a covariant gauge
greatly simplifies the derivation of the renormalization-
group equations.*®

We use the renormalization scheme of subtraction in a
field proposed by Matinyan and Savvidi*® in the investiga-
tion of .#'(H) in Yang-Mills theory. Essentially, it is the
analog of the ordinary momentum renormalization-group
scheme used to analyze the function ¢’ (H). We impose the
renormalization condition

A
OH? |g=p2e '

where L = — H?*/2 + ¥’ (H). The expression for .’ (H)
is found in the form of an expansion .¥' = ¥ 4 ¥®@
+ ..., where ¥, ¥ contain one, two, etc., loops and
has the form

(73)

L= (H, M, m, e, A).

In the Lagrangians of the theories of the electroweak inter-
actions there are no vertices coupling the Higgs and electro-
magnetic field. Therefore, a dependence of .%°' on 4 first
appears in the three-loop approximation with respect to the
radiation field in the vacuum. In the leading approximation,
it can be ignored.

The renormalization-group equations simplify and will
be the same as in the massless case*:

[02 s +B@ (3 — & 55)] L=0.
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In (74), we have taken into account the connection between
the S and ¥ functions: B(e) = — ey(e), which holds in co-
variant gauges. We define the dimensionless function
which depends on dimensionless parameters. The form of
the parameters and the nature of the dependence of the func-
tion .#” on them are determined by the range of H values
that are to be investigated.

Toanalyze the behavior as H — H ,, we choose the nor-
malization point u?> = (M? — 7%)/e, 72 — 0. Then in the
limit H — H , the function .’ takes the form

L'=r [(M? — ell) /T2, e, A]

+ 0 (M2, ©im?, (M? — eH) /72).
Therefore, 1[: the limit H — H, we can make the substitu-
tion L' — L'(ted),t =In((M?— eH)/7?). The solution

of Eq. (74) for the function L ' (¢,e) with the boundary condi-
tion

L' €)== —1
has the form*¢

L' (t, )= —e2je?, (75)
where 2 (¢, e) is the invariant charge, which satisfies the
condition (0, e) = e. The £ function is determined by

e AL (t, €)

ﬁ(€)=;£%07 T

(76)

lt=0"

. Effective charge &2 at the instability threshold

We now use the result of perturbation theory. The sin-
gle-loop effective Lagrangian for the considered theories is
given by the expression (51). Setting £ = 0 and renormaliz-
ing in accordance with (73), we find for L ‘" as H — H,

} (7m)

From (75) and (76), taking into account (77), we ob-
tain

L'W=T'W 10 (t2/M2, (M?—eH)/t2);
i e

8 ln( M2 —eH ) )

e
812 T

(78)

Aot n (RSE]T

B (e) = &%/16n2. (79)

The expressions (78) and (79) determine the effective
chargeand the 3 function for field averages of order ~H . It
canbeseen that as H — H , the value of€* initially increases,
and then tends to zero. This is known as zero-charge behav-
ior (“‘ghost-pole” problem). Analogous behavior of 2 oc-
curs for massless non-Abelian theories at A less than the
normalization point in a field 42 /e. In QED, the same phe-
nomenon occurs in the ultraviolet region dH /m?>1.%%
Growth of 8 takes us out of the weak-coupling region and
means that reliable conclusions about the properties of the
system cannot be obtained in the corresponding regions.
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Moreover, the establishment of the very fact of the zero-
charge phenomenon is an extremely difficult problem. In
Ref. 48, taking the example of QED, Kirzhnits and Linde
showed that the presence of the phenomenon leads to rear-
rangement of the vacuum. The true difficulty of QED, if the
phenomenon is realized in it, is the spontaneous generation
of an electric field of unbounded strength.

In non-Abelian gauge theories with spontaneous sym-
metry breaking, zero-charge behavior of 2 is in general ab-
sent. However, in an external magnetic field it arises for
fields H~H ,. There is a region of H in which & 2 1. The
transition from fields H < H ; to fields H > H , cannot be con-
trolled by perturbation theory. The threshold for the appear-
ance of the tachyon is in this region.

As we have noted, proof of the zero-charge phenomen-
on is an unresolved problem. In such a situation, all we can
do is to analyze the physical consequences of its possible
presence and to find the region of parameters of the theory
for which the existence of the phenomenon is unimportant
for the system. Below, we shall consider the situation that
arises near H , from this point of view.

Both the tachyon and the zero-charge phenomenon
lead to instability of the system. The nature of the phase
transition in a field will depend sensitively on the reality or
otherwise of the zero-charge phenomenon discovered in per-
turbation theory. If it exists, then the magnetic permeability
of the vacuum, determined in the single-loop approximation
by means of (77), uV=1+4+x"= —L'V =14 (¢¥/
87%)In((M?* — eH)/7*) where x'" is the magnetic suscepti-
bility, vanishes at e = M? — 7% exp( — 872/ ) and then
becomes negative, this leading to vacuum instability (in this
connection, see Ref, 48).

Since 0<M? — eH <77, it can be seen that instability

arises in the region of H for which M2 (H) > 0. Further,
the manifestations of the instability associated with the zero-
charge phenomenon in non-Abelian theories with spontane-
ous breaking may differ in principle from those described in
QED,*® since the zero-charge behavior of 2% occurs in differ-
ent regions of H in the different theories. A field H, = M? /e
may be unattainable altogether, since the external magnetic
moment needed to produce it tends to infinity: M (!} (H)
=3.%"/0H |4_, s, — . The consequences of the zero-
charge phenomenon in spontaneously broken theories have
not been studied in more detail. One could, however, ima-
gine that the phenomenon is due to an incorrect choice of the
perturbation-theory vacuum for H ~ H ,, as in massless non-
Abelian theories when H <u? /e. In this connection, it ap-
pears natural to use the results of perturbation theory in the
region in which it applies, i.e., for H < H, and H> H osand
for H~H, to use methods not related to perturbation the-
ory. The results obtained determine the expansion
parameter in  intermediate  fields: 3 (M2, H)
=e’In(l —eH/M?) <1.

The function L', determined in accordance with
(51) and (77), makes it possible to establish the nature of
the phase transition in the neighborhood H~H,. For
H < H ,, the magnetic susceptibility is negative, %" <0, and
the vacuum possesses the properties of a diamagnet. For
H>H,, the susceptibility is positive, x>0
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[wV(H) = 1(7¢*/167) + In(eH /M *) asH — oo inaccor-
dance with (52) ], and the vacuum becomes a paramagnet.
A diamagnet-paramagnet phase transition takes place in the
system. The presence of the imaginary part in . indi-
cates instability of the new phase. The applicability of per-
turbation theory for H> H,, H — « ensures that the rela-
tion x 2 0 persists. It can therefore be supposed that a stable
vacuum state has the properties of a ferromagnet.

In studying .V’ (H), we treated M * as a fixed param-
eter. In reality, the mass in a field must be determined from
the position § (H) of the minimum of the effective potential:
M? (H) = &*8 (H).IfK 2 9-10, then the effective potential
has one essential minimum (see Sec. 2). In this case, all that
was said above about .#' (H) remains valid. It is only neces-
sary to make the substitution M? — M? (H), which some-
what changes the absolute values of the parameters but not
the conclusions.

A different situation arises for K < 9-10, when the effec-
tive potential has two essential minima in a certain interval
of fields H, this interval depending on K. Moreover, as we
have seen, the new field-induced minimum is in the region
HZ ®?/e, while the instability threshold H, = e*®2/e cor-
responds to the nonequilibrium value of ®, in the effective
potential (is outside the position of the minimum). In accor-
dance with (78), the zero-charge phenomenon occurs in the
immediate proximity of H, and also does not correspond to
the equilibrium value of @, . In this connection, a phase tran-
sition due to the zero-charge phenomenon is altogether im-
possible. In addition, in the interval of H values for which the
effective potential has two minima the field minimum is in
the region in which %, (®%, H) S 1.

These circumstances lead to the conclusion that the
methods of perturbation theory become invalid for the anal-
ysis of the behavior of the symmetry in the case K < 9-10. If
K >9-10, the threshold of instability occurrence can be ap-
proached at the necessary values of H, so that one does not
leave the position of the minimum of the effective potential
or go beyond the region of applicability of perturbation the-
ory. In the latter case, one can consider the tachyon problem
with allowance for radiative effects.

Concluding the investigation of the effective potential,
we note that the region in which the single-loop approxima-
tion is valid is restricted to certain intervals of the variables
®2 and H. Since powers of In[ (eH + (e5(0))%/(e8(0))?]
appear in the higher approximations in the number of loops,
the suitable region is restricted to values eH + (ed
(0))? ~0(e8(0))*. The neighborhood near ®,~0 and
H=H, exp( — const/e* ) €(e5(0))> [see the expression
(67)], where Re vy, (92, H) has a nontrivial minimum
when investigated as a function of H, is outside the region of
applicability of the single-loop approximation. Therefore,
strictly speaking, the minimal structure cannot be reliably
determined in this region. An analogous situation occurs in
the massless theory, in which the Savvidi level occurs at
eH = u” exp(fedx/B(x)), where B(e) =d e(s)/dt, ¢

= In(eH /u?), in which p? is a certain mass (see footnote
2). The single-loop approximation is valid in the region
&, ~0and H~¢” 5% (0) /e, and its reliability is here empha-
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sized by the approximate expression (64). For the study of
the effective potential as a function of ®2, there is an addi-
tional field minimum in a certain interval of H for (e®,)?
~eH. In this region, as we have seen, the condition of appli-
cability of the single-loop approximation is also violated. If
leH — (e®,)*| ~O((e®,)?), then the results of the single-
loop approximation are reliable. In particular, this makes it
possible to establish the vanishing of the original minimum
with increasing H in the case of small K(0) and a phase
transition to a state of the studied form of ¥V (®2, H) which
cannot be determined from the effective potential, and also
to establish the absence of a transition from this minimum
when K(0) = 10.

Radiative spectrum of the W boson in a magnetic field

The square of the mass of the # boson in a magnetic
field is determined by

M2 (H) = M*™ (H) + AM® (H),

where AM? (H) is the correction due to quantum radiative
effects in the field. The important part that these play in the
study of the tachyon problem is due to the fact that the
square of the mass of the tree approximation tends to zero,
M*® (H)y =M? —eH 0, as H—-H,® To find
AM? (H), it is necessary to calculate the mass operator of
the W boson in the field and find its expectation value in the
ground state of the spectrum (71), which becomes a tachyon
state: AM *(H) = (M 3=,""). This problem was solved in
the single-loop approximation in the field in Ref. 49. The
calculations were made in the Georgi-Glashow model with
spontaneous symmetry breaking. The gauge (12a) and the
proper-time representation for the propagators (39)—(42)
were used. It was shown in Ref. 50 that the state n =0,
o = + lis an eigenstate for the mass operator as a whole.

The expression for the effective mass in the limit
H — H |, has the form*

Mg (H) = M>" (H)+ AMZY (H) + AMEY (H); (80)
1
AMBY (H) = 2eH - In (3=t ) ; (80a)
AMED (H) = —4M? - emeizent| i ( — ) |
1
Xl“( MEeH —1 ) ’ (80b)

where AM 3" describes the contribution due to the radi-
ation field of the vector particles, and AM {!’ is the contribu-
tion of the radiation field of the Higgs scalar. It can be seen
that in this limit M 3}’ (H) has an infrared singularity. The
reason for its occurrence and the associated important role
of the radiative effects in the field are to be found in the fact
that the propagator (39) of the W boson contains a mode
with M*® (H) — 0. The asymptotic behavior of AM 2V is
negative, its value depending on the ratio m? (H)/eH
~K(H). It follows from the expressions (80) that if
K(H) <2, then the threshold for the appearance of the ta-
chyon state is in a region of weaker fields than prescribed by
the tree approximation. If K (H) > 2, then the contribution
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AM?Z%,is dominant. The square of the effective mass
M2 (H) increase logarithmically, remaining positive, as
H — H . Therefore, tachyon instability does not occur. The
results (80), (80a), and (80b) are valid provided

ell o 1
l—gp <z (Mz/eﬂ—i ) <1

The left-hand side of the inequality determines the values of
H at which radiative effects are dominant, while the right-
hand side determines the applicability of the weak-coupling
approximation.

The expression (80a) describes the asymptotic behav-
ior of the correction to the ground-state energy for massless
Yang-Mills theory, M? playing the part of a normalization
point. The sign of the expression (80a) and also the existence
of the zero-mass limit for the Georgi-Glashow model indi-
cate a possible elimination of the instability in massless non-
Abelian gauge theories by radiative corrections.

Renormalization-invariant mass of the W boson

The result of the previous subsection can be generalized
by renormalization-group methods. It is worth noting that
the actual existence of a nontrivial renormalization group
for the mass in a field is an interesting feature. In non-Abe-
lian gauge theories, the unrenormalized mass operator con-
tains divergences proportional to (P? —M? 4 2ieF),,
which are eliminated by a renormalization of the wave func-
tion W F of the field and disappear on the mass shell (Ref.
49).” The external field F,, together with the kinetic mo-
mentum P, determines the mass shell in accordance with
the expression (70) and participates in the choice of the sub-
traction point in the renormalization. This makes it possible
to write down a renormalization-group equation, varying
Ew as a renormalization-group parameter, and still remain
on the mass shell by fixing the connection between the field
and the momentum:

[(P* — M?) gy + 2ieFy] W*=0, i, k = 1, 2, 3.

By virtue of this, the renormalization-group procedure for
quantities on the mass shell in the external field corresponds
to the well-known renormalization-group procedure for
scattering amplitudes described by Blank.***

The renormalization-invariant mass of the vector boson
in an external field has the form

M2 (H)= M2, (H)—eH, (81)
where M, (H) is the physical mass in the field as deter-
mined from the two-point Green’s function of the # boson.
As the tree approximation for the renormalization-group
summation, it is necessary to choose M2, since eH is a renor-
malization-invariant quantity. To analyze the H — H,
asymptotic behavior, we introduce the dimensionless func-
tion

/ (2, y, o, K) = M3, (H)/M2. (82)

The variables x and y are given by
r = (M?* — eH)/t® y = M?/2.
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We use the renormalization procedure for masses de-
veloped in the momentum space by Lowenstein®® and gener-
alized in Ref. 56 to the case when an external field is present.
The role of the momentum in the standard renormalization-
group scheme (see, for example, Ref. 54) is played by
M? — eH; the mass argument y is present in the renormal-
ization-group scheme irrespective of the presence of an ex-
ternal field.*

The renormalization-group equations for fas H — H ,
and the initial condition have the form>®

(20, + (1 — Bar) Y0y — Babo — Prdx — Pacd F = 0; (83)
F(@ =0, ya, K)=1. (84)

Omitting the details of the calculations, we give the final
expression for M? (H) in the leading approximation®®:

{13 ,t1Y
7 Bpr /B,

M2(t, o, K)=Mz2(1-+1p) e (85)
where ¢t = In x and f" = a/27 in accordance with (79).
The value of 5§} is determined from the asymptotic beha-
viors (80a) and (80b) and is equal to

BYY =i, + B, (86a)
Bk = —a/2m, P =-2 eX12E, (K/2), (86b)
where E | (x) is the exponential integral. The region of appli-
cability of the expression (85) is determined by that of the
asymptotic behavior of the effective charge @ (H), and this is
found from the well-known condition®’

1+ 1B > a

Depending on the value of K, the renormalization-group
function B |}’ may be positive or negative. The boundary
value K ; can be calculated from the equation 8§’ (K ;) = 0.
For the function (86), K, = 1.66.

Tachyon problem with allowance for the renormalization-
invariant mass

The behavior of M2 (H) depends in a fundamental
manner on K(H). If K(H) < 1.66, the contribution of the
Higgs sector to the Georgi-Glashow model with spontane-
ous symmetry breaking is’”dominant, and 3 {;’ > 0. The first
term in (85) tends to zero as H — H,, and the value of
M™ (H) becomes negative. Therefore, with allowance for
radiative effects the tachyon appears in the region of fields
weaker than H,. For example, if K(H) =1.1, then
H_. ~0.995H . In such fields, the effective expansion pa-
rameter is |8 (| =6.1X 10~ * 1 and the threshold region
of values of the field H,, can be controlled by perturbation
theory. For K (H)>1.66, the vector sector is dominant, 3 {}’

<0, and M2 (H) is greater than zero until after the weak-
coupling region has been left.

The results of the previous subsections can be readily
extended to the Weinberg-Salam theory. For this, new calcu-
lations are hardly needed. The contribution due to the Z-
boson radiation field is simply found from the photon calcu-
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lation. The asymptotic behavior for the ground state as
H — H, has the form*®

(M3ZFy ~ BSP VM2 In (M2/eH —1), (87)
where
e [2—|—eH/2E (R/2) —ek/2 Bi (K/Q)]
(88)
R=M3%/M?=1/cos* . Taking sin?6=0.238,"® i.e.,

R=1.312, we find that B {;"™" is negative for K <0.08 and
positive for the remaining K. We recall that in the two pre-
vious subsections we wrote K instead of K (H) for brevity,
and we also recall that it is meaningful to take into account
the properties of M2 (H) in the tachyon problem in the case
K = K(0) >9-10, when there is one essential minimum in
the effective potential. Thus, if we ask whether the radiative
corrections will stabilize the spectrum of the W boson in a
field or strengthen the instability, the answer depends on the
extent to which the ratio K (H) of the mass squares changes
with increasing field and on whether it can become less than
1.66 for the Georgi-Glashow model and 0.08 for the Wein-
berg-Salam theory before an imaginary part appears at the
minimum of the effective potential.®’

The square of the mass of the Higgs meson in a field is
determined by the curvature of the effective potential at the
position of the minimum,
3% (D2, h, K) |

m? (H) = - lleG(h)

M2 (0), (89)

while the square of the mass of the # boson is determined by
the position of the minimum of the effective potential:

M2 (h) = M? (0) 8 (h).
Using the explicit form of v (®?, 4, K) in the single-loop
approximation (57), we obtain

vi=5[hin| ] -4 (90d)

q)z
D2 ((D2,/h2)2—-1 :| v
The position §* (%) of the minimum of the effective potential
can be determined by using the graphs shown in Figs. 4-6. In
Table I, we give the results for the case K(0) =

It can be seen from the expression (90d) that the
expression (90) for m? (k) isinvalid near 5> (h) ~h because
of a divergence. Overall, the shape of the graphs is such that
the minimum of the effective potential is made shallow and
the curvature at the position of the minimum is fairly small.
This has the consequence that X (%) becomes less than 1.66,
and the square of the renormalization-invariant mass of the
W boson in the original minimum can become negative in
sufficiently strong fields. In the Weinberg-Salam theory, it is
more difficult to draw such a conclusion, since a value
K (h) <0.08 can be obtained only by definitely going outside
the region of applicability of the expressions (90). Here, the
most probable value is K (4) > 0.08.

Thus, our results show that in the Weinberg-Salam the-
ory with heavy Higgs mesons stabilization of the W-boson
spectrum by radiative corrections is in principle possible.
The definitive solution to this problem entails difficulties in
the employed method and requires a more significant break
with perturbation theory.

We give a partial summary. The tachyon problem in
non-Abelian gauge theories with spontaneous symmetry
breaking requires us to take into account a number of cir-
cumstances and to a large extent is model-dependent. The
appearance of the tachyon is expected above the perturba-
tion-theory vacuum in a field # determined from an effective
potential of the form V(®2, H, K). In the case K <9-10,
the problem does not really arise, since the given effective
potential becomes inadequate for the problem by virtue of
tunneling of the system to the field minimum, which is un-
stable with respect to the generation of W * fields (see Sec.
2). Therefore, to determine the vacuum it is necessary to use

m? (k) = M? (0) (v{ + v; + vy + v]) [o=sny; (90) 2 more general effective potential: V(®?, W =, H, K) (see
q 1 Sec. 4). For K % 10, a tachyon can arise. Since at the thresh-
v ~K(——LD3——) (90a) & e ; ;

17 2 Tl o old there are singularities in both the effective potential and

= i 3 g [ (902 —1) In 1 3cb , 13— d(D?] the mass op.efator, we consmlc_ar in more detail the condltl‘m}s

a 15 of applicability of perturbation theory. We note that it is

. jrﬁr)_ (302 In @2 + 1 — (Di)} ; (90b)  hecessary to take into account two perturbat.ion-theory ex-

£ pansion parameters. For the effective potential, the param-

v 1 vtz eter of the expansion with respect to the number of loops is

v,=— 13hInT | (1 D2/h
=< [ -+ 0mm ] & (9%, H) = (a/m) In (926> —eH) |y _ p0n o <1. For
2 2 o

1 30%p [i} (14 @2, h)] s _?:_ e the ;n;iss operator, ey [d ({1), H] = (a/m)

= 2 Xln [e°6°(H) — eH 1|.5_. 252cay €1 is the parameter of the

- -g— @2 In (D2/2h) —'% hln (2:1)} ; (90¢)  expansion with respect to the radiation field in the presence

TABLE I. Masses of the W and Higgs bosons in a field for K (0) =
h M2 (h)/M2 (0) m? (h)/M?2 (0) K (h)

0,9956 0,99645 4.5431 4.,5590
0.9957 0.9964 3.3380 3,3392
0.9958 0.9963 0,7518 0,7547
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of H. As we have seen, the threshold for the appearance of
Im V'V (@, ,H) in the effective potential is in the region in
which &2 (®2, H) 2 1. However, this does not mean that the
occurrence of a tachyon also cannot be controlled by pertur-
bation theory. In the case when eH — ¢ §° (H), the condi-
tion >®? = eH < e’6*(H) is satisfied. Therefore, although
e2 > &%, the slow growth of the logarithms means that the
square (80) of the effective mass can become negative in the
region of applicability e}, ej,<1 of perturbation theory.
Thus, with allowance for radiative effects the appearance of
the tachyon can be reliably established.

4. DETERMINATION OF A STABLE VACUUM

In this section, we consider two methods employed to
describe the phase transition in a magnetic field in connec-
tion with the instability of the perturbation-theory vacuum.
In the first of them, one introduces an effective Lagrangian
&t for the unstable mode and studies its properties. The
minimal-energy classical solutions found for .#"*™* are tak-
en as the new vacuum. Essentially, this reproduces the ap-
proach used in the construction of the Copenhagen vacu-
um*®** but with allowance for renormalization-group
summation.’® The second method is based on investigation
of the classical equations of motion in a given external field
and was used in Refs. 20 and 21 for the Georgi-Glashow and
Weinberg-Salam theories.

The main idea used to describe phase transitions in
quantum field theory was formulated by Migdal in his work
on 7 condensation (see Ref. 36 and the literature quoted
there): if under certain conditions unstable modes arise in
the linearized system, then allowance for the nonlinearities
of the system may lead to condensation of these modes and
the formation of a new vacuum state. The actual realization
of this principle can, of course, take different forms.

Effective Lagrangian for the unstable mode

We consider the Georgi-Glashow model with spontane-
ous symmetry breaking for K(0) > 9-10, K(H) < 1.66. The
square of the effective renormalization-invariant mass of the
W boson becomes negative when H,, < H ,. Condensation of
tachyons occurs if allowance is made for their self-interac-
tion. The condensate parameters are determined as fol-
lows.>® We separate from the operator W ", expressed as an
expansion with respect to the eigenfunctions corresponding
to the spectrum (71),

Wi= X a(n, o)Wi™ @),
n, O

the state that becomes a tachyon state:*
0

/"~ eH

1
i 1V =

0

I,V;(n—-fu.czﬂ)(w) —

Xexp (— ef

2 +
E 2L
X ‘P(xos xs)’

(91)

where and the field H is directed along the x,
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xi =xi +x3,
axis. Ignoring the other modes, we write down the effective
Lagrangian .&°*™* describing the tachyon and its self-inter-
action. The trial function ¥ (xy, X3 ) in (91) must be deter-
mined by minimizing the effective action $***.

The unrenormalized Lagrangian (1) contains a term
describing the four-particle self-interaction of the field W ;*
that has order c. This linearity was taken into account in the
determination of the condensate structure in QCD.*>** The
radiative corrections in a field are functions of H of the same
order ( ~a). Such corrections were not considered in Refs.
40-47, but an investigation self-consistent within the frame-
work of perturbation theory requires them to be taken into
account.

Using (91) and integrating over the transverse coordi-
nates X, , X, by means of the device described in Ref. 40, we
obtain an expression for S$****:

Sunst — S dég Funst — S dxo d-rg [113*132:‘1’

—M2(H) | |2—celd | P[4, (92)
where we are to understand by the wave function ¢ its renor-
malized value. The gauge invariance has the consequence
that the self-interaction of the fields W ;* and their interac-
tion with the external field take place with a single coupling
constant. Therefore, for the investigation in the neighbor-
hood of the instability threshold we replace a by a(H), de-
termined by the expression (78).% The effective potential of
the unstable mode,*¢

Vunst (p) = M2 (H) | ¢ |2 + o (H) eH | | *

has a minimum at ¢ = o, (H):

| M2 (H) |

b |2 =
| ol 22 (H) eH (93)
In the magnetic field, the vacuum energy density is lowered

by the amount

(T2 (1D)]?

V (ko) = — b (HyeH

(94)

The magnetic field H and the field of the condensed tachyon
mode have one nonvanishing isotopic component,
Flo=H—2e| W;|? (95)

the second term determining the self-field of the condensate.
The maximal amplitude of this field for x2 = 0is

2

max —

2 T
= | M2(H) |
If spatially inhomogeneous structures of the domain type as
described in Refs. 41 and 42 are to occur in the condensate,
H_.. must reach the value of the external field H. Then at
the boundary of the region, F}, = 0. However, this is possi-
ble for fields very close to H,, when @(4#) — « and pertur-
bation theory becomes invalid.

Thus, in the Georgi-Glashow model with H > H_. con-
densation of vector bosons is possible, and this lowers the
vacuum energy. The initial stage of the condensation is de-
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termined by the radiative corrections and takes place in the
region of applicability of perturbation theory. Study of the
further development of the condensate and its structure as
H — H, requires solution of the zero-charge problem.

We now turn to exposition of the second method, which
is suitable when K < 1. Before that, we discuss in more detail
the mechanism of occurrence of the tachyon.

Interaction with the anomalous magnetic moment of the W
boson

The Lagrangians (5) and (23) and the equation of mo-
tion (69) contain a term ~F‘m,, which determines the anom-
alous magnetic moment of the W boson. The interaction
with this moment has a long-range nature and plays the part
of a field mass, leading to instability.**** We shall show this
by considering the motion along the field H = H ;. We take
the potential in the form :4-# = (0, 0, Hx,, 0). In Eq. (69),
we set the operator P, equal toid,, , this eliminating the field-
induced oscillations in the (x,, x, ) plane. We arrive at the
equation

[038uy— 00y — ieFm,-%MigM] W0, (96)
Using the p representation and setting the momenta p,, p,
equal to zero, we find the longitudinal spectrum for (96):

Py =M?eH, pj=p,—pi=HM> (97)
It contains the level pj = M* — eH, which corresponds to
the ground state of the complete spectrum (71).

The distinguished nature of the interaction with the
anomalous magnetic moment for the formation of the ta-
chyon and the longitudinal nature of the oscillators in the W-
boson ground state are very important. The mechanism and
the region of formation of the tachyon are not the same as for
the stable modes. Let us discuss this in more detail. It is well
known®'°® that the spectrum of a charged particle in a mag-
netic field is formed at distances of the order of the Larmor
radius, 72 7, = (eH) ~},inthe (x,,x, ) plane.'® Ifthe par-
ticle has spin 1, the noncommutativity of P, results in the
appearance of 2 “normal” magnetic moment. The gyromag-
netic ratio determined by the terms with P, isgp = 1, as in
Proca theory.® The occurrence of an anomalous magnetic
moment (% = gy — 1 = 1) in non-Abelian gauge theories
is not organically related to the fact that the charged vector
particle has spin but is due to the structure of the triple ver-
tex determined by the symmetry group. For the chosen po-
tential, the operators P, commute for longitudinal displace-
ments for which a spin magnetic moment ‘““does not arise.”
Formally, the substitution P, — id,, in Eq. (69) is admissi-
ble in regions x, €(eH) ~*, where the term ~eF,,, is domi-
nant. In this region, there are no Larmor orbits, and only the
longitudinal oscillations of the field W ;F are important. In
speaking of the region of formation of the instability, we
mean that the tachyon nature of the longitudinal oscillators
is due to the anomalous magnetic moment, the interaction
with which determines the properties of the theory for r < 7y,
where one can ignore the effects associated with the charge
and spin.
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Description of the phase transition

We shall consider the Weinberg-Salam theory in the
presence of a field H. In the calculations, we shall use the U
gauge. The equations of motion for the fields W and ®
follow from (23) and have the form

[ Prus—BuPy—igNy— (M+ 5 £®)" g | W

g (W W5 — WilW " W3) =0; (98)
FD + m2D - AD3 6 = M2
—g (M5 g®) (WiW ™ 4 23/ (2c0s*0) =0.  (99)

The system (98), (99) must be augmented by the equations
for the fields Z,, , 4, . The potentialis 4, = A, +A,, where
A, = (0,0, Hx,, 0) and 4, is the potential of the electro-
magnetic field developed in the system.

We set ourselves the aim of studying the evolution of the
perturbation-theory vacuum in a field, using the classical
equations of motion. The external field H is assumed to be
constant. It satisfies Maxwell’s equations without sources
and requires the use of appropriate boundary conditions.
The system of equations (96), (97) (with the equations for
Z,,A,) is very complicated. Its solutions in the general case
are unknown. However, the results of the previous subsec-
tion make it possible to establish the existence of a phase
transition in a certain region of space and to establish specif-
ic features of it. The circumstance that tachyons are linear
oscillators, longitudinal with respect to the field, that are
formed at distances r <r, in the direction perpendicular to
the field makes it possible to find a stable vacuum state as
follows. It is sufficient to obtain a solution for the complete
coupled system of fields valid in the region of formation of
the instability. Here the system simplifies and can be readily
solved. The occurrence of the phase transition will be mani-
fested in a change in the nature of the solution at a certain
H = H_,. In such an approach, it is not the tachyon mode
that is distinguished but the interaction with the anomalous
magnetic moment; this interaction is dominant in this region
and leads to the tachyon. The solution which we have found
takes into account exactly the motion along the field due to
the long-range nature of the interaction with the anomalous
magnetic moment.

Intheregionx, < (e, H) ~'/*, we make the substitution
P, —id, . Inthe system (98) and (99) there are nonvanish-
ing constant solutions determined by the expression (102).
In Ref. 21 it was shown that if by £ we denote ¢

=x,(eH) —”i< 1, then the fields 4,,, Z, have in this region
the estimate 4, =Z, ~0(&*). Therefore, the solution of
only two equations is justified.

For the determination of the constant solutions, we ob-
tain the system

— e W 4 (M 4 5 @) Wy
+ g2 (WiW bWy — W W™ *W5)=0;  (100)

—m D+ g M+ g®) Wil ™ —r08 6 %M@z: 0.
(101)
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Setting W & = 0 and multiplying (100) by W ,~, we arrive
at the relation W, W ~=0. For i =3 we find W £ =0,
W LW ~#0, and therefore (W £)>+ (W )?2=0. Us-
ing the explicit form of F,,,,, we readily obtain®! the nonvan-

ishing solutions'!’

(WiWi)e =1 (WiW; — WiW;) = 1 = 2p%, }

. (102)

®,= —2M/g; Z,= A, =0.
The calculation of the energy density of the fields ®,,
(W W ), in the presence of H shows that the energy of
the condensate @, completely compensates the energy of the
scalar condensate present after a symmetry breaking [see
the expression (23)]: V@ (®,) = |F*® (6(0))|. Thus, the
classical scalar field completely disappears. Instead, there is
a condensate ( W+ W, ), the formation of which follows
from Egs. (100) and (101) under the condition of lowering
of the energy’: VO [(W W/ ).]=—(HY
2)sin® @ < V9(8(0)).The critical field of the phase transi-
tion is H,, = H, (m/M). f m/M =K <1, the threshold
for the appearance of the tachyon is not attained. IF K2 1,
the analysis of the equations of motion becomes much more
complicated. Above, we have investigated this case by means
Of °_glmst‘

We shall discuss the result. Bearing in mind that the
fields behave as 4, (¢), Z,, () ~O(&*),*! we arrive at this
conclusion: In a small neighborhood near the origin in the
(x,, x, ) plane, the solution (102) satisfies to sufficient ac-
curacy the equations of motion of all the fields and describes
a phase transition that consists of the replacement of the
scalar field by the classical field of the W boson. It can be
seen that the transition occurs at the tree level, despite the
fact that the magnetic field does not affect the neutral con-
densate ®, = §(0). The interaction of H with the field of the
Wboson and the coupling of the “order parameters” ®, and
(W W), determine the mechanism of the transition in
the non-Abelian gauge theory.

Thus, the classical field of the # bosons determines all
the vacuum properties of the electroweak interactions in a
strong applied magnetic field. The problems that arise in this
case are analogous to those in QCD in the presence of a
covariantly constant magnetic field. The main problem
among them is the determination of the macroscopic struc-
ture of the vacuum, which requires investigation of nonlin-
ear equations of the type (98) and (99) for all fields in the
whole of space. Thus, the solutig\n (102) is not consistent
with the equations for the fields 4, and Z, outside the re-
gion of formation of the instability, and the theory of the
Copenhagen vacuum uses the linearized equation (98) (for
M and P equal to zero), always in the same gauge.'?’

We note that in the description of the phase transitions
and the properties and structure of the vacuum the functions
used in the majority of cases do not satisfy the exact equa-
tions of motion; rather, it is required in the first place that
there be a lowering of the energy for some approximate solu-
tion (as a rule, the solution of the linearized equation of
motion)."’ The homogeneous solution (102) is one of the
possible candidates for the description of the vacuum state.
The external field H is constant, and the choice of the origin
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inthe (x,,x, ) planeis arbitrary. For K < 1, the phase transi-
tion occurs in fields that are weaker than the threshold for
the appearance of the tachyon. Therefore, there are no
grounds for expecting disturbance of the homogeneity in the
vacuum. The abrupt change of the condensate ®, recalls the
disappearance of superconductivity in superconductors of
the first kind or the analogous effect in the Abelian Higgs
model when m_, /M, <1/4/2." However, the results of the
phase transitions are different in the theories which we are
comparing. The formation in the non-Abelian case of the W
condensate leads to a partial, and possibly even a complete,
screening of the external field within the system, since the
condensate field is opposite in direction to the external field.

The result for the Georgi-Glashow model is obtained
from (102) by setting g=e, 2M — M, sin 6 — 1. In absolute
magnitude, the energy ¥ [(W W ~).] of the W con-
densate is exactly equal to the energy of the external field.
The classical field is Fp, = —H+ie(W;}W;

— W ;"W [ ) =0. The same result will hold for massless
Yang-Mills theory if the solution with a homogeneous vacu-
um condensate is realized.

Concluding the exposition of the factual material, we
discuss the question touched upon in the Introduction,
namely, the relationship between theories of the electroweak
interactions and also Yang-Mills theory, on the one hand,
and superconductivity and its relativistic analog—the Higgs
model—on the other. This will enable us to understand the
results of the present section better. The case of Yang-Mills
theory is simpler, and we therefore begin with it.

Because the charged gluons have an anomalous mag-
netic moment, a dynamical Higgs field appears. In the La-
grangian (5), the function eEk , which describes the interac-
tion of the anomalous moment with the external field, plays
the part of the square of the mass for the components
W F(i=1, 2), among which only one is independent on
account of the constraint W[ 2 4+ W ;2 =0 found in the
derivation of the expression (102). An analogous condition
is used in the model of the Copenhagen vacuum.*'"*? It is
found that the field mass has a tachyon nature, and therefore
W T realize a Higgs field. The coupling constant e? /2 plays
the part of the constant A. From this it follows that the exter-
nal magnetic field can lead only to ordering of the system
and formation of the Higgs phase in the vacuum by virtue of
nonlinearity. Its effect in Yang-Mills theory is opposite to
the effect of H in Abelian theories, in which the field occurs
only in the kinetic energy and leads to disordering.

The dynamical origin of the tachyon mass has the con-
sequence that the potential energy in Yang-Mills theory is
dominant at all values of H.'* This makes it possible when
determining the vacuum to ignore the kinetic energy in the
external field for the W = components and to obtain a solu-
tion analogous to (102) for ®, = 0. The structure of the
solution is similar to the case of a superconductor of the first
kind in a weak field. Since the dynamical mass of the compo-
nents W ;= and the screening mass acquired after condensa-
tion by the neutral gluon field have the order (eH)!/?,2%2!
the Ginzburg-Landau parameter is x ~ 1. The possibility is
therefore not ruled out that there exists a solution corre-
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sponding to a superconductor of the second kind. Such a
vacuum was constructed in Refs. 4042 by analogy with su-
perconductivity theory near the critical field H,, on the basis
of the solutions of the linearized equations of motion for the
W # fields. However, in contrast to the case of superconduc-
tivity, there are no grounds for linearizing the Yang-Mills
equations. As the results of the present section and also the
results of Refs. 40-42 show, the amplitude of the condensate
W F is not small; it is comparable with the amplitude of the
external field. Therefore, the nonlinearity is important and
the vacuum structure obtained in Ref. 42, of the type of an
Abrikosov lattice but of tubes with unquantized magnetic
flux, evidently does not reflect the real situation (for com-
ments on the impossibility of the occurrence of a lattice in
Yang-Mills theory, see Ref. 62). It is more probable that the
macroscopic structure of the vacuum recalls a superconduc-
tor of the second kind in a field far from H, , when the ampli-
tude of the Higgs field is not small. Such a picture arises at
the classical level. It is difficult to choose between the struc-
tures which we have described, since x =~ 1. To obtain a com-
plete picture of the properties of the vacuum that arises
through the elimination of the tachyon instability, it is neces-
sary to take into account the quantum corrections. A large
numerical value of ¢? can in general significantly change the
nature of the static picture which we have described in both
cases, in contrast to the Higgs model, in which A is small."”

We now turn to theories of the electroweak interac-
tions. Here there is an additional order parameter ®,. and an
interaction of order ®*W * W —, which plays an important
part. In the study of the phase transition, the use of the U
gauge is important, as is the treatment of the equations over
the nonsymmetric vacuum with ®, = §(0) #0. Formally,
there arises only one tachyon mass of field origin and math-
ematically (but not with respect to the physical properties)
the theory recalls Ginzburg-Landau theory. The nature of
the phase transition and the vacuum properties depend on
the value of K. The role of the thermodynamic critical field
H, is played by H,, = H,/K , which describes the threshold
of the replacement of the condensate § (0) by the condensate
W * . The role of the field H, is played by H,."” IfK <1,
the field H , is not attained, and there is a phase transition of
the first kind. In the case of large K, the field H , is attained
and a tachyon is formed above the vacuum with a scalar
condensate. For values of H somewhat exceeding H,, the
classical field W * resulting from the tachyon condensation
will be small. Therefore, to describe its structure we can lin-
earize Eq. (98) in complete agreement with the case of a
superconductor of the second kind in fields that differ little
from H,, . It is therefore clear that it is to this case that one
must apply the results obtained in Refs. 4042 in QCD, al-
though for an understanding of the resulting macroscopic
structure it is necessary to take into account the coupling of
the order parameters, which has not yet been done. The in-
fluence of the quantum fluctuations has also not been stud-
ied, as in Yang-Mills theory.

CONCLUSIONS

The results of the investigations into the vacuum of the
electroweak interaction in a strong electromagnetic field ob-
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tained by various methods lead to the conclusion that in
many respects it is similar to the vacuum of Yang-Mills the-
ory in a covariantly constant field F 5, = "Fm n® The proper-
ties of the effective potential as a function of H for fixed ®2
indicate the possible occurrence of spontaneous magnetiza-
tion of the vacuum at small ®*, the magnetization disap-
pearing with increasing . The appearance of the Savvidi
level in the theories of the electroweak interactions is due to
the existence of a continuous limit ®> — 0. It must evidently
be taken into account in the study of the restoration of sym-
metry by temperature in the presence of a magnetic field.
Spontaneous symmetry breaking shifts the region of H val-
ues in which properties analogous to the infrared properties
of massless non-Abelian gauge theories appear to intermedi-
atefields ~H, = M */e, which cannot be studied perturbati-
vely. The mass M plays the part of a normalization point in
the field for the massless case.

The investigation of the effective potential V" (®,, H,
K) as a function of ®* for fixed H showed that its behavior is
different for K(0) < 9-10 and K(0) > 9-10. In the first case
the effective potential has two essential minima, and in the
second case it has one, this reflecting the differences in the
vacuum physics for theories with light and heavy Higgs bo-
sons. The change in the nature of the behavior of the effective
potential as K varies is not unexpected. Indeed, let us consid-
er the expression (57) for the effective potential. For K<,
the H-independent terms of order K have the order of small-
ness a/, as due to the field. In this case, the theory does not
actually have a small parameter: a/mK ~ 1. IfK % 1, there is
such a parameter, and this is reflected in the properties of the
effective potential.

In the study of the radiative spectrum of the Wboson in
a magnetic field it was established that in the Georgi-Gla-
show model for K(H) < 1.66 the threshold for the appear-
ance of the tachyon is shifted to the region of fields weaker
than H ,. For K(H) > 1.66, and in the Weinberg-Salam the-
ory fo K(H) > 0.08, the square of the effective mass in a
field is positive. The radiative corrections stabilize the spec-
trum. However, a final solution of this problem requires a
more drastic abandonment of perturbation theory.

Study of the phase transition in the Georgi-Glashow
model for K(0) > 10, 1 < K(H) < 1.66, described by means
of the effective Lagrangian for the unstable mode, showed
that in this case the behavior of the system near the transi-
tion threshold H,, can be treated by perturbation theory and
that one can consider the condensation of the W bosons in
the framework of a self-consistent problem that takes into
account renormalization-group summation. The results ob-
tained here agree in large measure with the model of the
Copenhagen vacuum for QCD until after the weak-coupling
region has been left. Thus, if we do not take into account the
restriction e} (®?, H), ey (8% (H), H) <1, we can obtain
for this model a “spaghetti”-type structure (see Refs. 41 and
42).

The solution of the classical equations of motion made
it possible to establish a number of characteristic features of
the phase transition in the non-Abelian gauge theories with
spontaneous symmetry breaking for K(0) < 1. The most im-
portant are the existence of two rather than one order pa-
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rameters, &, and (W W), and the interaction between
them. Because of this, the phase transition occurs at the tree
level. The transition threshold H,, = H,/K is shifted to the
region of fields weaker than H,. The critical field is here
equal to the estimate that arises for the Higgs model in the
case m, /M, <2~ '*.! However, the results of the phase
transition in the Abelian and non-Abelian theories are oppo-
site. In the Higgs model when H > H_, the symmetry is re-
stored, all the fields have zero vacuum expectation values,
and the magnetic field in the system is equal to the applied
external field. In the non-Abelian case, the scalar condensate
P, = 5(0) is replaced by the condensate of the W bosons,
and this lowers the energy of the system. Therefore, one can-
not speak of restoration of the symmetry. The formation of
the W condensate leads to partial or, possibly, complete
screening of the external field.

In discussing in this review the behavior of the symme-
try, we have concentrated all attention on the results relating
to the boson sectors of the electroweak theory, since it is they
that determine the main features of the vacuum dynamics in
a magnetic field. To complete the picture, we briefly describe
the role of the fermions. In the first place, we note that to a
large degree the influence of the fermions is model-depen-
dent. In the investigation in Ref. 2 of the effective potential
in the case of weak fields (®?/A> 1), corresponding to the
expression (61), it was noted that the effect of the charged
fermions and scalars leads to an enhancement of the vacuum
asymmetry. However, if the theory is asymptotically free,
the influence of the gauge sector is predominant, and as a
result of this the tendency for the vacuum expectation value
®_ = §(H) tobe reduced persists. The presence of fermions
somewhat increases the numerical value of the critical field
determined from Egs. (62) and (63). In Ref. 65, the influ-
ence of the fermions on the properties of the effective poten-
tial was investigated in the approximation of strong fields
(®?/h<]1), this being analogous to the asymptotic behavior
(64). It was shown that the behavior of the part of the effec-
tive potential due to the fermions is determined by their bare
mass. If in the tree approximation the fermions are massive
(as in the Georgi-Glashow model), then there is a tendency
to restoration of the symmetry. In the case of massless bare
fermions (as in the Weinberg-Salam theory), their contribu-
tion leads to the existence of a nonvanishing vacuum expec-
tation value 6 (H) #0 irrespective of the effect of the scalars
and the vector particles. However, whatever the part played
by the fermions in the effective potential, the presence of Im
V" is the most important feature of the phase transitions
(for a similar conclusion, see Ref. 66).

We shall describe briefly the situation that arises in a
strong electric field. Here there is also a tachyon instability
of the vacuum, as can be shown by solving Eq. (69) for
E = const. Similarly, there is a tachyon in a constant color
electric field in Yang-Mills theory, as noted in Ref. 64.

The investigation of the phase transition in the Wein-
berg-Salam theory for K(0) <1 shows that in an electric
field there is replacement of the scalar condensate
®_=45(0) by a W-boson condensate (W W W,

XW ). = (eE)*/g*. Its energy density is V'O (W *)
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= — (E?/2)sin® 6. The physical manifestation of the W
condensate is evidently the same as in the case of a magnetic
field.

UTranslator's Note. The Russian notation for the trigonometric, inverse
trigonometric, hyperbolic functions, etc., is retained here and through-
out the article in the displayed equations.

1t should be noted that the Savvidi level arises in the region of & values in
which the condition of applicability of the single-loop approximation is
not satisfied. Our exposition of this question follows the point of view,
common in the literature, according to which the phenomenon of spon-
taneous magnetization is possible and is not merely a reflection of the
features of the employed approximation. For more detail on this matter,
see the end of the second subsection of Sec. 3.

¥In Refs. 4 and 23, no allowance was made for the circumstance that the
behavior of Re (P2, A, K) is qualitatively different for K < 9-10 and for
K= 9-10; this difference led to discrepancies in the description of the
properties of the effective potential in the field 4.

“In Ref. 4, the calculation corresponds to K~ 1.2 but with less accuracy
than in the present paper; the function InI", (x) is calculated.

In the study of the effective potential, it is necessary to consider the
system of coupled renormalization-group equations for the invariant
charges @ and A. Solving the renormalization-group equation for
Z'(M? H) as H— H ,, we study only & in this limit.

®Bearing in mind what we have said (see the second subsection of this
section), we write M? instead of M2 (H) for the tree-approximation
mass.

"In QED, divergences ~F,,, are absent, and therefore a nontrivial renor-
malization group does not arise. "2

®In Ref. 56 there is a discussion of the tachyon problem by means of a
renormalization-invariant mass, but no allowance is made for the re-
striction K(0) > 9-10 or the dependence of K on H.

“In Ref. 56 the author used a instead of @(H) = 2* /4.

'%To simplify the arguments, we assume that H is strong and ignore the
mass M>.

*Y'The cubic equation (101) has three roots. The root (102) has the lowest
energy.?®

'"See the comments on the papers of the Copenhagen group in Ref. 62.

"¥n Ref. 63, there is an interesting development of the effective-Lagran-
gian method for the unstable mode in chromodynamics.

'41t is shown in Ref. 27 that when one retains the interactions with the
field H of only the anomalous magnetic moment the basic properties of
non-Abelian gauge theories above the perturbation-theory vacuum
hold—the tachyon instability and asymptotic freedom in the field.

¥'The fields H,, and H, determine the thresholds for the appearance of
the charged condensate in the vacuum. But the first is the upper critical
field, and the second is the lower one.
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