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Explicit solution of the Schwinger model in the transverse gauge makes it possible to study the
ground-state structure and the properties at both short and large distances of gauge-invariant
operators and their products. The possibility of using in the model sum rules and the Wilson

operator expansion is analyzed.

INTRODUCTION

Knowledge of the ground state of the system and the
Green’s functions of colorless operators has acquired great
importance in connection with the description of hadron
physics in the framework of QCD.

Weighty arguments have suggested in recent years that
the requirement of gauge invariance leads to a complicated
structure of the ground state in gauge field theories (see
Refs. 1-4)." Some hopes of solving the U(1) problem,>¢
describing quark confinement, and explaining the spontane-
ous breaking of chiral invariance”® are associated with a
complicated structure of the vacuum.

In unified models of elementary particles, the structure
of the vacuum leads to the possibility of nonconservation of
the baryon number,”'" which, as was shown by Rubakov,'?
will be strong in the presence of a magnetic monopole and
leads to a significant enhancement of the proton decay prob-
ability (Rubakov effect).

The effects associated with the structure of the vacuum
are basically studied in two directions. The first of them is
based on the use of the semiclassical approximation in field
theory, this being most readily realized in the framework of
functional integration. The second direction is associated
with the use of the Wilson expansion,'* which makes it pos-
sible to take into account semiphenomenologically impor-
tant properties of the vacuum such as the existence in it of
quark, gluon, and scalar condensates.'®'?

However, the use of these methods in QCD is not suffi-
ciently well founded, and further advance in understanding
the essence of the problems listed above requires a more de-
tailed study of the ground-state structure.

Of great interest in this connection are exactly solvable
models of quantum field theory, by means of which one can
test the approximate methods used in realistic quantum
field-theory models. Such is the Schwinger model'® —two-
dimensional massless quantum electrodynamics. This mod-
el has been studied from various points of view in Refs. 2—4
and 17-20.

In the present review, the explicit solution of the
Schwinger model in the transverse gauge is used to consider
questions related to the ground-state structure and the
short- and long-distance properties of gauge-invariant oper-
ators and their products. The applicability of sum rules in
the model is analyzed.

The paper is arranged as follows. In Sec. 1, we find an
operator solution that expresses the initial fields ¥(x) and
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A, (X) in terms of free pseudoscalar fields 7(x) and Z(x)
and a fermion field ¢, (x).

When this solution is taken into account, Maxwell’s
equations reduce to a constraint in the form L, = 0, where

Ly~ Yo¥utho — (1/\m)e,, 3.

The solution of this equation distinguishes in the ex-
tended space #° = (2) @ 7 (n) ® 7 (,) the physical
space # p, -

As a result, we construct a ground state of the system
that does not have definite fermion and chiral numbers and
is characterized by two arbitrary parameters &
(0<8, <2m).

The excitations of the system are described by a single
neutral field = (x), this signifying that there are no charged
states in the spectrum.

In the model, the condition of confinement is formulat-
ed as the vanishing in physical space of the electric-charge
operator. This condition is a direct consequence of Gauss’s
theorem and the fact that the transverse degree of freedom of
the gauge field 4, acquires a mass dynamically.

In Sec. 2, we establish a connection between the con-
straint equation and the invariance of the physical state
space with respect to the local gauge transformations that
remain after the Lorentz gauge has been imposed.

The construction of the ground state forces us to extend
the class of gauge transformations. We must, in fact, include
gauge functions which do not decrease at infinity.

In Sec. 3, we describe in detail the physical picture.

The operator solution of the model makes it possible to
establish an exact connection between the physical field
2 (x) and the gauge-invariant currents constructed from the
fermion and gauge fields.

As a result, the mechanism of nonconservation of the
axial current is revealed. The breaking of the axial symmetry
is manifested in the appearance of a quark condensate,
{¥) 0, and in the acquisition by the pseudoscalar X parti-
cle of a nonzero mass [solution of the U(1) problem].

A characteristic feature of the model is the possibility of
regarding the X particle either as a quark—antiquark state or
as pseudoscalar “gluonium.”

Such treatment is based on operator identities that in
the low-energy limit establish a direct proportionality
between the pseudoscalar currents and the field of the phys-
ical particle .

The significance of these approximate operator identi-
ties is demonstrated by the calculation of the two-point

X
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Green’s function of the pseudoscalar current formed from
the quark fields.

It is shown that in the large-distance limit the exact
Green’s function is well approximated by the propagator of
the = field, this particle appearing in the spectral density as
an infinitely narrow resonance.

In Sec. 4, we study the behavior of the Green’s functions
at short distances. Having an exact operator solution of the
model and, thus, an operator representation of all possible
products in terms of free fields, we have analyzed the differ-
ent forms of the operator expansion in the model. In general,
the coefficient functions depend nonanalytically on e*. By a
redefinition of the operators, the nonanalyticity can be eli-
minated, and in one of the bases, in the leading logarithmic
approximation, there is a correspondence between the exact
operator expansion and Wilson’s perturbation-theory ex-
pansion. Identity of these expansions is possible only if one
knows the connection between the ultraviolet subtraction
point for the operators and the infrared subtraction point for
the coefficient functions.

In connection with the widespread use of finite-energy
sum rules'*?#2% in QCD, the accuracy with which they
hold in the Schwinger model is analyzed in the present re-
view.

Since the resonance in this model is formed in the
strong-coupling region, where the effective coupling con-
stant is near unity, @, ~ 1, the sum rules are naturally not
well satisfied in the momentum space.

We have found that in the x space the resonance lies in
the region of asymptotic freedom (e, ~ 1/4), and therefore
the use of the sum rules in the x space has made it possible to
calculate the parameters of the resonance with sufficient ac-
curacy.

Another advantage of the sum rules in the x space is
that they make it possible to take into account the contribu-
tions from the contact terms.

1. OPERATOR SOLUTION OF THE SCHWINGER MODEL
The Lagrangian of the Schwinger model is'®

£ = — 5 Fio-t 47, (0,—ied,) ¥, (1

where 4,, and ¢ are the electromagnetic and fermion fields,
F,,=d,4, —d,4,, n =0, 1, and the two-dimensional y
matrices are taken in the form

0 A 0 —1 s 1 0
?”:(1 o)’ Tr=ly 0), Yeln ﬁi).
The equations of motion that follow from the Lagran-
gian (1) are
O Fpy=—eJy; (2)
iy, (9, —ied,) ¥ =0. (3)
The current J,, is defined gauge-invariantly'¢:
Ju@=g _lim  {J, (@le) + Ju(al - o))
= ) x—FS (4)
Ty (z|e)= 1 (2) v, exp {—ie ) Aydg} § (z+e)-

x

In this paper, we use the transverse gauge
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a4, =0, (5)
In this gauge, we impose on the fieldsyand A the equal-
time commutation relations
{s (4 8, $5 @Y 0)) = 80 (@ — Y, i, j =1, 2
(04, (& 1), Ay (¥ )] = — 18 (22 — yY);

[30ds (2", 1), Doy, (gt )] =i—2m 8 (a1—yY),

the remaining commutators vanishing.
The operator solution of the Schwinger model in the
transverse gauge has the form?

Ay @) =L 0 (2 @)+ (@)

(6)
¥ (2) = K: exp {—il/ ays(2 (x)+n (@)} $o (2),

where X is a free pseudoscalar field with mass m = e/\/,
and 7 is a free massless field quantized with a negative met-
ric; i.e;,

[Pon (=, 1), n (" 1)) = 4+ 18 (=* — ¥);
Yy is a free massless fermion field (the free scalar and fer-
mion fields in two-dimensional space—time are described in
detail in Ref. 23). The negative-frequency part of the com-
mutator function of the field % is

= ) i e B L

D= g In (— pn2x? L iex,),
where u is an arbitrary parameter with the dimensions of
mass.” The coefficient K in (6) can be expressed in terms of
this parameter as follows:

K = (ey/2n Y W3,

where ¥ is Euler’s constant (y=~1.781).
The ansatz (6) satisfies the condition (5) and Eq. (3)
identically, and Eq. (2) reduces to the operator equation

L,=0, (7)

(8)

S | v
Lu:]uﬁ*‘ﬁ‘ euvam

and j, = 9%y (x)¥, #o(x), the free-fermion current, satisfies
the equation [Jj, = 0. ‘

Since the original operators 4, and ¥(x) are expressed
by the relation (6) in terms of the free operators =, 3, ¥, we
have at our disposal the Hilbert state space

= (Z) @ F (M) ® F¥ (wo)-

Since the fields 7 and ¢, are independent in the whole of
this space, the relation (7) is not satisfied in 5, but there
must exist a subspace #°;, C, in which the condition (7)
is satisfied identically. It is in this subspace that the ansatz
(6) is a solution of the equations of motion (2) and (3).
What can be said directly about the space H on?

The original Lagrangian (1) is invariant with respect to
global transformations of the form

¥ (2)— el (z); €9
P (x)— elvap (2). (10)

To the group of transformations (9) there corresponds
the locally conserved current J, = ¥, 9, and to the group
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of chiral transformations (10) the current J =ib-y# ¥s¥.
These currents are related by
J5 =g, J". (11)

To the current J,, there corresponds the conserved elec-
tric charge @ = — [J,dx', which in what follows (by ana-
logy with QCD) we shall call color, and to the current J
there corresponds the chiral charge Q° = fJ3dx" which is
conserved at the classical level.

The calculation of J, in accordance with (4) leads
to the expression

Jo=jut—A

2,24

(12)
or
1 ;
Ju:Lu+Wﬁuva‘E,

from which it can be seen that J,, is conserved at the quan-
tum level, d,J, =0, and in the physical space 7, deter-
mined by the condition L, = 0, this operator has the form

J= vz, (13)

Vo
It follows from the upper equation that the color opera-

tor in 5, is the zeroth operator

(14)

0=— {7, det= 0% det=0.

5]

The integral is zero, since the field 2 (x) is massive and
therefore decreases at large distances.

The identity (14) can be obtained without using the
explicit form (13) of the current operator. Integrating the
Maxwell equation (2) over x!, we obtain

eQ = | 8,7zt = F (00) — F** (—co).

This equation expresses Gauss’s theorem in the two-
dimensional space.

If it is assumed that the gauge fields have acquired mass
in some manner, this theorem immediately yields®

Q=0 .

The essence of this result is that 57, is a space of color-
less states and in the physical region the model has the con-
finement property.

The physical aspect of the result is also clear—the elec-
tric field, decreasing exponentially at large distances, can
only produce a system of charges that is overall neutral.

Using Eq. (11), we obtain the following expression for
the axial current:

Jh=¢guL" (2) +— l/_ 9,2.
Thus, at the quantum level this current is not con-
served:

(15)

AuIp=— 2 (z),

V_
this being a manifestation of the Adler-Bell-Jackiw anomaly
in the model.

Thus, the group (10) is a symmetry group of the La-
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grangian, but the quantum system does not possess this sym-
metry, and therefore Qs is not a conserved quantum number.

We now turn to the construction of the physical state
space.

The operator equation (7) must be understood in the
sense of the vanishing in the physical space of all the matrix
elements of the operator L, i.e., (®|L,|®') =0 for all
states |®) and |®’) in the physical space 7,

Thus, in the space 7 this equationisa constraint which
imposes restrictions on the state vectors.

They must be imposed in the form

L; | @) =0.

Here,L
L,.

For all vectors |®) satisfying the condition (16) the
fulfillment of Eq. (7) is guaranteed:

(@|L,|®)=0. CI7y

We define the vacuum in the space & by means of the
formula

510y =n"[0)=1; |0)=0.

Then |0) is one of the solutions of Eq. (16). The re-
maining vectors |®) can be obtained from |0) by applying to
it operators 0 that do not carry |0) out of the physical space.
For this, they must commute with L =:

[0, L1 =0. (18)
One can show that these operators can be constructed

from the operators Z(x), o(x), O, QF.
Here

(16)

is the negative-frequency part of the operator

QF=—‘Sfo dzxt; 5F= Sji dat (19)

are the operators of the “fermion” number and “chirality”
of the free fermions, respectively (see the Appendix), and
o(x) is defined as®

i)l,@ ( ‘1+'-I7

o (@)= (=)" (F=): exp {— iV 7w (@)

— iV 70 @)} o @) exp {i5-0r}- (20)

By direct calculation it can be verified® that these oper-
ators have the properties

[0+ (z), 0= (Y)]=[0x (2), 0= (y)] =

[0x (2), ok (¥)]=I[0x (), 0% (¥)]=0;

0. (%) oi () =1.

The commutation relations of the unitary operators o
with the charge operators have the form

[0.Q5] = — 0, [0205]=

(21)

Fo.. (22)

In addition, o, (x) commute in the physical space with
the generators of translations and are therefore constant uni-
tary operators.

Indeed, defining P, by

Py = g Ty (@) dat,
Tyw (Z)+T

Ty, (2)= nv (Vo) — Ty.'v (),
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we obtain

[Puos ()] = — o (Ly, (2) &= ey LY (2)) 02 (2). (23)

It follows from the condition L, = 0 that o, do not
depend on x. N

Since the field = comnutes with o , , @, Qr, the phys-
ical space is the product of the Fock space of the field Z and
the space of the operators ¢, , O, Q with the commuta-
tion relations (21) and (22):

Sopn= 3% (%) ® % (0, Qr, Br)-

Since the Hamiltonian commutes with Q, O, these
operators and the Hamiltonian have a common set of eigen-
vectors.

One of these vectors is |0):

Qr 10) =Qr |0) = 0.

It follows from the commutation relations (22) that the
operators o . change the fermion and chiral numbers (Qx
and O ) by + 1. Thus, the basis in the space #°(, Q¢, O )
has the form

| r*, n7) = (o)™ (o2)m= | 0),

(24)
(25)

(26)

Here, n* are arbitrary integers.
The vectors |[r", n™) have a definite fermion number
and chirality:

Qr |n*, wY=(m*+n)nt, 0y, }

aF [n*, nm)y=(n*—n) |n*, n7).

2n

Since the state |0, 0) has zero energy, and the operators
o, commute with the Hamiltonian, all the vectors [n+,n ™)
(26) have zero energy. Thus, the ground state of the system
is degenerate with respect to the fermion number and chira-
lity.

As the ground state, one can choose any linear superpo-
sition of the states [n*, n ™).

In particular, it can be chosen in such a way as to dia-
gonalize the Hamiltonian and the operators o, simulta-
neously. This is possible, since the Hamiltonian commutes
witho , .

Since the operators o', are unitary, the equation for the
eigenvalues has the form

o= |84, 6-) = exp (—ifs) | 64, 6-), (28)
0<C 0, < 2m.
This equation is solved by the vector
B4, 8-} = X exp {in*6: + in 0-} | n*, n-), (29)

nt, n—
the so-called & vacuum.
It follows from the relations (22) that the different &
vacua are related by the unitary operators

Ur (@) = exp (i2Qr); U (@) == exp (iw'Qr)  (30)
in accordance with

Q1+ a4 @', -+ a —a')

— Ug () Ugp (@) | 04, 6-). (31)

It follows from this that all the @ vacua are equivalent,
i.e., by means of unitary operators they can be obtained from
a single vacuum, for example, from |0, 6_)|,, _o.
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Since there are no transitions between the different &
vacua, one can take as the vacuum of the system one of them
with a fixed value of the parameters @, .

The existence of the unitary operators (30) is due to the
symmetry of the Lagrangian (1) under phase transforma-
tions of the form

P (z)— exp (ic) P (x), ¢ (z)— exp (iz'ys) ¢ (x). (32)

Indeed, in the space 7% the operators (30) realize pre-
cisely these transformations:

Urb (x) Uy = exp (i) ¢ (z);

Urp (2) Uy =exp (ia'ys) § ().

Note that the vacuum (29) is not invariant with respect
to these transformations. Indeed, it follows from (31) that
the vacuum is changed under these transformations. This is
due to the fact that the vacuum does not have definite Q  and
0 numbers:

OF | 0+’ B—) == 51 l e+1 e“);

Qr |04, 0-) £ ¢, | 04, 0-). (33)

Thus, the choice of the physical vacuum with a given
value of @, leads to breaking of the invariance with respect
to the transformations (32).

The symmetry breaking is manifested in the fact that
the vacuum expectation value of the operator o , , which is
noninvariant with respect to phase transformations,

Uro, Ut =exp (ie) ou; Up0.0} =exp (+ ie') au. ,
is nonzero:
(0+5 - I Ot I e+1 9—) = exp (*19_4._) (34)

In Sec. 3, we shall show that the symmetry breaking is
also responsible for the appearance of a quark condensate:
(F) #0.

Thus, the symmetry (32) is broken, but Goldstone par-
ticles corresponding to the breaking (33) of this invariance
are not present in the physical spectrum. This is the case
because the conditions of Goldstone’s theorem are not satis-
fied in the present case. Indeed, if the theorem is to hold,
conserved currents must correspond to the transformations
(32). These currents are j,, and jf,, the currents of the free
fermions, but they do not commute with L,, and therefore do
not belong to the physical space. It is at this point that the
conditions of Goldstone’s theorem are not satisfied. Note
that instead of the currents j, and j;, we cannot choose J,,
andJ ;, which correspond through Noether’s theorem to the
transformations (32), since the current J ,i is not conserved,
and the color symmetry generated by the current J, is not
broken (in the physical sector Q = 0).

2. GAUGE TRANSFORMATIONS

In this section, we trace the connection between the
constraint equation L, =0 and the requirement of gauge
invariance of the theory.

We consider the gauge-transformation operator*?
U los] = exp {—i S di'oy () L0 (@) + L, ()1},  (35)
which depends on functions @ , (x* ) arbitrary apart from
satisfying the equation O, =0.
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It follows from the representation (6), (8) that 4 . and
i transform under U as

U (z) U* =exp (io= (2)) } (2); }
, (36)
UA, (2)Ur= Ay (z) + - dyas (2).

These transformations leave the Lorentz condition (5)
invariant.

By means of the operator Ula , ], the condition (18)
can be rewritten in the form

vout =0. (37)

This means that the physical operators are invariant
with respect to the gauge transformations, and Eq. (16) en-
sures invariance of the physical state vectors with respect to
these transformations.

In deriving the equation @ = 0 (14), we made essential
use of the constraint L, = 0, which guarantees the gauge
invariance of the theory. Therefore, in the model the local
invariance of the operators and the state vectors is intimately
related to the confinement phenomenon.

All gauge transformations with a gauge function a(x)
satisfying the condition Oa = 0 are amenable to classifica-
tion in terms of the behavior of the function a (x) at infinity.

The functions a(x) can be divided into classes, each
characterized by two numbers’:

oo

n. [o] = —;—n 5 da! [0,0Fd,0].

(38)

-00

The significance of these numbers can be clarified by
noting that the function & (x) can always be represented in
the form

o (7) = o (2-) + a4t (24).
Then n, () are determined by the asymptotic behav-
ior of this function at infinity,

P (@)= —— [0z (00 ) — 0 (—o0)].

It follows from the gauge invariance of the current
J,, (x) (12) that under gauge transformations the current j,
has the transformation law

; ; 1
UjU* = ju— — 8,9,

whence

UQLU* = Qu — nu (@), k3
where @, =}(Qr + Qr)

It follows from the fact that the spectrum of the opera-
tors @, isintegrable and from the relation (39) thatr , (a)
are integers.

Thus, at the quantun level there exist only operators
U(a) for which n, («) are integers.

It can also be seen from (39) that the operators U carry
acharge @, equalton, (a).

The operator U(a) (35) has zero topological number
n, =0, being defined only for @ (x) that decrease at infin-
ity.

Indeed, calculating the commutator
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[{ st as @ (20 L), vt 1= 5= |

dzto, (z,4)
Te—Yp—ig ?

(40)
wesee thatitis defined onlyifa | (x,) —0asx,— «. We
shall clarify the meaning of the unitary (at one point) opera-
tors o(x) (20) in the space #°.

The action of these operators on the fields 4, and ¢ is
expressed® by
" 1 9
0x (y) 4y (2) 0% (1) =4, (2) + - —
ax

F.(z|y),

. (¥) W (1) 0L (y)= exp {iF( | 1)} ¥ («)where F.. (z | y)
=—n8 (2= — y=).

Thus, the unitary operators o . (y) are operators of sin-
gular gauge transformations with gauge functions
a(x)=F,.

Generally speaking, the gauge functions F, do not de-
crease at infinity and therefore have nonzero topological
numbers:

ny [Pl =1, n[Fel =0, ny [F-1 =0, n-[F-] =1.

We note that the # vacuum is an eigenstate of the opera-
tors o, in the physical space; this guarantees stability of the
6 vacuum with respect to such gauge transformations.

Since o commutes with L, the physical vectors (16)
will be invariant with respect to all possible gauge transfor-
mations. The physical operators 2, o, Q ¢, Q ¢ commute with
L, by construction and are therefore invariant with respect
to topologically trivial gauge transformations. With regard
to topologically nontrivial gauge transformations, the oper-
ators o and 2 are invariant, while the operators O, O ac-
quire integral c-number corrections (39) and are therefore
not invariant.

Since O and O connect different 6 vacua in accor-
dance with (31), fixing of the parameters 6, essentially
eliminates these operators from our study.

3. “LOW-ENERGY” RELATIONS

It follows from the foregoing that the Schwinger model,
formulated as a gauge model of quantum field theory in the
language of gauge, 4,,, and quark, ¥, fields, is ultimately
equivalent to the quantum theory of the free massive pseu-
doscalar field Z.

The Fock space of this field is a space of colorless states,
and this means that the model possesses the confinement
property expressed by the operator identity

Q = 09

where Q is the color operator.

We emphasize once more that the absence of charged
states in the physical spectrum is intimately related to the
restoration of local gauge invariance of the state vectors.
This invariance follows directly from the equations of mo-
tion in the form L, =0, where L, are the generators of the
residual gauge transformations. It follows from this equa-
tion that the only operators with physical meaning are the
ones that commute with L,,, i.e., the gauge-invariant opera-
tors. It therefore is in particular meaningless to consider the

(41)
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operator of the quark field ¢/(x) in the physical space. In
addition, from the condition L, =0 there follows the
expression (13) for the current operator of the color charge:
1 (42)

Iy (m)=%~"e’uv

vE,

from which (41) follows directly.
The operator of the color-charge density is nonzero, but

the charge density in the = boson is identically zero:

(S|, (@) | Z) = 0.

We now consider briefly the physical meaning of the =
boson. The properties of the Z boson are intimately related
to the chiral properties of the model. The original Lagran-
gian of the model is invariant with respect to chiral transfor-
mations of the form

Y exp (—iays) ¢ (43)

The operator of the chiral current in the physical space
has the form

5 1
n VE

and, accordingly, the operator of the chiral charge is

(44)

8,3
Qs (1) =% [ 002 (a1, 1) aar (45)

The equal-time commutator of this charge with the
field 2 is

Qs () 2 (@, 0]=5/= (46)

It follows from this that the operator
Uy (t) = exp (iaQ; (£))
shifts = by a constant amount:

(47)

Us (£) 2 (2, t) Us (8) == (24, t)-{-VLE. (48)

In the extended space &, the operator U5 (¢) realizes a
¥s rotation of the quark fields,

Uy (0% (&, 1) Ut (1) = exp (—iop) ¥ (&4 1) (49)

This follows directly from the operator solution (6)
and the form (11), (12) of the operator Qs (¢) in the ex-
tended space. Since the charge Q s depends on the time, the
Hamiltonian and Q5 do not commute and therefore do not
have a common system of eigenvectors.

It follows from this that the vacuum and the = boson do
not have a definite Q ; number. For example,

Qs (t) |vac)=1i)/ m exp (i mt) aj |vac), (50)

where a;" is the operator of creation of a  boson with zero
momentum.

In addition, the symmetry with respect to the shifts
(48) of the field X is manifestly broken, since this field is
massive, and the mass term in the Lagrangian breaks the
symmetry (48).

The appearance of the nonvanishing mass of the = bo-
son is what solves the U(1) problem in this model.

Note that the operator Uy (30) also realizes the trans-

436 Sov. J. Part. Nucl. 16 (5), Sept.—Oct. 1985

formation (49), but in this case the field Z is not affected.

In Sec. 1 we saw that the symmetry generated by the
operator Uy is broken spontaneously.

Wenow turn to a discussion of the possibility of treating
the = boson as a quark—antiquark bound state.

From the operator solution (6), we can obtain a repre-
sentation for the currents formed from the quark fields in
terms of the operator 3 (x),*

T (2) =¥ (2) (@) = — At cos (S/fz+ O); } e
J5 (2)=—1 9 (2) v (z) = A: sin (3/fz + 6).

We have here introduced the new notation
A=ym/2n; fz=1/2m; O=n-+0_—0,; (52)

6, are arbitrarily fixed numbers.
It follows from (51) that the vacuum expectation val-
ues of the operators J and J 5 are nonzero:

(8, 0_|J| 04, 6_)= — A cos 0;
(8;, O_[75] O, O.)w= A sin 6, }

The sum of the squares of these quantities does not de-
pend on the parameter 6:

(O J 1620 |J;]0)2 =42 (53)

This relation reflects the existence of a circle of equiva-
lent vacua, the properties of which were considered in detail
in Sec. 1.

The parameter 6 can be eliminated by a redefinition of
the fermion fields #(x) by means of a  rotation.

For the operators J and J 5, such a rotation reduces for-
mally to the addition to Z in (51) of a constant quantity:

(52a)

Sy i —2a. (54)

By the choice @ = — & /2 one can always make the ef-
fective angle @ zero. In this case,

(Jy= — A; {Js)y=0. (55)

Such a choice corresponds to a nonzero value of the
quark condensate (¥ and a zero value of (Py, ).

Thus, the choice of the ground state with a fixed value of
the parameter @ leads to the existence of a quark condensate.

We now consider the expression (51) for @ = 0 in the
limit of large distances, at which the field = (x) is exponen-
tially small. Expanding (51) in a series in 2, we obtain

J(z) (T )="(0)fs;
Js () =~V (0) 2 (z). ] kA
Here, we have introduced the notation

¥ (0) = — A /f5, and it follows from (56) that ¥ (0) can be
represented in the form

¥ (0) = {vac]J; (0) | ). (57)

It can be seen from the relations (56) and (57) that the
Z boson can be regarded as a quark-antiquark state with
wave function at the origin equal to ¥ (0).

From (44) there follows an identity which establishes a
direct propcrtionality between the divergence of the axial
current and the field 2:

O p= —2fzm?Z (z). (58)

The form of this relation recalls the identity of partial
conservation of the axial current,” which appears in the
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theory of strong interactions at the level of a hypothesis.
The = boson can also be regarded as “gluonium.” In-
deed, from the operator solution we have the identity
e

= g P () = —fzm?Z (), (59)
whence
(vac | ——g— e P | ) =fzm?, (60)

which is equal to the residue of the = boson in the channel of
pseudoscalar gluonium.

We now elucidate the meaning of the operator expan-
sion at large distances. We take, for example, the expansion
(56). It means that if we calculate the Green’s function of
two currents,

II (z) = {vac | T (J5 () J5 (0)) | vac), (61)

then in the limit x — oo a good approximation for II(x) is
[see (56)]

II (z) &~ | P (0) |2 { vac | T (2 () Z(0)) | vac )

= $(0) P+ A (&, m2), (62)

where A (x, m?) is the Green’s function of the massive field,

exp (ipz) d*p
m:—p?—ie

= o KomV —&F 1),
(63)

£
A (z, m?)= (DR 5

and K , is the Macdonald function.
For the two-point function I1(x) we have the Kallén-
Lehmann representation

1fpwau»wa
0

2mi

(64)

I (x)=

where p(s) is the spectral density function. The expansion
(62) means that in the low-energy limit p(s) can be well
approximated by a delta function:

o (s) = Fd(s — m?), (65)
with F related to W(0) (6)by
Fo=2x | ¥ (0) > = 2y*m (66)

We shall show that in the limit of large distances the
exact function II(x) is well described by the expression
(62), while the exact p(s) can be approximated by the reso-
nance (65).

Using the representation (51), we can readily obtain an
exact expression for II(x):.

Il (z) = A? sh (—4niA (z, m?)). (67)
A function p(s) satisfying (64) and (67) is given
by26,27

0 (5)=F8 (s—m)+ 3 F g Qi (5). (6B)
r=1

Here, ), (s) is the n-particle phase space, given by

dpl ... dph
Qu ()= | S fE 8 (it oot P ) (69)

we 2p%
pi=V m*+ (p})?.

It can be seen from (68) that in the pseudoscalar chan-
nel there is a resonance with mass m and coupling constant
F,in complete agreement with (65). And it can be seen from
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(67) that IT(x) is indeed well approximated by the expres-
sion (62) when x> 1/m.

4. PROPERTIES OF THE GREEN'S FUNCTIONS AT SHORT
DISTANCES

The expression (68) gives a general representation for
the spectral function in terms of the phase spaces Q, (s).
However, in the general case 2, cannot be calculated. Nev-
ertheless, it is possible to calculate the asymptotic behavior
of p(s) ass — oo. This is possible because of the asymptotic
freedom of the model, which it possesses by virtue of the fact
that the coupling constant has the dimensions of a mass
squared, so that the perturbation-theory series can be made
with respect to a dimensionless constant:

s (p?) = et/np? = m?/p®. (70)

It can be seen from this expression that the effective
coupling constant &, decreases very rapidly (compared with
a, in QCD) in the region of high energies or short distances.

From the expression (67), we can readily find the
asymptotic behavior of [1(x) as x — 0.

In the Euclidean space, the asymptotic behavior is??

1 i
1 () = 5mggr {1+ @ (#) (2— L)
1 9 1
-+ a5 () (%—Y‘-TLVF—{L?:)
1 59
ot (2) [oga + 2 — (g + 1) s
5 1 1
fo gLt @
1021
* [ 16

+ (57 —2w) 22— 1L + L8]},

6359
— Bl ( 2

— 4298) L,

(71)

where

o, (z) = m22/4; Ly = In h’zas (x)]

We calculate the Fourier transform of the function
II(x):

1 (p) = 2nS 11 () exp (ipz) d*

in the limit of large momenta p.

If contact terms of the form (Op)" 8(p), which are ob-
tained from the terms of the form (x*)" in the expansion
(71), are ignored, we have”’

H@ﬂ—mg%%mwmwﬂmka%]

+ad (p) [ 2102 (7)
() 2@
£ (3) = 1,202. (12

In this expression, a, (p) is given by (70).
We note that the first two terms in this expansion can be
calculated by perturbation theory.”” They correspond to
perturbation-theory diagrams of the form
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L L

The following terms of the series (72) cannot in general
be obtained by perturbation theory, since they contain non-
analytic dependences on the coupling constant of the form
In*a,. The reason for this noncorrespondence is that these
terms of the series are infrared-infinite. Therefore, if they are
to be given a meaning, a procedure for eliminating these in-
finities is required.

It follows from (70) and (72) that the main contribu-
tionto I1(p) asp — oo is made by the first term in the expan-
sion (72). Hence, taking into account (64), we obtain the
asymptotic value of p(s) :plwm) =1,

In the intermediate range of energies 9m? <s<25m? the
function p(s) is described by the three-particle phase space
Q5 (s), which can be calculated?’ exactly:

Q5 (s) = 2K (w)[(s -+ 2m)/ 5 — 3m2)

1
X(s—2m} s+m?)] " 20 (s—9Im2),
where K (@) is the complete elliptic integral of the first kind,
and

oo (5=2mVs—3m? (s+-2m V5 +m?)
T (s+2m ) 5—3m?) (s—2m Vst m?) °

We note the slow arrival in the asymptotic region of the
spectral density p(s).

For example, at s = 9m?, where the effective coupling
constant is small (e, = 0.11), p (s) differs by almost a factor
of 2 from its asymptotic value:

p (9m?) =~ 1.92, p (25m?) ~ 0.88
(the graph of the function p(s) is shown in Fig. 1). At the
same time, the expansion (72) works well at these scales,
i.e., for the correlation function I( p) asymptotic freedom
commences much more rapidly than for the spectral density
ps).

Itis possible that a similar situation is realized in QCD,
in which the effective coupling constant a, decreases at high
energies much more slowly than in the model considered.

Recently, many studies have attempted to describe the
properties of resonances in the framework of QCD on the
basis of the use of sum rules.

Generally, one uses the Wilson expansion—a math-
ematical formalism which makes it possible to take into ac-
count semiphenomenologically the nonperturbative effects
responsible for the properties of the resonances.

At the present time, the only method of obtaining the
coefficient functions in the Wilson expansion is perturbation

theory.
i
LU \
j .
1 1 1 1
4 7 & 10 15 20 '..5'

FIG. 1. Dependence of the spectral density p on 5.
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In the next section, we investigate the operator expan-
sion in the example of the Schwinger model.

5. OPERATOR EXPANSION

We consider the operator expansion for the example of
products of the currents J(x) and J 5 (x). We introduce the

notation
J= (@) = p S = L (T ()i, (). (73)

From the operator representation (6) we can obtain a
representation for J* in terms of the single dynamical oper-
ator 3,

J* (2)= —4 Nexp (F21)/ 72 (2)).

Here, N denotes normal ordering.

Regular operators are separated from the chronological
products of these currents by means of Wick’s theorem in
accordance with

T (J* () J= (0)) = Z-exp (— 4mi (2))

% Nexp {—2)/ai (2 (z) — = (0)}

T (J* (2) J* (0)) = - exp (4niA (2))
X N exp{—2)/ ai (2 (z)+ 2 (0))}.

(74)

(75)

The operator in (75) under the symbol of the normal
ordering is regular as x — 0, and it can therefore be expand-
ed in a series in x,,.

We retain in this expansion the first few terms:

T (J* (2) J= (0)) =2 exp (— 4niA (2))

2V mi
xN{1— .

(20,3 (0)+ A 0,0,% (0)

+ 2T 9,0,0,3 (0) + —iT BTy 2y 00,0039, % (O))
1 =
+ =7 (21 )2 (2,0, (0))2
+ 22, 210y032 (0) 9,2 (0) + - (5,240,0, (0))>

5 (200 (0) 2424200,0,9,3 (0)
37 (— 2/ 7 [ (2,0, O)p

3
+ 5 (@0, D) 2,2,0,0, (0)]

+ zir (2V/ mi)é (2,0,2)6 40 (x4)} . (76)
In this case, the coefficient function
Co (2) = - exp (—4niA (2)) 7

must also be expanded in a series as x — to the requisite
number of terms:

Co (@)= gz {1+, (2) (2—In (y2z,)

+a? (g In* o, — In v, + 1)}, (18)

where
oy = e2x%/4m,
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The expansion (76), (78) is the operator expansion of
the chronological product of two currents at short distances.

This expansion is with respect to well-defined normal
products of operators taken at one point. However, the coef-
ficient functions, for example, Cq (%), depend nonanalyti-
cally on the coupling constant e”.

We shall show that these nonanalyticities can be elimin-
ated by a redefinition of the operators.

Instead of the operator N[d, 2(0)3,2(0)] we define
the operator T'[d, $(0)3d,2(0)]. For this, we consider the
symmetric limit

lim 7(3, 2 (0)8, (0)) = N (9,2 (0) 9,2 (0)) —lim ll 0u0yA(E)-
e~+0 e~+0

Using the explicit expression for A(¢), we obtain

—lim L 0,0,A (&)= — -g"i guy In (—y2e*m?/4).
2—+0 1 T
We define the R operation for eliminating the ultraviolet
infinities in the form
RT (8,Z (0) 8, Z (0)
m2
8

Zuy In (—y2e2u2/4), (79)

=1lim T (9,2 (e) 8,2 (0)) +
ge—+0

where y is an arbitrary subtraction point with the dimen-

sions of mass. Then the N product is related to the corre-

sponding T product by

AT (8,5 (0) 0,2 (0)) = N (8,2 (0) 8, (0) — - InTo- g
(80)

With such a definition, the operator depends nonanaly-
tically on the coupling constant e?; for example, its vacuum
expectation value is

(RT (3,2 (0) 9, (O = — o 1n 2 gy (81)
it
From (80), we readily obtain
RT (2,0,5) = N (0,2 — 2 10 20 (82)

8n e

Similarly, we can redefine all the remaining operators,
namely,

RT (22,730,200, 2) =N (2, 0y 2,004 E);
RT (5,00,0,2) = N (204022 — 5 T2 1 .o

8 an TR

BT (2,0, 22, 232,0,030,2) = N (2,0, 222 T 0y0,0nZ)

3 (mzx)t m? |
t e N B (83)
RT (2,8,5)° = N (2,0, 2~ (mz)? In %: 30, Z;
RT (2,0,5) =N (2,0,2) — 20 1n -’:—:N (20,22
S E 3 z%) _1_ 1n2i

T(m G uE

The formulas (83) make it possible to express the N pro-
ducts in the expansion (76) in terms of the corresponding T
products. If this is done, the expansion (76) takes the form

T (J* (@) J- (0) =CF (2) — 2V @ iCY (2) 2,0, (0)
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Ty

_QV?uiC’f(x){ ;

auavz}
—2VwiCk (z) {3—1, 2, By 0y Oy
i 2,8, 00004003 | A @V CY (@) RT (5,0,3)°
@V i) o CF (2) { BT (5,0,209420,0,3)
+ 4 RT (5,2,0,0,2)
BT (24 Tnd, 20,0404 %) } + (—2VmipCE (@)

x {RT (20,2 + 2 R (5,030 2,00 D) )

+A- @V AINCE (@) BT (2,0,2)+0 (22 (BD)
Here
CE () = o {1+ % @) (2_1n_"f“**:i)
frap (gt L 3 TR )} (85)

C? (JC)=__1._.-— {1"!‘% (.‘L‘) (2‘—111 1)2;2“2 )-} :

4m2x?
e
4n2p® *

Thus, the coefficient functions C R(x) have been freed
of the logarithmic dependence on . Averaging of (16) with
respect to the vacuum gives the following representation for
the Green’s function:

(T (J*(2) J- (0))) = Co (@) =C§ (2) + naCY (2) (RT (0,2)

nzt

+ S C3 (2) (RT (6°Z)%)

+ B2 CF (2) (RT (3,5)* (052)) + 0 (&%), &

where
2
(BT (3,2)) = — 4o In T
(RT (822)% = — %‘ In %} : ! (87)
2m*

(R (0,57 (0,57 = s - 5

In the momentum space, (86) takes the form
Fy(p)=2xn S exp (ipz) (TJ* (z) J~ (0)) d*z;

2 2
2, (p) = —In-L+0, () 4o () [y —

botg
__%_(RT(@ME)%_*_()(%MQ pz)_ (88)

In calculating the Fourier transform, we ignored con-
tact terms of the form 0,6 (p) . The parameter /i arose after
elimination of the ultraviolet infinities from the function
C&(x). The parameter u corresponds to separation of the
nonanalyticities with respect to e, and F, (p) does not de-
pend on it at all.

In order to be able to compare the expansion (88) with
the standard Wilson expansion obtained in the framework of
perturbation theory, we must express the field = in (88) in
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terms of the original quark or gluon fields. This can be done
in several ways. If we use the relation

3 (2) = — X g PV (a),

then the coefficient function of the corresponding operator

in (88) will not depend on €2, and in the following terms of

the expansion (88) there will appear®® a nonanalytic depen-

dence of the coefficient functions of the form 1/e", which

cannot be obtained in the framework of perturbation theory.
A second way is to use the relation

8,2 =V 7Py, vsPe

In this case, the operator has the form
(RT (0,2)*) = & (RT (yy,ys1)2). (89)
The standard scheme for obtaining the Wilson expan-
sion by perturbation theory leads to the result

2F (p) =2F} (p) -+ 25— (@)

— 5 o) — 255 Bnaran),

(90)

where
20,(p) = ~In B to, (0)+od (7) [0 54 B, (o1)

The first two terms in F9 (p) are identical to the exact result
(72) and, as already noted in Sec. 4, can be obtained pertur-
batively.

To the third term in F there correspond perturbation-
theory diagrams of the form

<>

These diagrams are infrared-infinite, the integral with
respect to the gluon line diverging at small momenta as
Jd?k /k 2.

In dimensional ¢ regularization, the diagrams become
finite, and after the subtraction of the poles with respect to £
we obtain a parameter jz, corresponding to elimination of the
infinities at small momenta.*’

If we identify the operators that arise in the framework
of perturbation theory in the expansion (90) with the exact
operators defined as (89),

(RTFiiw) =27 (RT ($1,$)%) = — 2n (RT ($yp50))

m2
= —2(RT (3,2 == In S

then the expansion (90) will be identical to the exact expan-
sion (88), (89), the constant B in (91) determining the con-
nection between the subtraction points jz and u:

|.t2="ﬁzexrp(B+Tl) .

We consider the chronologically ordered product
T[J*(x)J *(0)], which is remarkable in that its vacuum
expectation value is zero in any order of perturbation theory.
We shall show that in this case too the nonanalyticities with
respect to € can also be separated, i.e., they will all be con-
tained in the operators.
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The second of the expressions (75) can be rewritten in
the form

T (J* (2) J*\0)) = exp (4niA (2)) N (J* (2) J* (0)).
At small x there exists the expansion
T (J* (2) J*(0)) = fo () N (J* (0))* + £, (x) &,V (8% (0) T+ (0))

FF1(@) 5 N (0,000 OV T* (0) +- ..., (92)
where
fo @) =T (1—a, () 2—Ina,));
m2y2z?
Ii(z)= e
ie., fo (x) depends nonanalytically on 2,
We determine the operators
RT (J* (0))2=Lim T (J* (e) J* (0)) = 0. (93)
£—+0

Similarly, from (92) we obtain
RT (8,0,1* (0) J* (0)) =lim T g J* (0) J* (0)
E—+(

= N (J*(0))2 gy
R (2,2,2,0,0,0,] %) = 3 moapa, N (8,747%; !

RI(8,0,0:9,7%(0) J* (0)) =3 (J*+ (0))2 (8,81 + 8,5, 2

2 24,2
- aujaw') (In ’;5—2 -+ 1) s ml)\’ [A" (auavJ+J+) 6”

-~ symmetrization]. J
(94)
With allowance for (94), the expansion (92) takes the

form

T (J*(2) J* (0)) = o 2,2, RT (3,0,7*J*) i (@)

2]
o Gty R (0,0,0,J0%)

+ T,}f-.ruxv:rhxn RT (3,0,80,0,J*T) +- . . ., (95)

where fE(x) =1+ a, (x) [In(*x°u?/4) — 3] depends
analytically on €?, the nonanalyticity being contained in the
operators

(RT O JHt) = m*y2A%/4;
(RT O *J ) = miy2 A2 (ln TT: + 1) :
We introduce the Green’s function

2F, (p) = 2n 5 (TJ* (&) T* (0)) exp (ipz) 2.

From ( 95)? we obtairnr

32

S (RTOTTY + ... (96)

2Fy (p)= —

The Wilson expansion by perturbation theory for the
function F, reduces to calculation of a diagram of the form
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and leads to the result
28, (p) = oy — EE T+

1f we identify the resulting operators with the exact op-
erators defined by (93) and (94), we obtain complete agree-
ment with the exact expression (96).

We now verify the vacuum-dominance hypothesis."*

According to this hypothesis, the expectation value of

the operator YT YT,y can be approximately estimated by
(GTAPPTs0 = )2 (tr Ty tr Ty — tr (TuTa)-

Here, (1) is the quark condensate, which can be found
exactly from the expression (74):

() = — 4.

Application to the case

N,.=0=x vs)/2
gives

- (0) J* (0)) == 42, (J*(0)J* (0))=0.

The second of these expressions agrees with (93),
whereas the first gives an incorrect result, since (RT3
depends on p but the constant A does not. An analogous
situation holds in the case of vector currents.

Summarizing, we can say that there exist different ways
of defining regular composite operators.

They correspond to different representations of the op-
erator expansion. In one of the definitions of the operators
the exact expansion corresponds to the perturbation-theory
expansion.

Complete identity of these expansions is possible only if
one knows the connection between the ultraviolet subtrac-
tion point u for the operators and the infrared subtraction
point  for the coefficient functions. In the framework of
perturbation theory, this connection cannot be established.

6. SUM RULES

One of the approximate methods for obtaining informa-
tion on the behavior of QCD in the low-energy region is to
use finite energy sum rules®"?* and their modifications.'*?’

In many cases, the use of sum rules has made it possible
to describe the properties of resonances. It is therefore of
interest to test this method for the example of the exactly
solvable model that we have considered.”’

We consider the pseudoscalar channel, which is de-
scribed by the current J 5.

The problem is to recover on the basis of the asymptotic
behavior (71) of the two-point Green’s functionJ 5 (61) the
parameters of the resonance S (m? =é*/m F=2m?y*) by
means of sum rules.

We write down sum rules with an exponential weight
function:

J 0® (s) emorne e = Byl (p) = TL(M?), (97)

where IT1(M?) is the Borel transform of the function I1(p*),
which is defined in accordance with
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A L (—1)n an
N0 et il o e © 2.
I1 (M2) = By I1 (P?) p%ifi T ()" <z IL(p?)
p3/ml
Using the expansion (72) for the function I1(p? ) in the

high-energy region, we obtain®’
m? m? \2
n o =1+45—(F=) (In
m21\3 M2 M2y 5 Y
+ (ﬁ?) (17,7 +0,846 In -+ In? —mT) i 0(7’&7 In? Mz) )
(98)
This expansion is valid for M* s m? . In what follows, it
s convenient to fix the scale by setting m* = 1. .

As p® (5), for which there exists the exact expression
(68), we choose the widely used approximation in the form

o%XP (5) = Fpd (s — mE) + 0 (s — 9)- (99)

M +0.673)

m2

This choice of the spectral density takes into account
the existence of both the resonance and the continuum that
begins at the three-particle threshold and has the asymptotic
behavior p( o) = L.

With allowance for this approximation, the sum rules
(97) take the form

2
1 (M2) =T1(M?) —exp (—9/M?) = P oxp(—4)

Differentiating this relation with respect to M?, we ob-
tain the second equation for determining the two parameters
m% and Fg:

Fpmy mh
e o0 (=7 )

The parameter m is found from these equations in the
form

mb — M2 (1+ M2AU (M2)/11 (M?)).

e (L (M2) M) =

We shall estimate the accuracy of the determination of
M?%. In the approximation linear with respect to the error
we have

Am} e AT A

2R=(1—' 2)'{AA'__'_A_'}
mp mp L I 11

It follows from this that the error in the determination
of m?, increases linearly at large M 2, For this error to be of
the order of the error in the determination of the function
fi(M?),itisnecessary to work in the region M 2 S my.How-
ever, even for the boundary value M 2 — m% the expansion
(98) is invalid:

M) =1 + 1 —0673 4+ 17.7 + . ..

Thus, in the present model it is not possible to calculate
the parameters of the resonance by using standard sum rules,
since the expansion (98) fails in the region of the resonance.

This is due to the fact that in the model which we are
investigating the resonance lies outside the region of asymp-
totic freedom. Indeed, the effective coupling constant
@, (p?) in the region of the resonance p* =m? is equal to
unity, this corresponding to the strong-coupling region.

We shall now show that nevertheless the resonance can
be described by means of sum rules in the x space.
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In the x space, the expansion ( 71) in the region mx~1
of the resonance converges well and, moreover, takes into
account the contact terms.

We note that the Killén-Lehmann representation (64),
written in the form

2%0TL (2) =5 { p(5) K, (x V/5) ds,
0

represents in the Euclidean domain a set of sum rules that
depends on the parameter x. Since the function Ko(xys) is
exponentially small as x — o, by choosing x fairly large we
can ensure suppression of the background compared with
the resonance in the expression (100).

Choosing the approximation for p(s) in the form

P (s) = Frb (s — m}) + 0 (s — s,),

where s, is the beginning of the effective continuum, and
substituting it in (100), we obtain the equation®’

& Pra?Ky (mga) — 250201 (2)— ) 02K, (2V 5) =1 ().
(101)
The equation for determining the parameter m,, can be
obtained from (101) in the form

2—E(@) =af f(z), z = mpi,

where E(z) =K, (2)/zK | (z2).

The graphs of the functions on the left- and right-hand
sides of Eq. (102) are given in Fig. 2 for the parameter value
So = 9.

Curve 1 corresponds to the function 2 — E~1 (x),
curve 2 to the function xf*/f(x), where f(x) is determined by
the expression (101), and curves 3, 4, 5, 6 to the function
xf'/f(x), where f(x) can be calculated in accordance with
(101), and for IT(x) the first, second, third, and fourth ap-
proximations with respect to a, (x) in the expansion (71)
have been taken, respectively.

We estimate the accuracy of the determination of the
parameter m, from Eq. (102):

(100)

(102)

Amp __E3) A (af' ) _ E@E—1) [ AP af
T =T () =2 (-4, o)

Toensure that the accuracy in the determination of 1 %

i

8.5

0

FIG. 2. Graphs of the functions used in Eq. (102).
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is of the same order as the accuracy in the determination of
the function f(x) itself, we work in the region in which the
coefficient

P (z) = E (2) (2E (2) — 1)/2E’ (2)

isof order unity (or less). This condition makes it impossible
to work in the region of very short distances, since in this
region the coefficient P is very large:

P (z)— 21n?z,

The most suitable region is the neighborhood of the res-
onance mgx=1: here P51, and the expansion (71) still
works.

Analysis of curve 6 in accordance with (101) and (102)
at the point x = 1 leads to the parameter values my ~1.1
and Fp ~7.4,

We recall that the exact values of the parameters are
m = 1and F~6.3.

If we take into account the following corrections in the
expansion (71) and obtain a good approximation to the ex-
act curve 2 at the point x = 2, better accuracy can be en-
sured. For example, doing this for curve 2 at the point x = 2
leads to my ~1.0 and Fy ~6.3.

This good agreement is due to the strong suppression of
the background and the comparatively small value of the
coefficient P = 0.2,

From the point of view of fulfillment of the sum rule
(100), the parameter choice Sy = 9isnot the best. For better
fulfillment of the relation (100), it is necessary to choose s,
somewhat less than 9, in order to take into account effective-
ly the large positive excursion above unity of the exact func-
tion p(s) (see Fig. 1).

In Fig. 3, we give graphs of the function mpg (1/x?) for
different values of the function So [the function IT(x) is cal-
culated up to the fourth order in @, ]. It can be seen from the
figure that the most stable curve corresponds to s, = 6. Ap-
plying our analysis to this curve at the pointx = 1, we obtain
mp ~1.0 and F ~6.18.

Thus, use of the sum rules in the x space makes it possi-
ble to calculate the parameters of the resonance fairly reli-
ably, whereas in the p space this cannot be done because of
the poor convergence of the series at scales of the order of the

z— (.

el
Mg

4.5

ﬂ 2 1 1 1
5 1/x%  gp

FIG. 3. Dependence of m r on 1/x* for different values of 5.
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mass of the resonance. However, our example does not pre-
clude application of the sum rules to calculation of the pa-
rameters of a resonance in the p space in models in which the
series converge well at the scales of the resonance (see, for
example, Ref. 15).

In conclusion, we thank N. V. Krasnikov, V. A. Kuz-
’min, V. A. Matveev, A. A. Pivovarov, V. A. Rubakov, M. E.
Shaposhnikov, and the participants of a seminar of the Theo-
retical Department of the Institute of Nuclear Research of
the USSR Academy of Sciences for helpful discussions.

We thank F. V. Tkachev and K. G. Chetyrkin for clari-
fying some aspects of Wilson’s perturbation-theory expan-
sion.

APPENDIX

In this Appendix, we describe the basic properties of
massless fermions in two-dimensional space.

The Dirac equation for the massless fermions has the
form

' 0 g — 81\ Pl y
lYnauJPn (I)—1 (an +61 0 ) ('llvs.(x) )_—“'

This equation decouples into two independent equa-
tions for the components ¥, 5 :

(Bp— 1) $o=0; (dp+01) P1=0.

It follows from this that i, depends only on
x~ =x, —x', and ¥, only on x* =x° +x', ie, ¢ isa
wave that propagates to the right, ¢/, a wave that propagates
to the left.

The decomposition into positive- and negative-frequen-
cy parts has the form

: ~ (i
o @ =it oot (o) SR+ § apt ot (51 0t (1Y 7 |
. - 1
Vo )= | apt o0 (—pty EEL

+{ apt om0 (—py 0z (21 VR

— e —

Here
pz = | p*| 2" — plah.
We introduce the notation
(a;)* = a;, (b;)* =b;; i=1, 2.
At the quantum level, the operators a;* and b 7 satisfy
the anticommutation relations
{a; (pY), af (@)} =20;;6(p'— q');
{7 (), b3 (¢} =838 (p*—a');
{aE (p1), bEF) (@) =0.

(A2)

The operators a;* (respectively, b ) with indexi=1
are the operators of creation and annihilation of particles
(respectively, antiparticles) of the first species. These parti-
cles are characterized by the fact that they all propagate to
the right. The operators a;~ (respectively, b F)ywithi=2
correspond to particles of the second species, which propa-
gate to the left.

The numbers of particles of the first and second species
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are conserved separately. Indeed, the conserved charges Or
and Q have the form

0r= | dot: Torata: = [ apt 0 (o1 tat (8 a (11—t (21 b5 )

+ | apr 0 (—p? 10z () a3 ()25 (P B3 (P

T | ast s Tonavotor= Japt 0 (51 laf (") 05 (1) =03 (1) b3 ()]

— [ apt & (=1 fat (1) a3 (2102 (1) 3 (1)

and are the sum and the difference of the particles of the first
and second species, respectively. The assertion made above
follows from the conservation of Q¢ and Q.

From (Al) and the commutation relations (A2) we
obtain the following expressions for the anticommutator and
the Green’s function of the free massless fields*:

{P1, 2 (xo, zt) Q’J{, o (¥os y)y==a (Ix"y;);
1

Ty —10

1
(4, 2 (29, .1:‘) 'qﬂ{, 9 (yo, yi))= 2ni

UMethods for studying the structure of the ground state in quantum sys-
tems with degeneracy were developed by N. N. Bogolyubov in his pion-
eering studies on the theory of superfluidity and superconductivity.

It is possible that this result is also valid for four-dimensional theories.

3'We were assisted in establishing this fact by A. A. Pivovarov, F. V. Tka-
chev, and K. G. Chetyrkin.

9The last term in FO (p) (91) was calculated by L. R. Surguladze and F.
V. Tkachev.
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