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It is shown that reliable information on the nature of the nuclear forces can be obtained by
studying the variation of the mean-square charge radii on excitation of a nucleus as well as on the
transition from isotope to isotope. However, the solution of this complicated problem is impossi-
ble without an accurate description of the wave-function structure, Therefore, the theoretical
analysis of A (r?) is founded on the dynamical collective model, which reproduces well the
excitation spectra and all the spectroscopic characteristics of odd nuclei. Systematic calculations
of A (*) in the case of excitation of spherical and transition nuclei from "*Ge to *!Pr and also
calculations of the isotopic effects in the mean-square charge radii of mercury and cesium have
revealed a number of new dynamical effects. Ways of determining the constants of the nuclear

interaction are discussed.

INTRODUCTION

Study of the mean-square charge radii of nuclei and
their variations when a nucleus is excited or when nucleons
are added has been one of the central themes of nuclear phys-
ics in recent years. Whereas the charge radius characterizes
the nucleus as a whole, the change in the mean-square charge
radii on excitation of a nucleus or on the addition of nucleons
is determined by both the nuclear structure and the nature of
the effective forces. Let us explain what we mean.

It is convenient to divide the effective forces between
nucleons in nuclei into two classes, putting in the first class
the forces for which the stability (with respect to collapse)
of the single-particle field generated by them is ensured by a
strong density dependence (for example, Skyrme-3 forces).
In the second class, we put the forces for which the stability
of the single-particle field is ensured by a strong velocity
dependence (for example, Skyrme-5).

For the forces of the first class, the transfer of density to
the surface of the nucleus when it is excited entails a deepen-
ing and contraction of the single-particle field.! Therefore,
the changes in the mean-square charge radii will be minimal.
In contrast, for the forces of the second class the transfer of
density entails a decrease in the depth of the single-particle
field, which becomes wider. Because the single-particle ma-
trix elements increase at the same time, the effect is en-
hanced still further, and therefore the changes in the mean-
square charge radii will be maximal, i.e., will exceed the
value A (r*) obtained in the rigid-field approximation. This
simple observation makes it possible to get a real grip on the
problem of the nature of the effective nuclear forces.

Indeed, suppose that on excitation of a nucleus the sin-
gle-particle field changes by the amount §V: ¥ = V + §V.
Here and in what follows, the tilde identifies an excited state.
Then the change in the single-particle wave functions will be
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where ¢; is the energy of the single-particle state. We now

find the change in the charge density of the nucleus follow-
ing its excitation up to small terms of first order:
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Here, n; are the population numbers of the single-particle
states in the ground state of the nucleus, while # ; + On; are
their values in the excited state.

Thus, the change in the mean-square charge radius of
the nucleus following its excitation can be represented as a
sum of two terms:

z6 4*) = [ 6p () Pl = A, (bn) + A, (5p)y  (3)

where Z is the number of protons in the nucleus. As can be
seen from (3), A, is associated with structural effects (6n)
but A, with the rearrangement of the single-particle field
and, thus, with the nature of the effective nuclear forces.

We assume that the experimental value A (?).,, is
known with high accuracy. Thus, to solve the problem of the
type of the forces, i.e., to find A,

Ay, (89) = A )exp — Ay (O1),

it is necessary to calculate A, on the basis of a model that
describes accurately the structure of the nuclear states.

The present review is devoted to the calculation of A,
for a large number of nuclei and to the study of the part
played by various structural effects, the basis of our consid-
erations being the dynamical collective model (DCM) con-
sidered in Sec. 3.

In Sec. 1, we briefly discuss methods of determining
A (r?) from experimental Mdssbauer data. The literature on
this problem is given as fully as possible, and therefore all the
details can be reproduced if the reader wishes. Section 2 dis-
cusses various theoretical approaches to the study of A {(#?),
while in Sec. 3 various limiting cases are considered on the
basis of the expression obtained in the DCM for the mean-
square charge radii. Sections 4 and 5 present the results of
systematic calculations of A, in the case of excitation of
spherical and transitional nuclei, and the part played by var-
ious dynamical effects is studied. The isotopic effects in the
mean-square charge radii are studied in Sec. 6 for the exam-
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TABLE 1. Experimental A({7*) values obtained by different methods for a number of

nuclei.
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Remark. 1) Frozen-ion method''%; 2) band calculations; 3) measurement of A4 /4 and
internal-conversion coefficient'®'%; 4) free-ion approximation®’; 5) extended ratio meth-

od.?!

ple of isotopes of mercury and cesium. The results of these
investigations are presented in Sec. 7 and in the Conclusions.

1. EXPERIMENTAL METHODS OF DETERMINING A ¢r 2)

The quantity A (r*).,, corresponding to excitation of a
nucleus can be separated from the experimentally observed
isomer shift Av of the Mossbauer lines of the absorber rela-
tive to the ¥ source by means of the well-known expression

% cZe?

A=
where c is the velocity of light, Z is the number of protons in
the nucleus, e is the electron charge, E,, is the energy of the
Mossbauer transition, and A p (0) is the increment in the
total density of the orbital electrons at the position at which
the absorber nucleus is situated relative to the source. The
determination of A (r*) in accordance with (4) is called iso-
mer-shift calibration. Generally, the experimental error in
the measurements of Av is of the order of a few percent, and
therefore the accuracy of the calibration depends directly on
the accuracy in the determination of A p (0).

The achievements in the isomer-shift calibration are re-
flected in the reviews published by Goldanskii and Herber,>
the monograph of Shpinel’,® and other publications.*"'! Re-
cently, the number of studies on calibration has sharply in-
creased.!?!* However, none of the calibration methods can
be made universal. In the majority of cases, this is simply
impossible, since the experimental methods used for one
group of nuclei are either ineffective or completely unsuita-
ble for other nuclei. The absence of a universal and reliable
method for calibrating the isomer shifts generated, and still
does, contradictory opinions about the values of A (+*) (Ta-
ble I) ¥ 14-21

It is obvious that the problem of calibrating the isomer
shifts would be removed if we could make an exact quantum-
mechanical calculation of A p (0). As yet, this is impossible,
although in recent years much work has been done in this
direction. But it should also be pointed out that even knowl-
edge of the exact value of A {#*) for one or two nuclei would
not make it possible at the present stage to draw any reliable
conclusions about the nature of the effective nuclear forces.
We give a characteristic example: At the present time, the

Ap (0) A (r2, (4)
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energies of excited states are measured in nuclear spectros-
copy to an accuracy of fractions of an electron volt. But as
yet this yields little for our understanding of real nuclear
physics. The problem is the imperfections of the model con-
ceptions of the nuclear system—problems associated with
truncation of the basis, parametrization, etc., frequently re-
main open. It is for this reason that it is important to study a
variety of characteristics for as many nuclei as possible in
order to establish first a general picture of nuclear dynamics.

The situation with regard to the study of A (#?) is simi-
lar. But in this case the situation is aggravated by uncertain-
ty of the experimental data. It therefore appears to us that
the attempt to determine the constants of the effective forces
is premature. But one can attempt to establish the type of the
effective forces by studying the systematics of the differences
between A (r*),,, and A,.

With regard to the isotopic variations of the mean-
square charge radii, the experimental methods are in this
case not subject to such uncertainty as in the case of the
isomer variations of the mean-square charge radii. Genuine
progress in the experimental determination of the isomer
variations of the mean-square charge radii has come with the
wide use of laser spectroscopy and mass separators.”?~2® This
has made it possible to obtain data on A {#*) for many iso-
topes of one element. The results of some experiments of this
kind are given in Table II.

2. DESCRIPTION OF A <r2> IN DIFFERENT NUCLEAR
MODELS

We now consider the problem of describing the struc-
ture of the states and A (#*) in different nuclear models.

The calculations of Refs. 27-30 show that the single-
particle approximation and the superfluid model are too
crude from the point of view of describing the structure of
nuclear states and therefore in the majority of cases even give
the incorrect sign of A {(#?). This means that allowance for
the interaction of an odd nucleon with the core must play an
important part. It was proposed in Ref. 31 that the nucleus
should be treated as a core plus several valence nucleons.
The description of the core is based on the liquid-drop model
with allowance for only monopole and quadrupole polariza-
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TABLE II. Isotopic variations of A{7?) for the nuclei of Xe, Cs, Ba, and Hg.

AUy, N F? 5
' A2y, 124 F
N N N 5
Xe Cs Ba Hg
70 72 0.0:54 (29) — - 101 —0.471 (6)
72 T4 0.050 (28) 0.051 (37) — 103 —0.420 (5)
T4 75 0.002 (11) - — 104 —0.962 (4)
74 76 0.044 (30) 0.065 (23) 0.018 (10) 105 —0.429 (4)
76 77 |—0.042 (16) |—0.027 (14) — 106 —0.881 (4)
76 78 0.035 (32) |—0.007 (13) 0.022 (9) 107 —0.850 (4)
78 79 — —0.011 (6) |—9.022 (10) 108 —0.800 (4)
78 80 0.042 (29) 0.025 (11) 0.016 (9) 109 —0.782 (4)
80 81 — 0.038 (40) 0.029 (6) 110 —0.711 (4)
70 82 0.283 (99) — = 111 —0.698 (5)
72 82 0.229 (30) 0.190 (59) -
T4 82 0.479 (70) 0.139 (48) 0.101 (40)
75 82 0.177 (60) — —
76 82 0.1435 (60) 0.074 (33) 0.083 (37)
77 | 82 | 0.147 (40) | 0.101 (29) —
78 82 0.100 (40) 0.081 (22) 0.061 (20)
79 82 — 0.092 (16) 0.083 (16)
80 82 0.058 (20) 0.056 (11) 0.045 (10)
81 82 — 0,018 (40) 0.065 (6)

tions. The residual forces are chosen in the form of pairing
and quadrupole interactions. The resulting wave functions

1= cja; 10)+ 3] e (el 0},

obtained by diagonalization of such a Hamiltonian, are used
+

=)
to calculate the mean-square charge radii. Here, ), and a;
are the phonon and quasiparticle creation operators; the
vacuum is defined relative to the phonons. To calculate the
mean-square charge radii, the effective operator R ? was
used:

ﬁz:._g (F1r21i) w2, + ZoRE (B%);
R2 (B = R? (1 + (5/4) n?),

(5)

where Z, is the number of protons in the core, R 2 is the
equilibrium radius, 3 * is the mean-square deformation, and
the summation is only over the states of the valence nu-
cleons. The effective operator (5) includes monopole polar-
ization of the core:

GIrt | Deg=08;p G 1727} + Ry (6:n — 2Zo55/K),

where K is the rigidity parameter, used in the calculations as
a free parameter, and s; = de; /d A is the change in the ener-
gy of the single-particle state corresponding to the change in
the rms radius of the core, A = (R — R;)/R,. The quantities
s; were calculated in a Woods—Saxon potential with four free

parameters. Three of them were chosen to match the experi-
mental data on the isotopic shifts and electron scattering,
while the fourth together with the rigidity parameter K were
chosen directly in the calculation of A (#*). Table III gives
some results of the calculations made in Ref. 31 and a com-
parison with experiment. It can be seen that the calculations
are only in qualitative agreement with experiment, this being
due to the approximate description of the structure of the
states of the odd nuclei in the framework of this model.

The results of the first calculations of A {r*) in the
framework of the theory of finite Fermi systems for spherical
and transitional nuclei in the single-particle®” and quasipar-
ticle®® approximations differ strongly from the experimental
values. But in recent years significant successes have been
achieved in this direction®**’ for nuclei in the region of lead,
particularly after allowance for the collective degrees of free-
dom. But the importance of structural effects was most
clearly revealed by calculations of A {#*) in the theory of
finite Fermi systems for odd deformed nuclei.?®*” In Ref. 36,
the values of the constants of the particle-particle and parti-
cle-hole interactions for which the best description of
A (r?) o, for the nuclei from *'Eu to '*’Dy was obtained are
as follows:

hp o

f%‘uf:'l'o’ E’E: —2'6’ ':I?I:: _|L0'48$ ex = — 3.4,

However, in Ref. 37 the constants of the effective forces were
determined from the description of the muon isomer shifts of
the nucleus *?Sm and were found to be 0.8, — 1.5, — 0.8,

TABLE III. Calculated®! and experimental values of A{7*) resulting from excitation of a

number of nuclei.

A (r2), 1073 F? A (r2), 10-3 F?
Nucleus : ; Nucleus
Calculation | Experiment Calculation | Experiment
¥ Fe —43.0 —11.7 4871 —1.0 —9.3
8L r 33.0 12.8 129] 1.3 13.7
1198 3.0 5.3 133Cg 1.0 8.3
125Tg —3.0 3.2 197 Au —26.0 16.8
[
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TABLE IV. Changes in the charge as calculated in the theory of a number of deformed

nuclei as calculated in the theory of finite Fermi systems.

A(r2y, 1078 F*
Nucleus E, keV
Ref. 36 Ref 37 Experiment
151Ey 29 11.0 11.2
153Fu 97 —50.3 —86.9 —=hH8.3
103 —57.5 —112.5 —59.9
185Gd 87 —8.4 —5.6
105 —14.1 —T7,7
157Gd 64 14.7 14.3
161y 26 42.7 5.8
75 37.9 6.1

and — 3.33, respectively. It can be seen that the constants
differ appreciably. The corresponding description of A (r*)
which is then obtained can be seen from Table IV. It can be
seen from the comparison that the results of Ref. 36 agree
well with experiment. However, the real value of these re-
sults can be seen in Fig. 1, which is taken from the same
study. It can be seen that even a very small change in § pro-
duces large changes in A (r*). This indicates that exact de-
scription of the structure of the states can be a decisive fac-
tor. For example, the poor description of A (#*) in "**Eu
obtained in Ref. 37 can therefore be due to the poor descrip-
tion of the structure of the states rather than to an unfortu-
nate choice of the constants of the effective forces. For in
none of these studies was either a description of the spectra
of the investigated nuclei or the spectroscopic characteris-
tics of the states obtained. Moreover, the values of § chosen
by the authors of Ref. 36 differ from the values usually
adopted for these nuclei, and the variation in the deforma-
tion parameter on excitation of the nucleus, which can oc-
cur,**3° was not considered at all.

From what we have said it is clearly seen that conclu-
sions about the nature of the effective forces can be justified
only if the structural part in A (7*) is separated with the
greatest accuracy possible. Therefore, study of A (r*) must
be based on a model that most adequately describes all the
available experimental information on at least the properties
of the low-lying states.

3. STUDY OF A <{r2> IN THE DYNAMICAL COLLECTIVE
MODEL

From the formal point of view, the DCM* is the stan-
dard model describing the coupling of an odd quasiparticle
to the collective excitations of a spherical core. But it differs
from such models in taking into account the effect of the
Pauli principle*! and the zero-point shape vibrations*? on
the formation of the single-particle and collective degrees of
freedom and their coupling. Among all the collective excita-
tions of the core, allowance is made for only the yrast state
band, for the description of which the dynamical version of
the generalized collective model*® is used.

The wave function of the state of an odd nucleus with
total angular momentum I” is sought in the form of the ex-
pansion

| = Z_{ F§RD; |(iR)r)
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with respect to all possible states | j) of the odd quasiparticle
and the core |R ) allowed by the conservation laws for the
total angular momentum and parity. However, in the DCM
one uses the fix representation,** which is unitarily equiva-

lent to Fi :
M=vi 3 er+ne(_) o)
R=0, 2...
where the fjx amplitudes have the same symmetry proper-
ties as the amplitudes in the expansion of the total wave func-
tion with respect to the states of the “rotator—particle’” mod-
el. This is convenient, on the one hand, for comparison with
results of calculations in the cranking model and, on the
other, makes it possible to represent the results of the calcu-
lations clearly, the cranking model being obtained in the
DCM in the limit of classical mechanics.
The mean value of the total Hamiltonian in the fjx rep-
resentation has the form

(IHyo| ) = D)

iKj'K*

{[e,amf 42 S (En+0Ek) (2R1)

R=0, 2, ...

o RIS p B "
"‘(—K 0 K)(—K’ 0 K')]ﬁ"""@f'z'z’ﬂ S [(2R+1)

R, R*
- B e TR NG ROT

f By e
{n 5 oo™} s, (©)

and technically the problem reduces to finding amplitudes

[ix that reduce the matrix in the curly brackets to diagonal

form. We shall describe the quantities that occur in (6):
E,, the energy of the excited state of the core with mo-
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FIG. 1. Dependence of A{r*) on the deformation parameter 6.
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ment R, is equal to

ER — RG)(E)/Z 5/2 (mlﬂl (2)) m(ﬁl
Here, y is a coefficient that reflects the part played by the
Pauli principle in forming the collective modes; it can be

calculated either from the description of the yrast band or in
accordance with the formula

7=" (1 + 0um/o®?); = 3622%/(10n Ry B,):
7 = (5.5 — 0.002 4) 10-% 40 << A < 150,

2
Wcoul

where B, is the mass parameter expressed in terms of B (E 2,
0;" — 2;) in the standard manner.
The collective matrix elements G {* £ are equal to

G M= 6§ M (2R + 1)/5)2

P2, i
{ [Vij__;(ljg —3) —Pr— ggii} Pm-z:lw, R=R',
where
G(O e [ 2B, E [P53) ]”2

and the constant »x is expressed in terms of the quadrupole
moment of the 2, state as follows:

Q (2)) = 3/4nZRIGE 2.

In the expression (6), SE j, is the correction for the noncom-
mutativity of the collective and single-particle modes calcu-
lated in the approximation that the state |R ) corresponds to
a pure N-phonon state with moment R = NA:

d
SEjp =7 [M}'Tﬁlmﬁ—f— e (60}r) log 5033!12]@3 T e ] ,
where
a2 oy oju; )

1 (A)y—
Swjp = —[2(2A+1) Brog’]™ 2 ejte; _(,_,(1)

i

(1= — i) (24 1) Z CR4+1) (2T +1)

& g A
honla i 670 &
AR=L T WA d
Here u;, v;, and g; are the superfluidity coefficients and the
quasiparticle energy in the single-particle state j, calculated

from the solution of the standard superfluidity equations
(see below), and

=[5 ] 1)

isthe single—parncle reduced matrix element calculated with
the single-particle potential ¥(r), proton or neutron, to
which the indices j and j’ refer.

The numbers 7; in the expression (7) are vacuum ex-
pectation values, calculated from solution of the system

N = (2 + 1) 3} (0] 0|0}

m
2A+1
=2 FHIgme—p-p,  ©
A=2,3... i
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EQHV 1Ty (R=2).

where si™ % (respectively, r{*®) are the amplitudes of
annihilation to the vacuum or creation from the vacuum of a
pair of quasiparticles and a phonon of multipolarity A in the
N-phonon state with moment R = NA (and, respectively,
the amplitude of annihilation of a pair of quasiparticles into
a phonon); they are calculated in accordance with

AA R
g }_12 (2A 1) Bpoi) =172 Fgr)“‘ﬂ’—ﬂi)l (9)
8557 ejt+¢g; F oy
In the expression (6), the matrix element O % is the
matrix element Q=% = g5 (wu, — v;v;) renormalized
by the effect of the zero-point shape vibrations. Both here
and in the calculation of other single-particle moments the
renormalized Q moments are determined from the solution
of the equation

~5_;£a,m [Q§+?’(i—n§‘*’%'1§’3’)+ Z‘, (2A+1)

A—-ZS
i, &

3 i AR (A, RIFEER, B) (A, R)
X (—1)** s QG Psih (L —im—nl)

i" R
) o)

where Q (**) is the unrenormalized moment multiplied by
the superfluid factor ¥ {*’ = u;u; + v;v,, and the signs +
correspond to the T—odd and T-even operators, respectively.
In the renormalization calculations in accordance with (10)
an important part is sometimes played by not only the quad-
rupole zero-point shape vibrations, A = 2, but also by the
octupole A = 3. The mass parameter for them was deter-
mined in the standard manner in terms of B,, and the 3r
state energy, if its experimental value was not known, was
calculated by the method of Ref. 45.

To calculate the probabilities of radiative transitions,
the operator M (FA ) responsible for the electric and magnet-
ic transitions is represented as a sum of the contributions of
single-particle and collective parts*®:

M (FA) = Msp (FA) + Mooy (FA).
Thus, for E 2 transitions
Mep (£2) = ey o,y

o {

For the M 1 moments
Mep (M1) =

i
x—np—ne) [ (10)

Mol (B2) = 3/4neZ Riay,
1+2Z/A4% for protons,
Z] A% for neutrons.

=W [(gs—gp) S+ giil,

Meor (M1) = pgrR, gp=7Z/A,
+ 5,58 { 1 for protons,
8s= { g =

—3,82* t 0 for neutrons.

The matrix elements of the operator M are calculated in the
approximation of commutativity of the collective and single-
particle modes, but in the calculation of the matrix elements
of the single-particle part of the operator the renormaliza-
tion in accordance with (10) due to the influence of the zero-
point shape vibrations is taken into account.

The spectroscopic amplitudes are also calculated with
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FIG. 2. Dependence of the spectroscopic characteristics and A {(r*) on the
constant ¥, of the spin-orbit forces (the broken line represents the experi-
ment).

allowance for the influence of the zero-point shape vibra-
tions:
201

+ : : .
(im0 8j0|0) = DyF By (1—05) + v; ETER
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Here, A = 2, and #n is the number of the solution (6) with
I=j.

Parametrization

As can be seen from the expressions (6)-(10), to de-
scribe the collective part of the spectrum it is necessary to
specify the values of E(2;"), B,, and x, which are taken
when possible from experimental data. In calculations of the
excitation spectra one allows for B, and x variations within
limits such that the calculated B(E2, 0;" —2;%) and
Q(2,") differ from the experimental values by not more than
three experimental errors (confidence limit). The spectrum
of the single-particle states was calculated with a Woods—
Saxon potential with the following parameters for the depth
Vs 50% decrease radius, and diffuseness:

Vo=52.1 [1 +0.647 2 21] , Ry=1.25413, a=0.65,

The parameters were fixed from the description on the aver-
age of the following characteristics of a group of nuclei: bind-
ing energy and separation energy and their isotopic depen-
dences, and also the charge and mass distributions and their
diffuseness. The least certain characteristic of the average
field is the constant of the spin—orbit forces,
¥ =V, [1 ap ZNT—Z] Vo2,

which differs even for magic nuclei, to say nothing of other
nuclei, for which, in general, it is not known. Therefore, it

415 Sov. J. Part. Nucl. 16 (4), July-Aug. 1985

must be chosen from the condition of best description of the
excitation spectrum of an odd nucleus. All that is worth do-
ing in fact is to make the sum »"# 4+ 7™ approximately
constant over the complete periodic table, as follows from
the relativistic theory of spin—orbit forces.

Both in the solution of the superfluidity equations and
in the description of the excitation spectra and other charac-
teristics, allowance was made for all the single-particle states
in the interval from — 25to + (5-10) MeV. With this basis
and constant of the pairing forces

~{ 20,0/4 for protons,
‘{ 17.5/A for neutrons

a good description of the even—odd mass difference of a large
number of nuclei is obtained. At the same time, up to 95% of
all the vacuum » amplitudes is exhausted. In the calculations
of E 2 transitions and quadrupole moments of the states, no
effective charges were introduced, while in the calculations
of the M 1 transitions and the magnetic moments the spin
factor g, was taken to be equal to 0.8 of the value for a free
nucleon in accordance with the data of Refs. 47 and 48 on its
renormalization due to spin-spin forces and pion degrees of
freedom.

Accuracy of the description of the structure of states of odd
nuclei

Taking the most striking and characteristic examples,
we now demonstrate the possibilities of the DCM from the
point of view of describing the structure of states of odd
nuclei and, therefore, its suitability for describing the struc-
tural part of the effect of the change in the mean-square
charge radii of nuclei following their excitation.

The accuracy in the description of the structure of the
states can be gauged by the success with which the spectrum
of excited states and the complete set of spectroscopic char-
acteristics are reproduced.

Figure 2 shows the dependence of a number of calculat-
ed and experimental characteristics of the nucleus '*’I on the
constant ¥, of the spin—orbit forces. It can be seen that when
¥V, is reduced all the spectroscopic characteristics approach
the experimental values, and one reasonable description of
the complete data can be obtained for one definite value of
V. Such a situation is also observed in other nuclei. It is
important to note that in the nucleus '*’I, for example, the
value of ¥, can be fixed by the magnetic moment of the
5/2; state, which for V;, ~0.200 becomes equal to the ex-
perimental value but with further decrease in V', rapidly
decreases.

In other nuclei one can also find a characteristic that is
the most informative. For example, in the nuclei '**Te and

129X e it is the quadrupole moment of the 3/2;" state, whose
value can be described only for ¥, = 0.330. For other V',
one obtains what at the first glance appears to be a reasona-
ble description of the spectra and some spectroscopic char-
acteristics, but one can speak of a correct description of the
state structure only when all the data are reproduced. It
should be noted that for the standard value V', = 0.287 the
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TABLE V. Experimental and calculated values of the collective parameters and constants

of the spin—orbit forces.

Q(2%), eb B (E2, 0—2), 10-1 ¢%b?
Nucleus Core X 2 Vis
Calculation |Experiment |Calculation | Experiment
8Kr 82Kr —0.062 - 2,06 1.80 (10) 0.267
5T¢ 96Mo —().294 —0.,20 (9) 2,95 2.66 (30) 0.20)
1198 1188p —0.056 —0.05 (14) | 2.56 2.30) (27) 0.255
1218h 1208n —0.124 —0.05 (10) 2,72 2.2)(22) (1.235
126Tg 124T¢g —0.140 —0.11 (10) 5.12 6.0 (1,2)| 0.335
127] 126Tg —0.150 —0.20 (9) 5,80 5,32 (37) 0,190
128] 128Tg —0.176 —0.24 (8) 4.64 4,12 (33) 0.190
120Xg 128X¢ —0.235 == 6.84 6.5 (2,5)| 0.335
133Cg 132X —0.193 —- 3,93 4.4 (3 0.19)
189] 9 138Ba —0.061 | —0,07(15) | 2,73 3.8(1,4)| 0.230
41pp 140Ce —0.110 — 2.16 3,15 (50 0.310

magnetic moments can be described by reducing the spin
factor g, to 0.6 of the free-proton value, the probabilities of
E 2 transitions by choosing the effective proton charge as a
free adjustable parameter, and the energies of the 5/2," lev-
els in '**'*°I by adjusting the coupling constant. All this
indicates that for models in which there are many free pa-
rameters the Fermi surface remains undetermined and the
separation of the structural part of the change in the mean-
square charge radii becomes impossible. The DCM used in
the present calculations does not contain such parameters,
and the recovery of the shape of the Fermi surface from the
description of the spectroscopic characteristics makes it pos-
sible to predict the value of A {#?).

The spin-orbit constants determined in this manner
and the values of Q(2;" ) and B (£2,0;"* — 2;") adopted in
the calculations for the nuclei studied in what follows are
given and compared with experiment in Table V. The spec-
tra that are then obtained are shown in Fig. 3 in comparison
with the experimental ones. It can be seen from the compari-
son that the calculations reproduce well the picture of the
low-lying states and reproduce all the main trends. Further,
Table VI, for the isotopes **Tc and '**Te, shows how one can
then describe the known spectroscopic characteristics. The
results of the calculations for the other nuclei are like those
given in Table VI; they can be found in Ref. 49. Examination
of these tables reveals some systematic discrepancies in the
description of the experimental data:

a) The calculated probabilities of /-forbidden transi-
tions of M 1 type are systematically smaller than the experi-
mental values. The calculated probabilities of a number of
E 2 transitions with A / = 2 systematically exceed the experi-
mental values by an order of magnitude. Analysis showed
that these discrepancies are due to the large effect of anti-
symmetrization on these transitions.

b) The calculated magnetic moments of odd-neutron
nuclei, in contrast to odd-proton nuclei, are systematically
above the experimental values in absolute magnitude. This
indicates that the renormalization of the g, factor for neu-
trons is not the same as the one for protons.

But the listed factors are in no way related to A {r*).
And the good description of all the other experimental data
guarantees a fairly high accuracy in the calculation of the
structural part of A {?).
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Calculation of mean-square charge radii of odd nuclei

Our task is to calculate the diagonal matrix elements of
the operator

R=7z1 3 (jln | 2| jin') c;jmajm, (11)

n, n', ljm
l 0 + .
where Z is the number of protons in the nucleus, a m 18 the

particle creation operator, and {nlj|r*|n'lj) are the single-
particle radial integrals. In operator form, the wave function
of the state M with angular momentum I” has the form

T + +
[ To= 3 P DyCod . Fia 1 0). (12)
im

Here, F;z are expansion amplitudes (in what follows, for
brevity, the index I,, is omitted), C /% o are Clebsch-Gor-

dan coefficients, and ; ;m are quasiparticle creation opera-
tors. The charge radius is calculated in the approximation in
which the operator ﬁ is

R*=(Nly 2 [é,x [éa. ces [éaém]m .o Jp=na,
the operator of creation of an aligned N-phonon configura-
tion, ;), 4, being the phonon creation operator. The vacuum
is defined relative to the phonons.

5
Goingover in (11) from the fermion operators @ and g

5
to the quasiparticle operators & and e by Bogolyubov trans-

formations, and finding the expectation value of (11) with
respect to (12), we obtain

TR\ D=2 @+ 003G |2 |+ 2t D FupDy
1 + + +
X FipDyQiC it ngCi¥ha (0 | RoyQirn/ @y @jtm@in R | 0)
+ 27 2 (— )" Py DpFinDiClnmaCitka (7 1 72 | %)

e
(0 Bé’ai’n‘ajmaj'—m“inﬂﬂ [ 0) uwj

+40 | RiyOurn@jm@rm@anita | O vjuz).  (13)

Here, @ = (u;u; —v;v;) {j|r*| '), and by the symbol j’
we understand the state with angular momentum equal to j
with, however, principal quantum numbers that may differ.
To calculate the matrix elements that occur in (13), we must
reduce them to “normal” form with respect to the quasipar-
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FIG. 3. Calculated and experimental spectra of "*Kr-

151Eu. The spin values have been doubled.
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TABLE VI. Experimental and calculated values of spectroscopic characteristics of low-

lying states of **Tc and '** Te.

Q. e’b Ky Mouc
Nucleus bEd . %
Calculation | Experiment | Calculation | Experiment
8Tg 9/2* —0.575 0.34 (34) 5.757 5.685
7/2+ —0.146 e 4.756 3.6 (9)
1/2+ 0 — —1.31 —0.,888
3/2% —0.260 —0.31(2) 0,806 0.604 (5)
11/2= 0.080 = —1.242 —0.93 (5)
125T¢ 9/2- 0.099 0.12 —0.924 —0.66
3/2% —0.056 = 0.781 0.585 (90)
5/2% 0.272 - 0.823 0.79 (30)
7/2- —0.125 — —0,464 <
DQTc
B(E2, I, — 1), 1071 eb? B(Mi, I,—1I,), 10-2 Hhu
1f Iy =i
1
Calculation | Experiment | Calculation | Experiment
7/2 9/2 1.04 1.35 (15) 2.64 7.6(9)
5/2, 9/2 0.58 0.45 (5) s —
5/2 7/2 0.098 = 1.23 1.30
5/24 9/2 3.18 2.00 (25) e e
13/2 9/2 3.64 1.12 — —
126T¢
B(E2, 1;— 1)), 10-2 e2b? (2I+1) 8,
1} g 1%
Calculation | Experiment Calculation | Experiment
1/2 3/25 0.153 0.186 (5) 1/2+ 0.60 0.84
12 5/2; 0.180 0.158 (5) 3/2+ 1.72 1.84
1/2 5/2, 0.101 0,130 11/2- 3.97 3.72
+ 4
ticle operators @ and R . In reducing the form (13) to nor-  where

+ :
mal form in the operators R , we shall encounter commuta-
+ + + )
tors of the type [aR ][ _, and [aR }( _,. Using the

&
definition of R, we can express these commutators in the

form of a series:

£ =5 * E() ARG
(2B Ny =V N 2 [0 RECRS 0,

N—171/2 + + +
+|: i ] 2 (L, [0m @, )0) o RECT R0,

N

ey N—K- 1) (N—K4-1)! 71/2

xOliBa 4 o= 3 [4 Loy
K=1

K
% 3 oo (0BTt o= s BED ] GREEES,  11)

LA 4
i=t

+ +
The series for the commutator [aR ]( — is similar. Using

the definition

& 1 (%, B) fAn hp (A, R) gh=
Q=5 2 {rfy DA —(— M Paln,

’

13
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+ + o+

A Al
Ajzr =" 20 Climjom O gmjomey
mm”

we can readily calculate the commutators

+ " +
R
[ jmS ] = 2 CiminT5i' " Cin;
mn

[&}méhu](—) = %‘, Cir;&'?g Moty
[see also the definition (9)]. Then the series (14) is an ex-
pansion in powers of #”s”. Summed over the indices of the
angular-momentum projections, the Clebsch-Gordan coef-
ficients in (14) give quantities of the type g, ~{6}* < 1,
and each term of the series (14) is majorized by terms:

s K12 ax
8l TS (26)7 2K ~ mE,

Since 7 < 0.5, the series (14) can be terminated at the terms
~n°. However, each k-th term in (14) is [NNY/
(N—K+ 1)(N — K + 1)!1"/? times smaller than the first;
moreover, 7;; and s; have a random sign, and the summa-
tion over the intermediate indices ensures that the higher
terms of the expansion are negligibly small.

After fairly lengthy transformations, the final result is
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FIG. 4. Classes of diagrams taken into account in calculations of the
mean-square charge radii.
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FIG. 5. Commentaries on classes of diagrams taken into account in the
calculations (explanations in the text).

In the diagrammatic representation, the expression
(15) corresponds to allowance for the processes shown in
Fig. 4. Note that by each line of a quasiparticle we under-
stand its fragmentation due to coupling to the collective
modes and, for example, diagram 4 in Fig. 4 represents the
set shown in Fig. 5a. It must, however, be borne in mind that
in the sequence of diagrams shown in Fig. 4 no allowance is
made for higher correlation diagrams, for example, as in Fig.
5b. To take into account the complete sequence of diagrams,
it is necessary to find the matrix element @, from the solu-
tion of the integral equation (10) (its diagrammatic repre-
sentation is shown in Fig. 5c), and then in the terms contain-
ing Q to replace Q; by QJ , ignoring at the same time the
fourth term in (15).

Diagrams 9-16 in Fig. 4 describe only the static part of
the effect of the Pauli principle. It is also necessary to take
into account the dynamical part associated with the change
in the frequency of the collective modes. For this, the
phonon amplitudes and the 7 numbers must be expanded in
powers of 8w near the unperturbed solution @y . For exam-
ple, for the amplitudes 77; we have

L 9 1
Ny (0) =n; (0p) + 55 1805z o= +en

where the frequency shift due to the Pauli principle between
the odd quasiparticle in the state j, and the phonon is deter-
mined by the expression (7). In the present work, the terms
were calculated up to the second derivative, this correspond-
ing, for example, to allowance for the diagrams shown in
Fig. 5d and more complicated ones. Allowance for the effect
of the Pauli principle between the N-phonon configurations
results in a growth of the oscillator frequency
o =E2;)J1+ y(R —2) with increasing moment R
and a change in the r and s amplitudes that corresponds to
(9). This corresponds, for example, to allowance for the pro-
cesses shown in Fig. Se.
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The expression (15) also makes it possible to calculate
the isotopic variations of the mean-square charge radii. Note
that the first two terms in (15) correspond to the mean-
square charge radius of the even core (diagrams 1-3 in Fig.
4).

In the case of odd-neutron nuclei, there remain in (15)
only the first, second, and fifth terms (diagrams 1-3, 7, and 8
in Fig. 4) and also the contribution due to the allowance for
the Pauli principle and the zero-point shape vibrations.

If in (15) we go over tothe f;, representation, we read-
ily find that the third and fourth terms (diagrams 46 of Fig.
4) correspond to the mean-square charge radius of the sin-
gle-particle state in the deformed potential renormalized by
the effect of the zero-point shape vibrations. At the same
time, the fifth term (diagrams 7 and 8 in Fig. 4) is equivalent
to the contribution to the mean-square charge radii from the
change in the mean-square deformation. The remaining dia-
grams do not have analogs in the cranking model, but, as we

shall see in what follows, they frequently play a fundamen-
tally important role in the correct description of the changes
in the mean-square charge radii associated with the struc-
ture of the states.

We note finally that in the method of approximate sec-
ond quantization the mean number of particles will not be
conserved if the superfluidity equations corresponding to
(15) are not solved. However, this is extremely difficult to
realize technically. But since we are interested in difference
effects in the mean-square charge radii, this difficulty can be
avoided by renormalizing the result obtained with allowance
for the change in the mean number of nucleons. For this, it is
necessary in the expression (15) to replace the single-parti-
cle radial integrals by the unit matrix, calculate the number
of nucleons, and then renormalize.

Thus, after the description of the spectrum of excited
states and the set of spectroscopic characteristics of the odd
nucleus, our task is to calculate (15) with allowance for the

TABLE VII. Experimental and calculated values of (1), @(I), and A(F*), ..

Q, esb B Houe A (r2), 10-3 F?
Nucleus| ™
Calculation | Experiment | Calculation | Experiment | Calculation | Experiment

BGe | 9/2+ | --0.367 |—0.173(26) | —1.006 | —0.879 12.1 27.4
5/2% [ —0,347 - —0.445 | —0.0941

8Ky | 9/2* 0,228 0.270(13) | —0,957 | —0.9707 22.8 12.8
7/2% 0.269 0.459(6) —0.983 | —-0,942(2)

®Te | 9/2+ | —0.575 [—0,34(34) 5.757 5.685 21.6 6.9
T2t | —0.146 — 4.756 3.6(9)

1168n | 1/2+ 0 — —1.442 | —1,046 1.1 5.3
3/2% | —0.091  |—0.094(4) 0,892 0.633(3)

1218h | 5/2* | —0,493  [—0.53(10) 3.940 3.360 —13.3 | —5).8
7/2* | —0.570  |-0.37(8) 2,061 2.51(3)

135Tq | 1/2* 0 - —1.301 [ —0.888 1.8 3.2
3/2¢ | —0.262  |—0.31(2) 0.806 | 0.604(5)

127§ 52| —0.688 —0.78 3,012 2,81 —9.6 -9.3
7/2* | —0.655 |—0.70 1.898 2.02

129] 7/2+| --0,539 |—0.55(4) 2,214 2,621 15.0 13.7
5/2% —0,563 —0.68 3.355 2,81

129%e [ 1/2¢ 4] —1.245 | —0,778 2.7 5.4
312+ —0.318 —0.41(6) 0.767 0.59(8)

18Cs | 7/2% | —0.,166 |—0.0030(11)[ 2,001 2,582 10.9 5.6
52t | —0.418 — 3.023 3.45(2)

1839%a | 7/2% 0.057 0.21 2,119 2.778 10.3 9.6
5/2+ | —0,276 4.052

WPy | 5/2* 0,003 |—0.0089(42)|  4.187 4,136(2) 3.4 8.2
72t | —0.076 — 2.366 2.8(2)
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FIG. 6. Dependence of A{#*), on the classes of diagrams in Fig. 4 taken
into account in the calculation; the broken line represents the experiment.

effect of the Pauli principle and the zero-point shape vibra-
tions.

4. RESULTS OF CALCULATIONS OF A (r2> DUE TO
EXCITATION OF THE NUCLEUS

Up to now, detailed calculations of A, have been made
for spherical and transitional nuclei from 3Ge to "*'Pr, in
which it has been possible to achieve (see Sec. 3) a fairly
good description of the excitation spectrum and the spectro-
scopic characteristics. We emphasize that all calculations
were made in the approximation of an absolutely rigid aver-
age field, so that, using the deviations of the results of the
calculations from the experimental data, it would be possible
to draw conclusions about the nature of the rearrangement
of the field following excitation of the nucleus.

Table VII gives the calculated and experimental spec-
troscopic characteristics of the lower part of the spectrum
and the A {#*) of the spherical and transitional nuclei from
73Ge to "' Pr. It can be seen from the table that in the approx-
imation of an absolutely rigid average field it is overall possi-
ble to describe reasonably well all the experimental data. For
the most characteristic examples, we now consider the price
at which such a description is achieved.

The part played by allowance for different classes of
diagrams, the Pauli principle, and the zero-point shape
vibrations

Figure 6 shows the dependence of A {r*) on the classes
of diagrams for the nuclei '?’I, '**Cs, **La. The number 0
corresponds to the single-particle model, and the number 1
indicates the contribution from the fragmentation of the sin-
gle-particle states due to the coupling to the collective de-
grees of freedom (diagrams 4-6 in Fig. 4). The number 2
indicates the contribution to A {(#*) from the phonon dia-
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FIG. 7. Dependence of A{r*}., on the zero-point shape vibrations: 1)
without allowance for them; 2) with allowance for those of quadrupole
type; 3) with allowance for those of quadrupole and octupole type; 0) the
single-particle model.
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FIG. 8. Dependence of A{r*)., on the dynamical Pauli corrections: 1)
calculation without allowance for them; 2) calculation with allowance for
the first derivative; 3) with allowance for the first and second derivatives;
0) the single-particle model.

grams that corresponds to the change in the deformation
parameter (diagrams 7 and 8 in Fig. 4). The numbers 3 and 4
correspond to the contribution of the linear diagrams, and
the numbers 5 and 6 to the quadratic diagrams; these are
without analogs in the cranking model and describe the stat-
ic part of the effect of the Pauli principle.

It can be seen from the figure that all the classes of
diagrams make a large contribution to A {#*), and not even
one of them can be ignored. A large contribution to A {(r*) is
made by the classes of diagrams 1 and 2 in Fig. 6, and there-
fore in principle the cranking model makes it possible, by
appropriate choice of the deformation parameter and the
extension coefficient, to describe the observed value of
A (r*) (see the caption to Fig. 1 in Sec. 2). But the real
physics of the phenomenon remains hidden from us. It can
also be seen from Fig. 6 that the classes of diagrams 5 and 6,
quadratic in the collective amplitudes, make contributions
to A {#*) smaller than the others. Thus, the calculations con-
firmed the results of the theoretical analysis which indicated
that allowance for diagrams up to those quadratic in the
collective amplitudes should make it possible to describe al-
most completely the structural part of the change in the
mean-square charge radii following excitation of the nu-
cleus.

Figures 7-9 show the dependence of A (7*) on the
allowance made for zero-point shape vibrations of various
multipolarity without allowance for the dynamical Pauli
corrections, on the dynamical Pauli corrections without
allowance for the zero-point shape vibrations (Fig. 8), and
on the number of iterations (Fig. 9) in the solution of the
integral equation (Fig. 5c). As can be seen from the figures,
allowance for the effect of the zero-point shape vibrations up
to multipolarity A = 3, the Pauli corrections up to the third
derivative, and five or six iterations in the solution of the

725Te 127I 13.9L a

0 TN ===
0 2 4 6
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FIG. 9. Dependence of A{r*).,, on the number of N of iterations in the
solution of the equation of Fig. 5c.
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TABLE VIII Experimental values of A{#*) and the values calculated in various models.

A (r2), 103 F?
Nucleus | keV
1 l 2 I 3 ’ & Experiment .

BGe 13 — — — 12.1 27.4
83Kr 9 — - 33.0 22.8 12.8
99T¢ 141 —33.,0 — — 21.6 6.9
1198 24 9.0 3.7 3.0 1.1 5.3
1215} 37 — — - —13.3 —50.8
125T¢ 36 --15.4 2.2 —3.0 1.8 a9
127] 59 —341 —68.0 —1.0 —9.6 —9.3
1291 28 0.2 75.0 1.3 15.0 13.7
129Xe 40 — — —_ g 5.4
183Cg 81 —3.0 30.0 1.0 10.9 5.6
1385 166 —4.8 5.0 - 10.3 9.6
141pp 145 — 11.0 — 3.4 8.2

Note. 1) Single-particle model; 2) theory of finite Fermi systems; 3) model of Ref. 3 1;4)

present paper.

equation of Fig. 5c for the given class of diagrams effectively
exhausts the possible effects. It can also be seen from Fig. 7
that allowance for the zero-point shape vibrations is ex-
tremely important, since at times it leads even to a change in
thesign of A (#*). A large contribution to the value of A {r?)
in strongly collective nuclei is made by allowance for the
dynamical Pauli corrections associated with the change in
the frequency of the collective modes (Fig. 8). Therefore,
there is no point in making any calculations if they are not
taken into account. We note that in odd-neutron nuclei, an
odd proton being absent, there is no contribution to A (r?)
from the static part of the Pauli principle (diagrams 9-16 in
Fig. 4), and therefore the effects of the phonon rearrange-
ment in these nuclei are most clearly expressed.

Comparison with the results of other models

Table VIII gives the results of calculations of A (#2)
according to various nuclear models and compares them
with experiment. It can be seen from the table that the single-
particle model, which describes the structure of the states of
odd nuclei very crudely, is frequently incapable of reproduc-
ing even the sign of the change in the mean-square charge
radii. Though the calculations in the theory of finite Fermi
systems and in Ref. 31 may agree with experiment, the agree-
ment is only qualitative. But the DCM was able to reproduce
rich spectroscopic information and, in the approximation of
an absolutely rigid average field, to describe on the average
the observed A (r*) values. Therefore, if the experimental
data of Ref. 21 are taken as the “final truth,” then the quanti-
ty A, = A (), — A ("), has a random nature. This in-
dicates that the remaining discrepancies between the calcu-
lation and experiment have a structural nature and that the
average field is rigid and adjusts very little to excitation of
the nucleus. However, we defer the final conclusions to Sec.
7

Behavior of A {r2) over the excitation spectrum of the
nucleus

To establish whether the average field is also stable at a
high excitation energy, we made calculations of A (#*) over

422 Sov. J. Part. Nucl. 16 (4), July-Aug. 1985

the spectrum of odd nuclei. Typical results of the calcula-
tions for the odd-neutron nucleus '**Te are shown in Fig. 10.
With increasing excitation energy, A (#*) increases, approx-
imately reflecting the growth of the mean-square deforma-
tion.

It is important to note that up to an excitation energy of
about 1 MeV the values of A (%) remain of the same order as
on transition of the nucleus from the first excited state to the
ground state. This fact indicates that even at such a compar-
atively high excitation energy the average field of the nucleus
remains fairly rigid and undergoes only a slight rearrange-
ment.

5. MANIFESTATION OF COEXISTENCE OF THE SUPERFLUID
AND NORMAL PHASES IN THE A ¢r 2> VALUES OF 121Sb

In the Sb nucleus, in which the spectrum of excited
states is well described (see Fig. 3 and Table VII), there is
observed to be an appreciable discrepancy with the experi-
mental data?! in the description of A {+?) between the 7/2+
first excited state and the 5/2* ground state. It is important
to note that in this case the result of the calculation depends
weakly on the parametrization of the model, since the wave
functions of the two states are close to single-particle states.

One could suppose that in this nucleus there is a strong
rearrangement of the single-particle field on the transition
from the ground to the excited state. But is it only due to
rearrangement of the average field that such a change in the
mean-square charge radius is observed? It is important to

1 -
A<r B 07 157, lff'
?+
+ -
20 5+5i15/]
o, L’
1 1 |
0 o4 08 12 EMeV

FIG. 10. Dependence of calculated A{7*) on the excitation energy of the
23Te nucleus.
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investigate other possible reasons of structural nature affect-

ing A ().

Theory

The ground state of '*'Sb can be represented schemati-
cally as in Fig. 11a, but because pairing forces act between
the nucleons a proton goes over from the 1d 5, to the 2d 5/,
level with formation of a pair on the Fermi surface and a hole
in the 1/d 5,, state. At the same time, the core becomes a
tellorium core (Fig. 11b), which is soft with a large value of
the mean-square deformation and, therefore, a large mean-
square charge radius. Therefore, even a small admixture of
the superfluid phase in the '*'Sb ground state can lead to a
large change in A (7). Using the liquid-drop model, it is
easy to estimate what contribution to A {*) can be obtained
by taking into account the admixture of the superfluid phase.
Let R 2 be the mean-square charge radius of the '*'Sb ground
state with Sn core and R 2 be the corresponding quantity in
the case of the Te core:

R2:%R§( B") —rqd,, }
ﬁz: % R; (1 k _;IIT EE) _AT‘_Z_ 21‘2"1:,/2_.1-%'}5/2'

In what follows, we shall use the tilde to identify the state
with Te core. The single-particle radial integrals in (16) are,
respectively, 3, =249 F* ri; =196 F?, and experi-
mentally*® = —0.12and B = 0.20. Therefore, the differ-
ence between the mean-square charge radii is
R 2 — R?=0.334 F?, and if the admixture of the superfluid
phase is ~ 1%, then the increase in the mean-square charge
radius of the ground state will be 3.34x 10~* F>. However,
such a calculation does not take into account the important
coupling to the collective states of the Te core.

The total wave function of the 5/2% state can be repre-
sented schematically as in Fig. 11. But in the 7/27 state an
admixture of the superfluid phase does not arise, since in the
lower part of the single-particle spectrum there is no analog
of the 1g,,, level. It is readily seen that an appreciable effect
from an admixture of the superfluid phase is to be expected
in nuclei whose neighbors have strongly differing collective
properties.

To calculate the admixture of the superfluid phase, it is
necessary to calculate the spectrum of '*!Sb particle states
with Sn core and the spectrum of hole states with Te core and
take into account their mixing through nondiagonal pairing
forces. The wave functions of these states have the form

(16)

| 5/2t) = SF{R Dyitn; | Snygy | 5728 ) = SFIBD s | Teb.

We write the total wave function as

. od J2d .,
52 T P
|5/2+ =C'0 Sn { ! + B 5‘[3
1d 52 Gk .Mf”,2
a b

FIG. 11. Schematic representation of the '*'Sb wave function.
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| 5/2% = Cy | 5/20) - ZC; | 5724, (17)

where the summation is over all states with Te core. The
coefficients C, and C; and the energy of the 5/2% state with
allowance for the admixture of the superfluid phase can be
readily calculated:

V2 -1

C=(1+3— —

= (Ez-—EF) ’

A v, V3

Ci=—Coo—"—, E=E,— % ——. (18)
Ei—E Ei_E

Here, E, is the energy of the ith state with Te core, E, is the
energy of the 5/2," state with Sn core, and V; is the matrix
element of the interaction between the first solution with Sn
core and the ith solution with Te core:

& L gt
Vi=(5/2}| Vaa | 5/20), (19)
where
my+j 4
Vna = —GE( )Jl 5122 Bl msanulmlang;‘ m1@nsja—melnyjamy-

(20)

Here, a,},, is the operator of creation of a particle in the state
with quantum numbers njm. Note that the expression (20)
has been represented in a form that separates explicitly states
with different principal quantum numbers. Going over in
(20) to quasiparticles by a Bogolyubov transformation and
substituting the resulting expression in (19), we obtain the
required matrix element of the interaction,

=00 :”R F{RF9.D; D;, D L B4y
1

-8 1T s u,-fvi',j)””2 (21)

i#ia

K Ujy vJ'a (uieuh T sz”.iz)

and the mean-square radius of the '*'Sb ground state with
the wave function (17) is

(R?y = C2 (1) + 3C% (7 + 2C,2 (Sn | B2 | TeyC;,  (22)

where (73 ) and (r?) are calculated by the method explained
in Sec. 3, and R is the operator (11). The matrix element
R 2 — (Sn|R ?|Te) in the expression (22) is calculated in the
same way as in Sec. 3, but it must be borne in mind that the
superfluidity coefficients for different cores are different.

Thus, finding the first solution of Eq. (18), we can use
(22) to find the mean-square charge radius of the 5/2* state
of 12!Sb with allowance for the admixture of the superfluid
phase, and the calculated A{r*);,5+ 52~ -

Results of the calculations

The calculations showed that the admixture of the su-
perfluid phase is very small and in sum is 1.09% for all the
hole solutions with Te core. Nevertheless, the increase in the
mean-square charge radius of the 5/2* ground state of '*'Sb
due to the influence of the admixture of the superfluid phase
produced by the nondiagonal pairing is 9.2 10 * F*. The
differences between the mean-square charge radii with Sn
and Te cores for solutions with greater energy are greater
than the limit given by the liquid-drop model. This indicates
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TABLE IX. Experimental values of A{*) for the '?'Sb isotope and values calculated in

various approximations.

A (r2), 1073 B2

Calculation Experiment

Ref. 21 |

Ref. 20

—13.3 —22.5

—20.8 I

—24.6

Note. 1) Without allowance for admixture of the superfluid phase; 2) complete calcula-

tion.

that the effects due to the coupling of the collective and sin-
gle-particle degrees of freedom make a large contribution to
the mean-square charge radii.

Table IX give the calculated A{r*) without allowance
for the admixture of the superfluid phase, with allowance for
it, and the experimental values taken from Refs. 20 and 21.
As can be seen from the table, the contribution to A (r*) from
the admixture of the superfluid phase is of the same order as
the main effect. Therefore, in nuclei having even neighbors
with very different collective properties the calculations
must be made with allowance for the influence of the admix-
ture of the superfluid phase. It can also be seen from Table
IX that the result of the complete calculation agrees reasona-
bly well with the experimental value of Ref. 20, whose auth-
ors, however, point out that the error may be large. There-
fore, the uncertainty in the experimental data on A{r?) at
present make it impossible to draw any conclusions about
the possible nature of the “observed” discrepancy.

6. NATURE OF THE ISOTOPIC EFFECTS IN THE CHARGE
RADII OF '*>-1%°Hg AND "#"-*¥7Cs

Whereas the change in the mean-square charge radius
of a nucleus following excitation can be divided into a struc-
tural part and a part associated with rearrangement of the
average field, in the case of the isotopic variations of the
mean-square charge radii this cannot be done in explicit
form, since the population numbers change by one or two
nucleons for neighboring isotopes. Therefore, the informa-
tion about the nature of the effective nuclear forces is here
masked to a greater extent. Nevertheless, the isotopic depen-
dences of the mean-square charge radii manifest interesting
features of the nuclear dynamics, and their study is of inde-
pendent interest.

The isotopes **-198Hg

The large changes in the mean-square charge radii dis-
covered not all that long ago®*** in the isotopes of mercury
on the transition from the isotopes with 4 equal to 186 and
184 to the nuclei with 4 equal to 185 and 183, respectively,
stimulated intensive theoretical study of this question in the
framework of the cranking model.’*>! The results of these

investigations can be formulated as follows: In contrast to

the even—even isotopes of mercury, in which the ground state
has an oblate equilibrium shape with small mean-square de-
formation3 2, in the odd isotopes with A equal to 183 and 185
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the ground state has a prolate shape with large 3 2. This must
lead to a sharp increase in the mean-square charge radius on
the transition from the even to the odd isotopes. Thus, the
experimentally observed even-odd jumps in the mean-
square charge radii of the neutron-deficient isotopes of mer-
cury were attributed to the coexistence in the excitation
spectra of these nuclei of states with different equilibrium
shapes.

This phenomenon has long attracted the interest of the
experimentalists. But despite great exertions, for example, in
the excitation spectra of the barium isotopes, it has not
proved possible to discover states with different equilibrium
shapes, although all calculations predicted their appearance
atalow excitation energy.>*> In this situation it was usually
said that the calculations are, of course, approximate, since
they do not take into account possible y instability of the
nucleus and the second minimum in the total energy need
not be a real minimum on the 3, ¥ plane. The situation in the
mercury isotopes could be just the same, although in the
even isotopes there was a kind of detection®* of a low-lying
band of states with K™ = 0™, this band corresponding to a
prolate shape with large 5°.

However, in recent years states of nuclei usually regard-
ed as shape isomers have been successfully described in the
framework of the DCM after careful examination of the part
played by the blocking effect in the formation of collective
modes.* It is therefore of great interest to describe the ob-
served jump in the mean-square charge radii of the mercury
isotopes in the framework of the DCM.,

Excitation spectra and spectroscopic characteristics. In
the considered case of the mercury isotopes, the Q(2," ) val-
ues are not known at all, while B(E 2, 0*—2%) are known
only in two nuclei; from them the mass parameter B, was
determined, while x was determined from the condition of
best description of the spectrum of the '**Hg isotope and was
the same for all the remaining nuclei. Turning to the calcula-
tions, we began by taking Q(2,") for the even isotopes in
accordance with the results of the calculations in the crank-
ing model,*® i.e., Q(2;" ) ~ + 0.5 eb. For this value, it was
possible to choose V|, in such a way as to obtain a reasonable
description of the '**Hg spectrum. However, further calcu-
lations revealed a number of contradictions with experimen-
cal ficis: WY

1. For no parametrization of the model with Q(2,* ) >0
was it possible to describe the change in the spin of the
ground state, 3/27«>1/27, in the nuclei with 4 = 195, 185,
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TABLE X. Experimental values and the values used in the calculations for the collective
parameters and the constant of the spin—orbit forces for the Hg and Cs nuclei.

v | o o B(E2, 0+-2%), ¢+ b?

v £ (21), 2 37), | Q, e

Nucleus| 4 Is MeV MeV | (calculation) cal.cu- experiment

lation

Hg 183 0.125 0,300 1.386 —1.65 1.78 g
185 0.425 0.367 1.410 —1.60 1.60 1.95 (45)
187 | 0.125 | 0.405 | 1.498 —1.09 | 1.25| 1.40(25)
189 0.125 0.413 1.424 —.81 1.06 ——
191 0.125 0,416 1.416 —0.80 1.04 —
193 | 0.125 | 0.423 | 1.412 —0.80 | 1.03 s
195 0.125 0.428 1.407 —0.80 1.02 —

Cs 127 0.185 0.388 1.946 —1.03 0,64 0.781 (50)
129 0,185 0.443 1.949 —0.,87 0.47 0.69 (5)
131 1.190 0.536 2,009 —-0.48 0.47 1.00 (8)
133 | 0.195 | 0.667 | 2.153 —0.19 | 0.39 | 0.44(3)
135 0,205 0,847 2,417 —0.08 0.20 —
137 0.215 1.313 3279 —0.06 0.12 -

183. The 1/2~ state always remained an excited state with
energy of order 150 keV.

2. The sign of the quadrupole moment of the 3/2~ state
in the '*Hg isotope was not reproduced.

3. The second 3/2, 5/2~ solutions were found at a
rather high excitation energy, in disagreement with experi-
ment.

4. In the light mercury isotopes, the 13/2™ level became
the ground state, and not 1/27, as experimentally.

One might imagine that the failure to describe the exci-
tation spectra of the mercury isotopes with @(2," ) > 0in the
framework of the DCM is due to the fact that, in contrast to
the light and intermediate nuclei from **Kr to '*'Pr, where
the model describes the properties of the excitation spectra
well, new, as yet unknown features of the nuclear dynamics
are manifested in heavy nuclei. However, we believe that
there are no grounds for accepting the calculations in the
cranking model, which gives Q(2;") >0, since within its
framework one obtains a good description of neither the ex-
citation spectra nor the spectroscopic characteristics. More-
over, the early calculations of the mean-square charge
radii,?” in contradiction to the subsequent experiments, also
predicted a jump of A in the even isotopes of mercury with

A<186.

Analyzing the excitation spectra of the odd isotopes of
platinum, for which the quadrupole moments of the even
nuclei are well known, we established that the constant V'};
must be fairly small if the single-particle 2 f5,, stateis tobe a
hole state. In such a case, a band of states can be formed with
Ar=2(5/2,9/27,...),for which there are experimental
indications. But for small Vi in the light mercury isotopes
the band with AZ = 2 based on 13/2* observed experimen-
tally can be formed only if the core has a negative quadrupole
moment. Changing the sign of the quadrupole moment and
fixing its magnitude by fitting to the splitting between the
19/2% and 21/2% states in "*’Hg, and taking in small con-
stant ¥, = 0.125, we found that one can obtain a complete
description of the excitation spectrum of this nucleus. More-
over, for unchanged parameters of the model calculations of
the other nuclei completely reproduced the experimental
picture of the changes in the properties of the odd mercury
isotopes. This is the most weighty evidence that the effective
quadrupole moment of the “particle + core” system with
Z = 80 has the negative sign.

In Table X we give the values of  and B,, converted to
Q(2;%) and B(E 2), as used in the calculations for the even

191,
E, MeV “Hg g “Hg
25t _— & oct o5t
2l i (257) 4 5t _ = _<
S +
i (19%) — 1507 .4 -
of* 017 o 211 o1t ¢+ FIG. 12. Calculated and experimental spectra of the mercury iso-
- = = — topes (the spin values have been doubles).
i1 et 75f
o # A
__7,5 # (157 - _15 *
ot =t 7 vl 4
s et pe -
» g » hosl 4 g it
e y " £ . =
_;_ ¥ A I gt - B w .
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TABLE XI. Experimental and calculated spectroscopic characteristics of low-lying states

of the Hg and Cs isotopes.
E, keV s Mnue Q. e+b
Nucleus| 4 I |Calcu-| Calcu- | Experi- Exveri Calcu- .
lation | lation | ment xperiment | | tion |Experiment
Hg 183 | 1/2- 0 0 0.519 [ 0.524 (5) 0 =
185 | 1/2- 0 i 0.515 0.507 (4) 0 e
187 | B8/2 0 0 —1.062 | —0,593 (4) | —0.530 | —0.50 (23)
129 | 3/2- 0 0 —1.167 | —0.6086 —0,257 | —1.15 (25)
191 | 3/2- 0 0 —1.1470 — —0,332 | —0.41 (41)
3/2- 0 0 —1.183 | —0.6276 —0.225 | --0.86 (38)
193 113/2+ | 113 141 —1.236 | —1.0584 —0.766 | ==1.08 (10)
172~ 0 (I 0.514 0.5415 0 =
195 | 1372+ | 141 176 —1.247 | —1.0446 —0.854 | 1,27 (11)
Cs 127 1 j2+ 1] 0 1,998 1.46 (2) il —
129 | 12+ [t 0 2,106 1.482 (9) | —
5,2+ ] 0 2.876 3.543 (2) 0,424 | —0,620 (6)
131 | 5,2+ | 232 134 2.264 1.98 (13) | —0.145 —
T/2F 0 0 2.00L 2.5820 0166 | —0.003 (1)
133 | 52+ 18 8l 3.023 3.45 (2) 4,418 —
5/2+ | 256 161 2,075 1.48 (50) | —0,089 —
155 T/2% 0 0 2,105 2.7324 —,122 0,050 (2)
137 7,2+ 0 0 2.133 2.8413 —0.082 0,051 (1)

mercury isotopes. For the experimental values, see Refs. 58
and 59. Figure 12 shows how one can in the framework of the
DCM describe the spectra of the excited states of the best
studied mercury isotopes. It can be seen that the calculations
excellently reproduce the experimentally observed changes
in the properties of the excitation spectrum with decreasing
mass number. The extent to which one can also describe the
spectroscopic characteristics can be seen from Table XI.

What is decisive in the formation of such excitation
spectra? It is the renormalization of the effective forces by
the zero-point shape vibrations. This is illustrated by Fig. 13,
which presents calculations in various approximations. It
can be seen that allowance for the zero-point vibrations up to
multipolarity A = 3 is exhaustive.

Charge radii. We recall that the general expression for
the charge radius of an odd-neutron nucleus is equivalent to
allowance for the processes shown in Fig. 4 (diagrams 1-3,
7,and 8). We note that the result will depend not only on the

g
£yMcy 19+ X 1 78*
51 - g _ —
’ 2t R .
— 2% 21 27
i
Lor 3” 75t 40
- 5t
5 ._?7+ . 7t 17t
s 7 } = e
7 . R o 75"
— — Y £
- 5 5‘;__ 3" = 3
L A < g =T
pl 2 Bl Tl 7 =0
a b c Calculation

FIG. 13. Influence of zero-point shape vibrations of different multi-
polarities on the formation of the '**Hg spectrum. The spin values have
been doubled. a) Calculation without allowance for the zero-point shape
vibrations; b) calculation with allowance for only the quadrupole vibra-
tions; ¢) calculation with allowance for quadrupole and octupole vibra-
tions.
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way in which the neutron Fermi surface, which determines
the form of the excitation spectrum, is structured but also on
the shape of the proton Fermi surface, since the summation
in (15) in the case of an odd-neutron nucleus is also over the
proton states.

The results of the calculations showed that for the stan-

784 168

792 198 A

4

<

-0,2

-04

-0.6}
A F?

FIG. 14. Dependence of the calculated values of A on the mass number: a)
calculated (crosses) and experimental (continuous line) values of
A= ("), — (r*) 43 for mercury isotopes and V'{, = 0.287; b) calculated
(crosses) and experimental (continuous line) values of A of the Hg iso-
topes for ¥'{ =0.310. The open circles are the values of A calculated
without allowance for the zero-point shape vibrations; c) calculated val-
uesof A for 1/2™ (crosses) and 3/2~ (open circles) states and even—even
nuclei (open triangles).
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dard parametrization of the proton Fermi surface V%,

= 0.287 the isotopic dependence has a slope different from
the experimental one; see Fig. 14a. The isotopic slope could
be reproduced by choosing V%, = 0.310. One then automati-
cally obtained a description of the jump in the charge radii of
theisotopes with 4 = 183 and 185, as shown in Fig. 14b. One
could imagine that the abrupt increase in the charge radius
of the 1/2~ state, which in the isotopes with 4 = 183 and
185 becomes the ground state, is due to the sharp increase in
the mean-square deviation, but this is not so. If one leaves
out the contribution of the zero-point shape vibrations in the
renormalization of the single-particle radial integrals, leav-
ing them as purely single-particle integrals, the result is
greatly changed and almost no jump at all is observed in the
mean-square charge radii (Fig. 14b, crosses), although the
value of 82 remains almost unchanged.

Thus, the sharp increase of the charge radius in the mer-
cury isotopes with 4 = 183 and 185 is due to the fact that the
1/2~ state, which becomes the ground state in these nuclei,
has a large effective charge but not a large value of 52, as
assumed earlier. This is illustrated in Fig. 14¢c, which shows
the dependence of A on 4 for the 1/2~ and 3/2~ states and
for the even nuclei. It can be seen from the figure that the
charge radius of the 1/2~ state increases monotonically on
the interval A< 187 as compared with the 3/2~ mean-square
charge radius and the values for the even nuclei. And when
1/2~ becomes the ground state, an abrupt jump is observed.

A few words about the isotopic slope. Previously, it had
not been described by any of the calculations, and this had
suggested® a compressibility of nuclear matter. But it fol-
lows from our calculations that there is no need to speak of

compressibility at all. The slope is associated with correct
description of the proton Fermi surface and, thus, with cor-
rect description of the charge mean-square deformation.

The isotopes '**'3Cs

Although the experimentally observed bends in the iso-
topic dependence of the mean-square charge radii of the ce-
sium isotopes®” are not so striking as in the mercury isotopes,
study of the odd-proton nuclei is of great interest, since in
this case all diagram classes contribute to the value of the
mean-square charge radius. In addition, in odd-proton nu-
clei the excitation spectra, spectroscopic characteristics, and
mean-square charge radii are related to the shape of only the
proton Fermi surface.

- Excitation spectra and spectroscopic characteristics. Ta-
ble X gives the Q(2," ) and B(E 2) values of the even cores in
a comparison with experiment and the constants ¥}, of the
spin—orbit forces for the cesium isotopes with 4 = 127-137.
Also given are the experimental energies of the 2, states and
the energies of the 3 states of the corresponding xenon
cores calculated by the method of Ref. 47.

As for the mercury isotopes, the calculations took into
account all the single-particle states in the energy interval
from — 25to + 10 MeV, this making it possible to take into
account more fully the influence of the octupole zero-point
shape vibrations on the formation of the excitation spectra
and the values of the mean-square charge radii.

Figure 15 gives the calculated and experimental spectra
of the cesium isotopes with 4 = 127-137. The calculations
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o 11 7t
5t + ear +
il 3 7 7"
aarr 04 5
7t 9% 000 F*
5 FIG. 15. Calculated and experimental spectra of the ce-
a7k 7+ pal P 5+ sium isotopes. The spin values have been doubled. a) cal-
 — . 5* culation; b) experiment.
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FIG. 16. Dependence of calculated values of A on the mass number: a)
calculated (crosses) and experimental values of A = (r*) ; — (r*),, for
the ground states of the Cs isotopes; b) calculated values of A for the 1/2;
(crosses), 5/2;% (inverted open triangles), and 7/2;" (open circles)
states of the Cs isotopes.

reproduce well all the main features of the spectra:

1. The change in the spin of the ground state, 7/2%
—5/2% and 5/27—1/2%, on the transition from the iso-
topes with 4 =133 to A =131 and from 4 =131 to
A = 129, respectively.

2. The lowering of the energy of the 5/2," state as the
mass number is decreased to 131, followed, however, by an
increase with further decrease in A.

3. The narrowing of the intervals between the states.

We note, however, that the calculations systematically
overestimate the energies of the 3/2," states (not given in
Fig. 15); their positions cannot be correctly reproduced for
any of the isotopes or for any parametrization of the model.
A special study is here needed, especially since the discrep-
ancy is systematic.

Table XI gives the calculated and experimental spectro-
scopic characteristics of the cesium isotopes. Basically, the
calculations reproduce quite well the spectroscopic charac-
teristics, although in '*’Cs and '**Cs the sign of the quadru-
pole moment of the ground state is not described. However,
its value is too small and does not come within the accuracy
of description of the quadrupole moment in the DCM.

Charge radii. Figure 16a gives the results of calculations
of A and a comparison with experiment. The calculations
reproduce the experimentally observed bends in the isotopic
dependence of the mean-square charge radii of the cesium
isotopes. The nature of this phenomenon is shown in Fig.
16b, which gives A as a function of the mass number for the
1/2%,5/2%, and 7/27 states. It can be seen that the charge
radii of these states decrease monotonically with decreasing
mass number. The mean-square charge radii of the 5/2*
states in the isotopes with 4 = 131-137 are greater than
those of the 7/2 7 states, the reason for this being the greater
admixture of collective modes in the wave function, and
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therefore on the transition from '**Cs to '*'Cs, when the
5/2% state becomes the ground state, a decrease of the mean-
square charge radius is hardly observed.

As the mass number is decreased, a single-phonon con-
figuration on a 2d,, single-quasiparticle level becomes the
main component of the 1/2™* state. But the Pauli principle
causes the frequency of the phonon to increase, and the con-
tribution to the mean-square charge radius from the phonon
decreases, in contrast to the case when the total spinis 5/2 7,
This has the consequence that with decreasing mass number
the mean-square charge radius of the 1/2™ state actually
becomes smaller than that of the 5/2™ state, and for this
reason a bend is observed in the isotopic dependence when
the 1/27 state becomes the ground state (transition from
A =131toA = 129). However, the large experimental error
makes it impossible to see this phenomenon.

7. DISCUSSION OF THE RESULTS

We turn to Table VII, from which it can be seen that for
the nuclei **Kr, °Tc, and '*3>Cs the results of the calculations
of A(r?) significantly exceed the experimental values despite
all their uncertainty (Table I). And since excitation of these
nuclei causes the density at their surface to increase, A, is
negative for all three nuclei. We thus arrive at the conclusion
that the effective forces acting between the nucleons in the
nuclei are similar to Skyrme-3 forces, in which the stability
of the average field is ensured by a strong density depen-
dence induced by the three-particle forces. If the A(#*).,,
data of Ref. 21 are regarded as not absolute but on an equal
footing with the others (see Table I), the conclusion drawn
above does not contradict the results of the calculations for
the remaining nuclei, apart from >Ge, *!'Pr, and '2!Sb.
However, in "Ge it is not really possible to speak of a good
description of the spectrum and its properties; for example,
#(5/21") is not described at all. Therefore, the results of the
calculation of A{r,) for this nucleus should not be believed.
At the same time, '*'Pr is a difficult nucleus for experiments,
and there are large uncertainties in Av. Thus, praseodymium
should also be left out of consideration. However, for ''Sb it
would seem that everything is favorable. And, if one believes
that value A{r*),, = — 50.8 1073 F?, we find that A, is
negative for a decrease of the energy on the surface of the
nucleus. Thus, the forces are similar to Skyrme-5 forces, in
which the stability of the average field with respect to col-
lapse is ensured by velocity terms. Even the result
A(r*)xp = — 24.6 (Ref. 20) leads to such a conclusion, al-
though less well founded because of the uncertainty in the
choice of the constant of the nondiagonal pairing forces, this
constant having been taken to be equal to the diagonal pair-
ing constant in the calculations of Sec. 5.

But we wish to draw the reader’s attention to the fact
that A{r*) for '*'Sb is determined through A {r*) for '*Sn:
A{r*)g, ~ — 8A(r*)s,. And, apart from the appreciable un-
certainty in A(r?)g, (Table I), there is an even greater un-
certainty in the calculation of the coefficient relating them.
It was for this reason that the value given in Ref. 20,

— 24.6 X 10~* F?, was said to be very approximate.

Now the isotopic variations of the mean-square charge
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radii. The conclusion that the effective forces in nuclei are
like Skyrme-3 forces agrees with the choice in the DCM of
the value R, = 1.254 '/? for the 50%-decrease radius of the
average field. However, the large contributions of the struc-
ture effects and their frequently strong dependence on the
way in which the proton Fermi surface is constructed neces-
sitate a considerable extension of the number of studied nu-
clei before conclusions can be more definite.

CONCLUSIONS

The approach considered here to the study of the varia-
tions in the mean-square charge radii of nuclei as a result of
their excitation as well as in the isotopic dependences al-
ready makes it possible at the present stage, despite all the
uncertainty in the experimental information, to draw certain
conclusions about the nature of the effective nuclear forces.
Namely, preference must be given to the forces for which the
stability (against collapse) of the single-particle field which
they generate is ensured by a strong dependence on the den-
sity. But further advance in discriminating between the var-
ious effective nuclear forces is impossible without reliable
experimental information on A{7?).
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