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The thermodynamics and hydrodynamics of macroscopic superfluid systems with broken phase
invariance are constructed on the basis of Bogolyubov’s concept of quasiaverages and the re-
duced-description method. The case of broken Galilean invariance is considered. A method for
finding the low-frequency behavior of the Green’s functions for arbitrary quasilocal operators is
developed. An extension of the approach to systems in which translational invariance is also

broken is discussed.

I. INTRODUCTION

At the present time, the theoretical foundation of the
description of both equilibrium and nonequilibrium states of
systems with spontaneously broken symmetry in statistical
mechanics is the method of quasiaverages' and the reduced-
description method.? This approach makes it possible to ob-
tain the thermodynamics and the equations of motion for
such macroscopic systems.

However, most of the physical results for systems with
spontaneously broken symmetry have been obtained on the
basis of a phenomenological approach. This applies in the
first place to the superfiuidity of He II, for the description of
which the Tisza-Landau two-fluid model has proved to be
effective. Indeed, in the framework of the model Landau
constructed the equations of the ideal hydrodynamics of su-
perfluid He II, while in the work of Landau and Khalatni-
kov dissipation processes were taken into account (see Ref.
3). Later, the phenomenological approach was applied to
other systems close in their properties to superfluid systems,
namely, systems for which either the particle-number opera-
tor or one of the components of the total spin is the generator
of a broken symmetry. Such systems include, in particular,
superconducing Fermi systems and planar ferromagnets and
antiferromagnets.*

In recent years, there have been intensive investigations
of superfluid *He. In contrast to He II, in which invariance
of the state with respect to phase transformations is broken,
the symmetry breaking in the case of *He is more complicat-
ed—besides the breaking of the symmetry with respect to
phase transformations, there is also breaking of the symme-
try with respect to three-dimensional rotations in both the
coordinate and the spin space. Consequences of this are the
more complicated structure of the order parameter, the vor-
tex nature of the superfluid flow, and the appearance of di-
verse magnetic properties.>~’

In the present paper, which is based on the method of
quasiaverages and the reduced-description method, we give
a microscopic construction of the thermodynamics and hy-
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drodynamics of macroscopic systems in which only phase
invariance is broken. We do not assume that the Hamilton-
ian of the system possesses Galilean invariance. This makes
it possible, in particular, to obtain results that apply to both
Galileo-invariant and relativistic systems. In addition, our
equations of superfluid hydrodynamics in the absence of Ga-
lilean invariance can be used to investigate the superfluidity
of electrons in a metal or the phenomenon of quasiparticle
superfluidity.

Further, we find the sources in the equations of the ideal
hydrodynamics of a superfluid due to a weak external field,
the operator structure of the Hamiltonian of the interaction
of the system with the external field being arbitrary. The
densities of the additive integrals of the motion and their
corresponding flux densities, both of which occur in the hy-
drodynamic equations, are expressed in terms of the thermo-
dynamic potential, while the sources are determined not
only by the thermodynamic potential but also by the equilib-
rium mean value of the quasilocal operator that determines
the interaction of the system with the external field.

The equations of hydrodynamics in the presence of ar-
bitrary external sources make it possible to find the low-
frequency behavior of the Green’s functions G;; for arbi-
trary quasilocal operators 4 and b. The allowance made for
the anisotropy of the system associated with the fact that in
the state of statistical equilibrium the superfluid momentum
p and the normal velocity v, are nonzero is important.

The approach considered here made it possible to study
helical magnets, in which the symmetry with respect to spin
rotations is broken.® In this case, the presence in equilibrium
of a paramerer p#0 analogous to the superfluid momentum
leads to the appearance of magnetic structure with helical
pitch 27/|p|; the case of planar magnetic structures (p = 0)
was investigated in Ref. 4. In addition, this approach makes
it possible to consider not only systems with spontaneously
broken phase invariance but also one in which translational
invariance is broken.?

It 1s also of interest to apply the approach to superfluid
crystals,'®!! in which the translational and phase invariance
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are broken simultaneously, and also to the study of the su-
perfluidity of *He, in which there is simultaneous breaking
of phase and rotational invariance.

1. THE STATE OF STATISTICAL EQUILIBRIUM FOR
SUPERFLUID BOSE SYSTEMS

For systems with spontaneously broken sysmmetry, the
state of statistical equilibrium has a lower symmetry than the
Hamiltonian. A convenient concept making it possible to
describe systems with spontaneously broken symmetry is
that of quasiaverages.

According to Bogolyubov,"'? the average (expectation)
values in a state of statistical equilibrium (with broken sym-
metry) are determined by

(...y=lim lim Spw, .. B, o R B

v Voo

.y Wy=exp (

Here, V is the volume of the system, f/a are the operators of
the additive integrals of the motion with respect to the Ha-
miltonian #° = ¥,, Y, are the thermodynamic forces conju-
gate to them, and (), is the thermodynamic potential, deter-
mined from the condition Sp w, = 1. The operator f
possesses the symmetry of the investigated phase and lifts
the degeneracy of the state of statistical equilibrium. The
limit

lim lim 2= — o

Vi) Voo
determines the density of the thermodynamic potential. For
quasiaverages (in contrast to ordinary averages) the princi-
ple of spatial correlation weakening is always valid, i.e.,

b(y), (2)

where d(x) and b (y) are arbitrary quasilocal operators.

Suppose that the state of a superfluid is described by the
statistical operator p, which satisfies the principle of spatial
correlation weakening. The operator p evolves in time in
accordance with von Neumann’s equation

——=[H, p @) (3)

Introduclng the operator # of the total momentum
vector of the superfluid system, we determine the conditions
of spatial homogeneity by

i i o‘p ﬂ

This condition means that a macroscopically large num-
ber of particles can be in the state with momentum p
(form a condensate) Indeed, for the operator
ay =V ~'2fd *xe " "*y(x) we have
Spp[#—pN, ay]=(p—p’) Sppap = 0.

Thus, only for a state with momentum p’ = p can the mean
value of the operator a,. be nonzero. Since [N,p]%O for su-
perfluid systems, for spatlally homogeneous superfluid sys-
tems [ p, %10, i.e., the spatially homogeneous state is not
translationally invariant. However, let &(x) be an arbitrary
quasilocal translationally invariant operator. Then

. da(x)
. dxp

= [#p, a(x)]. (5)
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If [V,4] = 0, then in accordance with (4) Sp p[@ dx] =0
and , therefore, Sp pd(x) does not depend on x in accordance
with (5). Thus, the average value of an arbitrary translation-
ally invariant operator that commutes with the particle-
number operator N does not depend on x for a spatially ho-
mogeneous state [see (4)].

If the initial statistical operator p satifies the condition
(4) of spatial homogeneity, then the system goes over rapidly,
after the relaxation time 7, , to the state of statistical equilib-
rium. This means that the following relation must hold:

p(t) = w(t)=lim lim w, (),

V=0 Voo
w, (t) =exp {Qv-— Ya'y,z —vY,
§ @z (P ()= 0t he) | (6)

Here y, = 5 i is the Hamiltonian, Ve =%, is the momen-
tum operator, 7, 4_N is the particle-number operator, ¥(x) is
the operator of particle annihilation at the point x, and
@ (x,t), as we shall see below, is the asymptotic phase of
Sp p(¢ )¢(x). Thus, the phenomenon of superfluidity is asso-
ciated with breaking of the symmetry with respect to phase
transformations.

Thelimit ¥ — o0, v — 0is tobe understood in the sense
of mean values, i.e.,

Sp wa = lim _Plim Sp wya. (7)

V=0 Voo
Thus, the statistical operator w must be regarded as a gener-
alized operator, i.e., like generalized functions it is deter-
mined by the mean values of arbitrary quasilocal operators
a(x) with kernels that decrease sufficiently rapidly.

The limit £»7, is also to be understood in the sense of
mean values.

To find the asymptotic phase @ (x,¢), we note that the
condition(4) of spatial homogeneity is satisfied for all times ¢
with the same momentum vector p if it is satisfied at the
initial time. Therefore, in accordance with (4) and (6)

[w(t), $r—palV]1=0 (8)
and, therefore,
¢ (x, 1) = px + ¢ (0, ©). (9)

We have taken into account the fact that
o=1Fwyp (x) e 7y — 4 (x+y), el (x) emi¥a = o1y (x). (10)

The method of quasiaverages presupposes that for any
(with kernel that decreases sufficiently rapidly) quasilocal
operator d(x) there exist quasiaverages, i.e,

lim lim Sp w, a (x) = Sp wa (x) < oo.

v+ Voo

(11)

We note further that
[w, (1), Yo56+YP LY N+vf1=0,

fe¥s 5 iz (x) e~1% (% O+ he,
Since the operator [_;",&(x)] is also quasilocal by virtue of the
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canonical commutation relations,

lim lim vSpw, (¢) [f, G(X)]_

V() Vo0
Therefore

lim lim Sp [w, (), ¥ gg-}-Yﬁ“—i—Y \‘]a(‘()~

V—+0 V-+oo
and, therefore,

[w(0), Yo +YF+Y N =
Thus, taking into account (8), we have

w(t), 3 +pull1=0, po=T1TX2 (12)

We shall call this relation the stationarity condition. The
statistical operator w(t ) must satisfy Eq. (3). Therefore

w(t+1) =0 Fw () ! #, (13)
Hence, using (12), we obtain

w (¢ -+ ) = etPoN 1y (1) e —1nei (14)

and, therefore, in accordance with (6), (10), and (14)

@ (X, t +7) = @ (x, £) + poT. (15)
Thus, taking into account (9) and (15), we obtain

¢ (X, 1) =px 4 pot + %, x=¢ (0, 0). (16)

From Egs. (6) and (16) we see that the state of statistical
equilibrium is characterized by the thermodynamic param-
eters ¥, (@ =0,1,2,3,4), p, ,y(¥, is the reciprocal tempera-
ture, - ¥, /¥ =uv,, is the velocity of the normal component,
— Y,/Y, is the chemical potential, p, is the momentum of
the condensate particles, and y is the phase). We now find
the dependence of these thermodynamic parameters on the
initial state p(0).

Let £, (x)={&(x),; (x),A(x)} be the operators of the den-
smcs of the additive integrals of the motion, i.e.,
ya = [d xg'a (x). Then the following differential conserva-
tion laws hold:

1{’%1 - (‘E)]——-—a;‘”—‘(x). (17)

dxy, 2

where £, (x)={g, (x), (X),Jx (x)} are the correspond-
ing operators of the flux densities, which in accordance with
Ref. 13 can be represented in the form

1
G (9= { &'z}, g dEfe (x—(1—E) x"), &(x+ExX);
0

,. gL
(%) = —2 (x) 8+ | da'af | @B 18 (x—(1—)x),
0
ﬁi (x+Ex)I;
(18)

i
=i | @'z | dele (x—(1—9 x), n (x+Ex)).
0

Since [V,{ .« ()] = 0 and the statistical operator p(t) in (6)
satisfies the condition (4), it follows from (17) that
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Spp(t )ﬁa (x) does not depend on ¢ (this mean value is also
independent of x). Therefore

Spw(t)E, (0)=Spp (0) &, (0). (19)

This relation determines the dependence of the thermody-
namic parameters ¥, on the initial statistical operator p(0).
We introduce the unitary operator

Ug (t):exp{ —i 5 Pag (x, t);z (x)} (20)
Since i(x) = ¥ (x)(x),
Ug (t) § (x) Ug (2) = eloC Dy (x). (21)

Taking the function (16) as @ (x,¢ ), we readily see that
Ug () wy (1) Ug (1) = wy

= exp {Qv — Y, —Y, (‘%"k +Pk1\?)
—Y N+, | &2 0 +¥* ()], 22)
where
Sp=UpSEU}, Up=exp { —ip 5 dBrxn (x)} : (23)

We have also borne in mind that U, P UF =P, +p.N,
since [ 7, fi(x)] = idfi(x)/dx, . Slnce in accordance with (21)
and (22)

Sp wy () P (x) = e D Sp wiap (x) (24)

and Sp w;¥(x) = Sp w,¥(x))*, is follows that @(x,r) is
the phase of Sp w,, (#)¥(x).
Introducing the exact phase of ¥(x),
@ (x, t) = ImIn Sp p (1)} (z) = px + ¢ (1),
@ () = ImIn Sp p () p (0)

[we have used the fact that p(t) is a spatially homogeneous
state: see (4)], we can, using (24), readily show that y in (16) i
determined by

%= (0)+ | dv (9 (%) —py) (25)
0

(since @ (1) — PoT + ¥, the integral converges as 7 — ).
This formuh; zlso solves the problem of finding y for the
functional p(0). Equation (6), which we rewrite in the form
el ¥ oy Bi B
=lim lim w, (Y4, p, pot +1%), (26)

V=+0 Vooo
where
wy (Y, py %)

=exp{Qy— Y, 7 — VY, | @ (§ (x) -+ + he. )},

(27)
determines in conjuction with Egs. (16), (19), and (25) the
ergodic relation for superfluid Bose systems.

Summarizing, we can say that in these superfluid sys-
tems (which we shall call generalized superfluid systems,
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since we have nowhere used the requirement of Galilean in-
variance) the state of thermodynamic equilibrium is charac-
terized by the thermodynamic forces ¥, associated with the
additive integrals of the motion and also by the superfluid
momentum p and the phase y=g (0,0), the presence of which
is due to the breaking of the symmetry of the state of statisti-
cal equilibrium. We emphasize that the dependence on the
thermodynamic variables p and y is introduced through in-
finitesimally small sources, and in the state with broken sym-
metry this dependence persists in the limit v — 0.

2. THERMODYNAMICS OF SUPERFLUID SYSTEMS

We introduce the density of the thermodynamic poten-
tial w:

w=1lim lim

Q 9 9
z ;;(U(YD' Y"’ Y.'u P YP)

7

V-0 Voo
= —lim lim % In Sp exp { — Y, 5 —Y, (;‘13"14L —g-ph]\?)
V) Veoo
— Y N—vY, | @z (x)+v* ()}, (28)

this being a function of the thermodynamic parameters Y,
Y?, Y, p*, Y, . Differentiating  with respect to the thermo-
dynamic forces Y, and the superfulid momentum p, we ob-
tain

7 2 = i
—(%; Sp w'ep (0) =Sp we (0) =¢,
ﬁ ’ A A A
- = Sp (1(0) + pyi (0) =Sp w, (0) =,
. (29)
90 _Spwn(0)=n, -2
Y, 3 ap

o G ¥ o Y i
= lim lim {Tﬂ Sp wy, P —!—T’Sp va},

v V=ooo
Here w=w(Y,p,y) (since [fv.&a] = 0, the traces in these ex-
pressions do not depend on y). Noting further that
07 ,dp, = — ifd *xx,[A(x),7, ], we find
ace,
ap;

S i 1
lim lim v Sp wy,
V() Voo

= v 5 Pz, Spw’ [y (x), 1(0)], &p="Uel}.

On the other hand, averaging the expression (18) for the op-
erator j (x) of the particle-number flux density with the sta-
tistical operator w and bearing in mind that
[U, ,/(0)] = 0,[£(x),N ] = 0, we obtain

Ji=8pwj (0= —i | dzz, Spw ey (x), n(0)]  (30)

(we have noted that [w‘,?}"] = 0). Therefore,
1 0] Yl aw (30:)

Thus, we have found an expression for the particle-number
flux density in terms of the density @ of the thermodynamic
potential. Using Eqgs. (29) and (30), we find the following
fundamental thermodynamic equation:

do = e dY, + 2, dYy, + n dY, + (Yofy + Yin) dpy, (31)
which represents the second law of thermodynamics for re-
versible processes in the superfluid.
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In constructing the hydrodynamics of the ideal super-
fluid, and also to investigate the low-frequency behavior of
the Green’s functions, it is necessary to express the mean
values in the state w of the operators of the momentum, #; ,
and energy, §, , flux densities in terms of the density @ of the
thermodynamic potential. Turning to the determination of
these quantities, we note that in accordance with (18)

tin = SP Wi (0) = — (& (0)) Bss )

—i 5 dazy ({Ep (x), E O+ pijrs ! 32)
n=Spwin ()= — 3 | Pam (e (=), & O, |
(.o )==8pw§ ... )

(we have used the fact that [w;,éa « ] = 0; we emphasize
that the averaging ( - -.) is over the state w! ). For conve-
nience, we first calculate the quantities

} (33)

&) (X)= &p (x) + 1 (x) ”“T:Y" v (W (x) + P (x)

tip= _(él’, (0)) 8;5—i {[This Aﬁfm (O + Pifrs
Gh=— | Paz (2} (%), 5 O

where

and

[y = \ dal'xh;‘i (x)
is the generator of the group of arbitrary linear transforma-
tions x; — x; = a;; x;.. The last assertion follows from the
fact that the operators ¥(x) and ¥’(x) = ¥(a(x)|det a|'/? sa-

tisfy the same commutation relations and, therefore, are
connected by a unitary transformation U, :

Uy (x) Ui =4 (x) = | det a [**y (ax).
Considering infinitesimally small transformations a,,

=&y + &u,|& | €1, we readily find that U, = 1 —i&,; Ty
From the condition Sp w;, = 1 we obtain [see (22)]

e=®=Spexp { — S ach (x)}, fo(x) = Yoiy (0) + Yo (x).
\ 4

Then, determining the operator I’;a (x) by
U h (x) Ut = h, (ax)|det al, (34)
we find that
e-2=S8pU,exp { o S d3zh (x)} i
v

= Spexp {— j dzh, (X)} )
Vﬂ

where V, =V |det a|. Since the potential {) is proportional to
V!
exp (—Q/|det a|) =Spexp { — 5 dszh, (x)} .
V

Hence, bearing in mind that for infinitesimally small trans-
formations det a = 1 + 8,,&,,, and noting that

dhg (0)
Spw ( 9ER;

h k4
) = — @by, o=1lim Q,/V.
E=0 v

—+00
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we obtain

" (x) = o1 P%h (0) 61 PX, [w), #] =0,
However, for small &,

Ug=1—iEuT,

and it therefore follows from (34) that

—i[Tu, AO)=(Ze) _ +6uk 0),
and therefore
([T B (0)1) + 831 (h (0)) = @By (35)

Substituting here the expression for h (x) and using the readi-
ly verified equality

i [Thir 7 (0)] = — 857 (0) —Sy1; (0),
we have in accordance with (30), (31), (33), and (35)

V

' » ;0w [ )
tin=Pijr—Opi < Y : (“5(0)):5_; apn | OY, Yoh ‘
(36)

Recalling the definition of 2‘1’, (0) and noting that
i [Ty 7(0)]= — 81 (0),

we find from (32), (33), and (36) the following expression for
the momentum flux density in the state w:
a1 Pi dw a OJY;‘
U A T ) A (R (37)
We now turn to the calculation of the energy flux den-
sity g, , which in accordance with (32) and (33) is related to g,
by

gh = ax—ipo ([T, & (0)) — 5 B3 ([T, 1 (O)D),

Y,+Yp
¥ 2

Po=

where I', =/d *xx, 7i(x) is a generator of the group of Galileo
transformations. (We recall that we do not assume invar-
iance of the Hamiltonian with respect to such transform-
tions.) In deriving this formula, we have used the face that in
accordance with the method of quasiaverages, as already
noted, the limit of the averages of quasilocal operators as
v — 0 is finite.
Noting that

[Ty, 7 (0)]=0,

= —8;un,

i<[Th, 7 ()
[Tk 2 (O))) = —Jn,
we obtain
gr = qn -+ Dol (38)
To find g}, we use the obvious formula

[wh, & (x)]
1

=}, | (Yo l85, & (s MI=Yialdh & (xi M}
0

(39)
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where
ep (X;

;= \ ‘

and the operator §; (x) of the energy flux density correspond-
ing to the Hamiltonian 57,

ap (x), A) = w*hé‘,’, (x) w,

y - 5
14, e )] = — 2
has the form [see (18)]
=5 | dw's Sdalé;,(x—(i—a) x'), & (x+Ex)].

0

Since [w;, 7 ]=0, is follows
q;. = Sp w.§}(x). Bearing in mind that

from (33) that

de}, (x)
BIR ’

we find from (39) that
A a :
(w6, & (01 = —i 5w, § AV (g (xi )= (aid)
0
+ Y5 (e (x5 M) —(Ep)}-

Using this expression and also the principle of spatial corre-
lation weakening, we readily find that

i g dzz, Sp wl [8h (x), Lo (0)]

dwy, », dw;, &,
— YoSP“;??j' 7x (0)+ Y35 Sp W‘;‘Ep (0)
Bgf’l

o_ Yi+¥p
L)

ali Wa Y

de’ :
+ Yy a;a — (Yoin+Yn)
e = (&) (0)), (40)
where é‘ b E(Ep i =+ Py Ai,1). We have also used the fact that

. 4
= i f v @aox: m— .

We mention that in deriving (40) we integrated by parts
and ignored the integrals over the infinitely distant surface,
which can always be done for v 0 (for v#0, the equilibrium
correlations decrease sufficiently rapidly, something that,
by virtue of Bogolyubov’s theorem on singularities of the
type 1/ cannot be said of the correlations when v = 0; at
the end of the calculations, we must go to the limit v — 0).

For a =0, it follows from (40) that

’ g,
- 2Qk = YD ayh

de an
+Y’*(ay +Po aY, )

(41)
For a = i, taking into account (37) and (30), we have

dq,, ) a , Y+Yp
Y, aY;  0Y; Y,  o0Y; {Y" (E'f GY.J n)} (42)

For a = 4, we obtain from (40)
aqy, 5 dan
Yogye=—Ya(37 57, ). @3)
It follows from the second equation that
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%=~y (57— 7+ Prgy—) +Ca (Yo, Yir p)s (44)
where the constant of integration C, does not depend on Y.
Substitution of this result in the third equation shows that
dC,/dY, =0. In turn, from the first equation we find that
Cr = Ce(p)/Y3.

Thus, if follows from (30), (38), and (44) that the energy
flux density g, in the state w of thermodynamic equilibrium
is determined by

. 2 L d oY P 0] Cp(
gkisp Wi (X):- _5_}’0‘ #—ﬁa_m—%“ ;,v;z)p) 3 {45)

where C, (p) is an unknown constant that depends only on
the superfluid momentum p and not on ¥,, Y, ¥,.

The expressions (30), (37), and (45) for the densities and
flux densities £, can obviously be written in the form

. d oYy 7o) d  Y,+Yp + éan
MRS Ty Ty ° dpg Ofa, T Cr (p), (46)
Lo =0w/dY .

We now represent the expressions for the flux densities
in the form corresponding to two-fluid hydrodynamics. The
thermodynamic potential @ is a function of ¥, Y?, ¥, p?, Yp.

*
We introduce the quantities p,, , p, m, which are functions of

these thermodynamic variables:

Jw 2 do * P dw
— — " — = e— e L e — —
o= —2Y, Fyr o D= ¥, apt m2, == i )

(47)

Then with allowance for (47) the fluxes j,, #,, g, take the
form

. PsPr @ L
Je= Umpt+=5—+ tn=—5— O+ pavuivin
m m* 0
| PiPk
Ry
ke

(48)

Qh=Vnk|:*-§—u+e+(n—

) )

. pspk

Po + Yﬂp) )

From this it can be seen that p, represents the “mass” den-
sity of the normal component and p, the “mass” density of
the superfluid component. If :1 is interpreted as an effective
““particle mass,” then p/r:; must be interpreted as the super-
fluid velocity. Note that the total density p= ;m
= %5@/3 Y, isnot in general equal to the sum of the normal,

Pn, and the superfluid, p, densities: p#£p, + p,. One can
therefore introduce a certain density p, in accordance with

Pe=p —pp — Dss (49]

whose appearance is due, as we shall see later, to the absence
of Galilean (or relativistic) invariance of the theory.

3. HYDRODYNAMICS OF AN IDEAL SUPERFLUID

We now derive the hydrodynamic equations of an ideal
superfluid. According to (17), the average values of the den-
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sities of the additive integrals of the motion &, (x,)
=Spplt )., (x) in the state described by the statistical opera-
tor p(t ) satisfy the equations

B an (50)

ot ' dzp ?

where £, (x,¢) = Sp p(t )ﬁ‘ak (x). At times ¢ = 7,(r, is the re-
laxation time) the statistical operator p(¢) becomes a func-
tionalof the parameters{, (x,t ), (x,2 )of the reduced descrip-
tion:

1), @ (x', 1)} (51)

(this assertion is known as the functional hypothesis). The
functional arguments £, and @ are the asymptotic (£»7,)
values of Sp p(t )6 (x) and Im In Sp p(t J¥(x).

In accordance with the definition, the functional o must
satisfy the conditions

Spoly—la ImlnSpop—og. (52)

Since [%, & 1=, ,N1=0, consequences of equations (51)
and (52) are the expressions

o™ %o {Lo (x', 1), @ (x', 1)} o' "
=0{l,(x', t+1), o, t+1)},

o% (L, (x', 1), @(x, B e (53)
:U{gm X"‘I’X" t)a (P(x_l_xra t)}!

eiNwa (T, (x', 1), @ (X', 1)} o-ife’
:U{‘:a (X', t), CP(X’, t) 'T:‘(p’}'

Let the initial statistical operator p(0) correspond to a spa-
tially homogeneous state, i.e., satisfy conditions for which
the ergodic relation (26) holds. Then the asymptotic values of
the reduced-description parameters in (51) have the form
CalXt) = Cosp (X,t) = DX + pot + , where £, ,p,y are con-
stant that do not depend on x or ¢. Therefore, comparing (26)
and (51), we have

p (1) ——> 0 {Za (¥,

teT,

~1763

’

6 (Lay pX" +pot +0) =w (Yo, p, pot +75)  (54)
or
o (Con px’ _I_ X) =t (Y-aw p7 x)' (55)

and the parameters ¥,, are determined as functions of £ and
p from the relation

Sp w (Yﬂ" P, Pot - X) éa = ga' (56)

The mean value Sp o{{,p )a(x) ((x) is some quasilocal
operator) must obviously be determined by the values of the
functions ¢, (x’) and ¢ (x') in the neighborhood of the point x.
Therefore, it follows from (55) that in the leading approxima-
tion in the gradients of the parameters £, (x) and @ (x)

Spo{L, (x'), ¢ (x)}a(x)
~Spo {La (%), @ (x) +(x'—x) 222} 4 v)

» @ (X)—x f"g,ﬁ"’ }5(!&),

where the quantities Y, (x) are determined from the equa-

d
=S8p w{Ya (x), (gx(x)
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tions

Spw {Yp, pr 1} L (¥) =La (%) (57)
Thus, it is readily seen that
8p o {Za (x), @ (x)}a(x)
~Spw{V. (9, T2, ¢ (x)}a ()
—Spw (Y, (x), p(x), ¢(x)}a(0),  (58)

where the superfluid momentum p(x) of the spatially inho-
mogeneous system is determined by

p (x) = d¢ (x)/0x. (59)

When the gradients of the parameters of the reduced de-
scription are ignored, the fluxes £,; can be calculated in
accordance with the expressions o (%5t)
= Sp @(Y;p.@ )¢ ok (x). Thus, for the fluxes £, (x,¢) in the
leading approximation in the gradients the expressions (46)
are valid, and ¥, and £, are related by Eq. (46): £, = dw/
dY,, . In addition, it must be borne in mind that ¥, p; and
&, , Py are now slowly varying functions of the coordinates x
and the time ¢.

We now find an equation for the asymptotic phase
@ (x,t). Using the definition of the exact phase  (x,t)
= Im In Sp 7(t J¥(x) of ¥(x), we have

dg(x, 1) _p.Spp 0 [FH ¢ ®]
gEo Sppmwix) 7’

whence, going over to the asymptotic region 1> 7, [see (51)]
and replacing @ (x,¢) by @ (x,? ), we obtain

g (x, t) _ Sp o [#, ¥ (x)]
B et )

Therefore, in the leading approximation in the gradients of
£, (x) and dg (x,f )dx we have
d¢ (x, t)

at

= Re

srovor SP e {Y (0, Z5E 9] (52, $(O)]

or, noting that [, + p¥N1=0,
dp(x, 1) . _ Y (x, )+ Y (x, )p(x, t)

i =% B =t Yo (x, 1)

At the same time, the superfluid momentum p(x,z ) is related
to the phase @ (x,¢) Eq. (59).

Equations (50) and (60), and also the expression (46),
show that the phase @ (x,# ) enters the right-hand sides of these
equations only through p(x,?) but not explicitly. Therefore,
Eq. (60) is usually written in the form

. (60)

Yy, )Y (x, Hp(x, 1)
Yy(x, 1)

i}(x, t).-_~V( ), curl p (x, £)=0.

(61)

We now obtain an equation for the entropy density. The
entropy density is determined by
s= ——-Spuw(t)lnw(t)= —o+ YL, (62)

Therefore, noting that §, = dw/dY,, we have
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S T
s=1 u.crz apn Dr
or, using Egs. (50), (61), and (46), we obtain
0 d ¥Y,+Yp v a {A d oYy
dpp Oy Y, B T aYq Y,
L) d  Y,+Yp |, Oan
W e TR G®). ()

Noting that ¥, (8 /3Y,,)((Ys + Yp)¥o) =0, we have

£ . Pk ey BT Y
5= T {)’,. (2 ““_”’)} Yoo —v3
Thus,
B ¥ o @ Bt
B (Y_os)_}o dzy ¥: (64)

If we use the phenomenological principle of adiabaticity of
the flows of an ideal superfluid, we must set the function
C, (p) equal to zero. It can then be concluded from Eq. (64)
that only the normal component of the fluid, which moves
with velocity — Y/Y, — v, , possesses entropy.

4. GALILEO-INVARIANT AND RELATIVISTICALLY
INVARIANT SYSTEMS

Let the quantum-mechanical equation be invariant
with respect to the Galileo transformation, which is given by
the unitary operator

U, = exp {—ipg Prxn (x)},

where p = mv (m is the particle mass). This means that the
density operators £, (x) have the following transformation
properties under the unitary transformation U, :

B (65)

Upity (x) U =71; (x)+ mugn (x), Upn (x) U =n (x).

Uye (x) U =& (x) + va¥ (x) + 1 (x)

Using the first of these formulas, we have [see (23)]

o=k +vF +TZN. (66)
Therefore, in accordance with (28)
o (Y, p)=0(Yy O)=o0(Ya), (67)
where
Y=Yy Yi=Yy+¥Ypn Y=Y +¥umo+¥, 2.
(68)

We see thus that with allowance for rotational invariance the
thermodynamic potential @ of Galileo-invariant systems is a
function of the three independent Y ;, Y?, Y';. The transi-
formation (22) of the statistical operator corresponds to tran-
sition to a frame in which the condensate is at rest and the
parameter v = p/m=v, has the meaning of the superfluid
velocity. By virtue of (31) and (68), the second law of thermo-
dynamics for Galileo-invariant superfluid systems has the
form

do={zdYq, (69)

where £, are the densities of the additive integrals of the
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motion in the frame in which v, =0, and
7T A ’
e'=e—LE 4 P 5 nl=ny—pun, n'=n. (70)

m 2m

Equation (67) shows that for Galileo-invariant systems we
have in accordance with (47) and (49) the relations

m:m” Ps =P — Pns

and therefore the expressions (48) become

: p
]kz—,;} vnh+p_ni Usks t:k'—' _}—6zk DsVs
+ Onlnilnp, (71)
= OF -.‘_.-_pi Y_‘—-Yp
9h~”nk(*?—n'f6‘ = T)
—p, Ps Yo+ Yp , Cu(p)
2 m Y, G <

We shall show that the requirement of Galilean invar-
iance leads to vanishing of the function C, (p). To this end,
we note that by virtue of (22) and (27)

dw
( dpy )
It follows from the definition (22) of the statistical operator
w' and Eq. (66) that

=i[lh, w]+Uj (5= (72)

apy ) P

1
(%)Y: —w' j d),{%(énz (}-)_<5‘01))
0

+ (Y12 m) B ) — ),

N () Ew'"}"f\‘r'w’}', (...)=Spu’
Therefore
(%) =il u]+yu( ) +Y’(a¥)
and, therefore,
Tk 5 8p s (0)
= —iSpwily 4y (O +7% F+7, S0 (73)

Using the transformation properties (65) of the operators of
the densities £, (x) and the relations (18), we find the trans-
formation properties of the operators of the flux densities
under a Galileo transformation:

Upmy, (x)Ug= ﬁh (X) +muyn (x),

Upfk; (X} U}J; = Ekl (X) e mUkJ;:I (x) -+ mU!J;h (X) -+ Ukv;mr:‘, (K),

Up!;h () U = g (x) + 0,83 (X) + vpe (’EH-”T2 (7 (%)

opmn (X)) + vy (x), p=mv.

(74)

Differentiating the last relation with respect to v and then
setting v = 0, we find

o, A 1 A a
— 1Ty gn (%)) =~ {tm (%) + B2 (x)).
Substituting this expression in (73), we obtain
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dqy 1 9qp 5‘@‘;«
ot (ttar T ) vy
Since by (68)

7] a P a p: 9 ] a a
] e | PR € 4 BT A R o
¥, v~ 9Y, mooayn Bm 9Y] ' dYy ‘p 6Yt'l+ph vy’
o) _ 8 o) 0| W 9, L,

. lp~ 0Y1* dprly, dpplvg ™ m o¥] ' " Ro¥;e

(76)
we obtain, substituting the expressions (46) for ¢, t,,, and g,
in (75) and using (76),

9Cx (p) _
ap;

We have also used the face that the potential @ depends only
on Y, and not on p [see (67)]. Hence and from the require-
ment of rotational invariance it follows that C, (p) = 0. Us-
ing Eqgs. (71) and (67), we can readily show that the equations
which we have obtained go over into the equations of Lan-
dau’s two-fluid hydrodynamics.

We now consider the case when the system is invariant
with respect to Lorentz transformatlons In this case, the
operators of the momentum, #, and the energy, #, forma
4-vector PH=( & x %), which under the Lorentz tranfor-
mation

ab>gh=gls", (P=um,, 2°=ti) (77)

transforms in accordance with
Fr s PR = U P =t P, (78)

where U, is a unitary transformation in the Hilbert space
corresponding to the transformation (77), the explicit form
of which we here omit.

The role of the particle-number operator Nis played by
the charge operator Q, which is an invarant:

0—+Q' =U,0U;=0. (79)

Thus, we can represent the equilibrium statistical operator
of the relativistic superfluid in the form

(Yu, pu)=exp {V(D — Yuffa!lm Yé@
—vpu | don (@ (@) 0™ fnc. )}, (80)

where
Yu = (Yha Yo), Pu = (Prs Do)y Do = (Y4 —+ Yp)/Yo

(the hyperplane o over which the integration in (80) is per-
formed is orthogonal to the 4-vector D, ; for simplicity, we
consider the superﬂuldlty of scalar particles described by the

scalar field & (x)=¢""**% @ (0)e _'9"‘) It follows from Egs.

(78)~(80) that

U (Yy, pp)Ua=w(Yy, pp)s (81)
where
Yp=Yau, Pp=pyay. (82)

Thus, the quantities ¥, and p, form two 4-vectors, and
Y‘i Rt St Y,.IP"" (83)
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is an invariant (the connection between the covariant and
contravariant components of 4-vectors is established by
means of the diagonal metric tensor g,, with components
o= —1,81=8»=8:1=1).

The condition (8) of spatial homogeneity and the sta-
tionarity condition (12) are combined into the single relati-
vistically invariant relation

[w, #*—p*Q1=

Since the volume V is not a relativistic invariant, it is
expedient to replace the density of the thermodynamic po-
tential w by @, = /Y, = Q/VY,, which is a relativistic in-
variant and has the physical meaning of the pressure [it fol-
lows from (81) that ) = @V is an invariant; ¥,V is obviously
one too]. Thus, @' = w/Y¥, is a function of the invariants ¥ 2,

2 Y.upﬂ :
o' =o' (Y2, p?, Y,p4).

(84)

(85)

In accordance with (46), the densities £, and the fluxes £,
in the state of thermodynamic equilibrium were expressed in
terms of the density @ of the thermodynamic potential,
which is a function of the variables ¥;, Yy, ¥y, p; . This form
of the expressions was, in particular, convenient for Galileo-
invariant systems. For relativistically invariant systems, it is
expedient to express the densities §, and the fluxes £, in
terms of the potential ', choosing as indenpendent variables
the four-dimensional vectors ¥, andp, (Y, = —p, ¥*). It
isreadily seen in accordance with (46) that the charge density
n=;/" and the charge flux density /* form a 4-vector, and

j*=do'/dp,. (86)

Similarly, the energy density £ and the momentum den-
sity 7 =m,, and also the energy flux density ¢* =g, and
momentum flux density ' =t,,, can be represented in ac-
cordance with (46) in the form

__90'Y, an’ T ol dw’ Yh do" | __C_h_
B e I T }
da’ i0'Y 0o’

R 17 iy

= an + s ﬁpg’ b dYs Pt a ap: "
(87)

From this it can be seen that the quantities
10 =g, =g* M =¥ 1% = ¢* from the second-rank

tensor ¢ #* (the energy-momentum tensor):

’ v ’
WX pu_a_‘P_ (88)

ey — —
Yy apv

(for relativistically invariant systems, the constant C;, is also-

zero, since the quantities 7 #* must form a second-rank ten-
sor, and the right-hand side of (88) is also a second-rank
tensor). Note that by virtue of (85) the tensor ¢ ** is symmet-
rig, 14 = P,

We emphasize in conclusion that Egs. (86) and (88) are
formally valid for general superfluid systems [if the function
C, (p) is ignored]; for in deriving Egs. (86) and (88) from Egs.
(46) we merely went over from the independent variables
Y,(@=0,1,2,34), p, to the independent variables
Y,(p=0,123),p,, where p, = (¥, + Yp)/ Y.

The introduction of the tensor ¢ #* and the current vec-
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tor * makes it possible to express the hydrodynamic equa-
tions of the superfluid in the form

ny
Ay A _v_o

22 o= (89)

The equation of motion for the superfluid momentum p (61)
with the condition that the superfluid flow is irrotational are
combined into the equation

apt
dxy, Bt

=0, (90)

where the 4-momentum p, is related to the phase @ by

P, = d¢ /9x" . The entropy density s = — (1/V)Sp w In w,
equal in accordance with (87) to
0= —o4Y,mt4Y,;j0=Y Yuay 5 91)
and the entropy flux density s*,
e T g0 (92)
[}
are combined into the four-dimensional vector
b= —YW1Y, — aY : (93)

which is the entropy 4-current.

It is a consequence of the conservation laws (89) and the
equation of motion for the superfluid momentum p,, (90)
that the flow of the superfluid satisfies the adiabaticity con-
dition

ash/dzk =0, (94)

The system of equations (89), (90), and (94) obtained in
our microscopic approach is completely equivalent to the
equations of Ref. 14, the basis of which is a phenomenologi-
cal approach to superfluid hydrodynamics. (The equations
of the hydrodynamics of a relativistic superfluid were ob-
tained earlier in Ref. 15 in a microscopic approach.)

To conclude this section, we note that Egs. (89), (90),
and (94) hold not only for relativistic systems but also for
generalized superfluid systems whoose Hamiltonians are
neither Galileo nor relativistically invariant. In contrast to
relativistic systems, for which the pressure @' is a function of
the invariants p?, Y2, p, ¥* [see (85)], in the general case o’
will be an arbitrary function of ¥, and p,, . In the following
sections, we shall find it convenient to use Egs. (89) and (90)
to study generalized superfluid systems and employ accord-
ingly relativistic notation.

5. GREEN’S FUNCTIONS OF SUPERFLUID SYSTEMS

In the theory of normal systems, one introduces retard-
ed ( + ) and advanced ( — ) Green’s functions for a pair of
translationally invariant quasilocal operators &(x) and b (x):

ab(xs t; x! t)=
= Fi0(x(@t—t)Spwla(x, 9, b, ). (95

Here, w is the equilibrium statistical operator, and
a(x, t)=expli (#t— #x)]a(0) exp [—i (¥t — Fx)I.

Since for normal systems [w,7#°] = [w, 4 ] =0, the Green’s
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functions are translationally invariant with respect to the
coordinates and the time, i.e., they dependonx — x', t —¢'.
In the case of superfluid systems, the Green’s functions de-
fined in this manner will not be translationally invariant,
since the equilibrium statistical operator does not commute
with # and & . However, if in Eq. (95) we understand by
d(x,t ) the operator

a(x, t)=exp {i (Ht — Pyzy)} a (0) exp { — i (Ht — Pyay)},
(96)

where
H= fr’f?—{—polf’, ﬁhs ﬁ”k—phﬁ",

then the Green’s functions determined by (95) will be trans-
lationally invariant, since [w,H ] = [w,P] = 0. (In this con-
nection, it is convenient to interpret the operators P and H
for superfluid systems as the operators of spatial and time
translation, respectively.) Therefore, we arrive at the follow-
ing definition of the two-time retarded ( 4 ) and advanced
( — ) Green’s functions of superfluid systems:

G (x, t) = Fi0 (t) Spw la (x, 1) I;(O)], (97)I

where

w = lim lim

v+ V-ooe

exp {Qv = }v(ﬂ:a 5 \‘}‘()
| @z (p (x) eiox+ 0 4 he.)}

is the equilibrium statistical operator [see (27)] and a(x,t ) is
determined by Eq. (96).

Since the averaging in (97) is over the state of statistical
equilibrium determined by the operator w, the Green’s func-
tions G j(x,t) are also functions of the thermodynamic
forces Y, and the superfluid momentum p:

G (x, 1) = G5 (x, t; Y, p)-

The fourier components of the Green’s functions
G ; (k,w) are determined by the equation

G5 (k, 0)= | a% | ateior-wgs (x, 1), (98)

These Green’s functions determine the response of the
system to an external perturbation. Indeed, suppose that in
the limit 1 — — oo the system is in the state of statistical
equilibrium described by the statistical operator (26). At a
certain time ¢ ) an external field is switched on, so that the
Hamiltonian of the system becomes the operator
F#(t) = + V(t)and, accordingly, von Neumann’s equa-
tion (3) takes the form

i 2280 _ g0 v (1), p(e)).

Introducing instead of p(t ) the operator

o (t) = o-1wofty (1) oipolt, (99)
we obtain for it the equation

. dp o ~

i 20 10 LT (1), p(0)], (100)
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where

V(t) =e-ipoNty (t) eipolt = { dat(x, 5(x)  (101)
[ £(x,t) is a c-number external field and b(x) is the quasilo-
cal operator which determines the interaction of the parti-
cles with the external field]. Since in the limit 1 — — oo
there was no external field and the system was in equilibri-
um,

p (— o0) =eimt (1) oot |, w0,

(102)

Assuming that the interaction of the system with the
external field is weak, we can expand p(t ) in power of V(¢ ):

PO=wto O+ ..., (103)

where[w,H ] = 0andp'(t)~& (¢ ). Intheapproximation linear
in £, the equation for the statistical operator p'(¢) has the
form

iapét(t):[H, p’ (t)]+ Sd:ix‘é(x‘ z) [B(X), UJJ.

The solution of this equation with allowance for the initial
condition p'( — o) = 0 has the form
t
i@ =i S av | ExE, )b, v —1), wl.
Up to terms linear in the interaction ¥ (¢ ), the mean value of
the operator a(x) is determined by

a(x, t)=Spg(t)&(x)=Sp wa (x)+az(x, )+ ..., (104)
where
as (x, )= 5 ' | d3a'e (x', 1) Gy (x—x', t—1')  (105)

and the Green’s function G} (x — x',t — t’) is determined
by Eq. (97).

The invariance of the equations of quantum mechanics
with respect to continuous transformations leads to certain
restrictions on the structure of the Green’s functions.

We consider first the case when the quantum mechani-
cal equations are invariant with respect to Galileo transfor-
mations. In this case, we have in accordance with (26)

U (Y, p)Us=w (Yg, 0),

where the thermodynamic forces Y/, are related to the ther-
modynamic forces Y, by (68). Further, noting that

Up (S +pN) Up =5+ -9+ T4 A,
Up(F1—pulV) Up =Py,

and making a unitary transformation under the trace symbol
Spin Eq. (97), we obtain

G (x, #: ¥y, p):G;f;(,w%z, t; Y5, 0), (106)

where 4(0)=U, 8(0)U ;* ,b (0O)=u, b (O)U ;* .
Of course, such a restriction on the structure of the
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Green’s functions cannot be obtained for systems that are
not Galileo invariant.

We now consider the case when the system is relativisti-
cally invariant. The Green’s function is still determined by
97,

G5 (2) = F 10 (£ ) Spw (Yo, py) [a(z), b(0)], (107)
where
a (z) = exp {i (F* — p"Q) 2} a (0) exp {—i (F* — p*Q) z}

and the statistical operator w(
(80):

w (Y pu)=exp{Vo—T, (" —p"Q)

Y, .p, ) is determined by Eq.

—py § do¥ (§ (@) e 4 he.)} -

c

Since @ is a scalar field in accordance with (80),

Uup (0) U= (0). (108)
Therefore, bearing in mind that

U U= as%", UQUi=0,
we find in accordance with (77), (82), and (105)

G4 (2w Yo D) =G 3 (zh Y D) (109)

where 4(0) = U,a(0)U;, (0) = U,5(0)U; and the
primed quantities are related to the unprimed ones by
x, =ayx,, Y, =Y,a,, p, =p,a,. If for the operators a
and b we choose, for example, the current operator ]y , We
readily see that

G.E_L. v (z, Y, P)‘“a'u av G:ru,:.'u (@ X5 ) (110)
We have also used the fact that
Uafu (0) Ui =alt 7 (0). (111)

Similarly, using (108), we find

Gl gle, Yo n) =05 gle T 1)

6. STRUCTURE OF THE LINEARIZED STATISTICAL
OPERATOR AND EQUATIONS OF LINEARIZED
HYDRODYNAMICS

In this section, we consider states of generalized super-
fluid systems near the state of statistical equilibrium, obtain
the equations of linearized superfluid hydrodynamics, and
find normal modes in the system.

Thus, we consider the equation of motion for the statis-
tical operator p( ):

i 2280 = (5%, o ().

(112)

In accordance with (26), the equilibrium state is described by
the statistical operator

w(t) =exp {Q — Ym'{;a —vY, S d3z (P (x) e~ipx+pat) L h.e. )} 8

Po= (Y +Yp)/Y,. (113)

399 Sov. J. Part. Nucl. 16 (4), July-Aug. 1985

(For simplicity, we also consider equilibrium states for
which y = 0; we recall that [w(t), ¥ — pN ] =0.) However,
linearization around an equilibrium state that depends on
the time ¢ is inconvenient. We go over to the statistical opera-
tor

p (1) = e-1neltp (1) eipolit, (114)

In this case, the equilibrium statistical operator around
which we linearize is determined by

w=w(0)= e-ipaNty (t) eiﬂﬂf“‘rT

—exp {Q— Y a—vY, | P2 ($(®) e+ he)}.  (115)
In accordance with (112) and (114), the equation of motion
for p(t ) takes the form

H= 38+ p,

90 (1)

i = [H » P (t)la
Wenowsetg(t) = w + g'(t ), wherep'(t ) isthe statistical oper-
ator that describes the deviation of the state of the system
from equilibrium. At times #3>7,, the state of the system is,
as we have already said, described by the parameters {,, (x,z)
and ¢ (x,t ). Therefore

o ()= o' (' (1), ¢ (1), (117)

where
o' (@ (1), ¢ (1) = | Pe {6, ()8 (x, )+6 (X ¢’ (x, D},
(118)

6o (T, @)

n __ b0 (L @)
8l () (x) =

bt g ? 00 80 (x)

(;a (x)=

t=E, p=nx’

and{ [, (x,t) and @ '(x,t) are the deviations of the parameters
o (x,0) and @(x,t) from the equilibirum values, i.e., from
&, =Spwé, and @ =Im In Sp wy(x) = p-x, respectively

(EL(x) =&, (x,1) — o' (X,8) = p(x,t) —@). Noting
that in accordance with (53)
efyo (¢ (x'), @ (x')e-1Fy
=0 4y, 9 +y)—py), P=F—pN

we have

elbyg (x)e- 1By =g, (x—y), €0, (x)e- Py =0, (x—y).

These expressions confirm once more that when p#0 it is
expedient to interpret the operator P (and not the operator
Z as the operator of translations.

Since the phase @ in the state w is equal to p-x, the phase
inthestatew + o'(£ '(t ), @ '(t)) caninaccordance with (117) be
represented in the frm

¢ (x, ) =Spa’ (T (1) @ ()¢ (X)+ px, (119)
where
® (x)= 3 (9" () P*— P (x) %), n=|Spwp|. (120)

We shall call  (x) the phase operator. We note that the phase
operator can be written in the form [see (10)]

@ (x) =e~1Pxp (0) eifx.
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Note that in accordance with the definition of ¢’(£ ', ')

La(x, )=Spo’ (' (1,0’ (1) La(x), o' (x, 2)
=Spo’ (&' (), o' (1) ¢ (2). (121)
From Eq. (116), taking into account (117), we obtain
i [ @26, (0 Lo (5 046, (x) Le (x: 1)}
=[H, 0" (5’ (8), ¢" (1)), (122)
where

Lo (x; )=i8po’ (' (1), ¢' (1) (X, §, (xn.} (123)
Lo (x; t)=1iSpo’ (L' (2), ¢" (1) [H, ¢ (x)]

determine the linearized hydrodynamic equations of the su-
perfluid:

Ca(xs )=Lo(x; &), @ (x; 8)=Lo(x; 2). (124)

In principle, it is not difficult to develop an iterative proce-
dure for finding the statistical operator o’(£(¢), @ ‘(¢ )) in all
orders of perturbation theory in the gradients of the hydro-
dynamic parameters.'® However, we restrict ourselves to the
leading approximation in the gradients of the parameters
§ (x,t) and @ '(x,¢). For this, it is sufficient to invoke the
ergodic relation (26), which for convenience we represent in
the form

t’““’oeiﬂf i Yoo P+ 0 (Po + p) & + %),
B r

(125)

where the initial statistical operator p satisfies the equation
[p:Z« — (px +Pi)N]1=0.The quantities p, p,, y are func-
tionals of the initial statistical operator p. Suppose that the
statistical operator p differs little from the equlhbnum statis-
tical operator w,p = w + p'. Then, since [w, Pk] =

lo's Pil = p} Tw, N1 (126)

In the zeroth approximation, we obviously have y = 0 (p’ is
of first order in the deviation from the state of equilibrium),
and, therefore, the relation (125) takes in the linear approxi-
mation the form

dw (?w dw

(127)
where
t=Spp'te, Pi=0 e R o= e
i (128)

+ | de{8pp’ (0 ¢.(0)— i)

0

%' =Spp’e (0)

For variation of the relation (125) we have chosen as inde-
pendent variables, not the quantities ¥, p, _X» which are
functional of p, but the quantities §, = Sp wg"a =L, (Yp.p),

P: ¥, since Sp p¢, = Sp w,, because £, are the densities of
the additive integrals of the motion. In addition, we have
used the fact that p, = (¥, + Y+p)/Y, and also the expression
(25) for the phase y. We emphasize that the relation (127) is
valid for initial statistical operators that satisfy the condition
(126).
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We now trun to Eq. (117). Taking the initial statistical
operator p'(0) equal to the statistical operator p’ in (127) and
noting that in this case £ /, (x,) = £ !, do not depend on x or #
by virtue of the conservation laws, while the phase @ '(x,? ) is
in accordance with (125) equal to p'x + pjt + y', we obtain

emittpettit — [ a2 (G, (x) G+ G (1) (X + Dot + X))o
Comparing this expression with (127), we find that
- S &0, (x),

= 5 d3xx,, &q, (x).

dw

" " e
=5 d3zo,, (x), =

(129)

dw |
e Ip 99 g, p

It is readily seen that these relations are in agreement with
(96), since

eif’y L e—if’y _— ,6_5"}__ . eu‘y dw e—le = .d_w
%0 Ip - P' 6(13 a¢
eiﬁyi i —-iPy — .

apr 1t 6pk KR

Now let p’ be a fairly arbitrary statistical operator. Then
ignoring the gradients of ¢ /, (x,# ) but taking into account the
gradients of the phase ¢ '(x,t), we can represent the mean
value Sp e"p'e"™'@~(x) for >, in the form

Spe-iHltp'eitity (x) — S Spo’ (T (1), ¢ (1) a(x)
~t (x, t)Sd"’x'Spéa (x') @ (x) + ¢’ (x, t)S &z’ Sp o (x)

% a(x)+ Lot | d%’ (2 — 1) Sp 6y (x') d (x)
(we recall that &(x) = e~ *4(0)e"™) or, taking into account

(129), in the form

. ot A d{a
—iHty' giH!t = t |
Speripletials) s rLalmt) |,
6{a) . 09 {(x, t) 8{a)
+¢' (x, t)—— LI " o

where (@)=S8p wa(0). As was shown in Sec. 4, the equations
of superfluid hydrodynamics have the form

aghy aj¥ apt ap¥ 0

PR Fiics dxy dxy

(130)

and the phase @ (x,?) is related to the superfluid 4-momen-
tumbyp, = dp /dx”. Welinearize Eq. (130) about the equi-
librium state, choosing as parameters describing the devi-
ation from the equilibrium state the quantities 8Y,, (x,t)
=Y, (xt1) ey Y, and ép, (x,t) =p, (x,t) — P, (Y andpﬂ
are the equlhbnum valuesof ¥, p,,u = 0,1,2,3). Then the
hydrodynamic equations (130) when linearized about the

equilibrium state take the form

ke {25 amm——muk))

1
kv( 6Y (k)+ 5131(’“))——0 5 e
kvﬁpu (’T")'—kuapv( )_Or

wheredY, (k ), p, (k) are the Fourier components of the cor-
responding quantities. Using Eq. (86) and (88), we readily see
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that

a'y YV’ aj¥
o U e e R
. . : (132)
gty _ enae e -h_}-"'i__ )HQL
et e v+ Pop

Substituting these expressions in the first equation of (131)
and noting that 8p; (k) = ik, 8¢ (k ), we obtain

8Y,. (k) (a*p* — D"+ i8¢ (k) (bpt — (kY') am) 0, (133)

where

a2 (kY) o'

wy __
D" = ay,ayy ’

(134)

Using the notation (134), we express the second equation of
(131) in the form

a*8Y, (k) +idg (k) b=0. (135)
Equations (133) and (135) have a nontrivial solution if
A (k)= b—a*Djla* (kY) =0 (136)

We see that to determine the normal modes in the system we
must find the matrix D ~'. In accordance with the definition
(134), this matrix can be represented in the form

DY = (kY) B* - EV A" K" 47, (137)
where
: RN v dw’
Buwa—m, .A —_—-"m (138)

The structure of the matrix B*" is simpler (since it does not
depend on the wave vector) than that of the matrix D*Y.
Using (137), it is easy to show that

(&) D! = B! + P20 (B-14), (B-14),

4 (AB;A) (B-k), (B-%),— (RY)+1{;IB'1I«:)
A (B A)y (Bk)y + (BT A)y (BE)s ], (139)
where
D = [(kY) + (AB- k)12 — (EB7'k) (AB-14). (140)

Note that since the right-hand side of Eq. (139) is finite for
(kY) =0, the matrix D . ' has a singularity at (kT') =

It is easy to show that the dispersion relation (136) when
Y = p = 0 takes with allowance for the definitions (46), (47),
and (48) the form

Ak, 0)=0—0?? (B-+p.C)—kt o A - 0,(141)
On m2
where
_ap a4 (Y, aP Y,
A=0;u ah(yo) 02, t'jio(}'/o)’
- i ( apP . ¥y 0P ) [ 8 [ ap o Ps DI Yy
o :z 9%y Yy, al, ! Yoon e ' ,; &:9(“)/—0)]’
C_l[a(Y4 Y, (?(Yl)
==lw () -v=ls
* i B Y, ]
—|—?ﬂ Yopn 9%, (Yiﬂ) 2 |
(1417)
401 Sov. J. Part. Nucl. 16 (4), July-Aug. 1985

For Galileo-invariant systems we have in accordance
*
with (67), (47), and (49)p. =0, m = m,and 4 and B take the
form

e (), 5]

i PS T'a*
Pacy

(142)

(P= —w/Yy=—w" is the pressure, o=3s/p

= Y, (P + &+ £, Y4/ Y,)/pis the entropy of unit mass, ¢ is
the heat capacity of unit mass at constant volume, and
Y, '=T is the temperature). In this case, the dispersion
relation A(k,w) = 0 leads to the well-known expressions for
the velocities u, , of first and second sound:

1 apP Tc‘lps]
2 e Eiinlll 4.8
ut‘z 2 [( ap )U+ cvPn
/ 1 aP . Ta?ps ]’-3_ apP To2pg
4“} [( )0 T eypn ( dp )T cypn

(to the indices 1 and 2 there correspond the upper and lower
signs + and — ). This formula applies to the case when
Y=p=0.

If we consider now a superfluid in which p = mv, =0,
Y = — Y,v, #0, then in this case the twofold dengeneracy
is lifted and instead of two mode branches there are four. For
small Y(v, /u, ; €1), the phase velocities of the four branches
are determined by

u¥ = 4u, + 8wy, uF = +u, + dus,,

where

Bous o= — (A) (142 F = (55)

apP 1 1 2Ps o Y, aP
{Yu (E)A(l T )7E[CV (W)T
)y 7] ()
N (')Y,) P, Y=0 Yocyp p \dplo
L _97Ps

+[{ ) tranr] 2
o e [ 2 (o (35 ()

20n Loy \8Yg /P, v=0 ' \ 85 /g, \ 0¥ [y, Y=0

Note that under the assumption ¢, = ¢y (this relation is sat-
isfied with good accuracy in superfluid helium) these expres-
sions go over into those of Khalatnikov,'® which in our nota-
tion have the form

e B

F [ 5= (7 Jovveol )

7. HYDRODYNAMICS OF A SUPERFLUID IN EXTERNAL
FIELDS

In the previous sections, we have constructed the ther-
modynamics of superfluid systems and found fluxes for the
densities of the additive integrals of the motion in the state of
statistical equilibrium. In the derivation of the equations of
ideal hydrodynamics, an important role was played by the
ergodic relation (6), which is valid for spatially homogeneous
states.

In this section, we study the effect of fairly arbitrary

(143)
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weak slowly varying external fields on the evolution of the
system. To solve this problem, we consider the equation of
motion for the statistical operator p(¢ ):
. ap i
i 5= (5 +V (1), p (1)),

at

(144)

where F(¢) is the Hamiltonian of the interaction of the parti-
cles with the external field. Since we shall linearize this equa-
tion about the state w [see (115)], we shall find it conven-
ient (as in Sec. 6) to go over to the new representation
p(t) =g~ (t)ee"’"“'l In this representation, the equa-
tion of motion for the statistical operator 5(¢) has the form

i B0 gV, 50, B=gptnd,  (149)
where the Hamiltonian of the interaction of the particles
with the external field £ (x,#) is given by .

VE®) =e-tnofty ) eiwodt— { asaz (x, 1)h(x) (146)

[5 (x) is some quasilocal operator].

When a weak external field is present, we shall also as-
sume, provided the frequency of the field is low compared
with 7.~ !, that the state of the system can still be described by
the parameters £, (x,¢ ) and @ (x,? ). In this case, the statistical
operator p(¢) when ¢»7, will depend on the time not only
through{,, (x,7 )and @ (x,7 ) but also through the external field
£ (x,2) and all its time derivatives & (x,t), & (x,7),...:

P == o e E®). E)...)

=0 (1), ¢ (s 1), (147)
and

Spo (Es (0, ¢ (1) O E, () =1, (x, 1),

Im IIISDB(CE, (), g(t); ty=q(x, 1) (148)

(@ (x,¢ )is the phase of 1(x) in the state 5 (<, ;1 ). Weemphasize
that in this formula the functional arguments {5, @, £, £, . . .,
regarding as functions of x, must be assumed to be indepen-
dent of each other.
Comparing Eq.
f=6=..=0

0 (Lo (). @ (1); o (C, (1), ¢ (2)).

We linearize the asymptotic relation (147) about the state
(115), setting (¢ ) = w + p'(¢ ). Taking into account the rela-
tion (149), we obtain

(147) with (51), we obtain for

0, 0...)= (149)

P (1) =2 0" (E (0, ¢’ (D) +PEW)+ ..., (150)
where the statistical operator o'({ [, (¢), ¢ /(¢ )) is determined
by Eq. (118), and the parameters ¢ /, and ¢ * in (118) are un-
known linear functionals of the field £ (x,¢ ), £ (x,¢),... . InEq.
(150), p(£ (2 ))=pl(£ (2 ),£ (¢ ),...)is the deviation linear in£ of the
statistical operator p({,, ,@;t ) from w due to the explicit de-
pendence of 5(£, ,@;7 ) on the field £ (x,z).

Noting thatthe phasein thestates'(¢ ', ';¢ ) hasinaccor-
dance with (150) the form
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@ (1) =Sp {0 (T, ¢ @) +FpED) X, (151)
and taking into account (121), we find that
Spp(E®) & (x)=0,Spp (E@W ¢ (x) =0. (152

We have here taken into account the fact that
Sp {o" (&' (), " ) +p E@} L ) = L (x, 1)

From Eq. (145), taking into account the expansion

(150), we obtain
i { @ fo,x (L, (x5 )+, (x5 1)+ 6,

g (5; )} + i LS
=[H, o' (L' (2), o' (O)I+[H, p EW)+(VE @
where the quantities L, (x;¢ ), L, (x,z) [see (123)] and
W (%3 )=1Sp e [V E (1), £, (x)] |
~i8pp (E(4) [H, €, (W)

(x) (L (x3 7)

) w], (153)

|
v (154)
e (x; 1) =iSpw [V (E(2), ¢(x)] ‘
+iSpp E(D) 1H, ¢ X); j
Mo (X3 Da=ng (% E(0) E@) -..), Mylx; 8)
=, (x; £, E®) ...)
are unknown linear functionals of & (), £ (¢),... which deter-

mine the linearized hydrodynamic equations of the super-
fluid
“a.(‘ t)_'L (\’ I)'—T]a X, 3),
— Ly (x5 t)y=ne(x; 1)

0 (x, 1)
(155)

in the presence of the “sources” 7, (x;¢ ) and 7, (X;t ) associat-
ed with the external field £ (x,7 ). Therefore

i \ (1312{0 ) (x5 1) +0 (x) ng (x; 1)}

+12CW g @)+ (V@) v

di
We now turn to the determination of the sources 7., (x;¢ )
and 7, (x;¢ ). To this end, we transform the system of equa-
tions (156) and (154) to a form convenient for finding 5, (x;¢)
and 77, (x;¢ ) in perturbation theory with respect to the spatial
and time derivatives of £ (x,¢ ). It is readily seen that Eq. (156)

is equivalent to the integral equation
T

e 1H1g (E (2)) elHTt=p (E (1)) —i \ dt'e-1Ht

(156)

i
5 {]- ap (E (1))

ot

+i '& d3x (cr‘1 (x) M, (x; 1)
+ 0 (x) g (x; £)— [V (£ (1)), w} elfiv’,

Since in the limit 7 — « we have in accordance with (51)
¢’ (7; 1))

@' (05 1)) ettt

e~ 8% (E(f)) elH* —— o' (L' (1; 8),
T+ 00
—e-iltg’ {7 (0 1),
o' (L' (0, 1), ¢ (0; 1)

= , &3z {0, (x) &r. (X, 0; 8)--0, (x) ¢’ (x, 0; 2)}
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[the parameters £/, (x,75t),p ' (x,7;t) satisfy with respect to
the variables x and 7 the linearized hydrodynamic equations
with the initial conditions ¢/, (x,0;0)=( . (x;t), ¢ (x 0;1)
=@ '(x;¢), which are linear functionals of £(x,?), §(x t),
E(x,1),..., etc., ie, £L(x8) =L (KGEWD,EM,..) @' (x;1)
=@ (x:£(1),E(1),...), where T is a parameter], we finally
obtain with allowance for this limiting relation
PEM =0 € (s 1), ¢’ (x5 ) — | dre-is
0
x{iH, o' @ (5 1), ¢ (s )] +1 [V E@), w]

r?p((.}‘g#ﬁ:* g @3 (0, (x) Mg (x; 1)+ &¢ (x) g (x; t))} eiHT,

(157)

The parameters { ., (x, ) and @ '(x,2 ) are determined in accor-
dance with (152) from the equations

Spp (E(1) & (0 =0, SppEW) ¢

To Eq. (157) we can apply the standard iterative procedure
with respect to the spatial and time derivatives of the field
& (x,t). We are interested in the mean values Sp p(£ (¢))a(x),
which depend on the point x. These are determined by the
values of the c-number functions § /(x,) and @ '(x',¢ ) in the
neighborhood of the point x. Having in mind the calculation
of these mean values, we shall represent the statistical opera-
tor p(£ (¢ )) in the form of an expansion in powers of the gradi-
ents of these functions at the point x.

In the the zeroth approximation in the gradients, we
have in accordance with (118), (119), (129), and (146)

o (¢ (1) ¢ () =TLulx, 1) [ @, (x)
+ 0 (x, 0 @25, (x) = Bo (x,0) |+ (0,0 2

(x)=0.

(158)
VEm) =&, 0 | da'b),
(©
where { [, (x,£) ~£(x,1),p ' (x,t) ~£(x,t). Here and in what
follows, we must bear in mind that the parameters ¢/, (x,t)
and ¢ '(x,¢) are determined by the values of the external field

&(x',1) in the neighborhood of the point x.
Thus, if we take into account (158), the statistical opera-
©

tor in the zeroth approximation p(£(¢)) (proportional to

& (x,¢)) has the structure

dw

P =T (x, ) 2 ot T

(, t) dw

o dw
[ 15;-13)’6_91—

W 0 "
Ny (X5 t)+ —— Mg (X3 t)}e'*‘“-

dte-iHt {1 V(& (), w]+

= |
T oty

0 e dw w
4 @' (x, 1) ‘7_‘13] + o,

(159)
(©)
It follows from this that [p (& )),Pk] = 0. Then from the
(©) (0}

relation (154), which determines 7, (x;t ), (x;¢ ) in the zeroth
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approximation in the field inhomogeneities,

Mo (x5 )=18p w [V (1)), £, (x)] 1
+iSpp (1) (H, £, (x), !

Mo (x; 9)=iSpw [V E®), ¢ ()]
+iSpp E(0) [H, ¢ X,

and the fact that [H,z‘ac (x)] = [f’k ,é,,k (x)], it follows that
(0)
({/}]

N (x; H)=iSpw [V (E(t), Ly ()] (161)

Since g,, (x) are the operators of the densities of the additive
0

integrals of the motion and Spp (£(2)) E (x) =0, using

(0) ([})

(161) weobtain £ ., (x,t) = Sp o’ (§ (' (1)E, (x) =

Therefore the statistical operator p (&£(2)) has the form the

condition

o0

1) E:fp i \ dre-iHt

PEW =9 (x,

XAV EO), €]+ S5 g (x5 1)+ My (55 1)} 087
(162)

(we have used the fact that [H,dw/d@] = 0). The param-
eter ¢7 '(x,t) is determined from the condition

0 .
Spp (E(t) ¢ (x)=0.

Bearing in mind that [w,P, ] = [w,H ] = 0, we find in accor-
dance with (161) and (146)

w) A
e (5 )= —i(x, ) Spw A, 60y, 22|

(163)

(©)
To determine 7,(x;t), it is necessary to find

[‘[;](5 (£).H ] From (162), we obtain

(0)
ﬁ@mum:umvmﬂuV@me 20 e (3 1

r'hu (0 { (0)
T e (x5 1) feifT— i [VﬁMLw}

dw 0

+5 T (% :)+cf€“’ M (i n}. (164)

Since H = % + p(,N dependson{,, p,and [w,H] =0,
Jw dpg

20 gimsm 22 4 g e (165)

e—iHy —_ — 2
ol La e |p d¢

Therefore, noting that [H,dw/dp | = 0, we rewrite the rela-
tion (164) in the form
(0]
[p(E(t)) Hl=— I]m{e“m v (E (1)), w] el
(0)

S € ), vl

P

—11.'1]“_(\ t) = ap"
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It follows from this that the second equation of (160) takes
the form
)
114, (x; D=t hm {Sp e-iHT[Y (E (), w]

S e (x) — i (x; 1) 2|}

(166)

Using the ergodic relation (127), we readily see that

(0)
lim fie-1#5 [ (£ (1)), w] ettt 2 i 1]“ (x; 1) 2 6P°
T-r00

g

dw
= 2| m (s ) =22y,

where y' is determined by (128), in which the operator
Y]
i[w,V(§ (¢ ))]. is taken as the initial operator p’. Thus, we

have

[{0]
Ne (X5 = —y' (x, D). (167)

" ©)
If [N,b] =0, then 7,(x;¢) = 0 [see (163)]. In this case,

0
the expression (166) for 5., (x;7 ) can be simplified. To this
(i, [ @ (x) evivx 4 4+ (x) eioy)],

end, we again use the ergodic relation, in which
[w,Sd *x(¥(x)e'™ + ™ (x)e™*)]is chosen as the initial statisti-
cal operator p". Since this statistical operator commutes with
P, , we obtain in accordance with (166), (128), and (127)

() 1

e (x 1) = 5 £ (x, 1)

g d3«' Sp [w, p*

ab

(7)™

p

(x') eiex —p (x') e=1#%] £, (0).

Noting that [w,H]=0, [w,P,]=0, we readily transform
0)

(
7,(%; ) to the form

(0 aly ab

N (x5 ) =—8&(x, 1) (*FP“': E

), IV, 61=0  (168)
(we have here used relativistic notation).

Since in the considered case LN b 1 = 0) the leading ap-
proximation for 7, (x;r ) vanishes, we must for what follows
find the quantities 7, (x;¢ ) in the first approximation in the

gradients of the external field [see (154)]:

(1;
na(\ ) =iSpw(V (W), & (x)]

(169)

In accordance with (118), (129), and (146), the operators
a
0' (§ (t).@'(t)), and ¥ (£ (t) have the form

“r) e (1!) dw ]
G (‘:r (t)' ¥ (t)) — COC (\ f’) ar T ¢ (X; f) W |
: EJ(('[’)(x; t) i dw } [170)
i oz, P Ln d_q,} :
(1) I
> '-'E X ’ ’ B r
VEm =S5t | ! (@ —a) b (), )
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-iSp P (E(f))[ﬁ’ B G0

(1) (1)
where (x5t )~ (x,t)/0x, ;@ '(x;t ) ~ ¢ (x,t)/Ix, . There-
(1
fore, the operator p (£ (¢ ) has the general structure [see (157)]
(E )= o (” (), ¢' (1))
e . 59
— Vavesnefim, o ' 1), ¢ (1))
0

W s 1B
FEV @), 2]+ 5 me (x5 1)

(0)
b - ang (x; £) dw dw it
(i #} dxy, (3Pk E—hafP,f;p iy
(171)
Noting that H = 7 + p,/N satisfies the relation
dw T 9pg
2y 9l |DJ¥ e Ip Btp IC.D
and taking into account the form of cr’(§ "(t ),gv ‘(#)) (170) and
[H’ '3?] 0. | Pv 3y am L; — i 9 ,c.p
we have

18p'p (& (8)) LH, £, (x)] = —i lim Sp o-11s

) (1)
% [V (& (8), w]elHiEy (x)+18p [V (& (t), w] L, (x).

jey]
Therefore [see (169) and ¥ (£ (¢)) from (170)]

s .__ag(x, ) lim Sp eiH7
£

T->00

N (x5 B)=1i
> [w, gdsx’x;,fa(x’)]e—””l; 0). (172)
To simplify this expression, we introduce

na (x: t)= Q-EM lnn Sp el

« [, | do'zd, ()] e-t1b (0), (173)
where

G=5m—hwv, 7| .

m )
The quantities 7, and 7/, are evidently related by the equa-

tions

1)
o Ma (x5 2.

(¢} (1)
M (%3 2) =1 (x5 §)+ Yo 55 (174)

Bearing in mind that
[24, [ | @aifex)]] =0,
and using the ergodic relation (127), wefind fora =0, 1, 2, 3

(1) - 2 a
ne (x5 ) =i RS g:'; t) @ <§§|(:;n)>_ Spw \ d*a' a

< (85 (x), Ea O, 1, B1=
where (b (0)) =Sp wb (0).

(175)
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()
To find 74(x;¢), we must calculate the limit of the

expressionin (172) for @ = 4. The ergodic relation (127) leads
to

) "z
by = 200, 200 \ P

xSpw[E(x), L (0)]—

T (176)
)
Thus, in accordance with (174)—(176), the “sources” 7, (x;?)

have the form

)
0o — B0 (260 5, ,
: ) a8 (b (o
Y | ZGOLIY (177)
where

Ky ap=—1 § 2z, Spw (€ (x), & (0)] = Kispo.
Using (32), we find in explicit form the elements of the matrix
K. Fora=4,=0,1,2,3,4

Ki; 1p= 0poCar -+ Opilae
Fora=n1=0,1.2; ,;sndf=9v=0,1,2,3

K v = 008502801 + 81000m (Tay -+ 010Lo)

+ i (67:8n + Omals).

It is easy to show that from the last equation with allowance
for (178) and (46) it is possible to represent the elements of
K, .z in the compact form (e, =0, 1, 2, 3, 4)

(178)

r?t ag
Ky po=— m l —Y, Bi’ﬂq p
9o ,
P | L =0, 1), (v=0,1,2,3). (179)

We have found the sources 7, (x;¢ ) in the superfluid hy-
drodynamic equations that are proportional to J¢€ (x,z)/dx; .
We now find the sources 7, (x;¢ ) that are proportional to the
time derivatives d& (x,t )/dt of the external field. In accor-
dance with (154),

T (x; )=15p p (& () [, £ ()1,

1
where p(£ (¢)) is the term in the expansion of the statistical

operator p(£ (¢)) proportional to d& (x,t)/dt. In accordance
with Eq. (157),

dte-iHt

pEM) =0 T (), ¢ (1) —

of— 8

x (iU, 0" & (1), o (0))+ 2 L o (5 1)

(180)

o

dw .{ - | ('}P(E(t)) iHT
ol (x5 1) 2280 ] g,

where is accordance with (118) and (129)
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1 w L, dw 1,
o' (€' (1), 0" (1) = g5 La (X &) + 59" (X 1)

1 1
and ¢/ (x;t),@ '(x;¢) are proportional to d¢ (x,t)/dt. Since

1
[H,a’(§ 'cp’)]~(<9w/6q9)| ¢p» bearing in mind that [H,dw/
dp ] = 0, we find from Eq. (180)

M (X; £) = — lim Spe=1HH® (£ (1)) e¥i5E,, (x)

T—+00

+Sp p© (& (2)) & (x). (181)

Noting that the statistical operator p”(& (2 )) corresponds toa
spatially homogeneous state, [ (£ (¢)), P,]1=0, and since
[H,& . (X)] = [Py G ux (x)], We have

Sp e~ 1Hp(0) (£ (1)) oL, (x) =

and, therefore,

1
M (x; 1) =0. (182)
Thus, Egs. (163), (167), (168), (177), and (182) give in the
leading approximation expressions for the sources 7, (x;¢),
7, (%t ) in the superfluid hydrodynamic equations in the case
ofanexternal field £ (x;¢ ) that varies slowly in space and time.

Spp@ (& (1)) L (%),

8. LOW-FREQUENCY LIMITING BEHAVIOR OF THE GREEN'S
FUNCTIONS

In this section, we find the actual structure of the
Green’s functions G j; (k,) in the region of small wave vec-
tors k(k/<1, where 1 is the mean free path) and low frequen-
cies w(wT, €1, where 7, is the relaxation time). For this, we
shall use the superfluid hydrodynamic equations in the form
(89) and (90). In the presence of external sources 7, (X;¢),
7, (x;¢ ) [see (154)], these equations have the form

AV (x, 1) e, 81V (X, 1)
52" =1 (x’;t)’ Py
43 v
= (s )y gt PR D e (x 7). (183)

The last equation in (183)is a consequence of the equations

; i &
® (%, 1) =0 (x, 1)+ 10 (%; ), pa(x, ) =gt
from which it can be seen that
Muv (X5 8) = M_ (2u18vo — Euo&wi)- (184)

Assuming that the “sources are small,” we linearize Eq.
(183) about the equilibrium state, choosing (as in Sec. 6) as
the parameters that describe the deviation from the equilib-
rium state the quantities 8Y, (x;¢) = ¥, (x;t) — ¥, (A =0, 1,
2, 3) (the deviations of the thermodynamic forces Y, (x;¢)
from the equilibrium values Y,), the quantity
8po(x;t) = po(x;t) — Po» and the phase 8¢ (x;¢) (in the
equilibrium state, the phase @ is assumed to be equal to zero).
Then the hydrodynamic equations (183) linearized about the
equilibrium state with @ = 0 have the form [cf. (131)]
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: at

ity {577 (k, o)} = (k, o);
= f 57 aj"

iy { 5787k, 0) + 21— 8p, (k, @)} =t (k, 0);
k\vapu (kg UJ) - kuap\‘ (ki GJ) ==

guekv)-
(185)

Mg (k, @) (kugyy—

The quantities 8, (k,),5p, (ko)1 (k)7 ko), (ko)
that occur here are the Fourier components of the corre-
sponding quantities. We write the solution of the last equa-
tion in the form

6])\, (k7 (JJ) 5 Ikva(P (k, m)'—gvoﬂw (k? CIJ).

Substituting the expression obtained for &p,, (k,@) in the re-
maining equations (185), we obtain

ny
ik, {5 f’;h 5o (k, w)}
=n*(k, o)+ ik,
ik, {;

=t (k, ©) + ik,

(186)

oY (K, o)+ i,

D0 e (ky ©) = 1 (K, 0),
} (187)

8, (k, )+ ikmj’r 8¢ (k, o) }

(k, 0) =t (k, v),

or, using the definitions (134),
(phar— DM 87, (k, ©) -+ i (bph — (kY) k)
X 8¢ (k, )= —in® (k, o),
a*8Y, (k, o)+ ibde (k, ©) =

! (188)

—int (k, o). J

Eliminating from the first equation a* §¥, (k,») by means of
the second equation, we find

8Y, (k, ©) =1D5}, {n* (k, 0) — prne (k, 0) — (kY) a*0o (k, @)}
(189)

and, therefore, taking into account the second equation of
(188),

8¢ (k, 0) = — = {1 (k, ©) (1— a*Dikp*) + a*Din (k, )}
(190)
We now consider the actual structure of the sources 7
and 7*, 7** on the right-hand side of (183). As we have seen
in Sec. 7, their explicit form depends strongly on whether or
not the operator b (x) in (146) commutes with the particle-
number operator N. We consider first the case when
[V, 15£0. The Fourier components of the sources 7* (k@) in
the continuity equation for the energy-momentum tensor
are determined in accordance with (163) by
) (0
il (k, @) =&k, ) 2500 pu (191)
The Fourier component of the source 7*(k,w) in the contin-
uity equation for the current is determined by
(0) 2
1 (&, 0) = (k, ) -2EOL, (192)
Since the quantity Mo (k,@) occurs in the sources 77* (k,w) and
7*(k,») in conjuction with the factor &, , in the leading ap-
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proximation in k

0) W 0
M (k, ©) = n” (k, ©),fn* (k, w)—n“(k ).

If [N,b] = 0, then the sources #* and 5* vanish in the
leading approximation in k [see (163)], and we must there-
fore find the sources in the following approximation in the
wave vector and frequency of the external field £ (k,w). In
accordance with Egs. (177) and (182), the source 7" (ko) is
determined by

(193)

AD)

ﬂn (k,0) = — ikE (k,0) {___ Koyt ag;:n) |§

For the source n“(k,m], we have in accordance with (177)

(1) A

W (k, ©) = — ik (k, ©) {__ a0 }}
©)

Finally, the source 7, (k,w) is determined by [see (168)]

a b () Pt 6(1;(;’1)) )
ag

acy

0)
Ny (k, )= —E(k, 0) (

= —E K p) 2280 5‘(b ()}

av-EC

(194)

To keep the expressions compact, we have introduced the
vector p*=(p”,1), a =u, 4. Therefore, using (187) and

)
(194), we obtain for the sources n”[k,co) and 7*(k,w) the ex-

pressmns

(1)

T (k, ©) = —iE(k, o) {k [

LKE;M!
v apO) | e
E]Tvapc agp Pp}’

& (n)) ' K,

ppﬁ}, )

these occurring in the epressions for Y, (k,.) and 8g (k,).
Taking into account (178) and (179) and going over from the
derivatives (@ (b (0))/355), (0 (b (0))/3p)¢ to the derivatives
(b (0})/{91’ Jovs (@ (b (0))/dp,, )y in accordance with

a (B (0)
G

ppn (g;fl;» ‘

) sy

i (k, 0) = —i& (k, o) {i [ 22

ﬂ(b ) a® d{b(© )
Tap H e T “ap, L

'\
( a(ﬂbﬁgl)) )n
= LG () 4 2EO) L, (L)

RIUO a(50)) 26O )

dt 2EO) () (L,

aYu ap [}

9 (6(0) v P at.| oy
P [6’“’(1?—“ Yo om ly 0Co, p)"HS‘”:l’ J
(196)
we obtain
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(K, 0) =ik, o) {500 4o 26 0) g1 ; )

&9}
e (k, ©) =i (k, ){ 5(?3(“)) A, + 3{5(0)) Bv};
L (197)
M L (B () (Y,
TI'P (k! CIJ)— _E(kv 0)){ aYv ( acﬁ )ppﬁ—]—
a(b (0) p* ([ 8y
dpy 5"0_1'70_( 6C: )ppﬁ}’
where
oY i
Ap=Y,a* ( C:) s Bu="ku+6unaa'( C; )pp» ]
(=0, 1, 2, 3, 4), l
A = (£Y) gk,‘—!—Yo( ‘;Z’vk) (phar - D), |
p
(v, 1y A=0, 1, 2, 3), J
B =it b () et~ D,
(198)

In deriving (197), we have used the fact that in accordance
with (132) and (134)

athh Y, W M ap
= ugh . DM o
ki\. atﬁ o atﬂ } (p a D )+k?u ap acﬂ ps
aj* o an ’ aj*  ap,
LT +ka dpo g |p’

We shall describe the scheme for finding the low-fre-
quency limiting behaviors of the Green’s functions
G .+ (k,»). In accordance with (105), the Fourier transform of
ag(x,t) is related to the Green’s function by

ag (k, o) = & (k, o) Gip (k, @). (199)

Ontheother hand, a, (x,t ) in theregion of large ¢ (> 7, ) canin
accordance with (104) and (150) be represented in the form

a (x, 1) =Sp o’ (' (1), ¢’ (1)) @ (x) +Spp (E(1) @ (x), (200)
where the operator o'(& (¢ ), @ '(¢)) is determined by (118),

o (¢ (1), @ (1) = | P {00 (x) L (x, 1)+ G (x) @' (x,71)}.
Since Sp &, (x')a(x),Sp &,,(x')a(x) depend on the difference
x — x', the Fourier transform a, (k,w) of a,(x,f) contains
terms that derive from the first term in (200) proportional to
8¢, (k,w) and d¢ (k,w). From the equations of superfluid hy-
drodynamics with sources 7(k,w) [which are proportional to
& (k,w)] it follows that 8¢, (k,@) and 8¢ (k,w) are singular in
the region of small k and @. In accordance with the previous
section 7, the Fourier transform of the second term in Eq.
(200) is regular in the region of small k and . Bearing in
mind what we have just said, we can represent the Fourier
transform of @, (x,7 ) in the region of small k and @ in accor-
dance with (200) in the leading approximation in the form

ag (k, )= “’ 38 80 (k, ) 4 3‘“) k0 (k, 0)
3. "’ésj 8¢ (k, ®) (201)
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or

Zf,“)‘ 87, (k, 0) L a<“>

ag (k, 0)= 8pu (k, o)

. ‘f’@ 8¢ (k, ©). (201')
Proceeding from the equations of linearized hydrodynamics
in the presence of sources, we shall find 5, (k,), 8p,, (k,),
O (k,w) [they will be proportional to £ (k,w)] and, comparing
(199) with (201"), we shall find the Fourier transforms of the
Green’s functions G J (k,w) in the region of small k and o.

We consider ﬁrst the simpler case when [N b];éO It
follows from Eqgs. (189)—(192) that in the leading approxima-
tion

89 (k, 0) = — (K, ©) L

(202)

~$>

87, (k, ©) =& (k, ) (k¥) Dijan 280

o

Substitution these expressions in (201') and comparing the
expression obtained for a, (k,w) with (199), we find

. _ 1 o a(@y _ 0a) .
Gl (k, 0) = - { — o
+ 66(;‘& i (£Y) Dihav}. (203)

We now consider the case when [1’\\’,3] = 0. As can be
seen from (201’), to determine a, (k,w) it is first necessary to
find Y, (k,») and dp,, (k,»), 6@ (k,w). From (190) and (197),
taking into account (198), we obtain

8¢ (k, ©) = 5 (k, o) {52 a(b) - alﬂ”j (kY) D33},

(204)
whence in accordance with (186), (189), and (197) we have
2 (6) e
8w (k, ©) = (k, ©) {52 [ (kY) @Dy}
‘ Yy
+Oyo o PB]
LB [ vk “pP oy,
T B =y +5u06vo T BEB ]} > (205)
Y, (k, 0)=E (k, o) {%”J- — (kY) D3}
i [ L G EL
7 e ]
oo (D) 9y, . (EY) =
e[S e P a kD5 ]}
S

Substituting the resulting expressions (204) and (205) in
(201") and taking into account (199), we find the limiting
behavior of G j (k,w) in the case [N b] = 0. However, we
write down directly the low-frequency behavior of the
Green’s function for arbitrary quasilocal operators & and b,
i.e., we also take into account Eq. (203):
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. 1 a(a) _ ola)
Gab(k’ UJ)‘—T{('_ ap apu k

T [

+i %”l (KY) ¥ Dily)

— 28 0B A wy)DR).

7 (206)

We have here ignored the contribution G/, (k,w) of the non-
pole term in G, (k,w), which has the form

, _ @) o) 5 aYy g
Gap (k, ©) = dpn Yy Buo ae P
? {a) a(b) i -
Ay, apy Bu ap P
Cd(ay a(b) v, 4l (a) a(b) 5 %P oy,
oy, oYy 0 Ty dpvy Buodvo Y, ath 7

since we have already ignored terms of this type by ignoring
in a, (k,w) terms of the type Sp p(£ )a. We recall that

A —b—(kY) aMDihah

determines the poles of the Green’s functions (the mode
branches) of the superfluid. We emphasize that there are no
poles associated with det D = 0. This is due to the fact that
1/A near the singularity det D =0 behaves as det D,
1/A ~det D. Therefore, the structure of the limiting behav-
ior of the Green’s function (206) does not have poles associat-
ed with the singularities of the matrix D. One can show that
the singularities associated with the vanishing of det D can-
cel.

If the potential @ corresponds to a relativistically invar-
iant system, then p, and Y, are 4-vectors, and D,, is a 4-
tensor. In this case, formula (206) gives a relativistically co-
variant representation of the low-frequency limiting
behavior of the Green’s function [see (107)].

In some cases, it is convenient to represent the low-fre-
quency behavior of the Green’s functions by means of a bilin-
ear combination of the derivatives d (@)/d(,, d(a)/dp;,
d{a)/dp and the derivatives J (b Y/96,, ad (b Y/ap;,
b)Y/ dp. Such a representation is convenient for nonrelati-
vistic and generalized superfluid systems.

Since

o@ | _ o) (a;q) 4 2@ s
apy v, [ apy v, dp; B
@ [ _ o) (a;a )

aYy ;uv_ o Yy T’v,

proceeding from Eq. (206), we represent the pole part of the
low-frequency limiting behavior of G j;, (k,®) in the form!”
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—w a;(j) L, 2@ ) 2 (b)

alay (b
Gy (k (1)) at atp Gfaﬁﬁ(kr m)
ioagay (o) .. ad) \
e ( ap — ik o )Ggaw (k, o)
IONEIL) 2(a) \
A (4 40 g

— ity Z0L) Gy (k, @),

n? ap ap

(207)

Here, the Green’s functions G/ (k,0),G é (k)G gz
(k.»),G ), (k,@) (we shall call them the basis functions) are
determmed by

Zinl at at
oty (k@)= — 5 — (W) 552 Do ]
Gty (k, ©) = Zo,  Giz, (K, w)=~%za: i (208)
2
Gy (k, o) - ]—, n=|Spup|, J
where
Zy =52 jy— 2o (k) oD
ha = ) ("Y)a WA

ap;,
Wenow investigate in more detail the structureof Aasa

function of the 4-vector k, . We consider the case when k,
satisfies the conditions

k\,YT = k.vpv =

(in particular, if Y = p =0, then @ = 0). From the defini-
tions of the matrix B,, and 4, (138) whenk, ¥ =k,p* =0
it followsthat4 *B 1k “—(AB ~1k) = 0.Itcan beseen from
this that the expressaon (140) for D has the form

D = —(kB-k) (AB-'4). (209)

Further, in accordance with (139) we have in the considered

situation

(B-14)y (B 4)y
(AB14)

(B71k)y (B~'k)y

(kY) D3}y = By, — (kBTk)  *

(210)

It follows from (134), which determines a*, that a* ~k*.
Therefore

(KY) a¥D3jyan =0, (kY) = (kp) =

Thus, A(k ) [see (136)] has the form

’

260)

- (211)

A (k)y=1Fk?, e=
Therefore, for the limiting behavior of G .}, (k ) we obtain [see
(208)]

2
o (B) =1 (212)
IfY = p = 0and @ = 0, then this expression for the case of a
Galileo-invariant superfluid system is, when (47) is taken
into account, identical to Bogolyubov’s result of Ref. 18.

Now suppose
(RY) = 0, (kp) = 0. (213)
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In this case, if ¥ = 0, then @ = 0 and kp = k-p=|k||p|cos 6,
where @ is the angle betwen the vectors k and p. It is readily
seen from (139) that by virtue of the condition (213)

(kY) DL AY = (kYY) D" = 0.
Therefore, the expression (kY )a* D, 'a" has the structure

ak?+b (kp)?
B1d (kp)®

where a, b, d can in accordance with (139) be expressed in
terms of the thermodynamic potential @’ (the pressure). Us-
ing (208) and (136), we see that the general structure of the
limiting behavior of G jf; (k) has in the considered case the
form

(V) avDskar = (kp)?

" [+ (kp)? d)
G (B) =Ty o7 - (o (a—T— ey — e *

(214)

where in accordance with (211) the quantity f'is determined
from the cquation

buley W =ek? - (kp).

[Equation (214) determines the explicit dependence of the
Green’s function G i, (k ) on the angle 6.]

To conclude thxs section, we write down the limiting
behaviors of the “basis” Green’s functions G ;,(k,G &, ),
(k,w), G;iagﬁ(k,w) for w7, €1, ki<1 in the case when Y =0,
p = 0 (we do not assume that the superfluid system is either
Galileo or relativistically invariant). Taking into account
(208), we obtain

Gy (k, ©) = —

e (0 [3 % ()
6? (Yc,):]+k2YP A}

” ki ¥, 0P P
Gen (ks 0)= 8oy 35 I 2(%@"3—;4)

S /I mA]__M{ % (_ﬁ.)
ann :@ Ak, o) Yq 0

P (3 ) v B )
e e (%) o (3]

s 2 > k4 pES 6§
‘“}T) +(P+ CO)?:I} Ak, o) mz aYo

GE{I’EU (k’ m) 5
1. e (
*
miy
ok; ‘ Yoo [ @
Gee, (& 0) = 5o {02 (P+ L)+ 2 [—:‘;‘ (5
g m

Y, 0 __sm_ dL Yosalis azn]A}.
v Y 8Y;, Yoon 0Y, -

oo ¥4
Bk o=t P (P Be X
ICQEL( ) E T |: ( 0 £ Ya )
_ g _Dss Lo %

k * Y, A] !

pnm
ik j :
Ga:,— (k. ('J) = (651—' kzj ) Gi (kv (D) ¥

k? P
Gk, 0) =gy {9° [(P+10) 50 +hg

AYLG[ (ps;;pc)ﬁ Jl_ps:l :2 } :

m

kﬂ
G (k, ©) =577 {mzpn I:ch+B

'PS(_‘?_YA_Yda_ gPsS }
+;12 iy Y, Y, 9% Y, ):I+k 2 T i

(k, w);
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=+ '!"i‘-') 9 ¥
Ger, (k, 0)=~ {mum@,,
mA (k, o)
‘ a¢ Y, at (Ps+pe) _ O
kz[ upc(‘:’&-: RN ~Pe 4:| 5
R e e N AL

]‘.2
m2A (k, o)
[the quantities 4, B, C, A(k,w) are determined by Egs. (141’)
and (141)].
If the superfluid system is Galileo-invariant, then with
allowance for (142) the limiting behaviors which we have
found for the Green’s functions G 7 (k,0), G =, (k,») go over

into the results of Bogolyubov'® and Galasiewicz,'® respec-

tively,and those for G gfgs[k,a)) go over into the results of
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