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A study is made of a system of four nonrelativistic spinless particles with two-particle interaction
potentials that are analytic with respect to complex scale transformations. Systems of integral
equations are constructed for finding the scattering operator T'(z) of the system and the operator
T ? (z), where 6 is the complex parameter of a scale transformation that realizes analytic continu-
ation of T (z) to part of the unphysical sheet. The properties of the kernels of these equations are
studied. Conditions on the interaction potentials under which the integral equations have a
unique solution are obtained. The asymptotic behavior of the wave function of the system is
studied by the method of stationary phase. A connection is established between the solutions of
the corresponding homogeneous equations and the spectra of the Hamiltonians H and H (¢ ), i.e.,
with the energies of the bound states and resonances in a system of a few nonrelativistic particles.
The use of the method of complex scale transformations is illustrated by the construction of the
envelopes of the regions in which resonances are situated in systems with various potentials of
analytic form: Coulomb, Yukawa, Yamaguchi, and exponential. The changes in the parameters

of the two-particle resonances in systems of several particles are interpreted theoretically.

INTRODUCTION

The present review is devoted to an exposition of a uni-
fied method for describing scattering states, discrete states,
and resonances in a system of four nonrelativistic particles.
The method is based on the use of integral equations with
compact kernels for the resolvent of the system’s Hamilton-
ian."? In such an approach, the scattering amplitudes are
determined by solving an inhomogeneous system of equa-
tions, in contrast to the states of the discrete spectrum and
the resonances, which can be found from the corresponding
homogeneous system after a complex scale transformation
has been applied to it.>”’

It should be mentioned that the system of four particles
with finite masses differs strongly from a system of three
particles with finite masses. This difference is due not only to
the increase in the number of particles but also to the appear-
ance of an unbound process of a new type, namely, indepen-
dent interaction of the particles in pairs, for example, (12)
and (34). In nonstationary scattering theory, as was noted in
Refs. 8-10, this requires a special proof of the existence of an
asymptotic condition for the wave operators. In particular,
for the same reason, the problem of the interaction of two
particles in an external field, i.e., when the mass of the third
particle is infinite, must be separated as an independent case
that cannot be reduced to the three-particle problem. A de-
tailed discussion of the questions touched on here can be
found in Ref. 2 (pp. 370-371 and 173-177 of the Russian
translation) and Refs. 11-14.

In stationary scattering theory, kernels of a particular
type appear when integral equations are formulated for a
problem with N>3.''~'* These kernels are associated with
the scattering of independent mutually interacting subsys-
tems of particles and can be obtained in explicit form by
representing the Green’s function of the complete system as
a convolution of the Green’s functions of the unbound sub-
systems. The use of the convolution formalism in the integral
equations for problems of N>4 particles with finite masses
and N>2 particles in an external field makes it possible to
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avoid the unphysical separation of the asymptotic behaviors
inherent in the approaches with classification of the ampli-
tudes with respect to the distinguished first interaction. For
the differences between the systems of integral equations of
the N-body problem, see the reviews of Refs. 15-17 and 19.
In addition, the use of the convolution formalism makes it
possible to solve the problem, important from the practical
point of view, of establishing the connection between three-
and four-dimensional perturbation theory and, as a conse-
quence, between the three-dimensional diagrams that repre-
sent iterations of the Lippmann-Schwinger equation and
nonrelativistic Feynman diagrams.'#'%"®

The structure of the present paper is as follows: In Sec.
1, we derive and investigate integral equations for systems of
four particles with finite masses. We study the properties of
the kernels of these equations, construct systems of integral
equations for the components of the total T'scattering opera-
tor, and establish the connection between the matrix ele-
ments of these components and the amplitudes of reactions
in the four-body problem. We also formulate conditions un-
der which the integral equations have a unique solution. In
Sec. 2, we consider the modification of the equations for de-
scribing the resonance states in the framework of the theory
of complex scale transformations. We show that the solu-
tions of the corresponding homogeneous equations are the
eigenvalues of the Hamiltonian of the system subjected to a
scale transformation. The method is used to find the posi-
tions of resonances in systems with various analytic poten-
tials.

To conclude Sec. 2, we give a theoretical interpretation
of the changes in the parameters of two-particle resonances
manifested in reactions with the formation of three or more
particles.

1. INTEGRAL EQUATIONS OF THE FOUR-BODY PROBLEM
Formulation of the problem and definitions

In this section, we shall formulate a system of equations
for the scattering operators in the problem of four pairwise
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interacting particles with finite masses. As will be clear from
what follows, this system has an ancillary nature and will be
subsequently transformed by separating the primary singu-
larities into a system of integral equations for the compo-
nents of the total T scattering operator. We need the same
system in Sec. 2 for discussing the resonances.

The system of equations which we shall be discussing
has the same structure as the system of integral equations of
the four-body problem in the framework of the second-quan-
tization formalism.'®-2° The two systems (obtained in differ-
ent approaches) lead to the same result in the determination
of the elements of the S matrix of the system.'*?! Since the
equations of Refs. 18-20 were obtained originally by the
summation of nonrelativistic Feynman diagrams, using the
results of Refs. 14 and 21 one can readily establish a connec-
tion between the iterations of the equations studied below
and Feynman diagrams and, thus, between three- and four-
dimensional perturbation theory in the four-body problem.

The Hamiltonian of the four-particle system has the
form

4

H=H,+V, Hy=> H,, V=3V,
s e oy, ey B (1)

where H ; is the kinetic-energy operator of particle 7 with
mass m;, and V; is the operator of the interaction between
particles / and j.

With regard to the potentials V,, , we assume the follow-
ing. For any a, V,(z) is an analytic function in the sector
largz| <o, and for any @ with |p|<o it satisfies
V,(e?r,) € L *R*);rand karedefinedin R *. Inaddition, we
shall assume that V,, (r,, ) decreases at infinity as 7, >~ € > 0.
These conditions mean that the potential ¥, is analytic with
respect to scale transformations and belongs to the class C,
[the class C, corresponds to the operator version of Aguilar-
Balslev-Combes analytic potentials and is defined in Ref. 2
(p. 403 of the Russian translation) and Refs. 4 and 5]. For
example, the Yukawa potential and exponential potentials
belong to the class C,,, a potential of Gaussian type to the
class C,,, and the Woods-Saxon potential V(r) = V(1
+ exp{(r — a)/R,})" to the class C.,-1s/mr,)» Whereas a
rectangular-well potential is not analytic. Note that poten-
tials analytic with respect to scale transformations are not
necessarily local. In particular, the widely used separable
Yamaguchi potential is analytic in the class C,,,. We shall
require the conditions imposed on the potentials ¥, when
studying the resonances.

As is readily seen, the potentials ¥,(r,) (real for
r, € R™) are potentials of short-range type, and therefore
the total scattering operator T (z) of the system is defined and
satisfies the Lippmann-Schwinger equation®?!

T(2) =V + VG (2) T (3), (2)

where G, (z) = (z — H ) 'is the free Green’s function of the
system. In (2), the parameter z satisfies the condition z & o{H )
[o(H ) is the spectrum of the operator H ], although in what
follows as usual, we shall go to the limit z—E + i0,
Eeo, (H), where o, (H ) is the continuous spectrum of the
operator H.
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Rearrangement of the Lippmann-Schwinger equationsinto a
system of equations

Following the ideas explained in the Introduction and
in Refs. 1, 2 and 8-14 about the role of the commuting Ham-
iltonians H, =2, ., Hy; + ¥V, and H,, (a,a') € {(12.34,
(13.24), (14.23)} of the independent subsystems (pairs) of par-
ticles @ and a’, we split the operator V into the following
terms:

V=2 Vao Vo =Tk Var (3)

(=, o)
It follows from (3) that the operator T (z) can be represented
in the form

@)= 3 Tuw @)
where |
TULu o’ (z) = Va. o F Vtz. OL’GO (Z) T (z) (5}

Generalizing the system of equations (4), (5), we obtain a
system of operators T, . (z)

T-‘.L- o’ (z) = ‘)Vor.‘ a’ (z) =+ Nc:. o' (Z) GO (Z) ﬁzﬁ, TB, i (z)-.

PP’ = aa’, (6)
where
Ny o (@) =[1—Vq, oGo (D] Vy, oo (7

As is readily seen, these last operators admit the representa-
tion

‘Not. @ (Z) =7 Va.. o’ T Vu.- a'Ga. o’ (z) VUL- o (8)

where G, (z) denotes the resolvent of the Hamiltonian H, -
= H,+ V, . oftheindependent particle pairs @ and a’. The
properties of the operators N, . (z) and G, , (z) have already
been studied in detail (see Refs. 11-14), and therefore we
formulate only the final result.
In accordance with Refs. 11-14, the representation of
the Green’s function G, - (z) as a convolution of the Green’s
functions of the independent particle pairs @ and ’,

Ga.n' (E+iT) = 30

o0

de
—2mi

o (B+iT[) ® ga' (E_a'i"i'r‘;),
9
gu(z);(z”_.fz‘. Hﬂimva)_ts TzTirnLTE’ 1:'1>0‘ Tg>01
i€

leads to the following representation of the operator N, - ()
forz=E +ir:

‘Na- [3 (Z) = ta. (za) + tm' (zcc') Tk »'FGQ‘;G‘ (Z). (10)
The operator & , . (z) in (10) has the form

de
—2ni

[8ou (e+ iTl) @ [Ot'

+1, ® goor (E—&+iTy)]

X {ty (e+17) @ty (E—e+ ity)}

% [8og (E+1Ty) @ oo + 1, ® 8our (E —e +1T,)].
(11)
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The symbol ® in (9) and (11) denotes the tensor product of
the operators; I,, is the identity operator in the Hilbert space
& o« =L?(R ) of the coordinates of particles / and jla = ij),
and similarly for I, . In addition, in (10) and (11) we have
used the following notation: g, (z) = (z — =, . , H ;) 'isthe
free Green’s function of pair & (motion of the center of mass
of the pair not yet separated), and ¢, (z) = V, + V,g,(2)V, is
the scattering operator of pair a, which acts on the space
# . The parameters z, and z, in (10) are defined by
z, =z—2,_, p;/2m;, and similarly for a’. This means
that the kernel of the operator 7, (z,, ) in the momentum rep-
resentation can be expressed as follows:

(P1PaPsPs | o (2)] PIPSPSPY)

=(p:Psl Ly (3— 2 gifk ) [pe$y [ & (pw—pi)

k'En’ kEw’
7, PR/
:(po‘,lt(x(z— 2M 4 C 2 2my, )

h'Eq’

X|p%) 8 (P —22) [ 6(pn— ). (12)
k'Ea’

Here, 7, = 2,., p;(a = ij) is the c.m.s. momentum of pair

ainR* M, =m; +m;,andp, = (p,m; — p;m;)/M, are

the momenta of the relative motion of the particles in pair «

in R *. The kernel of the operator % , . . (z) in the momentum

representation can be expressed as

F oo (D1PaDsPs; DIOIDIDS; 2)

=6 (ﬂﬁ_gm) ) (gﬁa W 'tﬁgha’)

i . ST g

X F aBa’ (papu.’! ngpg.'. il v M, ) ) (13}
where Z = 2}_, p, is the total momentum of the system in
R', and the momentum p; is defined in R Z_,
=P . M, — P, M,)/M, where, M =M, + M, , is the
total mass of the system, and M, ,, = M, M, /M. In accor-
dance with (11), the kernel % , 4 o (Po Puv; P P2 ;2) has the
form

Faga (DaPos PLPYS 2)

o { de ( 1 i i )
T TR\ R E—e—htin
iy Pa—1Ty ot T 172

Xto (Par Par €+ i) tar (Puey Phey E—e+it,)

1 . 1
><( . — ) (14)
e—pg —+iTy E—g—pg’-it,

On the basis of Egs. (10) and (11) and the system (6), we
can obtain a system of equations for the operators describing
transitions to states in which the particles are distributed in
independent pairs. In accordance with (6) and (10),

To, a (2)=T4 (2) + Tor (2) + Taga (2),
where T, (2), T, . () satisfy the system of equations

(15)
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T (@) =1ta(30) +1a (3) Go(2) 3} T(a)

Fa (@) 6 X Tosp (2);

_ o (16)

Tozar(2) =7 agar (28) + F a®a (2) Gy % Ty (2)
a7fiFa’

+ F aga’ (2) Gy (2) 2

(z, 2))#(B, B

,J Tpgp: (2).

The equation for the operator T, (z) must be subjected to a
further rearrangement in order to separate the grouping
channels corresponding to three-particle interaction. To this
end, we represent the operator T, (z) in the form

To(2)=T3"(2)+ gE]n Ta(z), (17)

where 7 is a subsystem of three particles. The operators
T'z) and T'2(z) in (17) are defined as follows:
@) =ta(z) tta () Go(a) T Tpgpe (2);
(a, &) #(B, B (B, B7) (18)

2 (2) =14 (30) Gy (2) ﬁzﬁ Tp(3).

The second equation in (18) can be inverted by using the
equations for the three-particle scattering operators in the
subsystem 7). As a result, we arrive at a system of equations
for the auxiliary operators 7°('(z), T'%(z), T,, . (z) in which
all possible unbound processes are separated. This system
has the form!>'*

Tozar (2)= F aga (2) + F azar (2) Gy (2)

4 > [T (z)+ 3 oz
(%, @' )=(B, B*) . ( ) u,‘?ﬁ"eu TB { )l
4 o T (3);

v -
(@, 2} (B, B") BRB’

Tg(z) = vE Mg, 5 (zv) +-\i§;1 -M:z]. v (2n) Gy (2)

En

}l ) j(ﬁ ﬂ)TI;h(Z)

0, VIFB, B

V" ogn
- W ¥ e T k. kis
+ 4 T’i (Z) 1 PRB (Z)fv

1648 \“#-fﬁ. By : W, v)==@, B

Buem, n=En

T (2) =t L1, (2,)6 Taem (2]« 19
PO F @6 @ N T ) (19)
The operators M ! (z) are defined as the connected part of
the three-particle amplitude 77, (z):

M3, 3 (3)=Ta, 4(2) — 14 (2,) 8 (@, ¥), T2 1.(2)
—t,(20) 8 (2, ¥)+ 14 () G (z)ﬁ;a T3, »(2).

The parameter z, in (18) is defined in the same way as the
parameter z,,:z, =z — 2,,, pi/2m;. The kernel of the op-
erator M j ,(z,) in the momentum representation is ex-
pressed as follows:

(P1PsPsPy | M 2 v(zn) | PIpapap}) =6 (F — ) 6 (Py — F9)
(20)

XM&.V(PaPam PDan, Z_W__Z}'W)'

In (20), p,,, is the momentum of the relative motion of the
center of mass of pair @ and the third particle in the subsys-
tcmpa—q = ['@a (M'q Tl Ma) _Ma ('@1’ = gza )]/M'q’ .P'q iS
the momentum of the relative motion of the center of mass of
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the three-particle subsystem 7 and the fourth particle,
py=[2,M—-M,)—M, (7 — Z,))/M, and finally n, is
the reduced mass of the subsystem 7 and the fourth particle.
In what follows, we shall work in the center-of-mass system,
ie., weshallset # =0.Then #,, = Z, andp, = 7.
In addition, to simplify the expressions we shall use the nota-
tion #2 = #2/IM,,.., p% =pi/2u,, PLPi/2n,, P2,
= Pon/2n,, where n, =M,M,—M,)/M,,n,
=M,(M —M,)/M. In this notation, the kinetic-energy
operator is

Ty Fat Bt
or
H, = g‘ofﬂ +pa+ ;7.?11]-

Properties of the kernels of the system of equations for the
auxiliary operators in the four-body problem

Since our main aim is to obtain a uniquely solvable sys-
tem of integral equations with a compact kernel, we must
subject the system of equations for the auxiliary operators
(19) to a further rearrangement. The first step is to subtract
the scattering operators corresponding to the unbound pro-
cesses. Introducing the operators %, (z), # 0(2), H neu (2)
by

H o (D) =T3P (&) —ta (2
# () =Tz) — 21 May (2);
Koz (2) =Taga (2)

we arrive at a system of equations for these operators. We
write the system in the form

H (z) =4 (3) + A (a) F (2), 1)
where %”(z) is a vector function whose elements are six oper-
ators of the type K, (z), 12 operators of the type %7 (z), and
three operators K, . . (z); 4 (2) is a 21 X 21 operator matrix.
The explicit form of the elements of the vector function
K . (z) and A (z) can be readily established by means of the
system of equations (19) and the definition of an operator of
the type 7.

The next step is to go over to the components of the
operators %", (z), H 2(2), H ,eo (2) by separating the pri-
mary singularities in the kernels of these operators in the
momentum representation. We recall that the primary sin-
gularities arise because of the existence of bound states in the
subsystems (Refs. 12, 13, 22, and 23). In the case under consi-
deration, these are subsystems of two and three particles and
two independent pairs of particles. In accordance with the
quoted papers, the primary singularities can be expressed in
the form [z — & — f( p)] ', where £ is the energy of a bound
state in one of the subsystems, and f'(p) is a quadratic form in
the momenta of the particles. If the number of bound states
in the subsystems is finite and at the same time all £ <0, then
the primary singularities do not intersect the singularities of
the free Green’s function G, (z) and can be explicitly separat-
ed.'>22 The corresponding procedure is what leads to the
appearance of the components, the number of which is finite.
The procedure for separating the components can be applied
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not only to the total T scattering operator of the system but
also to certain auxiliary operators, into which the operator
T (z) is decomposed and for which a system of integral equa-
tions is formulated. We shall work mainly with the compo-
nents of the auxiliary operators.

To solve the problem posed—the decomposition of the
operators of type %" into components—it is necessary to
know the properties of the kernels of the system of equations
(21). We now go over to the study of these properties.

The properties of the scattering operator of a two-parti-
cle system are well known.?>** However, before we formu-
late them, let us discuss the properties of the two-particle
bound states. It follows from the results of Ref. 2, Chap. 13,
and Ref. 25 that in the employed class of potentials the dis-
crete spectrum oy (A, ) of the Hamiltonian 4, of the internal
motion in pair @, h, = p2 + ¥V, , consists of not more than a
finite number of eigenvalues of finite multiplicity, and
among them there are no positive eigenvalues. As usual in
such cases, we shall assume that there is precisely one eigen-
value of unit multiplicity: — 2 € o4(h,, ) with wave function
|#, ). In addition, we shall assume that none of the two-
particle subsystems have virtual states with zero energy (for
a discussion of these, see Ref. 24). Then we represent the
kernel ¢, ( p,, p>,z) in the form

LN+ (p, B 2
where @ (p) = { p| V' |#), and 7(p, p°,2) is the nonsingular
part of the two-particle amplitude. (If the two-particle sys-
tem has a virtual state with zero energy, this state this leads
to the appearance in ¢ (z) of a singularity of the form z—1/2.2%)
The pole singularity in (22) of the form (z 4 «*) ' leads to the
appearance in Eq. (21) of primary singularities of the form
i

The properties of the kernels % , , - (z) given by (13) and
(14) were studied in detail in Refs. 12, 13, 20, 26, and 27. The
results of these studies are as follows. The operator .7 , . (2)
can be represented in the form

t(p, P 2)= (22)

j‘—:a@a' (papm’s =g Z)
— boy ar (PaPa’) Egr (0)

1 2 gl
2+uz +%2,

+ Lows (Palars *» 2)

@ (pa) Lo (Pyrs -0 2) | @ (Py) Lo (Pay -4 2)
+ e -

215 — D Z+%L,—Da
where the operators L;(z), B =a, o', (a, a') are the “out”
components of the operator .# ., (z). Each of these opera-
tors, in turn, can be decomposed into “in” components as
follows:

»  (23)

L% (-, po, ) P& (P8)

La (s P&I)&'az):—iﬁ:——
s+nl, —pht

LY (-, P80 2) 0% (PY)

i 2 a’ w \Pg) ‘

r +Lg'* (-, phph2).

(24)

z-xE — P2
The function &, - (P, , P, ) has the form

o, @ (ParPar) = (PaPar | Va, ot | Patard-

The expressions for the operators of type L that occurin
the decomposition (23) are given in Appendix A. It follows
from (13) and (23) that the kernel % , , .. (z) leads not only to
primary singularities associated with the two-particle bound
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states but alzso to a primary singularity of the form (z + 2
-2,

We now turn to the study of the properties of the kernel
M7 _(z). As in the two-particle case, we shall be interested
above all in the questions of the finiteness of the number of
bound states in the three-particle subsystems and the ab-
sence of bound states at positive energies. We denote by 4,
the Hamiltonian of the internal motion in the three-particle
subsystem 7, and by o4 (,, ) its discrete spectrum. In the class
of potentials employed (and in the absence of virtual states
with zero energy in the two-particle subsystems) the negative
discrete spectrum of the operator 4, [i.e., 04 (%, )N — c0,0)]
is finite, and each eigenvalue has finite multiplicity (Refs. 25,
28, and 30-32). The absence of bound states at positive ener-
gies can be proved for a fairly narrow class of potentials;
among the most widely used nuclear potentials, only the
Yukawa potential (and its linear combinations) are included
in this class (Ref. 2, Chap. 13, §13). We shall assume that 4,
does not have eigenvalues on the half-line [0, o« ); moreover,
we shall assume that o, (#,)) consists of a unique eigenvalue
— &7 of unit multiplicity, and — k% <3, where 2, is the
starting point of the continuous spectrum of
h, :2,;, = 1:1611;( —x2).

Under the assumptions that we have made, the opera-
tors M7 (z), have a decomposition of the form®'?

o Pas Pan | VaPaVy | P503,)
M;.].'V(pau Pans p"]ﬁ Py z): (Pa il ? (: it s
Z-r?-,n

0 0
. P (Pa)Jet, v (Pans PYs Pynz) ik Jas y (PaPans Py 2) 8y (P5)
i ~2 ~o2

4% —pan at+uy—phm
%u (Pa) o, v (Pan, P DI ()

(543, — P) (35— 3)

(25)

In (25), P, is the projection operator onto the discrete spec-
trum oy (h, ), which in our case can be represented in the
form P,y = |4, )¢, |, h,|¢,) = —«}|¢,). The compo-
nents .# _ (z), i =0,1,2,3, can be expressed in terms of the
solutions of the Faddeev equations for physical values of the
energy, i.e., when z = E 40 and Ee(Z,, ). The corre-
sponding treatment is given in Ref. 12; its main features are
reproduced in Appendix B. In accordance with (20) and (25),
the three-particle bound state in the subsystem 7 leads to the
appearance of a primary singularity of the form (z + «7
T gg 2 )— 1

Decomposition of auxiliary operators of the type .%" into
components

On the basis of the properties of the kernels of the sys-
tem of equations (21), it is possible to separate in this system
all the primary singularities, and this brings with it a decom-
position of the auxiliary operators of the type %" (20) into
components.

In accordance with (22) and the equation for the opera-
tor J¢,(z), this operator decomposes into components as
follows:
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I JO&. V(Pccpcam PvPvns z)‘

Woc (fafjapa" " 2) =Uy, (?apapm'a -z)
3 Do (Py) Vg (Pabyey +s 2) . (26)

x? P2
Bty o

where

Ug (gau.pmpcz'a Y Z)

— (Ef,a,papo.' I Ea (Zu;) GO (Z) 2
[(e, o’)==p, B’

Z) o (‘Ia-@upu' ] GO (Z) 2‘
o, a'FEB

Tﬂ‘%ﬁ' (z) I . s
 Tpgp (2) ] -}
(27)

Ugr (‘qbapoc’v "

« ) denotes a certain set of relative momenta of the
particles in the initial state. The decomposition (23) of the
kernel Z . (z) generates a decomposition of the operator
% 46 (2) iInto components of the form

;'FG’-@OL' (ympapa'! “a Z) = Uq, o’ (‘Tﬂ.papa‘v ~3 Z)

Jrqwa(pq)v;i;,(ﬂapa., = z)+ Por (P} W2 (Papay + 2)
s+ — P — P2, 25, — P — 1Y
+§u‘ o (paﬂw)vm (Fa, - ,Z) (28)

4% +ul, — ﬁ“’ 2
The components of the operator %", . (2) are given by
2) =(FopaPar | Lo, o (2) Gy (2)

X[ @+ B ThG)
(" )==(B, ﬁ) @, 't'[}:&(ﬁ B

- b} Tz (2)] 1+

(e, a)==(B, B’)
va,rz(j’qs', (EC&OL ﬂ_lGO(z)["']l'>;

U;, o' ('gaupu.v 3 ")“‘((Pot. aPe I La (Z) GO (Z)[--'] I')- (29}

Ug, o (jcapapu’ﬁ *s

The square brackets in the last two expressions of (29) are the
same as in the definition for u,, (z). The operator %7 (z)
decomposes into components as follows:

%‘2 (@ﬂpmpa."! Ty z) = uf?‘- (gollpapcﬂlu e S)

Dy (Papan) vy (P, -, 3)
3 __ gue
z—l—MT,I P

Yo (Par) L‘Q(JUnpaw " 2)

. e o (30)
Z’TZE'.“ # ?I—“pg,_“
where
Un (P -5 2) = (pn Py | y VG (2
[ 3 T (@)+ _‘ﬂ 7 (2)
¥, ¥)==(B, B) v, V)73, B")
&n, Pe
+ 2 Tegp @)]l-)%
o, v )==(p, B
ug ('gcﬂpu.pam *y Z) } (31)
— (P 0 At {py |
( “papa“ I“EZ“ {Ja' ¥ (zn) +dc¢, ¥ Z“) zn'i"rff]——ho‘hl}
X Go(2) [...]]-%
vg (Fnpgns +, 2)= (Pubon |
Vi {@y |
\r Zy —1—3 e
A Eﬂ { ( 1) 3y (ZT]) z "f_’tz—hﬂd‘n }
XGo(3)[...]1]) J
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The square-bracket convention in (31) is the same as in (29).
The operator %, in (31)is the operator of the kinetic energy
of the relative motion of the center of mass of pair ¢ and the
third particle in the subsystem 7, i.e., 52, .

In (26}, (28), and (30), the primary singularities are sepa-
rated only in the final state; the primary singularities can be
separated similarly in the initial state. As a result of the pro-
cedure for separating the primary singularities described
above, the 21 auxiliary operators of the type %" are replaced
by 60 components of the types # and v. For these compo-
nents, using (19), (21), (26), (28), and (30) and the definitions
of operators of the type %", we can readily obtain a system of
integral equations of the form

Ul(z) = U, (2) + W(3) U (2), (32)
which is to be considered in the auxiliary space of 52 func-
tions of the types # and v. For comparison, we note that in
the case of the Yakubovskii equations®® the system of 18
equations for the auxiliary operators yields a system of 43
integral equations for the components [under the same con-
ditions on oy (%, ) and o4 (4, )]. In the general case, the num-
ber of components obtained from the system of equations
(21)is

Ni=214+4Xn,+23 nyng + ) nm, (33)
o ca’ n
where the number of states in o4 (n, ) is denoted by »,, and
the number of states in 0 (n,,) by n,,, whereas the equations
in Ref. 33 decompose into

":V?. = 18+32 noc':_ 2 nu"’ai"‘E Ty (34)
o oo’ n

components. The expression (34) is obtained under the as-
sumption that the kernels of the types N |33; and N {33; in
Ref. 33 are constructed by convolution of the Green’s func-
tions g,,(z) and g3,(z) [see the expression (9)]. In this case, the
components of these operators can be readily obtained from
the expressions given in Appendix A. In the original variant,
it was proposed in Ref. 33 that the kernels N (;**(z) should be
sought as the solutions of a system of integral equations, asa
result of which the number of components is increased to V ;

=N, + 6 + 2, n,.Itisreadilyseenthat N, <N, <N ;. We
continue the comparison of Egs. (21) in Ref. 33 in Appendix
C, in which we show that in the equations from Ref. 33 there
is an unphysical separation of the asymptotic behaviors.

The system of integral equations (32) for components of
the types u and v obtained by separating in the “in” state a
primary singularity of the form (z + 22 + %2 — Z%2,)7\,is
given in Appendix D.

‘We shall discuss the properties of the system (32), (C.1)—
(C.3) below; we here establish the connection between the
components # and v and the elements of the S matrix of the
system. To be specific, we shall assume that these compo-
nents satisfy the system of integral equations (D.1)~D.3). In
thissystem wesetz = — x> — x> + Z° + i0. Then for the
elements of the § matrix of the system we can write down
expressions of the form
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Sp+pr-@rany (Pp, Fo)=08(Fs—F3) S1(BF), (o, a)]
— 2018 (P} — FL) vy (95, #3, E +i0);
Sneturan (Pr, PL) = —2nib (F,, —ud —E)
X Uy (Fay P8, E-+i0);
Spewran (Pepp#Y, E -+ i0) = 2mid (F3 + ph — xb —E)
 [vp (Poppry F30 E+i0)+vfy (Foppe, $3% E+i0)
+r?“;n Vg (Fnppn, o, E+10)];
Sowaian (Papspge, P&, E-+i0)
= —2ni8 (P4 + b+ ph i
X {2 [up (Popppyr, F8, E +i0)
— g (Pp) Vge (Fpppe Py, E 4-10)]
+g;, [4ger (Fppoper, Fa, E+i0)
=¥ () o (Popyy, £5, #8 E+i0)
— s (py) vy (P23, £, E+10)
—Vp (Pp) $3 (Po’) Ve (Fp, Fisy E-+i0)]

+Z [uB (fpnpﬁpﬁm P, E+ i0)
BEM

—p (Pp) VB (Pnppn, Fo, E +i0)
o {ppppn | Vo | @) vy (P PY, E10) ]} ,

a2 402 __~2
E 43— P8 — Py

(35)

The relations (35) are a consequence of the general properties
of the components of the total T"scattering operator of the N-
particle system.'>**?>?7 As an example, we shall prove the
first of the relations (35); the validity of the remainder can be
established similarly. It is readily seen that the component
Vg (P g P2 z) arises on the separation of primary singulari-
ties of the form (z + %% + 3. — #2)~! in the “out” state
and of the form (z + %2 + %% — Z%)~!in the “in” state in
the operator Tz 5'/0 0 o (2), Where the auxiliary operators of
the type T/, ¢ Satisfy the system of equations (19) under
the condition that all the free terms in this system, excluding
F 2ea (2), are zero. Further, we express the operators of the
type Tpep/y oy (2) in terms of the operators 7./, .. (2). The
latter satisfy the system of equations (6) under the condition
that all the free terms in this system, excluding N, (z), are
zero. Since

T, prv, v (2) =V, 68 [(BR"), (v¥']+ VippG (2) Vi,

where G (z) = (z — H )™ is the total Green’s function of the
system, we obtain for the operator v ;- (z) as a result of these
operations a representation of the form

vppe (PpF02) = (LapPp | Go (2) | PoLaa)
: 1, (ac’) = (BB")
x[{ }

0, (axa’) = (BB")
+ (CpprPp | Go (2) [ D Vi -+ VOFG (2) V!
BB EYY” <
o, o' ==Yy’

X GD (Z) | Caa'gagt)r
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where VP =y — Vﬁ.B
E + i0) when Z}, — k; — K3 f/’m

Ultimately, for UEBJ(@B 74
K% — k% we obtain

vppr (Fpfa, E+10) = (Y PR | (E— Hy) | Popopy)
\,[1 (o, &”) == (B, B)

01 (o ) = (b, )| Crbn | VP
+ Ve G (E+ 10) yast I -’Tgﬂi’a(Pm’)
= (Ygipr Py | VO + VEFG (E - i0) Vo' | Popobar),

in agreement with the expression for the amplitude of the
process @ + a'—f + ' in Refs. 8 and 21.

Properties of the systems of integral equations (21) and (32)

We begin the discussion of the properties of the systems
of integral equations for the auxiliary operators, (21), and for
the components, (32), with the case Im z#0. The following
result can be proved by the method of Refs. 3, 22, and 38.

The kernel of the system of integral equations (21) is a
Hilbert-Schmidt operator in the space L2, (R °), where L2

=L?’@-®L?if Im z#0 or z— = € R, where I is the

point at which the continuous spectrum of the system be-
gins.

Further, the homogeneous systems of equations corre-
sponding to the systems (21) and (32) cannot have nontrivial
solutions for Im z£0.

Indeed, it is easy to show that the two homogeneous
systems can have nontrivial solutions only simultaneously,
the connection between these solutions being given by rela-
tions analogous to (27), (29), and (31). In Refs. 14 and 20, it
was shown that the function #(z) constructed from the solu-
tion of the homogeneous system of equations

F ()= A (2) # (2)

in the manner
V@=G@) X H, @)+ J Fi@)+ 3 Foga ()]

satisfies the Schrédinger equation

(z— H)p (z) = 0. (36)
At the same time, it can be shown that if Im z#£0 then
(1 + Hyh(z) € L%(R °) and, therefore, 1/(z) belongs to the re-
gion in which the Hamiltonian H (1) is self-adjoint. From
(36), we then obtain #(z) =0, from which it is readily de-
duced that all the .%'(z) vanish.' Thus, the systems of inte-
gral equations (21) and (32) do not have spurious solutions
(with regard to the latter, see Refs. 39-41).

Now suppose z=E + /0 and E € R™. In this case, the
system of integral equations for the components (32) belongs
to the class of integral equations with a fixed singularity and,
therefore, is a Fredholm system.*? In particular, in the given
interval of energies the system (32) can be transformed into a
system of integral equations whose kernels do not contain
singularities at all. Transformations of such type are de-
scribed in Refs. 43—46. The authors of Refs. 43 and 44 pro-
ceed from a transformation of the kernels, while in Refs. 45
and 46, which are based on Kantorovich’s method,*” the
required components are transformed. Note that the method
of Refs. 45 and 46 (after expansion with respect to partial

184 Sov. J. Part. Nucl. 16 (2), March-Apr. 1985

waves) leads to a convenient separation of on- and off-shell
effects.

The question of the uniqueness of the solution of the
system of equations (32) for z=E + /0 and E € R~ can be
solved by the technique described in Ref. 22 and used in Ref.
20to study the system of integral equations for the scattering
amplitudes of two particles in an external field. For £ <3,
the situation is completely analogous to the case of complex
z. Namely, if the homogeneous system of equations

U@ =Wz Uz (37)
has a nontrivial solution, then z € o (H) since the wave
function ¥(z) of the system constructed from U (z),

¥ (PaPoPor, 2) = (2— F4— pl —p2)-!

% {2 [ua (gaapapa‘, Z)+ i (Pa) (p“pm z)
L o g — 2 — %,

+ Uyr (gaapapa,‘l Z)

Soer (Paby )[’;g (P, 2)

Gy (PR va ( Papas)

T s
e

SV SRS e
z-4 Ka'—{-(ﬂaf—(f‘a

+Uge’ (ﬁapupu” z)

. ‘[Q(Pm)vg:x (J"cepq_ z)

o (Pyr) vf;'qr (Papas z) :I

:+ i__Ja%__p z,;ry_z'igbgim
+ Z [u; (FnPoDPan, 2)+ Fa (Pa) vy (f" Pan; 2)
gé’;{' It ‘a_'ﬁn_P&n
o (PaPan | Vo | Oy) vy ( Py, 2) -}}’: (38)
zﬁﬂ J’J:l
satisfies the conditions (14 Hy)¢(z)eL?*R®) and

Hiy(z) = zip{z). We consider the case Ee(2,0) with
E+# — x5, E# — %, — %2, E# — % forallq, (2,'), and
7. As we shall see in what follows, these points, and only
these, can be points of accumulation for the energies of the
bound states and resonances in the system.

Following Refs. 20 and 22, we proceed as follows. From
the solution of the homogeneous system (37), we construct
functions ¥, . (Z, P, Po» E+ir) and @ (P, Po Purs
E + i7) such that

[ Yoo (B +i1))

=Nog: (E-+it) Gy (E - iT)ﬁB'gcim' | Dpgr (E +i7)), (39)
and the function @, (E + ir) has the form
@y (PoPulors E + i)

=4 “% Ba—j—%} B, (€1, &' €). (40)

In (40), A denotes the first square bracket in (38), and B,, the
second. The energy argument in the functions of type # and v
is E + i0, and in all denominators z = E + ir. It follows
from the properties of the operator N, (z) that the function
|¥ae (E + i7)) (39) satisfies the equation
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l Wrxa' (E_;_ lT)) = V.ZR'G (E—;— lT)

1)) +VoueGo (E~i1) D)
(BA#=(na)

% | ¥oar (B +

(41)
We multiply Eq. (41) scalarly first by (¢, (E +i7)|
Gy(E —ir) and then by Zgs. .0 (Dps (E + i)|GolE — iT).
We transform the second of the resulting relations by means
of (41) and add the two results. We obtain

(baar (B4 i7) | Gy (B —i%) — Gy (E + 1%) | Yo (B + 1))

BH_Z.W (Dppe (E +i1) | Gy (E —iT)

X | Yoot (B-+11)) — ($gqr (E+i7) |

X Gy (E +1i7) | % Mpge (E -+ it)) = 0. (42)
We note further that the difference between the components
of the vectors |¢f,. (E + i7)) and |D,,.(E + ir)) of the same
kind is a function that tends to zero as 7—0. Since in the last
two terms in (42) the primary singularities of ¢,,- and ®,,,
intersect only in the presence of three-particle bound states,
when such are absent we can replace ¥, by ®,. . Thus, if
the subsidiary condition oy (h,) = @ is satisfied for any 7,
then (42) can be rewritten in the form

(Yoo (E+ i) | Gy (E — it) — Gy (E +i1) | Yo (E +iT))
+ Br;m' (Qpg (E +i1) | Gy (E —i7) | Dyps (E - iT))
—(Qpor (E+i7) Go(E+-i1) | D) Dpge (E+iw)) =0 (1),
PP =0’

(43)
where O(7})—0 as 7—0. We sum the expressions (43) over
(a,a’). Then

2 (faqr (E+11) | Gy (B —it) —Co (B +i7) | tgqer (E-+i0))
b R Qo (B4 10) | Gy (B —i1)— Go (B +17) |

X Oy (E +11)=0 (v). (44)
In (44), we go to the limit 7—0. We then note that by vir-
tue of the conditions imposed on oy (4, ) the second term is 0.
The first of the terms in (44) is equal to the sum of nine
positive terms, multiplied by 27, each of which, as can be
seen from foregoing, is equal to zero. Thus, we have

[ ag, |vae: (g, E-+i0) |26 (B + s+ — F2) =0, ]i

[ d#, § dpo | var (Pabuy B+10)+1lie (Popyy E+i0) }

+ 3 o (Paban E+i0) [28(E+nt— F2— pre) =0. Jl
n, 2€n

(45)

By means of the relations (45) it is readily established that the
wave function

[P (E+it)) = Gy (ETIT)E | Dyqr (£ + 7))

of the system is square-integrable for all 73>0. Indeed, to
study the scalar product (Y(E + i7)|(E + i7) itis sufficient
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, f (I—)ﬁﬁ' (E+ iT)).

to estimate the contribution from the terms in which there
are intersecting primary singularities. The typical integral of
this type has the form
S i, Ve (P E-+i0)
2 J«a
Lo (PaPyr) ’2
Etit—5% —pl—pt,
Using (45), we write v2%. (& , ,E + i0) in the form

CHd, (46)

E4iv-= +ul,

f(#)= | dpa § dpa: |

Vi (Poy E4i10) - v3% ( % Vzu.m (E—xafxoc))

Since in the employed class of potentials the function
2% (Z2 , ,E + i0) is differentiable with respect to 7, it is
readily seen that no singularities arise at any 70 in the inte-
grand in (46). In addition, it can be shown that
(1 + HoW(E + ir) € L3R °) for all 70.

Thus, we have here shown that in the absence of three-
particle bound states and for E # — »%, E# — x2 — 2,
E € (Z,0) the homogeneous system of equations (37) has non-
trivial solutions only at the points o4 (H )n(Z,0).

Note that if 2, = min( — ] )satisfies the inequality
2, > 3, the result can be extended to the interval (Z,X, ).

We now turn to the case z=E +1i0, Ec€R™. In the
iterations of the system (32) and the powers of its kernel there
appear not only primary singularities but also so-called sec-
ondary singularities, which are generated by the intersection
of the singularities of the free Green’s functions G, (E + i0).
The main task here is to show that the secondary singulari-
ties become weaker and then disappear altogether as the or-
der of the iteration is raised.?>*®

We write the NV th power of the kernel W (z) in the form

WN (z) = X (z) G, (2).

It is readily seen that the elements of the matrix of the kernel
X ™) (z) have primary singularities of the momentum in the
n” state. Therefore, one can speak of components of the
operators X ™) (z). As an example, we write down one of the
possible ways of decomposing X &/ ’(z) into components:

an ( EPgtPU.PO ) Z) pe mnx ( 3 r,cpcrpu 3 ~)

Tﬂm'J ( C(.y p.m 0)

_ P (pg)

T (47)
where () denotes a certain set of momenta in the “out” state,
for example, (#,,,P,, ). It was established in Ref. 9 that for
N>N,, where NO is fixed number, secondary singularities are
absent. Although in Ref. 9 this result was proved for chains
of three-dimensional diagrams, it is not particularly difficult
to extend it to the system of equations (32).

As a result, on the basis of Refs. 9 and 48, it can be
asserted that the operator X'V!(E 4 i0) obtained from
X V)(E + ir) by going to the limit 7— + 0 is a compact oper-
ator for N>N, in some auxiliary Banach space. The struc-
ture of this space is described in Ref. 9 and 48. It was shown
in Ref. 48 that the Fredholm alternative applies to such ker-
nels.

Whereas the Fredholm alternative applies to the system
of integral equations (32) irrespective of the existence or not
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of three-particle bound states, in studying the question of the
uniqueness of a solution forz = E + i0, EeR *, we must, as
before, restrict ourselves to the case when o4 (h,, ) = @ for all
7. At the same time, the solutions of the homogeneous sys-
tem (37) also satisfy the relations (45), but to them one more
is added. This relation has the form

§ az, | ap, | dp. 2 [ (P apupiy E+10)

g (FouPapyr E+10)

F oo (Fopopor, E-+1i0)
Qa (Pa) (Ve (Pabys E+i0) -+l (Papy., E-i0)}

30 T
%2, 4 pt.

Py (Pm—){va (PaPas E+i0)+1’gm' (Pobas E—]»iﬂ)}

~
2 1 p?
Ka.-.—P‘U_»

_E_

caa' (Papm') U:g: (Po, E-+i0) ]

% -~
e e A o )

+ 3 [ (Fapanpy E +10)

o, 1
€N

Qo (Pa) v (PrPay, E-i0)

g+ g,

s {papan | Va | On) vy (Fn, E1i0) J |2
¥yt P4

% 8 (E—F% — p— pir) =0. (48)

From (45) and (48), as for E€ER ™, it can be concluded that the
wave function ¢(E -+ i0) (38) is square integrable. The tech-
nique needed for this was described above (in this connec-
tion, see also Refs. 20, 22, and 49). Compared with Ref. 49,
the proofis greatly facilitated by the restriction of the class of
potentials.

Thus, we have established the following.

1. The Fredholm alternative applies to the system of
integral equations (32) for all z, including the real axis
z=FE +i0, E€R.

2. The homogeneous system of equations (37) does not
have nontrivial solutions for complex z (there are no spur-
ious solutions).

3.Ifo4(H, ) = D for all y and the homogeneous system
has a nontrivial solution v(E + i0), where E # — x2,
E # — x% — x% , then Ecoy(H ).

We shall return to a discussion of the questions touched
on in this section when we study the eigenvalues of the kernel
A°® (z) obtained from the kernel of the system of integral equa-
tions (21) by means of a complex scale transformation. Com-
pleting this section, we note that in the literature there are
other methods of studying the equations of the N-body prob-
lem. References to some of them can be found in the notes to
the third and fourth volumes of the monograph by Reed and
Simon.'?

186 Sov. J. Part. Nucl. 16 (2), March-Apr. 1985

2. RESONANCE STATES IN SYSTEMS OF SEVERAL
NONRELATIVISTIC PARTICLES

Resonances in systems of NV particles with potentials analytic
with respect to scale transformations

Here and in what follows, we shall discuss the question
of resonances in many-particle systems and various methods
of describing such resonances. Since resonances are usually
associated with the poles of the analytic continuation of the
matrix elements of the Green’s functions of the system to the
second (unphysical) sheet, it is necessary to possess a math-
ematical formalism making it possible to realize these ana-
lytic continuations. In recent years, the method of canonical
transformations of the Hamiltonian of the system?*® has
been developed strongly for these purposes; in it, the reson-
ances are the eigenvalues of a non-self-adjoint Hamiltonian
U(a)HU ~'(a), where U (a) is the operator of the canonical
transformation, and a is the complex parameter of this trans-
formation. We consider only one special case of such trans-
formations—complex scale transformations.

The operator U (6 ) of scale transformations on L %(R*")
is defined as follows:

U@©)F(ry ...r5)- :e_\‘p{%;\'ﬂ }He0r, oonefry).  (49)

It is readily seen that U(@) is unitary for real 6, and
U@, + 6,) = U(6,)U(0,). The kinetic-energy operator H,
transforms as follows:

H, (0) = U (6) HU (0) = e~20H,. (50)

The relation (50), defined for real 8, admits analytic continu-
ation to complex &. Since the spectrum of the operator H,, is
the half-line [0, ), it follows from (50) that
o(Hy(0)) = {z|largz= — 2Im 6 },i.e., forIm @ %0 the spec-
trum of H,, can be determined from the real axis. The opera-
tor of the interaction ¥ under the action of U () takes the
form

V(8) = U (8) VUL (6). (51)
The corresponding class of potentials was described in Sec.

1. Then (see Ref. 2, Chap. XIII, $10) one can introduce the
operator

H (8)=U (8) HU- (0),

H (6) = e~20H, -V (6) 2]

[Im 0 | <o, }
and the resolvent G° z) = [z — H (6 )] ~". If the potentials ¥,
are analytic in the class C,, the matrix elements of the resol-
vent G (z), O0<arg z<2x, admit analytic continuation to the
part D, of the unphysical sheet of energies in accordance
with the law

F1GG) 1) = (7(6*%) |6 (3) | F(0)), (53)
where D, = {z| —2o<arglz—3)<0}, f(0)=U(B)f.
The functions fin (53) belong to the set, dense in L3(R*Y ), of
analytic vectors for the generator of the group U (@) (for more
detail on this question, see Ref. 2).

We describe the spectrum of the operator H (8 )>*-*

1)o(H (6 ) dependsonly onIm &because H (6,)and H (6,)

are unitarily equivalent for real 6,—8, o(H(9))
= Oess (H (0 ))uog (H (0)).
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2) Ou(H(O)=e *A|1€(0,00)jUl; +e~ 4|4
€0, 00)),1;€04((h;)6)}. Here, we have denoted by #,(6) the
operator U (6 )h; U ~'(@ ), where A; is the Hamiltonian of the
motion in the ith channel of the system. (In the four-body
problem, there are three types of Hamiltonians of internal
motion in the channels 4,,, h,,and b, = h, + h,.)

3)o4(H (0))is at most a countable set, the limit points for
which can be only 0 and the points in o, (k;(6)). For [IM
6 | <min(o,7/2), we have o, (H (6 ))nR = o4 (H ). If 0 < Im 6,
<IM 8, <7/2, then o, (H (6,)) Coy(H (6,))

Property 2 means that the Hamiltonian H (@) has for
|IM 6 | < /2 not only ordinary thresholds — o, but also
complex thresholds u; €0y (h;(6)), corresponding to reson-
ances in the channels.

For the four-body problem, the complex thresholds in
the channels @ and (@,a’) satisfy the conditions

2ImO<<argp, <0, p, €0y (hy),

Pan = g + gty

and the three-particle complex thresholds satisfy the condi-
tions

2Im 8 <<arg (pg— Z,) <0,
Hn €0g (hn),

and X, , as usual, is the point at which the continuum of the
Hamiltonian %, begins. The spectrum of the Hamiltonian
H (9 ) for the four-body system is shown in Fig. 1 [the crosses
in Fig. 1 represent points in o(H (8 ))].

To understand better the meaning of the complex scale
transformatlon, we consider the formal theory of reson-
ances®® used traditionally in nuclear and atomic physics.
This formal theory is based on the following expansion of the
resolvent:

G (2) =R (2)+ 1+ R () H]
2 | b <228 by | LHR (3) + 11, (54)

where the operator P = Z,|¢, ) (¢ | is an orthogonal projec-
tor, R(z) is the resolvent of the operator QHQ, Q

=1—P,R(z) = z0-QHQ )", w(z) in (54) is the determinant
with elements w(2) =26, — (¢;|H + HR (z)H |¢,), and
A;(z) is the corresponding minor. In the formal theory of
resonances, the problem of finding the resonances reduces to
finding the zeros of the analytic continuation of the determi-
nant ®(z) to the unphysical sheet.

O<argz<Zna

M:' Mot Mot fgt

\

FIG. 1. Spectrum of the Hamiltonian H (¢ ) in the four-body problem. The
continuous spectrum of the operator H begins at =; x5 and 3, are real
thresholds for H; Fos by o + pt are complex thresholds forfI (thresh-
olds of resonances?).

187 Sov. J. Part. Nucl. 16 (2), March-Apr. 1985

If the interaction potentials are analytic with respect to
scale transformations, then an analytic continuation of the
determinant w(z) (under the condition that |4, ) are analytic
vectors) can be constructed by means of (53). Note that the
determinant w(z) satisfies the condition

0 () wg (z) = 1, (55)

where wg(z) is the determinant with the elements
(¥:|G (2)|¢; ). Since the analytic continuation of wg(z) is
realized by the determinant w%(z) with elements
(:(0)G (2)|¢;(8)), it follows from (55) that the determinant
@(z) has an analytic continuation to the region D(#)
={z| —2Im @ <arg(z—Z)<0,Imf|<co}. At the
same time, wg(z) and w(z) are meromorphic functions in
Dy \0[H (6)]. Since w(z) and @ (z) do not depend on € in
Dy nD, , the domain of meromorphicity of these determi-
nants can be extended to Dy \ U4 (h;(6)). It follows from
this that the zeros of w(z), which are the bound states and
resonances of the Hamiltonian H, and the poles of the ana-
lytic continuation of wg(z) can accumulate only at the
thresholds (both real and complex) of the operator H (6 ). This
has already been noted. Further, the determinant w(z) is a
Weinstein-Aronszajn determinant of the second kind, and
the expansion itself is a special case of the theory of degener-
ate perturbations.”’ As a consequence, the connection
between the zeros of the analytic continuation of w(z) and the
multiplicity of z as an eigenvalue of H (@) can be established
by means of the second (W-A) formula. Let z, be a zero of
multiplicity & of the determinant w(z). Then v,, the multi-
plicity of z, as an eigenvalue of H (), is determined by
Vi =gk,

where v, is the multiplicity of z, as an eigenvalue of
(QHQ)(@), (v, = 0,ifzy¢0, {[Qand 8](@)}. Butif z, is a pole
of order k for w(z), then v, = v, — k.

Some restrictions on the positions of the virtual poles of the
many-particle Green'’s function?

One of the important problems of the theory of many-
particle resonances is that of finding regions of the unphysi-
cal sheet free of virtual poles (resonances). In the case of the
two-particle problem, this problem has been studied by
many authors (see Ref. 50, Chap. 12, §4, and also Refs. 52—
54). For a certain class of analytic potentials, the method of
Refs. 52-54 can be genera]ized to many-particle systems.

Thus, suppose ¥;€C, for each pair, 1<i <j<N. Then
the positions of the poles of the resolvent on the second sheet
can be found as the eigenvalues of the operator
H(0)=e ?H,+ V(). Setting 8 = ip, 0 <p < 0, we write
the equation for the resonance energies in the form

(Ho + eV (p) | ) = ze®P ). (56)

The function |¢) in (56) can be assumed to be normalized to
unity. From (56), we obtain

p | Hy — eV (p) | ) = zeo

UThe results of this section were obtained by the authors in collaboration
with V. G. Airapetyan.
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or

(p | Hy | ) + (p | Re e2ieV (p) |p) = Re ze?io;
@ | Im eV (p) [) = Tm ze~%0. (57)

Further, following Refs. 52-54, we multiply the first of the
equations by cos S and the second by sin 3, where S is some
arbitrary real parameter, and add the resulting relations.
This gives us

cos Py | Hy | )=+ (p | Re z 2BV (p) | 1) = Re z e2ip7i8,
(58)

Since the operator H, is positive definite, for cos 5>0 the
resonance energies must satisfy the inequality

— (i | Re e20¥18V (p) | ¢h) > — Re z e?in¥ih,
Now suppose the potential F(p) satisfies the estimate
[V (o) = |3 Vy(e® ry)|<4, for0 <p < 0. Then we must have
7

Ap= —Rezeo=iB (cosf=0). (59)

Similarly, for cos £<0
Ap=Re z e2lpFib

which, as is readily seen, is equivalent to (59). If min 4, as
p—o exists and is equal to 4, then in (59) we can setp = 0.

Asaresult, for the resonance energies we obtain restric-
tions of the form

A= —Reze2iotif, (60)

where £ is an arbitrary parameter on the interval ( — 7/2,
w/2). Therefore, all the resonances must be in the region
bounded by the envelope of the family of curves (60).

To illustrate this result, let us consider the case
o = w/2, which corresponds, for example, to a superposition
of exponential potentials V' (r) = — Ve ~*". Since the reso-
nance energies can be situated only in the lower half-plane, it
is sufficient to study the single inequality

A= Rcos (¢ + B (61)

where Be(0,7/2), R = |z|,¢p = argz, — m <@ <.

As is well known (see, for example, Ref. 55), the enve-
lope of a single-parameter family of curves u(x,p,5 ) = 0 can
be obtained by eliminating the parameter S from the system
of equations

u(z, y, p)=0
55Pfl'q Yy ﬁ) i
——aﬁ——o.

From (61) we obtain sin( 8 + @ ) = 0, which (with allowance
for the restrictions on the region of the parameters ¢ and )
isequivalenttotheconditiong + 8 =0with — 7/2 <@ <O0.
Therefore, in the region — 7/2 <@ <0 the envelope is the
arc of a circle of radius 4. We note in passing that this result
agrees with Ref. 53. In the region — 7 < @ < /2, the condi-
tionsin( 8 4+ ¢ ) = 0,8¢(0,7/2), cannot be satisfied, so that to
solve the inequality (61) we proceed as follows. We note that
the function cos(¢ + ) increases monotonically with re-
spect to 8 for — 7 <@ < /2. This means that in the region
—7m<@<w/2 the resonances lie above the curve
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A =R cosp + 7/2) = — Rsin @, and this is equivalent to
the condition |Im z|<A4. Our result is shown in Fig. 2.

We can construct similarly the envelopes for any arbi-
trary o <7/2. These envelopes are shown in Fig. 3. All that
has been said above applies to the case when the potentials

satisfy lim |V (p)| = 4 < . This estimate and, therefore, re-
p—o

strictions of the form (60) are not satisfied for potentials of
the type of the Coulomb and Yukawa potentials. To con-
struct the envelope of the region in which the resonance
poles are situated, Regge’s method can be used (Refs. 52 and
53; see also Ref. 50, Chap. 12, $4). This method is as follows.

Suppose that interaction potential ¥ (#) in a two-particle
system belongs to the class o, and that for all » the estimate
|V (e r)|<Vo/r holds. For the Coulomb potential® and
theYukawa potential, o = #/2. Further, for any function
#(r) in the region in which the Hamiltonian Hy= — (1/
2u)V? is self-adjoint,

JarEQE<a far pwp o) 2 (62)

[In connection with the inequality (62), see Ref. 56, Chap. 11,
p. 279 of the Russian translation, and also Ref. 57, pp. 192
and 352 of the Russian translation.] Note that the expression
on the right-hand side of (62) is equal to 8u(¥|H,|¢, as a
result of which the inequality (62) can be rewritten in the
form

1 o 2
far LD <suip 1 8,9, (63)

Since the resonance energies satisfy the reltion (58), which at
the given stage can be conveniently rewritten as

cosB(y | Hy | ¢) +cospf (P | Ree?ie
<V (6r) | 1) —sin B (i | Im e?0V (e¥r) | ) — R 2 o244,
(64)

it follows by virtue of (63) and the condition on the behavior
of the modulus of ¥ (e* r) that the inequality

cosp 1 /3V
Wl Suﬁ T . r ;

must be satisfied. This inequality can be satisfied only in the

case when there exist values of 7 for which the integrand in

(65) is nonpositive. If at the same time for any » (and any

Bel0,7/2])

cosp 1 Vav S
o R, (66)

—Rez et | ) <<0 (65)

then the inequality (66) describes the region of values of z free
of resonances. Writing the inequality (66)in the form

COSB 1 4 ]/5 .uVG} . 4”‘17% 2ip+if
Bu (7_' cos B ) " cosP — Reze?n*1h >0,
we arrive at the following equation for the envelope:
—_—_— 4ul2
s 2ip+if — 0
Re z e2inti S (67)

In (67), we can set p = o. To be specific, we shall assume that

?Note that in the earlier treatment we did not consider the long-range
Coulomb potential. However, in the study of the problem of resonances
this potential can be included in the scheme of the method of complex
scale transformations.>*#
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N
z A _ W 5
Ho= 2 putlo= 2 ous (s + Hory),
Resonance region S 1= i<y i<j
/

where h; is the kinetic-energy operator of the internal mo-

A p < L rel : . i
tion in the pair (j). Then from (72) we obtain the inequality
p
FIG. 2. Region containing the virtual poles of the Green’s function for N =
systems with potentials of exponential type. Re z e2io+ib> 2 <1ij ’ 01705 Blgi; — V2Vaij l 1]J>
S rig
=t
o = /2 (the case of the Coulomb and Yukawa potentials, in Nov p
which we are interested). Writing z in the form z = x — iy, = — Z c;: ﬁf;.’. gl (73)
>0, we obtain from (67) <i W
4 4uVi a
zcosB+ysinf= CSSE = ws"ﬁ s

subject to the condition =) ; pij = 1. The envelope of the

family of curves for p = o = 7/2 of the form (73) is again the
x (cos 2B + 1) -+ y sin 2B = 2a,. (68) parabola (69), in which a, must be taken to be the smallest
value of the sum = (u; Vo, /p; ).

or, equivalently,

Differentiating (68) with respect to S, we obtain
tan 28 = y/x, and after substitution in (68) this gives an
equation for the envelope in the form of the parabola

If o < m/2, which corresponds, for example, to pair po-
tentials of the form

¥t = da, (¢, — 2). (69)

Therefore, in a system of two particles interacting through a
Yukawa-type potential all the resonances are at energies that  then the envelope of the region containing the resonances is
satisfy the condition obtained from (69) by a rotation counterclockwise through

the angle (7 — 20). In particular, for the potentials (74) the

a—hr

V (r)=—Vo = (cos hyr + ysin’hyr), it

T

T = Ep < ay = 4pVg. (70)  quantity o is obtained from the condition arg ¢’
We note that the estimates (67)-(70) can be somewhat im- (¢ + il ) = 7/2, where A = max(|4,],]4,|).
proved. To this end, we transform the relation (64) into the The results are shown in Fig. 4.
inequality As an example, we consider the question of the reson-
) 75 ances in the system H™ which consists of a proton and two
Re z g2in+if > <14> cos phy— - = 'lli> 2 (71)  electrons. The Hamiltonian of the H™ system has the form
Since the ground state of the Hamiltonian (—h% Mo o B e rj‘_z .,_‘5_2 il +—f- = H,-}V.
2u)A — (ze?/r) has energy — (ze?)*u/2#7, the Hamiltonian 2me P LRI RS TR
(cos BH, — 2 Vo/r) is bounded below by the constant Letting the parameter of the scale transformation tend to
A= —uVi/cosp. /2, we obtain in complete analogy with (57)
Therefore,

i =
2

2ip+ip~, __ UV
Reze = b

paiglz(q__ ©) | Ho |} (p)) = P.eze2 = —Rez>0, } (75)

li[}lz WV ]p(p))=Imze2/2= — Im g,
and a, in all the relations (67)(70) can be replaced by u V2, =

i.e., reduced by four times. The first of the relations shows that in systems with a purely
These methods can be readily extended to many-chan-  Coulomb interaction all resonances are at negative ener-
nel problems. Indeed, in the case of a system of several parti- gies.” Since Im z<0, writing zin theformz = — x — iy, x>0,
cles the inequality (71) can be written in the form >0 we reduce (75) to the form
N =
Rezezif’+iﬁ><1p |cos BH,— > Lflﬂ ¢> (72) ]irfrl pp) | Ho—BV | ¥ (0)) = 2 —Py, (76)
: ST pog

where 3 is some arbitrary positive parameter. From (76), we

Further, we split H,, into N (N — 1)/2 parts: obtain the chain of inequalities
o> 74 o=n4 o<n/4 A
20-71/2 sinfe
P | 2 4 L2 : FIG. 3. Region containing the resonances for
2n-20 20 systems with potentials of the class C, for three
/ = / values of g.
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o=7/2 A4 <C<T/2 /
/
/
ag z / \
n-26
26-7/2
4 a (ﬂ'
a b

FIG. 4. Envelopes for the region containing the resonances for systems
with potentials of Yukawa type (a) and the type V(r)= — Fyle ™*/
rcos A;r + ysinA,r) (b).

z—By> lim () |Ho—|v(0)) >

= lim (¥ (p)

p.,"[i.'?.

bt |00y = — 2, (77)

where Ry = e*m, /#* = 27.12 eV is the atomic unit of energy
(rydberg). Asis readily established the envelope of the family
of curves

R
z—Py=—5 p?
is the parabola

2 = Ry (78)
Since 0., (H)=[ — R /2, ], the half-widths of all reson-
ances in the system H ™ satisfy the estimate I'/2<Ry/+/2.In
deriving this estimate, we ignore the fact that the electrons
are identical. It is easy to show that in the state with spin
S§ =0 the half-widths satisfy as before the estimate
I,/2<R /Y2, and in the state with total spin § = 1 the esti-
mate is reduced by 2 times: T", /2<R /24/2.

Note that in the expressions (75)—(77) we cannot directly
set p = 7/2. This is due to the fact that for Im & = 7/2 vir-
tual states of the negative Coulomb potential are opened,
and these violate the conditions under which the theory of
complex scale transformations works. Therefore, the reson-
ances in the H™ system cannot be sought as eigenvalues of
the Hamiltonian H, + i¥. Indeed, it follows from the prop-
erties of the scale transformation that o4(H (6 %))

= 04(H (@)). If one could directly set 8 = i7/2, then, replac-

ing Fby — V, we would find that the spectrum of the opera-
tor H,+ iV can be situated only on the real axis, i.e., no
resonances arise. This contradiction shows that the restric-
tion p ‘< 7/2 is essential and that the relations (75)-(77) are
satisfied only in the sense of limits.

We note further that the envelope (78) is determined
exclusively by the strength of the interelectron interaction
potential. If this potential were a purely attractive Coulomb
potential, then in the system there would be only virtual and
bound states.

The third class of potentials for which one can construct
the envelope of the region containing the resonances is the
class of potentials of finite rank (separable). To be specific,
we restrict ourselves to potentials of unit rank, i.e., we shall
assume that each of the pair potentials can be represented in
theform V' = A |g) (g|, where |g) is an analytic vector for the
groupofscaletransformationsonL ?(R?). Then V' (9) = U (@)
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VU(@) '=4|g@)){gl@)|, and the resonance energies
satisfy the relation
R
| Ho | )+ (b1 0% 21Viy (0) | =26, (79)

As before,
cosB (| Hy | )+ Re (1 | e2io=ib

we reduce (79) to the form

N
% 2 V(') [ ) = Re z e2io=ip,
i<j

By virtue of the definition of the potentials ¥;, we have func-
tions g(@)eL?(R ?) for 0<p <o. Therefore, the operators
V;(e®) are Hilbert-Schmidt operators with norm

”V (eiD) ||._,_= | A | S dr |g(eipr) |2

and all the resonance poles must satisfy the inequality

Regotieths — E A%, (80)
i<j

where 4 § = ||V;;(¢* )||. For each fixed p, the envelopes of the
one-parameter family (80) are shown in Fig. 3. Varying the
parameter p, p < g, We can construct a curve that bounds the
region containing the resonances.

As an example, we consider a Yamaguchi potential of
the form g(r) = y7/2(e ~"/2). In this case

7t e-—-2vreip

=2m2 [ M| Sdrexp{—?.yrcosp}= il ]
0

veosp

Thus, for the Yamaguchi potential the envelope of the region
containing the resonances can be determined from the equa-
tion

Re z e2ipt+if—> coA "
S
N b (81)
a=a2 ML pe, a2), pe(, n/2).
i<i

It is difficult to construct the envelope of the two-pa-
rameter family of curves (81) in a general form. Therefore, as
an orientation we calculate two characteristic points situat-
ed on the intersection of this envelope with the coordinate
axes. It can be seen in Fig. 3 that the intersection of the
envelope with respect to £ with the x axis is at the point A /
(sin 2a cos &) for 0 <@ <7/2 and at the point A/cos a for
w/4<a <m/2. The maximum of the expression sin 2a cos &
can be determined from the condition tan @ = 1/+/2 and is

4/3\3. Further, we min [1/(sin 2a cos a)]
ac(0,7/4)
=3/3/4<\2 = min (cos a)~'. Thus, the point of in-
ae(m/4,77/'
tersection of the envelope with the x axis is determined by
the expression 3y/34 /4. If 7/2 > a > /4, then the envelope
with respect to [ intersects the y axis at the point

— A /[sin(2a — 7/2)cos @ ] = A4 /(cos 2a cos a). The maxi-
mum of the expression —cos2acosa= —2x3+x,

have
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X =cos a, is attained at x =1/,/6 and is equal to 2/3.6.
Therefore, the point of intersection of the envelope with the y
axisis — 4 3y/6/2. The approximate form of the envelope of
the region containing the resonances for the sum of Yamagu-
chi potentials is shown in Fig. 5.

Integral equations for the resolvent of the Hamiltonian H(@)in
the four-body problem

Suppose the parameter z in the resolvent set of (0)lies
in the region

Dy= {z|—2Im0< argz < 0,
0<Im O < o).

We represent the resolvent G? z), zeD,, in the form
G° (2) =e29R" (2 (9)), (82)
where R?() is the resolvent of the operator H (8) = H,
+e*V(0),R°()= (¢ — H(6))"", and the parameter ()
is equal to ze*® and therefore, lies on the physical sheet. Tak-
ing into account this circumstance and using the transforma-
tion (82), it is possible to construct integral equations for the
resolvents G° (z) and R® (z) analogous to the system (21). As is

readily seen, the kernel 4°(z) of the system of integral equa-
tions for finding the operator T 9 z),

T (z2) = V (8) + V (0) GO (2) V (0),

for values of z lying on the physical sheet can be obtained
from the kernel of the system (21) by means of the transfor-
mation U (0 ):

A® (z) = U (0) A (z) U~ (0).
At the same time, the elements of the matrix B? (z),

A% (2)=B°(2) G (2)

(83)

are operators ¢ (z),(M 7 ;)°(z) and # 2, . (2). We obviously
have
tn (2) = V1(0) -+ V,, (0) €5 (2) V. (8) = V', (0) + €267, (6)
X rg (2(8)) Vg (8),
(M2, )" (3) =V, (8) 8, 5+ V., (6) g9 (2) Vi (2)
=V (0) 8, 54200, (8) (2 () V5 (6),
(84)
where 7, (f)= (5 —h.(0) "7, () — (£ —h,(0))"". The
operator % ¢ . (z), which is obtained from 7 ¢ . (z) by se-

parating the relative motion of the centers of mass of pairs &
and a', can be expressed in terms of the resolvent

ra,a'(z) = (Z— thJ s hgsgl)_l'
33
3 i T

Ve
%“'74

FIG. 5. Region containing the resonances for systems with two-body Ya-
maguchi potentials.
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For the resolvent 7, . () we can write down a represen-
tation of the form

oo () = | =S Ta (6) ® ru (s ),
15

where the contour I', which is traversed in the anticlockwise
direction, has the following property. All points of T lie in
the resolvent set of the Hamiltonian %, and the contour
I, = {{ |z — £.,5,€T | contains the spectrum of &, withinit.

Equation (85) can be proved by direct calculation on the
basis of the spectral properties of the operator 4, ().

By means of (84) and (85), the kernel 49(z) can be ana-
lytically continued to the region D, of the unphysical sheet.

(85)

, At the same time, as was pointed out above, all elements of

the matrix B’ (z) will be calculated on the physical sheet of
energies. In the case of the two- and three-particle kernels,
this fact is obvious by virtue of (84), and for the kernel
Z 0 o (2) it is sufficient to choose the contour I" in the form
shown in Fig. 6. The crosses in Fig. 6 are denoted from
0,[h,(0)], and the points are the elements of the set
{2(0)} \ oy (A, (0)). Itisreadily seen that the necessary choice
of the contour T is always possible except for the case when
2(6)604 (o (6).

Thus, we have constructed a system of integral equa-
tions of the form

#° (2) =37 (2) + A° (2) %#° (2), (86)
which has meaning for all z satisfying the condition

—21Im # <arg z <27 — 2 Im 6. We now consider the prop-
erties of this system.

The elements of the matrix B? (z) are decomposed in the
standard manner into components, and it is obvious that
these components appear because of the points of the dis-
cretespectraoftheoperators/,, (8), fz,, (@),and fim. (@). Since
G §(2) in the region considered is nonsingular, the following
proposition holds: The operator 4°(z) is a Hilbert-Schmidt
operator for z¢o., (H(@ )), and the operator U? (z), the kernel
of the system of integral equations for the components, is
compact for all z, —2Im @ <argz<27 — 2 Im 6. Further,
itis obvious that the nontrivial solutions of the homogeneous
equation

#° (2) = A% (D) #® (2), 2€ 0. (H (0)),

describe the discrete spectrum of H (6 ), i.e., the points from
04(H ) for Im 6 <7/2 and the resonances that lie in D,

Imz

{2086, (F(8)

)
<\

/ x
A\ ZImé ‘
A T antew B
7 4 i

x
£

FIG. 6. Contour of integration in Eq. (85).
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On the changes of the parameters of two-particle
resonances in three-particle reactions

As an example of the use of the technique of complex
scale transformations, we consider the question of the pa-
rameters of two-particle resonances produced in three-parti-
cle reactions under the condition that the energy of the sys-
tem is equal to the energy of one of the three-particle
resonances. In such a formulation, the problem corresponds
to the conditions of the Migdal-Watson model (see, for ex-
ample, Ref. 58). However, as will be shown below, analysis of
the three-particle dynamics of the problem predicts, in con-
trast to the Migdal-Watson approximation, changes in the
parameters of the two-particle resonances. In particular, it is
found that the two-particle resonances whose background
phase shifts satisfy the condition 7/2<8, < are shifted for-
ward, while resonances with 8,, between 0 and 7/2 may be
shifted either forward or backward. (We here adhere to the
definition of the phase shift used in Ref. 21, p. 287 of the
Russian translation, Fig. 13.3.) The magnitude of the shift
can be predicted from the change in the shape of the reso-
nance. This conclusion is confirmed by the analysis of the
experimental data (see, for example, Ref. 59).

To separate a three-particle resonance, the formal the-
ory of resonances is the most suitable. Assuming for simpli-
city that the three-particle resonance corresponds to total
orbital angular momentum L = 0, we find that the decay
vertex of the resonance |®(z)) is proportional to
[1 + R (2)H]|¢), where |¢) is an analytic vector for U (€ ) on
L(R®) and {(®(@ *)|¢/(0)) #0. Here, |®(6 )) denotes the wave
function of the three-particle resonance. Then the amplitude
of three-particle breakup (under the condition that the reac-
tion proceeds through a sufficiently narrow isolated level of
the compound nucleus) can be expressed approximately in
the form

T (p12s 05 2) = C {pysqs [t15 (2) Go (3) + 1]

X (Vig + Vig) | @ (2)), (87)
e pf,—%—g;-}—io.

In (87) we have assumed that in the subsystem 12 there is a
fairly narrow resonance, and we have omitted the terms with
t5(z) and ¢,; () not containing resonances.

We separate the resonance part in #,,(z). In accordance
with the theory of complex scale transformations, the reso-
nance contribution to #° (z) can be expressed by the term

1 =
3 V(O) | $m (0)) (¥ (0) | V(O) _

z2—2g

3 -
Z | @m (0)) {@m (0) |
z—12, *

m=-1 m=-1

_ (88)
In(88), 2|4, (6)) {%,, (€ )]is the projector onto the eigenvalue
z, of the operator % (@ ) corresponding to orbital angular mo-
mentum [ and |@,, (8)) = V(0)|¢,.(0)). Since {p|p(0))
={—p|@(@))* the decomposition we seek can be ex-
pressed in the form?
*(p, p's 2)
= (= 0@+ D py (p-p) EDLED 1705, 5,9,
(89)
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where 7 () is the nonresonance part of the amplitude. Setting
6 =0, we obtain the contribution of the resonance to the
amplitude ¢ (p, p', z) under the condition that y°(p) exists. In
particular, this condition is satisfied for a superposition of
Gaussian potentials if — 7/2 < arg z,, and also for general-
ized Yukawa potentials of the type u, (see Ref. 1):

V)= | do@e,

provided uq + Im(24,,2,)"/%> 0.

A result analogous to (89) can be obtained from Wein-
berg’s quasiparticle method. Let @; be a resonance eigenval-
ue of the kernel VG, (z), i.e., let @; be fairly near unity. Then
the contribution of this eigenvalue to the amplitude ¢ (p, p’, 2)
can be described as follows®’:

Dj(z)){—p" | D;(

(1 D; (1))_(%1?2) i }) (90)
where a;(z)®;(z) = VG(,(z)CI)j (z), and {(®;(Z)®;(z)) = 1. As-
suming that a; (z,) = 1 and expanding ®; (z) and ¢; (z) in pow-
ers of z — z;, we obtain a result analogous to (89), and we can
take y°(p) to be

( do&;z(z)

zzzu)—uz (p] D; (Re 2+ i0)).

We now transform the expression (27), for which we
write G (E + i0) in the form Z[1/(E — H,)] — in8(E — H,)
and note that E = 5%, + §5. In addition, when calculating
the integral with the principal value we do not consider non-
resonance terms. As a result, we find that the amplitude
T(pi2, g3, 2) is proportional to

il (Plz)

Piz—z (91)

Pist 12 (P12) @y (Py2s 95) + Oy (p1as 73,

where

Dy (s 33)= T \ dQ p1P (Pras Pya)
q | (Vig+Vys) | @ (£ 10))

>\<P12
Py
@, (P12, %)— & Sdp p”) I F:Z Pia)
Ph—p

]l
’ 92)
% (Piads| (Vig+Vag) | @ (E+i0)). )

Further, it can be assumed that the functions ®, and @,
depend weakly on p,, in the neighborhood of the resonance
for fixed emission angles of the particles. This assumption is
justified at least for a sufficiently narrow two-particle reso-
nance. Then for T'(p,,, g5, E + i6 ) we can obtain a parame-
trization of the form

1 172
Psztia (1) + [M} p.

-
Pia—%o

(93)

In (91) and (93), # (p) = # ( p, p, P* + i0), and the parameter p
in (93)is a constant which depends on the emission angles. In
the derivation of (93), we have used the equation
(p) = (7% — zo) " ¥**(p). In the calculation of the square
root in the denominator in the second term in (93) it is neces-
sary to remember that — 7 <arg z, <0.

It should be borne in mind that the parametrization (93)
is possible only for the types of reaction which we are consid-
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ering, i.e., ones that proceed through a three-particle reso-
nance. Otherwise, the changes in the parameters of the two-
particle resonance will depend to a strong degree on the
off-shell effects in the three-particle amplitudes; in the case
considered, the off-shell effects are to a large degree weak-
ened.

We now turn to the analysis of the expression (93). The
first term in (93) shifts the two-particle resonance along the
energy axis independently of the background phase shift.
But the second term depends on 8y, and for 0<bpy <m/2
this term shifts the resonance backward or forward. As a
result, resonances with 8,, can be shifted either forward or
backward. The change in the shape of the resonance as a
function of 8, can be studied similarly. The change in the
position and shape of a resonance can be readily established
for definite processes.

APPENDIX A. EXPRESSION FOR THE COMPONENTS OF THE
OPERATOR 7, . (2)

On the basis of the results of Refs. 12, 13, and 27, the
expressions for the components of the operator ., . (z)
[for the operators L §(z),8,p = a;a';(a,') ] can be reduced to
the form

LaPar Plp D) =ta (Paps o+ %)+ (42 +52.)™ Ya (pa) 02 (pS),

=
Lg D P&:. o Po (Pa) OF (py)

~

a— e, —7%,
+ (3% +%2.)" Yo (Pa) VX (PS.),
Lga.' (Pas POPYes 2)=1[Ta (Papl, %)
—Ta (Pabl, 2—PLI VL. (pL.)

to (Papg, 2— P3) @, (pS.)

- —Va (Pa) B, (POPS).  (Al)
g Pl
The function 7(p, p°, z) in (Al) is defined as follows:
T(p P A=1(p, 1% 9=V (p—pY)
~ | gg L2 0. E+i0)t (g, p G —i0) (A2)
o Z7t12

By virtue of the symmetry of the expression (14) for
aoa PaPa PoPYy,Z) With respect to transposition of the
“in” and “out” states, the expressions for L?(z), 8
= a,a’,(,a’) can be obtained from (A1) by replacing the
index @ by o’ and vice versa. The expressions for the opera-
tor L7, (z) can be obtained from L 2¥(z) by means of the
relation

“Q

[Lga. (2)]t= Lga’ (z#),
e

Le, ar (PaPar Pg =1L * (bh papy #)I*.
The expression for L, (z) is obtained similarly.

The expression for L 25 (z) has the form

LG5 (=) =4y (3) + A (3) + A3 ().
The first term in (A3) is

(A3)
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Pe (Pa) G5 (P‘g)

4y () =——=—2 (D (P Pey PE)— Do (P PYer P,
oy—p3y
(A4)
where
D 0 g2) — 1 I
ar (Py PO @%) =——g——p [Tg (P, P 2+%3)
o

—Tg (Py P 2—a?)].

The expression for the second term in (A3) can be obtained
from (A4) by interchanging the indices. The last term in (A3)
is

4
43(x)=2 B;(a)
i=1

(A35)
where
By (@)=Va(pa—pl) Voo (Py —pS)
1 1
X( = —+ = ~ )’
—pR—Py  E— Py —Pg
) Toyr (P PYes z—}“)g'r i (P B z—;'ﬁ)
e et (I‘a—Pg) [ o’ \PgPo [7 o’ \Pyr Py o

Po—P%
Tor (Pgry PGes 2—pR2)

= ] (a6)

o2 2
s— 2 —rg

Tor (PorPars 3—pp)

+

RN
5— Pz — 2

The expression for B (z) is obtained from the expression for
B, (z) by interchanging the indices. Finally, B, (z) is an inte-
gral of the form

oo

B@= |

— 00

KTa (Pabdy &+iTy) Ty (Pgiplr E—eiTy)

1 1
x(—= o ) -
e— P2 ity E—e—plt L1,

de 1 1
—2ni ( B B PR ~ ; )
TN e—p ity E—g—pi,+it,

(A7)

By a transformation of the singular denominators, (A7)
is reduced to the form

1 ~ P
By (8) = ———— [ (p& —it)) — & (2 —ity)]
Po—pg

1 o e
+ ~. ~ [Z’ (p&—-rrg)_jf (E—Pg;"'?‘”z)]
2= Py Par
1 o ik s
T ~—1Z (P —im) — T (E—p§. +iry)]

$—pli—pl
1 i R ~ ;
T [P (E—DL +ite) — T (E— P2+ ity)],
02 ___ 2
Py Do
(A8)
where
p F de  Ta (PaPh, e+iT1) Ty (pypSi E—e+ita)
2 (§lem 3 —2ni e—( i

- 00

(A9)

Note that in some cases, for example, for a separable Yama-
guchi potentjal, the integral (A9) can be calculated explicit-
ly. If in the decomposition of .7 , , .. (z) into components we
ignore the term B , (z), then such an approximation [given by
the explicit expressions (A 1)-(A6)] will have the same mean-
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ing as the Amado-Lovelace approximation in the three-par-
ticle problem.>*® Note also that the connection between the
properties of the operator Z . owlz) and its components
L (z) and the cluster properties of the Méller operators and
the S matrices in the system of two noninteracting subsys-
tems of particles was studied in Refs. 11-13 and 27.

As is readily seen, terms of the form [1/(3% —F5%)]
[2 @2 —ir)) — D (pepa’ — iry)] arise from transformation
of an integral like

o0

5 de  Talpabl, e+ity) Ts (E—e+its)
=& (e B 4ity) (e— PR+ iTy)

(A10)

— 00

Substituting in (A 10) the expression for 7, ,(z) in the form
(A2) and noting that for 7, #0 and 7, 70 the integration can
be performed in any order, we obtain for (A 10) a representa-
tion of the form

S Ta (Pably 5—0%) Tor (Porlyrs Tor+i10) Tor (950 PYer 93 —1i0)

o’ ~ ~ ~ o~ ¥
(z—pL—a2.) (z2—pP—q%.)

(A11)

It can be seen from (A 11) that integrals of the type (A10) do
not have any singularities for zeC\ [0, e ), since the denomi-
nators in (A11) are in this case nonsingular. From this result,
the properties of the functions 7(p, p° z),** and the explicit
expressions for the components L 4,(z), we conclude that for
zeC\ [0, o ) these components have no singularities with re-
spect to either the energy or the momenta.

APPENDIX B. DECOMPOSITION OF THE THREE-PARTICLE
AMPLITUDE M ,(2)

Below, we shall obtain the decomposition (25) for the
three-particle amplitude M ] z(z). To shorten the expres-
sions, we shall denote p,,, by ¢, and omit everywhere the
index 7 except in the notation for the energy of a three-parti-
cle bound state. The basis for the following treatment will be
the relation proved in Ref. 22 for the Mdller operators (},,,
u=0,a:

) By = [— Py, (B1)

In
where I is the identity operator in the Hilbert space of func-
tions that depend on the variables p, and ¢, and P, is the
projection operator onto the discrete spectrum of the Hamil-
tonian A, . From (B1) we obtain the followmg representation

for the operator Top(e) = Vobog + Valz —hy) Vs
Vo I9) (91 V
Ty, s P, e BB VD
(-3 ﬂ() alo ﬁ+ z+/1z]
, . Ve |-upl- 1 Vs
B 2 .S L z—Ey 2
”
[a= 1) d{')ﬂ.:dQ?“ Eqg=—u} "‘0021’2’1&.—' =+ f-I"’
LYot 9% @ d(-Jo=dp0dgd, Eq=py/2u-+a%/2n=po+ 08,

(B2)

In accordance with the assumptions made above,

(paQalV ‘Q‘,u lp,u.) and (po:qalV _‘Q’Ulpaqa) can be ex-
pressed uniquely in terms of the amplitudes
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Hop|E +10),Eeo, (h, ) and the components of these ampli-
tudes. We have

{Pade | Voo | PLE%)=ta (Pabl, PL) 6 (2a—ab)

M

v

ay (Palas pﬁ.q‘\’,, E,+10),

(Pata | Valy | qﬁ'f)=% (Pe) 8 (90 —1a%) B, »

L, v (Padar €8 Ey+i0). (B3)
In (B3), we have introduced “in” components of the opera-
tors M,, .. (2):
My, y (Pyle, PY9Y 2)=Tay (Pade: PYAY, 2)

- Loy (PG9as 94 2) 95 (PY) (B4

a2 08
ETdy— 0y

Besides the decomposition (B4), in what follows we shall also
need the “out” components of the operators M, (z) and

Cay(2):

sHxE—ql2

Qu (Pa) Oay (o, Q\ 7')

Lo, v (Pabas Q%, 2)= Poy (Paldas '?':-s z)+
z-4%2 #qbL

(BS)

We recall once more that for z=E 4 i0 and Eeo,(h, ) the
components of the operators M, (z), i.e., functions of the
type u, v, &, p, @, etc., are uniquely determined by the solu-
tion of the three-particle integral equations.

Substituting (B3) in (B2), we obtain as a result of simple
algebraic manipulations

Mg, B (Pades péqé. z)

b (Paqa | ta (Eo+iM) | r°q°)
—— 0 0
_‘\ dp® dg o

X(B°a | 15 (Eg—19) | pjag) [1—Bapl

t ap (Pada, Pp Ep+-i0) fPB(PB)
z—Eg

P (Pa) BF, o (PR Gy Ea-t-10)
z—FEq

gav Podo q\. Ey+i0) [‘B\’(pﬁqﬂ’ ';':\' E,+-i0)
z—Ey

J

+3 fa

=0

Moy (Patas P0° Eo-+10) tg (P8P, PR—i0)8 (g0
4P PR

i P (Pa) Vay (Gas PREY ),
Moy (Pada P2 2)=1ay (Padas PYEY, 2 = ;

L CH—

—aq3)

I Z g dp® dg°

3 z—E,
Y=

ta (Papl, PE2-Hi0) M, (paagy p°¢% Eo+

i) 8 (g2 —ap,)

0 Z 5 dp®dq®

z—E,
ve£D
Moy (Pala, P°9° Eo+10) M |, (Ppag, p°0° Eo-+1i0)
A 0 Jq0 , b ATBER
1 Z S dp® dg =5,
K, ¥==0
Eq=—%%+0, Ej=—x}+q3.

(B6)

The next step consists of decomposing (B6) into components.
For this, it is necessary to substitute in (B6) the decomposi-
tions (B5) and transform the singular denominators. One of
the possible ways of doing this is to use the identities
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Yemnit (lni) L S Lni)
e A Atale ' A/’ Ba_B+a(BTa /
I A L YN S RN '1~1_)

Aal I AT \aT )

where A ~'=(E+i0—E,)"', B~'=(E—i0+E})",
a'=@z—E)", so that (d+a) '=(z—E,)"' and
(B+a)~'=(z— Ej)"". Performing these operations, we
obtain

Mg (Pada, LAY 3)=P (Pada, PRaps 2)

+ Qg (Pa) @E(Pé)
I (9agp) | I5 (9adp) I3 (qa 9p) J
[ i—Eg | (Ep+i0—Eq)(z—Ep) "(ze—Eq) (Eq—i0—Ep) 1™

(B7)

where

il 5 o (Pada | p°¢°) (P°2° | 9pep) (1 —Bup)
1oy Ip)=

(Ey-+i0— Eq) (Ey—i0—Ef)
) p Wy (2aaY; Ev+10) of, (g0, £y+i0)
+ 2\ -

dgy i in—Ej
§ * (Ey+i0—Eg) (Ey—i0— B)
v~
+ 3 S o0 oo 221 e p'q%, Eo-+1)vf | (g5, P"¢% Eo+i0)
v l-la.é() ta £ (Ey+i0— Eq) (Ey—i0— Ep) '

Iy (9a0f)=0ap (9agp, Ep-+10);
IB(QEQé)=m§g_(qé! Qur Eo+i0);

Po (Pa) P2 (4ePRTp » 2)
z—Eq

© (gaPa, Pp 94 8)=DP1(Padeppip 2)T

o (Pa) Oy (e, qg, 2) OF (Pp)

‘Da (Pm‘IG! 'lf}l z) (Pg (Pé,) | L
(s—Eq) (s— Ef)

z——Eé

_I.
(B8)
In turn, the functions @, (z), i = 1, 2, 3, 4, have the form

o APata | ta (Eo-+i0) | p%%)
z—E,

X (p9° | 1 (Eq—1i0) | ppag) (1—Bap)+

Pa, v (Pades qsa E, +-i0) PE, v (Pf;‘IE.; ‘1‘[.!| E~;+i0)
z—E,

©y (Pola, PRIps 2)= \ dp" dg

+ 3 o
y==0
+ [ ap a0 3wy (patar 200, Eorb10) (o060 |y (Eo—i0) | paf)
y==0
+ D) (Pada | ta (Eo+10) | p%°) ufy (pgag, P°1°s Eo-+i0)
y+=0

+ D) ua,y(Pada, PU4 Eo+-i0) uf, (pgap. POO° EuTl")]m ;

¥, n==0

Dy (e Ppap 2)= S dp® dq° (

i 4 1 )
i—E, | Egtio—Eq
X(@ada |P°9") (p°4° | tp (Eo
+10) | paag) (1 —Bap)+p, (PReps das Ea+10)
1 t
Ny 0
T2 Sd"’v (z—E...+Ev+i«1_Eq)
y#0
X 0oy (90l Ey+10) pfy (Phah a8 Eyp+i0)
. 1 4
0 0 |
+2 5 aptag (z—Eo ! Eu+i~l—Ea)
y+<0
X vay (ga, P'a% Eo+10)(pe® | tg (Eq—1i0) | ppag)

c 1 1 o

3] 0g0, Eo-+i0

+ 2 \ dp® dq° (Z E0+Eu ) Em) vay (Pap®e’y Eo+10)
v, H==0

X uk, (PRaps P0% Eo+10). (BY)

195 Sov. J. Part. Nucl. 16 (2), March-Apr. 1985

The expressions for the functions ®,(g,.p;q5,2) and
®,(q, pa»qp.2) are related by

@, (¢, py k, 2*) = OF (py ks 9y 2),

in which the function ®,(z) must be taken, not for the opera-
tor M, z(z) as in (BY), but for the operator M, (z). Finally,
we write down the expression for ®,(z):

L 1
i—Ey ' F,—i0—Ef

Oy (gar 9h 2= K dp? dg° ( ) (®aga | p%9°%)

(a0 1 9a) (1= + ) and (
Y40
X Ouy (4aady By-+i0) 0y (ah, afy By+i0)

" 1
0 0 -
+ 3 | araer (=5
¥, u==0

1 v 1 )
z—Ey ' g,—i0—Ep

)
Ey—i0—Ep
Xvay (Padas P°4% E,-i0)

# g, (Pptg P°2% Eo+i0).

We now transform the last term in (B7), for which we prove
an identity relating I',, I,, and I 5,

I3 (9a, 9p) | 13(qa qé),-;q:»ﬁ (@ 4, (B10)

I (qa 95
i(te 5)+Eé+i0_Ea " Eo—i0—Ep

to the function ®4(g,,,95), which is continuous with respect
to its variables. To this end, we consider the identity

(Vadu | 2, 2 | ¥69p) (Pada | I—Py | bpgp). (B11)
1

In accordance with the properties of the components
Vg (9. 95:Pp-2) and @ ,z(q,, ,q5,2) We have [see Ref. 22, Eqgs.
(5.25), (5.26), (9.13), (9.14), etc.]
Ogy (Gos GIEY--10)
(Patda | 2 | -)y=(Vale l')v'f‘ﬁ
+hay (Qaquv +1i0),

, p°¢°, E i0
(Poga | 2 i')o=2 [ UQ'V(2t+F’1($HE:+ )
"

+MNay (e PY° Eo+1i0).
The functions w,, (9. ,9y.E, + i0) and A, (9. ,4°.E, + i0)
in (B12) are continuous functions of their variables (see
Lemma 9.1 from Ref. 22), and the functions
Yoy (9o 0%9%E +i0) and 7,,(4,0°",E, + i0) can have at
most only secondary singularities, of which there are none in
the neighborhood of the point §% = E, + »?2. Substituting

the decomposition (B12) in (B11), we arrive at the identity
(B10) with a function ®; of the form

(B12)

Dy (2adp) = {(Vada | Pa | Veag) +(Pada | Fpeg) (1—0ap)

+ 2

| day (Waga | byay) (Pray | Weap)

otyp
L 2 g B o Qay (Ta 93 Ey+10) (Wyqy | Vpap)
1y B i—Ea
y+B

¥ - £ (gt g
+ 3 g (Pate | Pray) OF, (4509, Ey+i0)

i Ey—i0—E}
Yo {4 B

“%_Z Y dQ-gv {A’!Z; i 4 (Qtl' q>$| E‘p %10) [('l]}l‘!g\? | 'll,BqJ;)‘
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ofy (@aay, Ey+i0)
Ey—i0—Ep
+hdy 5ty By i) ][ (baga 1 9929
oy (9aldy, Ey-+1i0)
EyFi0—Eg

Vay (Yo, P°9°) E;+-i0) , ;
+ X [ aprage[tealle P4 20T B op g pe0, Eoti0)
Yo h=0

| 4v g av, Ev+i0)}

(ag, P°¢°, E,+-i0)
E,—10—Ej

=
v
+ Moy (4ap’e®, Eo-+i0) L&

+1ay (gar P°0°, EoHi0)nf, (pfy P0° Eot+10) ]
(B13)

One can show that ®(q,, , ¢'5) is a continuous (Holder) func-
tion of its variables. Combining (B7) and (B10), we obtain the
result

Map (pada, Paags 2= (Pala, Pgup 2)

Qo (Pa) @5 (9aqp) ©F (Pp)
A z—E i
S S

,_f.ca(pa)rrﬁ(pr;)( 1 1

; T — | I3 (qaqp)
Eﬁ_,_m_ga z—Lg z*bu) 2 \Qudp

b . Pa (Pa) @5 (795) 9F (Pp)

=0 (pade: PRap 2)+ = =

4 o (Pa) I (Q'a‘i‘ji) ‘PE (Pé)
(z—Eq) (z—Eﬁ,)

(B14)

The last equation is satisfied in the sense of generalized func-
tions (for details, see Ref. 12). From (B14), we readily obtain
the decomposition (25). At the same time,

I8 (@apiag, 2= (qapgig 2+ s (229p) 9f (Pp);
S s (Paday 95 2)=Dy(Pagar g 2)3

I&0 Qe 85 =Dy (4, 95, 2)+Oap (Gas 9p Eg+10);

I3, p(Paldas Pjaps 0=P1(pada, Phap, - (B15)
It is readily seen that the asymmetry which arises in (B15)
with respect to interchange of the “in” and “out” states is
due to the nonsymmetric form of the transformation of the
three singular denominators. In a sense, this asymmetry is
unavoidable but it does not have fundamental significance.
On the basis of the explicit expressions for functions of the
type @, it can be shown that as z—FE, + i0 or z— + i0 the
functions ®;, i = 2, 3, 4, reduce to components of the type v,
{, o. In particular, it can be readily established from (B15)
that

lim  Jup (9alfs 2)=00g (qayy Ef+i0).
2= Ep+i0

Let us draw some conclusions from the above. To sepa-
rate in explicit form the singularities with respect to z in the
neighborhood of the point — %2 € g4 (h,,) we have used the
spectral expansion (B2) for the scattering amplitude, in
which we have transformed the singular denominators and
eliminated by means of the identity (B10) the singular de-
nominators (E, +i0 — E ;)" that appear in such an ap-
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proach. As a result, the components of the three-particle
amplitude are expressed in terms of the solutions of the
three-particle  integral equations for z=FE +i0,
Eeo,(h,)=(Z,,»),and by virtue of the assumptions made
these solutions are unique. We note in passing that this ap-
proach can be used to study the properties of components of
the type u, v, £, @ and to obtain for these components ap-
proximations consistent with unitarity.

APPENDIX C. THE OPERATOR ., .. (2) AND ASYMPTOTIC
BEHAVIOR OF THE WAVE FUNCTION OF THE SYSTEM IN
THE COORDINATE REPRESENTATION

This appendix is devoted to the elimination of the prob-
lem of the coordinate asymptotic behaviors of the wave func-
tions of a system of two particles in an external field and four
particles with finite masses in the part of the problem asso-
ciated with kernels of the type # , , . (z). This means that we
shall study the asymptotic behavior of expressions of the
form

Gy (3) .‘-;7,,._5,1. (z) Gy (3) 8 (3) [in )

We begin with the case of a system of two particles in an
external field. We shall be interested in the behavior of the
matrix elements (77|t o»(E +10)) as ri—w, oo,
where

T de L s fgotis 17
| 1131.“ (Z)}’—- j = [#01 (& ity )ty (& +iTq) goy (e ity)]
@ [go2 (E—e-+ity) ty (E—e - iTy) goo (E-—2 1 ita)] §(2) i Q’ln)-
(C1)
Since
Y o
o ol m ol V 2uE |p—r|

(rlgo (E-H10) | r')= ﬁ?[“—‘ll—_—;T 3
the expression for (7,7,|#, 5, (E + i0)) for 7, and r, tending
to infinity can be reduced to the form

E
s g‘ de
(2n)2 ) —2ai
0
X exp {i Ve ri+i VoL E—e) ry} (1)

Kk (e)y ka2 (e) | R(e) S (EFi0) | $in)s

{rra |l Wygo (E+10) |, Lo rieo

(C2)
In (C2), k,(€) = V2u£(r,/r1), Kal€) = V2u,(E — ) (r,/r,) and
R (e) = [ty (e 1 10) gy (& -+ i0)]

@ [ty (E— e 4 i0) gos (E + i0 — g)].

Further, we shall assume that the relation r, = r,a
holds; this means that the ratio of the velocities of the parti-
cles after scattering is &. A similar device was used in Ref. 35
to calculate the coordinate asymptotic behaviors of the
three-particle wave function. For convenience, we set
@ = v,/v,, the relation v} /2 + u,v3 /2 = E holding. The
asymptotic behavior of the integral (C2) under the condition
that (k()ks(€)|R (€)S (£ + i0)|¢/;, ) is a continuous function
of £ on the interval of integration can be calculated by the
method of stationary phase (for a discussion of this method,
see, for example, Ref. 34). The function +2u.,
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+ 2u,(E — €)/v,/v, on the interval (0,E) has a unique—
and nondegenerate—stationary point £ = v} /2. As a re-
sult, we have

(rars | Vigs (E--i0) | $in) {pymeooy rgr00, Fuffa=ti/Es

~ Aexp {ikyryF-ikgra} (rera)™ T (Kika), (C3)

where

Ry=pwors ka=avy; T (kika) =(kiks LR('!' ) S (E-+10) | )

and the coefficient A4 is determined by the “range of action”
of the point of stationary phase. Although in (C3) we sepa-
rate independent scattering of the particle by the center, in
what follows, this effect will be masked by the circumstance
that the coefficient 4 depends on 7;:

A (mape)* e iy, (C4)

8n2 y zrt'l/ r‘f-

If we introduce the parameter p by means of the relation
p*=2u, 7} + 2u, r3, the expressions (C3) and (C4) can be
reduced to the form

{rira | 1"1@9 (E-+i

10)) lr,-aoo, rg—00, T1/ri="1[T2
Ea.n‘l (it )'i/" im/d ei]ffp
a2} 2n p?/2

The result (C5) agrees with the expression for the coordinate
asymptotic behavior of the three-particle wave function giv-
en in Ref. 35.

The expressions (C3) and (C5) describe the asymptotic
behavior of the wave function of the system of two particles
in the external field in the coordinate representation, pro-
vided that {k,(&)k,(€)|R (€)S (E + i0)|#i,) is a continuous
function of  for £ € (0,E ). This is always the case if the initial
channel in the system contains a bound state. But if the
asymptotic Hamiltonian in the “in” state is H, this is not the
case. As we shall now see, it is in fact for zero initial channel
that the effect of simultaneous independent scattering of the
particles by the force center can be separated in pure form.

We specify the initial state in the system in the form
| 2 p3), and we assume that E = p{* + p3>and p{ + p3 = 0.
We separate in S(E + i0) the amplitude #,,(E + i0) and
consider the contribution of this amplitude to (C2). We ob-
tain
I=(ryry | Gy (E~+10) 5;'1:32 (E+

T (kska). (C5)

i0) G, (F-+10) #15 (E--10) | p2p%)

r1->00
T'g-+»00

E oo e
: [ de exp iy 2048 ry i ]/2!.12 (E-—¢) rz}
3 a0 5 — 2mi Ty

0
% {ky (8) | 2y (810 | q1) (k2 (e) | £a (E—e—+i0 | —a1)

1 1 )
X (s=grp T

__ _Halta
(270)?

t1 (@1, PPy Pu -+ 10)
e
E— q%—— 2}:2 —;—10
(C6)
By virtue of the lemma on singular integrals,** the integral
over ¢ in (C6) leads to a Holder function with respect to the
argument g,. Then the free Green’s function Go(E + i0) in

(C6) can be expressed in the form of the Sochocki formula
Go(E +i0) = im8 (E + H,) + Z[1/(E — Hy)].
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We write 7 in the form I =1, + I,, where I, is deter-
mined by the contribution to (C6) from — i78 (E — H,). Be-
low, we shall be interested in only I,. The integrand for 7,
contains a factor of the form 1/(¢ — g% +i0)+ 1/(3%
— & + i0), which is obviously equal to — 278 (¢ — §7). The
upshot is

ingﬂr; 1p oT'2

1|

~
ry—+0o
Ta—+o0

\ dQ, (pt | lt1( i Jr'l‘)) 1 pla)

T

X (P | ta ( L1 m) | —p%) (P | t1a (PB+i7) | plab.  (C7)
It is readily seen that (C7) describes the effect of simulta-
neous indepedent scattering of the particles by the force cen-
ter when the interaction ¥, is included. In the case of the
equations of Refs. 22 and 33, this effect is not separated in
explicit form because of the employed classification of the
amplitudes with respect to the first interaction. Our treat-
ment proves the assertion formulated in the Introduction
concerning the existence of an unphysical separation of the
asymptotic behaviors in equations with classification of the
amplitudes in accordance with the distinguished first inter-
action. We note that the effect under discussion is associated
with the scattering of real particles [all the amplitudes in (C7)
areon the energy shell]. In this connection, we mention Refs.
36 and 37, in which similar situations were studied for the
example of a system of three particles (with finite masses) in
the case of a zero initial reaction channel.

We now consider the problem of finding the coordinate
asymptotic behaviors of the four-particle wave function for
the example of a wave function ¢, , - (E + i0) of the form

| ‘l'a(ga.' (z»=GD () Fq@a_' (2) S (2) | ‘l"l.n)-

Asin the previous case, we shall study the asymptotic behav-
ior of .7y ,Rpe |¥p oo (E +10)) (ry, ra» and R, are the
coordinates conjugate to the momenta p,, p,, and Z )
under the condition that r,/v, =r, /vy =R,0 Ve
Ve =Pallar Vaw = Poaw/M,,). Since the operator
7 4ea actually depends onz — Z2 (13), it can be represent-
ed in the form

00

) de,
Fougar )= E —omi

—00

G g (€1 iT1) g’:m@w (E—e-}ity),

(C8)

where

e

-1
(Pogr | Coagr (8) | Phger= (z - ﬁ) 8 (e — F%0).

Substituting in (C8) the expression (14) for 7 , .- (z) and us-
ing the expressions for the free Green’s functions in the coor-
dinate representation, we obtain in complete analogy with
(C2)

(raro"ﬂqw ! IPG,_@W (E-+10)) Te o Ry
Ty o ™ T
E E i
He P-o’u"lff \ de, \n des el‘i(ﬂ.ms)ra — )
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0 0
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Wt : W, VS M 080
E=—; & i 5 : (C9)
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In (C9), we have used the following notation: @ (x) is the
Heaviside function,

o=

[}
@ (e189) =V 2iaey+ )/ 2y, (E—e1—ey) —zf—;—]/ 2M &

ey
z=<0,

Ve r

?

(C10)

— W N P S )
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e loial N
H e O=V 2M g8y

o’

Finally, the operator R,, , .- (€) has the form

By (8)=[ta (E34-10) gye (824 10)]
® [t (E—81—ea+i0) ggo (E— &y —e,+i0)].

Assuming that the matrix element in (C9) is a continuous
function of £, and &, [i.e., the initial reaction channel is either
the channel (2 + 2) or (3 + 1)], to calculate the asymptotic
behavior in (C9) we again use the method of stationary phase.
In the region of integration, the function @ (g,6,) has a
unique—and nondegenerate—stationary point (i.e., a point
at which dg /de, = 0 and dgp /Je, = 0). This point (¢,,&,) is
determined by the natural relations &, = (M, w2, )/2,
B3 =, 0 2.

As a result, the asymptotic behavior of the expression
(C9) can be written as

(raTqrRogr | Vg (E-+10))

& Y Yaet
~ Agexplipare-t+ip,.r,. + 3P i Ber} (rarg R0t
X{PaPy oy | Byger (P2, P2, S (E-+i0) | Pya), (C11)
wherep,, p,., Z .. are the momenta after scattering, and

Ay= Mol b g {

mXexp 1751gn[h (A)—M_ A}]}

X 2/re Vet 4. (C12)

In (C12) there is a matrix with elements d *p /J¢,3e;; A, (4
and A _(4 ) are the numbers of its positive and negative eigen-
values. After simple calculations, we obtain

|det 4 | = 2 M

ISR PP

1'.|. (A): ,
S

phe (wep M

A_(4)=0,

R T
(2m)3 ry, ]/ 2E

Further, we introduce the parameter p by p? = 2ur?
+ 20,75 +2M o R, Then r,/v, =7, /v, =R,/
Voo =p/2VE ,and the asymptotic behavior in which we are
interested can be represented in the form
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o 3
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If the initial channel of the system is determined by the colli-
sion of not two but three or four particles, then for £ > 0 the
asymptotic behavior of |t/ 4. (E + i0)) contains not only
expressions of the type (C9) and (C13) but also expressions of
the type (C7), i.e., the effect of the simultaneous scattering of
the independent particle subsystems & and &’ can, as before,
be separated in a pure form.

APPENDIX D. SYSTEM OF INTEGRAL EQUATIONS FOR
COMPONENTS CORRESPONDING TO THE INITIAL CHANNEL
a+a
The system of integral equations for the components of
type u and v obtained from (27), (29), and (31) after separation
in the in state of the primary singularity of the form (z + 2
+ 75 '@02 )~ 1 -
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