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A general approach to the solution of problems in the microscopic theory of the nucleus using the
technique of generalized coherent states (GCSs) is discussed. The GCSs constructed explicitly for
the lightest p-shell nuclei generate a complete basis of many-particle functions convenient for
investigating the dynamics of collective and cluster degrees of freedom. These GCSs have been
used to calculate the spectra of the collective excitations of the nuclei *He, 5Li, °He, Li, 'Li, "Be,
and ®Be, and also the phase shifts and parameters of the centrifugal resonances in the at system. In
addition, these nuclei are shown to have very narrow resonances with a well-defined collective
nature and due to the weak coupling of the cluster and collective modes, the collective motion
having a large amplitude. The wave functions obtained for the ground state and the continuum
states have made possible to study photodisintegration of the nuclei *He, °Li, 7Li, and "Be and
radiative capture of deuterons, tritons, and *He nuclei by a particles.

INTRODUCTION

The technique of generalized coherent states! opens up
great possibilities for developing the microscopic theory of
nuclear systems on the basis of systematic use of a many-
particle oscillator basis. The advantages of a microscopic
theory based on generalized coherent states are not solely in
the significant simplification of the computational algor-
ithms used in the traditional approaches, but also in the fact
that the oscillator representation generated by coherent
states is convenient for the construction of explicit expres-
sions for the wave functions of nuclear systems and an analy-
sis of the properties of compact nucleon configurations. At
the same time, the main thrust of the calculations is shifted
to the determination of generating matrix elements of var-
ious operators and then matrix elements between basis func-
tions of the oscillator representation. Ultimately, it is possi-
ble to find a way to solve problems that previously were
outside the scope of the microscopic theory or were amena-
ble to investigation only with great effort.

In the review of Ref. 1, the main attention was concen-
trated on the problems that arise in the construction of gen-
eralized coherent states and matrix elements of various oper-
ators between generalized coherent states. In this review, we
present the main results of studies in which the technique of
generalized coherent states has been used to solve a number
of topical problems in microscopic nuclear theory.

In Sec. 1, we calculate generating matrix elements of a
many-particle Hamiltonian that are capable of generating
the matrix elements of the Hamiltonian between basis func-
tions of the microscopic collective Sp(2, R ) nuclear model,
and also between the basis functions of the algebraic version
of the resonating-group method. In the same section, we
construct the matrix elements of operators of various elec-
tric multipole transitions, these being needed to calculate the
cross sections of photodisintegration of nuclei and radiative
capture.

In Sec. 2, we study the wave equation of the microscopic
model Sp(2, R ). It has become clear in recent years that the
Sp(2, R ) model reproduces the dynamics of the axial quadru-
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pole nonsphericity of nuclei and the rotational mode strong-
ly coupled to it. The authors of Ref. 2, and even earlier those
of Ref. 3, used the Hill-Wheeler integral equation as the
dynamical equation of the Sp(2, R ) model. However, it was
shown in Ref. 4 that it is convenient to use a system of linear
algebraic equations for the wave-function expansion ampli-
tudes instead of the Hill-Wheeler equation. The GCS tech-
nique greatly simplifes the problem of constructing the sys-
tem of linear algebraic equations.’

The algebraic version of the resonating-group method
can compete successfully with the traditional variants of this
method. It is shown in Sec. 3 of this review that the algebraic
version can be implemented by the reduction to diagonal
form of the matrix of the many-particle Hamiltonian in the
oscillator representation.

The first theoretical calculations of monopole and qua-
drupole nuclear excitations already showed®*® that these
excitations are in the continuum and are therefore resonance
states. However, the systematic calculation of the widths of
the resonance states in the framework of the known micro-
scopic models of collective excitations proved to be unrealis-
tic, since these models do not take into account open chan-
nels of nuclear breakup except, perhaps, those that
correspond to complete disintegration of the nucleus into
independently and freely moving nucleons.

Atthe same time, interest in collective resonances arises
naturally from the point of view of the resonating-group
method when it is taken as the framework to pose the prob-
lem of taking into account monopole (volume) and quadru-
pole polarization of interacting clusters. In attempting to
understand the part played by polarization effects in colli-
sions of light nuclei, we immediately arrive at the problem of
collective (polarization) resonances of the compound nu-
cleus formed by the coalescing clusters.

The topicality of the problem of unifying the micro-
scopic theory of collective excitations with the resonating-
group method was recognized by those who originated the
K-harmonic method, which is intended in the first place for
the study of volume collective vibrations of nuclei, as well as
by those who created the resonating-group method in its
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modern form. The upshot was the proposal of two different
variants for solving this problem. Baz’ and Zhukov, working
on the basis of the well-known papers of Ref. 7, constructed
the interpolation model,® and Wildermuth and Tang® ex-
plained, how, in principle, polarization effects can be taken
into account on the background of the effects of the open
cluster channels. Regrettably, neither generalization was
carried through to constructive completion, and therefore
they did not answer problems relating to collective reson-
ances. In Sec. 4 we show how to solve the problem of collec-
tive resonances using the technique of generating invariants
by systematic inclusion in the complete basis of the cluster
mode of basis states of the quadrupole collective mode.

Photo- and electrodisintegration of light nuclei, radia-
tive capture, and also y bremmstrahlung by nuclei are phe-
nomena whose nature is predetermined by the behavior of
the wave function of the nuclear system in the intrinsic re-
gion at short distances between the clusters that occur in a
nucleus. These phenomena are amenable to systematic mi-
croscopic investigation in the framework of the algebraic
version of the resonating-group method that uses the tech-
nique of generalized coherent states. The microscopic theory
of photonuclear reactions is discussed in Sec. 5.

1. GENERALIZED COHERENT STATES OF COLLECTIVE AND
CLUSTEREXCITATIONS OF THE LIGHTEST p-SHELL NUCLEI

Before we give the results of calculations of the matrix
elements of various operators between generalized coherent
states (GCSs), we explain the basic ideas of the algorithm for
solving problems of nuclear physics by means of GCSs, re-
ferring the reader to Refs. 1, 4, 10, and 11 for more details
about the subject.

Recently, nuclear systems have very often been investi-
gated by means of bases of many-particle oscillator functions
{|n)} which reproduce the many-particle correlations im-
portant for the description of the given process. In this ap-
proach, the wave function of the system is represented in the
form of a series with respect to the basis functions |n):

¥=2Cnln), (1)

and the coefficients C,,, i.e., the generalized Fourier compo-
nents of the wave function W in the oscillator representation,
are found by solving a system of linear algebraic equations:

D (n | H | n'y —E8ynr) Cor =0, 2)

Itis simpler to find a numerical solution of this system than a
numerical solution of the multidimensional partial differen-
tial equations (or systems of equations) and integro-differen-
tial and integral equations that arise in various microscopic
methods such as the resonating-group method, the gener-
ator coordinate method, etc.

The generating-function method, or the GCS method,
was proposed in order to overcome the difficulties associated
with the construction of the matrix elements (n |H |n") of the
Hamiltonian & and the matrix elements of other operators
between basis oscillator functions. The generalized coherent
states ®@( 5 ) used in this method depend on the coordinates
(spatial, spin, and isospin) of all the nucleons in the system,
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and on a certain number of parameters £ which are called
generator parameters. Expansion of the GCSs in powers of
these parameters generates the functions |n) in which we are
interested:

© (@)= 3 e, | m, )

where a, are certain structure constants. In order to sepa-
rate from this expansion the function |n), it is necessary to
calculate the nth derivative of the GCS at the point 8 = 0:

257 B, =awn! I n).

_If we have calculated the matrix element of some opera-
tor F between the GCSs ®(B)and ®(5),

@@ F1 O E=3 ananfF |0,

then, differentiating this matrix element (which we shall call
the generating matrix element and abbreviate to GME) with
respect to the parameters § and B, we obtain the matrix ele-
ment F between the oscillator functions |n) and |n'):

L@@ IFlo@| -
ap iB=p=0

(4)

In the algorithm proposed in Refs. 4, 10, and 11, the GCSs
are constructed in the form of Slater determinants from sin-
gle-particle orbitals. The actual form of these orbitals and
the physical meaning of the generator parameters that occur
in them are determined by the many-particle correlations
which reproduce the generated oscillator basis. To describe
the collective excitations of nuclei, the GCSs are constructed
from the orbitals of an anisotropic oscillator, and the combi-
nations of parameters that determine the deformation of the
oscillator field serve as the generator parameters. The GCSs
constructed from the orbitals of Brink’s model'? (cluster or-
bitals) are suitable for investigating reactions induced by nu-
clear collisions. The generator parameters of these GCSs are
identical to the parameters that specify the position of the
clusters in space.

Besides the orbitals just mentioned, there was proposed
in Refs. 10, 13, and 14 a new form of orbital containing not
only deformation parameters but also cluster parameters.
The GCSs constructed from such combined orbitals make it
possible to generate oscillator basis functions which repro-
duce excitations and both collective and cluster modes of
motion. As was noted in Refs. 1 and 13, the simultaneous
allowance for these modes is above all necessary for the cor-
rect description of resonance states. In addition, the inclu-
sion of the cluster mode with the collective mode makes it
possible to take into account more accurately the interaction
of the collective and intrinsic excitations in calculations of
the spectra of collective states and, in the description of nu-
clear reactions, the dynamic polarization of interacting clus-
ters.

To construct GCSs in what follows, we shall use in fact
such combined orbitals,"'™ or rather, a certain simplified
form of them. The simplification arises from the group of
problems considered below and listed in the Introduction,

Bl =y 0"
n|F|n")=(a,a,nln'l) 16[5
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and also from the choice of the subject of our investigations.
The orbitals which we use have the form

2

‘P(r):e"p{_%rz— 1Eﬁ (pr)>+2 (fir%: 11115}5 (5)
where R, = R, pis the cluster parameter that determines the
position of the ith cluster center, 8 is the deformation param-
eter, and p is the unit vector which specifies the deformation
axis and simultaneously the direction of the vector R;. This
orbital makes it possible to generate from the complete
manifold of collective modes just the one mode of quadru-
pole excitations, and in the nucleus that is considered, to
take into account one cluster branch, describing decay of the
nucleus into two s-shell clusters.

We give below the results of calculations of various ma-
trix elements between GCSs for p-shell nuclei with the num-
ber A of nucleons in the interval 5<4<8. These nuclei are
regarded as systems composed of two interacting clusters,
one of which is an & particle (4, = 4), while the second is
formed by A, nucleons (4,<4, A = 4 + 4,). It was shown in
Ref. 15 that the GCSs constructed from the orbitals (5) gen-
erate two different bases. The first is formed by the functions
of a definite irreducible representation o =1/
2f, + (A — 5)/4 of the group Sp(2, R ), while the second is
formed by functions with the different O (4 — 1) symmetry
[f1=[fifaf3] (for p-shell nuclei, [f]=[f00], f'=fo
fo+ 2.fo+ 4, ...), which reproduce the relative motion of
the clusters. We recall that the basis functions of the irredu-
cible representation o of the group Sp(2, R ) belong to the part
of the complete basis of the minimal approximation of the
method of generalized hyperspherical functions (MA
MGHEF) that reproduces the longitudinal vibrations of the
ellipsoid of inertia of the nucleus and is dominant'®'® in the
ground-state wave function and lowest collective excitations
of p-shell nuclei. The parameter S of the orbital (5)is a gener-
ator coordinate of this basis. In turn, a basis of functions with
a different O (4 — 1) symmetry can be generated by means of
the generator parameter R.

Calculation of the properties of the nucleus in the Sp(2,
R)®0(4 — 1) basis, which takes into account both these
modes, makes it possible, by lifting the restriction on the
choice of the intrinsic functions inherent in the MA MGHF,
to consider collective excitations of the SU(3) symmetry (4 0)
simultaneously with different intrinsic excitations [ f00].

Omitting the details of the calculations, we give at once
the explicit form of the overlap integrals of the GCSs ®(R, 5)
and ®(R, §) and the generating matrix elements (GMEs) of
the Hamiltonian of the nucleus. For the chosen clustering
(4 = 4 + A,) the overlap integral has tl:e form"

A

— (@ (R, B) | O(F, fy=A"" T sh'z
x exp{ — L[4k o — (h— 49 81}, (6)
A=1 - ppe

—(p9); E=—RR (py);

oA = A1 BRE+ BR2).

DTranslator's Note. The Russian notation for the trigonometric, inverse
trigonometric, hyperbolic functions, etc., is retained here and through-
out the articles in the displayed equations.
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The generating matrix element of the kinetic-energy op-
erator is

(D(R, B)| 7| D (R, B)
h2 A—1
= omrg { 2 Fy—

“i‘fag

A (PR P, R2)

@@, p o @ By

f=A"(2+p+P); Po=1+mn; Py=A"t (14 ape2);
Py= A"t (14 nfit?);

. The GME of the operator of the central exchange NN
interaction with a Gaussian radial dependence has the form
(@ (R, DIV | ©H, B) =Veufos +VEIE —VRIZ +V pT oo
(7)

Py=—1+4m.

where
foo =22 (A/AY) 2 (D (R, B) | D (R, B));

) £ fss
80— 2shE

{Q e — (Qro +Qof —1) e~%};

=40, e =2 (Quo + QuR)(L o) + ¢ 40738,

Rra+bf B2 7 R ratbB B V.
QB ~=exp—73 7K, — A_] z—[—”—‘m A }

Ay=1—a B +P)—bpp; a=1—z b=

1222 — a2

i, ZRE(DQ) e
"1_--—-—15? Wi —

2rg )
Ry,

and the constants V,,, V), and V,, are formed from the
intensities V5 1,7, of the Gaussian potential and are
equal to V, =3(Fia+ Vy), VI =4,9V55 +3V5, £ 3V5
+ Vy,)/4ford, =1,2,3,4,and V,, isequal toOfor4, = 1,
V5 (for °He) or ¥, (for °Li) for 4, = 2, ¥, /2 for 4, = 3, and
V, ford,=4.

The GME of the operator of the spin-orbit coupling of
the nucleons is

@R, IV, | OFR, Bp=TF& VS FP+V0pF oy
" " (8)
where the constants V‘ +)and V,, are formed from the cor-
responding components of the spm -orbit part of the NN po-
tential: V¥ = —(3Vy+¥V}) for 4,=1, 2, 3, 4

¥, =(1 —A2)V" for 4,>2, and the functions F, &,
have the form

F=af 4 R Q- (5% F PRR)oxn
— (# roQro + F 52z e

F oo =0l pp+ it £{2Q - (%R chn—PREshn)e-t

— (% roQpo + wuﬁgoﬁ‘) (1+e-28)},

where

= — BTV T—2 P =472V T—5 (A, + 2202
K o= A2t VT2 BR2 (1 —fa) +-pR2 (1—pa)}.
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In conclusion, we give the generating matrix elements
of the operator

A
=3 3 (1+%:) exp (ik (1, —R,)}, o)
=1
(R, =(1/4)2{_, r; is the center-of-mass coordinate),
knowledge of which is needed to describe photo- and elec-
troexcitation of nuclei. Depending on the process investigat-
ed, the wave number k will determine either the momentum
of the absorbed or emitted photon or the momentum trans-
ferred by the electron to the nucleus. In addition, using the
standard device, one can obtain from the operator £ the op-
erators of the electric multipole EA transitions:
A
O 57 D (L +7) 1Y 3, ()

i=1

_ (=it a*

(10)
M4k aKv

S A6, Y%y (8x) F [jio-

Here, {7, 0;} are the spherical components of the radius
vector of the ith particle in the center-of-mass system, 8, are
the angles that specify the direction of the vector k in space,
and

SRS E——
A=D1
Moreover, it is}‘ convenient to make this transition from Fto
the operators Q;,, in the generating matrix elements, i.e., to
use the relation

Al =4n (11)

(=it
Tk dM

@10y, | B - | 40,1400 (@ | £ ) Juco.
The order in which the operations—differentiation with re-
spect to the modulus of the vector k and integration over the
angles ©, —is performed is arbitrary.

The generating matrix element of the operatorF can be
represented in the form

(@ F| By = 2fp+(Z— 21} (@ | Dy, (12)
where
fo—exp{ L iy RO S [p( p)?
+B’ (kq)*— 288 (pa) (pk) ak)]
+-42 R (pk) — B (pa) ~F (pa) (ke 1}

fi=glie (R, R)- e-§[9(R 0)+(0, B)—1;

Q(R, R)=exp{—1E ((pk) —B (pa) k)]

— L 1(ka) — (pa) (pK)]} .

The first of the two terms in Eq. (12), f,, determines the con-
tribution to the energy of the interaction of the electromag-
netic field with the nucleus of the protons that form the a
particle, while the second term, f;, corresponds to the contri-
bution of the protons of the second cluster.

The GMEs (6)—(8) generate the matrix elements of the
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many-particle Hamiltonian between functions of the
Sp(2R )@ O (A — 1) irreducible representation, which take
into account simultaneously two modes of the nucleon mo-
tion: the mode of the longitudinal vibrations of the ellipsoid
of inertia of the nucleus and the “cluster’” mode, the relative
motion of the clusters. At the same time, in a number of
problems in microscopic theory each of these branches is of
independent interest. In this connection, it is necessary to
construct GMEs that make it possible to investigate excita-
tions of the cluster as well as—independently—the collec-
tive degrees of freedom. Such GME:s can be readily separat-
ed from (6)—(8).

Sp(2,R) basis. As we have already noted, the Sp(2, R )
basis separates in the complete space of the collective func-
tions of the MA MGHTF a certain part of the collective func-
tions with fixed O (4 — 1) symmetry. Therefore, to go over to
the Sp(2, R ) basis in the function ®(R, ), it is necessary to
separate states ®(/) with given O (4 — 1) symmetry. If
[f]1 = [f00], then for arbitrary values of fsuch a problem can
be solved by means of the projection operator P, intro-
duced in Ref. 10. However, it is required to include only the
simplest intrinsic functions, i.e., the intrinsic functions of the
MA MGHEF, the required GMEs can be obtained without
preliminary projection of the functions ®(R, 3 ). In this case,
it is necessary to use the results of Ref. 15, which gives the
connection between the quantum numbers of the basis func-
tions of theirreducible representation o of the group Sp(2, R )
and the powers of the parameter R in the expansion of ®(R,
B)in aseries in powers of R. It can be shown that to solve the
problem it is sufficient to expand the GMESs (6)—(8) in series
in powers of R and R and to retain in this expansion first the
terms of order (RR )f and then, independently, the terms of
order (RR)7, wheref=A4 —4,f=A4 —3,f=f+ 1.Sucha
procedure makes it possible to separate from (6)—(8) the
GMEs of the Hamiltonian of the nucleus between functions
with fixed O (4 — 1) symmetry ([ f1 = [ £00] or [ £00]) and
SU(3) symmetry (Au) = (f+2n,0),n=0,1,2,... . These
functions occur in two nonintersecting irreducible represen-
tations
= A 5

5 and 0=—57+ (13)

o N T
==f+
of the group Sp(2, R ). The functions of the & basis correspond
to spatial parity 7, = (— 1)7 (referred to below as normal
parity), and the functions of the & basis to spatial parity
7, = (— 1)7 (anomalous parity).

The GMEs constructed in this manner depend on the
generator parameters  and 5 that generate the Sp(2, R ) ba-
sis, on the parameter ¢, and on the parameters of the NNV
interaction: Vs, ;57 ; and z. We give the most important
GMEs.

Generating matrix elements of a central NN interaction:

(@ (B) | Vol @ §)) = Vi + VAP

— Vi R+ V ol (14)
where for normal parity
£ =292 (A/A) 01 ) | O 5

7 — 172771 (1 4 2A/A,);
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fgﬂ=1/4f[”{3~—-—-(z +a2t )+3 2A2,’A2}

and for anomalous parity

=52 (/8" @uﬁ ) 107 @);

2A2 (4 ™) (]t[f] [f])}

]c[f] m )}

We also give the integral of the overlapping of ®{/1 and ®!/]
with the identity operator. For the O(4 — 1) symmetry
[/1=[00] it has the form

(@I (B) | @V1 (B)) = ¢ A-Y,

[fl(:f:) {f[f](“-)
A

[f] Aofan
Ton = A {f Ag(’i As)

J=f+(4—12 (15

Generating matrix elements of the operator of the spin-
orbit interaction.

(@1 (B) | Vi | DBy =

(16)
where for normal parity
FRO= aifﬁ“*’ ol
A »
Fili=3a oo
3ppe2 Vi=e .
R
2Pt VI—2 |
Oy = — T = e ]
A ( 2pPs Vi
aZ = —2Z A_’\l ( A’P + '1/2) r 3
and for anomalous parity
) _ L [ gl A ZI N\ .
Fisn {ﬁ +'§'A,(4———A;)—('fm’ o fss )} ;

}Jgg = {._"FH;]; A (4 Ay) (‘gz’[f] aify])} .

The next step is the transition from the GMEs (14)—(16)
to the matrix elements of the corresponding operators
between the oscillator functions |[nLM ), where n =0, 1, 2,

. determines the number of the oscillator function, and 2n
gives the number of excitation quanta (collective or cluster)
above the ground-state configuration |OLM }; L and M are
the orbital angular momentum and its projection onto one of
the axes of the laboratory coordinate system. We shall make
this transition in two stages. In the first, using the differen-
tial relation (4), we calculate the matrix elements (n|F |n") of
the operator F between the functions |#) and |n'), which are
superpositions of the states |nLM ) and |n'LM } with fixed
values of L and its projection M. The projection onto states
with given L and M of the resulting elements {(n|F|n’) is
done in the second stage. Before we give the relations neces-
sary for this, we recall that each of the functions and the
collective and cluster bases have a definite SU(3) symmetry
(Axe), where for a given group of nuclei and chosen clustering
A =2n+ f, p = 0. Besides these quantum numbers and L
and M, the functions of the collective basis are also charac=
terized by the indices [ £00] of the irreducible representation
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FI+ o
P F LR ) - ) 4 T pp L,

of the group O (4 — 1), which determine the intrinsic motion
of the system. In the cluster basis, the clustering which we
have taken into account serves as this additional label. At the
same time, the function of the cluster basis can, as is shown
in Refs. 10 and 15, be represented in the form of a series of
collective functions with the same SU(3) symmetry as for the
cluster function but with different irreducible-representa-
tion indices [ £00] of the group O (4 — 1).

The projection onto states with given L and M can be
done conveniently by means of the relation

(nLM | F| n' LMy = [AZMH g2 +1)- 172

| F|n'yPy (1) dt,

Y

(17)

where P, (t) is a Legendre polynomial. The expression in
front of the integral in (17) is a normalizing factor. It appears
because the state |[nLM ) occurs in the function |#) with the
weight /4 3" +/.

On the other hand, the projection can be dong in a dif-
ferent form. We recall that the matrix element (n|F |n') isa
function of the unit vectors p and q, i.e.,

(| Finy=@mp|F|n'g. (18)

Therefore, the projection can be done by integrating the ma-
trix element (18) over the angular variables of the vectors p
and q with weight ¥ ¥.,,. (Qg) Y75 (£, ):

(nLM I I?v ] nl‘LJ]i/Il) - [A%n+fA%?"l'+f]—1,"2

X S dQq dQY 13 () Yo (Qq) (mp | F | 'g). (19)
In such a form, the projection is convenient for tensor opera-
tors.

With regard to the structure constants a,, (3), for their
calculation it is necessary to expand the overlap integral in
powers of the generator parameters. Forthe basis of the col-
lective functions, the coefficients a,, are, as follows from (15),
equal to

T'(J+n)
rIT ()

Gy =g (A—1), (20)
while for the cluster basis they will be determined below.

Thus, if we have as a preliminary found all the necessary
GMEs, then the relations (4), (17), and (19) give a general
scheme for constructing the matrix elements of the various
operators between the oscillator functions.

It should be noted that even for nuclei with a compara-
tively small number of nucleons (4 = 5-8) the matrix ele-
ments of the operators of the central and spin—orbit interac-
tions are cumbersome. However, as can be seen from (14)-
(16), the GMEs of both operators are superpositions of fairly
simple blocks. For example, the GMEs (14) of the operator
V. contain only the standard constructions

e PATASE, (21)
which depend on 53, B, and z, and the GMEs (16) of the opera-
tor ¥}, contain only the blocks

W (g, mg) = LBy T,

oy ny, np=0, 1, 2,

(22)
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Therefore, the matrix elements of the operators ¥, and V),
are superpositions of the matrix elements

(m,L |75 P | myLy,
(myL ICW‘:(AT' o (ny, ny) | myL),

(23)
(24)

calculated for definite values of the numbers 7, s, and 4. We
obtain the explicit form of (23) by using (17):

n
(myL | 79 | moLy = E @y D) B (n, m),
m=0
m = min {m,, m,}, (25)
where
7\._fL (n)=A 1+2ﬂ /V A“zmlH A2m=+f

m;m,
B (n, m)

_ g™ () D (st mtmy —n) T (s-m4-ma—n)
V el mt (n—m)! (my—n)l (ma— )L T (7) T (5) T (s+1m)

the matrix elements (24) can be calculated similarly:

n
(myL | W9 (ngy 1) | myL) 2 GhaNEmE Bl

n=0 m=0

(n, m),
e (26)

iy =my —ny; i,=my—n,; m=min{iy,i},
where

GL ME () = AL ““/VW .
1
apt= | AV T=EPL(ar= — 25D A3+,
-1

and P} is an associated Legendre function.

The matrix elements (25) and (26) solve the problem of
constructing the matrix elements of the operators of the cen-
tral and /s interactions in nuclei in the first half of the p shell
(4 =5, 6, 7, 8) between orthogonal functions of the Sp(2, R )
basis that correspond to an arbitrary number of excitation
quanta.

Cluster basis. The GMEs for this basis can be obtained
with comparative ease, namely, in the GMEs (6)—(8) of the
Sp(2,R )@ O (4 — 1)basisit is sufficient to set the parameters
B and f3 equal to zero. Therefore, we give the explicit form of
these GMEs directly. (Clustering 4 =4 + A4,, A,<4.) The
overlap integral is

~ A, A — i
(@ (R) | © ()= s Eexp {252 £} 5 5 (RR).
(27)
The GME of the operator of the central NV interaction is
(@ (R)| e | © (R)y = V,of B+ VEIED — VLT 4V oo
(28)
where
fi=2" (@ R) | @ R);

15 — g2 '2 DM@ M [§ (8, —19)]

— Om 9 — DM IEE—2:

1R = 1R 20972 ’E pi-?

r=0

{Q oM [& (6,— 2—3)]
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—Qro+Qy—1) M[EE—D]}

(—4)r i &42

D} =it &= A
and
shz, n=-—1;
M(x)z[chx e o

To calculate the normalizing factors in the cluster basis,
we expand the overlap mtegra] in powers of R and R:

@ (R) | (R) = i
n=0
= -—?v— (RR D) ATY 1 () Yim (©Qz)- (29)
n=0 LM
Here
By =Y DAl N=2n+f, 4,=4—4%, (30)

[ has the previous meaning, and the functions 4 } are deter-
mined by (11). The coefficients of (RR )" in (29) then deter-
mine the normalizing factors:

a,=V By/N!. (31)

As can be seen from (28), the GMEs of the potential-energy
operator consist of constructions of the form

F" (Cy, Cyy Cq) =exp{—C R2—C,R2 4 C,y (RR)},

where C,, C,, C, are certain constants containing the param-
eters of the NN interaction; therefore, the matrix elements of
this operator between the basis functions of the cluster mod-
el have the form of a linear superposition of the terms

(L |7 (Cy, Cy, Cy) | myL)

/. N N m‘"(“‘ Lk =i
Bvi B\r 0 VAE;A?":
C;‘l kC’;’-: kcgfl'l'f
i e—m @ Ni=2m+f. (32)

The coefficients of this superposition are combinations of
the quantities V5 ;7. 1 » Which determine the intensity of
the interaction of two nucleons in different spin (S') and iso-
spin (T') states.

By means of the limiting process (10) we can readily
obtain from the GMEs of the operatorF (12), having first set
B =B = 0, the cluster GMEs of the dipole-transition opera-
tor.

2z A)

(@ (R) | 0yl @ (R =T
X [(RK) + (kF)] (@ (R) | D (R))
and the GMEs
(O (R) | Qs | @ (R = — ji [ aeuriu @
I= A=t 4o o MHBE—2

S ALY %, (S)
(33a)

[(RK)2 + (kR)2]

A2

T (Rk) (kﬁ) |:4(A 2Z) A,Jr(z‘42 2)%]}
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% (@ (R) | (R)); E=(RR), (33b)

from which it is possible to separate the monopole (4 = 0)
and quadrupole (4 = 2) transitions (Z is the number of pro-
tons). From the resulting GMEs (33), we calculate the matrix
elements of the operator of the monopole transition and the
reduced matrix elements of the dipole and quadrupole tran-
sitions between the oscillator functions of the cluster model.
We give their explicit form separately for the isoscalar and
isovector components, which we shall distinguish by means
of the indices (0) and (1), respectively.
For the isoscalar monopole transition we have

L™ | QP | nL™y =5 {N +3 (4—1)}

(n4+1L" | Q® | nL™y=(nL™ | Q' | n+1L")
= 232 /By

BV i

For the isovector monopole transition

]i(34a)
W—L+2)(N+L+3). |

A5 1
L QP | L™y = ET A

A 44y Byn_a
» {N( 7 = }
(n+1L" | QP | nL"

8 (22— 4) By jar_ T
= o (W — L+ 2) (N+4L+3).

TA—0}: (34b)

In the long-wave approximation, the dipole transition has
only an isovector component and is determined by four re-
duced matrix elements:

(n(L+ ™| QP | nL™)
2(2Z—A4) 3
=2 V& 1)5
(n—1) (L+ D™ Q@ nL®y
_ 2(22—A4) 3 S (L+1) Bg_, N—I):

=P N (35)
(n(L— 1)“‘ Il Q¥ Il nL™)

_ 22— Al/én b’v W —L+2);

{n—1) (L—1)™ Q;D I| nL™)
2(2Z—A4) 3
B BE=Ry/ By

Here, 7, = — ;. Finally, the quadrupole isoscalar transi-
tion is represented by the following matrix elements:

+L+3);

BJ\'—I r \
- (N+L+1).

a)Ly=L, +2:
(n4-1LE(| Q5" || nL)
A (N—f L4 5) (N + L, +3);

(LN Q3" InL]) = - - CEV T L, +9) (VW —Ly);
(n—ALT| Q" ]I HL“>

 (36a)

24,

=2 ="|/B“’-2 L) (L 50

b) L, =
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(411311 Q | nL)
= 2R ) L (N~ 2) (N1, +3)

(nLE Q3" Il nL“>— —C‘” (2N + 3); -
(n—1LF || Q3" || nLT)

=2 oy B2 W — L)V L+ 1)

(36b)

c)L,=L,—2
(n+1LF (1 Q" || nL)
=2 ey B (N—Ly+4) (N —

Li+2);
(nLF | Q5™ |l nL“}w— CRV (N+Li+1)(N—Ly+2); ¢
(n—1Lg || Q5" || nLP

=2 o)/ B (N L+ ) (V- Ly— ),

(36¢)
where
CsP = 15 (L+1)(L+2) |
= R (2hEEa
L(L+1)(2L+1) |
ce _]/lm CLF3RL—1) *
ay v/ 18 . LL—1)
Gt 8t (2L—1) °*

the isovector quadrupole transitions can be readily obtained
from the corresponding matrix elements of the isoscalar
transition by means of the relations

(n = 1LF| QP || nL]) = M(n + 1L3 || O || nLT;
(nL“ Q5" [|nL

By
_ 2L [ A 44, B urg QP I nLD.

(37)

The matrix elements given in this section make it possi-
ble to calculate the spectra of collective excitations and to
describe scattering and reactions in nuclear systems, and
also processes due to the interaction of photons and elec-
trons with nuclei. The following sections of the present pa-
per are devoted to the solution of these problems.

2. SPECTRA OF COLLECTIVE EXCITATIONS OF THE
LIGHTEST p-SHELL NUCLEI. THE Sp(2, f)) BASIS

In the theoretical investigation of the collective excita-
tions of odd nuclei in the framework of microscopic theory it
is impossible not to take into account the interaction of the
spin and collective degrees of freedom. This greatly compli-
cates calculations of the spectra of the excited states of odd
and particularly doubly odd nuclei as well as the theoretical
interpretation of the nature of the various excitations.

These difficulties can be eliminated if the theory is con-
structed on the basis of the method of generalized hyper-
spherical functions (MGHF) and the concept of central and
spin-orbit nucleon-nucleon interactions. In the framework
of the minimal approximation of the MGHF one can take
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into account successfully the influence of the spin degrees of
freedom on quadrupole excitations of collective type.

The present section is devoted to the solution of this
problem,; in it, we study the interaction of the spin and collec-
tive degrees of freedom in the lightest odd nuclei of the p
shell, and also the effect of this interaction on the spectra of
the investigated nuclei.

If the wave function projected onto the state with given
total angular momentum I W!f7, is expanded in the series

oo

= Z Ca*ln, 1) (38)

Ne=

with respect to the functions
ln, I)=|(Au) IM [fl),
[fl = [fifofsals ) =y —Ff+ 2n, o — fa)y (39}

of the irreducible representation 1/2 f; 4+ (4 — 5)/4 of the
group Sp(2, R ), then we obtain the homogeneous system of
linear algebraic equations (2) for the expansion coefficients
CI* (the index ¢ = 1, 2, 3, ... lists in order of increasing
energy all states with total angular momentum [ of the nu-
cleus and spatial parity 7). .

The matrix elements of the Hamiltonian H needed for
the following calculations are given in Sec. 1.

The NN interaction has been represented by the Vol-
kov?” potential (V) and the Brink-Boeker?! potential (BB ),
augmented by the spin-orbit interaction of Gogny, Pires,
and de Tourreil (GPT).?> Allowance for the coupling
between the spin and collective degrees of freedom made it
possible to calculate the spin-orbit splitting of states with
definite total orbital angular momentum.

For each nucleus at the start of the p shell (4 =5, 6, 7,
8), apart from ®Be, two branches of collective excitations of
different spatial parity (m = 4 1) were calculated. The exci-
tation branch is completely determined by the O (4 — 1) sym-
metry of the intrinsic function {y!/'} on which it is con-
structed.! In Table I, we give the indices of the O (4 — 1)
symmetry of the intrinsic functions used in the calculation,
and also the orbital angular momenta and parities of the
states of the different branches.

For the example of the nucleus’Li, Fig. 1 illustrates the
convergence to the limit of the approximate energies of the
collective excitations of negative and positive parity calcu-
lated with » basis functions without allowance for the spin-
orbit interaction; the limiting value of the energy corre-

FIG. 1. Dependence of the energies £, of the lowest collective excitations
Ir=1;7,37,0;%, 1;7,2;%) of the "Li nucleus on the number # of basis
functions in the case of the BB potential. The calculated energy eigenval-
ues are determined at the points of the curves that correspond to integral
values of n.

sponds to an infinitely large number of basis functions. For
the ground state, the limit is reached more rapidly than for
the excited states—the higher the excitation energy, the
more basis functions are needed to approximate with a given
accuracy the limiting energy of the excitation and its wave
function [or, which is the same thing, the amplitudes C # of
the expansion of the wave function of the collective excita-
tion with respect to the basis of the Sp(2, R )irreducible repre-
sentation].

Fixing the orbital angular momentum L of the state and
the parity, , and also the number of basis functions », and
diagonalizing the Hamiltonian, we sought then the value of
the oscillator radius 7, at which there is a minimum of the
energy of the lowest state of the investigated nucleus with the
quantum numbers I 7. It was found that r, depends on 7~
and in all cases decreases monotonically with increasing 7.
To understand this dependence, it is convenient to consider
the properties of the Sp(2, R ) basis.

The basis of the irreducible representation 1/
2 f, + (4 — 5)/4 of the group Sp(2, R ) consists of oscillator
functions whose excitation quanta are constructed along the
direction distinguished in three-dimensional space by the
tensor ( f; — /5, f5 — f3), i.e., by all the oscillator functions
that have the minimal (allowed by the Pauli principle) num-
ber of quanta and belong to the irreducible representation
(fy — /o f2 — f3) of the group SU(3). Therefore, the basis of
the irreducible representation of the group Sp(2, R ) is aniso-
tropic, and its anisotropy axis after projection of the basis

TABLE I. Indices of O (4 — 1) symmetry of the intrinsic functions y!/!included in the

calculation.

Nucleus [fo0] 1% [f00] I
5He, 5Li [100] 1=. 80 [200] OF 2h
6He, 6Li [200] 0, 2%;.. [300] 1=, 3-...
7Li, "Be [300] 1=, B0 [4007 0,24 55,
8Be [400] gt i — —
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functions onto a state with definite angular momentum be-
comes one of the characteristic axes of the system of nu-
cleons.

Solving the system of equations for the coefficients C I
of the expansion of the wave function of the nucleus in a
series with respect to the Sp(2, R ) basis, we obtain the possi-
bility of studying collective vibrations of the nucleons along
the anisotropy axis of the basis. With regard to the trans-
verse collective vibrations (vibrations in the direction per-
pendicular to the distinguished axis), they can be described
within the Sp(2, R ) basis only on the average, this being done
by the choice of the optimal value of the oscillator radius r,,.

The results of the calculation of the coefficients of the
expansion of the wave function with respect to the Sp(2, R )
basis for the nuclei in the first half of the p shell actually show
that the mean slope of the surface of the effective potential
energy in the space of the collective variables in the direction
distinguished by the Sp(2, R ) basis is less than in the trans-
verse direction,” and therefore the ratio of the amplitude of
the longitudinal collective vibrations to the amplitude of the
transverse vibrations exceeds unity and, moreover, increases
with increasing energy. The large value of this ratio indicates
a relative softness of the longitudinal vibrations and is a
qualitative justification for the choice of the Sp(2, R ) basis
from the complete space of collective basis functions of the
irreducible representation of the group Sp(6, R ). It should be
noted that in reality the longitudinal and transverse vibra-
tions are coupled. Quantitative estimates of the effects of
taking into account this coupling and, in particular, its influ-
ence on the energy of the longitudinal collective excitations
are intended in later calculations on the basis of an extension
of the Sp(2, R ) basis to the Sp(6, R ) basis. However, we can
already estimate how this extension will influence the energy
of the first collective excitation 7 7, which has the same par-
ity and total angular momentum 7 as the ground state I 7. To
estimate the change in the energy of the level 77 on the tran-
sition from Sp(2, R ) to Sp(6, R ), we can use the difference

AE (If) =E z(r) — Epz (ry)s
where r, and r, are the points of the minima of the energies of
the levels I 7 and I, respectively (Fig. 2). This difference

E;MeV
aF
g
|2 (2);
..4 -

Ak P
-16} (/2)
_18 -

-20F V{
_22 -
1 1 1

L 1 ] 1
%2 13 14 45 16 17 1, F

FIG. 2. Dependence of the energies of the levels 7 =(1/2); and
I =(1/2); in the "Li nucleus on the oscillator radius r,. The BB +
GPT potential.

ZEssentially, the slope in the transverse direction is characterized by the
optimal radius r,, and the slope is greater, the smaller is r, = ry(I 7).
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reaches 1.3 MeV for 4 = 5, 0.9 MeV for 4 = 6, 0.5 MeV for
A =7,and 0.3 MeV for A = 8 and does not exceed 2-7% of
the energy of the 77 level.

Earlier investigations of the spectra of the collective ex-
citations of the light magic nuclei *He, '°0, and *° Ca (see
Refs. 17 and 23) found a small dispersion of the amplitudes
C = of the eigenvectors of the ground state (I ™ =0+, & = 1):
The amplitude C ' was found to be near unity and the weight
corresponding to all the remaining amplitudes C%', n = 1, 2,
..., does not exceed a few percent, provided the optimal
radius 7, is found in each case. Thus, at least for NN poten-
tials of Brink-Boeker or Volkov type,the basis function |0, 0)
is a good approximation for the ground-state wave function
of a magic nucleus under the condition that the solution of
the Schrodinger equation is constructed in the form of the
superposition (38) of the basis functions |z, 0).

But in the excited states of the same nuclei a large dis-
persion of the amplitudes C * is observed—in order of mag-
nitude, the amplitudes C I* are the same for the first values of
n.

The dispersion of the amplitudes C® is greater, the
larger the amplitude of the vibrations of the collective vari-
able that characterizes the elongation of the ellipsoid of iner-
tia of the nucleus along one of its three principal axes. There-
fore, the appreciable increase in the dispersion of the
amplitudes C ¥ of the eigenvectors of the collective excita-
tions of magic nuclei compared with the dispersion of the
amplitudes of the ground-state eigenvector means that the
effective potential of the nucleus in the space of the collective
variables becomes shallower with increasing distance from
the center of the nucleus along one of the three principal axes
of its ellipsoid of inertia, and the amplitude of the collective
vibrations in the excited states increases together with the
excitation energy more rapidly than in the case of the oscilla-
tor effective potential.

For excited states, such a situation persists on the tran-
sition to near-magic® and nonmagic nuclei. The dependence
of the behavior of the amplitudes C1* of the three lowest
collective excitations (@ = 1, 2, 3) constructed over the vi-
brational state / ™ = 1, on the number » of basis functions
is shown in Fig. 3. Each point of these curves that corre-
sponds to an integer value of n determines the weight of the
nth basis function in the expansion (38).

It is important to note that for nonmagic nuclei the dis-

T
Jrug

FIG. 3. Dependence of the amplitudes C ’* of the three lowest collective
excitations (@ = 1, 2, 3, I ™ = 17) of the "Li nucleus on the number n of
basis functions in the case of the BB potential.
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FIG. 4. Comparison of the amplitudes C’* (@ = 1) of the ground states of
nuclei with the number of nucleons 4 equal to 4, 5, 6, 7, 8. The values of
C = are determined by the given curves at integral values of n. The BB
potential.
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FIG. 5. Dependence of the ratio Ci%(4=18):Cl4=6) (@=1,
I™ =0%)on the number » of basis functions.

persion of the amplitudes C I* becomes appreciable not only
for excited states but also for the ground state and increases
with increasing number A4 of nucleons. This can be seen from
Fig. 4, which shows not only the amplitude C ! of the
ground state /™ = 0™ of the nucleus “He (see Ref. 17) but
also the ground-state amplitudes of the nuclei with the num-
ber of nucleons 4 equal to 5, 6, 7, 8. It can be seen that on the
transition from the magic nucleus “He to the heavier nonma-
gic nuclei a growth in the dispersion of the ground-state am-
plitudes is observed. For this reason, the longitudinal vibra-
tions already have a large amplitude in the ground state of
nonmagic nuclei, and the amplitude increases with increas-
ing number of nucleons.

In this connection, it is interesting to compare the am-
plitudes C ' (4 = 18) of the near-magic '*0 and '®Ne nuclei®
with the analogous amplitudes C9' (4 = 6) of the *He nu-
cleus. All these nuclei each have two nucleons above a magic
core (**0Ofor4 = 18 and *He for 4 = 6) and differ in the mass
of the core. Figure 5 shows the ratio of C9' (4 = 18) to C'!
(@ = 6) as a function of the number # of basis functions. It can
be seen that the values of this ratio are always, except in the
case n = 0, less than unity and decrease with increasing n.
This indicates a decrease in the amplitude of the collective
vibrations in the ground state of the nuclei with the heavier
core; this can evidently be attributed to the greater inertia of
the core, which for 4 = 6 is more strongly polarized than for
A=18.

The amplitudes in Tables II-VI and in Figs. 3-4 com-
pletely reproduce the behavior of the nuclear wave function
when allowance is made for a comparatively small number
of basis functions. At the same time, information is needed
on the asymptotic behavior of the nuclear wave function (or,

TABLE II. Amplitudes C{* (X 10°), energies E,, , and rms radii R of I'7 states of the *Li and *He nuclei. The BB + GPT potential.

i @/2; w2y (27 5/2); g | sy | ey | oemy | wey | g

1 871 812 901 908 —692 695 626 374 403 447

2 421 500 —430 —413 —528 511 540 | —309 | —185 37

3 197 229 —17 —45 —355 363 390 —479 —451 —235

4 141 172 —43 —37 —260 253 286 —420 —414 —330

5 52 ! —23 —34 —150 176 202 | —388 | —406 | —384

6 48 59 3 6 —118 121 143 | —286 | —313 | —356

7 15 24 —16 —21 70 85 104 —237 —264 —332

8 18 22 8 10 —54 58 ™| —169 | —196 | —279

9 4 9 —1 —12 —31 " 5 | —135 | —157 | —242

10 7 8 7 8 —25 28 36 ~96 —116 —196

E, MeV —22,36 —20,20 —14,67 —12,55 | —11,31 | —7,03 | —6.12 | —3,69 | —2.45 | 0,41
R, F 1,96 2,04 2,05 2.06 2,57 2,64 2,7 2.83 282 3,61
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TABLE III. The same as in Table II but for the °He nucleus.

n of & A i o % 5 1y 3
| 7 767 906 568 459 458 555 457 488
2 561 519 —418 44 —2 —126 530 —181 185
3 336 292 —o1 420 —339 —400 422 —102 —81
4 230 193 —37 320 —401 —419 325 —256 —236
5 131 109 —30 226 —414 —400 244 —341 —314
6 87 7 0 163 — 353 —328 179 —356 —340
' 50 4 —15 113 —296 —267 131 —343 —331
8 33 27 3 80 —232 —206 95 —308 —305
9 19 16 —T7 95 —182 —158 69 —268 —270
10 13 10 3 39 —138 —119 50 —226 —233
E, MeV —25,27 —21,01 —13,43 —11,32 —8.,24 —6,93 —5,98 —0,92 1,52
R, F 2,29 2,30 2,31 —2.83 2,97 3.04 3,00 3,68 3.89

which is the same thing, the asymptotic behavior of the am-
plitudes C %), Knowledge of the asymptotic behavior of C }*
at large values of » is helpful not only as a check on the
convergence of the results when the basis is extended but also
for simplifying the technique of calculating the eigenvectors

TABLE IV. The same as in Table II but for the °Li nucleus.

of the Hamiltonian (see Ref. 24), this simplification being
achieved by replacing the exact values of the coefficients C 1
at large values of n by their asymptotic behavior. To consider
the asymptotic behavior of the coefficients C %, we consider
the matrix elements of the kinetic-energy operator.

n 13U=0) 3t d=2) (20 (T=2) A3 (T=2) |5 (I =4) |&f (I =14) (27 (I=1) 7T =1) |07 (I =1) |3+ (L =4) |1} (I =0)

1 701 793 743 666 —905 —908 577 550 534 —012 —459

2 561 469 536 579 420 411 543 545 546 392 2

3 336 276 307 353 45 63 A7 423 432 98 339

4 230 179 205 243 38 37 316 324 334 38 400

5 131 99 119 149 27 34 222 230 240 47 414

6 87 65 71 97 0 0 169 166 174 3 353

7 50 37 46 61 14 16 110 115 122 21 296

8 33 24 30 39 —3 —3 78 82 87 —1 232

9 19 14 18 25 1 8 53 56 61 9 182

10 13 9 12 16 —3 —3 38 40 43 —2 138
E, MeV | —25,27 | —21,97 | —20,58 | —18,76 | —14,63 | —13,40 | —11,46 | —11.18 | —10,78 | —10,47 | —8.25
R, F 2,29 2,25 2,31 2,40 2,97 2,28 | 2,82 2,84 2,88 2,29 2,97
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TABLE V. The same as in Table II but for the "Li and "Be nuclei.

n @2 /2y (727 (5/2)] w2y | dyzg | oeor (5/2) o7 | ey | ey
1 618 599 695 636 ~ 482 906 478 492 908 474 —467
2 578 581 547 568 535 — 414 110 532 — 405 135 | —528
3 306 406 355 388 —453 —170 —247 449 —91 | —226 | —455
4 275 284 235 264 —360 —37 —373 355 —39 —363 —365
5 175 183 149 174 —267 —30 —407 266 —37 —405 —277
6 114 120 95 113 ~-195 —5 --371 195 ~7 | —374 | —2%
7 72 76 61 T4 —139 —12 315 140 —14 | —321 | —148
8 46 49 38 47 —98 0 —254 100 —1 | —260 | —1.6
9 29 3 25 3 —69 —5 —199 70 —6 —205 —76
10 18 20 16 20 —48 0 52 50 0 | —158 —54
E, MeV | —32.7. | —32,19 | —27.14 | —25,79 | —19.11 | —18,41 | —16,63 | —16.60 [ —16,52 | —16,24 | —16,17
R, F 2,42 2,44 2,42 2,48 2,87 2,37 2,99 2.99 2,38 3,01 2,93
In the general case, when f #f, # f3, the matrix elen.'lent (DU | Vi | Ef)[f]) = _é_ { —fitfafat A_;i
of the kinetic-energy operator between the GCSs of the irre- o
ducible representation 1/2 f, + (4 — 5)/4 of the group Sp(2, e (f: i -4_;1_) %‘tﬁ} (@11 | iy, (40)
R ) has the form where

TABLE VL. The same as in Table II for the ®Be nucleus (calculation with the potential V; see Ref. 20).

n of aF i 0F 23 6F & oF B i )

1 527 539 579 —469 —485 —904 541 378 387 | —43 | 228

2 577 575 563 —221 —202 412 128 —359 | —364 | --161 301

3 447 442 427 137 155 98 —215 —307 | --321 350 434

4 324 318 300 323 333 41 --360 —290 —282 232 440

5 220 216 206 394 394 34 —389 —149 —128 47 399

6 146 143 137 384 380 10 —359 26 46 —120 342

7 95 9% 91 338 331 11 —304 168 183 | —235 | 279

8 61 60 59 278 272 3 —245 262 271 | —297 223

9 39 39 39 220 214 4 —191 309 N2 | —317 174

10 25 25 25 169 165 1 —145 320 318 | —309 134
E, MeV | —48.39 | —45,28 | —37.76 | —31,25 | —20,46 | —26,43 | —25,43 | —17,67 | —16,68 | —14,69 | —12.22
R, F 2,48 2,49 2,52 2,94 2,95 2,40 2,96 3,43 3.45 3,48 3,58
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s f,_A-1 ~
(DU | DIty = ddi8A™ "2 ; A=1—PRdiy;

M=Ffi—fs w=f—"Ts:

and d; are the matrix elements of the rotation matrix in
three-dimensional space (they depend on three Eulerian an-
gles). Here, as before, the oscillator radius r, is taken as the
unit of length, the nucleon mass m as the unit of mass, and
Planck’s constant # has the unit of angular momentum. If
f>» =/f, =/, then from (40), after projection onto a state with
a definite total orbital angular momentum 7 of the system, it
follows that the matrix elements of the kinetic-energy opera-
tor between the basis functions of the irreducible representa-
tion (A, + 2#, 0) of the group SU(3) are nonzero only when
the quantum number » of the basis functions |n, I') is the
same or differs by unity:

, I |0, D= [f+2f+20+5 (A=) ]; @1)

m+1, INT\n, B=in, I|T|n+1, D) :%

‘/(nﬂ)(fn'-n A at 204 2t 20481 (1)
(ho 20+ 1) (ho 20 12) '

(42)

Thus, the matrix of the kinetic-energy operator is tri-
diagonal, and the elements of this matrix at large values of
the quantum number 7 are proportional to #. Since the ma-
trix elements of the potential-energy operator of the short-
range NN forces decrease with increasing quantum numbers
n, and n, of the basis functions |n,, I') and |n,, I ) between
which they are constructed, at large values of n, and n, in the
matrix of the collective Hamiltonian it is necessary to retain
only the matrix elements of the kinetic-energy operator and
the matrix elements of the potential-energy oprator diagonal
with respect to n, and n,. It is these that determine the
asymptotic (for #3> 1) behavior of the coefficients C* of the
expansion of the wave function of the system with respect to
the basis functions |n, I').

We note that there is a possibility of inverting the ma-
trix

omuse B T2 Dy B EBrigic (43)
and obtaining its inverse &, , (E ), the matrix of the Green’s
function, so that instead of the usual equation

2 Ky, 11T |0y, Dying, 11V |1y D —Ebpn,] Cof =0,

ng=0
ol 402, o

(44)

for the eigenvalues and eigenvectors of the collective Hamil-
tonian in the representation of the basis functions |, I } one
obtains in the same representation a discrete analog of the
homogeneous Lippmann-Schwinger equations,
Cret X Gy (B)myy TV |y, 1) Cof =0,

MM

(45)

and this may be helpful not only for numerical realization of

the solution of the Sturm-Liouville problem but also for

studying the asymptotic behavior of the coefficients C .
To find the eigenvalues and eigenvectors of the infinite
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system of linear algebraic equations (44), it is necessary to
retain in this system only the first N + 1 equations, setting
n, <N, and simultaneously truncating the summation over
n, at the (N + 1)-term. The operation of truncating the sys-
tem of equations is well founded, and the process converges
for the states for which the amplitudes C ™ decrease suffi-
ciently rapidly with increasing n. The law of this decrease
can be established a priori by using semiclassical estimates
for C* (see Ref. 24), these being based essentially on the
limiting (at large n, and #n,) expressions for the matrix ele-
ments of the Hamiltonian H.

An asymptotic expression can be obtained for the coef-
ficients C 2 by going to the limit of large # in the expressions
for the matrix elements of the Hamiltonian {n,, I |H |n,, 1 }.

In the construction of the limiting expressions for the
matrix elements of the tridiagonal matrix of the kinetic-ener-
gy operator problems do not arise. With regard to the matrix
elements of the potential-energy operator, with increasing n,
and n, they all, except, perhaps, the diagonal ones, tend to
zero. We denote the limiting values of the diagonal matrix
elements of the potential-energy operator by ¥V, = V(I ™).

In the limit of large 1, the equations that relate the ex-
pansion coefficients C I* of the state I ” take the simple form

1 o [ e Aty

| 8'1 n+1

Th+i+3A—1+7,—E |cp

1 .
—z (r+ g+ AT )Cm =0, n> 1.

These equations are equivalent to an ordinary differential
equation for the function C (x):

T CH2 (,+2(E-—f_T—_—ﬁVﬂ) c=0,

where

—— A+1

2fi

A solution of the differential equation (46) that de-
creases with increasing x is the Macdonald function

K, (J2x#&), where

Gt

(47)

} (48)

To find the coefficient of & in (48), it is necessary to
substitutein (47) £ = E (I 7), the energy of the ath state with
total angular momentum 7 and parity , and choose the con-
stant factor in front of the Macdonald function in accor-
dance with the normalization condition.

Finally, it follows from (47) and (48) that the threshold
enegy E, of the system of nucleons separating the states of
the discrete and continuous spectra of collective excitations
is determined by the energy of the zero-point collective vi-

Therefore, at large values of
Cl* —=const-K, (Vé?g),
v= (i + 472 ) A+ 122+ 2 (- ) —
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brations in the direction perpendicular to the one in which
the excitation quanta of the oscillator functions of the Sp(2,
R ) basis are aligned and by the limiting value of the diagonal
matrix element of the potential-energy operator:

Ey (I =f+ 2452 1 V.. (49)

Note also that since & 2/mr? is the unit of measurement,
the threshold energy in the approximation of the Sp(2, R)
basis depends on the oscillator radius #,, which occurs both
in the common factor and in the function Fy(I 7).

It can be seen directly from (48) that the choice of N
must depend on #: The smaller &, the more equations we
must retain in the system (44) in order to guarantee a given
accuracy for the eigenvalue.

The results of calculation of the energy E and the rms
radius R of the ground and lowest collective excitations of
the nuclei *He, °Li, °He, °Li, "Be, "Li, and ®Be are given in
Tables II-VI. The calculation was made with the Brink-
Boeker potential (BB) augmented by the spin-orbit part of
the Gogny, Pires, and de Tourreil (GPT) potential.

The spectra of the lowest collective excitations of nuclei
with the numbers of nucleons 4 equal to 5, 6, 7 are given in
Figs. 6-8 [a) calculation with BB central forces; b) calcula-
tion with a BB potential augmented by the spin-orbit part of
the GPT potential (BB + GPT). In the experimental spec-
trum (c), which is taken from Ref. 25, we have retained only

A=F
2614 T2
me | N
2385  2* 2447 5%
2195  0* 2277 Uet
ol
18,31 g 3 80 _ |y
1625 5t 16,66 It
uot 2t B3 %
5 1,06 Y&t
10,24 0 oz 5r
770 3" z7o /%
1, Ve
245 - g
1 357
Ep==21,55" E=-22,57
a b c

FIG. 6. Spectra of the lowest collective excitations of the *He and °Li
nuclei: a) calculation with centrifugal BB forces; b) calculation with the
BB + GPT potential; c) experiment.*
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FIG. 7. Spectra of the lowest collective excitations of the nuclei °He (a) and
SLi (b). In the experimental spectrum (c), only the levels with 7= 0 are
given.

the states that correspond to isospin 7" = 1/2 for nuclei with
A equal to 5, 7 and T = 0 for the nucleus °Li]. Since the
Coulomb interaction of the protons was not taken into ac-
count, and the even components of the BB potential are the
same, spectrum (c) in Fig. 6 refers to *He and 5Li, and in Fig.
8 to "Liand ®Be. For 4 = 6, spectrum (a) of Fig. 7 reproduces
the He states with isospin T = 1, and spectrum (b) gives the
®Li states with T = 0.

It can be seen from Figs. 6-8 that in all cases the ground
state is the lowest state of the collective branch that corre-
sponds to normal parity, and the states of anomalous parity
lie 10~15 MeV above the ground state.

The energy of the collective excitations was measured
from the binding energy, which for the BB + GPT potential
is —22.37 MeV for A=35; — 2527 MeV for 4 =6;
— 35.70 MeV for 4 = 7; and — 48.39 MeV for 4 = 8. The
levels of the lowest rotational band, 17, 3%, 2%, 1% in SLi
and 3/2~, 1/27, 7/27, 5/2~ in "Li, have the correct se-
quence, and the energies of these levels agree satisfactorily
with experiment. The same applies to the lowest 3/2~ and 1/
2~ levels (2.16 MeV) in °Li, but as yet there is no reliable
experimental information about the position of the 1/2~ lev-
el.

Thelevels 5/27 (7.47 MeV)and 7/2~ (9.61 MeV) in "Li,
which are absent in the theoretical spectrum, have a pro-
nounced cluster structure, allowance for which in our calcu-
lation requires the use of a more complicated intrinsic func-
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tion yL/). Such allowance is very topical and makes it
necessary to go beyond the framework of the MA MGHF.

The spin-orbit splittings of the 3/27 and 1/27 levels,
and also of the 7/2~ (5.56 MeV) and 5/2~ (6.91 MeV) levels
in’Liand the3* (3.30 MeV) and 1+ (6.52 MeV) levels in °Li,
are close to the experimental values—the calculated values
for the BB + GPT potential are, respectively, 0.51, 1.35,
3.22 MeV, and the experimental values are 0.48, 2.0, 3.51
MeV.

Attention should also be drawn to the positions of the
single-quantum collective excitations. All these states, 3/27
(18.67 MeV) and 1/2~ (19.91 MeV) in *He, °Li, 1* (17.03
MeV)in°Li, and 3/2~ (16.07 MeV)and 1/27 (16.48 MeV) in
Li, lie somewhat above the lowest states of anomalous par-
ity but, in contrast to the latter, exhibit a tendency to sink
with increasing number of nucleons.

The rms radius R of the ground state (see Tables II-VI)
of the nucleus "Li (R = 2.42 F) is equal to the experimental
value R.,, = 2.405 4 0.020 F,** while for the nucleus ST
(R = 2.29 F for BB + GPT and R = 2.19 F for the potential
V) it is somewhat too low: R, = 2.505 4 0.020 F.** With
regard to the nuclei *He, °Li, and ®Be,the theoretical esti-
mates (respectively, R = 1.96 F and R = 2.48 F; BB + GPT
potential) are somewhat below the values obtained in the
calculations of Ref. 27: R =2.31 Fand R =2.71F.

3. CONTINUUM STATES AND PHASE SHIFTS OF ELASTIC
SCATTERING OF LIGHT CLUSTERS

As was shown by calculations made using the resonat-
ing-group method,”***° the nuclei “He, °He, °Li, "Li, and
8Be have a clearly expressed cluster structure. The clustering
of these nuclei is a direct consequence of the nature of the
forces that act between the nucleons. The nucleon-nucleon
interaction couples nucleons within each of the clusters
more strongly than nucleons from different clusters. In turn,
the clustering greatly influences the formation of the struc-
ture of the ground-state wave functions of light nuclei, the
position of the lowest disintegration thresholds, and the na-
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_ FIG. 8. Spectra of the lowest collective excitations of the "Li and
?2+ "Be nuclei: a) calculation with the BB potential; b) with the
72" BB + GPT potential; c) experiment.?

3/25

ture of the resonance states in the above-barrier region.
Therefore, many properties of light nuclei can be explained
by assuming that the wave function W of the states of their
discrete and continuous specira can be represented in the
form

v =4lp(1) ¢ (@], (50)

where 4 is the antisymmetrization operator, ¢ (1) is the wave
function of an alpha cluster, @ (2) is the wave function of the
second fragment, whose mass number is 4, = 4 — 4, and fis
the wave function of the relative motion of the two frag-
ments. Asarule, @ (1)and @ (2) are taken to be the well-known
translationally invariant wave functions of the oscillator
shell model for the corresponding fragments. With regard to
the function f it is found by solving the integro-differential
equation of the resonating-group method or by means of
some equivalent procedure.

It is, however, convenient to give up the attempt to find
an explicit expression for f, especially since it occurs, in all
calculations made with it, in complicated constructions to
which the antisymmetrization operator is applied. Instead of
this, writing for /' an expansion with respect to the basis of
oscillator functions £, of the relative motion of the clusters,

f=2vc-vf‘\'! (51)

where v is the number of oscillator excitation quanta, it is
expedient to construct the wave function in the form of the
generalized Fourier series

¥ =C, v M=A40e 1)o@ (52)
v
The Fourier coefficients C, must satisfy the system of linear
differential equations
N |H|v')Cy—EC,=0, (53)
el
where fI is the many-particle Hamiltonian of the nucleus.

The representation of the wave function of the nucleon sys-
tem in the form of the series (52) with respect to the many-
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particle oscillator basis functions |v) generated by the clus-
ter GCSs is the principal point of the algebraic version of the
resonating-group method.?43%3!

The basis |v) of many-particle oscillator functions is
adapted to the description of the dynamics of the cluster
mode of light nuclei. At the same time, the states in this basis
with the minimal number v of oscillator quanta correspond
to the shell-model configurations that are usually associated
with the ground states of light nuclei. Therefore, the expan-
sion (52) actually takes into account not only the cluster but
also the shell configurations and, therefore, opens a way to a
generalization of the concepts of the translationally invar-
iant shell model. The aim of this generalization is to include
in the treatment the cluster modes of nucleon systems with-
out going beyond the means adopted in the translationally
invariant shell model.

It is well known that the resonating-group method is
used not only to study the continuum states of systems of
interacting nucleon clusters but also states of the discrete
spectra of the same systems (see Refs. 9, 28, 29, and 32). In
the latter case, the algebraic version of the resonating-group
method reduces to diagonalization of the many-particle mi-
croscopic Hamiltonian of the system of clusters between the
functions |v) of the oscillator basis generated by the gener-
ator function of the resonating-group method (see Sec. 1).
Restricting the matrix of the Hamiltonian to the order v,,
where v, is the number of basis functions employed, and
solving the eigenvalue problem for this matrix, we obtain v,
different eigenvalues and as many corresponding eigenvec-
tors. Among the eigenvalues, only the first few (k, k <v,)
will, in general, be negative. The remaining eigenvalues are
positive, and, as a rule, they are usually not considered (see,
however, Refs. 33 and 34), since, at the first glance, it is hard
to believe that the eigenvectors corresponding to them,
found in the representation of the restricted oscillator basis,
can have any relation to the continuum wave functions. Nev-
ertheless, the first impression of the eigenvectors with posi-
tive eigenvalues, which suggested that there was no point in
investigating them, was wrong. Indeed, as will be shown lat-
er, the eigenvectors with positive energy, no less than those
with negative energy, tend to an exact solution as the oscilla-
tor basis is extended, and even for not particularly large v,
give information about the § matrix. It should be noted that
the possibility of extracting data about the S matrix (reaction
cross sections, energies of resonances, widths of resonances)
using the positive eigenvalues of the matrix of the Hamilton-
ian in the truncated oscillator basis was demonstrated in
Ref. 35. However, these studies considered only the simplest
model systems, in which the interaction potential has a bar-
rier and core at short distances. We shall consider the case of
areal cluster model of two interacting subsystems, for which
it is possible to find the phase shifts and the eigenvectors
corresponding to the continuum states.

To understand the significance of the approximate solu-
tions obtained by diagonalizing the microscopic Hamilton-
ian on the truncated oscillator basis, we transform the origi-
nal system of linear algebraic equations (53) for the
coefficients {C, } to the form (for more details, see Ref. 31)
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3

D (v H |py— E8,y) Cy + 2 I8 |m) =0,

=

(m| T jm—1)Cpy+((m| T Imy—E) C,,

|
l? (54)
+(m| T [m4-1) Cppyy 0. J

Now suppose the set of coefficients {C, } determines a
vector of the matrix ||{v|H |u)|| subject to the additional
requirement C, , ; = 0. Then, since

(R|f’|n71)cn+130| 1(V[f{|m>cm=07
e

the first # equations of the system (54) contain only the C,
for which u<n, i.e., they form a closed system of » linear
homogeneous algebraic equations for the » unkown coeffi-
cients {C, }, £ =1, 2, ..., n. But the condition of solvabil-
ity of a system of homogeneous equations is the vanishing of
its dgterminant. Therefore, diagonalization of the Hamilton-
ian H on the basis of n functions distinguishes in the contin-
uum of the Hamiltonian the eigenvectors {C ; } with vanish-
ing (n + 1)th coefficient and positive energy E,, measured
from the threshold of breakup of the nucleus into two clus-
ters.

From the condition C%§, ,(E,, I)=0, where [ is the
angular momentum of the state with energy E,, and the
asymptotic expression C'§ | ; (see Refs. 1 and 24) it follows
that

Jr (ka'rm-i)‘_ tg & (£y) np (ky@ny) =0, (55)
Ty = V4 (n i nD) e 21 i 3’ km‘:;Vﬁ:f

where j; and n; are spherical Bessel and Neumann func-
tions, respectively, 7, is the minimal admissible number of
oscillator excitation quanta of the relative-motion wave
function of the two clusters, and 8, (E,, ) is the phase shift in
the state with angular momentum I and energy E,. The
units of measurement in (55) are chosen to make
#i=m = ry = 1, where # is Planck’s constant, m is the nu-
cleon mass, and 7, is the oscillator radius. If the energy E, of
the state with angular momentum 7 is known, then (55)
makes it possible to obtain the phase shift §;(E, ).

For the complete description of the eigenvector
{C,(E_, I)} of the Hamiltonian of the resonating-group
method, it is necessary to give the values of the coefficients
C, with numbers v>n + 1. This is easy to do, since for C,
when v>n+ 11 the following asymptotic expression
holds

CV (Ecu I) = BV:E"_\'[]I (kaxv) & t‘g 6! (Ea.) n’I (ka“r\‘JIv (56)

where the factor B is determined from the condition that the
coefficient C, (E,, I'), calculated in accordance with (56), is
equal to the coefficient C,(E,, I) of the eigenvector
{C,(E,)} obtained by diagonalizing the Hamiltonian
between n basis functions.

To illustrate the general propositions formulated
above, we use the example of a system of two interacting
nuclei: “He and *H. These nuclei are capable of forming a
bound system, "Li, instatesJ " = 3/2 " andJ " = 1/2~. We
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FIG. 9. Dependence of the coefficients C J7a of the expansion (51) on the
number v of excitation quanta of the function of the relative motion of the
clusters.

write the bound-state wave functions of “Li, and also the
states J ™ belonging to the continuum, in the form

T§ﬂ= 21 Ciﬂa IV! J“),

=

(57)

where {|v, J™)} is the set of orthonormalized configura-
tions of an isotropic harmonic oscillator generated by the
wave function of the resonating-group method for the
“He *H channel. The index & labels in the order of increasing
energy the states with quantum numbers J 7. The coeffi-
cients C' 7™, which belong to different eigenvectors (@ = 1, 2,
... ), are calculated by diagonalizing the Hamiltonian of the
system of seven nucleons between the n basis functions |v,
J ™). They exhibit the very simple dependence on v shown in
Fig. 9. The eigenvectors shown in the figure were obtained in
a calculation with 50 basis functions. The nucleon-nucleon
interaction was simulated by the Brink-Boeker potential®!
and the spin-orbit GPT interaction.?

The coefficients C ¥>™! of the amplitude of the ground
state of the system, decreasing monotonically with increas-
ing v, tend exponentially to zero. As already noted, the coef-
ficients C > of the continuum states vanish forv=n + 1
and, in addition, change sign @ — 1 times as v varies from 1
ton + 1. Withincreasing 1, the energies of all the continuum
eigenvectors decrease, approaching zero, and the nodes of
the coefficients C 3> move to the right along the v axis.
However, the first node of the coefficients C 3** of the con-
tinuum state with minimal energy in the limit when £ — 0
(n — ) tends toits limiting value v, ~ 8. Since the energy of
this eigenvector is near zero (E 3>~ = 7.05X 102 if n = 50),
the position of the first node of its coefficients can be related
to the coefficient @ in the asymptotic expression for the am-
plitudes of the state with zero energy,

lim C¥2™ % = const [(4v 4 9)%2— 3a%]. (58)
This relationship is determined by
8
a=V"4v,+9/V3, (39)

where v, is the limiting position of the first node as n — 0.
Figure 10 shows the dependence of v, on the energy
E=E! —E, (E, is the threshold energy). Also shown
there is the behavior of the function (59), whose limiting val-
ue as v — v, gives the ta elastic scattering length. Setting
v, = 8, we find that @ = 4.43 (in units of 7).

Note that
a2 (60)
k=0
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FIG. 10. Dependence of the position of the first node v, of the function
C?" (curve 1) and of the function a (curve 2) on the energy.

Figure 11 shows & ;,,- and 8, ,- , the phase shifts of *H
elastic scattering on “He in the states 3/2~ and 1/2, respec-
tively, as functions of the energy. To calculate the phase
shifts, we used the relation (55) and the energies E " of the
eigenstates obtained by diagonalizing the Hamiltonian with
different numbers » of basis functions.

We can now again estimate the value of the coefficient @
if we calculate it in accordance with Eq. (60), using the phase
shift & ;,,- —at the point with minimal energy—which we
now know:

EY% = 4,948.1072, 83/5-=2.78-1072,

The formula leads to the estimate ¢ = 4.28, in good agree-
ment with the value obtained above.

The qualitative behavior of the phase shifts obtained by
the theoretical calculation and of the magnitude of the split-
ting of the phase shifts agrees well with the phase-shift analy-
sis of the experiments of Refs. 36-38.

Figure 12 shows the dependence of the elastic-scatter-
ing phase shifts in the states J™ =7/27 and J ™ =5/2".
The experimental values of the phase shifts at energy (in the
center-of-mass system of the nuclei participating in the reac-
tion) less than 3 MeV are taken from Ref. 37, and at energies
above 3 MeV from Ref. 39. The theoretical energy depen-
dence of the phase shift was determined by means of the
relation (55). The energy is measured in mega-electron-volts,
and the phase shift in degrees.

Both the theoretical and the experimental phase shifts
increase sharply at energies 2-5 MeV, passing through the
point § = 7/2. At the same time, the calculated phase shift
increases somewhat more slowly than the experimental one.
We note, however, that in the region of the resonance the
phase shift of the J 7 = 7/27 state passes through the point
8 = 7/2 with a larger derivative than the phase shift of the
J ™ =35/2" state, in good agreement with the experimental
dependence of the phase shift.

From the calculated phase shifts, we recovered the par-

60, .
\“:;.AQX 2 g g o & ,j‘g/z_
2 a
0 \:::: e @ o .5 "
2 “--'7.'__"-&__-_::::.- “_O‘?z- o
<yg0f- ""'--‘:-...‘---—___:-.:':::::_-ff/i
8y
1 1 I 1

1 | 1 |
ALt & LB A0 AZ e L £, MeV
FIG. 11, Behavior of the phase shifts § 3 ,- and 8 ,,- (I ™ = 17). The open
circles and open triangles are, respectively, the experimental phase shifts
83/,- and 8, ,,-. The points joined by the smooth curves reproduce the
calculated dependence of the same phase shifts.
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FIG. 12. Energy dependence of the phase shifts 8,,- and &,,-
(I'™ =37). The individual points reproduce the experimental values of
the phase shifts, and the smooth curves give the calculated values. The
lower part of the figure shows the cross sections of a elastic scattering.

tial-wave cross sections o - ) of elastic fa scattering, which
are also shown in Fig. 12. The maximum of the cross section
0.5~ (E) is at E,, =4.6 MeV (the experimental resonance
energy is £, = 4.63 MeV), while in the case of the J ™ = 5/
27 resonance the maximum of the cross section is at
E . =6.3 MeV (experimentally, E ., = 6.68 MeV).

The positions of the 7/2~ and 5/2~ resonances of "Li
agree very satisfactorily with the positions of the 7/2~ and
5/27 collective quadrupole excitations that we found ear-
lier® (see Sec. 2) by diagonalizing the Hamiltonian on the
basis of the oscillator functions of the longitudinal vibrations
of the ellipsoid of inertia [Sp(2, R ) basis]. This agreement is
not fortuitous but is predetermined, first, by the fact that
there is a value near unity of the overlap integral of the oscil-
lator functions of the “cluster” basis and the oscillator func-
tions of the basis of the longitudinal vibrations of the ellip-
soid of inertia as long as there is a2 small number v of their
oscillator excitation quanta and, second, by the fact that the
lowest collective excitations are formed primarily on basis
functions of the longitudinal vibrations with small v, i.e., on
functions that to a certain degree are also represented in the
cluster basis.

Restricting the basis of longitudinal vibrations, we can
find only the energies of the quadrupole resonances, but not
their widths, since the longitudinal vibrations are not capa-
ble of breaking up the nucleus even at relatively high excita-
tion energies. In its turn, the cluster basis opens the channel
of "Li breakup into @ and ¢ and therefore gives the possibility
of calculating not only the energies of the lowest quadrupole
resonances but also their widths, albeit with a certain overes-
timation due to the inadequate reproduction by the cluster
basis of the collective quadrupole mode, which stabilizes the
resonance. The theoretical estimates are, respectively,
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;- =2.6 MeV andT's,,- = 3.1 MeV, and the experimen-
tal values are I';,- ~0.1 MeV and ['s,- = 0.9 MeV.

Thus, the method which we have discussed gives very
simple possibilities for calculating the elastic-scattering
phase shifts and the continuum wave functions at the ener-
gies that are determined by the given position of the node of
the coefficients of the expansion of the continuum wave
functions with respect to the oscillator basis.

4. INTERACTION OF COLLECTIVE AND QUASIMOLECULAR
DEGREES OF FREEDOM

In light and medium nuclei, not a few resonances have
been found whose energies are tens of mega-electron-volts
above the ground state while the widths do not exceed a few
hundred kilo-electron-volts.*® Resonances that lie below the
Coulomb barrier are usually associated with quasimolecular
(cluster) structures,***> while resonances above the Cou-
lomb barrier are frequently called shape resonances,*? their
interpretation being excitations of collective modes of the
nucleus. However, the currently existing assumptions about
the nature of these resonances have not as yet received suffi-
ciently convincing confirmation. At the same time, at least
for the nuclei of the first half of the p shell a microscopic
approach taking into account simultaneously the degrees of
freedom of both the collective modes and the modes of the
open nuclear-breakup channels makes it possible to investi-
gate the situation and to obtain quantitative answers to ques-
tions about the nature of the high-lying narrow resonance
states.

Resonances of cluster degrees of freedom are clearly
manifested in the cases when after transfer by the excited
nucleus of all the energy it has received to one of the clusters
this cluster cannot immediately leave the nucleus. It is pre-
vented from doing this by the barriers produced either by the
Coulomb interaction or by centrifugal effects.

Another limiting situation obtains if the excitation en-
ergy of the nucleus is transferred to collective degrees of
freedom. Since all the nucleons are then involved in the col-
lective synchronous motion, and only a small fraction of the
total excitation energy is appportioned to each nucleon of
the nucleus, the nucleus will remain in such states until the
excitation energy passes from the collective to the cluster
modes of the open nuclear-breakup channels. The time of
this transition must be regulated by the strength of the cou-
pling between the collective and the cluster channels. In the
case of weak coupling, the collective excitations will be ob-
served as narrow resonances in the cluster-interaction chan-
nel. In the case of strong coupling, the resonances of the
collective mode can become too broad and can be effectively
unobservable in nuclear reactions (but not in photonuclear
reactions); at the same time, however, the widths of the re-
sonances due to barrier effects in the cluster channels can be
greatly reduced.

To confirm all these qualitative ideas, we must include
in a quantitative computational scheme the cluster and col-
lective modes simultaneously. We now consider how to solve
these problems on the basis of a generalization of the ideas of
the algebraic version of the resonating-group method.
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To study the part played by the interaction of the collec-
tive and cluster degrees of freedom of the composite nucleon
system in a collision of two light nuclei (clusters), we seek the
wave function of the nucleon system in the form of a series

Y= E Cn.'v 1”; 'V), (61)

where C,,, are expansion coefficients to be determined, and
|n,v) are many-particle oscillator translationally invariant
functions of the basis states with a definite number v of oscil-
lator vibrational quanta of the two clusters relative to one
another and a definite number # of oscillator quanta of the
longitudinal vibrations of the mass quadrupole of the nu-
cleon system formed from the two clusters.

The representation of the basis functions |7,v) makes it
possible to follow both the relative motion of the two clusters
of the compound nucleus and the longitudinal vibrations of
its mass quadrupole. The basis { |1, v} ] contains the basis of
the collective Sp(2, R ) model and the basis of the standard
variant of the resonating-group method. Thus, we obtain the
basis { |r)} of the collective Sp(2, R ) model if we set v = 0:

Ly [ O

In turn, the basis { |v) ] of the standard variant of the reson-
ating-group method corresponds to a zero value of n:

1v)y=10, v).

It 1s well known that the functions |0, v} abd |n, 0) are not
orthogonal if n = v (orthogonality of these functions for
n#vis guaranteed by the fact that they belong to states with
different total numbers of oscillator quanta). The degree of
nonorthogonality of the functions |0, v) and |n, 0) forn = v
is determined by the magnitude of their overlap integral (0,
vin, 0} |, —,-

The overlap integrals of the basis functions of the alpha-
cluster and collective channels were analyzed in Refs. 44 and
45 with a view to explaining the large probability for the
decay of collective excitations through the alpha-cluster
channel. However, these studies considered only the qualita-
tive aspect of the problem, since the wave functions of the
excited states of the nucleus were chosen in a highly sche-
matic form.

The values of the overlap integrals of the collective and
cluster basis functions can be readily calculated by means of
Eqgs. (6), (21), and (31) given in Sec. 1. For this, it is necessary
to calculate the fth derivative with respect to R, the
(2n + f)th derivative with respect to R, and the nth deriva-
tive with respect to 3 of the overlap integral (6) at the point
R =R =B =0, having first set 8 = 0 in (6). [We recall that
f=A — 4 for states of normal parity 7 = (— 1), while
f=A—3 for states of anomalous parity 7= (— 1)4+1.]
The result must be projected onto the state with the given
orbital angular momentum and divided by the normaliza-
tion factors (21) and (31). The upshot is that we arrive at the
following expression for the overlap integrals:

; Ads \V By (2n4-{)! T'(J)
0, vin, B)= 5nv( :1 ) e P ETEI
N =2n-L1f.

(62)

As before, it is assumed that a nucleus of the p shell consists
of an alpha cluster (4, = 4) and a cluster in which the num-
ber of nucleonsis 4, = A — 4. The values of the overlap inte-
grals (62) for the states of normal parity of the nuclei *He,
“He, "Li, and ®Be are given in Table VII.

It follows from Table VII directly that the states of the
collective basis with small » hardly differ from the states of
the cluster basis with small v. Therefore, in the case of the
excitation of quadrupole vibrations of small amplitude,
when basis states with small #» are dominant, vibrations of
the clusters relative to one another are also excited. But
apart from the Coulomb and centrifugal barriers, the cluster
channel does not have any other reasons preventing the sys-
tem from breaking up into two clusters, provided the energy
of the system exceeds the threshold. As a result, the collec-
tive excitations of small amplitude decay into two clusters
without hindrance, and it is difficult to believe that they will
be manifested openly in the scattering of one cluster by an-
other.

At the same time, in the excitation of collective vibra-
tions of large amplitude basis states with large » which do
not overlap with the basis states of the cluster channels begin
to be dominant. Therefore, the collective quadrupole excita-

TABLE VII. Overlap integrals of the functions of the collective and cluster bases.

n A=75 A=68 A= A=28
Q 1 il 1 1
1 0,840 0,843 0.910 0,894
2 0,726 0,710 0,812 0,792
3 0,640 0.605 0.721 0.670
4 0,574 0,524 0,649 0.619
5 0,521 0,462 0.570 0,551
6 0,479 0,413 0.511 0,492
% 0.443 0,373 0,461 0,443
8 0.413 0,340 0,419 0,401
9 0,385 0,313 0,383 0,365
10 0,365 0,289 0.352 0,334
11 0,346 0,269 0,325 0,307
12 0,329 0,252 0,301 0,283
13 0,313 0,236 0,281 0,262
14 0,299 0,222 0,262 0,244
15 0,287 0,210 0,246 0,227
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TABLE VIII. Oscillator radii and threshold energies.

SHe (7t 8L (atd TLi{a+1
A 511 et p) ' SHe (750 ‘ "Be (o 3H1%) sBe (o)
re, F 1,41 1,47 1.45 1,41
E g, MeV 23,19 —25,36 —34.68 —56.38

tions are isolated from the nuclear breakup channels and can
be manifested in nuclear reactions in the form of narrow
resonances, as is confirmed by theoretical calculations.

To investigate resonance states in nuclei of the first half
of the p shell, we used 25 functions |n, 0)=|n, col), 0<n<25,
of the basis of collective excitations (the calculations of Refs.
4, 5, and 17 showed that 25 functions are quite sufficient for a
correct description of the four or five lowest collective exci-
tations with definite orbital angular momentum) and 100
functions |0, v)=|v, cl), 1<¥<100, of the basis of cluster
states. The nucleon-nucleon interaction was simulated by
the first variant of the Brink-Boeker potential.?! Noncentral
forces and the Coulomb interaction between the protons
were not taken into account. The oscillator radius was cho-
sen to minimize the energy of the breakup threshold. The
actual values of r, for each nucleus are given in Table VIII,
which also contains the threshold energy.

Among the different methods for orthogonalizing the
basis {n, col), |v, cl)} used in the calculations, we chose a
variant of Schmidt orthogonalization in which the functions
|v, cl) of the cluster basis are not changed, while the func-
tions |n, col) of the collective basis are rearranged to make
them orthogonal to the functions |v, cl). The new rear-
ranged functions |v, col) of the collective basis are related
to the original functions |v, col) of the same basis and the
functions |v, cl) of the cluster basis by the simple relation

v, coly=(lv, col)—ay|v, clh)/}/ 1—as,

where a,=(v, col|v, cl). The system of basis functions
{ |v, col}, |v, cl) } is very convenient for describing the con-
tinuum states. The generalized Fourier series of the wave
function ¥ of the nucleus has in the rearranged basis the
form

V= 2 Cq,,'v l'\’g a),

v, 0
where the index & can be equal to either 1 or 2. If @ = 1, then

v, 1= |v, col),
but if @ = 2, then

lv, 2) =1]v, ¢l )

The case of minimal v is an exception, since then the func-
tions of the cluster and collective bases are identical. The
coefficients C, , satisfy the wave equation of the investigat-
ed model, written down in the representation of the basis { |v,
a)l.

We consider first the continuum states of the nucleon
system that can be obtained by diagonalizing its Hamilton-
ian on the complete basis {|v, @) } or on part of this basis. A
particularly interesting question is the evolution of the spec-
trum of collective excitations when the number of basis func-
tions of the cluster channel taken into account is varied (Fig.
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13). The left-hand side of Fig. 13 shows the spectrum of col-
lective 0™ excitations (i.e., excitations with zero angular mo-
mentum and positive parity) of *Be obtained in a calculation
with 25 basis functions |v, 0)=|w, col). To this basis there
were then added 1, 2, 3, etc., cluster functions |0, v)=|v,
cl)=|w, 2). The curves in Fig. 13 show how the cigenvalues
of the many-particle Hamiltonian vary as the cluster basis is
enlarged. Of course, physical meaning attaches to only those
points of the curves that correspond to integer values of y,
where u is the number of basis functions |v, 2) employed.
With increasing iz, the energies of the ground state and of the
first excited 0% state decrease monotonically, the latter ap-
proaching the threshold slowly. Note that for u>50 the
ground state sinks below the threshold. (We recall that in the
calculation the Coulomb interaction was not taken into ac-
count, and therefore the ®Be nucleus is bound in the ground
state.) The second, third, and other excited states reach a
plateau at certain values of u. The energies corresponding to
this plateau are the energies of the resonance states formed
by the interaction of the quadrupole and cluster modes. On
the basis of an analysis of the data shown in Fig. 13, it can be
concluded that when the cluster mode is included the first
excited state of the quadrupole degrees of freedom “dis-
solves” in the continuum, while the second, third, and re-
maining collective excitations lower their energy and be-
come resonances. The lowering of the energies of the
collective resonances occurs simultaneously with the de-
crease in the energy of the ground state, and therefore, the
ground state and resonance states are situated at a few mega-
electron-volts (~8 MeV for “Be) below the corresponding
states obtained in the calculations on the basis of the collec-
tive functions. (Note that the energy is measured from the

E,MeV.
25’""—

101

FIG. 13. Dependence of the energy of the collective 0* excitations of the
nucleus *Be on the number of cluster functions included.
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FIG. 14. The S-wave phase shift of aa scattering calculated by the reson-
ating-group method (broken curve) and by the same method with
allowance for the collective degrees of freedom (continuous curve).
threshold of complete disintegration of the nucleus into free
nucleons.) This conclusion is also confirmed by the results of
calculation of the phase shifts of elastic aa scattering in the
channel with zero angular momentum (Fig. 14). When the
eigenvalues reach the plateau, the elastic-scattering phase
shift exhibits resonance behavior. At the same time, in the
neighborhood of the first collective excited 0* state [its ener-
gy relative to the threshold of aa decay is 15.03 MeV] the
phase shift behaves monotonically, illustrating the conclu-
sion that this state is “dissolved” in the continuum.

To elucidate the causes of this result, we consider the
wave functions of the collective model. As already noted
above, the overlap integrals of the basis functions of the col-
lective and cluster modes are nonzero, so that in any func-
tion of a collective excitation {C ¥} (here, y is the set of
guantum numbers characterizing the collective state, and
C ™ are generalized Fourier coefficients) functions of the
cluster basis are present with a certain weight. This weight in
the given state y can be calculated in accordance with the
formula

W* =3 [(v, ol |v, col)CSl e,
v

Comparing the weights W ¥ for different states y, one can
estimate the degree of coupling of the collective and cluster
modes in these states.

Table IX gives the values of WX for the five lowest

collective excitations of a number of the lightest p-shell nu-
clei. The weight W° of the cluster basis functions in the
ground state of these nuclei is 75-90%, while in the first
excited state it is between 40 and 54%. The remaining states,
which become resonances after inclusion of the cluster
mode, are represented by cluster functions of not more than
35%. Thus, the larger the amplitude of the collective vibra-
tions, the weaker their coupling to the cluster mode. And
this, in its turn, leads to the formation of narrow resonances
with high excitation energy (£ > 20 MeV). By means of Table
IXitis possible to establish the maximal weight of the cluster
functions in a collective state for which the collective state
does not yet “dissolve” in the continuum. This weight is
about 36% (the cluster weight of the second excited 3~ state
in the "Li nucleus). It also follows from Table IX that a col-
lective state dissolves in the continuum if its cluster weight
exceeds 40%.

Figures 15-17 show the spectra of the collective excita-
tions of the lightest p-shell nuclei obtained in calculations
with a basis of longitudinal, quadrupole vibrations and the
spectra of the resonances formed by the interaction of the
collective and cluster degrees of freedom. The same figures
show the resonances obtained in calculations with the clus-
ter basis. The data given in the figures make it possible to
answer the question concerning the effect of the collective
mode on the parameters of the resonances generated by the
centrifugal barriers. The coupling of the cluster mode to the
collective mode appreciably reduces (by 1.5-2 times) the
widths of these resonances and, to a lesser extent, their ener-
gies.

The energies of the collective resonances exceed 25
MeV, but their widths are not more than 1 MeV. At the same
time, the widths of the resonances due to the centrifugal bar-
riers are almost an order of magnitude greater than the mean
width of the collective resonances and are 0.9-3.2 MeV.
With increasing energy and orbital angular momentum, the
widths of the collective resonances undergo small changes,
this being explained by the weak coupling of the collective
and cluster modes at the energies corresponding to these
resonances.

TABLE IX. Weights of cluster states, in %, in the wave functions of the collective excita-

tions of p-shell nuclei.

n
A It
0 1 2 3 4
5 1- 89,04 39.69 21,24 17,62 18,72
0+ 83,62 45.38 26.92 21138 92149
6 9+ 84.13 45.66 97.99 92.06 23,14
- 83.59 53.11 34,61 27 .54 98.53
G 3~ 82,61 54.08 35.83 28.92 29.68
0+ 76.21 49.37 33.66 26.60 2697
8 9+ 75.46 49.55 34.11 27.33 28.73

*However, a detailed investigation of the situation shows that in the re-
gion of the continuum energies where the collective states ‘“‘vanished”
the theory predicts well-defined broad maxima in the cross sections of
photodisintegration and radiative capture, so that in fact the first collec-
tive excitations are reborn in giant quadrupole resonances.

173 Sov. J. Part. Nucl. 16 (2), March-Apr. 1985
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FIG. 15. Spectrum of collective excitations and resonance states of the
nucleus °Li (°He).

5.MICROSCOPIC THEORY OF PHOTONUCLEAR REACTIONS

One of the most important characteristics of excited
nuclear states in the continuum is the probability of electro-
magnetic transitions to these states from the ground state of
the nucleus. It is well known that the reduced matrix ele-
ments of the operators of the electric dipole and quadrupole
transitions are related in a simple manner to the effective

50,15
e L - 2 0.54)
it 36,60
' : 3533
1 — (0,57)
208
- 29,31 3 a0 (0.73)
1'—-—27’24 2645
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FIG. 16. The same as in Fig. 15 but for the nucleus "Li ("Be).
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FIG. 17. The same as in Fig. 15 but for the nucleus *Be.

cross sections of photo- and electrodisintegration, and also
to the radiative-capture cross sections. Therefore, knowing
the wave functions of the ground state and the continuum
states and, in addition, calculating the reduced matrix ele-
ments of £ 1 and E 2 transitions, we can obtain by means of
theory information directly from experimental data on pho-
tonuclear reactions at energies above the threshold.

Antisymmetrized wave functions of states of the dis-
crete and continuous spectra were calculated for a system of
two interacting clusters in Sec. 3, and all the reduced matrix
elements needed to calculate the transition probabilities
were calculated in Sec. 1. In this section, using the well-
known relation

B (E\; L — L&E)
[ 3 cH%n Ly || @ || nLwy C';?‘EJZ (63)
we calculate the probabilities of E 0, E 1, and E 2 transitions
in the nuclei °Li, “He, and "Li. Here, £ and E are, respective-
ly, the energies, measured from the breakup threshold, of the
ground state and the continuum state, and the functions of
these states C *" and C - ™ have the usual normalization:
D e =1

n

1
T

D CLBCL™E _§ (k— k') (64)
n
k=Y 2mE[R.

We note that the algebraic version of the resonating-
group method makes it possible, by virtue of the simplicity of
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the computational algorithm, to investigate not only the pro-
babilities of electromagnetic transitions to the continuum
but also the dependence of these probabilities on the energy
of the electromagnetic radiation and the distribution of the
energy-weighted sum rules over the continuum states with
different energies E. _

An investigation of the monopole isoscalar transition
from the ground state (E,) to the state with energy E was
made in Ref. 46, in which the matrix elements of this transi-
tion were calculated for two nuclei: ’Li and ®Be. It was found
that the probabilities B (E 0, E;, — E) have a clear maxi-
mum about 2-3 MeV above the threshold of the breakup of
these nuclei into & + ¢ and @ + @, respectively, and the con-
tribution to the energy-weighted sum rule from transitions
to this region reaches about 50-70%. At the same time, as we
have already noted above, in a study of photodisintegration
and radiative-capture reactions it is not only the probabili-
tiesofthe E 1 and E 2 transitions but also their dependence on
E that is of interest.

To construct this dependence, we need the wave func-
tions { C L "F} of states with arbitrary energy E exceeding the
energy threshold. Such functions were found by solving the
system (53), the Brink-Boeker potential containing only cen-
tral components being chosen as the NN-interaction poten-
tial. This last circumstance makes it somewhat harder to
compare directly the properties of the nuclear states charac-
terized by the quantum numbers L ™ with the corresponding
experimental data; however, even in this simple approxima-
tion one can establish important properties of the wave func-
tions { C £ ¥} and, in particular, the ones that determine the
most characteristic features in the behavior of B (EA ) with
increasing energy E.

Theresults of calculations of B (EA ) as functions of E are
shown in Figs. 18-21. For all multipolarities that we consid-
ered, the probabilities of transitions from the ground state to
continuum states with energy E exhibit a strong dependence
on E. Increasing strongly from zero at the point E = 0, they
reach their maximal value at energies not exceeding 2 MeV

B(E}Q, ez.F‘
200 [\ E oy = 0.65 MeV
150 Li, Lﬁ;.sfr
100 H
E o = 1.55 MeV
B(E2,1~37)
S0H
B(E2,1~1)

0/

0 foo2 T %

E, MeV

FIG. 18. Isoscalar monopole B (E 0) and quadrupole B (E 2) transitions in
the nucleus "Li coupling the 1~ ground state and the continuum states, as
functions of the energy of the relative motion of the fragments a and 7.
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FIG. 19. Isoscalar, isovector, and charge quadrupole E 2 transitions B (E 2,
17 — 37)in the "Linucleus. The arrow at the bottom indicates the energy
(E = 4.58 MeV) and the width (I" = 3.26 MeV) of the 3~ centrifugal reso-
nance.
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FIG. 20. Dipole transition probability B (£ 1)in the He and "Linucleias a
function of the energy of the relative motion of the fragments a + 2n and
o + t, respectively.
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FIG. 21. Probabilities of monopole and quadrupole charge transitions in
the °Li nucleus. The arrow at the bottom indicates the energy (E = 3.04
MeV) and width (" = 2.36 MeV) of the 27 centrifugal resonance.
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above the threshold for breakup of the nucleus, the maxima '

in the E O-transition probabilities being situated at slightly
lower energies than the analogous maxima of the E 1- and
E 2-transition probabilities.

Having reached the maximal value, the £0- and E 1-
transition probabilities decrease to zero with increasing en-
ergy. There is a similar behavior of the components
B(E2, LT — L7)of the quadrupole transition, whereas for
the components B(E2, LT — LT + 2) the corresponding
curves in the region of energies 3<E<4 MeV decrease more
slowly, passing through a point of inflection, tending to zero
only after this has happened. This retardation is evidently
associated with the presence of a resonance due to the centri-
fugal barrier. The parameters of this resonance (its width
and position) are indicated in Figs. 18-21.

The causes of the appearance of the resonance peak in
the dependences of B (EA ) on E can be clarified by analyzing
the wave functions {C %™} and {C L™} for different values
of the energy, and also their overlap integral with the re-
duced matrix elements of the operator @, , . Figure 22 shows
the functions of the ground state (L ™ = 17) and four states
of 'Li (L ™ = 2*)lying in the continuum with different ener-
gies. The "Li ground state lies 0.67 MeV below the threshold
of disintegration into an e particle and a triton, and its wave
function is mainly localized at small values of » and already
almost vanishes at n ~40-50. When k — 0, the overlap inte-
gral of this function with the continuum functions ap-
proaches zero asymptotically as k ’*+2, as a result of which
B (EA )= 0at k = 0. With increasing n, the wave function of
the E, state slowly increases, reaching a maximum at n ~ 60—
70, its node lying at fairly large n. The overlap integral of the
two functions also increases, and with it the sum (63). How-
ever, with increasing energy the node is shifted to smaller #,
and at E = 1.5 MeV it is situated at the point n ~ 50, In this
case, the overlap integral of the functions considered is maxi-
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FIG. 22. Wave functions { C?"%} of the 1 ~ ground state of the "Li nucleus
and 27 states in the & + ¢ channel.
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mal, since in the region in which the function {C2* %} is
negative (n>50) the ground-state function is practically
equal to zero. Therefore, by virtue of the fact that the re-
duced matrix elments have a fixed sign, the value of B (E 1,
1~ — 2%*)isalso maximal at E = 1.5 MeV (see Fig. 20). With
further increase in the energy, the node of the continuum-
state function is shifted to the region in which the function
{C17¢} is nonzero, and negative terms begin to make an

- appreciable contribution to the sum (63), this ultimately

leading to a decrease in this sum. It is obvious that in the
limit of very large E, when the continuum function begins to
oscillate rapidly, the sum (63) must tend to zero.

Thus, the maximum in the dependences of B (EA Jon Eis
due to the general properties of the functions {CZ™} and
{CL"F}, and therefore it must be observed in all the EA tran-
sitions which we consider. Besides B (EA ), we calculated the
isoscalar monopole and quadrupole sum rules exhausted by
the continuum states. We found that the near-threshold re-
gion exhausts an appreciable fraction of not only the mono-
pole sum rule, as was shown for the first time in Ref. 46, but
also the quadrupole sum rule. For example, in the “He(°Li)
nucleus the energy interval from 0 to 4 MeV above thea + d
threshold corresponds to about 75% of the quadrupole sum
rule, of which only 15% is exhausted by the region of the
centrifugal resonance discussed above. The near-threshold
region (0KE<7 MeV) in "Li exhausts about 60% of the qua-
drupole sum rule, of which about 20% corresponds to the
centrifugal 3~ resonance. In the same region of energies, the
E 2 transition 1 = — 17 exhausts about 30% of the sum rule.

The cross sections of photodisintegration, o,,, and ra-
diative capture, o, are connected by simple relations to the
EA-transition probabilities:

802 (A1) k2P+!

S L ;L [(n;;)“]z (20, + 1) = B(EA; 1,E—Ie);

c v

25-1

8asez (A1) &y

Oy =—¢ 7\[(23\4—1)!!]23(5'?“; Iie— I,E),
where

_ Wk __ kAt As

Tn o m Al 7

where I; and I, are the orbital angular momenta of the initial
and final states, respectively, and k,, is the momentum of the
incident (for o,,) or emitted (for o) photons.

Using these relations, we calculated the cross sections
of radiative capture and photodisintegration in the nuclei
®He, Li, and "Li. Like the corresponding transition probabi-
lities, all the cross sections have a maximum in the near-
threshold region and decrease with increasing energy. Fig-
ure 23 shows the cross sections for photodisintegration of
the "Li nucleus into an @ particle and a triton. As follows
from the reduced dependences, at low energies the compo-
nent of the 1* — 0% transition is dominant, but with in-
creasing energy this component rapidly decreases, and the
main contribution to the total cross section o7 is made by the
17 — 27 transition. Thus, in the photodisintegration of "Li
the yield of fragments with low energy of the relative motion
will be maximal. The same can be said of the process of radia-
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FIG. 23. Cross section for photodisintegration “Li(y, a)t. The indices
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tive capture in this nucleus—the formation of a compound
Li nucleus is most probable at low energies of the relative
motion of the colliding particles.

CONCLUSIONS

Thus, the technique of generalized coherent states is
effective in the solution of many problems of microscopic
nuclear theory. The examples given above only partly dem-
onstrate the possibilities of this technique. The next step in
the development of the approach discussed in the review
may be associated with the investigation of other problems
of microscopic nuclear theory. Among the problems whose
solution has become realistic on the basis of the technique of
generalized coherent states we can mention many-channel
reactions with the participation of several nuclei in the exit
channels, then nuclear and photonuclear reactions accom-
panied by the excitation of various collective modes, and,
finally, the problem of the complete solution of the wave
function of the Sp(6, R ) symplectic model. The importance of
these problems for the microscopic theory of the nucleus is at
the present time in no doubt.
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