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The formalism of the quasiparticle-phonon model of the nucleus for odd spherical nuclei is
presented. The exact commutation relations of the quasiparticle and phonon operators together
with the anharmonic corrections for the phonon excitations are taken into account in the deriva-
tion of equations for the energies and structure coefficients of the wave functions of excited states,
which include quasiparticle-phonon and quasiparticle-two-phonon components. The influence
of various physical effects and of the dimension of the phonon basis on the fragmentation of the
single-quasiparticle and quasiparticle-phonon states is investigated.

INTRODUCTION

The behavior of the single-particle levels of the average
field is revealed in the low-lying states of odd nuclei. As the
excitation energy increases, the structure of the states be-
comes more complicated. The strength of the single-particle
states is fragmented (distributed) over many nuclear levels,
and many-quasiparticle components begin to become pre-
dominant in the wave functions. In recent years, great pro-
gress has been made in the study of deep hole and highly
excited particle states in odd spherical nuclei. As a result,
rich experimental information has been obtained on the frag-
mentation of single-quasiparticle states.

Study of the radiative strength functions is of great in-
terest. Much experimental material is available on partial E 1
and M 1 transitions from neutron resonances to the ground
and low-lying states of odd spherical nuclei. The time has
come to study y decays of deep hole and highly excited parti-
cle states. The widths of the partial radiative transitions in
odd nuclei are determined by the fragmentation of the sin-
gle-quasiparticle and quasiparticle-phonon states.

The fragmentation of these states can be successfully
described in the framework of the quasiparticle-phonon
model of the nucleus. This was formulated on the basis of a
development and generalization of the superfluid nuclear
model."* The basic ideas were developed in 1971-1974 in
Refs. 4-7. The fundamentals of the model and some of the
mathematical formalism have been presented in reviews,®!!
conference proceedings, and lectures.'?"'® The present paper
continues the series of reviews of Refs. 8—11. It is devoted to
an exposition of the mathematical formalism of the model
for odd spherical nuclei and an investigation of the influence
of the various components of the wave functions of highly
excited states on the spectroscopic characteristics and radia-
tive strength functions.

1. HAMILTONIAN OF THE MODEL

A general characterization of the Hamiltonian of the
quasiparticle-phonon model is given in Refs. 8—10. Here, we
shall only briefly consider this question in order to make the
arguments in the main text of the paper more clear. In addi-
tion, in this section we shall introduce the main notation.

The Hamiltonian of the model includes phenomenolo-
gical average fields for the protons and neutrons, these tak-
ing the form of the Woods-Saxon potential, monopole pair-
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ing proton-proton and neutron-neutron interactions, and
separable multipole and spin-multipole forces, which have
isoscalar and isovector components, in the particle-hole
channel. Effects associated with multipole pairing'” will not
be considered in this paper, and the corresponding terms are
not included in the Hamiltonian of the model (see Ref. 10).

Thus, in the notation of Refs. 10 and 11, the Hamilton-
ian has the form

H=Hgyy+ Hpsir+ Hi + HEY. (1)

After a Bogolyubov canonical transformation from the
nucleon operators a;),, a,, to the quasiparticle operators
@i Tjm >

Gjm = UGy + (—)™ V08 m,
in which the coefficients u; v, are chosen to minimize the
expectation value of H,, + Hp,g with respect to the
ground (quasiparticleless) state of the even-even nucleus,

this part of the Hamiltonian is given by the following expres-
sion (Refs. 1-3 and 18)":

Hyv 4+ Hpair —3"2 Sja;majm- (2)
m

In (2), &; is the energy of the quasiparticle in the level of the
average field with quantum numbers n/j (for brevity, denoted
by the single letter j). The summation in (2) is over all levels of
both the proton (p) and neutron (n) systems, the isotopic in-
dex 7 = {n, p} being understood in this case. In what fol-
lows, the substitution 7 — — 7 will signify the substitution
He>p.

The separable multipole and spin-multipole interac-
tions have the form'!

1
BRI (=t} 3 (4 pw VM () My (00,
b Mp:-t:ki ;
B, =73 3 3 (4P |
LM l=11:.

w o Ew
p==1

L1
+ ) [Sta (V) SEar (o),
The constants of the isoscalar and isovector components of
the interactions are denoted by x{, x5'*) and %\, %), re-
spectively.
Although, strictly speaking, the structure of states of
electric type A™ is formed under the influence of the H §3(A)

HE =) 3
>

U Here and in what follows, monopole excitations are not considered.
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+ HE,(A, A) forces and that of states of magnetlc type un-
der the influence of the HE,(A —1,4) + H%, A+ 1, 4)
forces, and in certain cases the contribution of both compo-
nents is important for the adequate description of the struc-
ture and properties of nuclear excitations,'®'? we shall re-
strict ourselves in the present paper to the variant in which
the Hamiltonian (1) contains only the terms H% and

S(L—1,L).
After the Bogolyubov transformation, the operator
M ;, (7) takes the form

Mify(v) = 1f27n?1‘2 T {8 14* (77, ¢

+(=PAG T - AFB (A -

(4)
where we have introduced the notation

A+ (' ih) = 2 (' fm A o e

B (j'iMy) =f;§‘ (=™ (' m jm | A @om C g

=G 1| Ry (1) MY o (17 udh =gy ugye;

v =uuy —v;.

The form of the operator S §;; () can be found in Refs. 10
and 11.

We now go over from the creation and annihilation op-
erators of fermion pairs with angular momentum A, i.e.,
A *(f'jAm), A (7’jAp), to creation and annihilation operators
for phonons with angular momentum 4, i.e., @ 1.;» Qi

Qfni= 2w’“A*(u'?»u)~(—)*'“qa3-“ﬁA (Gi'h—w. (5

The summation in (5) is over the proton and neutron single-
quasiparticle states. The operators @;,;, and Q ;. satisfy
the commutation relations

i M)

[Qkuis Q;l:'u'i'] =6M'6uu 2 (IPJJ ‘hj — @55 @55

—2 Z {lp.'f Jz‘ll’J.TB

§i*iy mm’
my

X (G m! jamg | M (mjam, | A p'y

Al AT’

— (=MW bR, (mjama|h —p

X (' m famg [N — W)} 0t (6)

Assuming that the ground-state wave function ¥, of an
even-even nucleus is a phonon vacuum (i.e., @,,,; ¥y = 0),
and that the simplest excited state is a single-phonon state
Q i.: ¥,, we can find the energies of the single-phonon states
by means of a variational pnnctple In the nuclei in which the
number of quasiparticles in the ground state is small, i.e.,
(Yol )m |W,) ~0, the expectation value with respect to
¥, of the commutator (6) takes the form

(FollQrues OFrpese][¥od = 8B 2 (bt — ol ).
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Then, requiring orthonormality of the single-phonon
wave functions, we obtain conditions on %“ and gvj}f :

% ) Wi
33’
In this approximation (i.e., in the random-phase approxima-
tion), the equation for the energies w,; of the single-phonon
states (of electric type or multipole states) is obtained in the
form

_(P;";'(P%"ia s 6?‘,?\,16“:. (7)

(8 + o) (X5 (m) + X5 (9) — %P XN (n) X (p) = 1;
8
v (572 (e tey) Egi

(1) =
u() 27\'-‘r12 (ej+e;)P—af;

We also write down the expressions for the amplitudes ¢
Ai |
and @7, :

e i
ol ()= 1”%. ol (1) = ——> %;
Vo o Vaa TR iy
Lo (A—OO) XH ()42
50 i 0 T ¥y M il
Yy =Y7 +Y4{(x(g»)_xtj?—)) Xh(—x )} ’ b

v (Fu)2e;500

(e3i — h4)?

M __ 1 2
Y=g Xn ()

1
O=0, +2?\-—f—1 2
33"

Here £y =& +&.
Using the expressions (8)—(10) and ignoring the terms

~B F(jj'A — B (jj'Ap), we can rewrite the multipole part
of the interaction of the nucleons in the form

HY = HR+ Hify = — % ) X5 (M+ X

Aniir nyi" A
X (@t (— )"+ Q) (O (— )Pt Qnir)
—ﬁri 2{ Qs (=) "+ Qo)

x 3 WP g iy yne). (12
it Vs T

A similar expression is obtained for the spin-multipole
interaction H5,."" It can be constructed from the expres-
sions (8)—(12) by means of the substitutions

USH = UG = UV — vy Vi - VI =yl 0 Uy
A AL
7= 157 = (11 Ba, (r) ¥ [0Y sl ac 1177

In addition, in the term H %}, it is necessary to take the
Hermitian conjugate of the phonon factor and to reverse in it
the signs of the projections. The sign of the amplitude @/ of a
spin-multipole phonon is also reversed compared thh (10)
The isovector part of the interactions H%; and HE,

acts not only in the neutral but also in the charge- exchange
channel. For the charge-exchange terms of the Hamiltonian
(1), one can make similar transformations and obtain not
only secular equations for the energies of the charge-ex-
change phonons but also the form of the interaction of thesc
phonons with the quasiparticles. This was done in Refs. 11

| and 20, to which we refer the reader for the necessary infor-

mation.
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Thus, in what follows we shall work with the Hamilton-
ian

HE €% jm + Hilo + HE o -+ Hiey + HE}vge (13)

The terms H%;,, + H &, are responsible for the inter-
action of the quasiparticles with the phonons. In even-even
nuclei, this interaction leads to fragmentation of the single-
phonon states, the giant resonances in medium and heavy
nuclei acquiring widths.!"! In the following sections, we shall
consider the part that this interaction plays in odd nuclei.

We emphasize that in considering odd nuclei we assume
that the structure, energies, and other properties of the
phonons of the even-even nuclei are already known. They
are calculated by means of the equations and relations (8)—
(11) and the analogous expressions for the spin-multipole
phonons, i.e., in the random-phase approximation. In this
sense, all the parameters of the Hamiltonian (1) have already
been fixed so as to describe the properties of the excitations
of the even-even nuclei with the possible accuracy. On the
transition to the odd nuclei, no new parameters appear.

2. SYSTEM OF BASIC EQUATIONS OF THE MODEL IN ODD
SPHERICAL NUCLEI

It can be seen from the structure of the Hamiltonian (13)
that it includes terms whose eigenstates are single-quasipar-
ticle states and states of the quasiparticle—N-phonon type
(N=1, 2,...). The interaction H§;,, + H %,,, of the quasi-
particles and the phonons will mix these states, and in the
lowest order the matrix elements of the interaction between
states differing by one phonon will be nonzero. Therefore, in
the quasiparticle-phonon model the wave functions of the
odd nuclei are expressed in the form of expansions in the
basis formed by the above states. We are interested in the
distribution over the nuclear spectrum of the few-quasiparti-
cle components of the wave function, so that components
not more complicated than quasiparticle-two-phonon com-
ponents will be included in the model wave function.

Thus, the model wave function of an odd spherical nu-
cleus has the form

¥, (JM)=Cy, {G}PM + S‘ D’:i (Jv) [a;nox—ui loar
e E F?ml,zg (Jv) [a:fm iQhumOhgum]w]JM} Y. (14)

5\-1‘1;%312

Strictly speaking, the phonon operators are not ideal boson
operators, and it is necessary to take into account their fer-
mion structure in calculating the various matrix elements. It
is also necessary to take into account the nonvanishing com-
mutators of the phonon and quasiparticle operators. Besides
the commutation relations (6), in what follows we shall also
need

[G'J?:"m Q?.ui]=IQJ-x‘-ui- o‘jm]+ (15)

.y 2 (jum
Jainy

Using (6) and (15), we obtain the normalization condi-
tion for the wave function (14) in the form?!
YI(IM) ¥, (JM))=1=C3, {1 + 2 (D} (Jv)]2
i

2 Er (Mg |ighats) DY (Jv) Dt (Tw)

.'ilfg?qil.?..,i,

jm ) "P::aaaxmx
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+2 3
?111321_11‘

L () D)
had l.? 9223?7 .
?111Agtn

F;iixleiz (J‘V) F;,f.d;élé (J'V)
X &7 (M5 Myighyi

+ 2
?;z;.wl 273"
Ayighd’

i1 hyighals; B

Flipisteis (Jy) Fijditais (Jv)

X k¥, (PAME MGG+ 3
?.,i,}.,i,jj'
Agighh’

2 D1 Fiihh () Piais (Jw)
111321, Ji gyy
Aiifhzig haish”

% [9£] (A" Ayt hgig | Ayt Aotyh) E'ﬂ?.; (7" Rgig | hgiafh")
+ S8 (M aighii] i hyiah) oty (7'M ALE [hgigf AT,
(16)

The functions . ;, #7, and %" are fairly complicated
combinations of the phonon amphtudes s @} with geo-
metrical factors. The complete expressions for them are giv-
en in Refs. 21-24. If the Pauli principle is not taken into
account, these functions vanish. As is shown in Refs. 21-24,
they are of variable sign, and the diagonal functions .%,,
A3 and %] are maximal. As an example, Table I gives the
values of the function .¥°, for the states J™ = 1/2~ and
3/27 in **Ni.** From the physical point of view, the maxi-
mality of the diagonal functions .%;, .#7, and % is natu-
ral, since the Pauli principle will be violated with the greatest
probability in the configurations constructed from identical
quasiparticles. Using this circumstance, we restrict our-
selves in the following calculations to the diagonal approxi-
mation. In this variant, (16) takes the form

(PE(IM) Y, (JM)=1=C3, {1 + 3V D (Iv)p
nij

X (1+Z () + 2.3, (PRt (w2 [ 1

Ard

Flhin (y) F;;;]:-’;},m (Jv)

X oy, ("M Mgty | Ayisfh) 4+

&k 9 ’%’-"1 (Azizxti:flﬁﬁ‘fziz);l (14 oA (T jhi Mjfilziz)]} . (17)
The diagonal functions %, (Jjidi), ¥
(AiaA iy |A1EA,0,) and A (JjA|A,i,A,0,) have the form
bl {1323) ey ]
8 Gaishitidat) = T (=t
J1dadsiv
J1 iz A =
X (2hy + 1) (21, + 1){!’4 Is hl}[\ih‘f,‘%‘é‘
h Ay J
X R — e e l; (19)
J A
ot (JjMAyighois) = — (2A4-1) ) I:{h " ml}
Ja ];"1 ja
JA ] 5
X (24 + 1) (w“”)"f{’f;h ?»z}m 1) (v J )
] h2 ]

For configurations with a quasiparticle and a phonon,
which are strictly forbidden by the Pauli principle,
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TABLE L Values of the coefficients . (4 i, |f 12 for states with J” = 1/27 and 3/27

of the nucleus **Ni.
J* nilii i nalods Vi & 5 (Grhaia | Jehaie)
1/2- 1752 2§ 1f5/2 2 —0.95
2ps/z 27 2py/a 21 —0.,67
2pg)a 2 1psf2 2§ —0,004
2py/a 21 2ps/e 25 —0,04
2pg/e 27 1fs/2 2 0,47
2py/e Zh 1dg/ 37 —0,05
3/2- 122 o 1fase 24 —0.36
1fa/2 2t 2pa/a 2i —0.13
Lfzls 2f 2pyj2 2f —0.1
1fz/2 2 1ds/2 37 0.01
Z(JjAi) = — 1, and they are automatically eliminated from L8YE - B 5 DY (Tv) Fisistat (Jw)
the normalization and the subsequent expressions.** If the hifhaisheia has
. . . . . . r3ir P 0at 0
Pauli principle is violated in the two-phonon components, Ariithiiihelz o
then %% = — 2, and such components are also eliminat- X [(2f5 4 1) (2hg+ D12 (— )i +ri4-T {21 7;3 ;:}

ed.?®*® Finally, if the Pauli principle is violated in a quasi-
particle-two-phonon component between the quasiparticle
and one of the phonons, then .#/ = — 1, and such a compo-
nent vanishes from the wave function (14). Thus, allowance
for the rigorous commutation relations between the phonon
and quasiparticle operators guarantees fulfillment of the
Pauli principle.

We calculate the expectation value of A’ (13) with re-
spect to the wave functions (14), obtaining

(WS (M) H'Y, (TM)y = C3 { &g+ 2 (D} (J9)P (854 01)

Aid
g S DR IN) DI (I (L (il liahale)
haida
Aatads

X (8413, T Oigiy T Ongi) — Ry (7shsiy|ahata)]

—VE S DU [T+ 3 T
Aid i
x Zaraliviy |2 3 {[FR ) ¥
Rairhaiaid
X (e + OniyF 00+ 2

[ 2 T2
hiithaiai®J |

Fifi ()

s B (1) [ 3 9] (T i haiaT ) 5

2 a1y
+ o], (/T Mig | hgigj T 0) 8, 265,
1 ra tara - 3
+3 z T (I Mighais| Myl halad 1)
T'heds

% oty (f'J;Miilkafst')] (25 + @iy + Ongiy)

85 (T ishaiaf T3 )} +2 3 DY (IWFF ()

Jithin’i’
Alidgd,

X [8550aneBa4e + Ly (j'A'1"|7M)]
s [Uhsh (17) + 5 U (9) 98F (WALEME Dbt |

M_z{
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X l5i;i.5i,55x,5\5i,iaqx,51;;,,51’;,61,;3 (I' (jsi'Myiy)
+ D T (M) L (ihatil i haty))
iahaia
+ T (5" Mi3) (8a2aB571,830.8 11,00
K Ly (ighois| fM) + 5 90 (MMM |AgigAis))
K (835, 8a00.8553 + £ 5 (fghala [j?u')))

1 s ot ter "y . Xy ) -
45 ) T(jjihsis) 7 (MhihgigI A shais)

¥k
I3h34a

K Ly (Thgig 17 Miy) 51;}\.26i;1'2653jj} - (21)
Here we have introduced the notation
= #{M) ()
P e aal, (22)

27 +1 V%ﬂ .
Ry (jiirlishaie) = 2" (X7 (hyishat’) Ly (i lfohat)
+ X yi ML s (Johotz If;lli')irgf_.;_ XT MA) [ L1 (ihalyT5M)

K Ly (oot |ishi") 4+ Lo (ool |1sM) L5 (FihaielishiN)s (23)
{ XM (T)—i—X?"i’(‘B)

X" (Mighois) = R i LL
1447272 4 V-_y‘t‘t’“fyi'“z ?
’ Ferntaf - . . 1 " .t r tat ) r
SJ (]"Jﬂ“z'z?"lh1;\'1117\'2:21J1) = E 21 {[W/‘VL(] "r17&111la""]']r )
Jhii’

+ 855Baguigdreag] [ X (AihE") 7 ( giihd [haiihatad )
+ X® (hgighyty) 7 (I hgi M | hyisAgia )
DT X (gighgt’) T (Tohalihai [hyishaiad )
Johsishaia

% S8 (' M ihi |Agighyind 5)]

— VT X (i) o], (T Mg |AE o)
Jz]‘s?tuia
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X [ . o "N Agisf"T2) (88101500 81,158027,

+ e (T Mihiis [Mgighial ) + (—)7 Hrthethe

X oM, (jad "heda |hgiaf" T5) ( 81aguigBann;Biiguga,
g B (TN idgisl) ) | —2( 8n1g8148h,3 00,1000
T Dgihiy Midgind ) JXAAE) oA, (T iy 10877} 5
(24)

Uit (M) = Qs (H¥eg + HElivg) [Qllumohugh]hu I}

____( )?~1+1z"? 1

T3 (@h - 12+ 01T (sl 1 2

V X ]1 j2 Js

o4F)
hh Yhii {ll Ay 7‘-}( Li (PM“
V‘ min U J2 1 PisisPisis

RN VI 1, ¥
+(—)""id J..:n)+ V}”"
{M hy

e el ()Pl ], (29)

where v} appears in combination with the multipole ma-
trix elements f 4, and vi%) with the spin-multipole ele-
ments; the numbers b, and b, take the value 0 in the case of
the multipole matrix elements f 7, and 1 in the case of the
spin-multipole elements. In the diagonal approximation for
the functions .&,;, %~ f, and .#7 [see the expressions (18)-

(20)], the mean value of the Hamiltonian has the simpler
form

J1dads

Aydr hois

b, A hai
X5, @i +(—) MPJ,??'PJ;J?)*]"

(W% (JM) H'Y, (J))
=3 {es+ 3 (D} (¥ e+ 00— RUTA))
rij
—V 205 (%) T jM)]
XMU+ETMN+2 3 [Fitht vz
Mirhgigid

X (&5 Ongiy + Oy, + 8 (A | Ayighols))
[+ ™ (haighaty | Aiihate) | (Lo (T7 | Dihyis)]
+2 3 DY (Iv) FRM () UL (M)

Mishois
hid
X [1"]‘ %Wl (Raishyly | 7\1"17\'2":’.)_' [1+4Z (Jjri)]
22 3 DY (Tv) FiiM () [(2f 4 1)
AdAgdy
jj'a-‘

)3‘"+7\|+7\-+J

X (2N + )12 (—

X {%1 o }P (77" Aiy) (1-{- N (Midyiy 17“1‘1?“)}

X M+ & (Tj'hin)+ £ (M)} 3

cua: I Ry (jiMiy | jihiy) |
R (i) =12 Gihatyy ]

S (JjA | Mighoiy)
S (jMhgighyis | Mivhaiaih)

) [1+%m4 (hatahats | Miﬂtgin)-l [-Holl (J7A | haishai)] )
(27)

(26)
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As can be seen from (26), the states forbidden by the Pauli
principle do not contribute to the expectation value of the
Hamiltonian.

We use the variational principle
8 (W% (M) H'W (T M)y—nyy [(F% (JM) Wy (JM))— 1]} =0
(28)
and obtain the following system of three equations:

{er—nret 2 UDF (I9)2 (65 + @35 — R (JjA0) — 1)

nij
— V205 (I T (JjAd)] (1 + £ (TjAd)]
__2 Z F?]leg’i_g JV)P

Liish zig
X[es + @i, + On,i, + 8 (TGh | Mighois) — My4]

L sgadion v 5 S 3 3 STR o
b [1-:— 79?} (Raiahady | My ghyt,) ] [ ol (70 | Ryighaiy)]

42 2 D,“ V) F;\im.gi, ()

?11']\.11;?,23
X Ul (hi) [ A 7 (hadghaiy | i hoy) | 1+ £ (T700))
—2V2 3 DR E v ()
MifiTA M

X [(2] +1) 20+ 1)]'72

o B T s e B
%7 L} O [14 g o™ (g, | i) |

X [+ £ (J7"hiy) + £ (mzn}:o; (29)

D} (%) [ &+ 0ps — R (TjA) =17, — V' I (J744) ]
X [14 £ (JjAi)]
& Z Flytihete (Jv) U} :;: (Ad) [1 At —12- ot (Aaishyiy | ?\,,iihziz)]

Aiiidoiy

X[+ (T =V2 3 Fii (Tv) [(2j4-1) 20 + 1))

APtk

5 ( ___).i’+?u+?u+J T (jj,?\'iii) {?"1 AW

P
(445 % igdy | Mgighi) |
% [+ £ (Ji"Miy) -+ £ (JjM)] =05
Flihets (1) [e5 + @iy + Oagiy+ S (J7A | Aiihgis) —Ms4]
x [445 " (hatahais | Aiaiaziz)] [1+ ot (M | A hais)]
+4 ) DY () Ukt () [1 g ™ (hgighyiy | Mighaly) |

3 [ D5 T T (aihais)

d2

(30)

% [1+Z (JiM)]— 2 1'/5,

3 Aq Ay A
X[y ) @4 D) (— it (T

< [+ 5 98™ (hyighaly | M) | [+ £ (T7had) + L (TTsholo)
+ D (I9) T (jafhai) [(22 1) (A + 1)1

5 (— b il + 3 S (hyiahaiy | Mighals) |

)j+J—3.
I j js
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X[+ (ki) + £ (Tiahig)] | =

Substituting the expression for F ;! iz (1) from Eq. (31)
in Egs. (29) and (30), we obtain the fundamental system of
equations of the quasiparticle-phonon model of the nucleus
for odd spherical nuclei:

F (Nyv) =85 — oy — 1/‘ D\ DY (Jv) T (JjAi)
Mid

X[+ £ (Tjhi)] =0;
D () [es, + Onggy — B (Tiibada) =] (14 L (Tihai)]
(2 + ) 1272+ ) @012 {1 5 19} T Gt

=k [1+% ™ (Mirhaiy | laizhlil)]

(31)

(32)

-7 2

o le; ‘er;_li,‘]‘m;\:iz'f‘s(-ﬁzks | Agighyiy) —Mry] X —
Astzdahads 2

X [+ oft (Jizhg | hatahain)]
4+ &L (Tjghoia) + £ (Tishaiy)]

x{ Dt 0 T Gaihaio) {2 7 17}

X (L4 £ Tighais) + £ (Tishyia)]

L Db () T (Fafaheda) (— hartha=ts

- {’“1 Ay ":} [+ £ (Tishii) + £ TThaia)] |
DYt (73) Ul 2 (i) Ujte (i)

X [ 1 +% M (Agighais | Mr'alsis)]

[e5, T 4, 055, (Jirha | hainhsis) — M)
o X [4-ofl (Jjihy | haighsig)]

X1+ L (Tihi)] (14 L (Tiihiy)]

D?:i’ (J¥) T (jaishals)

X [14

= L
Aatghaigil

1
43

RafKasials
VT (o )
V@A A1) Ukziz (hiy) [1 +% M (Myighais | J\-gia?&aia)]
(&5, + 03, T 0,5, 7S Tk | haiahais) —Nsv]
X[ 4ol (Tjhy | Doinhsis) |7 [14 &L (J7iMiy)]
X[1+-Z (T fiholy) + L (Jjghsis)]

x{

X @) Ukt ()] 14 7 (hatshaty | haiahats) |
X[1+ % (Tiskgis)]
a [e;, T @4, T 9,3, +5 (Jighs | heighiis) — 1yl

X[1-+edl (Jighs | haizhiin)]
X 1+ £ (Tjshaia) + £ (JThi 1}

= T (Jjhiy) [T+ (Tfihyiy)]- (33)

V2

[\?I

Finding the coefficients from the system of equations
(33) and substituting them in (32), we can determine the ener-
gies 77, of the states ¥, (JM ). Note that Eq. (32) still has the
same form when more complicated configurations are taken
into account in the wave function (14). It is in fact a matrix
form of the Dyson equation for the quasiparticle-phonon
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model. Using (21), we can derive an analogous system of
equations in the nondiagonal approximation too. If we as-
sume that the odd quasiparticle has a weak effect on the
structure of the phonon excitations of the even-even core and
ignore the corrections due to the Pauli principle, then the
functions L JjAi), FMA b A Aol A 1),
M (Jj 141|444 4i5) vanish. We then obtain the system of equa-
tions

2 T (JjAi) DY (Jv) =0; (34)
?1.1
ED;.W (Jv) I_ (s, + @y; -—mv—% E
A-ij ?\'21.‘23.2

X 622,044,034,

3 LT Gt 05y 4 ) 27, + 1 32 7 )

-~ O+ @y 5 — NI

F (M) =¢&;—MNrv—

T2 (jjzhaie) )
B, Oni+ 0 5, — NIy

Fa

Utz (hyty) Uzl (ad)

"“’ 81,03
-9 Ar 07
L ' g‘:ls b3l+m"' i 1 s‘ta_—n v 2
itMm+J 1/ 9 {7-2 A M 7.5
+ 12( s} V2j+1 Jj.”.}f'(]h ais)
2tz
VI F1UME (i) V2] Uhth (M) ”
e on T op Moy B Op, O,

:-‘—}E—I‘(ij;i‘). (35)
Comparing Egs. (33) and (35), we see that allowance for the
effects due to the Pauli principle leads to a renormalization
of the matrix elements and a shift of the energy poles. In Sec.
4, taking the example of a simpler model wave function in
which the quasiparticle-two-phonon components are not
taken into account, we demonstrate the part played by the
Pauli-principle corrections.

If in Eq. (35) we ignore the terms containing U i;ﬁj(ﬂi},
which are the most important for describing the fragmenta-
tion of quasiparticle-one-phonon states,>® we can readily
obtain the equation derived for thc first time in Ref. 7:

3\ DY (Iv) [ (8.1', + Op3, —Nrv—5 Z I (ishata) )

E; +Cu;\ 4w, ; —
Aij iTO 5, My

X 83,844,855,

1 <0 T (jsiahi) T (aiais) . . VYL
+E R T T e T [(27,+ 1) (27 + D1 {?q J i }]
Ja
- I (Jjihiy) (36)
V2

Equation (36) has been used to calculate the distribution of
the strength of deep hole and highly excited particle
states!>26-28 and neutron strength functions.?”*>* Neglect
of the terms with U corresponds to the usual assumptions of
the phenomenological models.!

If in the excited-state wave function of the odd nucleus
we do not take into account the quasiparticle-two-phonon
components, i.e., we restrict ourselves to a wave function of
the form

Yy (JM) = S‘ D (%) [etm@nilsae) Yoo (37)

=Cvy [Gﬂm
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then in the diagonal approximation for the functions
Z 1 (j1Ard1] joAq,) we obtain for D (Jv) the simple expres-
sion?*

T' (Jjhi)
1/2 ejop—R (Jih)—ngy *

D (Jv) = (38)

Substituting (38) in (32), we arrive at a secular equation for
determining the energy eigenvalues:

- P | 2 (JjM) (14 £ (JiM)]
F (o) =25 —ngy 2 ?’ i Wi — R (JjM)—ngy sl
ii

(39)

If we do not take into account the corrections for the
Pauli principle, the factors .#°,; and R vanish. Then (39) goes
over into the well-known secular equation for odd nuclei of
the superfluid nuclear model.? The more general equations
(38) and (39) were obtained for the first time in Ref. 24.

The system of equations (32) and (33) has not yet been
solved. Only some special cases of it have been studied in
detail. The results of these investigations are given in the
following sections.

3. STRENGTH FUNCTIONS. SOLUTION OF THE EQUATIONS
OF THE MODEL

In typical cases, the rank of the system of equations (33)
is 100-200, and in the region of nuclei with 4 ~210 and/or
for subshells with excitation energy E, R 10 MeV it may
reach 1000. When allowance is made for the nonlinear de-
pendence of the coefficients in (33) on the state energy 7, it is
very difficult to solve such a system.

The method of strength functions greatly simplifies the
problem.?>3* Using it, one can directly, without solving the
system of equations (32) and (33), calculate the values, aver-
aged over a given energy interval A, of the coefficients of the
wave function (14) or physical quantities that depend on
them, such as spectroscopic factors or excitation probabili-l

2 [+ T ()]

ties. The strength-function method is presented in detail in
Refs. 9, 11, and 34. Here, we shall only use the results of
these studies.

The general form of the solution of the system of linear
equations (33) can be written down by using Cramer’s
rules®®

Wi 1 T (Jjhi)
By T Y3 gitou—R UM =y

Kj'(nr).  (40)
The function K }* (17,,) is the ratio of two determinants and
includes all poles of the type ¢ +w,; +a;,
+ S JjAi|A i A4is) — 74, . IF (40) is taken into account, Eq.
(32) takes the form

- 1 2 (JjM) [1+ L1 (JiM)] i -

F (Mry) =¢e;—Nry —g 2 &5 0n— R (Jjh) — Mgy Ki" (n7y) =0.

hij (41)

At the points of the solution of the system of equations (32)
and (33), the condition
d% (n) -

an n=Nry Civ

(42)

is satisfied.

We now define the strength function that describes the
distribution of the single-quasiparticle component of the
wave function (14) over the spectrum of the nucleus by
means of the relation

C2
R, Y 43
YO =g Z(n PSRN “3)

Using the relation (42) and residue theory, we can
show®*? that

JETIEE T
J(T])’n m.‘ﬁT(T]),

where 77 = 7 + iA/2 is a complex variable. The actual form
of C%(n) can be readily obtained®® from (44) and (41):

(44)

(45)

?

2 1
7 (m) = - .
[eg—n—7rz (M)]*+ e [14T5 (m)]2
Y2 ()=
' ] 4 Ly .
D% (770) (442 0701 {23 ) (e 03 —n— R (7M) — - MY ()}
E? (8j+ @y — R (JjM)—mn)2+A%/4 :
Ly(n)= JJM)U-E-.Z(J]M)I{MM (1) (54 @p;—n— R(J]M))_I_me)}
e ——f? (ej+ ;i —R (Jjhi)-—n)2+A2/4

We have introduced the new notation
: W i . A i
P ) = L5 () +1i5 M} ().
If in the wave function we ignore the guasipart_icle—two—
phonon  components, then  K}(7) =L }n)+id/
2M () =0, ie., LHn) =1, and M}(n) = 0. In this case,
we obtain for the function C %(1) the expression®*

—[1—!-1‘1 (m]

p (e e e e

Ci(m)=

o= 5 T2 (JjM) [1 2 (JiAD] (85 +oni — R (JjAM)—7)

e T Vi (ej-Fwni— R (JjM)—n)2-+A2/4 H
17
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—

1 T2 (Jjhi) 1+ 2 (Jjhi)]
Py =7 2 o —R I~ A
Wij

If, further, we set [}, Q1. ] = [@m» @45 ] =0, the
functions ¥, () and T, (5) take the form given for the first
time in Ref. 35 (see also Refs. 30, 32, and 33):

2 (Jjhi) (854 @ni—m) ,
Y1 ()= 5 Z (Ej‘[‘mAL—J‘])Z‘f‘AEI‘é )
) @)
r2(Jj i)
T'i(m= 2 ;- o —MELA%5

The expression for the strength function C2(y) in which the
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effect of the Pauli principle between the odd quasiparticle
and the phonon is not taken into account is identical to (46).

We can similarly obtain an expression for the strength
function of the quasiparticle-one-phonon component,
which we denote by d (77).'>® The strength function d *() is

defined as follows:
i 1
@ () =5 N Cn D} UV g (48)

|

A 1
DJ_"’(J’V):{E-J-—*'HJV—"TE 2
¥ Mijt AT

I (Jj'A'i")

x [1+% (Jj'Mi)] Dy (JV)} {T (JjAd) [14 £ (JjAI};
D (Jv)
Jiki) [14- 5 (Jjhi)]

X{BJ—T].H'_% E

¥ 23.’:";5'#?»{.1'

[D?'J (Jv)]?- =T (

Substituting (49) in (48) and applying the procedure of
Refs. 32 and 33, we obtain

dz (n) :_-:c— Im
D @) (e —nv—zg B TN U+ 2 GIVOIDEY @}

I (JjM) 1+ £ (TiM)] F ()

X

(50)

However, to calculate C%(n) or d *(7), it is necessary to
know how to calculate the coefficients D j-“(ﬁ) for different
values of the complex variable 7. A method of solving the
system for complex 7 was proposed and tested in Ref. 37 for
the example of a special case of the system (33), namely, the
system (36). However, it can also be applied to the general
system (33).

The iterative method proposed in Ref. 37 starts from
the empirical fact that the diagonal elements of the coeffi-
cient matrix of the unknowns D ;.” (/v) (we denote it by ¥, and
its matrix elements by g, ) are, as a rule, greater than the
nondiagonal elements. This is due, in particular, to the fact
that the nondiagonal g, are formed by incoherent sums, and
the diagonal g;; by coherent sums. The nondiagonal ele-
ments become large only in the cases when the energy 7 is
near a pole. The part they play consists mainly of eliminating
the redundant poles of the system, and the roots 7,, and the
fragmentation are basically determined by the diagonal ele-
ments g;; .

This property of the system (36) was noted long ago.*®
In Refs. 7 and 38, an attempt was made to solve the system
(36) in the coherent approximation, i.e., by retaining only
diagonal terms. Unfortunately, spurious, unphysical solu-
tions appeared. To eliminate them, an attempt was made to
take into account the nondiagonal terms nearest the root
being sought.*>** However, because of the fluctuations of
T'(JjAi) it is difficult to formulate a general criterion for
choosing such nondiagonal terms. The requirement that the
poles of these nondiagonal terms be near the root being
sought was found to be insufficient. Allowance for one or
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T (Ji'Ai) [+ £ (Jj'Ai) DYY (Jv)}.

Using the arguments given in Ref. 34, one can show that
the term ~ [ D} (J¥)]* causes the function d (7) to acquire
additional poles, and this makes it difficult to use the
strength-function method. But the product D}{Jv)
XD7" (Jv), where Aij#A'ij' does not contain additional
poles. Therefore, we transform (48) as follows. We express
D" (Jv) in terms of other D% (Jv), using (41):

(49)

|

two nondiagonal poles is sufficient for calculating the wave
functions of only those solutions that have a simple struc-
ture. But when many components made comparable contri-
butions to the wave function of the solution, the artificial
limitation in the number of nondiagonal poles taken into
account gave rise to serious distortions in the structure of the
solutions. Increasing the number of nondiagonal poles taken
into account leads to an excessively rapid complication of
the expressions, rendering them of little use in practice.

We write the system (36) in the matrix form

YD T, (51)

We have already defined the matrix J; D is the vector of the
unknown coefficients D /' (Jv), and I is the vector formed by
the right-hand sides of (36). The fact that in the matrix  the
elements |g;; | are, as arule, greater than |g;, | (i#k ) makes it
possible to use Jacobi’s iterative method to solve Eq. (51).
Then the nth approximate solution of the system is found by
means of the relation

D™ - D=0 4 5 (T — JD-0),
The matrix & is diagonal and has the elements

hi; =git.
The initial approximation D'”) is taken to be the vector I.
The iterative process converges if for all rows of the matrix &

=gy, |7 Y
Az !gul i.;_&.li‘]g:z|<1' (52)

If the condition (52) is not satisfied, the matrix & must be
taken in a different form. Suppose

By =M =1, 2, -5
k<4, i=m4A, 42 con B
(n is the rank of the matrix J). Then we define 77 as follows:
. J1i=1, 2, .... M3
o‘fé’:[ gt i=m+1, m42, ..., n (53)

The matrix 3’ is formed by the first m rows and columns of
3. To each value of 77 there will correspond a matrix &', and
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its dimension will vary from point to point.

It is here helpful to make an analogy with the method of
the many-pole approximation described above. The choice
of the matrix & in the form (53) means that in the first
approximation we separate from the complete matrix ¥ a
submatrix corresponding to the poles most strongly coupled
to the state whose fragmentation we calculate. From the re-
maining elements g; we take into account only the diagonal
ones. This in fact corresponds to the many-pole approxima-
tion.***® But if the condition (52) is satisfied for all rows of
the matrix 7, then the first approximation to the exact solu-
tion will be the result obtained by keeping only the coherent
terms.”*® However, if we use the iterative method, we have a
numerical criterion for choosing the nondiagonal elements
whose contribution is most important at the given point, and
the number of elements taken into account can change from
point to point. In addition, the following iterations also take
into account the contribution of the nondiagonal elements
which introduce small corrections and eliminate the redun-
dant solutions at a large distance.

Compared with direct inversion of the matrix 5, the
method works less effectively the lower the dimension of the
matrix ', i.e., the closer to unity is (n — m)/n. A certain part
in raising the efficiency of the iterative method is played by
the calculation of, not the exact values of C3, or [D} (Jv)]?,
but their values averaged by means of a weight function,
since an increase in the parameter A decreases the value of
the nondiagonal matrix elements and increases the rate of
convergence of the iterative process.

The fragmentation of the hole neutron state 1g,,, of the
nucleus !'°Sn was considered in Ref. 37 as an example. All
the quasiparticle-phonon and quasiparticle-two-phonon
states in the interval 0<E, <10 MeV were taken into ac-
count. The rank of the matrix  was n = 276. At all points 7,
the rank of the matrix ' did not exceed 20 (m<20), i.e., it
was in order of magnitude less than . The influence of the
value of A on the rate of convergence of the iterations can be
seen from the following example. The degree of proximity of
the k th approximation D*) to the exact solution is charac-
terized by the absolute magnitude of the so-called discrepan-
cy vectorr'®) . A valuer’*) <10~ was obtained after seven or
eight iterations for A = 0.1 MeV but after two or three itera-
tions for A = 0.5 MeV.

4. INFLUENCE OF THE PAULI PRINCIPLE ON THE
QUASIPARTICLE-PHONON INTERACTION

In expressing the wave function of an odd nucleus in the
language of quasiparticle and phonon operators and forget-
ting the fermion structure of the phonons, we violate the
Pauli principle. The consequences of this are twofold. First,
we obtain a large number of spurious states that would not be
there if we made a correct antisymmetrization of the many-
quasiparticle components having the same complexity as the
corresponding quasiparticle-n-phonon components. Sec-
ond, depending on the structure of the phonons and the
quantum numbers of the quasiparticles, the interaction
between them will be renormalized.

In the first studies’®*! in which the quasiparticle-
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phonon model was used to investigate the fragmentation of
single-quasiparticle states of spherical nuclei at intermediate
and high excitation energies, an empirical procedure for se-
lecting correctly antisymmetrized components of the wave
functions (37) was used in order to take into account at least
crudely the Pauli principle. A criterion (to some degree arbi-
trary) of phonon “collectivity” was introduced; in accor-
dance with this, all phonons were divided into two classes—
“collective” and “noncollective.” Phonons for which the
contribution of the maximal two-quasiparticle component
to the normalization did not exceed some given upper limit
(in practice 40-509%) were assumed to be collective. All the
remaining phonons were assumed to be noncollective. The
components of the wave functions (14) or (37) which con-
tained only collective phonons were retained in the wave
function without any further analysis. The components with
noncollective phonons were analyzed from the point of view
of their structure, and some of them, those not satisfying
trivial symmetry requirements, were rejected. For example,
this was done for the states in which the odd quasiparticle
and the quasiparticles from the principal component of the
phonon formed the combination

+ oMt F
07, Piad, [0 %5, 1

‘i

whereas combinations of the type a;" ¢; ;. [« i ayt ], were
retained. All components with noncollective phonons with
three or more quasiparticles in one level, and so forth, were
rejected “in any case.”

This empirical procedure made it possible to eliminate
the majority of the spurious states, i.e., to take into account
in some manner the “kinematic” effects, if one may put it
that way. However, the procedure made no allowance at all
for the “dynamical” effects, i.e., the renormalization of the
quasiparticle-phonon interaction.

Then, in Ref. 24, a systematic procedure was proposed
for taking into account the Pauli principle. It was investigat-
ed in most detail for the wave function (37), which contains
components not more complicated than those of the quasi-
particle-one-phonon type.? The corresponding equations
are given in Sec. 2, and we here consider only some numeri-
cal examples.

The exact commutation relations between the operators
a,h and Q,,; lead to the appearance in Eqs. (38) and (39) of
two new factors . (JjAi) and R (JjAi), which are absent in the
simpler and long known equations of the superfluid nuclear
model.? The factor . (Jjdi) regulates the contribution of the
given quasiparticle-phonon component to the wave-function
normalization, this depending on the “degree of violation”
of the Pauli principle for this component. The same factor
determines the renormalization of the interaction of the qua-
siparticle a5, with the component [a;;, @ i ]s»- this de-
pending on the internal structure of the phonon Q ;%,; and on
the quantum numbers of the quasiparticle @;;, . In the case of
“maximal’ violation of the Pauli principle .# (Jidi)= — 1

2 For the numerical solution of Egs. (38) and (39) and the calculation on
their basis of the structure of the excited states of odd spherical nuclei
and some of their electromagnetic characteristics, the program PHO-
QUS was created.*
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TABLE II. Values of the factor .#°(1/2, jAi) for 1/2~ states of the nucleus *°Ni in the case
of strong violation of the Pauli principle. The structure of the single-phonon wave func-

tions is also given.

Structure of phonon A |
nli @ A Two-quasiparticle components | Contribution to £ 12, i)
[n1l1d1, nalziz] :{:;:;‘;“M'

1f5/2 ® 2 [1fs/2s 1fssal g+ 94.9 —0.95

2ps/a ® 27 [2ps/e) 2Pa/e] s 65,4 —0,87
[2psses 2Zp1/alos 4,3 =
[1f2/2s 2Pssal o+ 2,8 -
[2pg/a, 1fs/2) g+ 1.4 —

1ge2 ® 57 177720 1gal2)5- 41.2 —0,16

in the component [a;;, O ;.; ] s> and this component is re-
moved from the wave function (37) automatically, so to
speak. It is readily seen that the empirical procedure de-
scribed above carried out this function of the factor . (Jjli).
Besides the “‘renormalization” of the interaction, there is
also a shift of the pole &; + ®,;, the magnitude of which is
determined by the factor R (Jjdi).

Tables II and III give the values of .#°(Jjdi) and R (Jjdi)
for some states of the nucleus ** Ni. States for which the
corrections for the Pauli principle are large were chosen. Let
us consider, for example, the state whose structure is given in
the first row of Table II. For it, the factor .#’(1/2, 5/27,
2;+)isnear — 1 because three quasiparticles in the shell 1f;,
, cannot have total angular momentum 1/2. The deviation,
albeit weak, of the factor .¥ from — 1 is explained by the
fact that the contribution of the configuration [1f5,,,
1fs,, ]o- tothestructure of the 2;* phonon is less than 100%.
It can be seen from Table II that there is a considerable
weakening of the interaction of the quasiparticle in the level
2p;,, with the lowest quadrupole phonon, since a large con-
tribution to its structure is made by the configuration [2p; 5,
2ps2 15+, and for three quasiparticles in the level 2p;,, the
total angular momentum 1/2 is also forbidden. We note that
both these states would be rejected if the wave function were
analyzed by means of the empirical procedure. When the
Pauli principle is taken into account consistently, the second
state will remain.

The shift of the pole is greatest [R (1/2, 3/2, 2;")~0.8
MeV] for the component [ 2p;,, ®2;" |;/,. Its example dem-
onstrates a general feature—strong shifts of the poles occur,

as a rule, in the components containing collective phonons.
From Table ITI it can be seen that the factor R (Jjdi) can take
both positive and negative values, i.e., the poles may be shift-
ed either upward or downward relative to their unperturbed
position. At the same time, when the same procedure for
taking into account the Pauli principle i used in odd de-
formed nuclei, the poles are always shifted upward in the
energy scale.*?

We now consider how the structure of the most excited
states is changed by the exact allowance for the Pauli princi-
ple. As an example, we have chosen the states 1/27 of the
nucleus >*Ni and 5/27 of ''?Sn. Table IV compares the re-
sults of calculations of the structure of these states with con-
sistent allowance for the Pauli principle and using the em-
pirical procedure for selecting the correctly symmetrized
quasiparticle-phonon components. The individual compo-
nents of the wave functions are changed appreciably, al-
though abrupt changes in the structure of the states do not
occur. An example of a “dramatic” rearrangement of the
structure of a state due to the effect of the Pauli principle is
given in Ref. 44. It was found that allowance for the Pauli
principle leads to the appearance in '*! Ba of a low-lying state
with J7" =9/27, E,~150 keV and structure
[1%411,2 ®2;" ]o/2-» in complete agreement with the experi-
mental data. Without allowance for the Pauli principle, the
appearance of this state cannot be explained. It is interesting
that in the neighboring isotope '**Ba such a state does not
occur (again in agreement with the experimental data).

There is no doubt that the Pauli principle must be taken
into account in the analysis of the low-lying part of the spec-

TABLE III. Values of the factors R (Jjii) of some poles j® A7 of the J* = 1/27, 3/2~

states of the nucleus *°Ni.

] o > Q - e
= = 5 | g e v
e | 3|3 = gy | &8 | 2
ge | % | | g pe | = |® | 2
S izl 2 85 | B B21E
=] "B = == %
5 F& s | &= T ‘ B 2 2 o~ n-;-ﬁ A
12 |2py ®2¢ (4,076 4,857 | 0.781] 8/2- | 2pya @ 2 |4,076|3,314 0,765
2pa/a ® 27| 5,116 1 4,820 10,287 2po/e ® 25 | 5,116 (5,926 | 0,810
150 ® 215,120 5,131 | 0,011 1fsla ® 2 |5,120 5,096 |—0,02
1f52 ® 2% | 6.160 | 6,163 0.003| 1pifa ® 2¢ 5,456 | 5,446 |—0,010
i 1fsse ® 2 | 6,167 | 6,154 |—0.006
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TABLEIV. Energies and structures of the states with J” = 1/2~ of the nucleus **Ni and

J™ =5/27 of the nucleus *?Sn.

Empirical alls fc : T e,
t}fﬂ%ﬁﬁ? p%i::;';;::e ot Consistent allowance for the Pauli principle
Nucleus 7 e 3
Ngw | CFor | niimad [(PFDA] npe | €300 | nisea . |(14+-Z)[ D)2
MaV v | n h) ( .j'%) M;V .'3'? nli@Ly 1L (Tiri) E}é i ]
1,810 (85,16 | 1f5/®@2f | 3,50 |1.868 86,91 |1f5/a@2F [—0,001 3.67
2ps/e®2F | 2,54 2ps/e@1F [—0,08 2,24
2ps/2@1F | 2.147 1fs2@25 | 0,004 1,66
11‘5/%@2; 1:-57 189/2'846 0,054 1123
1go/2®45 | 1,44
L | 5:417| 0,01 [2pe/s®2} (80,02 |4,840| 0,141 [2py/s@25 |—0,204| 80,11
1f,222F 19,98 2psls@2F [—0.668 19,16
4,128 | 1,69 2py/»®2f,196,98 (4,873 0,40 2ps/s®21|—0,668 79,25
2pe/a @24 |—0,291] 17,47
1fs1,®2F |—0,001[ 2,73
1198n | 2,130 (87,09 |3s,/,®2F | 5,96 | 2,139 |90,91 |2d,/,@2F |—0,022] 2,70
L 1 L]
2ds5/2®27 | 2,79 3s1/.@2f |—0,287 1,70
5/2% |3.120| 2,41 [2dy/, @2} (81,86 [3.016| 0.66 [2d.®2F | 0.087] 99,17
351202 15,29
3.073| 3,22 |3s4/0®2] |78,63 |3.650| 1.32(3s1/,@2F —0,287 97,51
s/ @2 17,60

trum of odd nuclei. In a number of cases, the corrections
obtained will be small, but it is not always possible to predict
this a priori. It is different when the averaged characteristics
of the nuclear spectra are described, especially at intermedi-
ate and high excitation energies. In these cases, it appears to
us that the empirical procedure for taking into account the
Pauli principle works entirely satisfactorily. Such a conclu-
sion is supported by the following facts. It can be seen from
Table IV that the total values of the principal components of
the wave functions of the excited states hardly change over
the interval 1 MeV after exact allowance has been made for
the Pauli principle. Further, for the states described by the
wave functions (14) or (37) the importance of the Pauli prin-
ciple decreases with increasing excitation energy, since the
same number of quasiparticles will be distributed over an
ever increasing number of single-particle states. These con-
siderations are confirmed by the calculations made in Refs.
45 and 46. As an example, we show in Fig. 1 the strength
function of the 2p,,, states of the nucleus *’Ni calculated
with the consistent allowance for the Pauli principle and
using the empirical procedure.”

The fact that the empirical procedure takes into ac-
count the Pauli principle quite well at intermediate and high
excitation energies indicates that the occurrence of spurious
states due to its violation is relatively more important than
the renormalization of the quasiparticle-phonon interaction
and the shifts of the poles. This is well demonstrated by the
calculation of the strength function of the 14 ,, ,, statein the
nucleus ***Pb made in Ref. 46 (Fig. 2). In the variant in which
the Pauli principle is ignored altogether the strongest frag-
mentation of the 14 ,,,, subshell is obtained, since the ap-
31t is here worth mentioning that calculations with consistent allowance

for the Pauli principle require an order of magnitude more computing
time.
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pearance of a large number of spurious states effectively en-
hances the interaction with the complicated configurations.
But the strength functions calculated using the exact and the
empirical procedures for taking into account the Pauli prin-
ciple are very similar.

5. INFLUENCE OF THE QUASIPARTICLE-TWO-PHONON
COMPONENTS AND THE DIMENSION OF THE PHONON
SPACE ON THE DISTRIBUTION OF THE STRENGTH OF THE
SINGLE-QUASIPARTICLE STATES AT INTERMEDIATE AND
HIGH EXCITATION ENERGIES

The dimension of the system of equations (36) is deter-
mined by the dimensions of the single-particle basis and the
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FIG. 1. Strength function C3(y) of the 2p, , state of the nucleus **Ni. The
continuous curve is the calculation with consistent allowance for the Pauli
principle; the broken curve is the calculation using the empirical proce-
dure.
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FIG. 2. Strength function of the state 1%,,;, of the nucleus ***Pb. The
continuous curve represents the calculation with the empirical procedure
for taking into account the Pauli principle; the chain curve, the calcula-
tion with consistent allowance for the Pauli principle; and the broken
curve, the calculation without allowance for the Pauli principle.

phonon space used in the calculations. For a state with exci-
tation energy E, ~ 10-15 MeV it becomes catastrophically
large, and, even using the strength-function method and ef-
fective numerical methods of calculation, the losses of com-
puter time are very appreciable. Therefore, in calculations of
the characteristics of nuclear spectra the problem naturally
arises of selecting the most important components of the
quasiparticle-phonon basis.

We here investigate this question for the problem of
calculating the strength functions of single-quasiparticle
states with excitation energies 5-10 MeV. The additional
interest in this problem is due to the fact that attempts can be
found in the literature to describe the distribution of the
strength of highly excited single-particle modes in the spec-
tra of odd nuclei by taking into account “exactly”” only the
interaction with the lowest quadrupole (and sometimes octu-
pole) vibrational states, the influence of all the other configu-
rations being taken into account “effectively”—either by ar-
tificial “smearing” of the resulting solutions,*’ or by the
introduction of a phenomenological complex optical poten-
tial.*®

The strength of the interaction of a quasiparticle with
the quantum numbers nlJ with the configuration
[ Q i 1 s is determined by the matrix element I'(Jjdi)
(22). We now consider the phonons for which the values of
I'(JjAi) will be the largest and how the cutoff of the space of
the complicated configurations with respect to the interac-
tion strength I'(Jjdi) influences the strength function C3(%).

As an example, we consider the fragmentation of the
quasibound neutron state 1%, of the nucleus''”Sn. The
strength function of this state, calculated with allowance for
the interaction with the quasiparticle-phonon and quasipar-
ticle-two-phonon states [see (45) in Sec. 3] for different var-
iants of the cutoff with respect to the matrix element of the
interaction I"(Jjli), is shown in Fig. 3. The maximal matrix
element ", is the matrix element I'(14,,,, 1h,,2;7). We
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FIG. 3. Strength function of the neutron quasibound state 14y, of the
nucleus '"’Sn for different truncations of the space of quasiparticle-
phonon and quasiparticle-two-phonon states: a) cutoff at the level
T pin 20.5T .4 ; b) cutoff at the level I, »0.25T ., ; c) cutoff at the level
Tin >0.1T ., ; d) cutoff at the level I, 30.05T 4

note that it is precisely such matrix elements
[ie, I'(J, J2;*)] that are maximal for the majority of
states and nuclei, though there are exceptions. For example,
in the nuclei neighboring on’*® Pb the largest matrix ele-
ments are associated with a 3 phonon. In Table V we have
given the number of quasiparticle-phonon and quasiparti-
cle-two-phonon components that occur in the wave func-
tion (14) for the given cutoff with respect to I'(JjAi) and also
some characteristics of the distributions of the single-parti-
cle strength that are obtained.

It can be seen from Table V that only six I'(1A,, , jii)
matrix elements are less than I, by not more than a factor
2. Of them, two are associated with a 2;* phonon, two more
with a 3; phonon, and one each with 3;} (@ = 17.2 MeV)
and 2,5 (@ = 11.4 MeV) phonons. Thus, although the main
role in the formation of the gross structure of the strength
function is played by the lowest quadrupole and the lowest
octupole phonon, the influence of the collective states of in-
termediate energies also cannot be ignored. Moreover, in
estimating their possible importance one cannot be guided
by characteristics such as the probability of excitation from
the ground state. For example, the 2;; phonon mentioned
above belongs to the M 2 resonance,*® but does not have the
maximal value of B (M 2, 0, —27).

It was shown in Ref. 26 that another intermediate-ener-
gy collective state—a low-energy octupole resonance®’—in-
fluences the shape of the strength function of the neutron
hole state 1g,,, of the'’Sn nucleus. Figure 4 shows the
strength function C3, (n) of this state calculated with
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TABLE V. Energy centroid E, , second moment ¢, and exhaustion of the total strength §
of the state over an interval 3-14 MeV, and also the number of different components in the
wave function (14) for the state 14,,, of the nucleus ''’Sn for different truncations of the

space of complicated configurations

Cutoff with respect| Number of quasi- |Numberof quasi- |
to TjAi) of partclephoton | particle-two-photon | F,, MeV| o, MeV| S, %
I configurations configurations
30 & 34 8,69 1.66 95
25 25 289 8,55 1,82 93
10 108 4552 8,37 1,98 91
5 238 18 858 8,31 2,06 90

allowance for the quasiparticle-phonon components and
with different phonon bases. In the simplest case, when the
interaction with only the 2;" and 3 phonons is taken into
account, the overwhelming part of the 1g,,, strength is di-
vided between three states (in Fig. 4a, these correspond to
the three peaks of the strength function). After the addition
of the interaction with the 2% and 3~ phonons of higher
energies (Fig. 4b), the principal peak of the strength function
is split. The immediate cause of this is the low-energy octu-
pole resonance, which is coupled to the 1g,,, state by a fairly
large matrix element I'(1g,,, 1%,,,,237). In these calcula-
tions, the octupole resonance was itself obtained as a single-
phonon 37 state with number / = 3 (energy @~5 MeV) and
probability of excitation from the ground state
B(E3)=~0.25B (E 3,0, — 3 ). Thesplitting of the principal
peak produced by the interaction with the resonance in-
creases with further extension of the phonon basis (Fig. 4c),
and the principal peak itself becomes broader.
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FIG. 4. Strength function of the neutron hole state 1g,,, of the nucleus
98n: a) calculation with only the lowest 2* and 3~ phonons; b) calcula-
tion with the 2" and 3~ phonons having energy w< 11 MeV; ) calculation
with a large phonon basis.

117 Sov. J. Part. Nucl. 16 (2), March-Apr. 1985

We now return to Fig. 3. With a decreasing lower bound
for I'(JjAi), the complexity of the variational wave function
(14) increases catastrophically. The cutoff with respect to T’
at the level 5 10~*I ., corresponds to a wave function
having 919 quasiparticle-phonon components and 38 218
quasiparticle-two-phonon components. Initially, the shape
of the strength function changes perceptibly, but already on
the transition from a cutoff at the level 0.1T",, to a cutoff at
the level 0.05T,,,, the changes in the strength function be-
come slight, although the number of components taken into
account increases very strongly. The gross structure of the
strength function is formed when allowance is made for all
the matrix elements at the level 0.25T ... . For this cutoff, the
main contribution to the structure of the 1k ,,, state is still
made by the quadrupole and octupole phonons. Twelve of
the 25 quasiparticle-phonon components are formed with
their participation. In the total wave function (14), their rela-
tive contribution is less. Here, the number of components
with the participation of 37,4, 57, 6" phonons is greatest.
For states with other angular momenta J the multipolarity
of the phonons most frequently encountered in the wave
function (14) changes. For example for the state 13/2" we
have the phonons with A™ =471, 6*; for the state 3/2~, the
phonons withA™ = 37, 5~. However, in all cases the contri-
bution of the spin-multipole phonons is appreciably less than
that of the multipole phonons.

We now consider how the quasiparticle~two-phonon
components influence the fragmentation of the single-quasi-
particle states. Although Egs. (32) and (33) indicate that the
matrix element of the interaction operator H3%;,, + H 5.,
between the single-quasiparticle component and the quasi-
particle-two-phonon components is zero, the high density of
the quasiparticle-two-phonon states at energies E, > 10
MeV may indirectly lead to appreciable changes in the
strength function. Histograms of the number of quasiparti-
cle-phonon and quasiparticle-two-phonon states with
J™ =9/27 overaninterval AE, = 1 MeV in '*Te are given
in Fig. 5. At excitation energies Ex ~6-8 MeV, the density
of these states with two phonons exceeds the density of those
with one phonon by 3-5 times, and with increasing E, this
predominance is enhanced. Accordingly, at energies E, > 7
MeV there begin to be appreciable changes in the strength
function of the neutron hole state 1g,,, of the nucleus '*Te
due to the inclusion in the wave function of quasiparticle—
two-phonon components (Fig. 6). The 1g,,, strength is shift-
ed to higher excitation energies, as a result of which the sec-
ond peak of the strength function C7i, () increases. The
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FIG. 5. Histogram of the number of states of different structure with
J™ =9/2~ on an interval AE, = 1 MeV as a function of the excitation
energy E. in '*>Te: a) quasiparticle-two-phonon states; b) quasiparticle-
phonon states.

majority of the deep hole and highly excited particle shells
hitherto studied have excitation energy E, <10 MeV.
Allowance for the quasiparticle-two-phonon components
will have a strong effect on the results of calculations of the
high-energy part of their strength functions.

As numerous calculations in the framework of the qua-
siparticle-phonon model show, and as can be seen from the
results given in the present section, the strength functions of
the single-quasiparticle states have a fairly complicated
shape. A significant part is played in the formation of this
“fine” structure of the strength functions by the collective
phonons of intermediate energies and the quasiparticle-two-
phonon components. When the contribution of the large
number of weakly interacting configurations is taken into
account effectively in the spirit of Refs. 47 and 48, one can
hardly hope for a description of the fine structure. But the
characteristic scale of the inhomogeneities in the strength
functions of the single-quasiparticle states is ~1 MeV, and
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FIG. 6. Strength function of the neutron hole state 1g,,, of the nucleus
123Te: a) calculation with the wave function (37); b) calculation with the
wave function (14).
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they can be discovered experimentally very readily. In a
number of cases, such structure has already been observed®
and reproduced quite well in the framework of the quasipar-
ticle-phonon model.?%52

6. FRAGMENTATION OF STATES WITH A QUASIPARTICLE
AND A PHONON

Hitherto, the fragmentation of states with a quasiparti-
cle and a phonon has been investigated in much less detail
than the fragmentation of single-quasiparticle states. How-
ever, the importance of studying this problem is in no doubt.
If one does not know how to calculate correctly these com-
ponents of the wave functions of the excited states, one can-
not hope for an adequate description of the probabilities of ¥
transitions from highly excited states to low-lying states or
their electric and magnetic moments. The key to the descrip-
tion of the radiative strength functions in odd nuclei lies in
the correct calculation of these components.?>

Correct calculation of the quasiparticle-one-phonon
components is possible only with the variational wave func-
tion (14), since they are coupled by the matrix elements of the
interaction operator H§;,, + H %, toboth the single-parti-
cle and the quasiparticle-two-phonon components, the ma-
trix elements for the two cases being of the same order of
magnitude. This last circumstance can be most clearly seen
from (36), where we have ignored the corrections due to the
Pauli principle and the anharmonicity of the phonons.

We show in Fig. 7 the strength function d (%) of the
state [ 1o/, ® 2{" Jo/2. of the nucleus ''°Sn.'*¢ The coeffi-
cients D }“(7}) were found from (36). In the same figure, we
show the distribution of the component [1gq/,® 2;" Jo/24,
calculated without allowance for the influence of the quasi-
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FIG. 7. Strength functions d *(n) and C(n) of the states [1g5/2 8 2, o/
and 1g,,, of the nucleus '*Sn (left-hand scale). The vertical lines show the
distribution of the strength of the components [1g,,, ® 2;* Jos2+and 1gg,,
in the spectrum of ''°Sn when the interaction with the quasiparticle-two-
phonon states is not taken into account (right-hand scale).
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particle-two-phonon components. The two distributions
differ radically. For comparison, we show in the lower part
of the figure the strength function calculated in the same
approximations for the hole state 1g,,, of the nucleus ''*Sn
and the distribution of C fgm,v over the states of the nucleus

without allowance for the influence of the quasiparticle—
two-phonon components. These components do not change
the qualitative picture of the distribution of the lg,,,
strength.

In a certain sense, the quasiparticle-two-phonon com-
ponents have an even greater influence on the fragmentation
of the quasiparticle—one-phonon components in which the
phonon is noncollective. Because the phonon is noncollec-
tive, this component is coupled to the single-quasiparticle
component by a small interaction matrix element and in the
absence of the quasiparticle-two-phonon components is
hardly fragmented. Figure 8, in which we show the strength
function d? (5) of the state [2d;,, ®2;" ] o/, of the nucleus
11961, demontrates well the changes that occur in such a
component on the addition of an interaction with the quasi-
particle-two-phonon components.

The corrections for the Pauli principle and the anhar-
monicity of the phonon excitations can have a strong effect
on the fragmentation of the states with a quasiparticle and a
phonon. The part played by the first of these effects is dem-
onstrated to a certain degree by the calculations discussed in
Sec. 4 (see, for example, Table I'V). We now turn to a discus-
sion of the influence of the anharmonic effects.

Their importance was revealed in calculations of the
radiative strength functions in the odd isotopes of Fe and
Ni?*. We shall not give here the expressions for the strength
functions b (E 1,7)and b (M 1, i), since they are cumbersome,
and all that is important here is the qualitative result, and
comparison with experiment does not form part of our task.
Sufficeittosaythat E 1 and M 1 transitions from states in the
neighborhood of the neutron binding energy B,, to low-lying
single-quasiparticle states were calculated. The calculation
was made with the wave function (14), and allowance was
made for the contribution to the transition from the single-
quasiparticle and quasiparticle-phonon components.

Calculation of the strength function b (E 1, %) of the tran-
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FIG. 8. Strength function d *(y) of the state [2d;, ® 2% |5/, of the nucleus
1198n (left-hand scale). The vertical lines show the distribution of the
strength of this state in the spectrum of ' '°Sn when the interaction with the
quasiparticle-phonon states is not taken into account (right-hand scale).
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FIG. 9. Radiative strength function b(E 1, 5) of the transitions 1/
2* — 3/2;, in the nucleus **Fe: a) calculation without allowance for an-
harmonic corrections [ Ui (/v) =0]; b) calculation with anharmonic
corrections. The broken curves show the single-quasiparticle component
of the strength function. The arrows indicate the position of the neutron
binding energy B, .

sitions in >*Fe from highly excited 1/2* states to the 3/2~
ground state showed that b (E 1, %) near B, = 9.29 MeV
strongly influences the fragmentation of the component
[273» ® 15 ]1/24» which has energy £(2ps;,) + @(15)
— 7, = 11.0 MeV. The distinguished role of this compo-
nent is due to the relatively large value of B (E 1, 0., — 157),
the excitation probabilities of the neighboring single-phonon
1~ states being much less. If the fragmentation of the com-
ponent D ;:;(1/2*) is calculated by means of (35) without
allowance for the terms ~T'U and UU, then the value of
b(E 1,7)aty~B, issmall (Fig. 9a). Inclusion in the calcula-
tion of the terms ~ UU,* which are responsible for fragmen-
tation of the 15~ phonon, strongly changes & (E 1, ), increas-
ing its value at m®=~B,. The inclusion of anharmonic
corrections hardly affected the behavior of the single-quasi-
particle component of the strength function b (E 1, 77) (shown
in Fig. 9 by the broken curve).

Similar results were obtained for the strength function
of the M 1 transitions 1/2~ — 3/2_, in *'Ni (Fig. 10). In this
nucleus, the behavior of b (M 1, ) near B, is significantly
influenced by allowance for the anharmonic effects in the
distribution of the strength of the state [2p;,, ® 15" ]/,
which is about 3 MeV above B,,. As for E 1 transitions in
*Fe, the distinguished part played by the component
[2p5/2® 15" |1/,_ in the description of the M 1 transitions in
S1Ni is explained by the high probability of the M 1 transition
0,5 — 15" in ®Ni.

As can be seen from the results of the present section,
for the correct description of the fragmentation of the quasi-
particle-phonon states it is necessary to take into account
effects that are not important in calculations of the strength
functions of the single-quasiparticle states. This greatly
complicates the problem. But its solution opens up great pos-
sibilities for systematic microscopic analysis of a large body
of experimental data on the properties of nuclei at intermedi-
ate and high excitation energies. Soon, the data on the radia-

“Terms of order I'U were not taken into account in the calculation.?’
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FIG. 10. Radiative strength function b (M 1, ) of the transitions 1/
27 — 3/2,, in the nucleus *'Ni: a) calculation without allowance for an-
harmonic corrections [ U7 (Jv) =0]; b) calculation with anharmonic
corrections. The arrows indicate the position of the neutron binding ener-
gy B,.

tive strength functions of nuclei at excitation energies ~ B,
will be augmented by the results of experiments being pre-
pared in a number of laboratories in the world on the ¥ decay
of deep hole states. These facts make the study of the frag-
mentation of the quasiparticle-phonon states highly topical.
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