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The phenomena most characteristic of processes in which an asymptotically large number n of
particles are produced (when the hadronic matter is strongly excited and the collision of elemen-
tary particles can be expected to be central and nonperipheral) are discussed. The expansion with
respect to correlation functions made for this purpose is convenient for formulating the pheno-
menology of the production of a very large number of particles. The expansion is used to separate
the contributions from “hard” and “soft” processes, this being necessary for the description of
hadron production cross sections in QCD. It is shown that if the contributions from the soft
processes to the topological cross sections o°? decrease sufficiently rapidly, o%° < O (e ~ "), then at
high energies hard processes will be dominant in the asymptotic behavior with respect to 7,
irrespective of the species of the colliding particles @ and b. This makes it possible to obtain
experimentally verifiable QCD predictions using perturbation theory.

INTRODUCTION

In this paper, we consider the description of multiparti-
cle productions of hadrons when their number n is very
large:

n'> n(s). (1)
Here, 7i(s) is the mean multiplicity, a natural scale of the n
values. It may depend on the species of the colliding parti-
cles, the type of process, etc. Below, we shall say more pre-
cisely how the condition (1) arises; for the moment, it is to be
understood as the definition of the region of asymptotic val-
ues of n in which we are interested. Such processes have been
studied neither theoretically nor experimentally, and there-
fore, in this review paper, in which we shall not go into too
many details, we shall discuss as fully as possible only the
most characteristic features of these processes.

Interest in processes with n3>7(s) is stimulated in the
first place by the fact that at a very high multiplicity many
degrees of freedom of the colliding particles must be excited.
If this is the case, one must in the first place consider which
excitations are to be considered at given multiplicity » and
given energy \s. We wish to show why central (nonperi-
pheral) interactions begin to be predominant with increasing
n. In the final section, we give predictions that can be tested
experimentally.

When n3> 7, the most characteristic features are the fol-
lowing: a) failure of KNO scaling (because the nature of the
interaction changes); b) a growth in the mean transverse mo-
mentum of the produced particles must be observed (since
central interactions are dominant).

From the beginning, it must be clear that in selecting in
experiments processes with high multiplicity of the pro-
duced baryons we do not necessarily investigate many-par-
ton excitations of the colliding particles—since the ground
state in Yang-Mills field theory is degenerate,' the hadron
wave function cannot, strictly speaking, be expanded solely
with respect to parton [quark (g) and gluon (g)] states. In
other words, particle collisions may result in the excitation
of degrees of freedom which cannot be classified in terms of
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particles (partons) but which influence the dynamics of the
produced hadrons.

The extent to which such contributions, which cannot
be taken into account in canonical perturbation theory, are
important can, for example, be estimated by noting that the
mean number of produced hadrons, 7i(s) = O (In s) (Fig. 1), is
appreciably less than the largest possible number of hadrons
(actually pions),

nis) € Nmax =V /My s (2)

that could be produced at high energies s — 0. At the
same time, it should be noted that the mean multiplicity #; of
the partons (g and g) calculated in the framework of QCD
perturbation theory is fairly large®:

75 (s) =0 (V'15) 3> n (s) o)
(Fig. 2).
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FIG. 1. Dependence of the mean multiplicity of charged particles on the
energy \s in various processes. The black circles are for ¢ "¢~ annihilation
(PLUTO), with K% — 7+ 7~ eliminated,” the open circles are for the pp
interaction,’ the open squares are for pp annihilation,” and the crosses are
for the pv interaction.®
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FIG. 2. Mean multiplicity of charged particles in e*e~ annihilation®:
a=2384009,b=0.04 +0.01, c=1.92 + 0.07, A = 0.5 GeV.

It can be seen from this that the canonical form of per-
turbation theory, which is designed precisely to describe
fluctuations that do not conserve the particle number, is not
valid in the case of field theories of Yang—Mills type.>? It is
the allowance for these important—as follows from Ref. 3—
nonperturbative effects that is the main difficulty of the
modern theory.

Behind this somewhat formal-appearing complication
there is a huge number of studies, attempts to calculate in
one way or another observable quantities on the basis of the
canonically poorly defined®® Yang—Mills field theory. In the
light of what has been said above, our aim in the section that
follows is to show how, without going into the details of the
hadron production dynamics, it is possible to describe the
cross sections of the processes [both the topological, o, (s),
and the differential, do, /dp...].

In Sec. 2 we show how to separate the phenomena asso-
ciated with the hadron production process from the back-
ground of the preceding parton production process. We as-
sume that these two processes can be separated, since they
correspond to different spatial scales.

At least in the early stage of investigations in the frame-
work of QCD, there is a natural desire to avoid formal diffi-
culties, i.e., to consider processes in which the details of the
dynamics of the production of the hadrons (or, rather, their
formation) can be ignored. One usually regards as of this
kind processes with the participation of hard photons or pro-
cesses involving the production of hadrons with large trans-
verse momenta, i.e., processes in which the interaction at
short distances is guaranteed by the actual condition of the
experiment (in this connection, see the reviews of Refs. 10
and 11). This makes it possible to use the asymptotic freedom
in QCD and thereby simplify the calculations.

To the “hard” processes listed above, one could add
processes involving the production of a very large number of
particles. Indeed, at the first glance the dominance of hard
processes in the asymptotic behavior with respect to n is
guaranteed by the inequality (3). In other words, if we as-
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sume that the number of partons increases in proportion to
the number of hadrons, then at high multiplicities processes
involving the decay of partons with large virtuality must be
predominant,’? and then the particle production process
must of necessity be hard.

However, it should be noted that the number n of pro-
duced hadrons does not correspond, by virtue of the nonper-
turbative effects, to the number v of produced hadrons; it is
obvious, at least in the framework of the *““leading logarith-
mic approximation,” that » £ v even if a process is initially
hard (an example of how hadrons can be produced “nonper-
turbatively” is given in Ref. 13). Thus, choosing
n > 7;(s)»>7n(s), we do not yet guarantee that v as well is
asymptotically large. The aim of Sec. 2 is to discuss theoreti-
cally the conditions under which a process in asymptotia
with respect to n can be regarded as hard.

The result is more readily formulated if one introduces
the mean number ¥%(n,s) of partons produced for given # and
s. Then it can be asserted'? that if the cross section for ha-
dron production in the soft process, (o, )*°", satisfies the con-
dition

(o)1t << O (e7") 4)

then irrespective of the experimental conditions and the spe-
cies of the colliding particles,
v (n, s

2D — o). (5)
Here, n — oo is to be understood literally (see the following
section).

To prove (5), we use the decomposition into “far” and
“near” correlations in the momentum space explained in
Sec. 1, and this makes it possible to formulate quantitatively
the problem of calculating cross sections with the participa-
tion of hadrons. At the same time, however, the possibility of
separating the soft processes is included in the condition of
the assertion formulated above and is introduced into the
scheme from without.

The model considerations advanced in Sec. 3 show that
the condition (4) is apparently satisfied.
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FIG. 3. Multiplicity distributions 7P, = o, /0,,."*
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FIG. 4. The same as in Fig. 3. Data taken from Ref. 15.

Essentially, we consider models based on the following
assumptions: a) the produced particles have, on the average,
bounded transverse momenta; b) in a first approximation,
the correlations between the produced particles can be ig-
nored.

Thus, the region of asymptotic values of the multiplicity
can apparently be described in the framework of the parton
concepts of QCD. However, it must be emphasized that the
model considerations do not make it possible to predict the
region of n values in which the nature of the interactions
changes (the process becomes hard). Moreover, the experi-
mental data in the region n3 7 are so sparse that they do not
permit determination of the transitional region of values of n
(see Figs. 3-5, in which different models are fitted).

Having foundations no more serious than the model
considerations, only the qualitative conclusions of the calcu-
lations can be stressed (see Sec. 4). Here we list the main ones.

a) At high energies, there is a bounded region of “criti-
cal” values of # in which the cross sections are universal:

wb g
a? (s) o

n
nj(s)

-~ O (Inn)gy, (6)

Ine—— = ..

O,nb (S)
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where ¥ is a universal constant. The dependence on the spe-
cies of the colliding particles @ and & and on the other condi-
tions of the experiment is contained in the pre-exponential
O (In n),, . Thus, it is predicted that (6) hardly changes if one
considers e"e™ annihilation, deep inelastic production, or
hadron scattering, provided that the number of produced
hadrons is such that it lies in the critical region of values

ny(s) < n<VInsn(s). (7)

b) In asymptotia with respect to n, the “leading loga-
rithmic approximation” has a restricted region of applicabi-
lity: For n > ,/In sn; , in order to describe, say, o,, , it is neces-
sary to consider the contributions of diagrams outside the
framework of the leading logarithmic approximation (there
is a similar phenomenon in multiperipheral models'®). The
cross section is given by

a2 (s)=0 {exp [__ E:(.\v) Cop (n, s)“, (8)
where C,, (n,5) is an increasing function of #. This indicates a
unique possibility of investigating the contributions of dia-
grams more complicated than those considered in the lead-
ing logarithmic approximation without going beyond the
logic of this approximation.’® In this we see a significant
difference between processes involving the production of a
very large number of particles and other hard processes.

In Sec. 5 we make predictions that can be verified ex-
perimentally for both the integrated and the differential
cross sections.

The ideas used in the paper are based on the proposition
that o, /o, is the partition function of the gas of (produced)
particles. However, if the multiplicity » is very large, it may
be more convenient to use the different picture of the particle
production process as a stationary nonequilibrium process
(when the interference between the different contributions to
0, /0, is negligible?®).?!

1. EXPANSION WITH RESPECT TO CORRELATION
FUNCTIONS

The quantitative side of the problem of describing ha-
dron production is as follows. We represent the interactions
of elementary particles in terms of color fields @, (x), i.e.,

FIG. 5. The same as in Fig. 3. Data taken from Ref. 16 (a) and
Ref. 17 (b).
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vector fields B j (x) and quark fields g, (x). Their coupling to
the asymptotic states (say, pions) can be determined as fol-
lows (by analogy with Ref. 22). From Q,, (x), we form a color-
less gauge functional O (x|@). Then the expectation value
with respect to the fields @, (x) has the form

(0 (=10) 0 (y1Q)*)o = § aspatves-w (GEBE_ o ),
o

where the pion production “vertex” CJ( p) depends func-
tionally on the choice of O (x|Q) and determines the given
“content” of the fields Q,, in the pion. In (9), we have not
written out the contributions of the remaining (including
many-particle) hadron states.

In (9), we must, first of all, define the operation of aver-
aging ()p over all configurations of the fields Q,(x)
= (B, (x), g;(x)). A problem here is that, because of the con-
formal invariance of non-Abelian gauge theories, two points
of space separated by a spacelike interval are mutually de-
pendent.?®?* Allowance for these constraints in the canoni-
cal formalism presents very great difficulty,”” which we at-
tempt to avoid in the first stage in the description of the
hadron production processes. (A further discussion of the
field theory of multiple production is given in Sec. 2.)

To avoid these difficulties of the microscopic theory, we
express the required exclusive cross sections in terms of the
correlation functions of the produced particles, i.e., we wish
to use the connection between the inclusive and exclusive
quantities and thus extend the theory in such a way as to
make maximal use of the empirically accumulated material.
A very simple form of such a construction of the theory was
given in Ref. 26. At the same time, as we shall see below, this
approach also has purely theoretical advantages, making it
possible to discuss collective phenomena in the gas of the
produced particles, something which is important in the case
of production of a very large number of hadrons.

We choose the following method for constructing the
phenomenology of multiparticle production. We introduce a
*“trial” assumption (which is justified in what follows) that
the topological cross sections of hadron production satisfy

o, << O (e7™") (10)

as n — co. We are mainly interested in the production of
pions, and, to eliminate the restrictions associated with the
finiteness of the phase space, we consider the theoretical lim-
it m, = 0 [then in (2) n_,,, = «]. All the expressions that
follow can be written down with allowance for the conserva-
tion laws, but, having taken m, = 0, upper bounds on the
cross sections in asymptotia with respect ton can have only a
dynamical origin. At the same time, it should be recalled
that the o, which we calculate satisfy o, <(o, )™?, where
(o, )F™? is the experimental value of the cross section.

In what follows, a somewhat different expression of (10)
will be more convenient. We consider the generating func-
tions

oo

t
ab (25 8)= E\ znc';? (s)'
n=

7 (11)

where zis an arbitrary number. We shall be interested in only
real positive z. (If T, is regarded as the grand partition func-
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tion, then the physical meaning of the activity z is discussed
in detail in Ref. 27.) From the positivity of o, we can deduce
the inequalities

Ty (3 S)<Uatgt (8) for z2<<1; (lza)
L Toy(z, >0, k=0, 1, 2, .. (12b)

These inequalities mean that in (11) the series must converge
forallz < 1. However, augmenting (12) by the inequality (10),
we find that the series converges for |z| < .

For m, #0, the sum in (11) terminates atn = n,,,, < o
and, thus, the m_ = 0limit in a certain sense corresponds to
transition to the “thermodynamic limit,” in which the num-
ber of particles and the volume in which the system is placed
are unbounded. Then if the number of particles is sufficient-
ly large, as in the considered case, the energy /s determines
the temperature of the gas of the produced particles. For
this, it is necessary to introduce an equivalent of the density
matrix p,, (3, z) (see, for example, Ref. 28) such that
| e BL BV ) par By B (13)

T F §) = ———r—
ab (Zs ‘5) omi 1‘/.5‘
Here, 3 is inversely proportional to the temperature T of the
gas of the produced particles, and the contour of integration
is taken parallel to the imaginary axis (I, is a Bessel function

of an imaginary argument). Finally, using (11), we obtain

0n () = & =2 T (3, 5). (14)

The representation (13) is not entirely convenient, being
Lorentz noncovariant. It can be extended if p( 3, z) is re-
placed by p(a, z), where a is a 4-vector. Then instead of (13)
we have

do i 3
T (z, 5)= STl?%;e'c"Pﬂbp(oc, z),

(15)

where P,, is the total 4-momentum of the colliding particles
a and b, and P,,=p, + p,. The representation (13) can be
obtained by choosing a coordinate system in which
a = (B,0) (at the same time, however, the total energy s
must be fairly large?®).

Further, if we wish to calculate the exclusive spectra of
the produced particles, z in p(a, z) must be assumed to de-
pend on the momentum of the produced particle: z = z(k ). It
follows from what was said above that

n ok

. Prje 4
e =3 | Il {arayemy * &0} a6

o e
n i=1

where A, are the multiparticle production amplitudes. The
differential cross sections of the particles are calculated in
accordance with the standard expressions.*”

The density matrix p(a, z) was discussed in such detail
in order to emphasize its universal significance for describ-
ing the experimental data. In terms of statistical physics,
plp, z) is the grand partition function in this approach.
Therefore, singularities of T’ (z,s) indicate the presence of a
phase transition in the system of produced particles.*! How-
ever, as is readily seen [see (13) and (14)], the asymptotic
behavior with respect to o, is controlled by the positions of
the singularities of T (z,s) with respect to z.>* Thus, to eluci-
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date the asymptotic behavior of o, with respect to n it is
desirable to use the experience accumulated in the theory of
condensed media (see, for example, Ref. 33). The restriction
(10) presupposes that T'(z,s) is a regular function for all
|z| < oo. The absence of a phase transition in the gas of the
produced particles appears natural and is confirmed by the
models considered in Sec. 3.

The connection between the asymptotic behavior with
respect to # and the structure of the singularities with respect
to z follows directly from (14). Thus, at large » the integral in
(14) can be conveniently calculated by the method of steepest
descent. The equation for the saddle-point values of z is

z{f—z]n'[‘(z, s=n. (17)

By virtue of (12), this equation always has a solution
2, = zy(n,s) that increases with increasing n. If z, is known,
one can show that in the limit n — oo

ab
%= —nlnze(n, s)+0 (Inn)g,. (18)
Otor (8

We note that if T, is singular at z=2z_, > 1, then the
solution of (17) has the form

38 (n, 8) = 2. (8)+ O (1/n)qs, (19)

where the n-dependent correction is determined by the na-
ture of the singularity. Substituting (19) in (18), we find that

o, = 0(e©"), C =Inz =0. (20)

Otherwise, if the singularity is at z = o,
On << O (e77); (21)

which is what we wanted to prove.

We can now discuss in more detail the limit m,. — 0. As
we pointed out above, the limit 72, = 0 is chosen in order to
eliminate a significant influence of the boundaries of the
phase space. Instead of this, we could consider n<n,_,,,
which is obviously the same thing. However, it may then
happen that at a given energy /s the difference |z, — z. | is so
large that the singularity of T (z,s) does not affect the asymp-
totic behavior of o, . Therefore, in what follows we shall
assume that the energy is sufficiently high and n<n_,, . It is
then obvious that we do not introduce a large error by taking
m, =0.

We are interested in the limit of very large multiplic-
ities, and the temperature of the pion gas must be low,
B — w0, and the density high, z > 1. Under these conditions,
the calculation of p( 3, z) can be reduced to the taking into
account of the correlations between the produced particles,
i.e., it is necessary to construct a phenomenology of the col-
lective phenomena in the gas of the produced particles.

If between the produced particles there are correla-
tions, the phase space cannot be uniformly populated. Let
the probability for the formation of an inhomogeneity of
n; > 1 particles with total 4-momentum p; be w,,;(p;). It is
clear that ¥n;, = n and X p; = P,,. Introducing the density
matrix p( 3, z), one can avoid complications with these con-
servation laws. Then instead of @, it is necessary to consider

l(z, p) = :?‘

n=1

z"w, (p) (22)
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and with each such group of particles one must associate a
Boltzmann factor exp( — 3 p, ), where p,, is the total energy
of the group of particles, and p; = ( py, p;). The next step is
to take into account the correlations between the groups of
particles distinguisheg in this manner. For this, we intro-
duce the probability N,( p;, ..., p;) that [ groups of particles
are produced with correlation. At the same time, 2!_, p,
=P ab*

As a result, using the standard methods of cluster ex-
pansion from statistical mechanics, we obtain

oo I
o (B, 2)=py (B)exp {El o § 11 [ & uoipio)

=

<ty D= | Ny (P ooen pD},  (23)

where ¢ ( p, z) is normalized by

t(p,z=1)=1 (24)
and, accordingly, p,( B ) = p( B,1). In (23), it is more conven-
ient to go over to an integration over the momenta p; and the
masses m,; > 0 of the groups of particles. Since in what fol-
lows we shall be interested in only large multiplicities, we
restrict ourselves to the approximation in which |p; |<m;.
Then the representation (23) can be rewritten in the form

= , '
o B 2)=py @ exp {3 o § IT [ 2o (¢ (myy 5)—1)|
=1 i=1

m;

XN (Mg ousy my; [3)}. (25)

The convenience of the representation (23) is to a large
degree by how “well” the groups of correlated particles have
been separated. For example, groups of particles may arise
through the decay of resonances or in hard processes—
through the decay of high-virtuality partons. In any case, as
follows from (23), p( B, z) is actually a functional of 7 ( p, z),
and in this sense (23) must be regarded as a definition,

!
6 1
Ni(Pyy voey PI) = eMParhe H bt (pi, o) gy i 2) |z:l w126
i=1

and then, using the definition (16), we can find N,.

The representation (23) reflects the assumption that it is
possible to distinguish the correlations between the pro-
duced particles on the basis of their distances in the phase
space. We shall assume nominally that the contributions to
t(p, z) and N, correspond to “near” and *“‘far” correlations,
respectively. In other words, we assume the existence of a
certain dimensional parameter with respect to which the
near and far correlations can be distinguished. There may be
several such parameters, and it will then be necessary to dis-
cuss the hierarchy of correlation lengths. Here, we consider
the simplest case when there is just one such parameter.

It can be concluded from (18) that the asymptotic be-
havior with respect to n depends to a large degree on zy(n,s).
Moreover, in what follows, we shall be interested in only the
z, that are nearest to unity, and then in the first approxima-
tion £ (m, z) can be represented in the form

In t (mz) = np (m) (z — 1) + 0 (z — 1)), (27)
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where 7, (m) is the mean multiplicity in a group of closely
correlated particles.

It follows from (27) that ¢ (m, z) is an increasing function
of m, at least in the region z> 1 when the estimate (27) is
valid. This means that with increasing » the important re-
gion of values in the intervals (25) correspond to m~~( z,)
and increase with increasing z, or, which is the same thing,
with increasing n [if, of course, N, (m,, ..., m;; 8) do not de-
crease so rapidly that near correlations are almost absent
and m~m_]. Note also that by virtue of the conservation
laws the values of m must decrease in (25) with increasing /,
and it follows from this that for 0 <z, — 1<1 the higher cor-
relation functions N,, /> 1, can be ignored.

When z, — 1<1, we retain in (25) only the first term of
the expansion with / = 1. Then from (17) we find that

zy(n, §)=1-+ 1

Ei' (s)

O (Inn) (28)

and as a result we obtain from (18)

a
i S

T tot ;i_r (s)

O (Inn). (29)

This estimate (which in what follows will be confirmed
by the model considerations) makes it possible to determine
the region of asymptotic values of » in which we are interest-
ed. Since with increasing # it is necessary to take into ac-
coutn the growth of zy(n,s) and, accordingly, £( z,,s), it is
readily seen from (25) that for n > 7, it is also necessary to
take into account the correlations between the separated
groups of particles, i.e., it follows from this that the param-
eter which determines the characteristic scale of multiplicity
values is the mean multiplicity in a group of closely correlat-
ed particles (at the same time, it can be expected that the / th
term in the expansion of the argument of the exponential in
(25) will be important at n ~ /i, ; see Ref. 18).

Thus, we have determined the asymptotic behavior
with respect to » using the condition, justified from the point
of view of the physics of multiparticle production, that in the
given region (1) of values of n all possible correlations
between the groups of particles must be important [for ex-
ample, if 71, (m) is the mean multiplicity into which a reso-
nance of mass m decays, then for n»#, we must take into
account correlations between the resonances when calculat-
ing the cross sections].

It follows from (18) that o, is the larger, the weaker the
dependence of z,(n,s) on n; i.e., o, is the larger in asymptotia
with respect to #, the more rapid the increase in T'( z,5) with
increasing z. On the basis of this, we assume that the main
contribution to T'( z,s) is made by the correlations for which
the corresponding correlation functions, say N Pis o D)
are positive definite. In other words, this means dominance
of the “attraction” between the produced particles in asymp-
totia with respect to n and explains why we construct the
phenomenology by separating first groups of closely corre-
lated particles.

It is intuitively clear that the correlation functions N,
will be positive definite in the complete phase space, pro-
vided interference between the different contributions to the
amplitudes A4, of multiparticle production can be ignored.
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This question is discussed below from the point of view of
perturbation theory (see Secs. 3 and 4).

To conclude this section, we discuss the following ques-
tion: Can the fluctuations corresponding to the near correla-
tions dominate the fluctuations corresponding to far correla-
tions to such an extent that the latter cannot be observed
experimentally? This question requires further discussion,
since the fluctuations of each type are determined by corre-
sponding mean multiplicities and, as a consequence of this,
determine contributions to different regions of n values.
However, even if one cannot expect interference between
these fluctuations, suppression is still possible.

The suppression is due to the need to take into account
the conservation laws, something that is important if the
multiplicity of the produced particles is very high. At the
same time, the multiplicity distribution to which allowance
for only the near correlations leads must be maximally
broad. It is only in this case that the measure that determines
the probability of occurrence of another type of fluctuation
(which, we emphasize, is not dynamically forbidden) will be
small. We note that this phenomenon can be detected only in
a calculation of the density matrix p( 8, z) and is not noted if
the many-particle amplitudes are considered.

Bearing in mind that we assumed regularity of T'( z,s) on
the circle |z| = 1, we shall have a maximally broad distribu-
tion only if ¢ ( z,5) is singular at z = z, > 1. For example, sup-
poset(z,s)=(z.(5) —z) =% x>0.If
SRR 1, (30)

n (s)
then from (25), taking into account the conservation laws,
i.e., the factthat 8 — o with increasing n, only the first term
of the expansion with / = 1 will be important, since z, (s) in
(30) is a decreasing function of 5. As a result, we find that
T(z,5)~1(z,5). In Secs. 3 and 4 we shall give examples that
illustrate the occurrence of such singularities.

To understand the extent to which this suppression
mechanism corresponds to reality, we must make use of the
experience in the description of phase transitions. If we give
up the assumption that the system of produced particles can
be realized from event to event at a given energy in different
phase, i.e., if the correlation radius, which is ~ (|In p}/ p?|},
where p; and p; are the momenta of the particles, is for given
n>(s) as well-defined quantity (this presupposes that the
fluctuations in the neighborhood of {|ln p}/ p}|) are Gaus-
sian), then we should discuss only a “phase transition of ze-
roth order.” In such a phase transition, the latent energy of
the transition is infinite, and therefore there exists only one
phase, the same for all #. Then, as can be seen from (20), since
the nature of the singularity does not affect the asymptotic
behavior of o, (the nature of the singularity determines only
the pre-exponential factor), it can, for example, be assumed
that

Z.(8)=1-+

f(z, )

(2c (5)—2)*

where f| z,s) is an arbitrary smooth function of z.

In (31), it must be assumed that z, > 1, since otherwise,
for z. =1, 0., = T(z5)|._, is not defined in the limit
m,. = 0, and this contradicts the ideas of current algebra.

tz,.8)= % =>0, (31)
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In (30) we implicitly use the fact that it is only in theories
in which

Z,(s)>1 as s— oo (32)

that the singularity affects the asymptotic behavior with re-
spect to n. Then, if we take (32) in conjuction with (12a) and
use the fact that

R =2 InT(z, 8|, (33)

we find (30) from (31).

This phenomenon is the well-known dominance of
“critical fluctuations”** in the neighborhood of the phase-
transition point z, (s). We shall call the region of » values in
which the singularity with respect to z affects the multiplic-
ity distribution the region of “critical values of #.” The as-
sumption (32) means that the critical region of values of »
becomes larger with increasing s.

2. ROLE OF HARD PROCESSES IN MULTIPARTICLE
PRODUCTION

The successes in the description of deep inelastic pro-
cesses***® indicates that at short distances a theory can be
constructed on the basis of parton ideas.'®'! At the same
time, we can evidently omit the correlations associated with
the confinement forces.

The observed hadrons are the products of interactions
at large distances, of the order of some scale parameter u.
The numerical value of this parameter, which is important
for the description of experiment, can be found only if there
is a quantitative theory of confinement. Here, we shall as-
sume that such a parameter exists and that its value is such
that at short distances (1/u parton ideas can be used.

Since color fields are not observed in the free state but
are “hidden” in colorless hadrons, the question of the terms
in which the theory of multiparticle hadron production is to
be formulated is acute. In other words, in describing the
production of hadrons as the result of the interaction of the
color fields Q, (x) = (B ;(x), g,(x)), we must determine the
functional dependence of the vertices Cy( p) on O (x|Q) (see
Ref. 9), but this is actually one of the aspects of the confine-
ment problem.

We assume that there exists a functional O” (x|@ ) such
that (9) can be written in the form

: : ez (p)
0" (aQ) 0" 41Q)*)o= [ dtpetris-n —0 . (34)

Having determined in this manner the *‘observed”
functional O", we can express the amplitudes 4, for multi-
ple pion production in the form

n+2
An (-l'ig aaey .‘L‘n+2) = <H o" (1'1. IQ)>Q o
'n+12:t
= g DQeiS(Q} H O'I {-Ti IQ) = (35]

i=1

Here, we have not written out the contributions correspond-
ing to the possibility of pion production in pairs through the
observable O*7 (x,,x,|Q), etc. Following (35), we represent
the total amplitude of multiple pion production in all possi-
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ble channels in the form

An (.’I,'l, . e ey l',H.g) = 5 DoeiS(Q)Fn (xlv cos1 Tnty | Q)v
(36)
where
n+2 e n 2
Fp (@1 oons 2Zaaal@ = [| 0"+20"[]O"+... (37)

and the first term in this sum gives the contribution written
down in (34).

(One may note a certain analogy between this problem
and the problem of describing helium-II,%® in which the su-
perfluid component is not directly observable. The expres-
sion “observable variables” is taken from Ref. 37.)

Thus, we assume that at distances > 1/u it is necessary
to take into account in the integral (36) not only the contribu-
tions calculated perturbatively but also the nonperturbative
contributions.*®*° Simultaneously, we assume that at short
distances < 1/u it is sufficient to take into account only the
interactions of the partons, and here perturbation theory can
be used. We note that at the present level of knowledge this
scheme of calculations is effectively uncontrollable (see Ref.
20) and is based, as was said above, on the experience of
describing hard processes.

The existence of the scale-fixing parameter u having
been assumed, the further calculations are fairly simple—it
is necessary to take into account the different nature of the
interactions at large and small distances. For this, it is sim-
plest to divide the fields Q, (x) into two parts:

Qq (2) =My (2) &, (2), (38)

in such a way that, say, the fields 7, (x) correspond to inter-
actions at only small distances,

e (2) = || YK (2—1) @, () %
Ky(@—y)= | a0 (gl —p) o
+ _y — J (‘_'{31-)4 q l- 1
and the fields £, to those at large distances,
& @) = | dyK_(2—) Q. (v), (40)
where
Ki(x) + K. (x) =1. (41)

This ensures the following gauge-invariant decomposition of
the element DQ:

DQ =[] dQ, (z)= [] dn, (2) &8, () =Dn D& (42)

Here, we have used the fact that the parton virtuality is
|g|=~|q, |,"” and therefore the Jacobian of the transformation
in (42) is O (1). Such divisions are frequently used to describe
systems with many degrees of freedom in order to separate
the necessary types of interactions.*’

We note also that Eqs. (38) and (41) guarantee that the
decomposition does not violate the gauge symmetry of the
theory. At the same time, since K, (x) decreases rapidly as
|¥] — o, and K _(x) as |x| — O, there is a certain arbitrari-
ness in the choice of the gauge fields %, and £, .

Substituting (38) in the Langrangian, we rewrite the ac-
tion S (Q ) in the form of the sum
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SMm+8=8m+SMm ). (43)

This equation is the definition of the action S (7,£ ), in which
wetake into account not only the self-interaction of the fields
£, but also their interaction with the parton fields 5, . The
explicit form of § is for us not important here.

The proposed separation of the interactions at short dis-
tances includes implicitly the assumption that the fields
7]« (X) can be represented in the form of plane-wave expan-
sions, and it thus rules out participation of the fields 7, (x) in
the confinement of the color fields in hadrons.

Since, by definition, the functional F,(|@) describes
pion production, and since the field 7, does not participate
in hadron production, we introduce the basic assumption
that

Fo(ln+8>Fy(l9). (44)

We emphasize once more that the only justification of this
hypothesis is agreement with experiment. A similar idea for
describing production of hadrons in a hard jet-production
process, in which a “preconfinement” stage was separated
naturally, was discussed in Ref. 41.

Substituting (42)—(44) in (36), we find that the pion pro-
duction amplitude can be written in the form

r - S Dyetsm g DEeSLOF_ (|E). (45)

The insertion corresponding to gauge fixing is assumed to be
included in the measure of integration.

Using (45), we can calculate the density matrix p(e, z) in
accordance with (16):

o (e, 2)= | D+Dn~ elSOM =18 guintiey 2, (46)
where
% (* |, 2)=In { DE*DE-eiStnr, 39 -1,
i
x 2 (1}1 T s TR e ek | B)
Filky cohal 8)0  (47)
In (47),

n

8(Pas— 2 Ky} Fo(lyy oon K ))
i

n
1 ix i k i e

= S lJ e jdxjexnﬂ n+l d$n+iexn+2 n-2 dxn+2
i=1

Pl

sey Lpig I)‘

In the derivation of (46) it was assumed that the order of the
integrations over the fields 7, and over the phase space can
be interchanged and that any order can be taken. (This is
always possible by virtue of (12a) for z < 1. The region z > 1
must be determined as a result of analytic continuation from
the circle |z| = 1; see also Ref. 26.)

Thus, by the division of the fields (38) we have “hidden”
in y (p* |a, z) all the problems of the dynamics of hadron
production. At the same time, since the integration over the
fields 7, is to be done in the framework of standard pertur-
bation theory, making an expansion in the neighborhood of
nE =0, it is convenient to represent y (7* |) as a sum in
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powers of 5=

k1 it
vz, 5= > \ 11 e, (25) da; H Na, (25)

ki, k2 j

X’}’kxhg (xh ---13:121; -T;» ---1-2:'2'“! Z), (48)

where, by definition, y, , are connected vertex functions
that cannot be expressed in factorized form. Further, the
expansion (48) contains only colorless combinations of the
fields 7, and 7. In fact, the vertices 7, , describe the
correlations between the partons due to the confinement
forces.

If the expansion (48) is augmented by the assumption
that the integrals over the fields £, can be calculated in the
neighborhood of gauge-invariant expectation values, say,
(G2,), (g q), etc., then (46)—(48) can become the point of
departure for the operator expansion used in Ref. 39. In our
case, in which we consider multiparticle production, it is
also necessary to know the local values of the expectation
values, their dependence on the coordinates.

Instead of (46), it is more convenient to consider here a
representation in which the conservation laws are taken into
account explicitly. Expanding (46) in powers of y and substi-
tuting this expansion in (15), we find that the generating
function T has the form

] 00 k k
% 4n.
T@9=3 T 9=3 4§ D 558 (Pu—3 i)
k=1 k=1 i=1 i=1
Rk

x | DDy essom-1se [T 3 (o | pyy2), (49)
. i=1
where

~ . 4,
x*1p, 2= | (g—,gre’“’x(n* |, 2). (50)

By definition [see (47)], ¥(7* | p, z) is a complex func-
tional of the fields 5. At the same time, by virtue of (12b),
X (m* | p, z) must be in magnitude increasing functions of z.
Then the mean number

—_— 1 e
k(zs S):T_(z’_}"}'kzik-’l'k(zi 3) (51]

must also be an increasing function of z, i.e., of n if we take
into account the equation of state (17).

For this reason, it follows by virtue of the law of conser-
vation of the 4-momentum P, that there exists in (49) z
values such that p}~m? if y (|a, z) is a regular function of z.
In this case, the hadron production process is actually de-
scribed by the interactions of the fields 7, (x), i.e., it is basi-
cally a hard process. Thus, if ¥ (7 * |a, 2) are regular func-
tions of z, then, expanding y (7 * |) in powers of the fields 7 ;
[see (48)] and noting that the effective parton coupling con-
stant satisfies @, (u?)<€1, we can assume that the mean num-
ber of partons is ¥ ~k. Then

Haa . o) (52)

asnm — .
Thus, if z,(n,s) increases unboundedly with increasing
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n, (52) must necessarily be satisfied. We can now use Sec. 2 to
formulate the assertion made in the Introduction.

3. MODEL CONSIDERATIONS

The expansion (48) makes it possible to separate the cor-
relations between the partons due to the confinement forces.
At the same time, the scale parameter y is assumed to be
such that the effective parton coupling constant satisfies
a, (14%)<1, and therefore in (48) it is sufficient to consider only
the first term in the expansion ~¥,,, which determines the
generating function

¥ (ks koi Ky Ky | B, 2)
o 2 PO e 4
= 5 ].—[ da; dajei=i~ My, | @y, @y 2, 73 1B 2),
1

this describing hadron production as a result of parton inter-
actions. We here use model considerations to elucidate the
problem of the singularities of y with respect to z.

We expand the density matrix ¥ defined in this manner
with respect to the correlation functions [see (25)]:

; o - L
\:(I B,z -——%, (1B exp{Z%ﬁ M [dm" o Py (z,m;) —- 1)]
=1 i—1

mg

X g (my,

ceey M3 B)}

In what follows, we shall not be interested in the dependence
of the momenta k; and k/; it is sufficient to know that
B— 0 asn— w.

We shall construct models for calculating 7 ( z,m) and
n;(my, ..., m;; B) on the basis of the following assumptions:

A) the produced hadrons have, on the average, bounded
transverse momenta;

B) in a first approximation, the correlations between the
produced hadrons can be ignored.

These assumptions are the basis of every description of
hadron interactions (see also Ref. 42) and, evidently, every
consistent theory of strong interactions must agree with
these ideas.

The simplest form of theory corresponding to condi-
tions A and B is the statistical model in which resonances of
arbitrary mass are produced but the (background) correla-
tions between the resonances are ignored, i.e., the model in
which only the first term of the expansion is retained in the
exponential in (53),%?

(53)

VOB =T (1B exp { | 2 (2, m)— 1) e=Bun, (m, )}

(54)

Here, n, is the mass spectrum of the resonances.
On the basis of condition A, we must assume the multi-
peripheral mechanism of resonance decay. Therefore, in (27)

we must set #, ~In m, so that
Int(z, m)=ry(z~1)In -”T—O-E-O (z— 1)2). (55)

For the mass spectrum of the resonances, we take in accor-
dance with the chosen normalization*

ny (m; B) = ny (m,) ef*m, B* = const > 0. (56)
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Note that a different choice of n, leads to a more rapid de-
crease in the particle production cross sections.

If we substitute (55) and (56) in (54), the equation of state
(17) takes the form

no_ 0 T@,n

i ok gy KE 2
where A =my( S — S *)and r=ry(z — 1); I"(4,r) is the in-
complete I function.

We are interested in low temperatures, when4 — 0 and
the particle density is high, »>0. Then Eq. (17) for In 1/
A<n<In®1/A has the solution

(57)

zo =14 1/rg In 1/A. (58)
As a result,
¥ (1. n
In 310 B =TT (59)

The temperature of the gas of the produced particles can be
found from an equation equivalent to (33):

7 ()= = 1ny (1B, 2) |, (60)
From this we find that

7, (s) ~ In 1/A. (61)
Substituting (61) in (59), we obtain

In2Usm o 0(lnn) (62)

T1(l9) nr 8)

for 71, <n<n?.

If n> 72, Eq. (57) leads to

i :}'(1 s, n) e Iy 2B (63)

:\TL (]9 7y (s) ?_13 Ol

Thus, in the region, 7, (s)€n<7?(s) the multiplicity dis-
tribution in the model can imitate a singularity with respect
to z, so that in this region of multiplicity values, fluctuations
of purely resonance type must suppress all the remainder
(both those of background type corresponding to Pomeron
exchanges and those corresponding to the parton degrees of
freedom).

We mention here the part played by condition A. If we
give up this condition and assume instead of (55) that

Int(z, m) = (z — 1) rym, (64)
then
V(B 2) ~ (A1, (1—2)™™ (65)

i.e., in this case the suppresion by the resonance fluctuations
of all the remainder must be observed in the complete region
of n values (however, it is at the same time predicted that
71 ~+5).

It can be seen from the example considered above that
the cutoff condition with respect to the transverse momen-
tum plays the part of the suppression mechanism of the reso-
nance fluctuations. However, this does not yet prove that in
the theory constructed with allowance for cutoff with re-
spect to the transverse momentum it is impossible to obtain
cross sections satisfying o,, > O (e ~ ") in asymptotia with re-
spect to n.
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To eliminate fluctuations associated with the produc-
tion of heavy resonances, which can, as was shown above,
suppress all the remaining fluctuations, we assume that
n,(m; B) decrease sufficiently rapidly with increasing m.
Then, expanding ¢ ( z,m) in powers of ( z — 1) and ignoring all
correlations, we find that (| B, z)~exp[#( B )(z — 1)], where
7i( B ) is the mean number of particles with given temperature
~1/p, i.e., going over to the energy representation,

V(2. )= (5) T, (66)
and this leads to a Poisson distribution with respect to the
multiplicity.

We choose a model in which there is no dependence of
¥, on s and assume in accordance with condition A that

n(s) =57 1ns/sy, (67)

this corresponding to the contribution to ¥( z,s) of one Po-
meron exchange.

On the basis of the Born contribution (66), one can deve-
lop a diagrammatic technique in which exp[Fi(s)(z — 1)]
plays the part of a propagator of a (“cut”’) Pomeron'” in or-
der to include fluctuations in the density of the produced
particles. Such a model of “strong coupling” of Pomerons**
was investigated in Ref. 45.

This model can be interpreted as describing the motion
of a Brownian particle in the plane of the impact parameter b
with z determined by the density of (infinitely heavy) impuri-
ties. Allowance for the action of this particle on itself is equi-
valent to taking into account the fluctuations in the density
of the produced particles and leads to the following instabil-
ity.

If the mobility D ( z,s) is calculated, it is found that at
high energies D is singular with respect to z at z = 1 (Fig. 6).
This instability has the consequence that T'( z,s) is singular at
z =1, and therefore the corresponding multiparticle pro-
duction cross section will decrease as a power
(Ing, ~ —Inn).

In the calculation of this result, the so-called £ expan-
sion was used. Formally, the resulting distribution was cal-
culated in a space of dimension d = 4, in which ultraviolet
divergences are important and, by virtue of this, there is ac-
tually no cutoff with respect to the transverse momentum.
At the same time, if the theoretical expressions depend
weakly on £, we can, takingd = 4 — g, choose £ = 2 in order
to go over to the description of real processes. However, it
can be seen that for z£0 this theory is singular at £ = 0, and
this indicates inadmissibility of the £ expansion.

o e i

=
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\
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I
|
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FIG. 6. Dependence of the normalized diffusion coefficient xp = D ( z,5)/
D|(1,s5) on the energy; & = In 5. The upper and lower curves correspond to
z>1and z < 1, respectively.
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This model has been given here in order to demonstrate
once more the part played by the cutoff with respect to the
transverse momentum.

Much more popular is the model in which

V1 (s) ~ s°, (68)

where §=0.070 + 0.005.¢ In this model of strong interac-
tions, the total cross section increases in proportion to the
square of the logarithm of the energy, o, ~In’s. Such beha-
viro of o,,, corresponds to the picture of an interacting ha-
dron as a disk whose profile function @(b,s) is expressed in
the form

@, (b, s) = i0 (a2E* — b?), (69)
where £ = In 5/s, and b is the impact parameter.

One can regard @, as the propagator determined in the
Born approximation and attempt to establish the extent to
which the solution (69) is stable with respect to quantum
corrections. This question is discussed in Ref. 47. The prob-
lem here is in the need to take into account the diffuseness of
the edge of the disk. As was shown in Ref. 48, if the disk does
not have a diffuse edge and the profile function has the form
(69), it is impossible to describe consistently particle produc-
tion in such a model. In its turn, the diffuseness of the edge of
the disk may lead to complications with s-channel unitarity.
In Ref. 48, it was shown, however, that if the Pomeron inter-
action vertices are sufficiently small, the model can be recon-
ciled with the s-channel unitarity condition.

Having obtained in this manner a noncontradictory
model of multiparticle production, we can use it to describe
¥(s,n). Since the Pomeron interaction vertex is small, in the
first approximation we can use the eikonal approximation,
which corresponds to an expansion in reciprocal powers of
the hadron interaction range. The effective expansion pa-
rameter is

e 2ho bt

Rita ok
wherea = 3.64 + 0.05(GeV/¢)"%, R ?* = 3.56 + 0.06(GeV/
¢)~%4A = 1.5andap = 0.25 + 0.05(GeV/c) 2. Using these
parameters, we can achieve good agreement with experi-
ment'’ (see Fig. 5b). In this approximation, ignoring the pos-
sible oscillations,

: (70)

n

= n
V(l's, m) ~oxp (— =l =), (71)
if n»7(s) (which covers the complete range of values of # in
which we are interested).

However, the eikonal approximation has a restricted
region of applicability. Despite the smallness of the Pomeron
coupling constant 75, for

n>n(s)ln Tsm (72)

it is necessary to take into account interactions of Pomerons
(numerically, 7 R 2=10"7). In Ref. 48, the following equa-
tion was obtained for T (bg, z):

T (& 2) = | @ (bi & 2). (73)
In general form, the equation can be expressed as
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FIG. 7. Typical diagrams determining the contributions to; (b,&, 2); r 2)is
the Froissaron interaction vertex.

l A
T (b; & 2)= 55 (b, 2] 7), (74)
where ,{/ is determined by the diagrams of Fig. 7. For exam-
ple, the contribution of the diagram in Fig. 7a to y can be
expressed in the form

o k
x=23 p)"* | [[{@b,d&;T (b;; &, 2}
k=2

i=1

k h
8 (D&i—1t) 8™ (Sbi—b). (75)
1 i

We are interested in singular solutions of Eq. (74). At
the same time, in asymptotia with respect to n, we shall, for
z> 1, be interested in only positive contributions to y (b;
&, z|T) (which corresponds to positive definite correlation
functions N, ).

A standing, not dependent on b and £, singularity is to
be rejected immediately, since in this case there will be singu-
larities of different orders on the left- and right-hand sides of
(74).

The singularity cannot depend on the impact param-
eter, since then Eq. (73), which is a consequence of assump-
tion A, is not defined in this case.

Thus, if there is a singularity, then z, =z,(£), and by
virtue of (32) we shall be interested only inz, — 1asé — .
It can be shown that in this case allowance for the quantum
corrections (say, (75)] shifts the singularity to the pointz = 1,
but this, as was said above, contradicts the original equation
(74).

4. PRODUCTION OF PARTICLES IN HARD PROCESSES
It can be seen from the foregoing model analysis that

In %M<—an, a>>0,
1 (l3)

n — co.

This inequality is evidently a consequence of the bounded-
ness of the transverse momenta of the produced particles,
i.e., a consequence of the quasi-one-dimensionality of the
phase space of the system.

Thus, since (4) is satisfied, the asymptotic behavior with
respect to n can be described in the framework of QCD par-
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tons. We shall calculate the distributions with respect to the
multiplicity in the following sequence: First we consider par-
ticle production as a result of the decay of a parton with large
virtuality; then, using this result, we consider the multiplic-
ity distribution in deep inelastic processes. Finally, we shall
consider below hadron-hadron interactions.

In order not to introduce additional uncertainties asso-
ciated with the model considerations regarding ¥, . (|a, z)
into the predictions of the parton model, we simply use the
fact that as # — oo the number 7 of produced hadrons must
be proportional to the number v of produced partons.

Before we turn to the actual calculations, we should,
however, note that in rejecting effects associated with ha-
dron production we introduce a certain error at finite #. It is
therefore sensible to consider first the degree of accuracy
and the detail of the calculations that must be maintained in
what follows (bearing in mind also the complete absence of
experimental data in the range of values of » of interest to us).

Below, we shall limit ourselves to the leading logarith-
mic approximation, and we therefore use the convenient ex-
pansion with respect to correlation functions, distinguishing
the correlations between partons in a jet produced by the
decay of a heavy parton from correlations between jets. This
is convenient in the first place because in the leading loga-
rithmic approximation Markov processes play an important
part'®*® and the correlations between the jets must be small.

Bearing in mind the restriction (10), it is to be expected
that the corresponding distribution will have the form

o’ = qiexp (— = Clo (n) ). (76)
n
Here, C}, is a nondecreasing function of , and 7 is the mean
multiplicity of the hadrons produced in the given process.
The pre-exponential factor @7” must, following (12b), be an
increasing function of . It follows from (76), in accordance
with Sec. 1, that the important values of n are n ~17, i.e., the
scale of values of 7 is determined by the mean multiplicity.
A similar representation can be obtained by considering
the production of v partons (we shall mainly be interested in
the production of a large number of gluons):

0§ =98 exp (== Cay (v)) 5 (77)

where ¥ is the mean number of partons produced in the given
process, and C,, (v) is again a nondecreasing function of v,
which can also depend on the nature of the process.

Comparing these two expressions, we can conclude that
the subsequent calculations are to be made up to the accura-
cy of the pre-exponential @, for in ignoring the effects asso-
ciated with confinement, we introduce an error so large that
there can be no point in considering the pre-exponential fac-
tor.

Further, as we have seen, the dependence of C,, (v) on v
significantly influences the picture of particle production.
Therefore, in the first place it is necessary to establish
whether C,, (v) depends on v, i.e., whether there is a singu-
larity at z =z, < oo in the partition function.

In accordance with (39), the parton virtualities are
large, |g|> R ¢, so that the corresponding effective coupling
constant satisfies a (4?)<1. Then simple kinematic consid-
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erations lead to a natural infrared cutoff in QCD.* This
circumstance can significantly influence the dynamics, pro-
vided the infrared divergences are important in the theory
(otherwise, these corrections associated with the infrared
cutoff are unobservable, as in the (1¢?), theory, since they go
beyond the framework of the leading logarithmic approxi-
mation). In QCD, it is to be expected that the condition
|g%|  u? will lead to a significant reduction of the phase
space, and this must affect the asymptotic behavior with re-
spect to v.

To demonstrate this, we use the equation obtained in
Ref. 50 to determine the probability o% of decay of parton a
into v partons. Since we are interested in only the asymptotic
behavior with respect to the multiplicity, for which the ex-
treme left-hand singularities with respect to z are important,
since the position of the singularity is determined by the
mean multiplicity of the partons, and since ¥, >%,, i.e., the
mean gluon multiplicity exceeds that of the quarks,’! we can
ignore quark jets in the first approximation. We then arrive
at the equation (7 ~1n ¢*/A ?):

d : ;
T of=(1—1+1) 0%
v v "I:;
FULB) D) ool + 5 | g 05050 (78)
vi=0 vi=0 ‘;n

We shall be interested in the following solution of this equa-
tion:
0520(1) ooV ln_Zc, % = const. (79)

Bearing this in mind, we introduce

o (B == 3} vl (%), (80)

=1

The corresponding partition function is

Lol z)=k§D (In z)* ey (v), 2>>1.

(81)

Substituting (79) in (80), we find that o¢ (7) has the asymptotic
behavior (79), provided

ar (v) = Br (v; (¥))", v; (v) = (In 2z ()7, (82)
where the positive coefficients /3, can depend weakly on 7
[we have decided not to consider quark jets, and therefore
a, = 0(1)].

Using (78), we find that

v (1) =0 (eV7) (83)
[see (3)]. At the same time, the coefficient /3, satisfies the
recursion relation

k=1

k2 —1 1 4(1-K9)
% ﬁk; E (W" ]/E )f’mﬁ.’e—-m'

m=1

(84)

Since they 3, are positive, we are forced to assume that for
arbitrary but bounded k> 1 and 7 — o the negative term on
the right-hand side of (84) can be ignored. Then it is easy to
find that

By = 2k (1 -+ O (1/k)). (85)
Substituting this solution in (84), we find that (85) is justified,
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provided
E<Vn. (86)
This condition restricts the region of applicability of (85). In

terms of the multiplicity v, the restriction (86) means that the
“critical region” of v values is determined by the inequalities

vim <<y Tv; (). (87)
Thus, t, (7, z) cannot be singular at z =z, < «, although in
the restricted region (87) of values of v the multiplicity distri-
bution ¢¥ may imitate such a singularity.

A singularity of the partition function may be a conse-
quence of only the unbounded growth of the fluctuations as
z—z,. In the example considered above, the effective re-
duction of the phase space (due to the finiteness of u) pre-
vents this phenomenon. Mathematically, this is reflected in
the fact that the right-hand side of (84) acquires a negative
term ~ 1/4/7, and this plays the part of a cutoff factor (for
comparison, see the calculations in the (1¢?)s theory,>* in
which this factor is absent).

To calculate the multiplicity distribution outside the
critical region of v values, in which the reduction of the
phase space is appreciable and therefore the fluctuations are
suppressed, we must, as follows from (84), take into account
in of the corrections ~ 1/7. But then Eq. (78), obtained in
the leading logarithmic approximation, is incorrect—it is
necessary to take into account the following corrections, i.e.,
to go beyond the framework of the leading logarithmic ap-
proximation. It should be noted that in the framework of the
logic of this approximation allowance for the contributions
of more complicated diagrams does not lead to a singular
partition function (this would mean divergence of the pertur-
bation-theory series). From this it may be concluded that
outside the region (87)

.

= S (t)cg(z, v)
of(t) -0 “i ). (88)

Here, C, (1,v) is an increasing function of v.
Let the structure function D, (x,Q ?,v) describe the pro-
duction of v partons,

5\_“. Dgy (x, Q% v)= Doy (2, Q%) (89)

the quantity on the right being the structure function that
determines the probability of finding parton b with virtuality
Q? <0in parton a. For — @ *>u?, to determine D, (x,0 ?) it
is sufficient to use the leading logarithmic approximation,
this corresponding to the contributions of the simple ladder
diagrams.'®!'! In other words, in the deep inelastic region
D,, (x,0?) corresponds to a simple Markov process-“‘Brow-
nian motion with respect to the coordinate ~In(1/x), the
role of the time being played by In In|Q?|.” It is clear that
such a process takes its simplest form if the mobility, which
is of order In(1/x)/In In|Q ?|, is large. We shall assume that

In1/z> Inln | Q% |, (90)
but, simultaneously,
In 1/z € In | Q* | (91)

(this last restriction is a specific one for the considered ap-
proximation).
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In the leading logarithmic approximation, the main
contributions to D,,, (x,Q?) that compensate the smallness of
a, (u?) arise from a wide region of integration with respect to
k7, the (positive) virtuality of the produced partons, the im-
portant values of this variable satisfying u?<k 2< — Q 2. If it
is remembered that the time needed for capture of a parton in
a hadron is % 1/u (in the self-frame), then a parton with
virtuality & 7>u® must have time to decay before it is cap-
tured in a hadron. This leads to dominance of the jet produc-
tion of partons in the hard process.

Now suppose v is large. Then, in the first place, many-
partons jets must be produced, i.e., {(k ?) must increase with
increasing v. But this amounts to an effective decrease in the
region of integration over k; and, ultimately, to a decrease in
the fraction of the contributions calculated in the leading
logarithmic approximation due to the decrease in the mobil-
ity (i.e., the decrease in the phase space in which the jets are
produced). As a result, we find that it is necessary to take into
account many-ladder diagrams (similar to those considered
in Ref. 53). This solution, the alternative to the process of
production in asymptotia with respect to v of one jet, is a
consequence of the boundedness of the region (87) of critical
values of v.

Thus, we have shown earlier in this section that in a
certain bounded region (87) of values of v it can be assumed
that the fluctuations in the parton density are so large in a jet
that they lead to a corresponding singularity in the partition
function. Then, using the results of Sec. 1, we can assume
that

Doy (2, Q% v)=0 (™" ), (92)

if v belongs to (87). For values of v outside this interval, Eq.
(88) holds; then, in accordance with Sec. 1, many-jet events
must be important. However, in deep inelastic processes it is
necessary to take into account in asymptotia with respect to
v the decrease in the mobility, and this makes it necessary to
calculate the contributions of many-ladder diagrams.

To show this quantitatively, we can consider the Bethe—
Salpeter equation for the generating function T, (x,0? z)
corresponding to D, (x,0 %v) (T~1In Q%/A ?):

1

d [ =
T Tar (@ % =3 | 3 Poc @) Ve (%, 43 8) Tes (9, 3 2).

c X

(93)

This equation is normalized in such a way that at z = 1 Eq.
(93) becomes the equation for the structure functions
D, (x,7),%"*1.e.,

tab (1:9 Y Z) |:ﬂi = 1- (94)

The kernels P,, were found in Refs. 49 and 54.

The functions ta,, describe gluon production when par-
ton a is scattered by parton b and are actually identical to the
partition function for one jet found above.

Equation (93) can be simplified somewhat by using (91),
namely, in the first approximation the dependence of ?. t,, ony
can be ignored. Then, since a Markov process is considered,
ignoring the correlations between the jets, we can find that

InTe, ~ V' L(z, 2)In 1z, (95)
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where

L, e | Ei(n, 2=1; 2). (96)
‘E‘o‘ =
The estimate (95) was found when the effective mobility
(which here depends on z) is fairly large:

In1/z S L (1, 2). (97)

However, as can be seen from (96), with increasing v, i.e., z,,
the mobility decreases, since ¢, is, by definition, an increas-
ing function of z.

Thus, following Sec. 1, outside the critical region (87) of
values of v it is necessary to take into account the correla-
tions between the jets, and in this case

dj (11\i ;
Loy (2, 75 z): g 2_;._(;) dab(]: T)
[}
3 g "
‘l] 11 [_ - (t(x, z=1;3)— 1)J

1 i=1

A e

X BXP{

X Nao (s - %3 T D} (98)
where N'., describe the correlations between the jets. If we
follow the logic of the leading logarithmic approximation, it
follows that, since the perturbation series in QCD must con-
verge, outside the critical region

Doy (2, % ¥) =0 (exp (==~ Cas (@ 15 W), (99)

where C,; (x,7;v) are increasing functions of v whose explicit
form is determined by N, (7, ..., 7,;7| j).

Using the preceding results, we can now consider the
production of an asymptotically large number of particles in
hadron-hadron interactions. More precisely, we shall con-
sider the scattering of two fast partons @ and b of small vir-
tuality. This is sufficient for our purposes, since we are not
interested in the pre-exponential factor in (77).

In the leading logarithmic approximation, the main
contribution is made by processes in which the virtualities
k7 and the longitudinal momenta of the partons, which are
~X;, are “aligned” as follows. If, say, k <k 2, |, then ac-
cordingly x; x; . ,. Using the convenient terminology of
Ref. 5, one can then regard parton / + 1 asa “partonometer”
of parton i. Then, considering the scattering of two fast par-
tons of small virtuality | ~ x|, we must assume in the leading
logarithmic approximation that the interaction occurs as a
result of the collision of partonometers whose virtualities are
appreciably greater than the virtualities of the colliding par-
tons @ and b, since it is only in this case that the smallness of
@, can be compensated by a large value of In 5. This kinema-
tics is similar to the kinematics of “Drell-Yan processes.”>
In our case, the heavy parton r that initiates the jet plays the
part of the photon with large (positive) virtuality.

The corresponding partition function H,, ( z,5) has the
form

dk?
%2 Qg (k2) Pcd (‘:_;')

5 dz, dz, §

e,d 0 ne
X 0 (z,— xi)ﬁ(.zixzs_kz) (kz ﬂ__ z)
X Tog (21, K2 2) Tap (235 #%; 2) +(:cz s zy).

Hﬂb (Z, .S‘)

(100)
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Here, all quantities have been determined eariler. At the
same time, partons ¢ and d are regarded as partonometers of
partons a and b, respectively.

Analysis of (100) leads to the conclusion that this
expression, obtained in the leading logarithmic approxima-
tion, does not have a region of applicability; for in the critical
region (87) of v values “single-jet” events are important, and
therefore
a‘\‘,b (s) v

= (101)

vi(s)

In

ab (5) o

O tot

Outside the critical region, it is necessary to take into ac-
count the correlations between the jets, and this makes it
necessary to take into account many-ladder diagrams.

As follows from what was said above, at high energies
and for a multiplicity outside the critical region of v values
the production of slow (infrared) gluons plays an important
part in QCD. Therefore, to calculate the contributions out-
side the critical region (87), we must: a) take into account the
contributions of the many-ladder diagrams (retaining, how-
ever, the logic of the leading logarithmic approximation); b)
take into account more accurately the kinematic restrictions
in the infrared region. These two conditions complicate the
expressions to such an extent that analytic methods of calcu-
lations are ineffective.

There is, however, a circumstance that somewhat sim-
plifies the calculations. As we said above, we are interested
in the case # — oo, since at such values of it can be expect-
ed that the effects associated with hadron production are
unimportant. Now the variable z plays the part of the activ-
ity, i.e., to each parton production vertex we ascribe z > 1.
This means that we thereby artificially increase the contri-
bution of the diagrams that describe the production of “real”
partons. But then, at least for @, €1, it is necessary to consid-
er the contributions of only those diagrams that lead to par-
ton production. This means that all the contributions to the
amplitudes for the production of a very large number of par-
ticles do not interfere with each other, i.e., all contributions
to the corresponding partition functions (or density matri-
ces) must be positive. This somewhat restricts the class of
diagrams that must be taken into account outside the critical
region of values v~n.

CONCLUSIONS

We give some consequences of the picture described
above, for the production of a very large number of hadrons,
that appear interesting from the point of view of experimen-
tal investigation.*® As we have seen, the present state of the
theory is such that detailed quantitative predictions on the
basis of a unified Lagrangian field theory cannot yet be ob-
tained. Therefore, it is not possible to ascertain the value of
the parameter u or, which is the same thing, to determine the
region of values of the energy /s and the multiplicity 7 in
which hard processes play the main role. Because of this, we
make only qualitative predictions.

a) Failure of KNO scaling. In asymptotia with respect
to # a new, “hard” particle production mechanism comes
into play. Whereas for n ~ 7 KNO scaling means that (o, /
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FIG. 8. Distribution with respect to the transverse momenta for different
values of the multiplicity over the rapidity interval 4y.®

Ot ) ~€Xp( — yn/7) [we have used here the fit (62)]. for n>7
we must expect [see (79)]

o (7 () 2),

nj n

=)0
7 _On
T ot

(102)

where 7/n; is the quantity that determines the deviation
from KNO scaling in the exponential in (102).

b) Growth of the mean transverse momentum. In soft
processes, the mean transverse momentum of the produced
hadrons is almost independent of the multiplicity (if one ig-
nores the decrease in the phase space with increasing ») and
{ p.) =0.3-0.4 GeV/c. At asymptotic multiplicities, theor-
etically at superhigh energies, production of a small number
of jets is dominant in the critical region n ~71;, and therefore
particles are produced by the decay of partons with virtua-
lity k > ~s. Since the parton virtualities are k >~k ,° we find
that a growth in » must lead to an appreciable growth in the
transverse momenta of the particles. The experimental data
given in Fig. 8 indicate a certain growth of the mean trans-
verse momentum with increasing multiplicity.

0, /O

1
0 A~lns

L ]
ﬁ:r___evms P

FIG. 9. Expected multiplicity distribution at asymptotic values of the
energy.
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0 7 2 n/n
FIG. 10. Distribution with respect to the multiplicity of the charged ha-
drons in pp interactions and pp and e "¢~ annihilation®®: for e* e~ annihil-
ation the open and black circles correspond to 9.4 GeV and 29.9-31.6

GeV, respectively; the broken curve is for pp annihilation, and the contin-
uous curve is for the pp interaction.

c) “Flattening” of the tail of the multiplicity distribution.
At high energies, when

n;(s)>n(s), (103)
one must see a change in the dependence of o, on n [see
(102)]. If we use the fit made in Ref. 7, the contributions of
the hard processes will be dominant at s> 10> GeV. A
qualitative picture is shown in Fig. 9.

d) Universality of the distributions. Because collective
phenomena are important in the production of a very large
number of particles, the cross sections are universal in the
critical region of multiplicity values. Thus, for 72(s)<n <r(s)
the cross section o,, does not depend on the type of process if
the spectrum of resonances is determined by (56). For exam-
ple, the multiplicity distributions in hadron-hadron interac-
tions and in e "¢~ annihilation must be the same (Fig. 10). A
similar picture must be observed in the region (87).

The expression (23), which we have used widely, is an
expansion of the density matrix p( /3, z) introduced in (16)
with respect to correlation functions. This expansion can be
represented as the result of the calculation of

Tr (e=PHzN) = (B, 2),

where the Hamiltonian A and the particle-number operator
N must commute. In other words, the expansion (23) is an
attempt to describe the final state of the produced particles
in terms of equilibrium statistical mechanics. As we have
seen, this representation is convenient, since it enables us to
follow the most characteristic collective phenomena of the
process of formation of the final state.

As was shown above, in the limit #» — o, whenzs 1, if
Ny(pys - pi) > O for all p;, then o, will be large. In Sec. 1 it
was noted that this is possible, provided the interference
between the different contributions to the amplitudes 4,, is
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ignored in the calculation of the cross sections. In terms of
perturbation theory, this presupposes dominance of the con-
tributions of the diagrams corresponding to particle produc-
tion,

Thus, if we restrict ourselves to fluctuations of the fields
that lead to particle production, all contributions to the
cross section will be positive. In this approximation, the pro-
cess of particle production has features of a stationary non-
equilibrium process, which must be described by the analog
of a kinetic equation.

It then turns out that the terms used to describe the
degrees of freedom of the interacting hadrons are not impor-
tant. Thus, it is possible to obtain a self-consistent quantiza-
tion of Yang—Mills fields that is similar to the expansion in
the neighborhood of the trajectory corresponding to the sta-
tionary phase of the integrand in (47) with respect to the
fields £,. A preliminary exposition of this question is given
in Refs. 20 and 21.
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