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The properties of generalized coherent states, which generate a basis of many-particle oscillator
functions, are discussed. Depending on the choice of the generalized coherent states, it is possible
to construct different oscillator basis functions convenient for describing different modes of nu-
cleon systems—collective, internal, cluster, etc. It is shown that such states open up essentially
new possibilities for investigating on a microscopic basis a large number of nuclear processes and
nuclear properties such as collective excitations, scattering, nuclear reactions, and resonance

states.

INTRODUCTION

One of the main problems in the microscopic theory of
the nucleus is to separate the dominant correlations in the
nuclear process under consideration and to take them into
account correctly. In this direction of theoretical nuclear
physics, much experience has been accumulated, and several
methods have been proposed for separating the collective
and internal degrees of freedom; approximations designed
for the systematic solution of the Schrédinger equation of
nuclear systems have been formulated. However, because of
the absence of simple and reliable algorithms for taking into
account the correlations included in these methods, many
interesting ideas and approaches remain unrealized or are
realized for a very restricted class of nuclear processes or
nuclei (as a rule, the lightest).

On the other hand, the use of generalized coherent
states (GCS)—also called irreducible coherent states, gener-
ating invariants, and generating functions—gives essentially
new possibilities for taking into account the modes of nu-
cleon moticn that are dominant in a particular nuclear pro-
cess and for solving the many-particle Schrédinger equation
to a given accuracy.

A system of coherent states was used for the first time
by Schrodinger in 1926 to describe nonspreading oscillator
wave packets. Later, Glauber, studying the coherence of a
beam of photons,’ introduced the concept of coherent states.
However, it was only in 1972 that Perelomov gave a clear
definition of GCSs for different Lie groups.” This immedi-
ately stimulated the investigation of the properties of differ-
ent physical systems by means of the GCS technique, since
this was found to be very convenient for studying systems
whose Hamiltonians can be represented in the form of a lin-
ear combination of the generators of the corresponding sym-
metry group.

However, in numerous problems, particularly in nu-
clear physics, there are many-particle Hamiltonians that do
not reduce even to polynomials of finite degree in the genera-
tors of the corresponding dynamical symmetry group.
Therefore, the use of GCSs in such problems proved to be
ineffective.

Recently, however, a technique has been developed that
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makes it possible to extend significantly the applicability of
GCSs and to use them to study systems whose investigation
by means of the traditional algebraic methods had not given
positive results.

In the present review, we present the basic ideas of the
construction and the use of GCSs for different problems in
nuclear physics.

In Sec. 1 we classify the problems of microscopic nu-
clear theory in accordance with the nature of the investigat-
ed nucleon correlations. We discuss the various forms of the
Schrédinger equation (differential, integral, integro-differ-
ential, and algebraic) suitable for the investigation of correla-
tion problems. We define generalized coherent states. In Sec.
2 we consider dynamical symmetry groups of nuclear sys-
tems. In Secs. 3—5 we present the ideas behind the construc-
tion of GCSs for the investigation of collective excitations,
reactions, and resonances, respectively.

1. PROBLEMS IN MICROSCOPIC NUCLEAR THEORY.
GENERALIZED COHERENT STATES

It is well known that when nuclear structure is investi-
gated in the framework of microscopic approaches it is, as a
rule, necessary to take into account correlations in the mo-
tion of the nucleons that arise as a result of the internucleon
interaction. This is necessary even when the investigation is
based on the concept of independent motion of nucleons in
an average field of the nucleus. The clearest example of man-
ifestation of nucleon correlations is the various effects asso-
ciated with collective quadrupole motions of the nucleons,
and also the effects due to clustering in nuclei.

For the theoretical study of nucleon correlations, it is
customary to separate (explicitly or implicitly) from the
complete set of 34 — 3 independent variables {g] of the nu-
clear wave function ¥ certain variables that directly reflect
the dominant nucleon modes in the considered process,
these distinguished variables being selected after a rearran-
gement of the variables. We denote these distinguished var-
iables by {qp | and call them the dynamical variables. We
denote all the remaining independent variables by {gy | and
call them the kinematic variables. This division of the inde-
pendent variables into two groups, (¢} = {gp. gk }, is help-
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ful in clarifying the significance of the approximations em-
ployed in the theory. The number of dynamical variables
(which, like g , are functions of the single-particle variables)
depends on the nature of the investigated process, and also
on the choice of the approximation used to describe it. After
the dynamical and kinematic variables have been defined,
the wave function of the many-particle system can be conve-
niently represented in the form

Y=4] f_‘-mv(qn) % (gx0)} (1)

where 4 is the antisymmetrization operator. If the dynami-
cal variables are symmetric with respect to permutation of
the nucleon coordinates, the functions y, will ensure the
antisymmetry of the total wave function. The dependence of
the wave function ¥ on g or, in other words, the form of the
functions y,, is determined by the corresponding physical
and kinematic conditions of the problem, for example, the
Pauli principle. At the same time, the components @, (¢y, ) of
the many-particle function are uniquely determined by solv-
ing the dynamical equations which they satisfy.

Such a representation of the many-particle function ¥is
a generalization of the Born—Oppenheimer approximation®
in the theory of molecules. In this case, the slow adiabatic
motion of the nuclei corresponds to the modes of the nucleon
systems that are due to the variation of the dynamical varia-
bles, while the rapid motion of the electrons of the molecule
correspond to the modes associated with the kinematic var-
iables.

Before we consider the construction of equations for the
dynamical components @, (g, ), we discuss the traditional
problems of microscopic nuclear theory.

The problems solved by microscopic theory can be di-
vided into three groups, depending on the nature of the cor-
relations that play the dominant role in the processes. In the
first group, we have problems involving the investigation of
collective excitations of nuclei. It is obvious that in this case
the dynamical variables are the collective variables, and the
kinematic variables are the internal variables. The functions
Y. will describe the internal state of the nucleus. Two meth-
ods have been proposed for correct separation of the internal
and collective degrees of freedom—the method of hyper-
spherical functions (or the method of X harmonics)*® and
the method of generalized hyperspherical functions.>'* In
the first method, the collective motion is associated with vol-
ume, monopole vibrations of the nucleus. The dynamical
variable that reproduces the monopole motions is the hyper-
radius p:

A
2 V2
= LN

i=1

'3
Ar

where r; is the coordinate of nucleon i, and R,
=(1/y4)r, + 15+ ...+ r,) is the normalized center-of-
mass coordinate. In this method, the kinematic variables are
the 34 —4 internal angular variables {6}, i=1,2,..,
34 — 4.

In the second method, monopole and quadrupole de-
grees of freedom, a, b, ¢, @, 8, 1, are used simultaneously to
separate the collective motions. Here, a, b, ¢ are the principal
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values of the inertia tensor

A-1
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iric
{x:, is component e of the ith Jacobi vector q;), and @, 8, 3
are the Eulerian angles that determine the orientation of the
principal axes of the ellipsoid of inertia with respect to the
external coordinate system. Instead of the variables a, b, ¢,
one frequently uses the variables p, B, ¥, which are related
toa, b, c by

az—,—b“_

1

pP==a?+ 6% L% p?Pcosy=c?—

023 sin y = % (2 — b?).

The variables § and y are microscopic analogs of the well-
known variables of the Bohr—Mottelson model.'® For the
internal (kinematic) variables in the method of generalized
hyperspherical functions it is necessary to take the degrees of
freedom that describe the motion of the nucleons in the sys-
tem of the principal axes of the ellipsoid of inertia or, which
is the same thing, in the system of the principal axes of the
mass quadrupole.

The internal function y, satisfies the Pauli principle
and, in addition, has definite values of the parity, spin S,
isospin T, and their projections S, and T,, and also a definite
0 (4 — 1) symmetry [ £, /> £]. The last requirement is the
strongest, but it is the one that makes it possible to separate
branches of collective excitations associated with strong
quadrupole, E 2, and monopole, £ 0, transitions. These col-
lective branches are observed in virtually all nuclei for which
the probabilities of electromagnetic transitions have been
measured, and therefore the possibility of making a restric-
tion in the first approximation to a definite @ (4 — 1} symme-
try in the theoretical study of the spectra of collective excita-
tions has experimental confirmation.

It is necessary to use the group O (4 — 1) (the group of
orthogonal transformations in (4 — 1)-dimensional space)
both because the parameters of this group can be convenient-
ly chosen as independent variables of the internal functions
{r.1gK )} (Refs. 10 and 11) and because the translationally
and rotationally invariant basis functions of the irreducible
representations of the group O (4 — 1) provide the simplest
means for expressing the ideas behind the shell model (the
model of independent particles) suited for studying mono-
pole and quadrupole excitations of a system of nucleons. In
contrast to the functions of the translationally invariant
shell model, the internal functions {y, } remain unchanged
not only in a motion of the center of mass but also in 2 motion
of the mass quadrupole, ensuring fulfillment of all the addi-
tional kinematic conditions satisfied by the nucleon coordi-
nates in the intrinsic coordinate system of the nucleus.

It is a remarkable fact that certain standard functions in
the theory of irreducible representations of the group of
{4 — 1)-dimensional rotations and the group of permuta-
tions of the spatial coordinates and spin—isospin variables of
a system of 4 nucleons (the properties of these functions are
well known'?) are invariant functions {y, }, and there is a
simple connection between the quantum numbers of the
shell-model wave function written in the form (1) and the
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quantum numbers of the standard invariant functions.

The second group of problems relates to the study of the
interaction of nuclear systems (i.e., scattering, reactions).
The microscopic basis for the solution of these problems is
the resonating-group method,'*"” in which it is assumed
that the internal structure of the interacting subsystems
(clusters) does not change as they approach and move away
from each other. If it is necessary to investigate the interac-
tion of two clusters consisting of 4, and 4, nucleons, then
the components of the Jacobi vector q, determining the rela-
tive position of the two clusters are chosen as the dynamical
variables. The remaining Jacobi vectors describing the inter-
nal structure of these clusters are kinematic variables. The
wave function of the system is represented in the form

V=4 {g (A1) s (A;) f (a))- (2)

The internal functions @, 4,) and @,( 4,) of the clusters are
fixed (v, =g@,( 4,)@:( 4,)), while the function of the relative
motion f(q,) (P, (¢p)=f(q,)) depends on the choice of the
parameters of the nucleon-nucleon potential.

The third group of problems arises in the investigation
of collective resonances, i.e., collective excitations, which lie
in the continuum and are characterized by not only an exci-
tation energy but also a width. The approximation of a fixed
internal function used to solve the problems of the first
group makes it possible to determine only an excitation ener-
gy, since in such an approximation one takes into account
only a single channel of decay of the system into all the nu-
cleons that constitute it. On the other hand, the resonating-
group method makes it possible to find the resonances due to
the centrifugal barrier, or to the Coulomb interaction, or,
finally, to bound states in closed cluster channels when a
many-channel problem is studied. Therefore, to describe the
various collective resonances it is necessary to use not only
the collective excitations but also a set of internal functions
that reproduce the motion of the subsystems in the open
channels. Therefore, in this case the dynamical variables will
be the collective variables and the internal variables associat-
ed with the clustering of the nucleus. The analysis of the
cluster functions made in Ref. 18 showed that the decay of
the system into two clusters is described by internal func-
tions whose O (4 — 1) symmetry is [ f; + 2k, f,, fi], where
K=01.2,...

In the third group, we can also include the problems of
the investigation of collective excitations when the interac-
tion of the internal and collective degrees of freedom is taken
into account more correctly than in the approximation of
fixed internal motion. Such allowance for the interaction of
the collective and internal motions is particularly topical in
the description of nuclei with well-defined cluster structure.
We must also include in this group the problems of the inves-
tigation of the interaction of nuclear systems that change
their internal structure in the interaction process. Thus, in
the solution of problems of the third group one uses a more
accurate approximation than in the problems of the first
two.

We now turn to the nuclear wave function (1). We recall
that for all the problems listed above the kinematic functions
X+ (gx ) are fixed, while the dynamical components D, (gp)
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must be found by solving a differential or integro-differential
equation (more precisely, a system of equations). To derive
it, we must substitute in the many-particle Schrodinger
equation

(H—E)Y¥ =0 (3)

the ¥ function in the form (1), multiply the resulting relation
from the left by the function y.,,, (g¢ ), and integrate over the
kinematic variables:

(e (ag) | H — E | A‘S\] O, (o) % (@x)) = 0.  (4)

We then obtain a system of coupled integro-differential
equations (if the dynamical variables gy, are not symmetric
with respect to permutations of the single-particle coordi-
nates) or a system of differential equations (if g, are symmet-
ric). We recall that the collective coordinates, in contrast to
cluster coordinates, are invariant with respect to permuta-
tion of the particles.

The tremendous difficulties associated with writing
down explicitly the system of equations (4) for the dynamical
components and the numerical solution of this system stimu-
lated searches for algorithms for solving the problem as ade-
quate as the one given above but not so complicated in prac-
tical implementation. One such algorithm is the
generator-coordinate method,'' which used an integral
representation for the unknown collective components:

Dy (o) & ()93 (g, B) B, (5)

where @9 (gp,, B) are components of the generator function
¥°(B,{¢}), having the same or different form, depending on
which of the groups of problems listed above is being consid-
ered. The functions ¥ (gp, #) depend on both the dynami-
cal variables ¢y, and the generator parameters 3 at the same
time, the number of generator parameters must be equal to
the number of variables gy, . It is readily seen that the integral
representation for the dynamical components is equivalent
to an integral representation of the total wave function,

Wy ‘ dfg (B) W (B. {g}), %

where ¥ is defined by the relation (1), the generator function
¥° B,{q}) has the form"

PR, {g))= A !f“' @B, gn) %y (7x)}, (7)

and, finally, the unknown weight function g( £ ) satisfies the
Hill-Wheeler integral equation

”

§ab 15 8. B — Es 6. Bl 2 () = 0. (8)
Here
By B = B {1 B, {g))) 9)

"The function ¥ B.{q}), which is used to calculate the properties of col-
lective excitations of nuclei, is equal to the Slater determinant construct-
ed from the single-particle oscillator functions of an anisotropic oscilla-
tor. The frequencies of such an oscillator or combinations of them are the
generator parameters.”* For scattering problems, ¥ £,{g}) is con-
structed from cluster orbitals of the Brink model exp{ — i(r; — R, ],
where R, are cluster parameters playing the part of generator coordi-
nates (Refs. 14, 16, 17, 26, and 27).
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is the overlap integral (the integration is over all the single-
particle coordinates),

5B By = (W0 B, {g) | 1908, {g)))

where H is the many-particle Hamiltonian operator.

The use of the integral representation for the wave func-
tion (or, which is the same thing, for the dynamical compo-
nents) simplifies to a large degree the derivation of the inte-
gral equation but not the problem of numerical solution ofit.
For the solution of this equation, one generally uses a dis-
crete variant of the integral equation (8),

050 Bes B)— E47 B B g (B =0,

where the summation is over a discrete set of points { £, ].
The accuracy of solution of the system of algebraic equations
(9) depends on how felicitously the set of discrete points is
chosen (they are called node points). The problem of choos-
ing these points and, therefore, the problem of the exact solu-
tion of the system (11) has been considered in many studies
(see, for example, Refs. 28 and 29), but the algorithms pro-
posed are excessively cumbersome and require extensive nu-
merical calculations, whose accuracy, moreover, is not al-
ways sufficiently well verifiable, particulary in the case of
multidimensional generator coordinates.

The simplest method of solving the many-particle
Schrodinger equation was found to be the oscillator-basis
method, in which the function ¥ is expanded with respect to
a complete set of many-particle oscillator functions,

IIJIZECH, |n)

(10)

(11)

(12)
or, which is the same thing,

D, (ap) = X Ca®F (9:),

it

(13)

where @ is a dynamical component of the many-particle
oscillator function

) = A LD (g0) % (26))- (14)
The expansion reduces the system of differential or integro-
differential equations for the functions @, (g, ) to the system

E {(H 1 H ]n’> - Ebn.n'} cn" =0 (15]

of algebraic equations for the unknown coefficients C, (in
other words, for the wave function of the system in the oscil-
lator representation). The method can be used not only to
calculate the properties of collective excitations when the
system makes finite motions but also with great success (as
was shown in Refs. 30-32) to solve continuum problems. In
actual calculations, the infinite system of equations (15) must
be replaced by a finite system, and a finite set must be chosen
from the complete set of basis functions to solve the many-
particle equation. The accuracy of the solution of the system
(15) is usually checked by studying the dependence of the
calculated nuclear parameters on the number of basis func-
tions employed. The number of basis functions is taken to be
sufficiently large to make this dependence disappear. Never-
theless, there remains the problem of the contribution made
by the terms omitted in the system (15), and also the question
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of the extent to which allowance for these terms improves
the accuracy of the solutions obtained in the truncated basis.
The influence of these terms can be taken into account if,
following Ref. 31, it is assumed that from a certain s, on-
ward the coefficients C, take the asymptotic form
C,=a,C% (a,is a constant coeflicient determined from the
condition of matching of the exact solution C,,, v < 1y, and
the asymptotic solution, C'%’, n»ng), which is characteristic
of each of the problems listed above. The coefficients C ¥ are
uniquely determined by the number # of the basis function,
and Eis the energy of the concrete state and the phase shift (if
continuum states are being considered). Taking into account
the expressions for C'%, we reduce the system of equations
(15) to

ng—1 » oG i
S (al |y — B8,y Co b ag N C¥(n| ] w) =0

n'=1

(16)
As aresult, the system of linear homogeneous equations (15)
is transformed into a closed system of nonlinear equations
for the bound states or into a system of inhomogeneous lin-
ear equations for the continuum states. These systems, and
also the explicit form of C'¥, are discussed in more detail in
Sec. 4.

The main difficulties in the implementation of the oscil-
lator-basis method (they are associated with the calculation
of the matrix elements of the Hamiltonian operator # and
the other operators on the many-particle oscillator functions
|#)) can be overcome by means of the generating invariants,
or generalized coherent staes (GCSs).>* The GCSs @ ( ) de-
pend on the coordinates (spatial, spin, and isospin) of all the
nucleons without exception and also on a definite number of
generator parameters 3= { 3}, Ba..., Br }, the important
property of which is that they are generating functions of a
complete set of basis functions {|n)} with definite proper-
ties:

@ (B) = X anp"| ),

i

v=rng

(17)

the degree n = {n,,n,,...,n, } of the generator parameter 3
determining uniquely the quantum numbers of the basis
function |n) (a, is a structure constant). If we calculate the
matrix element of an arbitrary operator Fonthe GCSs @ ( 3)
and @ ( ) (we shall call such a matrix element a generating
matrix element), then because

(@ (B) | F 1D @B)) =D, anan f*f* (| F | n')

n,n'

(18)

the matrix element of this operator on the basis functions |z)
can be readily obtained by differentiating (18) with respect to
the generator parameters:

(n|F|n'y = (aynla,n'l)tx
an an’ » ~
v — (] (3] 2 19
ape (?B”' ¢ ! (13) | Fl ([5)> lﬁ “P=ue ( )
The structure constants @, can be extracted by the same
method from the matrix element of the identity operator ot,
in other words, from the overlap integral

(@ (B) | © (B)). (20)

Filippov et al. 603



One of the possible ways of constructing GCSs of a definite
irreducible representation of a group G is to use the equation

D () = BT 0, (21)

where |0) is the lowest vector of the irreducible representa-
tion, and T+ isthe raising generator of the Lie algebra of G.
The result is unchanged if instead of the lowest one takes the
highest vector, and instead of J* one takes the lowering
generator J —. When the group G (or rather its Lie algebra)
has  not g\ne but  several raising generators
Jr={J, - J %}, there will be as many generator
parameters f = [ ,81, B,y By |, and therefore the product
B J+in (21) becomes the contraction

21 BTt
i

If the irreducible representation of G is finite-dimensional,
the sum over # in (17) is finite; otherwise, it is infinite. As an
example, we give the GCSs of the irreducible representations
of the rotation group SO (3) in three-dimensional space’:

(21)' BRlj, —j1
nZﬂl/ -2 jo =it (22)
and also the GCSs of the irreducible representations of the
noncompact group S0 (2,1) or SU (1,1), which is locally iso-
morphic to it*:

©P)=

"T (n+2))
Wﬁﬁl] j+an. (23)

o0
OE)=73 )/
n=10

The product @, 8" [it is contained in the expansion of
the GCS @ ( B )(17)]is to be regarded as an oscillator function
|n) defined in a complex space”—the generalized Bargmann
space.®® This space has dimensions equal in number to the
number of dynamical variables g, and, therefore, the num-
ber of generator parameters . The GCSs are then the kernel
of the integral transformation (6) from the coordinate to the
Bargmann represcentation and {rom the Bargmann to the co-
ordinate representation. The oscillator functions

B ny=ap" (24)

in the generalized Bargmann representation form a com-
plete orthonormal set of functions and have a simpler form
than the same functions in the (34 — 3)-dimensional coordi-
nate space. It is expedient to use this basis { ( 8 |n}} to ex-
pand g( B), the eigenfunctions of the Hamiltonian in the
Bargmann representation:

gB) =2 Co B In) {25)

Such an expansion is equivalent to an expansion of ¥ with
respect to the basis functions of the coordinate representa-
tion { (x|n}}:

Vv =>0C, {]|n.

Py
The many-particle Hamiltonian #1 can be associated with an

?In accordance with the general requirement of the theory of GCSs, > the
generator parameters S must be complex quantities. However, in the
cases when @ ( £} are used as generating functions, the parameters 4 can
be real.
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effective Hamiltonian .z( 3 ), which acts only on the varia-
bles 3 and whose eigenfunctions are g( £ ). By means of the
effective Hamiltonian one can very conveniently formulate
various approximate methods for investigating many-parti-
cle systems and establishing qualitative features of the solu-
tions that are obtained. Such a nuclear Hamiltonian with a
realistic nucleon—-nucleon interaction was constructed for
the first time in Ref. 34 for Elliott’s ST (3) model.**

2. DYNAMICAL SYMMETRY GROUP OF THE NUCLEAR
HAMILTONIAN

To construct the GCSs, it is first necessary to find the
dynamical symmetry group® of the investigated nuclear sys-
tem or model Hamiltonian whose eigenfunctions are used as
the basis for diagonalizing the microscopic Hamiltonian
with a realistic nuclear interaction. We noted above that the
multidimensional oscillator Hamiltonian H,, is such a
model Hamiltonian, and therefore the dynamical symmetry
group of the nuclear Hamiltonian will be identical to that of
H,,.. As was shown by Moshinsky et al.,*” this group is
formed by skew-symmetric matrices that realize linear ca-
nonical transformations in the (64 — 6)-dimensional phase
space (i.e., in the space of the 34 — 3 momenta and 34 — 3
coordinates). Therefore, the noncompact symplectic group
Sp(64 — 6,R ) is the dynamical symmetry group of the nu-
clear Hamiltonian and H .. The group Sp(64 — 6,R ) con-
tains as a subgroup the symmetry group U (34 — 3) of H,,,

All the oscillator functions of positive parity form a ba-
sis of the irreducible representation [1,1,...,d]=[(}}**~*] of
the group Sp(64 — 6,R ), while the negative-parity functions
form the irreducible representation [$:4ad ]
=[4,(1)* ~*] of this group. Thus, the basis functions of the
irreducible representations of Sp(64 — 6,R ) describe all pos-
sible types of motions that exist in the nuclear system: inter-
nal, collective, cluster, etc. However, when solving specific
problems one must make a restriction to only some of them.,
the modes of motion that are most important in the investi-
gated processes. In turn, this means that instead of the GCSs
of 5p(64 — 6,R ) one must use GCSs of groups of lower di-
mension. We list below the reductions of the group
Sp(64 — 6,R ) that must be considered in the solution of each
of the three groups of problems in microscopic nuclear the-
ory, and we also identify the groups whose GCSs will be used
to solve the corresponding problems.

To investigate collective nuclear excitations, one most
often uses two chains of subgroups of Sp(64 — 6,R ):

Sp (64 — 6, R) > S8p (2, ) ® 0 (34 — 3) (26)
and

1t is well known (see, for example, Ref, 30) that the symmetry group G,
makesiit possible to obtain from one eigenfunction ¥, of the Hamiltonian
H aset of eigenfunctions of H with the same energy as ¥,. The dynamical
symmetry group G, , which includes G, as a subgroup, makes it possi-
ble to construct from the function ¥, the complete set of eigenfunctions
of H associated with the different eigenvalues of A. For this reason, the
group G, is sometimes called the group that generates the spectrum.
The symmetry group couples into one irreducible representation all ei-
genfunctions of 7 with given energy, while the dynamical symmetry
group combines the complete set of eigenfunctions of this Hamiltonian
into one irreducible representation.
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Sp (64 —6,B) > 8p (6, R) ® O (4 — 1), (27)

in which the groups Sp(2,R ) and Sp(6,R ) characterize the
collective motion, while O (34 — 3)and O (4 — 1) determine
the internal motion. The first of these chains corresponds to
the basis of the method of K harmonics,®® and the second to
the basis of the method of generalized hyperspherical func-
tions.”~'* The indices j and K of the irreducible representa-
tions of the groups Sp(2,R ) and O (34 — 3) are related by vir-
tue of the complementarity of these groups®’ (see also Ref.
38) by the relation®®

3
j:%K-.FZ(AA)A. (28)
For the same reason, the indices [o,0,0,] of the irreducible
representation of Sp(6,R ) are related by*®

o =ghtga—1, i=1,23 (29)
to the indices [ f; f; f; Jof the irreducible representation of
0 (A — 1). These relations reflect the fact that the internal
motion uniquely determines the nature and variety of the
collective modes.

In the minimal approximation of the K-harmonic meth-
od (i.e., in the approximation of a fixed internal motion), the
collective motion is represented solely by monopole (vol-
ume) vibrations, whereas in the minimal approximation of
the method of generalized hyperspherical functions quadru-
pole degrees of freedom are taken into account as well.
Therefore, for more complete allowance of all modes of the
collective motion and their coupling to the internal motion,
it is necessary to construct GCSs of the group Sp(6,R ):

O (b)) =—exp [ X b, A%} [ 0, (30)
L a1
A;sz E a?ra{h (31}

=1
where 4 * is the operator of production of the collective
quanta, and @;t is the operator of creation of an oscillator

quantum for the degree of freedom ir. The vacuum function
|0) is an ST (3) multiplet,

| 0) = l ‘vain (7"0!"1‘0) aLﬂ'I [Jf]jzfd] )7

whose symmetry indices (A, ) and principal quantum
number N, are related to fi, /5, f5 by

jvmin :fl +f2 +f3: AD:fl_fz, P“sz:z_fa-

In Eq. (32), LM are the quantum numbers of the reduction
SU(3)D80 (3).

The important part played by the group Sp(6,R ) in de-
scribing collective excitations of nuclei was noted for the
first time in Ref. 39, in which a connection was also estab-
lished between the indices of the irreducible representations
of the group O {4 — 1), which determine the internal motion
of the system, and the indices of the irreducible representa-
tions of the symplectic group Sp(6,R ), which characterize the
collective motion. In the later paper of Ref. 40, the problems
of using the basis of the group Sp(6,R ) to calculate the spec-
trum of collective excitations were discussed. Since then,
many studies have been devoted to this problem.*' 5 A new

(32)

(33)

605 Sov. J. Part. Nucl. 15 (6), Nov.—Dec. 1984

term has been introduced as a result—the symplectic shell
model.***¢ Since the Sp(6,R ) basis is fairly extensive and in-
cludes several branches of collective excitations, it became
customary to use only part of the basis in concrete calcula-
tions and to consider subgroups of this group: Sp(2,R ) (Refs.
52-64) and Sp(4,R ).>' The microscopic models that use the
bases of these groups came to be known as the Sp(2,R ) model
and the Sp(4,R ) model.

Each S5p(6,R ) vector must, if all the three indices o, &,
o are different, be labeled by a set of nine quantum numbers.
To determine these numbers, one uses the reduction

Sp (6, R) = U (3) = SU (8) o SO (3),

which gives only six quantum numbers: N, the principal
quantum number: (4x), the indices of the irreducible repre-
sentation of SU (3); L and M, the orbital angular momentum
and the projection onto the z axis of the laboratory coordi-
nate system; and the number a, the multiplicity of occur-
rence of the given L in the SU (3) multiplet (Ax). The three
further unknown quantum numbers will determine the mul-
tiplicity of the SU (3) representation in the fixed irreducible
representation of Sp(6,R). The problem of finding these
quantum numbers and the operators corresponding to them
is still unsolved.

The realization of the resonating-group method for a
two-cluster system (A = 4, + A,) leads to the following re-
duction of the group Sp(64 — 6,R ):

Sp (64 — 6,R)> Sp (64, — 6, R)
® Sp (64, — 6, R) ® Sp (6, R), (35)

where the basis functions of the irreducible representations
of Sp(6 4, — 6,R ) and Sp(6 4, — 6,R ) will describe the inter-
nal state of the first and second clusters, respectively, while
the Sp(6,R ) basis functions describe the relative motion of
these clusters. Since the internal state of the interacting clus-
ters is fixed in the resonating-group method, and the func-
tion of the relative motion agrees with the chosen nucleon—
nucleon potential, to solve problems of the second group it is
necessary to construct the GCSs of the group Sp(6,R ) in the
space of cluster functions. But since the groups Sp(2,R ) and
O (3) are complementary in this space, to investigate two-
cluster systems a restriction can be made to the GCSs of
Sp(2.R ):

O (R) = A{g, (4)ps(4,) eRal 0>},

where the vector R is a cluster parameter and a," is the oper-
ator of creation of an oscillator quantum of the relative mo-
tion of the clusters,

1,

|0y=e” 2%

Such GCSs will generate a basis of oscillator functions of the
cluster model of both positive and negative parity, provided
A #A4, Otherwise (4, =4,), the GCSs (36) generate
states of only positive or only negative parity.

As we have already mentioned, to describe collective
resonances one must use a state basis that reproduces not
only the excitation of the collective degrees of freedom but
also the clustering of the nucleus. This means that the GCSs
of the resonance states must contain as generator parameters

(34)

(36)
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both b, and the cluster parameters R. The latter will gener-
ate the cluster generalized hyperspherical functions, and the
b,, will generate the collective excitations over such func-
tions.

Asarule, GCSs are successfully used for systems whose
Hamiltonians can be represented in the form of a linear com-
bination of the generators of the dynamical symmetry group
(see, for example, Refs. 3, 36, and 67). However, neither the
nuclear Hamiltonian nor the operators of many other phys-
ical quantities can be represented in such a form. To extend
the region of applicability of GCSs to such a case, the coordi-
nate form of these objects was proposed in place of the opera-
tor form of the GCSs (21) in a number of studies (Refs. 16, 59,
64,65, and 68). In the coordinate form, the GCSs @ ( ) forall
the problems listed in the previous section have the form of
Slater determinants

® (B) = det || ¢;: () Il ,

which are constructed from suitably defined single-particle
orbitals ¢, (r;). These orbitals will be considered in the fol-
lowing sections of the review for each of the three groups of
problems. We should also discuss the calculation of the gen-
erating matrix elements of various operators on the determi-
nant functions. We here mention only that it is not too diffi-
cult to work with determinant functions. L&wdin®®
developed a fairly simple algorithm for calculating the ma-
trix elements of single- and two-particle operators that elimi-
nates the problem of obtaining the generating matrix ele-
ments

@ B) | F | D @)

Moreover, the differentiation of such matrix elements with
respect to the generator parameters S and B can always be
done in general form, and expressions can be obtained in
analytic form for the matrix elements

{n | Vi | ") (37)

on the basis functions
ues of the quantum numbers » and #’ that characterize these
functions. Knowledge of the matrix elements (37) for large n
and n’ makes it possible, on the one hand, to obtain asympto-
tic expressions for them, simplifying numerical calculations,
and, on the other, to investigate the asymptotic form of the
solutions {C, | for n3 1, this being needed to check the accu-
racy of the solutions obtained. Since, as already mentioned,
the GCSs are generating functions, recursion relations for
the matrix elements (37) can be established by means of the
devices adopted in the theory of special functions, and this
greatly simplifies the programming of these matrix elements
on a computer.

It is well known that in the determinant function ¥,
which depends on the single-particle coordinates of the nu-
cleons, separation to Jacobi coordinates makes it possible to
separate the factor ¢ describing the center-of-mass motion:

¥ = Dy g. (38)

At the same time, the function @ satisfies the condition of
translational invariance, and if, in addition, a corresponding
set of generator coordinates is defined for ¥, then @ is actu-
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ally a GCS for the system described by the function ¥.

Thus, when averaging different operators on the func-
tions ¥, it is necessary to take into account each time the
elimination of the center-of-mass motion. This can be readi-
ly done by using, on the one hand, the property (38) and, on
the other, the circumstance that practically all operators F
used to investigate nuclear characteristics can be divided
into three groups. The ﬁrst contains translationally invar-
iant operators, i.e., F= F The second has the operators
that contain the cenier-g\f-ma;,\s motion in the form of an
additivie term, i.e., F = F, + Fg, Finally, the third group
consists of operators of the type F = F, Fr . The potential-
energy operator is an example of the operators of the first
group. The kinetic-energy operator is an example of the sec-
ond group, while the operator that determines the form fac-
tor of electron scattering is an example of the third:

ﬁ,:%- Z (1 ‘I“%z‘z) eiklz-
i==1

Thus, calculating the overlap integral (¥ | F |# ) and using
(38), it is possible to obtain the corresponding generating
matrix elements in accordance with one of the following for-
mulas:

LoAQ | Fy | Dy =¥ | F| Ty/ipn | b
2. (@ Fy | Dy={(¥ | F| T

—(D | DY (P | Fr | I} r | Prds
B (D | By | Dy =T [ F | B)ihg | Fr | P

(39)

The values of (¢ [z ) and (g | ??R |#hx ) can be readily
calculated from the single-particle overlap integrals to
which the integral (¥ | F | ¥ ) reduces.

3. GENERALIZED COHERENT STATES OF COLLECTIVE
EXCITATIONS

We recall that a GCS of the group Sp(6,R ) in operator
form has the form

D ({bys}) = exp {2 by A7} | O, (40)
and the vacuum vector |0) is an SU (3) multiplet (4, 1,) such
that

Mo=Fr —far o =F2 — Ja (41)

To establish the connection between the coordinate and op-
erator forms of the GCSs, we consider the simplest case
when f, =/, =/f; and, therefore, (1;u,)=(00). Such a
vacuum vector 1s realized in the minimal approximation of
the method of generalized hyperspherical functions for mag-
ic nuclei.

We consider the tensor b,, . It can always be reduced to
diagonal form. Let the three mutually orthogonal unit vec-
tors p,, Py, P specify the orientation of the coordinate system
in which the tensor b,, is diagonal, and let 3,, 5,, B, beits
principal values.

Then

lbr.';;§ ﬂ'a Par Pas- (42)
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Here, p,, is the rth component of the vector p,,. We direct
the axes of the laboratory coordinate system along the prin-
cipal axes of b,,. In such a coordinate system, the compo-
nents {&;,7,,4;] of the Jacobi vector q; (i =1,2,..., 4 — 1)
are

& = (g2 e = (P24s): & —=(psq)s (43)
and the exponential in (40) has diagonal form:
oxp {BoAfs + Pl -+ Bydty). (44)

Here,

Ag“ = 2 Plr erw n = 2 Par restsALC—E ParA rchs

are the operators of creation of collective oscillator quanta,
reduced to the coordinate system whose axes coincide with
the direction of the vectors p,, p,, Ps- The vacuum vector |0)
of the SU (3) representation (00) is a scalar and therefore does
not change on the transition from one coordinate system to
another. In this case, the GCS @ ({ 3, }), where

O ({Bo}) = exp {ByAze + Podtn + Bsdic | 0,
generates a basis of the oscillator functions |ng,n, , n, ¥,

it ;ln 5t AE AT ¢ A N AT
DB = 2 %(ﬂgg) E(Ann)™ (A%)"F |0
R, g, Tig 2
(ng+J) T (g +J) T (ng+-J)
Z 1/ "’EI T (J) ngl F(J) REI Ph ) {31Eﬁ2nBJ£ ' g, Tin, n;);
(45)
(J =f+ (4 — 1)/2), which is characterized by the quantum

numbers n P of the collective excitations with respect
to each of the axes £, 7, £.
We now show that the function

@ ({Bed) = [(1 —By) (1 —P) (1—Pa)) ™7

A-1
B, Br . By
3 (gt =y g

i=1

is also a generating function of the oscillator basis { |n.,n,,,
ng)}, i.e., the expansion (45) holds. For this, we introduce
instead of the set of Cartesian components {£, } the hypers-
pherical radius p, = [£3 +£3 + ..+ £% ,]"? and the
corresponding hyperspherical angles {01,
k=12,..,4—2. We introduce analogous hyperspherical
coordinates {@ ] and p,, {@ [} in place of the sets {7, }
and {£; }. Then the function \ng,n , 1 ) can be written in the
form

B+

xexp { — g)pio @6

(08) La, " (03) Lz ' (F)

5 (0F + 3+ 08) } (Ps0a0) Quiin (6t (05, b,
(47)
where L %(x) is a Laguerre polynomial. To obtain the func-
tion @ ({ B, })in the form (46), it is sufficient to use the factor-
ization of the basis functions (47) in the variables p., p,, p:

and the explicit form of the generating function .#,, for the
Laguerre polynomials:

Zy(p, B =(1—B) Vexp { — L5 02} = D BLY (7). (48)

InEa Ny, nt) :LTI

e exp{—
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We note further that the product
(ppnp)’ Qun ({6£). (B0}, {6E))

is invariant with respect to rotation of the coordinate axes
and,zwhe:n multiplied by the exponcn.tial exp{ — i p + o}
+ p¢)}, is equal to the vacuum function |0).

The GCS @ ({ B, ]) (46) is written down in the coordi-
nate system in which the tensor b,, is diagonal. To obtain the
expression for @ ({ S, })in the original laboratory coordinate
system, we must replace the components £;, 7, and £, by the
scalar products p, - q;. p, - q;, and p; - q; (43):

@ ({Ba)) = [(1—By) (1—Bo) (1 =B

A-1 3

xen{— 3 3 i

i=1 a=1

— (Pa4:)*} 1 0). (49)
This expression is a GCS of the group Sp(6,R ) in coordinate
form. It is readily seen that is differs only by the factor

exp{f-?gA 2 1

Pan) }

1
qA="i?'f(rl+r2+ eee T T4),
which describes the center-of-mass motion, from a Slater
determinant constructed from single-particle orbitals of the

form

P (r;

:exp{—érqg;g
o

X Hy (2;) Hﬂy (:) Ha (2),

(pmrz‘)a}

x
1—Pa

where H ,(x) is a Hermite polynomial, and multiplied by

3
AL =)™,

Further, we shall consider GCSs of the group Sp(6,R )
for arbitrary irreducible representations of this group re-
stricted only by some conditions that are natural from the
physical point of view.

We restrict ourselves to irreducible representations of
the group Sp(6,R ) whose SU (3) multiplets can be realized by
means of Slater determinants (more precisely, to the irredu-
cible representations (4, 1) each of whose highest vectors
can be expressed in the form of one Slater determinant).
Thus, we make the indices f;, f5, f; satisfy certain condi-
tions. However, these conditions identify the most interest-
ing internal functions, namely, those whose construction
can be realized without additional alternation with respect
to the states of the nucleons of the open shells beyond the
alternation needed to satisfy the requirements of the Pauli
principle (in other words, there is no need to make an addi-
tional alternation with respect to the states of nucleons that
have different spin—isospin quantum numbers).

We introduce three orthogonal unit vectors u;, u,, us;
and, with them, single-particle states:

Fy=Tt[A— 1T,

1}‘” (n; v|r)

= (n3/22"n)= 2 exp ( — 5 r?) Huy (wyr) Hu, (uyr) Ho, (057) Gy,

(50)
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where
n = {ng, Ny, Ny}, » = 1y 4 ny 4+ 1y, 0! = nylnylngl,

(1)
and &, is a spin—isospin function with quantum numbers v.
From the orbitals (50), we shall construct Slater determi-
nants of a system of A nucleons, adopting the following two
rules with regard to the order of filling of the orbitals of the
open shells. First, the orbital #/°(m;v|r) is filled not earlier
than all the orbitals for which the number of excitation quan-
ta with respect to at least one of the three directions u;, u,, u,
is less than for the orbital ¥/°(n;v|r) in the same direction and
the spin—isospin function £, is the same, and, second, not
earlier than all the orbitals obtained from #°(n;v|r) by trans-
ferring the excitation quanta (preserving their total number)
from the direction u, to the direction u, and from the direc-
tion u, to the directions u, and w,. The first rule ensures the
possibility of filling at once several open shells while presery-
ing the factorization property of the Slater determinant (i.e.,
the separation from it in the form of a factor of the center-of-
mass wave function when the Slater determinant is ex-
pressed in terms of Jacobi coordinates). The second rule has
the consequence that in the coordinate system whose axes
are directed along the vectors u,, u,, u, the Slater determi-
nant is the highest vector of the irreducible representation
(Ao o) = (f1 — S5, Jo — f5) of the group SU (3), theindices f,
Ja» f; being the total numbers of excitation quanta of the
Slater determinant along the directions u,, u,, u,, respective-

ly:
h= ERD fe= Enm fa= 2”3-

In an arbitrary coordinate system, this same determinant is a
generating invariant of the irreducible representation (4, 1)
of SU(3), and the vectors u,, u,, u; or the three Eulerian
angles that specify the orientation of these vectors play the
part of the generating parameters of the generating invar-
iant.

Following the rules formulated above for each nucleus,
we obtain in general several Slater determinants with differ-
ent SU(3) and O (4 — 1) symmetry. We denote them by
W[ £ fo f3]), and their translationally invariant part by
D[ £, £>15])- We call the latter the vacuum function of the
corresponding irreducible representation [o; o, o4] of the
groupSp(6,R ). To establish which irreducible representation
of Sp(6,R ) can be ascribed the dominant role in the ground
state and in the spectrum of quadrupole-monopole excita-
tions over the ground state, it is necessary to calculate the
ground-state energy with some semirealistic nucleon—nu-
cleon interaction or to analyze the O (4 — 1) symmetry of the
Nilsson diagrams associated (in accordance with experimen-
tal data) with the ground states.

The Slater determinant constructed from the single-
particle orbitals

V(o v =exp{— 3 2o} wmivin,  (52)

forms together with the factor I12 _ , (1 — 8,) 7, a GCS of the

irreducible representation [o, o, 03] of Sp(6,R ). The gener-
ator parameters are the angles of orientation of the frame u,,
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W, U, and the angles that specify the frame p,, p,, p; (i.e., the
angles of orientation of the principal axes of the tensor b,, ),
and also 53,, B,, B;—the principal values of the tensor b,,.

We introduce now the second Slater determinant
([ f, /. fs]), whichisobtained from ¥ ([ £, £, f3]) by replacing
the frame {p, ] by the frame {q, } and the principal values
B, Bar Biby By, Bo B (or, in other words, the tensor b,
by the tensor b,,) and, in addition, by replacing the frame
{u, ] by the frame {v, ].

In the first place, we shall be interested in the matrix
element of the identity operator on the generating functions

([fifofol) and P (Lf, fo i)
(¥ ([fufafa)) | ¥ (fafofsl)) = det || Fi 51, (53)

where || £;|| is a matrix formed from the overlap integrals of
orbitals ¢(n;v|r) and ¢(f;¥|r)," which form the determinants
Y([fA L] and E([f 1))

Fio=f dg=ainsy )

i={l’l, ‘V}, i-_:{n, 'V}, ﬂ={"’17 iy, "’3}1 n ={n11 Ty, 17,3}.

Because the spin-isospin functions are orthogonal, the ma-
trix || F;;|| is quasidiagonal and decomposes into four blocks
|| foa |l and its determinant has the form of a product:

det || F; 5 |l =[] det |l fna |l - (55)
v

The index v takes four different values in accordance with
the number of possible spin—isospin states £, . In the matrix
element [, this index indicates to which of the four blocks
of the matrix it belongs.

In each of the matrix elements f;, the integrand con-
tains the exponential

exp { - 2 Brs Zr Zs},
T,5

where x,, x,, x; are the components of the vector r, and
| B..| is a symmetric 33 matrix whose elements can be
regarded as the components of a third-rank tensor

BTE’ A 6?‘8 + % COGPCLTPG’.E + Eq'] Ea‘]ocrq:z s (56)
Here
C,— Ba , 5&-, — ﬁic ) [57)
1—Pe §—Bs

LetX,, %,, X, be the components of the vector r in the coordi-
nate system whose axes are direcied along the principal axes
of the tensor B, ; then

s

D) Brgry = Myt - Azt - Ay, (58)

where A, A,, A4 are the principal values of the tensor B, .
We go over to new variables £ = {£,6,,6;}:

gr_—Vx—i;h 52:]/74\.;;2, E:;:V?"_a;gs (59)
dz, dz, dz, = (det || B,, |)"/2 dE, &, dE,,
dut || B[ =Kl

“By definition $(ii,¥|r) = (r*/*2%) "2 exp( — 1/2 P — 3, B./1 —B,
X{Qu ¥V H  (vir)H o (van)H  (v5r)E, .
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The first rule for filling the orbitals of the Slater determinant
in conjunction with the known invariance of the determinant
with respect to the addition to one of its rows of a linear
superposition of the remaining rows makes it possible with-
out changing ¥, to retain instead of the product of Hermite
polynomials H, (uw,r)H,_ (u,r)H, (usr)intheexpression for
the orbitals ¥(n|r) only the leading powers of the arguments
of the Hermite polynomials, i.e.,

271 (ur)a2ns (ugr)®2ns (ugr)™.

The same is true for the orbitals gn|r).
We now transform to the new variables the scalar pro-
duct of one of the vectors u; and the vector r:

(wir) = 2 sty = 3 un®y = 3 2 Ba = (ui), (6]
v L o
N Uy Uin g ¢ :
i, — = = [’ i | = Ui
wi={ Vi Vh m} | g | =g

A similar relation holds for v; - r:
(vir) = (vig).

Instead of the vectors {u]}, which, as is readily seen, are not
orthogonal, we introduce three unit orthonormal vectors a,,
a,, a3. The latter are related to u{, uj, u} by a triangular
transformation matrix ||, ||:

u; -=§_} oAy, 8 :2] oyu;g, {61)
7 1
where
Gy %y Oy By
[[etj ]l = ||y Sas i el = Cyy gy |- (62)
Gy Olgg Olgg O3

The diagonal elements of the matrix ||, || and of its inverse
leg || (it is only these elements that we shall need in the
following calculations) are equal to

| [wug] |

¢
ay=]u |, T |

Phos =

. | uiugud |
e A R T (63)
)

o = (@)™ G =(0g) ™t o= (o)

The use of the triangular matrix means that the vector a, is
collinear with the vector u{, while a, lies in the plane passing
throughuj and u;. Similarly, instead of the vectors v}, v3, v}
we introduce the orthonormal frame b,, b,, b;:

v :,5‘] a;bj, by s; iivi. (64)

By virtue of the second rule for filling the orbitals of the
Slater determinant, we can, without changing the value of
the determinant ¥ ([ £, /; £3]), replace each of the products

(B)™ (wE)"s (wig)"
in the expression for the corresponding orbital ¢ by
ajpaszog; (8" (a,8)" (agg)™.
A similar procedure can be carried out for the orbitals # of
the determinant ¥ ([ £, /> f3])-

It is now convenient, in order to ensure that the orbitals
¥ and ¢ with different n=n,+n,+n; and
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fi=f;+fi, + fi; but v= ¥ are biorthogonal,” to return
from the maximal degrees of the scalar products a, » § and
b, « § to the Hermite polynomials, but now with the argu-
ments a; «Eandb; « €.

It is then clear that the overlap integral of the determi-
nants ¥ ([ f /> /3]) and ¥ ([ £, £, /3]) can be expressed in terms
of the overlap integral of ¥*([ f, £, £;]) and ¥° ([ f, £, £s]),
which differ from the vacuum determinant functions
L f, /o f5]) and PO £, f, £]) only in that the unit orthogo-
nal vectors a; and b; occur in them instead of the vectors u;
andv;, ie.,

¥ ([fifoal) | B ([fifofal))
= (P ([/ifafal) | WO ([f fofa])) (det || B )~

A
E )

X (a“;“)h (C‘zz&‘zz) fe (“33;33)1!3 : (63)

The overlap integral of oscillator functions having defi-
nite SU (3) symmetry was found by Elliott>:

(WO ([fufofs]) | 2 ([, fof 1))
= (a,b) " ([a,ay] [b,by])*~* {(a,8,2,) (b;bsby)} ", (66)

In solving below the problem of constructing the single-par-
ticle density matrix on the functions ¥°([f,/./;]) and
¥ ([ £, fo./5]), we shall give a simple derivation of this expres-
sion. Here, we note that the GCSs of the group Sp(6,R ) can be
reduced by means of rotation and dilatation operations to
the GCSs of the corresponding irreducible representation of
the group SU(3).

Thus, the integration over all the single-particle coordi-
nates needed to calculate the matrix element of the identity
operator on the functions ¥ ([ £, £, £5]) and ¥ ([f, /> /3]) has
been performed. Taking into account the connection

between the operators u,, v; and a,, b,, the relations

~—) ’
b=a

= —1y’
ai = all ul’ 11v11

[a,8,] = ajjan; [uu],  [biby] =ajay; [vivi],

[Io o

(a,885) = agj ooz (wyugug);  (bybyhg) = ol ogiazs (vvavi),

and also (65) and (66), we obtain

CF ([ufofs1) | ([Fofofs))
= (det || B, [)™*% (ujvy) "

X (fugug] [vyval)™*™" {(ajupug) (vivivi)y™. (67)

We must now return to the vectors w; and v,. For this, we
note that in the coordinate system in which the matrix B, is
diagonal,
o UialVja
(uivi) = Z T
o%
1
R v (05 hohg + Usnljohahy + s jshids).  (68)
But the expression in the brackets on the right-hand side of
the equation is the contraction of the matrix ||Cy, || formed
from the cofactors of the elements of the matrix || By, ||, with
the vectors u; and v;, and 4,45, 4;4,, 4,4, are the principal

'We recall that two sets of functions (6, } and [, ) are said to be biortho-
gonal if (¢, |@;) = 0 when /.
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values of the tensor C,;. Therefore,

(u"i V.;) = (det “ Bh! ” )_1 Ecrsuirvis- (69)

Ty

The matrix ||Cy, || can be readily calculated. Its matrix ele-
ments can be expressed in terms of Kronecker deltas §,, and
the components of the vectors p, and q,.:

Cri=04 (1+2 Ca+ @})—Z Cap:xkpalt% Colandal
o o ¢4

+ 2 CCy [pvpulr [Pupuli+ 2 CoCo [0tuls [959);
Ve h o)

+ 2 L pala [Pl (70)

The contraction of the tensor C,, with the vectorsu, and v, is

TE.SC“u=1rvw:l;l[(1~ﬂv) (A—B" A, (71)
where

A= (RISH— 3 B (Prg) (PR (9,51

+32 %, (Pady) (PRY (q,8Y), (72)
oy =By, s =Psfy, 23 =Bbs, }
Ei = E?.Em &2 = Bsgu &3 = Biﬁz- (73]

The vectors R” are obtained from the vectors u, by an ap-
propriate stretching of their components in the coordinate
system with axes along the unit vectors py, p,, ps. In this
system,

R¥ = {(R¥p;), (R¥py), (RVps)}:
(R¥ps) = (L — Bs) (u”py). (74)

In turn, the components of the vectors 8¥ in the coordinate
system associated with the frame q,, q,, q; are determined by
the transformation

(5%q.) = (1 — B (veay)- (75)

To derive the expression (72), it is expedient to represent the
vectors u; and v; in the form

u; = zv: (uipv) Pvy V; =§ (vqu) qy {76)

and to first find the contraction of the tensor C,; with the
vectors p; and g, and only then form the contraction.

In the coordinate system in which the matrix B, is di-
agonal, the scalar product of the vectors [u]Xwuj] and
[ vi Xv; ] also has a simple form:

[(wu)] [viv.])= [“Lﬁ}f:ﬁ

[2gus]5 [V1Vs]s [usus]s [Vavals
it Aghy + Ak

1
== A-lhgls Z [“1“2]v [vjvzlva’v

W

= (det || By ] )7 2 Brs [wuwy), [vyvale.  (77)

As in the calculation of the preceding contraction, we again
first find

Z Brspquus-n
r, 8
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and then, using the relations (76), we obtain the required
expression

2 By [, vV, :lvl [(1—py) (1—PB)I &, (78)

where
% = (R [S15°) — 3, P (Pami) (i [R'R?]) (3, 18757,
(79)
Finally, it is easy to show that
(0010) (¥,v¥9) = o = (Aot | B [ (80)

Here, 77 = 1 if both triplets of vectors—u,, u,, u, and v,, v,,
v,—areright- or left-handed simultaneously, and r = — 1if
one is right- and the other is left-handed.

The determinant of the matrix || B,, || was found in Ref.
64:

det || By, | jlj [(1—By) (1 —B)1 A, (81)
A=1-3 (BP,— ctr,) (pra,)2— DD, (82)
D= [31[32531 Dl “:E;Bzﬁa-

Thus, we have calculated all the elements that make up the
overlap integral (67), and we can now write down an expres-
sion for it, taking into account first the factor due to the
center-of-mass motion:

(rlPr)= AL
As a result, we find that the overlap integral of two GCSs of
the irreducible representation [o,0,05] of Sp(6,R ) is

=34 f1— 2 L z2—1la
(D (1 fafs]) | B ([ iffal)y = Bl D (83)

ARFGA-D2

The expression (83) generalizes the well-known*® Elliott
overlap integral of functions of a definite SU (3) symmeiry to
the case of functions of a definite Sp(6,R ) symmetry. Each of
the functions for which the overlap is calculated depends on
nine generator parameters (if f, #£,7/5) and is a superposi-
tion of all the basis functions of the irreducible representa-
tion [¢,0,0;], and any of the basis functions of this irreduci-
ble representation can be separated from the corresponding
GCS by a simple projection operation.

The overlap integral (83) is helpful for investigating the
quantum numbers of the basis functions, and also for calcu-
lating the coefficients of the linear superposition with which
the normalized basis functions occur in the generating func-
tion.

We defer for the moment the discussion of the overlap
integrals (83) as well as the question of calculating the coeffi-
cients of the superposition, and now consider the calculation
of the generating matrix elements of the kinetic- and poten-
tial-energy operators of a system of nucleons.

_To find the matrix element of the kinetic-energy opera-
tor T, we use the relation

a=a'  (84)
==,

3
(@] T |ay= I {N+T(A_i)’

2t | g2 |y,
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where a is the set of quantum numbers that characterize the
basis function, N is the principal quantum number of the
function |a[f, £, /5]), p* is the sum of the squares of the
Jacobi coordinates, and r,, is the oscillator radius. Thus, the
calculation of {a|T |a') reduces to the calculation of the ma-
trix element of the operator pz. For this, it is convenient to
use the auxiliary operator

A A
v 2l = I exp (—vrd).

Since this operator can be represented in the form of the
product

Tl exp (— (85)

I' = exp ( — vp? exp ( — ygh)

where q, = Z7_,r,/\A is the normalized center-of-mass
coordinate, and each of the determinants ¥ ([ f, f, f5]) and
¥ ([ f, fo./.]) factorizes after transition from the single-parti-
cle coordinates {r; } to the Jacobi vectors {q, } and takes the
form of a product of the wave function of the relative motion
of the nucleons @ ([ £, /> f3]) (or @ ([ f, />./5]) and the center-
of-mass wave function i, (or iz ), it follows that

¥ (I fofa) 1 T 1 (ifofa)) 2
= (D ([f,Jofa]) | €77 | D ([Fifafs])) hr | €7V 4] hm),

this relation expressing the matrix element of the operator P
in terms of a factor that is readily calculated—the overlap
integral of the center-of-mass wave functions with the opera-
tor exp( — g% }—and the matrix element of the operator
exp( — yp?) on the GCSs. It is the latter that is of interest,
since, by differentiating it # times with respect to the param-
eter ¥ and then setting ) equal to zero, we obtain the matrix
element of the operator p*” and, in particular, of the opera-
tor p?, which, as was noted above, gives exhaustive informa-
tion about the matrix elements of the kinetic-energy opera-
tor T.

The matrix element of the operator exp(— yp®) on
GCSs of the group Sp(6,R ) has the form
(D ([fifofa)) | &= | D (U fafs)))
T é(A—i) "4,[!.—!:33&—&
= ()1'+ Y) 2 A\;l‘i’(A*'\;-)t’? 2 (86}
Y
where
- ¥ Y P
o=t = P) (1 — 5 P) i)
| ¥ __ Y % v i—y 5
T%[iw (1= B) ot e (15 P o ]
¥ ¥ &
x (pRY) (p25%) +§ [m (1 e P) Pu

2 B ~
+TTTW (1 + T? P) au] (Quﬂi) (Qusi)

¥ Cq) (En— 1—7 au)

v

-PZ / §f—

+ 2 g (B
s B

X (Prgu) (PARY) (q,5Y)

—(1.— z BBy (pr) (I0ARY] [, 54); (87)
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= ([R*R?] [8'8%]) — - D) B (pr [RUR?) (p, ['S7%))
A

-7 E B (a0 [RTR]) (q, [S1S2)

. - Z E‘}ﬁu (Pag,) (Pa [RIR2]) (q, [S1S7]);  (88)
By=d (P+ P+ — (H_vz (Q+Q+PP)
+ 0 (PO + P — - (0 +D)
— L= 0§+ pB+ PD)
— XA (g +@b)— Y2 pD
-2 [ B+ i (B - Baci)
— i % | ) (89)

Pjgﬁw ﬁz%g\n Q=%a’vv 6';;&:\:‘

The generating matrix element of the operator p” can be
expressed in terms of the logarithmic derivatives with re-
specttoyof &, #,and A :

(@ ((Ffofal) 02| B ALLID) =] £t Fo+Fo kg
(i~ 1) 5 10 Ay ly=o (o= T5) 5 In By [y
—(H+557) 55 1 Ay ly=o [ @ (Uifafol) | B (I ifafal)-
(90)

4—1)

Our next task is to find the matrix elements of the poten-
tial-energy operator

A T;—r;)? -
V= Z‘Vuexp I:—( g ? J
i<y

of the nucleon—nucleon interaction for a two-body potential
in Gaussian form. Note that once we have calculated this
matrix element we can readily go over from it when neces-
sary to the matrix element for the potential energy of the
two-body potential #7(r), represented in the form of an inte-
gral over s of exp( — r*/s”} with kernel X (s):

(91)

7" (r) = s K (s)exp (—r2/s?) ds.
0
A large class of potentials admits such a representation.
Since the GCSs of the group Sp(6,R ) can, as was noted
above, be reduced to the GCS @ °([ f1 /> f5]) of SU (3), we con-
centrate all attention on calculating the matrix element

(@O([f, o Fal) | V | ©°(0Fy £2 Fa1))-

(Note that the matrices that realize the transition from the
GCSofthe group Sp(6,R | to the corresponding GCS of SU{3)
form the gronp GL (3,R ). These matrices can be represented
as products of an orthogonal matrix and a diagonal matrix.
The elements of the diagonal matrix are yA, VA, V45, where
A1, A5, A5 are the principal values of the matrix || B, |[.)

In calculating the overlap integral of the vacuum func-
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tions, we used Elliott’s well-known result, and there was no
need to investigate the matrix associated with this overlap
integral, namely, .# ,;, whose determinant is the overlap in-
tegral of the vacuum functions:

PO (D) | (ot = det 1.7, 411 |

17. ,y:g: ;6\?;’:(“ | ;> Bv'\\;’

i, 1

(92)

, A
i={n, v}, i={n, v}

At the same time, to construct the single-particle density
matrix (i.e., the integral of the product of ¥ ([ £, /5 £;]) and
VO£ /os]) over all the single-particle vectors fr;}
except one), and with it the matrix elements
(PUALALLDIV FOL £, J>/5])),itisnecessaryinaccordance
with the results of Léwdin® to find first the cofactors 4, of
the elements of the matrix .#",; (or, which is the same thing,
the cofactors a; ; of the matrix g, ;), in terms of which the
single-particle density matrix is expressed.

The calculation of the cofactors is trivial for the ele-
ments of the diagonal matrix. But the matrix g, is not, since
the states |n) and |f) are not biorthogonal if they belong to
one shell. The problem therefore arises of making them
biorthogonal. The possibility of a solution of this problem by
simple means follows from the multiplicative form of the
determinant of the matrix g, ;. We now show how this prob-
lem is solved.

In accordance with the rules formulated above, the fill-
ing of the #th shell must begin with the orbital

-3 2
Im, 0, 0= 2B H, (ur) =1 (1, 0 o (v
The next orbital among those taken into account has the
form
exp (—r2/2)
It differs from the previous one in having one of its oscillator
quanta directed along the vector u,. The states |z — 1,1,0)
and |,0,0) are not orthogonal if u; 3 v,. However, the linear
superposition

(wv)|n—1, 1, 00—V n(uv,) | n, 0, 0)

n—-2
=(uv,) 2 (uvy)'? | (n—2, 1), »)

]n—l, 1, 0): Hn-1 (111!') H! (“zr)-

R P P, Y
is orthogonal with respect to the state |(n,0),n) ~ |1,0,0}, and
the analogous linear superposition

n—2 1
(wyvy) 2 (uy)? | (n—2, 1), n)

/-\\—/ i I
=(uvy) |n—1, 1, 0)*1/”(“2"'1) |n, 0, 0)

is orthogonal with respect to |(n,0),n), as is readily seen di-
rectly.

Tomake the expressions for the biorthogonal orbitals as
simple as possible in the case when the oscillator quanta are
distributed along the three mutually perpendicular direc-
tions u,, u,, u; and to make the transformations made with
them maximally simple, we write the orbital |n,,n,,n,) in the
form of the derivative of an exponential whose argument
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contains the vector parameter t = {£,,£,,15}:
; 1.,
I Ny, Ry, n3> =D (]1, t) ekp{ — 2 =k 2 2 tﬂ.(“ar) R T } LEO [
(93)

g gt g

D {(n, t)=(2"n! n3/2)~1/2 .
. B={ ) gt g g

This expression is the well-known differential representation
for the Hermite polynomials. We shall use a similar form of
expression, but with the vector parameter s = {81:52,53}, for
the orbital |). We also introduce six new operators:

1
a —1/2 4 a -3 4
T (u,vy) 3, ' dog (u;v)) Bsy ?
a
vy —
| Cnq=1/2 (v, at ]
T [(u,v,) (ug¥y)] f al ' 3o
: (upvy) — :
ETA
a
(vau) ——
a
= [(wvy) (ugvg)] /? ;1 (94)
(Vzui)js‘_;—
a
(uyvy) (,v,) oy
9 v —li2 d ]
A (ugvs) (ugvy) (uyy,) Bh |7 G0,

ad
(u5v ) (ugvy) Fr
d
(viu,) (vyu,) T
= a
= (u3v;) hed (vouy) (vouy) ey
a
(vauy) (vauy) 53

The transition from the parameters {1, }, (s, } to the param-
eters {7,}, [0;} is made by means of a simple triangular
transformation:

b= (u!vi)—uz Ty — [(uvy) (ayv3)] =¥ (uyv,) Ty

+ (ugvy) ™ L (u,v3) T3,
by = [(uyvy) (ugv;)] A Ty - (uyvy) ™ Ve (upv3) Ty, (93a)
t3= (“3"3)_“2 (ugvy) 753
sy=(uv,) oy — [(u,¥,) (ugvy)] ~ 2 (uyv,) 0y

-+ (“3‘131);2”2 (uzv,) 0'3;‘ e (95b)
55 = [(u;vy) (uzvs)] Ty + (ugvs) (uyv3) 03,
$3=(Ugvy) i (ugvs) 0;.

We now have the possibility of reducing the expressions for
the biorthogonal orbitals:

| (ny—ny, ny—ny)n)

=D, Rexp {42 3 by (war) —5 12}

=0’  (96a)
| (my —my, my—mg)m,)

=D (m, o)exp { — 8242 D) 8, (V1) —% rz} L:o' (96b)

We shall show that the orbitals |(n, — n,, n, — ny)n) and
|y — my, my — myym) are orthogomal if n,£m, or if
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ny=my but ny,#m, or, finally, if ny =m,, n,=m, but
n,#m,. We first note that

o0

Ssgdre_\;p{—

]

12—s2 2 Z ty (u,r)+2 Z S (var)—rz}

ndZexp {2 ) taly (umvﬁ)}_ a2 exp {2 Z T, 0,
@, B
{97)

Substituting (97) in the overlap integral of the two orbitals,
we find that

((ny — ngy Ny —ng) 0| (My — My, My — M3) M)

; 61‘11, 7“16712) maamk msr

The use of the biorthogonal orbitals (96a) and (96b)
makes it possible to simplify greatly the expression for the
single-particle density matrix p(4, |1,2) constructed on the
Slater determinants @ °([ f, /,./5]) and @ °([ /1 £, /5])- Tt be-
comes additive not only with respect to the spin—isospin
quantum numbers but also with respect to the quantum
numbers n = [#,1,,#,} of the biorthogonal orbitals:

ph, plt, 2)= J\'S\; P (ry, T}y (1) Ey (2 (uivi);\‘ (“3V3)u1

(98)
AM=Ti—fs w=l—1
where
Ty, 1.2 2 D )D (l'l, U)
X exp { — 252 +2 2 tg {uarj)
-+ 2 2 Se (“'u.rz)-ﬁ %ﬁ(rf 45 r‘;}} |E:s:0 £ (99)

The generating matrix element of the potential-energy
operator is determined by two main expressions—the direct
and exchange integrals

: "
Vi~ S } dry dryp, (ry, 1y) fina (ry, ) Vy

L'

g (r1—ry)® .
X ehp(—l‘ s == Vv’\:'_’ (100)
?{?h 5 5 drdryp, (1, 1y) P (T, 1'1)170
. (ri—r) |1 _ v
Xexp (_ 53 JZV\:?'

It follows from {99) that both these expressions have a simple
differential representation:

VE =232V, 3\ D(n, ©) D(n, o)

n, m

% D (m, T D (m, 3) a3 exp{ —(1—2) (%)2

i~
5— 5

— (= () + 3 U+ ) )

£ 07

2 (t— 1) (s — S (wev) - (101)

Isf:

The parameters {7;d;} and [7,,5;} are related by the same
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triangular relations (95a) and (95b) as the parameters { ;,0; ]
and {z;,5; }. In addition, z = (1 + 2 r3 /s3) ™", where r, is the
oscillator radius.

To make the transition from the matrix elements (100)
of the potential-energy operator on the vacuum functions to
the matrix elements on the generating functions @ ([ £, £ £3])
and @ ([ £, f, Jf3]) of the complete basis of the irreducible rep-
resentation of Sp(6,R ), it is necessary in the expressions (100)
to replace the vectors u; and v; by a, and b; [see the defini-
tions (61)—-(64), the comment on them, and Eq. (65)] and, in
addition, to write the exponential exp{ — #*/5sZ) of the poten-
tial-energy operator of the nucleon—nucleon interaction in
accordance with the transformation (59) in the form

E2 & . a8
exp{ (z 111 +—§~;~+ Tf:) } .
Then, after calculation of the integral over the coordinates of
the two nucleons, we must repeat in the reverse order all the
operations described in detail above that ensure the return
from the vectors a; and b, and the eigenvalues of the matrix
|| B, || to the vectors u, and v; and the tensors by, and b,,.

4. GENERALIZED COHERENT STATES OF CLUSTER
SYSTEMS

During the last decade, a striking jump has occurred in
the theory of nuclear reactions (at least those that involve
light and even medium nuclei). It has become possible to
calculate quite systematically (at the microscopic level with
allowance for the many-particle kinematics and dynamics)
processes such as the collision with one another of 0 or
*°Ca nuclei or processes of inelastic scattering of nucleons,
deuterons, and particles by p-shell nuclei with allowance for
disintegration, excitation, or charge exchange of the latter.
The calculations are made in the framework of the resonat-
ing-group method.

This method is essentially a microscopic variant of the
coupled-channel method, and it is now successfully displac-
ing not only the phenomenological variants of the coupled-
channel method but also the optical model. Whereas earlier
experiments on scattering of nucleons by nuclei or of nuclei
by other nuclei were invariably interpreted by the optical
model, the resonating-group method is used more and more
frequently by those who have the possibility. And this transi-
tion from the optical model to the resonating-group model is
necessary not only for basic reasons (instead of a phenomen-
ological approach with parameters that must be fixed not
only as functions of the scattered nuclei but also as functions
of the energy at which the scattering takes place, one uses a
microscopic approach that does not contain any arbitrary or
free parameters) but also for practical reasons—using the
resonating-group method, it is possible to explain the differ-
ential cross sections for scattering through large angles
(which are associated with the effect of the Pauli principle) as
well as the behavior of the scattering cross sections near dif-
ferent thresholds, and, finally, one can take into account res-
onances in various coupled channels, in particular closed
ones.

The GCSs of cluster systems needed to solve problems
in the resonating-group method are the ones that have been
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most investigated among the GCSs listed in Sec. 1. In Ref. 16
there is a detailed exposition of the technique for calculating
the matrix elements of single- and two-particle operators on
the basis of the results of Léwdin.®® In various studies®® 7%~
an algorithm has been developed for constructing GCSs in
invariant form and calculating in invariant form the matrix
elements of various operators on such GCSs.

The generalized coherent states for cluster systems are
constructed from the single-particle orbitals

Pn, k5 v|r)=(2"n! wdi2) =R

X Hy (uy, r—Ry) H,, (uy, r—Ry)
< Ha, (v —Ry)exp { ——-r2 - 2Ryr— RE 4, (0). (102)

Here, R, is the cluster parameter, which determines the po-
sition of cluster k. The determinant function constructed
from these orbitals, ¥, (4, ), where k = 1,2,... (it describes
the internal state of cluster k), can be represented as a pro-
duct of the center-of-mass wave function

Y =exp { — gt + 2V A Rimu— iR, (103)
Ap
Mr 1— Z T;
V Ay

and the function @, ( 4, ). The latter is a GCS of the irreduci-
ble representation (A, u, ) of the group SU (3). The generator
parameters of this GCS are three mutually orthogonal unit
vectors uf, u%, uf. The determinant function of the two-clus-
ter system has, in its turn, the form

A-1
¥=A4{o (4) 0, (4)exp [ —5 3 ¢t
t=1

+2 l/ AI:Z (R, —R,)q,— Alfﬁ (Ri—Rz)zJ} ta, (104)
where ¢, is the center-of-mass function:
Va=oxp { —g b+~ (AR +4,R)) 4,
— (AR + AR,)2). (105)

The Jacobi vector q;, which describes the relative motion of
the two clusters, and the center-of-mass vector q, of the
system of A4 nucleons are related to %, and 5,, the normal-
ized Jacobi vectors of the centers of mass of the first and

Second CiuSteI, by
[/ A Ili
(ll )
2

(o)-( 2

N As
Ve VE

Note that the function exp{2q « R — R ?} isa generating
function for the oscillator functions |Nim ) (N is the principal
quantum number, / is the orbital angular momentum, and m
is its projection}:

(106)

exp {2qR — A%} = >} A, ,RN|Nlm) Y}, (R), (107)
Nim
where
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4m /2
AN'*[ 9N (N — DI (N 1+ D)l J ?
where R = R/ |R| is the unit vector that specifies the direc-
tion of the vector R. The projection operator & ., , which is
used to separate from (107) the oscillator functions |Nlm),

P rim 6xp {2qR — R} = Ay | Nim),

contains two operations, namely, differentiation with re-
spect to the modulus of the vector R and integration with
respect to the angular variables of the unit vector R:

i R s 1 dN
Prim= | ARY 1 (R) 57

Nt grN - (108)

The order in which these operations is performed is arbi-
trary.

When the matrix elements are calculated on the deter-
minant functions ¥, it is customary to introduce instead of
the vectors R, and R, the new vector

R = RI = sz
and, in addition, to make R, and R, satisfy the condition
AR, + 4,R, = 0.

By virtue of this condition, the center-of-mass wave function
takes the simple form

tn—oxp (— 3.

The overlap integral of such functions is equal to unity (if the
normalizing factor is chosen appropriately). However, to
simplify the calculations it is much more convenient to take
one of the clusters at the origin, i.e., to set, for example,
R, =0.ThenR= —R,, and

1 24, A2

'-H:exp{—gqi_ﬁﬁ%—jqi}. (109)
The overlap integral of these functions is
(pnla) = exp {245 (RR) . (110)

To construct the single-particle density matrix by
means of which the matrix elements of the operators in
which we are interested will be calculated, it is convenient to
use the differential representation (93) for the Hermite poly-
nomials. Using this representation to calculate the single-
particle overlap integrals, we can then readily construct
biorthogonal sets of single-particle functions in the same
way as was done in the previous section.

For simplicity, we shall consider the wave functions of
two interacting s nuclei, i.e., nuclei with numbers of nu-
cleons 4,, 4,<4. However, many of the results given below
are also valid in the more general case. The overlap integral
for the positive-parity states is

i

(@@ = > D, ch (£,RR), (111)
F=0
where
£, = 24,4,/4 — or. (112)

If the nucleons of the second cluster (under the condition
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that 4,<A4;) are in the same spin-isospin states as the nu-
cleons of the first, then
(‘ 1)}":(1! i . 42.

l “0"7')! ] £

- (113)

For the negative-parity states, the overlap integral is

i
(@) =3} D, sh{¢,RR). (A)

r=0

‘We now expand the overlap integrals in powers of R and R:

oo

~ By ol
(B]Dy = > Fa T (RR)2™*f —
n=>0
. Ba Dya+T e+ (Y, (B Y it
=2 gagp (BRP™ 20 T (Ve (R) Vi (R))- (114)
n=0 L
Here
9 Ay
2 : 4TTA}
By=2\ Dt T p—prarowe (19

and (AI\’L R)Y, {ﬁ]} is the scalar product of two spherical func-
tions. The effect of the Pauli principle on the wave functions
(104) has the consequence that the expansion of the overlap
integrals begins with a power fof the generator parameter R
that is fixed for the given nucleus and parity. The parameter
£, and also » uniquely determine the SU (3) symmetry of the
oscillator functions generated by the two-cluster function
(104). If 4,, A,<4, then

A=2n+f,n=0 (B)

Oscillator functions with A <2n + f are forbidden by the
Pauli principle.

We now calculate the matrix element of the kinetic-
energy operator. As in the previous section, for this purpose
we use the operator

a

A-1
F—oxp(—vp)—exp{—v 3 ¢t} (A)
=

The matrix element of this operator is equal to the integral

(@!e—vs21a)}= g dq, dgy. . .dqa_yP; (4) D2 (4)

X A {@(4,) 02 (4)

A-1

,h_exp[ v+1) Eq1+2]/AA2

i—=1
AAg

(Rqy + qu)

L% o Hf'z)J} (116)

Instead of the vectors q;, we introduce new vectors £; such
that

g = (y-+1)"q (117a)
and also new generator parameters
R = (y+ 1)~ 2R, R = (y+1)- I2R, (117b)

As a result of this substitution, the matrix element of the
operator exp( — ¥p°) is
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(A—l)—N1—Ng

(W]e~v?| D) = (‘.’*1)
cexp{ ——Tr Ads (R T} @ R)IO R (118)

In deriving this expression, we used the fact that the func-
tions @,( 4,) and @,( A,) are homogeneous in the Jacobi co-
ordinates, their degrees of homogeneity being equal to the
principal quantum numbers &, and ¥, that characterize
these functions. For s nuclei, ¥V, = N, = 0.

From (118), differentiating with respect to ¢, we find the
generating matrix element of the operator § p?,

(D (R)| + 2P R =5 [ Ny Mok 5 (4—1)

AAE

+ A (g2 4 RY)

—5F J@( N ®Y o, (119)
and then the matrix elements of this operator on the oscilla-
tor functions. The nonvanishing matrix elements {x |} p*|m)
are the ones for whichm =nandm=n + 1:

(nl g 2lmy=3 [2a+T+ N+ Ny +o(A—1),  (120)
(n|1£,2|n+1)=<,1+”ipzi,_,,,
— Aéff B“ (@n4-f—L+2) (2n+f+L+3). (121)

For very large values of r, for which the Pauli principle can
be ignored, the nondiagonal matrix elements of the operator
1 p? are equal to the matrix elements of r* on the three-di-
mensional oscillator functions:

V@t —Lr)@ntiTL19) .
(122)

<n|~é—pzln+i>z

The generating matrix elements of the potential-energy
operator are superpositions of terms of the form®

exp { — C, B* — €1} ch (C,RR) or

exp { — C1R* — C,R?} sh (C,RR). (123)
The coefficients of such a superposition, and also C,, C,, and
C, also contain the parameters of the nucleon-nucleon po-
tential. For example, for potentials with a Gaussian radial
dependence

AqAs

t (124)
A b

€, =9

—2r—1+3, z-( Zr" +1)

where 7, is the oscillator radius and s, is the range of the NN
potential. The parameters C, and C, take one of the follow-
ing three sets of values:

~C= —4 (1—12); Cy=—5(1—2), "

C;—0; €,=0, Cp= —”(1*'3)

The expansion of the expressions in powers of the generator
parameters (it can be readily obtained by using Leibniz’s

®Translator’s Note. The Russian notation for the trigonometric, inverse
trigonometric, hyperbolic trigonometric functions, etc., is retained here
and throughout the article in the displayed equations.
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well-known rule for the derivative of the product of two
functions) has the form

exp{ —C 1*— C,A?% ch (C,RR)

- i (4i)m1+n72 Ram1§2mz

mm
i my—kma—k 2k
XZ'O (RR)* (mlijkl):(nffi:ﬁizk)z ; (126)
exp{— C,R*— C,R%sh (C,RR)
g, ma
x 2 (RR)zA+t {mlj;)_,ift::ﬁ;:r s 127)

k=0

where 7i = min{m,m,}. From this we find that the matrix
elements of the potential-energy operator are

LIV imaly = 2 A7, (B), (128)
I _ ity g (2m1+f)! (2m,+)!
Amlmz (k) - (_‘ 1) -—BTMET—
7 Cpr-fege-teftt (129)

% Y 2ttt (ma— B (my— R @RI -

In addition, the diagonal matrix elements contain constants
that determine the threshold energy for disintegration of the
system.

In the limit when m,, m2,3 1 the sum over % in (128) can
be calculated analytically.

Suppose m, + m, = 2v, m, — m, = n. We restrict our-
selves to values of n that satisfy the inequality n<v, i.e., we
shall consider the matrix elements near the principal diag-
onal. For simplicity, we set /= L = 0. The generalization to
the case of nonvanishing L will be given below.

We assume that in the sum (128) there exists a maximal
term A4,, .. (k)with k = av, where @ < 1, and that the main
contribution to this sum is made by the terms for which &
satisfies the inequality |a@v — k | €av. The following calcula-
tions confirm these assumptions.

We find the values of @ from the condition of a maxi-
mum of A4,, .. (k). For this purpose, we represent % in the
form k = av + p, where | p| €av, and we then write down
expressionsforln 4,, ,, (k ), restricting ourselves to the lead-
ing terms at large values of v:

lnAmlmz(k)EQ[(i—Oﬂ) IUL]{:EDIC& + aln%]v
I 2 (1 —a) vl —2p | la 2 VO |
’ 3

n‘:
Tal—m v F T v T

(130)

where
E,.:CiAIQAiAE. (131)

In (130), we have omitted the terms of order p/v, n/v, 1/v
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and the small terms of higher order in the reciprocal powers
of v. We obtain the equation for & by seiting equal to zero the
derivative with respect to a of the terms linear in v on the
right-hand side of Eq. (130):

Vel e _y (132)
Cs o
It follows from (132) that
E e
=  1—a=_2VEd (133)

Q=" == St
2V Ot B 2V Cita 10,
Returningto 4,, ,, (k), we write them in an asymptotic

form valid at large values of m, and m,:

~ — 3/21-1 (ZVEIV-C‘S‘!'Ea)mH_mg
T (k) o~ [m(1 o) 342 ———

2 p? _ (m1—mg)?
a(l—a) mi+me 2(1—a) (my+my) J°

expf— (134)
Thus, our assumptions have been confirmed—the coeffi-
cients 4,, ,, (k) do indeed have a maximum at k — v and
decrease exponentially with increasing p® = (k — av)? for
fixed v = L(m; + m,). Replacing the sum over k in (128) by a
Poisson integral, we readily obtain the result

{m,, L|V|my, L

O ot VN ) A TP S i
Von (1—o) a® Vot m,
1 (thy1—mg)?
X exp {— Sy } (135)

This expression is also valid when L<m ,m..
In all cases 2135162 = 6'3 does not exceed unity, and
therefore the calculated sum (128) either decreases slowly as

1/Nm, if m; =m, =m, m— o, and 2/€,C,+Cs=1, or
decreases as

exp{—2m |In 2V €,C,+ Ty},

if2/C,C, + Cs<1.

We investigate the asymptotic behavior of the ampli-
tudes C, . We recall that in the oscillator representation the
Schrodinger equation has the form
>\ (g | B | g) — E8inygns) Cog = 0; miy=0, 1, 2, .,

" (137)

(136)

where

(my [ myy = my | T mg)+ m |V| my). (138)

Usually, the solution of the Schrédinger equation in the co-
ordinate representation is begun with an investigation of the
asymptotic behavior, i.e., the behavior of the wave function
at large values of the radius (and also in the neighborhood of
other singular points, if there are any). Having established
the asymptotic behavior of the wave function, we use it es-
sentially in the choice and implementation of practically any
scheme of calculation. However, as a rule such study of the
asymptotic behavior of the amplitudes C, of the expansion
with respect to a discrete basis is not made by assumin g that
the method of gradual extension of the discrete basis auto-
matically eliminates all the problems associated with the
asymptotic behavior of the amplitudes C, as n— . And
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even in the cases when rapid convergence of the considered
values to the limiting value corresponding to an infinitely
large number of basis functions is not ensured, the poor con-
vergence is, as a rule, attributed to the properties of the basis,
though, as will be seen below, it may have a different origin.
This is that in such a scheme the correct asymptotic behavior
of the resulting solutions is not taken into account.

To investigate the asymptotic behavior of C,, we con-
sider Eq. (137) for m,> 1. In this case, the sum

N (M| Vimg) Crmg (139)

takes the form of a linear superposition of the expressions

(140)

= 1)m1+m2

Z\, (m) = 2 (—'—aexp{—b oty — )" }

]/m 1T Mgy my+ma

[the constants @ and b can be readily determined by compar-
ing this expression with (135)]. The remaining termsin (139),
being exponentially small, can be omitted. It can be shown
that the expression (140) also gives a vanishing contribution
to (139) and, therefore, to (137) to the accuracy with which
the sum over m, in (139) can be replaced by an integral. For
this, we write out separately in (140) the sums over the even
and odd values of m,, and we then go to the limit of an
integral:

D) (my) = Z {exp [ 2.0)2 ]Cm+zp

—exp [ —b {2‘02;:)2 J Cm1+2p—1}

V[ 2Zmy

oo

- Vzml \ e ddb {exP[-bi—i]CmHzp}go.

—0oo

(141)

Thus, in the equations in (137) corresponding to large values
of m, we can omil the terms involving the matrix elements of
the potential-energy operator. Therefore, the equations of
the system (137) in the limit of large values of m, take the
simple form

(my \F] my—1) Cogms + (g 1T1 M) — E) Oy
A+ (my | T my+1) Cogys = 0. (142)

These equations are equivalent to the differential equation

d _d ~, [1 @422
—Em};CT[I%—EJC;O, (143)
where
C,—C(2), 2=+ L+3/2, §=DRE. (144)

The solutions of this equation for bound states (&’ < 0), can
be expressed in terms of Macdonald functions’®:

Cor=Vak; xVa), =V,

which have a damped exponential asymptotic behavior
exp| — »yx }, and for the continuum states (8 > 0)

CoanzV z [ (kY 22) —tg S ( (kY 22)],
E=V2.

Here, j, (x) and #, (x) are spherical Bessel and Neumann
functions, respectively. The last relation establishes the con-

(145)

{146)
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nection between the coefficients C,, and the scattering
data—the phase shifts §; . One can relax the conditions on
the value of » and write the relationship between C,; and the
phase shifts 6, in the form

CnL = AnL (k) - t’gﬁf_BﬂL (k)a

extending thereby the region of applicability of the limiting
expression for C,; . The functions A4 and B of the discrete
variable are the expansion coefficients of the regular and
irregular solutions of the Schrédinger equation, respective-
ly, for the free motion, and they are also the regular and
irregular solutions of the linear three-term recursion rela-
tions (142), in which C,, = 4,,; or C,, = B,,; . If dn>(kr,)?,
then (147) goes over into (146).

The relation (146) is the basis of the algebraic version of
the resonating-group method developed at the Institute of
Theoretical Physics of the Ukrainian Academy of Sciences
(see Refs. 30, 31, 68, 77, and 78).

(147)

5. GENERALIZED COHERENT STATES FOR RESONANCE
STATES

To construct GCSs for resonance states, it is necessary
to take the orbitals

P, k5 v|r) = (201022 By (2)) Hy, (25) Hopg (25)

1 p
x exp { i rt— 1_’%@ (p.r)?

ByPs) (Pa (Rppa)®
+22 : hp p e _Z 1k_pﬂ; }Cw
zi‘=(“fu r—R,),

(148)

%

which besides the cluster parameters R, contain the defor-
mation parameters 53,, B, f3;- In some limiting cases, the
new orbitals (148) are equal to the orbitals (52) and (102) used
earlier to construct the GCSs of cluster systems and of col-
lective excitations. Thus, setting £, =0 (e = 1,2,3)1in (148)
and bearing in mind that

;pmrpag = 6,5, (149)
we obtain the cluster orbitals (102). And if in (148) we let the
cluster parameter R, tend to zero, then we arrive at the orbi-
tals (52). These limiting processes relate the resonance GCSs
to the cluster and collective GCSs.

Besides the limit B, = 0, the resonance GCSs can be
reduced to cluster GCSs by means of transformations of ro-
tation and dilatation, which were described in detail in Sec.
3. To see this, we consider the overlap integral of the reso-
nance GCSs @ (R, B )and @ (R, 3 ). By analogy with (104), the
overlap integral of the resonance GCSs of a two-cluster sys-
tem 18

(D (R, B) (B, By = | drydr, ... dey 0, (4,) 05 (4;)
=8 {
<A {9 A) @ () exp[ =) D) Brzipx
=1 ¥, ¥
21 (Rpa) (pary)
+2 . 1Gr.m[j 1

(8qq) (Gery) z (Rpa)?

1—Ba T—Fba (150)

+2% —?f’ﬁ:]}
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where R=y 4, 4,/4 (R, —R,), the quadratic form B, is
determined by Eq. {56), and each of the functions ¢, (@,
k = 1,2) belongs to the O (4, — 1) symmetry [ £ fFf¥]
and contains the set of generator parameters {u’} (respec-
tively, {v:]). Asin Sec. 3, we first introduce new variables
& = 2,8,,%;, in which the quadratic form 2, B, x,x,
takes the simple form

EBrinrIis = E%g i = 1-, 2, wierony A4 —1.

Then, by means of the triangular transformation (61) we go
over to the new generator parameters {aX] and [b*]. In

addition, we redefine the cluster parameters:

r R -
By == 2 %E’;Pcmguw

e

A.' S 123 =
RV':Z 1'_‘16, FouBuv: {151)

Here, g, are the clements of the matrix ||g,,, ||, the inverse of
llg.,. ||. After such transformations, the overlap integral be-
comes

(D(R, BID(R, BY=F(R, p; R, B)

X 5 di, de, ... d8,. 0, (4)) @, (4)
¥ A{@(4) 6. (A exp [ — 3 B 2R+ R,
i=1

—(R?+ &%} (152)

The (34 — 3)-dimensional integral in this relation is equal to
the overlap integral of the cluster GCSs (@ (R ')| @ (R')), and
the function F (R, B;R, ) is equal to

F(R, p; R, E):(detllB,s]i)"‘A‘“"z

k k
-~ ; f % ~ i }ﬂ ~
x H (abiaty) * (ohody) ® (ohahy)
k=1

xexp{—3 [%ﬁ?f%] + R4 R}
o o

14

(153)

where R’ and R’ are determined by Eq. (151), and the param-
eters ay, , a3, , @}, are determined for each value k = 1,2 by
Eq. (63). Thus, the rotation and dilatation transformations
reduce the resonance GCSs to cluster GCSs. To go over from
the matrix elements of the operator Fcalculated on the clus-
ter GCSs to the matrix elements of this operator on the reso-
nance GCSs, it is necessary to make the reverse transition
from the parameters {al; ] and {b%} to the parameters {u’ ]
and {v}}, replace the operators R’ and R’ by the original
cluster parameters R and R (151), and then multiply the re-
sulting expression by the function F (R, A,R, B).
Resonance GCSs for a system of two interacting clus-
ters, one an @ particle and the other formed by & nucleons
(k<4, A =4 + k), were constructed for the first time in Ref,
79, in which a simplified variant of the orbitals (148) was
used (B, =P8, B1 =8, B.=F5;=5,=P5,=0; p,||R,q,||S):
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1 B (Rr) R
exp { =g ri— oy 42 {2 — 55 )

By means of these GCSs a calculation was made in Refs. 59,
61, and 80 of the spectrum of collective excitations of the
lightest p-shell nuclei, and in Refs. 30 and 78 a study was
made of the bound and continuum states of the nuclei "Li
and ®*Be in the & + 7 and @ + @ channels, respectively.

CONCLUSIONS

The technique of generalized coherent states is thus a
very powerful tool for investigating problems of nuclear
structure. The technique is currently being developed
strongly, and it is to be hoped that in the near future it will
provide the basis for the solution of new and more compli-
cated problems that cannot be attacked by other means.
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