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Coulomb effects in the amplitudes of nuclear processes are considered. An equation is derived for
the Coulomb-nuclear vertex function, and also spectral and & /D representations for the Cou-

lomb-nuclear amplitude. The K-matrix formalism is generalized to the case of Coulomb-nuclear
gcattering. Charged-particle stripping reactions to resonance states are analyzed theoretically. A
study is made of the analytic properties of the nonrelativistic Feynman diagrams in the presence
of a Coulomb interaction, and it is shown that the Coulomb effects lead to the appearance of a pole
singularity in nonpole diagrams (triangle diagram, etc.). The methods considered can be used to
describe concrete nuclear reactions with the participation of charged particles; varied spectro-

scopic information is extracted.

INTRODUCTION

1t is well known that the addition of the long-range
Coulomb interaction to the short-range nuclear potential
leads to a significant change in the behavior of the wave
functions of the scattering problem at large distances and, as
a consequence, to a different energy dependence of the scat-
tering amplitudes at low energies. These specific features of
the Coulomb interaction, which are important for a number
of practical applications, in particular the problem of con-
trolled thermonuclear fusion, are clearly manifested already
in the simplest case of the two-body potential problem. Fora
large number of bodies, allowance for the Coulomb interac-
tion complicates the already difficult problem of solving the
corresponding equations.

In the theory of systems of particles with a strong inter-
action, which includes the theory of nuclear reactions, wide
use has been made in recent years of different diagrammatic
and dispersion methods (see, for example, Refs. 1-3). For the
use of these methods, the analytic properties of the scatier-
ing amplitudes are of the first importance. However, the
Coulomb interaction radically changes the analytic proper-
ties of not only the complete amplitude but also the individ-
ual diagrams, so that the approaches developed for short-
ranges potentials become invalid. It is necessary to separate
correctly the specific “Coulomb’ singularities of the scatter-
ing amplitudes.

This review investigates the influence of Coulomb ef-
fects on the properties (in the first place, the analytic proper-
ties) of the scattering amplitudes and the modifications to
the various approaches in the theory of nuclear reactions
made necessary by the Coulomb interaction.

In Sec. 1 we briefly discuss the analytic structure of the
potential Coulomb-nuclear amplitude on the energy shell.

In Secs. 2 and 3 we derive equations for the off-shell
Coulomb-nuclear amplitude and for the Coulomb-nuclear
vertex function, and also spectral and N /D representations
for the Coulomb-nuclear amplitude.

Section 4 generalizes the K-matrix formalism to Cou-
lomb-nuclear scattering.

In Sec. 5 we discuss a method for calculating Coulomb-
nuclear interference effects on the basis of the N /D equa-
tions.

580 Sov. J. Part. Nucl. 15 (6), Nov.-Dec. 1984

0090-4759/84/060580-20$04.40

The methods considered in Secs. 1-5 are used in Sec. 6
to analyze quantitatively various nuclear processes and to
extract spectroscopic information from experimental data.

Section 7 is devoted to the theoretical analysis of
charged-particle stripping reactions to resonance states.

In Sec. 8 we investigate the analytic properties of nonre-
lativistic Feynman diagrams in the presence of the Coulomb
interaction.

Finally, in Sec. 9 we consider in detail in the framework
of a model of three charged particles the Coulomb effects in
nucleon or cluster transfer reactions.

1. ANALYTIC STRUCTURE OF THE PARTIAL-WAVE ON-
SHELL COULOMB-NUCLEAR AMPLITUDE

We consider the problem of nonrelativistic potential
scattering of two spinless particles whose interaction is the
sum of a Coulomb and a short-range potential. Suppose that
the short-range potential ¥, (7) is a superposition of Yukawa
potentials,

Va(r)- j U(V)Q‘d\‘, (1)

*p

and that the Coulomb potential is repulsive. The analytic
properties of the partial-wave scattering amplitudes on the
energy shell for this case were investigated in Refs. 4-8. The
main result of these investigations is that the reduced partial-
wave amplitude 4, (s) (s = k 2, where k is the relative momen-
tum of the colliding particles), which is related to the partial-
wave S matrix by

Sy=1+21p;(s) 41 (), (2)
where p, (s) = s’ '7?, can be represented in the form
Ar(s) = AP () + LB (V)12 10 (9): (3)
Here,
Ilexp = n sign Re k
1§ (k) = 3 ) (4)

ERERTY
is the normalized (% '©(k ) — 1) Coulomb Jost function; 4 ¥
Ewe

(s) is the reduced partial-wave amplitude of the scattering by
the Coulomb potential; 7 = A /k is the Coulomb Sommer-
feld parameter, A = paZ,Z, > 0; u is the reduced mass of the
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particles; Z, and Z, are their charges; and « is the fine-struc-
ture constant. The amplitude 7 (s) is the renormalized Cou-
lomb-nuclear scattering amplitude. On the first (physical)
sheet of the Riemann surface of the complex variable s, T (s)
has the same analytic structure as the amplitude of scatter-
ing by a short-range potential, namely, it has a left-hand
(dynamical) cut Cy, and a right-hand (unitarity) cut C g, the
discontinuity across it being determined by the expression

Im Ty (s) = 0 s) pr (8) | T4 () |2 (5)
where € (x) = 1 (0) for x > 0 (x <0), and"
00(8) — 01 (8) CE (), €} () = [0 (Y )|

_ IT.'I]
" sh(my)

i
e [ (1-+n2/ms), (6)
m=1

It follows from these properties that the renormalized ampli-
tude T (s) is analogous to the reduced partial-wave ampli-
tude for scattering by a short-range potential. However,
there is a difference between the analytic properties of these
amplitudes on the other sheets of the Riemann surface and in
the neighborhood of the point s = 0. On the second sheet in
the plane of the variable k= sT,(s) there is a cut
— foo <k<0; at the points k = id /(n + 1) (n = 1,2,...) there
is an infinite sequence of zeros, and at points nearby there is
an infinite sequence of poles, the point s = 0 being an accu-
mulation point of the poles. Nevertheless, on the physical
sheet the amplitude T (s) is bounded in the neighborhood of
the point s = 0 and as s—0 behaves as follows:

-2
Tifs) = {R, (s) — 2mi é‘»ﬂ‘)L e Vi) ) (7)
where R,(s) is a function regular in the neighborhood of
s = 0. One can show (see below) that the amplitude 7, (3) sat-
isfies the N /D representation T)(s) = N, (s)/D, (s}, where
N, (s) has only a left-hand cut, and D;(s) only a right-hand
cut. These functions are the solutions of a system of nonsin-
gular equations analogous to the usual N /D equations (see,
for example, Ref. 9), with the only difference that instead of
the spectral function p, (s) they contain the function ,5 1{s) [see
Eq. (6)], and the so-called potential function L,(s) is com-
pletely determined by the discontinuity of the renormalized
amplitude across the left-hand cut (i.e., ImL,(s) = ImT; (s)
onCp)2

Ifthe system has a bound state, the amplitude 7, (s)hasa
pole on the first sheet at s =5, . The residue of 7, (s) at this
pole can be related to the vertex constant® G, of virtual dis-
integration of the bound state into two fragments, deter-
mined with allowance for the Coulomb interaction between
the fragments'®:

Hm [(s—s,) 8'T; ()] = — 2 G2, {8)
It can be shown that the constant G? defined in this

YTranslator's Note. The Russian notation for the trigonometri¢, inverse
trigonometric, hyperbolic trigonometric functions, etc., is retained here
and throughout the article in the displayed equations,

“The expression “nuclear vertex constants” was used in the review of Ref.
2.
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manner is a real quantity (this result follows, for example,
from the N /D equations). When the Coulomb interaction is
climinated, the definition (8) agrees with the definition of the
vertex constant in the review of Ref. 2 for the case of a short-
range interaction. Note that the constant G, is related to the
vertex constant G; defined in Ref. 2 (see Eq. (119) of that
review) by

where 9y =A /u, % = —s,.

2. EQUATION FOR THE OFF-SHELL COULOMB-NUCLEAR
AMPLITUDE AND /D REPRESENTATION

The Coulomb-nuclear scattering problem can be
solved in two equivalent ways. In the first, the integral equa-
tions of the scattering problem are formulated in terms of the
matrix elements of the transition operator between Coulomb
asymptotic state."' In the other approach, one takes a
screened Coulomb potential ¥ * with sufficiently large
screening radius in the Lippmann—-Schwinger equation for
the transition operator ¢ (s). In the case of a repulsive Cou-
lomb interaction that we consider, the basic equation can be
rearranged by going over to the Coulomb representation and
renormalizing the matrix elements of the scattering opera-
tor. These renormalized matrix elements tend to a definite
limit as R—co and satisfy an integral equation having a
Fredholm operator as the kernel. Using the two-potential
formula of Ref. 12 and making a partial-wave expansion, we
obtain for the matrix elements of the Coulomb-nuclear part
of the scattering operator ¢ % (s) the equation®

8" s =uv @, p)+

oo

2T " P”?’ sy r wy g (er) " .
el \ dp e U e, P ET (R by os),
]
s, p) = — e, v, 1, b,
0 (P, P 8) = — (57, 11 ()18, . 9)

The Coulomb “in” and “out” partial-wave states |p{*),] )
are normalized by

@S U, =g 25 84— ). (10)
The matrix elements vi*(p’,p) and £ ™(p’,p:s) in the limit
R— o contain Coulomb singularities with respect to the
variables p and p’, the sources of which are the “in’* and
“out” Coulomb wave functions. These singularities can be
separated by going over from the matrix elements in terms of
the “in” and “out” solutions to the matrix elements in terms
of the regular solution of the Schrodinger equation with the
boundary condition lim, ,»~"*+"g,(p,7) = 1. Since the
boundary condition for ¢, (p,7} does not depend on p, it fol-
lows from Poincaré’s theorem? that this solution is an entire
function of p. Using the relation

(£) 1 (ir)! Qrip, 1)
{rlp", D) @01 () P (11)

where f/{*)(p) is the Jost function for the screened Coulomb
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potential, we introduce the renormalized matrix elements of
the operators ¥V, and ¢ X, by

A5 (', p) = () A () 1 (o)) (P, p),
£ (', ps 5= (p'R) AN AT (e (e, s 8). (12)

In the limit R— oo, the functions £} " (p) and f ¥ ~(p) for real
and positive p differ only by a phase factor of the form
exp[nIn(2pR )] from the normalized Coulomb Jost function
h ©(p) defined by Eq. (4), and the amplitude 7;(p’,p;s) for
p' = p =+ is equal to the renormalized one-shell amplitude
T (s) [see (3)]. The matrix elements of w, (p",p) have the same
radius of analyticity with respect to the variables p and p' as
the matrix elements of the short-range potential ¥,. With
allowance for (6), {9), and (12), the equation for the amplitude
7,(p',p;5) in the limit R— oo has the form

T (p, b s)=w (¢, D}

+ % \ %wz(p’, Va)e(Vs, ps)(13)
0

where the function p; (s) is determined by the expression {6).

Using the Fredholm method,’ one can prove the valid-
ity of the &N /D representation for the amplitude T{s). To
prove the convergence of the Fredholm series, it is sufficient
to show that the kernel of the integral equation (13) is com-
pact in the Banach space C; of continuous bounded func-
tions with continuous bounded derivatives. The difference
betwen the Lippmann—Schwinger equations and (13)isin the
presence of the factor C }(¢%) in the kernel of Eq. (13). How-
ever, on the contour of integration (if we stay within the first
sheet, the contour of integration is not deformed and is the
half-axis from O to o) this factor is a continuous bounded
function with a bounded derivative. Thus, for the first sheet
the proof of compactness given in Ref. 13 for the Lippmann—
Schwinger equation can be directly generalized to Eq. (13).
Note that if we eliminate the purely imaginary values of k
with Imk < 0, then the proof of compactness can also be ex-
tended to the second sheet of the Riemann surface; this is
important for the investigation of resonance states, which
correspond to poles on the second sheet.

If the interaction is determined by a nonlocal energy-
dependent single-term separable potential with a form factor
x"(ps) _of Hulthén type (in  this  case,
YD (05} -x " (p,s) = [p* + B?(s)]~"+" when the Coulomb
interaction is switched off), then the function &, (s) has the

form
N, (s) = & () Vi (s), (14)

where N, (s) is ¥V, (s) without the Coulomb interaction, and
the factor

E, (s)—=exp {é—:arclg [ﬁ—(ﬁS)J} (15)

takes into account the Coulomb renormalization of the dyn-
amical cut.
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3. SPECTRAL REPRESENTATION FOR THE RENORMALIZED
COULOMB-NUCLEAR AMPLITUDE. EQUATION FOR THE
VERTEX FUNCTION

The operator equation for ¢ £ (s) can be represented in
the form

18, (s) = Vo + VaGR () Vi, (16)

where G®(s)=(s/2u — FF)™Y, and H® =H,+ V, + V{.
Suppose the vectors |a,/ ) form a complete orthonormal set
of state vectors of the Hamitonian H* with given angular
momentum [ here o is a complete set of quantum numbers
(apart from /) characterizing the given state. In accordance
with the discussion in the previous section, we represent the
Coulomb partial-wave “in” and “out” states in the form

[P, b= (ip) (A (D)1 pes D)- (17)

Using the completeness of the states |a,/ ) and taking into
account the relations (10)—{12) and (17), we obtain from Eq.
(16) in the limit R— oo a spectral representation for the re-
normalized amplitude 7, (p,p;s) of the form

oo

, ; | P o® o F L
W 59 =i (p, )= 4 | a5 () o | ds7e ()
0

o 0

2 /) 5 e foet
cwy(p, V) 2t U0y, (5, ),
(18)

where @, (p) = {(p..! |a,] }. The orthogonality condition for
the functions @, , (p) has the form

{80 @1 o (VF) O (1 5) 5= B

Q

(19)

It follows from the spectral representation (18) that if the
system has a bound state at s = s,,, then in the neighborhood
of the point s =5,

Fa. 1 () Bax, 1 (D)

(p, pi ) — et @) (20

where the vertex function is

oo

L (p) _'"i? '\. wy (p1 V‘;) (Drz_. I(VE) gl (‘9) ds.

]

(21)

At the same time, it follows from Eq. (13) and the expression
(20) that the function g, ; (p) satisfies the homogeneous equa-
tion

17 - -\ (e
ga.z(P):—n j w; (p, Vs)ga‘r(]/s)sp’T(;lds. (22)
0
Comparing (21) and (22), we obtain the relation
P, () =250 (23)

pru T

For an interaction of the form (1), the vertex function
2...,(p) as follows from Eq. (22) and the properties of the ma-
trix elements w, (p,p’), has a cut from — co to x; with respect
to the variable s = p>. Note that the value of g,,;(p) at the
point p = ix is directly related to the vertex constant G, by

Fi

Gl=(—1)! 5 (0%'g? (). (24)
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4. GENERALIZATION OF THE K-MATRIX FORMALISM TO THE
CASE OF COULOMB-NUCLEAR SCATTERING

In the theory of the nuclear reactions,'? the K-matrix
approach is used to unitarize the scattering amplitude. In
Ref. 14, a dispersion derivation of the Heitler equation,
which relates the K matrix to the scattering amplitude, was
proposed. A similar method can be used to generalize this
equation to take into account Coulomb effects. Indeed, as
follows from Eq. (5), the imaginary part of the reciprocal
amplitude 7'; !(s) does not depend on the dynamics of the
strong interaction and is equal to — @ (s)ﬁz (s). Therefore, if
the function K [ '(s) is defined as the difference between
T [ '(s) and the dispersion integral along the right-hand cut,

-] ~ 1

, s py (s ds' T
—igy (s) =+ [Ts‘ ‘“(;“ﬁ‘m* ) oaA? /S”J, (23)
0 n=0

where ¢, are certain subtraction constants, then the rela-
tionship between K, (s) and T(s) will have the form of the
Heitler equation

T8 =K;() +1iK;(5) 0,6 T (s)- (26)

The particular choice of the constants ¢, corresponds to a
certain method of defining the K matrix charged particles (in
particular, these constants can be set equal to zero). The K
matrix introduced in this manner is analytic in the neighbor-
hood of the point s = 0 and contains only a dynamical left-
hand cut. In Ref. 14, a nonsingular integral equation for the
K matrix in the theory of potential scattering was formulat-
ed. In Ref. 15, a K-matrix approach with allowance for the
Coulomb interaction was proposed on the basis of a general-
ization of the R-matrix formalism. Note that the K matrix
introduced in Ref. 14 on the basis of the dispersion approach
is not, in contrast to the K matrix considered in Ref. 15, a
meromorphic function in the s plane, since for an interaction
of the type (1) it is an analytic function with a dynamical left-
hand cut.

In the formulation of the N /D equations and the K-
matrix formalism given above, we considered for simplicity
the case of single-channel scattering. However, these meth-
ods can be generalized to the many-channel case. One can
introduce a renormalized matrix of the partial-wave ampli-
tudes, T[s] this satisfying a matrix N /D representation

T(s)= N (s)D —is). For N (s) and D (s)onecan write down ma-
trix equations that have the same form as the single-channel
equations, except that L, (s) must be replaced by a potential
matrix L (s), and p, (s) by a diagonal matrix whose elements in
channel @ have the form p, (s, ), where s, is the square of the
relative momentum of the particles in this channel. The K-
matrix equation (26), in which o, (s} must be replaced by a
diagonal matrix with elements o, (s, ) in channel «, can be
generalized similarly.

5. CALCULATION OF THE EFFECTS OF COULOMB-
NUCLEAR INTERFERENCE ON THE BASIS OF DATA ON THE
ENERGY DEPENDENCE OF THE PARTIAL-WAVE
AMPLITUDES

In a number of problems involving charged particles
{for example, in phase-shift analysis; see Ref. 16) it is neces-
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sary to separate the contribution of electromagnetic effects,
among which the Coulomb effects are the most important at
low and intermediate energies. It is expedient to take into
account the Coulomb interaction nonperturbatively, where-
as in the calculation of the remaining electromagnetic effects
perturbation theory is sufficient. It is of great practical inter-
est to develop methods of allowance for the Coulomb effects
that are to a considerable degree model-independent, can be
generalized fairly easily to the relativistic case, and are based
solely on knowledge of the energy dependence of the partial-
wave amplitudes on the energy shell. These problems have
been discussed intensively in the literature in recent years.
For example, a group of Austrian physicists have developed
amethod"” in which the Coulomb-nuclear correction to the
phase shift is calculated in terms of the phase shift and its
derivative with respect to the energy when the Coulomb in-
teraction is switched off. It should be noted that this correc-
tion to the phase shift and to the inelasticity parameter can
be calculated in the first order in the fine-structure constant,
and the method can be justified in the framework of the semi-
classical approximation. This method was used, in particu-
lar, in one of the more recent phase-shift analyses of NN
scattering.'®

In this section, we consider a method of calculating the
effects of Coulomb-nuclear interference based on the use of
the & /D equations; we assume that we know the energy de-
pendence of the partial-wave scattering amplitudes on the
energy shell. We shall also assume that in general the scatter-
ing is inelastic. We demonstrate the method that we use to
take into account the inelastic channels in the N /D equa-
tions with allowance for the Coulomb effects for the example
of a separable energy-dependent potential. For simplicity,
we restrict ourselves to a single-term separable interaction,
and we shall assume that the renormalization of the func-
tions NV (s) (which is determined by the contribution of the
Coulomb effects on the dynamical cut) is given by an expres-
sion of the form (14). Thus, we assume that the function 4 (s),
which determines the energy dependence of the separable
potential, has a cut that begins at the threshold of the inelas-
tic channels, s, . Then the discontinuity of T~ '(s) across Cg
has the form

Im A7 (s)

ImT7' (s) = —vi () =—p; (5) + N, (5)

=—Ip (s} CL () + v ()& ()], (27)

where y,(s) = — ImA |~ \(s)/N,(s), and &,(s) is the factor of
the Coulomb renormalization of the function ¥, (s) [see Eq.
{(14]]. Thus, when the Coulomb interaction is switched off,
Vi (s)}—v; (s)=p, (s) + 7, (s). As a result, to determine the func-
tion NV, (s) we have a linear singular inhomogeneous equation
of the form

_s=s | V() Nigs)
() Re TP (s) =1 —222 st (28)
Cp
Applying the well-known methods, we obtain a soiution of

Eq. (28) in the form (when there are no bound states)

sin 0; (s)

V()= Vi (s)

exp [— W ()], (29)
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0 (s") ds’
(s" —s)s" —so) ?

(30)

W) =52 P |
: s
and the phase shift 8, (s} is related to the phase shift 5, (s) and
the parameter 7,(s) (in terms of which 7)(s) has the form
[7: (s)exp(2:8, (s)) — 11/2ip, (s):

sin 264 (5)

Che 0! (5)= 1—n; (s) cos 28; (s) ?

(31)
and the function v, (s) can also be expressed in terms of the
parameters &, (s) and 7,(s):

25! {s) (1 —mny (s) cos 28, (5))
14-nj(s) —2n; (s) cos 26, (s) ~

vy (8)= (32)
We can now calculate 5 and the inelasticity parameters 7"
when there is no Coulomb interaction by using the relation

T, = [ni™ exp (216,™) — 11/2ip; (5) = Ny (s) /D, (),

where N (s) = N,(s)/&,(s), and D, (s) is calculated in accor-
dance with
Dy(s)=1—"22

(33)

v {s") N (s’ r
g (s'l-(— s; (s-'l(— 1’0) ds’.
R

We make the following remarks about our procedure.
Above, we used the model of a separable interaction with a
form factor of Hulthén type (but in general with an energy-
dependent parameter £ (s)) only to particularize the form of
the renormalization of the contribution from the dynamical
cut [the facor £ (5)]. Otherwise, Eqs. (27)—(28) are fairly gen-
eral. In this connection, it must be emphasized that the Cou-
lomb correction AL {(s) to the potential function L,(s),
which reduces to a renormalization [L, (s)is L, (s) without the
Coulomb interaction] of the function N, (s), is due to forces of
the same range as the short-range part of the interaction
(since L, (s) and AL {s) have the same domain of analyticity).
Of course, the renormalization of the left-hand cut depends
on the dynamics of the interaction. Nevertheless, we can
specify an effective quantity 5, (s) in the model of a separable
interaction that determines the factor £, (s) in (14) by analyz-
ing the specific physical mechanisms corresponding to the
nearest singularities of the scattering amplitude with respect
to the momentum transfer. The Coulomb renormalization of
the spectral function p;(s) on the right-hand cut is deter-
mined by the penetrability factor C7(s) and is model-inde-
pendent. The factor C ¥(s) contains the strongest Coulomb
singularity as s—0, and therefore the renormalization of the
right-hand cut determines largely, at least in the low-energy
region, the effects of the Coulomb-nuclear interference.

6. NUMERICAL CALCULATIONS

The N /D equations have been used to calculate the
phase shifts and differential cross sections of various pro-
cesses with allowance for Coulomb effects.™'*=** To solve
these equations, the discontinuities of the partial-wave scat-
tering amplitudes across the dynamical cut, which deter-
mine the potential function L,(s), were specified with
allowance for the contribution of the mechanisms corre-
sponding to the closest singularities of the scattering ampli-
tude with respect to the momentum transfer. For example,
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FIG. 1. Energy dependence of the S, ,, phase shift in *He—*He scattering.
The points are the results of the phase-shift analysis of Ref. 25.

in the calculation of the energy dependence of the S-wave
phase shift in *He—*He scattering,”® the potential function
L,(s) was calculated with allowance for the contribution of
the diagram corresponding to the neutron-transfer mecha-
nism. The value of the vertex constant was G *(*He-
*Hen) = 12 F, in agreement with the available data.” Note in
particular that a recent analysis®* of data on the charge form
factor of the “He nucleus with allowance for the contribution
of meson exchange effects agrees well with this value of the
vertex constant: G *(*He—>Hen) = 11.6 F. The influence of
the Coulomb effects on the dynamical cut in the N /D equa-
tions was taken into account by introducing a renormaliza-
tion factor & (s} in the function N,(s) [see Eq. (14)].
Allowance for the factor £, (s) partly compensates the influ-
ence of the renormalization of the contribution from the
right-hand cut in the N /D equations. It follows from com-
parison of the results of the calculations with the data of
phase-shift analysis®® that allowance for the pole mechanism
and the singularities associated with the vertex function
leads in the calculation of L, (s) to a good description of the
experimental data (continuous curve in Fig. 1). Neverthe-
less, we investigated the contribution of the more distant
singularities corresponding to the mechanism of quasifree
scattering of a particles by a bound nucleon in *He.
Allowance for this mechanism improves somewhat the
agreement between the theory and experiment (broken curve
in Fig. 1). For comparison, Fig. 1 also shows the results of
calculating the S,,, phase shift in *He—*He scattering with-
out the Coulomb interaction on the right- and left-hand cuts
{chain curve) for the same case for which the included Cou-
lomb interaction leads to the continuous curve.

The method was used to find the S-wave phase shift in
*H—*He scattering on the basis of data of phase-shift analysis
of *He—*He scattering. A similar method was used to calcu-
late the energy dependence of the S phase shifts in p*He and
p*He scattering. The results of the calculation agree well
with the phase-shift analyses. For example, allowance for
the deuteron-exchange mechanism in the calculation of the
LS, phase shift in p*He scattering leads to good agreement
with the phase-shift analysis.?® The value of the vertex con-
stant G >(*He—pd ) was taken to be 1.3 F, in agreement with
the literature data.” Allowance was also made in the calcula-
tion for the mechanism of quasifree proton scattering by a
bound nucleon of the *He nucleus, and a prediction for the
energy dependence of the 'S, phase shift in #*H scattering
was obtained.®

The N /D equations and the K-matrix approach with
allowance for Coulomb effects were used'**° to calculate the
cross sections for scattering of X * mesons on the ?H, *He,
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TABLE I Values of the vertex constant & (*He—pd ), the nd doublet scattering length
a, , the difference AE between the binding encrgies of the *He and *H nuclei, and the
difference AG * = G **H-nd ) — G *(*He-pd ) between the constants as a function of the

parameter /.
B.F } G%F . a,,F ‘ AE, MeV AG2F
1 1.12 0.53 0.82 0.052
0.9 1,19 0,67 0.77 0.052
0.8 1.28 0.84 0.73 0.053

and “He nuclei. In this case, the partial-wave X matrix and
the function L,(s) were calculated with allowance for the
mechanism for quasifree scattering of the X * meson by a
bound nucleon of the target nucleus.

Analysis of S-wave pd scattering by means of the N /D
equations®’ was used to determine the vertex constant
G*°He—pd). The potential function was calculated with
allowance for the contribution of the pole diagram corre-
sponding to the neutron-exchange mechanism. The contri-
bution of the more distant singularities was approximated by
atriangle diagram containing two free parameters—the ver-
tex constant at the four-leg vertex and the Hulthén param-
eter S at the three-leg vertex (this parameter determines the
cutoff of the discontinuity of the partial-wave amplitude
across the left-hand cut). The first parameter was fixed by
the condition that the amplitude have the correct position of
the pole with respect to s corresponding to the bound state.
The parameter § was determined by analyzing the data of
low-energy nd scattering without the Coulomb interaction.
The results of the calculation of the vertex constant G *(*He—
pd ), the doublet and rd scattering length @, , the difference
AE betwen the binding energies of the *He and *H nuclei,
and the difference AG?> = G?*PH-nd) — G*(*He-pd)
between the vertex constants are given in Table 1. For
B=09F"!, thevaluesof G a, ,and AE agree well with the
experimental values [we recall that the experimental value of
the doublet rd scattering length is 0.65 F (Ref. 27)]. The
results of the calculation of the S, ,, phase shift of pd scatter-
ing are shown in Fig. 2. The value of the doublet pd scatter-
ing length for # = 0.9 F~'is 2.17 F. It follows from the data
which we have given that the vertex constant G *(*He—pd ) is
0.05 F less than the constant G *(*He—nd ). This result is al-
most independent of the details of the approximation of the
distant singularities on the left-hand cut.

The N /D equations with allowance for Coulomb effects

100

L 1 il i 1
0 2 4 6 8 T(p,MeV
FIG. 2. Energy dependence of the .S, ,, phase shift in pd scattering. The
points are the data of the phase-shift analysis of Ref. 28.
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can be used to extract information about the vertex con-
stants of nuclei from data of a phase-shift analysis by analyt-
ic continuation of the partial-wave amplitude to the point of
a pole corresponding to a bound state. If data of a phase-shift
analysis are known in a sufficiently wide range of energies,
the method described in Sec. 6 [see Eq. (30)] can be used for
this purpose. If the data are more restrictive [i.e., if the data
of the phase-shift analysis are insufficient for the direct re-
covery of the function N,(s) in accordance with Eq. (30)],
some analytic approximation of the function N,(s) can be
used. We illustrate this by the example of the calculation of
the vertex constant G ("Be-*He’He).”> We represent the
function N, (p’,p;s), which determines the renormalized off-
shell scattering amplitude, in separable form with a form
factor of Hulthén type. The quantities A and £, which deter-
mine the strength and effective range of the interaction, were
assumed to be independent of the energy and were chosen by
the y * method in accordance with the P,,, phase shift of
*He—*He scattering.”® It can be seen from Fig. 3 that this
parametrization of the function ¥, (s) reproduces well the
energy dependence of the P, /, phase shift. At the same time,
the value of the vertex constant G %("Be-*He’He) is 0.24 F.
The method which we have considered can be used ef-
fectively to determine model-independent parameters of res-
onance states. As an example, we consider the determination
of the parameters of P-wave resonances in pa scattering.?* It
is known that the energies and widths of the near-threshold
Py, and P, tesonances in N scattering determined by
means of different resonance formulas and, in particular, in
R-matrix analysis contain large uncertainties and are
strongly model-dependent.”®® Very important in this con-
nection is a model-independent (i.e., based on the analytic
properties of the §' matrix) determination of the resonance
parameters. In accordance with analytic S-matrix theory, a
resonance corresponds to a pole of the partial-wave .S matrix
on the second sheet of the Riemann surface of the complex s
plane, and its parameters are the position of the pole and the

2 4 b a4

10 T°He), MeV

FIG. 3. Energy dependence of the P, phase shift in *He—*He scattering.
The points are the results of the phase-shift analysis of Ref. 25.
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residue of the .S matrix at it (see, for example, Ref. 30). It
should be emphasized that this is a universal and the most
consistent way of determining resonance parameters, and it
also applies for broad resonances. In the presence of the Cou-
lomb interaction, we determine the vertex constant of a reso-
nance on the basis of the same approach as was used above to
determine the vertex constant for a bound state. Then the
parameters of the bound and resonance states are deter-
mined in a unified manner. Besides the vertex constant G,
[see (12)], it is convenient to consider the dimensionless con-
stant R, which is related to the T;(s) residue in the k& plane:

R, =i(—1)"lim [(k—Fk,) s'T; (s)], (34
kakr

where k, determines the position of the resonance pole on
the second sheet. In the case of a bound state, the constant R,
is real, positive, and related to G} by Gi=(—1)
2axu R 2

The data of phase-shift analyses of pa scattering
were used to determine the parameters of P-wave resonances
for scattering in states with total angular momentum j = 3/
2, 1/2, i.e., the constants R; of the resonances and the posi-
tions of the poles on the second sheet corresponding to these
resonances in the complex plane of the energy E,; = (k,;)*/
2u. The function /¥ (s) was parametrized in the same form as
was used above to describe *He—*He scattering in the Pwave,
and the corresponding parameters A and 8 were chosen by
the y > method on the basis of the experimental phase shifts of
pa scattering.®'* As can be seen from Fig. 4, this parametri-
zation (continuous curves) reproduces well the energy de-
pendence of the P;;, and P,,, phase shifts in the region of
energies T = 0-23 MeV of the incident proton. The results of
the calculation of the constants R,=|R; |exp(ip;) and the
positions E; of the resonance poles on the second sheet are
given in Table I1. The method makes it possible to calculate
the phase shifts and the parameters of the resonances in ner
scattering using the data of pa scattering. These quantities
are calculated by formally switching off the Coulomb inter-
action for unchanged parameters A and 5. The results of this
calculation for the phase shifts are shown by the broken
curves in Fig. 4. It can be seen from Fig. 4 that the phase
shifts with the Coulomb interaction switched off agree well
with the phase-shift analysis of na scattering.”*?

31,33

¥n Sec. 7, a different definition of the vertex constant of a resonance is
used.

586 Sov. J. Part. Nucl. 15 (6), Nov.-Dec. 1984

The vertex constants of the P;,, and P, ,, resonances in
pa scattering given in Table II were found in Ref. 23. The
data in this table on the energies and widths of the reson-
ances agree fairly well with the results of the analysis madein
Ref. 29, in which these parameters were found from the posi-
tion of the resonance pole on the second sheet. But thereisa
large difference between these data and the results of the R-
matrix analysis of Ref. 34. The parameters of the na reson-
ances given in Table IT were obtained on the basis of pa
scattering data. These results also agree with the data of
Refs. 29 and 35, in which the parameters were determined
from the data of na scattering.

7. CHARGED-PARTICLE STRIPPING REACTIONS TO
RESONANCE STATES

In this section, we apply the dispersion approach to an-
alyze the reactions of stripping of charged particles to reso-
nance states of the final nuclei. It is well known that when
the amplitudes of these reactions are calculated in the
DWBA serious difficulties are encountered in the calcula-
tion of the radial integrals, which diverge at the upper lim-
it.3¢ In Ref. 37, a dispersion method was proposed for caleu-
lating neutron stripping to resonance states that is free of the
difficulties that arise in the DWBA. In the dispersion meth-
od, the differential cross section of the reaction is parame-
trized directly in terms of the resonance width I, which is
determined by comparing the calculated and measured cross
sections. In addition, the dispersion approach makes it pos-
sible to calculate equally easily stripping reactions to reso-
nance states described by both simple and more complicat-
ed, for example, two-step, mechanisms.*®

Coulomb part of the vertex form factor for decay of a
resonance state to two charged particles

We give without rigorous derivation an expression for
the Coulomb part of the vertex form factor corresponding to
decay of the resonance state of a nucleus B * to two charged
particles 4 and a: B *—A + a. The general expression for the
vertex form factor of the decay of the resonance state can be
written in the form

G (i 9) = (@g) G (i) g (dr ¢
2
)

{35)

where g{/, j,;q°)is the reduced vertex form factor, which can
be represented as the sum of a Coulomb and a Coulomb—
nuclear term.* The Coulomb part is
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TABLE IL Parameters of P-wave resonances in Nt scattering.

Nucleus i ReE,; MeV| I E, ;. MeV) Rj| #; deg
oBis e 3/2- 1,655 0,639 0,304 —135.5
J 1/2- 2.691 3,224 0.313 —177.9
SHe: na arr 0.697 0.271 0,160 132.3
’ 1/2- 1.875 2.648 0.237 177.4

lomb and a Coulomb-nuclear term.? The Coulomb part is

2 (1)1 2
89 (s ) =exp (0,1 (2 —gf)

N

a £ (2 —2ig,) M [(E—ig )2 g2 (—ig,).

St g

(36)
In (35) and (36), we have introduced the following notation:
1, andj, are the orbital and total angular momenta of parti-
clea at the vertex B *—A + a; g is the relative momentum of
particles @ and 4; q, = (2u,, E, )"} E, = Eqil" /2; 9,14,
Z,Z,6*/q,; Eyand I are the energy and total width of the
resonance state of the nucleus B¥* p,p=m,my/
(my + mg); m, and Z, e are the mass and charge of particle
a;and G (I, j, )is the vertex constant.? In the case of a narrow
resonance (['<E,), we can set g, =~gq,=(2u.,E,)"?
T =70 =1”AchA Za ezflq{)'

With regard to the expressions (35) and (36) we note the
following. In Ref. 39, an expression was found for the Cou-
lomb part of the vertex form factor corresponding to the
virtual decay B—A + a of a nuclear-stable state of the nu-
cleus B tocharged particles A and a. The expressions (35) and
(36), which determine the Coulomb part of the vertex form
factor for real decay of the resonance state, can be obtained
from expressions (13) and (15) of Ref. 39 by replacing € in
them by —E, (x by —ig,), where € =x%/2u,, —m,

+m, —mp is the binding energy of the nucleus B with
respect to virtual decay into 4 and a.

The vertex form factor for the virtual decay of the

bound state B = 4 + a is determined by*®

G Wi ) = — (V&lwad @ + %) | ou 0 (@) rar,
0

(37)
where j;(x) is a spherical Bessel function. The vertex form
factor for real decay of the resonance state is defined similar-
ly. At the same time, it is necessary to replace » in (37) by
— g2, and instead of @;; (¥) to take the Gamow wave function
@15+ (1), which increases exponentially as r—o0. To give a
meaning to the integral, it must be regularized by, for exam-
ple, introduction of a factor exp( — Br?) with f—0.%° As a
result, for the vertex form factor in the case of the resonance
state we obtain

G (i @)= —(V7lus,) (qg—qi)ﬁlilfu

x [ drrrexp (—Br2) ous, (1) o, (ar). (38)
1}
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The Coulomb part of the vertex form factor for the decay of
the resonance state into the two charged particles takes into
account the contribution to G(/, j, ;q) from the “Coulomb”
cut in the ¢ plane from ¢*> = g2 to w, and is obtained by
substituting in (38) in place of @1 (7) the function et
— W _ i+ 1,2(2iq,7), where W, _(x) is a Whittaker func-
tion,** and ¢, ;. is an asymptotic coefficient related to the
vertex function by

G(l,j,)= —exp ['ir: ('!f_’_—zm") F(]/E/pAa)clrjr. (39)

The analogous relation for a bound state is obtained by the
substitution 5, — — in, g, —ix,c; €1 where c; and 7 are
the asymptotic coefficient and Coulomb parameter of the
bound state.” In Ref. 42, it was shown that the residue at the
pole of the elastic-scattering S matrix is related to ¢, by

A5 — —i(—1)'rexp (—mn,)eh ;. (40)

Since A, ; canbe expressed in terms of ¥ = I' /(2E,),*? it fol-
lows that ¢, ; is directly related to the width I (Z, j,) of the

resonance for decay through the channel (aAl, ,). In the
case of a narrow resonance, to terms of order ¥ we have*?

C:irjr = “‘l‘AaF (lrfr) "’QO] exp (Qial,.jr (QO) —inl+ “nn)s

where 8, ; is the shift of the nonresonance scattering. A rig-
orous derivation of (36) is given in Ref. 43,

Differential cross section for charged-particle stripping to a
resonance state

We consider the stripping reaction

A (z, y) B* (a)4 (41)

and assume that it takes place in two stages—first stripping
of the charged particle a to a resonance state of the nucleus
B, and then decay of the two resonance states into the two
particles 4 and a (Fig. 5). We restrict the treatment to narrow
isolated resonances that decay only through the elastic chan-
nel (B *—A + a).

Then, as is shown in Ref. 37, the differential cross sec-

7
A B*
N
FIG. 5. Feynman diagram describing the reaction mechanism of stripping

of the charged particle a to the resonance state B * of the final nucleus.
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TABLEIIL Results of the analysis of the angular distributions of the stripping reaction on

light nuclei.
Exc. Information about res.
. lener- | state from clastic T, keV

dR.ES;- gy of | scattering of protons

Reac- | 218 freso. Exans | mo [ M | My |

tion - nance i gn T, keV Mev allowance for without'
cleus State, |7 » KRG the Coulomb | jt

MeV interaction

d, n 8Be [17.84 | 1| 1% 10.740,5) 8.75 [0.71[0,21]0 19.&-}-124% 34.6
8Be [18.14 11| 1+ 147 9.76 10,470, 24{0 118+Z§' 2.31-102
18N 2.37 |0 172 35+1 11,8 [1.39(0,38(0 0 1.91-108
13N [ 2,37 [0 172+ 35+1 15,25 |1,39|0.34/0 41 2.4-103
21Na | 4.47 | 2| 3/2+ 22 6,12 |1, 08/0,90[0 10—30 222
150 | 7.752[0] 1/2+ 1,6=0,5] 5.6 |[2,09/0.66|0 0.8 1.7-108
150 T.TH21 0] 142+ 1.6£0,30 6.0 [2.09/0.64]0 1.2 1.7-108

3He, d | 13N | 2,37 [0 1/2+ 3a+1 16 1.39|0,82|0,55 34.2 2,5-108

17 1,39/0.78{0,53 28 1.7-108
18 1.39]0.77(0.50 24.8 1.6-108
19§ 8.795(0 [ 1/2% 26 16 1.34/1,09/0.70 16.5#—3‘? 41102
187 110,267 2| 3/2+ 11 16 0.81/1.09|0,78 14 4+é:'(?] 24.3
WF [10.33 2] 372+ 5.2 16 0.80|1.08(0.79 9 8-0—'1.1'23 b e
_:—,.'

Note. References to the papers from which the experimental data and the information

about the resonance state are taken are given in Ref. 43.

tion of the reaction (41) in the center-of-mass system, inte-
grated over all the kinematic variables except the emission
angle of particle y, is equal to the differential cross section of
the binary reaction 4 (x,p)B *, which is the first stage in the
process (41). In Ref. 37, an expression was obtained for the
differential cross section of neutron stripping to resonance
states. The case when a charged particle is transferred re-
quires a modification of the expressions of Ref. 37. We have
analyzed the reactions (d,n) and (*He, d). In the reaction
(d,n), the Coulomb interaction in the three-leg vertex
d—n + pis absent, and in the reaction (*He, d ) the Coulomb
interaction at the vertex *He—d + p can be ignored because
the Coulomb parameter at this vertex is small (~0.1).
Therefore, for these reactions we shall consider the Coulomb
effects only at the vertex 4 + a—B *.* In addition, we take
into account approximately the effects of Coulomb-nuclear
xA and yB * scattering in the initial and final states (since the
resonance state of the nucleus B is assumed to be narrow, the
scattering of y by B * can be treated as scattering by the stable
nucleus B ).

The differential cross section of the reaction A4 (x,y)B *
was calculated in the framework of the dispersion peripheral
model of Ref. 37, in which the reaction amplitude is expand-
ed with respect to partial waves and the contribution from
the lowest partial waves is completely ignored. In the peri-
pheral partial-wave amplitudes that are taken into account,
the effects of the distortions in the initial and final states
were taken into account in the diffraction model of Ref. 43.
An explicit expression for the differential cross section of the
reaction A4 (x,y)B * in the case when charged particles (pro-
tons) are transferred was given in Ref. 43, which took into
account the results of Ref. 37.

41t is shown in Ref. 44 that in stripping reactions the contribution to the
nuclear vertex form factors from nuclear breakup can be ignored.
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Comparison with experiment

Numerical calculations were made for the reactions
(d,n) and (*He,d ); data are given in Table ITI. For these reac-
tions, the differential cross section in the center-of-mass sys-
tem, integrated over all the kinematic variables except the
emission angle of the neutrons or deuterons, has the form®’

%:(QJ+ 1) I'G2o (E;, 2). (42)
Here, G = 0.43 and 1.34 F are the vertex constants for the
decays d—n + p (x = d ) and *He—p + d (x = *He), respec-
tively,” and o(E, ,z) is a known function of z = cos 6 (8 is the
scattering angle of the emitted neutrons or deuterons in the
center-of-mass system) and E;. The phases in the initial and
final scattering states were calculated by the optical model.

It follows from (42) that the differential cross section of
the reaction is proportional to (2J 4 1)I", which can be deter-
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FIG. 6. Differential cross section of the reaction '2C{d,n)">N(2.37 MeV; 1/
2+):a) E, = 11.8 MeV; b) E, = 15.25 MeV.
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mined by comparing the calculated and experimental differ-
ential cross sections. In our calculations, the value of the
factor (2J + 1)I" and the cutoff parameters L and L ' for the
orbital angular momenta in the entrance and exit channels,
respectively, were chosen to achieve the best fit of the calcu-
lated differential cross sections to the experimental cross
sections and were determined from the minimum of y 2.

Asan illustration, some of the calculated angular distri-
butions are given in Fig. 6. It can be seen that the theoretical
angular distributions reproduce well the experimental distri-
butions in the region of the principal (stripping) peak and
correctly reproduce the shape of the experimental angular
distributions outside the principal peak, though in absolute
magnitude the differential cross sections in this region are
lower than the experimental ones. In this connection, it must
be emphasized that in our calculations we took into account
the simplest mechanism of formation of the resonance state
(see Fig. 5), which has the singularity in z nearest the physical
region and therefore makes the main contribution to the re-
action amplitude in the region of the principal maximum.
But in the region of the minima and the following peaks an
important contribution is made by more complicated mech-
anisms with singularities in z more distant. We have not tak-
en into account these mechanisms here, and we therefore
cannot expect good agreement between the calculated and
experimental angular distributions. The main thing is to
achieve the best agreement in the region of the principal
peak, which gives the entire spectroscopic information about
the resonance state. We note that in general the shape of the
angular distribution does not depend strongly on /,. How-
ever, the absolute value of o(E,,z) is very sensitive to the
values of /., and this makes it possible for a known value of
the width I, obtained from analysis of elastic-scatitering
data, to determine /, uniquely, or vice versa. To demonstrate
the predictive power of the theory, we here determined the
total widths I" of resonance states using the values of /. and
the spin and parity J” of the resonance state known from
independent experiments on elastic scattering of protons by
the corresponding target nuclei. The results of the analysis
are given in Table III. The uncertainties in the values of I”
were obtained as a result of a variation of L and L ' for which
the calculated angular distributions describe the experimen-
tal distributions in the region of the principal peak (with
allowance for the errors).

The calculations show that the Coulomb effects hardly
influence the nature of the angular distributions but strongly
increase o(E,,z), this leading to a decrease in the value of I”
determined from the analysis. Allowance for the Coulomb
effects in the initial and final states increased the cross sec-
tion in the reactions which we considered. In this connec-
tion, we note that in stripping reactions to bound states such
corrections reduce the absolute value of the cross section as a
rule. But for sufficiently low binding energy € at the vertex
A + a—B in the considered range of energies the Coulomb
effects in the initial and final states begin to increase the
cross section, and for stripping reactions to resonance states,
for which € <0, this increase may reach a factor 2. But the
values of o(E, ,z) are particularly sensitive to the value of the
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Coulomb parameter 5, at the vertex 4 4+ a—B *. The influ-
ence of the Coulomb interaction at the vertex is much
greater than the influence of the Coulomb effects in the ini-
tial and final states. Thus, for the resonance state (7.752
MeV) of the O nucleus, which has the greatest value
7o =2.09 of all the resonance states that we analyzed,
allowance for the Coulomb vertex effects increases p(E, ,z) by
almost three orders of magnitude. Thus, the combined
allowance for the Coulomb effects in the three-leg vertex for
the production of the resonance state and the Coulomb ef-
fects in the initial and final states always increased the cross
section o(E, ,z), and this decreased the value of I determined
from the analysis.

8. ANALYTIC PROPERTIES OF NONRELATIVISTIC
DIAGRAMS WITH ALLOWANCE FOR COULOMB
INTERACTIONS

Besides the traditional methods, for example, the
DWBA, the dispersion approach, which was first proposed
by Shapiro,*” had also been used successfully to analyze nu-
clear reactions (see Ref. 2 and the reference given there). This
approach is based on the idea that the singularities of the
reaction amplitude with respect to z = cos @ (& is the c.m.s.
scattering angle) nearest the physical region play a dominant
part. The amplitude can be represented as an infinite series of
nonrelativistic Feynman diagrams, and the problem of find-
ing its nearest singularities reduces to that of finding the
singularities of the simplest diagrams. The analytic proper-
ties of the various skeleton diagrams, i.e., the diagrams with
constant vertices, have been investigated on many occasions
(see, for example, Ref. 46 and the literature quoted there). As
a rule, when the diagrams are made more complicated by
including nuclear interactions between the particles, the sin-
gularities with respect to z move further away from the phys-
ical region, and therefore in the actual calculation of the
amplitudes of nuclear reactions in the dispersion approach it
is assumed that it is sufficient to taken into account the con-
tribution of only the simplest diagrams. A different situation
arises in the case of processes with charged particles.

The inclusion in the diagrams of three- and four-leg
Coulomb vertices® does not shift the singularities of the
original diagram. But it follows from this that on the basis of
an arbitrary original diagram describing the process under
consideration one can construct an infinite series of dia-
grams containing all possible Coulomb rescatterings of the
internal particles of the original diagram, and all these dia-
grams will have a singularity with respect to z wherever the
original diagram does, and they must therefore be taken into
account in the calculation of the reaction amplitude. This is
the main feature of processes with charged particles.

In this section, we consider the analytic properties of
nonrelativistic diagrams with allowance for Coulomb inter-
actions between the particles. We formulate some general
theorems that determine the change in the analytic proper-
ties of the original diagrams when the Coulomb vertices are

'The three-leg vertices in the diagram describe the virtual or real decay (or
synthesis) of a nucleus into two particles, while the four-leg vertices des-
cibe the scattering of two particles.
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added, taking for simplicity as original diagrams only skele-
ton diagrams, i.e., diagrams with constant three- and four-
leg vertices. Allowance for the Coulomb-nuclear vertices in
the original diagrams does not influence the results.

Positions of the singularities of Feynman diagrams with
Coulomb vertices

Let L be an arbitrary original (connected) nonrelativis-
tic diagram with » internal lines and v vertex parts describ-
ing a binary reaction, and let L - be the modified diagram
obtained from L by including Coulomb vertices. The ampli-
tude M, of the diagram L depends on two invariant kine-
matic variables, which we can, for example, take to be the
total kinetic energy E; of the colliding particles in the center-
of-mass system and z. Omitting for brevity the proof, we
state an important theorem, which determines how the ana-
lytic properties of the diagram L change when the Coulomb
interactions are included.

THEOREM 1. On the inclusion of a Coulomb interac-
tion between particles 1 and 2 of diagram L, the positions of
the intrinsic singularities® of diagram L are not changed,
i.e., these singularities are common singularities of the dia-
grams L and L .”

This theorem is valid both in the case when one adds a
four-leg Coulomb vertex describing the scattering of parti-
cles 1 and 2 and in the case when the Coulomb effects are
taken into account in the three-leg vertex 3==1 + 2.

Behavior near singularities with respect to =z of diagrams with
allowance for Coulomb interactions

Allowance for Coulomb Interaction in the Initial and (or)
Final State. We shall show how the nature of the singulari-
ties with respect to z of the diagram L changes when
allowance is made for Coulomb scattering in the initial and
(or) final state. The amplitude of the modified diagram L
obtained from L including Coulomb scattering in the initial
state is given by*’

My (s, i) = { e Moy, 2) WA (@), (43)
where M (k,,p)is the half-off-shell (with respect to the mo-
mentum p) amplitude of the diagram L, ¥={*(p) is the
Fourier transform of the continuum Coulomb wave function
in the momentum representation,*® and k; and k; are the
relative momentum of the particles in the initial and final
states. Let £ be an intrinsic singularity with respect to z of the
amplitude M, _ (k;, k;) on the energy shell. By Theorem 1,
the amplitude My _ (ks, k;) also has a singularity atz = {. We
wish to find the behavior of M, _as z—{ when we know the
behavior near this singularity of the amplitude M, . For this,
we expand M;  (k.k;)and M, (k. k;)in partial waves and
consider the on-shell partial-wave amplitude of the diagram

®An intrinsic singularity of a diagram is one in which the poles of the
propagators of all the internal particles participate in its formation.

"For brevity, we speak of the singularities of a diagram, meaning by this
the singularities of its amplitude.
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Lt
My (ky, ;)= My (E;)

. s v d
=exp (io{?) g T;PZMM ks, P) ‘I’Eg: (p)- (44)
0
Here, M, (k;.p) is the half-off-shell partial-wave amplitude
of diagram L, ¢\ are the Coulomb scattering phases in the
initial state, and ¥ {!(p) is the partial-wave Coulomb wave

function in the momentum representation, an explicit
expression for which was obtained in Refs. 47 and 49. In
accordance with the asymptotic theory of Ref. 50, the behav-
ior of the partial-wave amplitudes of the diagram as [+
and the nature of its singularity with respect to z nearest the
physical region stand in a direct relation to each other.
Therefore, knowing M ,(E;) in the limit /— o0, we can find
the behavior of M, _(E; z}=M,_ (k. k;) near the nearest sin-
gularity with respect to z. Let ¢ be the singularity with re-

spect to z of the amplitude M (E;,z) that is nearest the phys-
ical region. Then as I— « and p—k, we have (Ref. 50)*

My (y, B) 2 C (ky, P end=0b92 )/ L (a0
vexp(—{lnTt), (45)

1= —VBF1, y=(Bn—4dv+3)/2,
YT (—y), %50, 1,2 ...,

{ (46}
=0ty x=0,1,2...;

where C'is a preexponential factor that determines the power
of the singularity and depends on the type of diagram. If { is
not the nearest singularity, the expression (45) is still valid
after separation from M; (k/k;} of the contribution of the
singularities with respect to z that are nearer than £. The

asymptotic expression as /> co for ¥{{)(p) is given by

Wik (p)

[tectie 7

~—y exp (— mn,/2) l//T lim — Ty

P Y 0 dy

<exp (=11, (b p)I(%5 (s, p)— DY,

(47)

where 7,(k;,p) and (,(k;p) are related by (46), and
£ (k; k)= (k' + p* + y*)/ 2k, p. Substituting (45) and (47) in
(44), we can calculate the integral in the limit /— o by the
method of steepest descent. It is convenient to begin by cal-
culating the integral and then differentiating with respect to
. and after that going to the limit 3—0. As a result, we
obtain the leading term in the asymptotic expansion of M, _

(E;) with respect to [ ~' as I—>c0:

My (By) = p (E)I™ My, (Ey), (48)

where we have used the relation exp(io}") = ™, -« and 7,
is the Coulomb parameter in the initial state. The explicit
form of p(E;) is here not important for us; the main thing is

"By virtue of the properties of ¥!Z'(p),*” the main contribution to the
integral (44) as [— o is made by the neighborhood of the point p = &,
and therefore it is sufficient to know the behavior as /— o of the ampli-
tude M, (E, ]EML,(kf,kj ).
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that it does not depend on /. It can be seen by comparing (48)
and (44) that in the limit /> o the convolution of the gener-
alized function ¥ [{!(p) with the function M,  (k;p), which is
regular at p = k;, reduces the multiplication of M, (E;) by
p(E;). The transition to the energy shell as a result of the
integration of M, (k,,p) is due to the fact that in the limit
I— oo the support of ¥ i!(p) is concentrated at p” = k >—the
saddle point in (44) is given by the expression p? = k?
+OW).

In accordance with Ref. 50, the nature of the nearest
singularity with respect to z of the amplitude M L lE:Z) is
determined by the dependence on / at large / of its partial-
wave amplitudes M, ,(E;), and therefore the appearance of

the factor /™" in (48) changes the nature of the singularity £ of
the amplitude M (E; z). Using the expressions of Ref, 50, we
obtain from (48) and (45) the leading singular terms of M, _

(E;,z) and M, (E;,z) as z—¢:
M), =p (E;) T (in; — ) & (C— "€ (B,) G — 2™,

(49)
MY =C(E)(t—a)*, x+0,1,2..., (50a)
M = —C(E)(E—2)*In(f—2), x=0,1,2 ..., (50b)

C(E;) =C (kg ky)-

It can be seen from (49) and (50) that allowance for the
Coulomb interaction in the initial state does not change the
positions of the singularities with respect to z of the original
diagram L, but does change the nature and power of these
singularities. The change in the power is due to the appear-
ance of the factor p(E, ) (in; — y )& (£ ? — 1)/ When
allowance is made for the Coulomb interaction in the final
state or simultaneously in the initial and finals states, it is
necessary to replace v, in (48) and (49) by %, or 3, + 7,
respectively (77, is the Coulomb parameter in the final state).

Allowance for Coulomb Scattering of Internal Particles.
THEOREM 2. The nature of the intrinsic singularities with
respect to z of the diagram L is not changed by including
Coulomb scattering of two internal particles 1 and 2.%

Proof. Allowance for Coulomb scattering of particles 1
and 2 is equivalent to replacing the free Green’s function G,
of these particles by the Coulomb Green’s function G .. The
spectral expansion of the partial-wave Coulomb Green’s
function G, is given by an integral that contains a product
of complex-conjugate partial-wave Coulomb Green’s func-
tions. At the same time, the phase factors exp(io;), which
change the nature of the singularities with respect to z when
a Coulomb interaction is included in the initial and {or) final
state, cancel. And in the limit /— o it follows by virtue of the
properties of the partial-wave Coulomb wave functions that
G, = NGy, where the renormalization factor N depends on
the blocks of the diagrams L with which G, is contracted
[this result is a consequence of (48)]. Thus, allowance for the
Coulomb scattering of two internal particles of the diagram
at large orbital angular momenta of the relative motion of

PThis proposition is also valid when one of the particles 1 and 2 is an
external particle and the other is internal, or both are external particles
but one particle refers to the initial state and the other to the final state.
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these particles reduces to a simple renormalization of the
partial-wave free Green’s function of these particles, and this
changes neither the positions nor the nature of the intrinsic
singularities with respect to z of the diagram, but merely
changes their power.

So far we have taken as initial diagrams only skeleton
diagrams, but the results are not changed if the original dia-
grams already contain two-particle Coulomb Green’s func-
tions. It follows from this that the replacement of the three-
particle free Green’s function by the three-particle Coulomb
Green’s function corresponding to allowance for the Cou-
lomb interaction of three particles in the intermediate state
also changes neither the positions nor the nature of the in-
trinsic singularities with respect to z of the original diagram
L, but does change their power.

Allowance for Three-Leg Coulomb Vertices. We state
without proof a theorem.

THEOREM 3. Allowance for the three-leg Coulomb
vertex 3==1 + 2 changes both the nature and the power of
the intrinsic singularities with respect to z of the diagram L.

The leading singular term in the amplitude of the modi-
fied diagram L - as z—¢ (£ is an intrinsic singularity with
respect to z of the diagram L ) is given by the expression [cf.

(50)]
ME) (kp, k) =C (Ey) (t—2)* T, (51)

where 7, = Z,Z,e*1,,/%,,1s the Coulomb parameter at the
vertex 3=>1 + 2, y is determined by the expression (46), and
the coefficient C determines the power of the singularity £.

9. SINGULAR PART OF THE TRANSFER-REACTION
AMPLITUDE IN A MODEL OF THREE CHARGED PARTICLES

We consider the transfer reaction
(By) + &= B 4 (av), (52)

where (8y) is a bound state of particles B and ¥; it is assumed
that all three particles &, f, and  have the same charge.
Without loss of generality, the spins of the particles can be
ignored, since the Coulomb effects in which we are interest-
ed do not depend on the spins.

The diagram of Fig. 7a determines the simplest mecha-
nism of the reaction (52), which has at z = £ the singularity

(B 8 By 3y (@p By B B
;\ + ﬂ\/a + 7 7\
o (@p) o B o o  (ap)
a b c
By B B (B 7 B
+ 7 o \a + ﬁ\/ﬁ\? T =R
o 7 (ap) o o ag)
d e

FIG. 7. Infinite series of diagrams taking into account all possible succes-
sive Coulomb rescatterings of particles &, B, and ¥ in the intermediate
state and describing the transfer reaction mechanism for the charged par-
ticle ¥ in the three-body model. The open circles represent the four-leg
Coulomb vertices.
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nearest the physical region:
L+ M 2k, (53)

where z= —k;-ky/k k; = —cos 8, k; and (k;) are the
c.m.s. momenta of particles & and £ in the initial and final
state, respectively, ky, = (m, /mg, ) Kr, 2%, = 2oy €0y 18
the binding energy of the bound state (ay), and
My, = m, + m,.Onthebasis of the diagram in Fig. 7a, it is
possible to construct an infinite series of diagrams that take
into account all possible successive Coulomb rescatterings of
the three particles e, B, and ¥ in the intermediate state (dia-
grams b, ¢, d, e,... in Fig, 7). In accordance with Theorem 1,
all the diagrams of this series have a singularity atz =¢. If
we also take into account the Coulomb interaction of the
particles in the initial and final states, we obtain for the reac-
tion amplitude M the expression'”

M = (U g | Vi g Ve Lo, i) (54)

Here, ¥ {7+ and ¥ (7'~ are the two-particle Coulomb scat-
tering wave functions in the initial and final states, respec-
tively,gc = (E — T — V¢ -+ i0)™ ' is the three-particle Cou-
lomb Green's function, ¥$ and V) are the Coulomb and
nuclear interaction potentials of particles 2 and y of pair a,
respectively, E (T")is the total energy (the total kinetic-energy
operator) of the three-particle system, and @, is the wave
function of the bound state of pair &. The leading singular (at
z = £ ) term of the amplitude M is equal to the leading singu-
lar term M® of the exact (in the model of three charged
particles) reaction amplitude M. If in (54) we replace ¥+
by the plane waves |k; /), we obtain the amplitude B, which
determines the reaction mechanism and is the sum of the
infinite series of diagrams in Fig. 7.

Note that the expression (54) can be regarded as the
correct generalization of the below-barrier DWBA for
charged-particle transfer reactions taking into account the
three-particle Coulomb dynamics of the process. If in (54)
v+ is replaced by Coulomb-nuclear distorted waves, we
obtain the analogous generalization of the DWBA to the
case of above-barrier transfer reactions. Since M has the cor-
tect behavior as z—£, where £ is the nearest singularity, it
follows from the asymptotic theorem that the contribution
of the peripheral (large) partial waves is correctly taken into
account in M (in the case of below-barrier reactions, one can
also speak of correct allowance for the contribution of the
exterior region). Expanding g in a series in AV S, where

AVE = VE + Vs — Ug: . AVS = V§ + Vi — Ug;

and US and U are the Coulomb interaction potentials of
particles @ and 8 and the center of mass of the pair « and 3,
respectively, we obtain
M == (0 g |V +AVE 9, W)
+ (P g | AVEZAVE |0, YT,

'%The expression (54) can be obtained directly from the expression for the
cxact reaction amplitude by means of the Faddeev cquation for the Alt—
Grassberger-Sandhas transition operators.®’ It is shown thereby that
simultaneous allowance for the Coulomb interaction in the initial and
final states and in the intermediate state does not result in its being taken
into account twice.
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where the first term is the amplitude of the ordinary below-
barrier DWBA. It is clear that in contrast to the usual
DWBA, M takes into account all the terms of the perturba-
tion series in 4V 5 5.

Tt should be noted that M contains not only the nearest
singularity ¢ with respect to z but also more distant singular-
ities with respect to z, and therefore to find the part M of
the amplitude M which is singular at z = ¢ it is necessary to
separate these more distant singularities. We do this sepa-
rately for transfer reactions involving the neutron an
charged particles.

Behavior of the amplitude of the neutron-transfer reaction
near the singularity z=¢

_ Weshall find in analytic form the leading singular term
M* of the amplitude M at z = &; this determines the behav-
ior of M and, therefore, the exact (in the three-body model)

amplitude M as z—¢.
In the case of transfer of a neutron, ¥S=V§=0

(y=n)and gc =(E — T — V5 +i0)~'. We rewrite (54) in
the momentum representation:

Mk, ) = | oy o YT (1) B, 10 W (),
(55)

where
Bk, k) =k, ¢plVigeVa|ge, K- (56)

Using the relation
Zc = £o + &olygos

where g, = (E — T + i0) " ' is the three-particle free Green’s
function, and

fy = Vy + VigeVy
is the operator of Coulomb scattering of particles & and 5 in
the three-particle space, we can express the amplitude
B (K',k) as the sum of the pole diagram (a) and the triangle
diagram (b) of Fig. 7 off the energy shell (k #k;, k'5#k;).
There is a singularity of the pole diagram with respect to the
variable z' = k-k'/kk ' at
L, k) = (R R sk () /20K,
= (K3 B2 ey (R)/2kgR (57)

Iy =(mp/mpy) b, E —=(mg/my) ¥

iy (8) = ey (oo ') (K2 — B3
e (9= 2y + (g '00) (52— D), (58]

W, = MoMgy/ch, Wy==MgMyy/ J, o =M+ Mgt m,.

On the energy shell, £ (k;,k;)=C [see (53)] is the singularity
near which we seek the behavior of the amplitude M. The
triangle diagram (b) of Fig. 7 can be obtained from the pole
diagram (a) by taking into account the Coulomb scattering of
particles o and . This scattering is described by the off-shell
Coulomb scattering amplitude, and therefore by Theorems 1
and 2 the triangle diagram has, like the diagram of Fig. 7a, a
pole at z = £. Besides this singularity, the triangle diagram
has an intrinsic triangle singularity £, .>* Therefore, the am-
plitude B (k'.k) can be written in the form
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B (k', k) = B® (k', k) + AB (K', k), (59)
where 4B is the contribution from the intrinsic triangle and
other nonpole singularities, and

B® (k', k) = A (&', k) B, (K, k) (60)
is the term of B (k’,k) which is singular at z' = £ (k".k), and
By(k’,k) is the amplitude of the pole diagram, given by Eq.
(10) of Ref. 37, in which it is necessary to make the substitu-
tions §—¢ (k ',k ),k,—k, and k,—k '; A (k ',k ) has the form**

A, k)

= ( V mpymari + V maympry +iVMmeﬁE )l‘lgﬁ (61)
~ 2
1/ mgymar; + ]/ meymgry — 1 V mymagE

312~ E—il; ry=H"42, — B—id, (62a)
B By *;r;"‘? 3 ’2"; },  (62b)
By B+ Tt oy, (63)
Nap—ZoZge?V oy i2F, (64)

E=E, —¢,.

It follows from (60) that allowance for the triangle diagram
with a four-leg Coulomb vertex leads to a renormalization of
the pole singularity (Theorem 2) by the factor 4 (k ',k ).
Substituting (59) in (55), we obtain an expression for the
term of the amplitude M, and, therefore, of M, which is sin-
gular at z = £ in the case of the neutron-transfer reaction:

’ dk’ dk 0y 4 ¥
MO (k;, k) — 5(2—11)3 mm B (W
AR &) By (k', k) WO (k) (65)

To find the behavior of M as z—¢, it is sufficient to expand
it in a series in partial waves, find the behavior of the partial
amplitudes M (E,) as I, and then recover the behavior
of M™ (k. k;) as z—¢. An expression for MP(E,) as >0
can be obtained by calculating the integral over k' and & by
the method of steepest descent. The asymptotic expression
for ¥ (k) is given by Eq. (47):

By (K", k) = — G360~ @, (G (¥, #),

where @ is a Lengendre function of the second kind, and G,

and Gy are the vertex functions for the decays (By}—f + y
and (ay}—a + ¥, respectively.? As a result, we obtain

My (E;) = M (Ey) = exp [— (1;9; + 159))]

AN (Fey, k) Bol (E;) Ot s oo, (66)
By (E;) = By (k;, k3),

¢, = arelg [(fy — k] #34) /20 k],

¢; = arcty [(kf — K- =iy)/ 2up4k4].

Sinceit is assumed that £ is the nearest singularity, (66) deter-

mines the /— co behavior of not only M ¢ but also M, and,
therefore, M, . From (66), using the expressions of Ref. 50, we
obtain the leading singular term M ®, which determines the

behavior of M as z—¢:

M (kf, k,) = M® (kf, k,)
= N (5 — 1)"? (L — z)~In B, (ky, ky), (68)

(67)
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N = exp [—(mig; + a1 T (1 4 in) A (ky, &),

n="n; +1;. (69)
As Z—)»g',
Bi ks, k)~ — o G (70}

Note that the behavior of the reaction amplitude in the
DWBA as z—¢ is given by an expression of the type (68), in
which V must be replaced by

Npose 2 exp — (19, --m;0,) T (1 -+ in), (71a)

~

Py - axetg [(k] — kfy +25y) 2%k 4] (post form)
or
Nozior =exp [ — (1,@; + n:9] T'(1+in), (71b)
®y = aretg [(kf —kf+ufy) /210,k;4]  (prior form)™

It can be seen from (68) that allowance for the Coulomb
effects in the initial and final states transforms the pole of the
original amplitude By(k,,k;) into a branch point, and also
changes the power of this singularity, whereas allowance for
the Coulomb interaction in the intermediate state (of parti-
cles a and ) changes only the power of the singularity (the
factor 4 ).

Behavior of the charged-particle transfer reaction amplitude
near the singularity z = ¢

We shall find the leading singular (atz = £ } term M ® of
the exact (in the model of three charged particles) reaction
amplitude M (52). For this, it is necessary to find the behavior
of M, as I w0, and then recover M, To find the asymptotic
behavior of M,, we use the results of Ref. 55, in which the
method of multidimensional stationary phase was used to
find the asymptotic behavior at large / of the partial-wave
charge-exchange reaction amplitudes for collisions of singly
charged ions with atoms. The main result of Ref. 55 is that
the allowance for the three-particle Coulomb effects in the
charge-exchange process leads to a simple renormalization
of the asymptotic behavior of the partial-wave amplitude B o
of the diagram in Fig. 7a. This result is a consequence of
Theorems 1 and 2. At the same time, allowance for the Cou-
lomb interaction of the transferred particle ¥ with the
“cores” a and /3, on the one hand, and of the cores & and g8
with each other, on the other hand, leads to the product of
the corresponding renormalization factors. But in Ref, 55
the case Z, = Zz = — Z,, = 1 was considered. Therefore,
there was no Coulomb interaction in the initial and final
states. The presence of this Coulomb interaction changes the
boundary conditions, and we take this into account by intro-
ducing partial-wave Coulomb wave functions in the initial
and final states, with which we convolute the off-shell par-
tial-wave amplitude B, (k ',k ), which describes the reaction
mechanism (in the given case, the reaction mechanism is
specified by the infinite series of diagrams in Fig. 7). The
second difference between our case and the one considered in
Ref. 55 relates to the use there of the approximation
m, €m, . This approximation affects only the form of the
renormalization factor that arises when the interaction of
particles & and § is taken into account. But we have already
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found this factor in the case of arbitrary masses [the expres-
sion (61)]. Using the results of Ref. 55 and the expression
(61), we find that in the limit /— oo

B, (', Fy=D (¥, B) By, (K, k), (72)
where B, (k ',k )isthe partial-wave amplitude of the diagram
in Fig. 7a off the energy shell,

[ (1—Na—np)
Tl—ne) T (T—7p)

DK ; k) = Ak, k), (73)
and 7, (respectively, 74) is the Coulomb parameter at the

vertex (By)—B -+ y{lay)—a —+ ¥). Then in the limit /oo

Pk [ dk &) 1 o
M(By) > | 5 b [ s bW () D (K, B)
1} )
By (', &) WEE) (k)
S —211-&\.‘( ,’,’f’i_ )‘“‘* em[—%(nﬂnaf—inn)J Nt
; GG
X (2 k)it tng — B
(k) = (42, )8 (43 ) or
Df (2—)=imtna e one=np Qy ), (74)
D= D (k;, k). (75)
In the expression (74),
o fxf1’“iic¢3’l’"a.}‘!ifnfsﬁii“i

[0y (v— DTN =0 7 (76)

Ryt YU Ay LAk iV P )%

B
@ [ (v— Db w = (v— 1)z (o) by

mpy
mf

oo [LEO—D 2y

i 2 a
+(1 Haa),x&v T ( ) Cy¥iy:

. [L4 (v— 1) {oy -t agd] d= [ | (v —1) ag)° L
f E7] ril

[1—ey—-(v—1) 2] K%T’:" (Hpy Mey) '11')‘-,?11;-.
d ’

g= 14 (re=t) (ag—vimg)y v e Dy

mamp

The expression {74) can be regarded as the partial-wave am-
plitude of the reaction in the eikonal approximation, corre-
sponding to /> 1, with allowance for the three-particle Cou-
lomb effects. By virtue of

Q;(;):—;]:’/gexp(—l]nt)!}/'rz—i , l—oc, (T7)

where 7 and ¢ are related by (46), at sufficiently large / only
the contribution to the partial-wave amplitudes M, from the
nearest singularity £ survives, and therefore in the eikonal
approximation it is sufficient to take into account the contri-
bution of only this singularity. Allowance for the Coulomb
effects leads to the appearance of the factor / =78 and
changes the absolute magnitude of the partial-wave reaction
amplitude. Using (45) and (50a), we find the leading singular

term at z = £ of the reaction amplitude M:
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dk’ k -+ ! 3
MO (&, k;) = Swﬁ“‘?( Yk D, k)

v By (', k) WO (k) ~

- P mg 2n . a4 - : %
~—2pg. (T“_) “exp [ — = (i, —fllij
GyGe
(i 3" (i

AT+ in—mn, —Mp) Netlp

i 1
[2kikjy (E—2)] "N~

(78)

Thus, without solving the Faddeev equations, we have found
explicitly the asymptotic behavior of the partial-wave ampli-
tudes and the leading singular term at z = ¢ of the exact (in
the model of three charged particles) reaction amplitude M.
The partial-wave amplitudes M, that we have obtained can
be used to calculate surface nuclear transfer reactions, in
which the main contribution is made by peripheral partial
waves correspondingto /2 kR [k = (k; + k)/2,and Risthe
channel radius]. The expression (78} can be used to deter-
mine the vertex constant by extrapolating the experimental
differential cross sections to the point of the singularity
z = £.* Note also that when the amplitudes of reactions with
charged particles are found by solving the three-particle
Faddeev—Merkurjev equations®® serious complications arise
in the calculation of the partial-wave amplitudes of the reac-
tions at large /. The expression (74) makes it possible to re-
strict the calculations of the partial-wave amplitudes to
small /, and then fit the calculated amplitudes to the ampli-
tudes (74).

We shall show how these results can be used to analyze
transfer reactions and obtain spectroscopic information
(vertex constants).

Neutron-transfer reactions

To calculate such reactions, one generally uses the
DWBA. By means of the expression (66) one can test how
accurately the contribution of the peripheral partial-wave
amplitudes is taken into account in the DWBA.. The DWBA
amplitude has the singularity z = ¢ corresponding to the
mechanism of Fig. 7a. The explicit form of the peripheral
partial-wave amplitudes in the DWBA in the post and prior
forms can be readily found from (68), (71), (50a), and (45).""
Then we obtain

DWB =
C,=M,(E) f.u,m,f(Es)ifglfl (ky, K;) exp [y (@=L
' (78a)

Co— M, (E)) 'ﬂiﬂﬁ?(l?s)!;ﬂ (ks k) exp[ng (@, — @)l
(78b)

where M, (E;) is given by the expression (66).

In Table IV we give the values of C, and C, calculated
for different neutron-transfer reactions A4 (x,y)B. In the cal-
culation of the amplitudes M, (E,), we have taken into ac-
count the contributions of the pole (a) and triangle (b) dia-
gramsof Fig. Ty = Ad=an=y,x=y+nB=A4A+n).

""The asymptotic behavior of the DWBA partial-wave amplitudes for

I»n, 1, <1, and V1% + #*/4 > 1 were found for the first time in Refs.
57 and 58.
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TABLEIV. Ratio of the peripheral partial-wave amplitudes in the three-body model (M, )

and in the DWBA (M PV®*) for neutron transfer reactions.

Reaction E;, MeV @ Ca

Al (d, p)2eal 5 i 154
120 1IN, 1815 T 101 1.09
1EPY(L5(), 17))207PY, lg:: ;ﬁé }i

It can be seen from this table that in the case x < 4 one must
use the post form, and forx > A4 the prior form, the difference
between M PVPA(E, ) and M, (E,) for light and medium nuclei
not exceeding 109 when /3 1.

Determination of the vertex constant for neutron separation
from nuclei

Vertex Constant for d—p-+ n. Calculations using realis-
tic potentials give G 3 = 0.43 F.> The phenomenological val-
ue of G ] can be obtained by extrapolating the experimental
differential cross sections of elastic exchange p + d scatter-
ing to the point of the exchange singularity z = £ [the expres-
sion (53)]—the singularity of the diagram in Fig. 7a. For the
analysis of this process, the Coulomb effects are important,
and without allowance for them it is not possible to obtain
the correct value of G 3.7° At the same time, analysis of n + d
scattering, in which there are no Coulomb effects, followed
by the extrapolation procedure gives values of G2 in agree-
ment withe the theoretical value of Ref. 59. In Ref. 60, the
squares of the vertex constant G 3 were obtained by extrapo-
lating by means of Eqs. (68) and (69) the experimental differ-
ential pd cross sections to the point of the singularity z = £.
The analysis used experimental data at 14 energies of the
incident protons in the interval 3<E, <46.3 MeV. The mean
value G2 = 0.427 + 0.003 F obtained with allowance for
the Coulomb effects is in excellent agreement with the theo-
retical value.

Vertex Constant for the Decay t—d + n. A similar analy-
sis of the reaction d (d,p)¢t at 19 energies of the incident deu-
terons in the interval 4.0<E,<83 MeV gives G?

= 1.34 4 0.02 F.®! Other estimates for this vertex constant
are given in the review of Ref. 2.

Vertex Constant for the Decay *C—'>C + n. Extrapo-
lation of the experimental differential cross section of the
reaction 2C(d,p)*Clg.s.) at E; = 12 MeV to the pointz = £
gives G & = 0.4 F,%% in agreement with the estimates of the
vertex constant obtained by other methods (see Ref. 62 and
references given there).

Charged-particle transfer reactions

In this case, the peripheral partial-wave amplitudes in
the DWBA can differ appreciably from the M, (F,), and this
makes it necessary to take into account three-particle Cou-
lomb effects in the calculation of the amplitudes of charged-
particle transfer reactions.
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Determination of the vertex constants for separation of
charged particles from nuclei

To determine the vertex constants corresponding to the
disintegration of nuclei into two charged fragments, use was
made of the peripheral model,*” in whcih the expression (74)
was used to calculate the peripheral partial waves.

The °Li(d,°Li)*H Reaction. In the experimental angular
distributions of d °Li elastic scattering at energies E; = 8—
14.7 MeV of the incident deuterons in the laboratory sys-
tem,**%* there is a sharp rise at large angles (Fig. 8). It can be
explained naturally by assuming that at large # the main
contribution to the scattering cross section is made by the
singularity with respect to z of the a-particle exchange
mechanism (the diagram in Fig. 7a, in which ¢ =f =4,
y = *He), this singularity being much closer to the boundary
z =1 of the physical region than the singularities corre-
sponding to the other simplest mechanism described by loop
(transfer of a pair of particles: pt, n°He, dd ) or triangle dia-
grams.®® However, all the diagrams of Fig. 7 corresponding
to allowance for Coulomb rescatterings of two deuterons
and an a particle in the intermediate state have singularities
at the same place as the diagram in Fig. 7a, and they must be
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FIG. 8. Differential cross section of d *Li elastic scattering at large angles.
The continuous curves répresent our calculation in the peripheral model
with allowance for Coulomb effects.
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TABLE V. Nuclear vertex
constants for the decay

SLi—a + d.
E; MeV| @i, F
8.0 11,16 (0.48)
100 0.34(0.97)
12.0) 0.31 (11.86)

14.7 0.24 (1.63)
Average | (1,26 (0.74)

taken into account in the calculation. The calculated differ-
ential cross sections are given in Fig. 8. The contribution of
the D state to he ®Liz==a + d vertices was not taken into ac-
count. It can be seen that the calculated angular distribu-
tions describe well the experimental distributions at large
angles, and Coulomb rescattering in the initial and final
states and the three-particle Coulomb effects have almost no
influence on the shape of the angular distributions in this
region.

The squares of the vertex constanis G2, for the
SLi—sa + d decay found by comparing the calculated and
experimental differential cross sections are given in Table V,
in which the quantities in brackets are the values of G2,
obtained using the DWBA peripheral partial-wave ampli-
tudes, in which three-particle Coulomb effects are not taken
into account. Allowance for the latter in the peripheral par-
tial-wave amplitudes increases the theoretical cross section
by about eight times, and this reduces the values of G 2, that
are extracted by about 2.8 times. We note that the Coulomb
interaction in the three-leg ‘Liz=a: + d vertices in the dia-
gram in Fig. 7a increases the extracted values of G2, by
about two times? (this interaction is also taken into account
in the DWBA), whereas simultaneous allowance for the
Coulomb interaction in the three-leg vertices and the three-
particle Coulomb effects decreases the determined value of
G %, in the case considered. This example shows how impor-
tant it is to take into account all the Coulomb effects at once.
We note that the estimates of G 2, in the literature obtained
by different methods differ strongly from each other.? In
Ref. 66, a variational stochastic method was used to find the
wave function of the °Li nucleus in the apn model. The wave
functions with correct asymptotic behavior obtained by this
method gives G2, = 0.46 F.

The "Li(d,°Li) *H Reaction. The angular distribution in
this reaction at the energy E; =12 MeV has a peak at
6 = 180°.%” The singularity nearest the point z = 1 is the sin-
gularity of the diagram of Fig. 7a describing a-particle trans-
fer (@ = d, 8 =>H, and y = *He). The differential cross sec-
tion was calculated in the framework of the peripheral model
(Fig. 9). The influence of the Coulomb effects is qualitatively
the same as in the previous reaction. In particular, they hard-
ly affect the shape of the calculated angular distribution,
which was fitted to the experimental one at large angles
(@ = 150°), where one must expect a dominant contribution of
the a-particle pickup mechanism (the diagram of Fig. 7a).
Since the differential cross section in the peripheral model is
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FIG. 9. Differential cross sections of the following reactions: a) "Li(d,
®Lif’Hat E; = 12 MeV (Ref. 67); b) "Li(p,2)'He at E, = 45.2 MeV.% The
curves are the results of calculations in accordance with the peripheral
model (continuous curve with allowance for the Coulomb effects, broken
curve without it).

proportional to G2, GZ,, where G2, is the square of the
vertex constant for the "Li—a + ¢ decay, it is possible to
determine G2, G2, by comparing the calculated and experi-
mental differential cross sections at large angles. G2, = 0.26
F, the values G2, = 0.33 F is obtained.

The "Li(p,a)*He Reaction. The peripheral model was
used to calculate the differential cross section of this reaction
atenergy 45.2 MeV of the incident protons (Fig. 9) under the
assumption that the peak in the experimental angular distri-
bution at large angles® is due to the singularity with respect
to z of the triton-transfer mechanism (the diagram of Fig. 7a
with @ = p, B = “He, and y = *H). With allowance for the
Coulomb effects, the value G2, = 0.28 F was found. For
this, we used for the a—+ + p decay the square of the vertex
constant G}, = 12.4 F, this being the mean of the G}, and
G2, (r ="He) found in Refs. 69-71 by analysis of experi-
mental data using a forward dispersion relation. In this reac-
tion, the influence of the Coulomb effects is least because of
the large value of E, and the large binding energy in the
three-leg vertex f 4+ p—a. It can be seen that the values of
G2, obtained by analyzing the two different reactions are
nearly equal.

Thus, we have analyzed the three reactions with the
lightest nuclei. The Coulomb redistribution in the initial and
final states has the greatest effect on the shape of the angular
distributions, but it is appreciable only at large %; and 7,. In
the cases which we have considered, 7, ; < 0.3, and therefore
the effect of the Coulomb interaction on the shape of the
angular distributions in the reactions considered is slight.
The situation is different in heavy-ion reactions, for which

7> 1

Angular distributions in transfer reactions initiated by heavy
ions

Reactions in which a nucleon or a group of nucleons is
transferred at energies around the Coulomb barrier belong
to the class of reactions in which the Coulomb interaction
plays a decisive part in the formation of the angular distribu-
tions. The angular distributions in such reactions have, as a
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FIG. 10. Differential cross sections of the reaction “°Ca(1°0,'NJ*'Sc(g.s.)
at energy 48 MeV of the incident %0 jons, taken from Ref. 72. The curves
represent DWBA calculations (the continuous curve with the standard
values of the parameters of the optical potentials, and the broken curve
with a modified optical potential in the exit channel).

rule, a bell-shaped form with a peak at 8~ 6, where 8, is the
scattering angle of nuclei moving along Rutherford trajec-
tories corresponding to a “glancing” collision. A typical
bell-shaped experimental angular distribution is shown in
Fig. 10. The reason for the occurrence of the peak in the
angular distribution is the competition between the Cou-
lomb repulsion and the nuclear attraction. At large impact
parameters p corresponding to small &, the probability of
transfer of a particle from nucleus to nucelus is small because
of the weak overlapping of the wave functions of the bound
states of the transferred particle in the initial and final nu-
clei. At smallp {p <R, + R,, where R | , are the interaction
ranges of the nuclei), the probability of quasielastic (direct)
transfer'” of a particle is small because of the strong absorp-
tion that arises as a result of the competition between the
large number of open channels. The maximal transfer prob-
ability occurs for nearly grazing trajectories of the nuclei
{(p=popo= R, + R,). Therefore, the peak that corresponds
tothem in the angular distribution is often called the grazing
peak. Because of the strong Coulomb repulsion, 6, is several
tens of degrees. With decreasing energy, the grazing peaks
are shifted to larger angles, and the value of the cross section
at the peak decreases. With increasing energy, these peaks
are shifted to smaller angles, and the angular distribution
gradually goes over into the usual diffraction distribution.
An elegant explanation of the mechanism of occurrence of
the grazing peak in the angular distribution at 8~6, was
given by Strutinskii,” who obtained the following approxi-
mate condition for the occurrence of the peak:

By/A > 2, (79)
where 6, can be estimated by means of the relation

0y = 2arctg n/l,. (30)
Here, 5 =(n; +9,)/2, ly=keapoka = V2UE; — Vp,),
E,) is the relative kinetic energy of the colliding particles,
and V (p,) is the interaction potential of the nuclei at the point
at which they touch. The parameter A is related to the

asymptotic behavior of the partial-wave reaction amplitude
in the plane-wave approximation when /> 1 by

By (E;) ~ exp (—Al). (81)

Using the expression (45), it is possible to relate A to the
characteristics of the diagram that describes the transfer re-

2We do not consider here deep inelastic reactions between heavy nuclei,
when a peak must also appear in the angular distribution at 8~:8,.”
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action mechanism. For (/ — I,)/i,<1 and I>/,> 1,
9L—,1nx-7-(x+ffj)/zo, (82)

where 7 and y are given by the expressions (46). Thus, the
relations (79) and (82) make it possible to estimate the mecha-
nisms for which a grazing peak is possible, We emphasize,
however, that the condition (97) must be regarded as ap-
proximate, since its derivation used a number of strong sim-
plifying assumptions; in particular, the nuclear phase shifts
for [> 1, were not taken into account, and the Coulomb
phase shifts were expanded in a series around the point [ = J,
and only the first two terms in the expansion were retained.
The calculations also show that the nature of the angular
distributions in the region of the grazing peak depends on the
parameters of the optical potentials in the entrance and exit
channels of the reaction. A detailed study, in the framework
of the diffraction model, of the reasons for the occurrence of
the grazing peak in neutron transfer rezctions induced by
heavy ions was made in Ref. 58.

Besides the problem of the occurrence of the grazing
peak, it is also of interest to find an exact description of its
position as a function of the reaction characteristics (energy
of the incident ion, Q of the reaction). Calculations of the
angular distributions of neutron-transfer reactions in the
framework of the DWBA agree, as a rule, with the experi-
mental data.”” However, in the case of proton transfer at
large negative Q of the reaction, the experimental grazing
peaks are to the left of the peaks predicted by the DWBA,
and with increasing |Q | and decreasing E; the difference in-
creases.”>" A still larger difference is observed even at small
|@Q | in the case of a-particle transfer.”® The shift of the ex-
perimental peaks to the left indicates that in the case of trans-
fer of a charged particle the relative contribution of the peri-
pheral partial-wave amplitudes is in fact greater than in the
DWBA. The increase in the relative contribution of the peri-
pheral partial-wave amplitudes leads to an increase in the
transfer probability at large p, i.e., to a displacement of the
grazing peak to smaller angles. Since a difference between
the theoretical and experimental angular distributions ap-
pears only in the case of the transfer of charged particles at
energies near the Coulomb barrier, it is clear that the reason
for the discrepancy is the inaccurate allowance for the Cou-
lomb effects in the DWBA. Figure 10 shows the angular
distributions of the reaction *°Ca('®0,’N)*'Sc¢(g.s.) at
E; = 34.3 MeV given by the DWBA. To describe the experi-
mental angular distributions, the parameters of the optical
potentials are usually varied artificially, for example, the dif-
fuseness of the potential in the exit channel is increased.”
However, when the potential is modified in this way, it does
not describe the elastic scattering. The observed discrepancy
between theory and experiment can be explained by taking
into account the three-particle Coulomb effects. When they
are taken into account, the relative contribution of the peri-
pheral amplitudes is increased.

CONCLUSIONS

Our study in this paper confirms the important part
played by Coulomb effects in the various approaches to the
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theory of nuclear reactions, particularly in the case of pro-
cesses at low energies or with the participation of weakly
bound systems. At the same time, it follows from the above
that correct allowance for the Coulomb interaction makes it
possible to obtain a reasonable description of the experimen-
tal data on nuclear reactions with charged particles and to
obtain for them valuable spectroscopic information.

The Coulomb interaction significantly changes the ana-
lytic properties of the scattering amplitudes; a striking illus-
tration of this change is the nontrivial fact, discussed in Sec.
9, of the appearance of pole singularities corresponding to
the mechanism of single-particle transfer in nonpole dia-
grams (triangle, etc.).

In this review, of course, we have not attempted to dis-
cuss all the questions associated with the manifestation of
Coulomb effects in nuclear processes. In particular, we have
not considered the problem of taking into account the Cou-
lomb interaction in the solution of the Faddeev equations for
asystem of three charged particles. This important problem,
the practical solution of which cannot yet be regarded as
completed, has been the subject of quite a considerable num-
ber of studies (see, for example, Refs. 51, 56, and 77-81). In
this connection, we note that the results obtained in Sec. 9
can be used to simplify the Alt—Grassberger—Sandhas equa-
tions with three charged particles’”® by the replacement of
the nondiagonal potentials of the transitions in these equa-
tions, which contain three-particle Coulomb Green’s func-
tions, by their leading singular terms. The approximate
equations then obtained can be used to calculate the ampli-
tudes of nuclear reactions in the mode] of three charged par-
ticles. But all this is a special subject in its own right.
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