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The geometrical approach to explicitly and completely integrable nonlinear partial differential
equations with two independent variables that arise in the theory of relativistic strings is reviewed.
The geometry of two-dimensional minimal surfaces in n-dimensional pseudo-Euclidean space is
considered. The description of these surfaces by differential forms makes it possible to obtain two
series of systems of nonlinear equations whose general solutions can be constructed explicitly. A
geometrical method of obtaining new nonlinear equations that admit a Lax representation 18
presented. These equations describe a relativistic string in de Sitter space—time, a sphere in a
three-dimensional unimodular affine space, and a special parametrization on an ordinary sphere

in three-dimensional Euclidean space.

INTRODUCTION

The experimental data on high-energy interactions of
elementary particles obtained at modern accelerators indi-
cate more and more convincingly that the theory which de-
scribes hadron dynamics is quantum chromodynamics
(QCD). However, the successes of the theoreticians in solv-
ing fundamental problems in QCD such as, for example, the
clarification of the mechanism of quark confinement within
hadrons and nonperturbative calculations are as yet quite
modest in comparison with the experimental results in this
field. In such a situation, there arose naturally a requirement
for models that represent a simplification or approximation
to QCD. A whole series of such models was in fact created.
These are all possible potential models, which postulate a
particular confining potential for quarks in hadrons, bag
models, the parton model, models that take into account
phenomenologically the nontrivial properties of the vacuum
in QCD, and so forth.

The relativistic string model gives a clear picture of the
quark-confinement mechanism in hadrons. It is as follows.
If the distance between quarks is appreciably less than the
hadron diameter, the quarks are essentially free. At a greater
distance,the main role in the interaction of the quarks with
one another comes to be played by configurations of the
gluon field in which this field is concentrated in the form of a
filament or tube along the line joining the quarks. Ignoring
the transverse dimensions of the filament, we obtain a one-
dimensionally extended object connecting the quarks; this
has become known as a relativistic string. The action of the
string must obviously be an appropriate approximation to
the action of the non-Abelian gluon field. However, the re-

. quirement of relativistic invariance and the analogy with the
action for a point particle already make it possible to write
down the string action almost uniquely. The action of a rela-
tivistic string is taken to be proportional to the area of the
world-surface spanned by the string as it moves in Min-
kowski space.

The fundamental difficulties that arise in the construc-
tion of a quantum theory of a relativistic string (the unphysi-
cal dimension of space-time, tachyon states) stimulated
searches for nonstandard approaches to this model. One
such approach—the geometrical one— is based on descrip-
tion of the world-surface of a relativistic string by differen-
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tial forms satisfying conditions of integrability that are the
nonlinear partial differential equations of Gauss, Peterson—
Codazzi, and Ricci. In the geometrical approach, these
equations are regarded as equations of motion specifying the
string dynamics. A remarkable property of these equations
in relativistic string theory is the possibility of constructing
their general solution.

The simplest equations here are the nonlinear Liouville
equation and the simplified system of two nonlinear Lund-
Regge equations. The Liouville equation arises not only in
relativistic string theory but also, for example, in the investi-
gation of instanton solutions in non-Abelian gauge theories,
while the Lund—Regge system is of interest from the point of
view of the nonlinear two-dimensional o model with the
symmetry group SO (4). In the general case, the geometrical
approach in relativistic string theory leads to new systems of
nonlinear equations for which an algorithm for constructing
general solutions can be given.

Before turning to the quantization of a relativistic string
in the framework of the geometrical approach, it is necessary
to investigate at the classical level the nonlinear equations
which describe the string dynamics in this approach. The
present review is devoted mainly to this question.

We begin by listing briefly some methods of construct-
ing explicit solutions of nonlinear partial differential equa-
tions developed in recent years.

It should be pointed out immediately that the possibil-
ity of constructing a general solution for a nonlinear partial
differential equation is an extreme rarity. The modern the-
ory of such equations can at best establish whether a solution
exists and is unique. But for numerous nonlinear equations,
particularly ones important from the physical point of view,
for example, the Navier—Stokes equation, it is even possible
to do this exhaustively. The search for general solutions of
nonlinear partial differential equations became “a backwa-
ter far from the mainstream of mathematics, where ama-
teurs can dabble to their heart’s content undisturbed by com-
petition from the professionals.” ! In this situation, the
progress in the investigation of nonlinear partial differential
equations achieved during the last 15 years was entirely un-
expected. We are referring to the inverse scattering method,
which was created during this time and was successfully ap-
plied to numerous nonlinear equations.*®
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To solve mathematical problems—to construct general
solutions to nonlinear partial differential equations—use
was made of techniques well developed in theoretical phys-
ics—spectral analysis of the Schrédinger and Dirac equa-
tions and the procedure for recovering a potential using ex-
perimental results on particle scattering by the potential.
The success of the inverse scattering method demonstrated
once more how fruitful is intimate collaboration between
pure mathematics and theoretical physics, a collaboration
that has unfortunately become extremely rare in recent
years.!

As frequently happens in such a situation, the success of
the inverse scattering method attracted the attention of
many mathematicians and theoretical physicists to the prob-
lem. There is already a very extensive literature on this sub-
ject.>8

Besides the inverse scattering method, other ap-
proaches to the construction of general solutions of nonlin-
ear partial differential equations was proposed. A purely
group-theoretical methed of constructing such solutions
was developed in a series of papers by Leznov and Save-
1: ev'?—lo

The present authors have proposed a method of con-
structing general solutions of nonlinear equations’'~'* using
the methods of classical differential geometry.'>'® Tn addi-
tion, a method of constructing a whole series of nonlinear
equations admitting a Lax representation was devel-
oped.'®** The essential point here was the use of the math-
ematical formalism of the theory of surfaces.'®"”

In this review, we shall attempt to present briefly the
ideas and main results of this purely geometrical approach to
explicitly and completely integrable nonlinear equations.

It should be mentioned that in all the approaches listed
above one is concerned solely with nonlinear partial differ-
ential equations of a special type. The class of these equa-
tions will always remain very small compared with the com-
plete manifold of nonlinear equations. Nevertheless,
methods of constructing general solutions of nonlinear equa-
tions of even a special form undoubtedly warrant the atten-
tion of both mathematicians and physicists.

The nonlinear equations with which we shall be dealing
arise in the theory of minimal surfaces. We shall first give a
geometrical definition of a minimal surface and then indi-
cate the branches of theoretical physics in which such sur-
faces arise.

At each point of a two-dimensional surface, its curva-
ture is characterized by two invariants: the total, or Gaussian
curvature, and the mean curvature.">'%? The first variant
determines the intrinsic curvature of the surface, i.e., a cur-
vature that does not depend on the bending of the surface. By
bending is meant a deformation of the surface that preserves
the metric relations on it (distances between two points, an-
gles between intersecting curves). Putting it differently, one
can say that the first quadratic form of the surface is con-
served under bending. The mean curvature of the surface
characterizes its extrinsic curvature, and this invariant de-
pends essentially on the manner in which the surface is em-
bedded in the enveloping space.

Surfaces with constant Gaussian curvature and con-
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stant mean curvature were the subject of investigation for
many generations of geometers. Examples of surfaces of the
first type are the sphere, hyperboloids, and pseudospheres. It
is Interesting to note that surfaces of constant total curvature
are intimately related to the nonlinear sine—-Gordon equa-
ti0n16,26—2ﬂ:

Pxy = SiD @, (1)
which is a classical equation solvable by the inverse scatter-
ing method. "

A minimal surface®>"7" gives an example of a surface
with constant mean curvature, moreover zero curvature.
The definition of a minimal surface admits a variational for-
mulation. The problem of finding a surface with least area
and given boundary (plateau problem®?) leads to the finding
of such a surface. In ordinary three-dimensional Euclidean
space, soap films spanning rigid wire frames give a perspicu-
ous representation of minimal surfaces.

The history of minimal surfaces goes back to studies of
Lagrange (1760), but even today this problem attracts the
interest of mathematicians.?*~° It is probably still too early
to speak of the end of the ““story youth” of this problem and
the beginning of its ‘tired old age.””>

Minimal surfaces in pseudo-Euclidean space started to
be considered in theoretical physics following the formula-
tion of the theory of one-dimensionally extended relativistic
objects—relativistic strings.*”* A relativistic string is deter-
mined by its action, which is proportional to the area of the
world-surface swept out by the string in the process of its
motion in Minkowski space. The model of a relativistic
string arises in different branches of theoretical physics: in
the investigation of nonlinear two-dimensional models of
Born-Infeld type,” in the dual-resonance approach to ha-
dron physics,’”*® in the study of quark interaction in ha-
drons,***! and in cosmology in the elucidation of the mecha-
nism of galaxy formation,*>43

The plan of our exposition is as follows. In the first
section, we give basic facts from classical differential geome-
try relating to the theory of surfaces. The main attention is
devoted to the description of a moving basis on a surface, by
means of which a surface can be specified by its fundamental
differential forms. The Gauss, Peterson—Codazzi, and Ricci
equations, which these forms must satisfy,'”'® are derived.

In the second section, we define a minimal surface
(Refs. 15, 17, 31, and 33) and construct an expansion for its
coordinates in a special basis. As a result, the Cartesian co-
ordinates of a minimal surface embedded in an n-dimension-
al pseudo-Euclidean space are expressed in terms of 2(n — 2)
arbitrary functions of one variable.!t*

In the third section, we write down explicitly the non-
linear embedding equations for minimal surfaces in 3-, 4-, 5-,
and 6-dimensional pseudo-Euclidean space. We also con-
struct general solutions of these equations, 21443

In the fourth section, minimal surfaces are treated in a

“One of the first studies of this equation was the original communication

“On the cutting of clothes™ of the Russian mathematician P. L. Cheby-
shev, written in Paris in 1878.%° In this connection, it would be appropri-
ate to call Eq. (1) the Chebyshev equation, particularly since the now
standard name for it—the sine-Gordon equation—is little more than
jargon in rather poor taste. Unfortunately, such a proposal®® did not
receive support even in the Soviet literature.
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special parametrization (the so-called # = 7 gauge in the the-
ory of relativistic strings). We here obtain a new series of
nonlinear equations for which a general solution can be con-
structed.'*'*

In the fifth section, we show how the classical theory of
surfaces can be used to obtain nonlinear equations that ad-
mit a Lax representation.”"*?

In the sixth section, we give a geometrical interpreta-
tion of the nonlinear equation @,,, — @,,, = ¥ — e~ *? and
construct for it a linear spectral problem in matrices from
the Lie algebra of the group SL (3, R ).*°

In the seventh section, we obtain a new system of two
nonlinear equations describing a minimal surface in a space—
time of constant curvature.' For this system, a Lax repre-
sentation is also explicitly constructed.

In the eighth section, we show how a new nonlinear
completely integrable equation can be obtained on the basis
of the geometry of the ordinary sphere.*?

In the conclusions, we briefly summarize the results of
the geometrical approach to nonlinear explicitly and com-
pletely integrable equations.

In the Appendix, we show how it is possible to construct
in a simple manner the general solution of the nonlinear
Liouville equation by considering the geometry of an ordi-
nary sphere in three-dimensional Euclidean space.

1. BASIC FACTS FROM THE THEORY OF SURFACES

Suppose we have some n-dimensional flat space with
arbitrary signature of the metric, the coordinates of which
we shall denote by x*, u =0, 1, ..., n — 1. If in this space
there is given an m-dimensional surface (m<n), this means
that we are given a set of  functions of m variables #', . . .,
um

et wd o, ™, =01, ..., n—1, {2)
where
F 1
Rank [ | =Rank| 2 | =m. (3)

In this case, one speaks of a parametric specification of the
m-dimensional surface, and the parameters ', . . ., #™ play
the part of curvilinear coordinate on it. The functions (2) give
exhaustive information about the surface.'”'®

However, in a number of cases one does not require
such a detailed description of the surface, for example, when
one is considering a complete class of surfaces characterized
by some general criterion, or when one is studying the local
properties of a surface at given point. For these purposes and
in many other cases it is convenient to specify the surface by
its basic differential forms.

In the theory of surfaces, one uses guadratic and linear
differential forms. The former were introduced into geome-
try by Gauss*®; the latter, by Darboux®” and Cartan.*® These
forms arise naturally when one considers @ moving basis on
the surface.

At each point of the surface with coordinates {«', .. .,
u™ | we construct an orthonormal basis formed by a set of n
vectors:

et .. um),  a=1,2, ..., (4)
n—1
ED enehc, =£,0,,, g, =+ 1, ¢, =+ 1 (5)
i
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[there is no summation over @ in (5)]. The first m vectors
e i=1,...,m+1,...,n,aretangent to the surface (2),
and the remaining n — mvectorsel;, a =m+ 1, ..., n,are
normals to it. The factors ¢, and g, in (4) take into account
the signature of the metric of the enveloping space. We put
the origin of the basis (4) at the point x* (u', ..., u™). We
recall that a set of m vectors tangent to the surface (2) is given
by the partial derivatives x%,i = 1,2, ..., m. In the general
case, these vectors are not orthonormal, but by virtue of (2)
they are certainly linearly independent at each point of the
surface. Therefore, the basis (4) can always be constructed.

It can be shown that if such a basis is known at every
point of the surface, then the surface can be recovered from
it. If we are interested in the local properties of the surface, it
is sufficient to find the differential equations that determine
the change in the basis (4) as its origin x“ (&', . . . , #™ ) moves
over the surface. These equations describe the variation of
the radius vector of the surface,

deh=w'ed, i=1,....m, (6)
and the change in the basis unit vectors e,
det =0, el (7)

as the basis {x*; e}, a =1, ..., n] moves over the surface.
Here, o and 22 ? are linear differential forms:

of = o} (!, ..., u™) du, (8)
Q. = (et ..., u™) dut (9)
i, j.h=1,...,m; a, b=1..,n.
Differentiation of the relations (5) gives \
Q% + %, -0, a, b=1,...,n

{no summation over ¢ and b ).
Equations (6) and (7) form a system of linear first-order
partial differential equations of the form

do, (u) = -Z; Ui (1) O, (1) du' (10)
or, in equivalent notation,

a0, i .

dui :lPTSes(u)ﬂ t=1...,m, (11)

where 6, (1) denotes the set of variables {x*, €£}. On the
functions 6, (1) the conditions (5) are imposed. Therefore,
Egs. (10), (11), and (5) are a system of mixed type.'® The con-
ditions of integrability of Eqs. (11) reflect the fact that

0,1 = (12)
These conditions lead to the following requirements on the
coefficient matrices 1 in Egs. (11):

bl — ¥+ W =0,

=1 . m.

0, ;60 L =1, ... m

(13)

To rewrite the integrability conditions (12) in terms of the
differential forms ' and 27, it is convenient to use the
formalism of exterior differentiation.****>* We require only
the rule for exterior differentiation of linear forms. Letabea

linear differential form in the basis {du', . . ., du™ }:
a=a; (w)dut, i=1, ... m

Then the exterior differential de of this form is defined by
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6al {u

da=da; )\ dui= dul A\ dul
{14)
=D\ (@, j—a;, ;) du? A\ dul,
i<j
where A is the symbol of the exterior product:
dut A dul = — dud A\ dul. (15)

As aresult of the exterior differentiation of the linear form &,
we obtain an exterior form of second degree, or a 2-form.
Further exterior differentiation leads to forms of higher de-
gree. A function f(«', . . ., u™) is a form of zeroth degree. Its
exterior differential is identical to the ordinary differential:

df = f,,dut.
Using (14), we can readily show that

d*f = d (df) = 0, (16)
since f; =f,,. From (14) and (15) there follow the rules of
differentiation of the exterior product of two forms. If 2 and
b are exterior forms of degree p and g, respectively, then

dia Ab)=da A\ b+ (—1)Pa A\ db. (17)
We require the special case of Eq. (17) whenp = 1,4 = 0, i.e.,
b is simply a function f(u’, ..., u™):

d(a-f) = da-f —a A dJ. (18)

The conditions of integrability of Eqs. (10), which are

given by Eq. (12), can be expressed in the language of exterior
forms in accordance with (16) as

d®, = d (d9,) = 0. (19)

Returning to Eqs. (6) and (7), we can rewrite their conditions
of integrability (19) as

d2e =d (dz") =0, d2e=d (det) -0 (20)
From (20}, using (6), (7), and (18), we obtain

o A Q%= (21)

do! =l A Qi (22)

AP =0, A Q.5 (23

Lk ...=1....mabec...=1....,mal/pB7y,

. =m+1,... n In component form, these equations

become

olQ;% —wlQi%: - 0; (24)

ﬂ)ﬁ i—mj = M{Q} iu QUJFTI;QJ'-EH; (25)

Qi e — Qa1 = Qe N — Qa1 e (26)

In fact, Eqs. (24}-(26) represent a different form of expres-
sion of Eqgs. (13) taking into account the explicit form of the
matrices 7.

In courses of differential geometry'®'®>® it is shown
that the system of equations of mixed type (6), (7), and (5) has,
when the conditions of integrability (21)—(23) are satisfied, a
solution {x* (u',...,u"),e,*(u',...,u™)}] that depends on
n(n 4+ 1)/2 constants of integration, where n is the dimension
of the enveloping space. Different choices of the constants of
integration correspond to displacements and rotations of the
surface in the space as a whole.

Thus, we have the following basic theorem in the theory
of surfaces (Bonnet’s theorem). Differential forms o' and
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2} satisfying the conditions of integrability (24)—(26) deter-
mine a surface x* (u', . . ., #™), apart from transformations
in the group of motions of the enveloping space.

Besides linear forms, guadratic differential forms have
been used in the theory of surfaces since Gauss’s studies, The
first quadratic form g, determines the intrinsic geometry of
the surface:

m

dat dave, = 2" jate, dutdui = ) g (u) du' du?,
=1

1=
gii=x%im:iicu' (27)
The second quadratic forms b, ; determine the extrinsic ge-
ometry of the surface and are given by
I
Viali= X
a=m+1

€Dl ek (28)
where V; denotes covariant differentiation with respect to
the metric g, :

Vil =2t — Tzt (29)
Here, I' | are the Christoffel symbols for g;-"

The first ( g;) and second (b,,;) quadratic forms deter-
mine the motion over the surface of the basis formed by the
set of m tangent vectors xt,i=1,...,m,and n — m nor-
malse, a=m-+1, ..., n, from Eq. (4). The motion of this
basis is described by Eq. [28) and analogous equations for the
normals e, a =m + 1, ..., n, which in terms of g; and
b, ; have the form

"
deg,

7k g M = uw
e b8 2"+ Z EaVRe1:€8-
B

(30)

Here, besides the quadratic forms g;; and b.,; we have intro-
duced the so-called torsion vectors Voali = —
B=m+1,...,mi=1,...,m.

The conditions of integrability of the linear equations
(28) and (30) can be readily written down by using the well-
known expression for the commutator of two covariant de-
rivatives'”:

(ViV; — VVi) Ay (31)
where R f'k,-j is the Riemann—Christoffe] curvature tensor for
the metric g;, and A, is an arbitrary covariant vector. These
conditions are given by the equations of Gauss

Vaglir @

kaij;".’r

13

Rim= 2 o (aiinbuisi— barbarim)s (32)
o=m+1
of Peterson and Codazzi,
Vibalij— Vibaie = ,‘.ﬂ ep (Veamnbpis — Veaislpiin)  (33)
and of Ricci
S Y N v ,
VBali, & — VBalk, j T .c# ey (V815 Vyain “.‘blh"valj),
+ 8™ (b1 0 1o — bp1iabeimi) = 0. (34)

Thus, if the set of functions g;, b,,,;, and v,,5 ; satisfies
Egs. (32)—(34), then it determines the surface x* (', . . . , u™),
apart from its motion in the space as a whole.
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Equations (32)—(34) are completely equivalent to the
conditions of integrability (24)~(26) and are actually the
expression of these conditions in terms of other variables.

Between the linear and quadratic forms of a surface the
following relation holds:

gi= 2 goiof; (35)
k=1
baly; = —k;‘-l AT e (36)
Vouli == &2 1, (37)
wherei, j, k. /... =1,...,ma,B,y..=m+1,...,n

We shall be dealing with two-dimensional minimal sur-
faces embedded in n-dimensional pseudo-Euclidean space
with signature (+ — — —...) of the metric. Such is the
problem to which oneis led by the investigation of a relativis-
tic strong model *® whose world-surface is a two-dimensional
minimal surface in Minkowski space. Thus, in the consid-
ered case

Compared with submanifolds of higher dimensions,
two-dimensional surfaces are distinguished from the point of
view of the simplicity of the embedding equations (24}—(26)
or (32)-(34). On a two-dimensional surface one can always
choose a curvilinear coordinate system {u', #*} in which the
metric tensor g; has a conformally flat form:

g1y == £eoy £12 = £u = 0.

Moreover, the curvature tensor R, for a two-dimensional
surface has just one essential component: R ;.

2. MINIMAL SURFACES

Minimal surfaces'”?? are characterized by the vanish-

ing of the mean curvature along the directions of all the nor-
mals e (u', u¥), =3, ..., n, to the surface at the given
point {u', #*}. The mean curvature A, along the direction ¢/,
is the trace of the corresponding tensor of the second qua-
dratic form b

it

o =i 87 (39
Thus, for a minimal surface
fy=0. (40)

The problem of finding a minimal surface can be formu-
lated as a variational problem for the functional

5= fame 1 1 )

where g = det||g;; ||, and g, (u) is the induced metric (27) on

the surface x* (u', . . ., #™). Indeed, one can show'” that the
conditions (40) follow from the Euler equations for (41):

51 Tel =T i e
—%ﬂlf]/\ g|viviet =1 glg’ vz

H

=Viel 2|

a=m+1

€08 bausjea = 0- (42)
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We have here used Eq. (28), which determines the coeffi-
cients of the second quadratic forms b, ;. Since the normals
et @ =m+1,...,narelinearly independent,
c=m-+1,...,n.

(43)

It follows from Eq. (42) that the coordinates of the mini-
mal surface x* (i, ..., #’™) are harmonic functions of the

By =g98,:: =10,

parameters #',. . ., u™:
vigat @', .., u™ =0 p=0..,n—-1, (44)
where
ber é TET il &
VVi= 73T o (VTeTe' ) (43]

is the Laplace—Beltrami operator for the metric g;;.

It can also be seen from (42) that among the # equations
(44) at least m are consequences of the remainder. The same
conclusion can be obtained by applying the second part of
Noether’s theorem>*3® to the functional (41), which is invar-
iant with respect to the transformations

at=7twt, ..., u™ (46}
with m arbitrary functions /. Indeed, for (42) and (44) there
hold the m Noether identities

VIVt =0, j=1,...,m.

(47)

In the general case, Egs. (44) for the coordinates x* (1!,
..., ™) of the minimal surface are nonlinear second-order
partial differential equations, since the metric tensor g, is
expressed in terms of x* in accordance with (27). But if the
minimal surface is two-dimensional, then on it, as on every
two-dimensional surface, one can choose the conformally
flat system (38) of coordinates »' and % in which Eqs. (44)
are linearized:

(48)

To be specific, we shall consider a hyperbolic metric g;;, and
therefore in (38) and (48] we take the lower sign. Thus, in our
case the coordinates of the two-dimensional minimal surface
will satisfy the equations

Itbui Jt‘flzz:(), p=0, ....,n—1.

"
Z, 11*-735»23' -0, w-==0,...,n—1,

(49)

B =g — = —Elg= Y, = eyatiaty = 0. (50)

In accordance with the previous section, the minimal
surface can be described either by its radius vector x* (1", u%),
which satisfies Egs. (49) and (50}, or by the set of variables
8i» Dajyjs Vap i, Which satisfy the minimality conditions (43)
and the Gauss, Peterson—Codazzi, and Ricci equations (32)-
(34). Knowing the soltuion of {49) and (50), we can recover
8y» Djyj» Vap), and obtain a solution of the corresponding
nonlinear partial differential equations (32)—{34). Further,
the resulting solution of the Gauss, Peterson—-Codazzi, and
Ricci equations will be general if the representation for
x* (u', u?) satisfying (49) and (50) contains a sufficient num-
ber of arbitrary functions.

For this purpose, it is convenient to introduce in the
enveloping space a special basis**** formed by two isotropic
vectors 57 and 7%, 77 =0,i=1,2, (g, 7,)=1 and n — 2
mutually orthogonal spacelike unit vectors 72, 52 = — 1,
Wlth{’rh’ N ) = (772! Wa) = 0’ [ﬂcz: 7’.8) — O,CZ#B, asB: 39 4:
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- » 1. In this basis, the nonlinear conditions ( 50) are alge-
braic conditions on the coefficient functions and can be read-
ily solved.

Before we turn to the construction of a decomposition
for x* (4", ) in the basis 7% }, we use the invariance of Eqgs.
(49) and (50) under the conformal transformations

nE = /: (ui}, (51}

of the parameters 1 and »? with arbitrary functions S and
impose on the string coordinates x* (u', *) in addition to (50)
the conditions'>~**1?

ut = ut 4+ u?

(It‘u P 93?12)2: g

{52)

where ¢° is an arbitrary positive constant. Other conditions
can be chosen instead of (52). One possibility will be consid-
ered in Sec. 4.

We now construct the decomposition for x* (u', #?) in
the basis {74 }. Let

oh (ul, u?) =k uh) 4+ R () (53)
be the general solution of Eqgs. (49). Then by virtue of (50),
¥’y (u*) and ¢"_ (1) must be isotropic vectors:

(42)* = 0. (54)
We shall denote by a prime differentiation with respect to the
argument of a function. To satisfy (52), we must require

(Pe)* = — ¢*/4. (55)
We seek expansions for ¢, (#* ) in the form
n—2
P (ut) = A (u*) [N+ Bx (u*)ny &= 2_} far (%) Mpa] -
(56)

Substituting (56} in (54) and (55), we obtain

n-2

1 5
= By ()= D) [k (ut).
2 ]/‘»T [fop (€)1 =1
= (57)

Thus, we have for the vectors ¢, (u*) the representa-

A (u*) =

tion'*1#
n—2
P (%) = [y + 5 ) 2 (),
2 ;{ [Fey @®)12 =t
n-—-2
& D) fun (02) N | (58)
p=1

By means of these formulas we can obtain an expression for
the metric of a two-dimensional minimal surface in n-dimen-
sional pseudo-Euclidean space:

€% = (£11)™" = —(gaa) ™t = (2994 (u*) P (u7))!
n—2 n—2
DI 7 ) I ¢ A €
r=1 s=1

= A, (ul, w?).

2

N Uep (69 fop (]2
p=1

4
72

(59)

Thus, Eqs. (58) and (59) make it possible to express the differ-
ential forms of the minimal surface in terms of 2(n — 2) arbi-
trary functions of one variable,
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3. NONLINEAR EQUATIONS IN THE THEORY OF MINIMAL
SURFACES AND THEIR GENERAL SOLUTIONS

We now turn to the explicit finding of nonlinear equa-
tions whose general solutions will be constructed by means
of the decompositions (58) and (59). We begin by noting that
these equations are in no way trivial, i.e., they cannot be
reduced by a substitution to linear partial differential equa-
tions. The simplest of them will be the nonlinear Liouville
equation.*®%7

We consider Eqs. (32)-(34) for the two-dimensional
minimal surface in the conformally flat coordinate system
{50). In these coordinates,the conditions of minimality (43)
become

a=3,...,n.

balii = balzZv (60)

By simple manipulations, we can obtain from the Peterson—
Codazzi equations (33) the relations'®*°

3 n (61)
ﬁu—; Z (balu = byp)*=0.
o=3
On the other hand, by virtue of (28)
21 (baug = byjp)?= — [V () £ M) (62)

This equation can be taken further by using the explicit form
of the Christoffel symbols for the metric (50):

I‘flzI‘;z:Fizf; — 2 .

2 v,
I“]llzl";zzl‘;:_ _]7 9

2

(63)

Indeed, substitution of (63) in (62) gives with allowance for
(52)

kg

23 (bais = D)2 = — [V (2! £ 2%5))2

=—(zfnxalnr=g (64)
Thus, the condition (52) on the coordinates x* (u', #?) of the
minimal surface agrees with Eq. (33).

We consider first the simplest case—a three-dimension-
al enveloping space. By virtue of (64), Eq. (33) is satisfied
identically, and the Gauss equation (32) reduces to the Liou-
ville equation

11 — Poza = 247%€%. (65)

Here, we have used the following expression for the curva-
ture tensor in the metric (30):

(66)
The representation (59) for the metric tensor of the minimal
surface with n = 3 gives the well-known®**65 general solu-
tion of the Liouville equation(65):
4 L e D ()
VA A T T

1
Ripin= —5e 0, 1 — P, 2)-

0= A, = (67)
Another way of obtaining the general solution of Eq. (65),
also geometrical, is given in the Appendix.

When the dimension of the enveloping space in which
the minimal surface is embedded is increased, the number of
equations in the system (32)—(34) becomes much larger, and,
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moreover, the number of functions g;, b, Vag)i €xceeds
the number of equations. However, this system of equations
simplifies appreciably if one chooses a moving basis on the
minimal surface appropriately. Indeed, nothing is changed
in the derivation of the Gauss, Peterson Codazzi, and Ricci
equations (32)—(34) if we go over from the basis
(68)
to a new basis obtained from (68) by a rotation in the group
S0 (1, 1)X.SO (n — 2) that does not mix the tangent space of
the surface {x*, x* ] with its normal space {éf, ..., e }.
If the dimension of the enveloping space is n>>4, then in
the space normal to the two-dimensional minimal surface
there are two mutually orthogonal spacelike vectors which
can be associated naturally with the minimal surface.'* They
are V,x* and Vx%. In accordance with (28) and (60), the
vector V,x* is identical to Vx*; . Indeed, it follows from Eq.
(64) that

(V12,1 Vi) = 0.

i
35?15 xf‘:a e%? c.ea€n

(69)

Therefore, it is natural to direct the two normals to the mini-
mal surface along the vectors V. x,¥ and V x,5; for example,
¢4 along V,x,¥ and e/ along Vx,}". Then we obtain directly

from (28)
banz = bape = baza = bay 1 =0,
=B o i b f=1,2 (70)
To satisfy the condition (64), we can set
by =005,  byp=gsin. (71)
The Gauss equation (32) then becomes
Q 44—, 00=2¢9%e%cos0, e ¥=uzl = —2?,, (72)

and this equation remains valid for any dimension of the
enveloping space in which the minimal surface is embedded.

By means of the Peterson—Codazzi equations (33) for
@ = 3, 4 we can express in terms of the function @ (', #°) the
torsion vector vy, ;, i=1, 2:

6,1
Va2 :T .

6,
v34.112—2i ’ {73)

In four-dimensional space—time, the system (32)—(34)
reduces to the two nonlinear equations

Coa— P, 02=2¢%e%cos0, B ,,—8 ,,=2¢%%sind, (74)
where the function g(u', 1) determines the conformally flat
metricg,; = —g,» = e~ %, g, = 0, on the minimal surface,

and 6 (', 4*) determines the second quadratic forms & , ; and
by (i, =1, 2) and the torsion vector vy,; in accordance
with Egs. (70}, (71), and (73).

The special choice of the normals €4 and € to the mini-
mal surface has made it possible to obtam directly from the
general system (32)—(34) a system of two equations for the
two functions @ and 6, this contrasting with Refs. 19 and 24,
in which the normals e¥ and €} were in no way fixed. In the
quoted papers, it was necessary to introduce auxiliary func-
tions a , , which occurred in the final equations only in the
form of the difference 0 =, — a_
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We obtain the general solution of the system (74) by
means of the expressions (58) and (59), which give”

e = A,, (75)

(76)

For the explicit expression of 8 in terms of the arbitrary
functionsf, (¥ )itis convenient, instead of using Eqgs. (53),
(58), and (76), to determine & from the first equation of (74),
having substituted there (75). The result is

.z o)
6= arctg L2 —arotg )/ G5

0 (ul, u?) = arccos A,, (77)
where
]/“ 2 D15
k=1 J,,:
D (FosFos) Tl E (Frit1-21li r
x| = - £=1 =D\ frfla | (78)
g (fes+F-0)" i=1
fei =T (u®).

In Ref. 76, the general solution of the system (74) was
found by reducing these equations in a single Liouville equa-
tion for the complex function ¢ + i6.

A new system of three nonlinear equations, not pre-
viously given in the literature, is obtained when one applies
the present method to two-dimensional minimal surfaces in
five-dimensional pseudo-Euclidean space. Choosing the
normals e, and e, in the manner described above, we obtain
the expressions (70), (71), and (73) and Eq. (72). Besides the
variables that oceur in the four-dimensional case, there now
appear two torsion vectors v;s; and v,s);, i = 1, 2. The Peter-
son-Codazzi equations (33) with o = 5 give

(] ] 6
E, *alz‘ln'z:‘\:i.ﬂlcos “2_.' [79)

0 g
Vaglg GOS8 5 == Vyg)y 511
To satisfy these equations, we must set
i
Vasip = A (ul, u?)sin— 2 ,  Vasu=h(ut, u?) €os =,
(80)

6 .
=pu!, u )0055, Va5 = P (1!, uz)sm-g,

The Ricci equations (34) can now be expressed in the
form

8,,—8, sn—(h2— p?)sin 0=2g%e?sing, (81)
sin%(h',AP.z)'l‘GOS%(he‘1—p9-2)=0’ (82)
cos%(p',—h.2)+sin%(iiz9,2—p9,i)i0 (83)
The substitution
h:'%.z(sin%)-2, p:x_l(sin%)_z (84)

transforms Eq. (82) into an identity, and (83) gives
(o]~ o

Finally, the system (32)—(34) in the case of a five-dimen-

¥Translator's Note. The Russian notation for the trigonometric, inverse

trigonometric, hyperbolic trigonometric functions, etc., is retained here
and throughout the article in the displayed equations.
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sional enveloping space reduces to the following three non-
linear equations:

@, 11— 9,2 =2¢%e¥ cos b,

]
5]
CDS"2~ ] |
0,4—0 55+ 2 5 (#31—uT 2) =2¢%e¥ sinfl, | (86)
sin'a‘i i
(ctgzguli)dz(ctg"%mg)'z_ J

It is interesting to note that the last equation in (86) is identi-
cal to the second equation in the nonlinear Lund-Regge sys-
tem.>8

We write down the general solution of the system (86):

et=17,, B =arccosA,, )

2 2 W 3

Hy — 2 2 E G [l _ Vlz, 1
szﬂ G Ccos 5 e % qcos—a—) )

L CREES B 1)
"=y 8 2 VyzH 2 ’

2t pfpps?lae_ ot L
s1n’ 5 qcosz ad J

Here, A, and A are determined by (59) and (78), respective-
ly, and the covariant derivative V,x* must be constructed by
means of the decompositions (53) and (58).

If the dimension of the enveloping space is increased by
one, i.e., we go Over to # = 6, we again encounter a gauge
arbitrariness associated with the possibility of rotating the
normals es; and e, through an arbitrary angle a. Then
v, = vsg; = — 42, i =1, 2, transform as follows:

v, = —a,, i=1, 2. (88)
The angle a(u', #?) can always be chosen to make the trans-
formed quantities ¥,, f = 1, 2, satisfy, for example, the “Lor-
entz condition”

Via _;2,2 = 0. (89)

It is obvious that for this it is sufficient to take as the angle o
the solution of the equation

@1 — G2 = Vi1 — Voo
Equation (89) is satisfied if

Vi =1hg Ve =1y (90)
Introducing in additionto 4 (', w*) and p(u', u?) in the substi-
tution (80) the new functions r(z', 1?) and s(u', #?),

. b .9
Vaelg = S (U, W) sin 5, vggp =1 (u!, w¥)sin 5,
o \ (91)
Vg =7 (uf, u?) COS =, Vg =5 (ul, u) cos 3

we can reduce the system of Gauss, Peterson—Codazzi, and
Ricci equations (32)—(34) to the nonlinear equations
C.ou—
O =8 o— (A% r2— p? — ) sin 0 = 2g2ev sin O;
WY, 1y — P, 92 = (pr-—hs) cos B;
roa—S i+ i— .p-t tgg (s0, —rB ,)=0;

22— 2q%ev cos 0; \I

0 (92)
Boa—p ¥ 5—% 718 5 (pO (— A8 5} =0;

Sa—r gt P P—P ok Jr"’-"tg*g‘ (30, ,—r0 )= 0;

Poa—h om0, 4t o (9, — 4D, ) = 0. J
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The system (92) consists of seven equations, three of which
are of the second order and four of the first. The unknowns
are the seven functions @, @, 1, p, A, #, s. There probably
exists a substitution analogous to (84) that reduces the last
four equations in (92) to a single second-order equation. The
general solution of the system of nonlinear equations (92) can
be constructed by means of (49) and (78) and the decomposi-
tions (53) and (58). The functions @, 8, ¥, p, k, r, s will be
expressed in terms of eight functions £, ;(u* ),j=1,...,4,
of the single variable u * .

Another method of reducing the system of equations
(32)—(34) in the case of a two-dimensional minimal surface
embedded in six-dimensional pseudo-Euclidean space was
considered in Ref. 45.

It is obvious that the method presented here can also be
applied to enveloping spaces of higher dimension # > 6. The
general solution of Eqgs. (32)-(34) can again be expressed by
means of (59) and (78) and the decompositions (53) and (58) in
terms of 2(n — 2) arbitrary functions Sojlwz)j=1,...,
n — 2, of one variable u * .

A system of n — 2 nonlinear equations describing a rel-
ativistic string in n-dimensional space-time was obtained in
Ref. 78 by complete elimination of the functional arbitrari-
ness in the embedding equations (32)-(34). A different ap-
proach to this problem was considered in Ref. 79.

To conclude this section, we mention that the system of
nonlinear equations (86) was obtained, and their general so-
lution was constructed in the framework of a purely group-
theoretical approach, in Ref. 9. Another form of expression
of these equations was proposed in Ref. 10.

The investigation of the equations that describe mini-
mal surfaces in pseudo-Euclidean space with dimension n>4
is not only of purely mathematical interest, as a method of
obtaining explicitly integrable nonlinear equations, but is
also of interest from the point of view of the relativistic string
model. Bearing in mind that there is as yet no satisfactory
quantum theory of this object, it would be interesting to con-
sider, by analogy with nonlinear sigma models, the 1/2 ex-
pansion in the relativistic string model as well.

4. THE f =+ PARAMETRIZATION IN THE THEORY OF
MINIMAL SURFACES

In the relativistic string model, it is interesting to con-
sider the description of a two-dimensional minimal surface
in Minkowski space when one of the curvilinear coordinates
u' = 7on the surface is identical to the time coordinate of the
enveloping space, x®°=¢ This is the so-called r=r7
gauge.”**® The geometrical description of the minimal sur-
face by means of differential forms in the ¢ = 7 parametriza-
tion leads to new nonlinear equations whose general solution
can be found by a method similar to the one described in Sec.
3.

In the r = 7 parametrization, a two-dimensional mini-
mal surface embedded in #-dimensional pseudo-Euclidean
Minkowski space is described by an (n — 1)-dimensional Eu-
clidean vector x = {x', x%, ..., x" '}, which depends on
two parameters ' = 7 =x" = 7 and #* = o. Equations (49)
and (50), which determine the minimal surface, are now writ-
ten as'>'*
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X — X, =0, (93)
X,%,g = O. (94)

The conditions (94) dictate the following form of the metric
tensor on the surface x(u', 1*):

LI IS, S
x5 +x, =1,

gy = x =sin?0, gy, =x% —cos?0, g,=0 (95

In what follows, we shall need the Christoffel symbols corre-

sponding to this metric:
I, ="r=0cig 9,
Pfi gré‘zi —6. .tg 8,

T, =T5=0 ,ctg8, } (96)
Ff2=P§1: —0 ,tg6.

The two-dimensional surface x(x', %) in the (n — 1)-
dimensional Euclidean space determined by Egs. (93) and
(94) is not minimal from the point of view of this space, i.e., it
does not satisfy the conditions

g9, = 0, (97)
Nevertheless, Egs. (93) and (94), when rewritten in terms of

the quadratic forms g; and b,,;, lead to the same equations
as (60):

o=23, ..., n—1

=3, ... i—1 (98)

The single essential component R ,,, of the curvature tensor
has in the metric (95) the form™

bcz]ﬂ = Dylags

Rmm:'_;_siuQG(O.u_O.zz}- (99)
The Gauss equation (32) can be written as
n—1
SN 20(8 1 —8 5p)= 3| (Bhpa— bin)- (100)

u=3

The construction of the general solutions of the system
of equations (33), (34), and (100) will be based, asin Sec. 3, on
expression of the solutions of Egs. (93) that satisfy the non-
linear conditions (94) in a special basis.

We begin by considering the simplest case of three-di-
mensional space-time in which the minimal surface is em-
bedded. In the ¢ = 7 parametrization, the coordinates x'{u’,
#?) and x*(u?, u?) specify a plane that is the projection of the
minimal surface from the space {x°, x', x*} onto the coordi-
nate plane Ox'x”. In this case, b,; =0 and v.5; =0. The
only nontrivial equation in the system (33), (34), and (100) is
the Gauss equation (100), which reduces to the d’Alembert
equation

941 — 8,00 = 0. (101)
For this simple sample, we shall demonstrate the complete
scheme of obtaining general solutions of Egs. (32)-(34). We

take the solution of Egs. (93) and (94) for the two-dimension-
al radius vector x(¢", #°) in the form

£ (ut, uf) =P (w)—p (), (PL)*=1, (102)
u* = u! 4 u?, ]
W () = 2 {e0s g (u), L Sin g (). (103

In accordance with {95), 8 (1!, u?) is determined by

L

x2 \T
B(zz’,u‘z):arctg( ';1) )

X%,
]

(104)
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Substituting here (102) and (103), we obtain the general solu-
tion of Eq. (101):
1
1—rcos R )
8 (u!, u?)=arctg [ %%%J = % [@+ (W) + o (w)l.
(105)

We now consider a four-dimensional pseudo-Euclidean
space in which the minimal surface is embedded. In this case,
Eqgs. (33), (34), and (100) will not be so trivial as Eq. (101)
considered above.

In the ¢ = 7 parametrization, the minimal surface is de-
scribed by a three-component Euclidean vector x{u', #?),
which gives the projection of this surface from the four-di-
mensional Minkowski space into the ordinary three-dimen-
sional Euclidean space. It is easy to show that with
allowance for (96) and (98) the system of equations (33), (34),
and (100) reduces to the two nonlinear equations

. s (w2 __ .2 -
6, 14— 8,20+ S o1 0= } (106)
(ctg® 0 ), ;= (ctg? 0, 4), .,

where the function x(n', u*) determines the coefficients of
the second quadratic form:

by = by = €lg Ox,y, (107)

The system (106) differs from the well-known Lund-Regge
equations®® by the absence in the first equation of the term
sin @ cos 8. Equations (106) can be obtained from the system
(86) by setting there p— — oo, 8— 26. However, it is not
clear how one is to find a general solution for (106) by pro-
ceeding from the solution for the system (86). Therefore, we
shall construct the general solution for the system of nonlin-
ear equations (106) from the beginning.

We again represent the vector x(u', #°) by means of
(102), and for ¥’, (# * ) we take spherical coordinates in the
three-dimensional Euclidean space:

by, = ctg Ox,;.

1
V2

{Sin 4 €08 @x, = Sin WL SIN Py, +=COS 0L},

(108)

For the function 0 (1", %) we obtain in accordance with
(104)

o (1!, u?)

P (W)=

W ox (UF), Pr= Qs (u*),

1
1—[sin w, sin ®_ ¢os (. -}-@_) —C0s W, cos w_] } 2
1+ [sin @y sin w_ cos (¢, | P_) —cos W, cos w_| "

(109)
Using the cosine theorem for a spherical triangle,*® we
can readily show that 26 in {109) is the angle in the spherical
triangle opposite the side ¢, + @ _, for which the adjacent
angles are @, and @ _.
The system (108) contains only the partial derivatives of
the function x(u", *). In accordance with the derivation for-
mulas (28), they are determined by

%.Attgel‘f{le.z]z > R,a:tge V(vix.'l)z . (110)
It is obvious that the decompositions (102) and (108) make it

possible to express x;, i = 1, 2, in terms of four arbitrary
functions ¢, (#=* }and @, (u* ) of one variable, and there-

=arctg {
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fore we shall not give here these lengthy expressions.

Generalizing the representations (103) and (108} to the
n-dimensional case, we can construct general solutions of
the system of nonlinear equations (33), (34), (100)in the f =
parametrization for arbitrary dimension of the enveloping
space in which the minimal surface is embedded.

5. THEORY OF SURFACES AND LAX REPRESENTATION FOR
NONLINEAR EVOLUTION EQUATIONS

If a nonlinear partial differential equation is to be inves-
tigated by the inverse scattering method, it is necessary to
find for it a Lax operator representation, i.e., to Tepresent
this equation as the result of the compatibility of some linear
spectral problem.*=® General algorithms for constructing a
Lax representation for a given equation do not exist. Gener-
ally, one argues in the opposite direction. One takes a class of
matrix integro-differential operators and considers the con-
dition of their compatibility. This yields a set of nonlinear
equations for which the inverse scattering method can cer-
tainly be used.

As was noted in Refs. 19-24, the theory of surfaces pro-
vides one such series of nonlinear equations. Indeed, the
Gauss, Peterson-Codazzi, and Ricci equations (32)-(34),
which are nonlinear second-order partial differential equa-
tions for the differential forms of the surface, are in accor-
dance with their derivation the condition of compatibility of
the linear equations that describe the motion of the basis
over the surface. The question of the introduction of a spec-
tral parameter into the corresponding linear equations here
remains open. However, in a number of cases such a param-
eter can be introduced by using some symmetry of the non-
linear equation.

Well known is the connection of the sine-Gordon equa-
tion and the corresponding linear spectral problem to sur-
faces of constant curvature.** It can be shown that a similar
connection can be established for other nonlinear equations
solvable by the inverse scattering method. Below, we consid-
er some examples of such equations.

6. GEOMETRICAL INTERPRETATION OF THE EQUATION
P — P =€" —e” %

A complete series of studies®®°* has been devoted to
this equation, which has become known as the Dodd-Bul-
lough equation. An exact S matrix has been found®® for the
corresponding two-dimensional field theory.

The Dodd-Bullough equation is also related to surfaces
of constant curvature, not in ordinary Euclidean space, but
in three-dimensional unimodular affine space.>”

Without pretending to completeness of exposition, we
give here the basic ideas of affine differential geome-
try.>*#4%7 This theory operates with an affine #-dimensional
space whose elements are points (or vectors) with coordi-
nates (x',x% ..., x"). In this space there is defined the group
of affine transformations

2t = elpd 1 b (111)
with the condition det||c}|| £0.

According to Klein,* affine geometry studies the invar-
iants of the transformations (111). The theory of surfaces in
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affine space, i.e., differential affine geometry, can be con-
structed by analogy with the differential geometry of ordi-
nary Euclidean space.’” The theory is based on forms that
must be invariants under the transformations (111) of the
space.

For our purposes, it will be sufficient to restrict our-
selves to the case of a three-dimensional unimodular affine
space. The transformations (111) for the unimodular affine
group SL (1, R ) satisfy the condition

det || e} || = 1. (112)
We shall denote the vectors of this space, like the vectors of
ordinary three-dimensional Euclidean space, by r. We shall
specify the two-dimensional surface in the three-dimension-
al affine space in the parametric form r = r(z’, #?).

In the theory of surfaces of Euclidean space, the main
role is played, as we pointed out in Sec. 2 by two quadratic

forms:
2

@!r.}jlgijduiduJ, ;=T ¢ 5, T ;=or/ou’ (113)
10
and

O, = 3 b;;duldud, bjj=1_ ;m, (114)

1, 3=1
where n is the normal to the surface: n=[r,, Xr,,]/
Jaetllg, .

In unimodular affine geometry, one can introduce the
concept of the invariant volume of the parallelepiped con-
structed on three vectors a, b, ¢:

al a® a®

Vinv = (abe) = bt o® b® .

ct ¢® 3

(115)

Using this, one constructs invariant forms that determine
the surface r(u', #%) in the given geometry. The first quadrat-
ic form

a

Vo= Y giduldu’ (116)
i, i=1
is given by the tensor
= — U ay=(r yr,ir.5), a=det|la;ll. (117)
(la])

In contrast to the Euclidean case, the second form in affine
unimodular geometry is cubic:

Vo= 3 Topdul du du,

i, 3, k=1

(118)

where the tensor T, is determined by means of an auxiliary
vector

m = [1"17\'1'1. 2] {119)
(lan®
exterior to the surface as follows:
Tijn = V;iV;r,m. (120)

Here, V; denotes the covariant differentiation with respect
to the tensor 2.

The tensors g; and T, are symmetric with respect to
their indices and are connected by the apolarity relation
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2T 5 = 0. (121)
Besides the exterior vector m an important part in the
theory is played by the affine normal

) oo (122)
N:-Z JVVJrf—Dr

where [ is the covariant Laplace-Beltrami operator for the
metric tensor g;.

On the surface r{u!, ©%) of the affine space, the moving
frame is formed by the two tangent vectors 1, (u', #*) and
r, (u', #%) and the affine normal N{u', u?). The displacement
of this frame over the surface is described by the derivation
equations of Gauss,

vir,; = Tiw + gyN- (123)
and Weingarten
N,; = Alr,;. (124

As usual, indices are raised and lowered by means of the
tensor g;;, and the quantities 4; are detrmined by

AU—V?.' s ng:
where 2H = —A g
The invariant H is called the mean curvature of the sur-

face, and in the geometry of the unimodular affine group it
plays the same part as the mean curvature

(125)

e % b (126)
in the Euclidean theory of surfaces. A second invariant asso-
ciated with the tensors 4; and g; is the total curvature

det || A5 |l
det || g;xll

Its analog in the Euclidean theory is the total or Gaussian
curvature of the surface:

det || 6351
k= det || 6] 1| = oLy

According to Rado’s theorem,”® the forms (116) and
(118), which are connected by the relation (121), determine
the surface up to unimodular affine transformations if the
conditions of compatibility of Egs. (123) and (124) are satis-
fied.

Wenow turn to the determination of the affine sphere in
terms of the invariants X and H. We recall first that the
ordinary Euclidean sphere r* = R ? is specified in the lan-
guage of k and A by the conditions

K=det | 47| = (127)

{128)

i

h=const= < l=const = —=h2,

= (129)

Indeed, from (113), (114), (125), and (128) and using the fact
that n =r/R for the sphere, we have

1

1 1
Bey = _ﬁ%gﬁ, h=—gbi=g . k=q3- (130)

In the geometry of the unimodular affine group, spheres are
determined as surfaces in which the affine normals intersect
at one point:

r+ RN = ¢, (131)

where ¢ is a constant vector in the affine space. In complete
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analogy with (129), one can show that from (131) there fol-
10w64.65

H = const — .1," , K= H2. (132)

For clarity, we give two examples of surfaces that are affine
spheres with centers at the origin:

sy =1, mps=1,

On the affine sphere, we choose the coordinate system
in the curvature lines®:

~

gu—*gﬂz—e giz g21—0 (133)
It follows from the condition (121) that all the compo-

nents of the tensor 7, can be expressed in terms of two
quantities, which we denoted by 4 and B:

Ty = Topy = A, T222 = T112 = B. (134)

For our purposes, it is sufficient to assume that 4 and B are
constants:

A_—- B=0, H=—

L

5

The moving basis on the affine sphere formed by the two
tangent vectors r, and r, and the normal N (122 is not
normalized. It can be normalized by replacing N by
e, = ¢~ N. Then by means of Eqgs. (117), (122}, and (133) it
is readily verified that the basis {r ,,r,, e} is normalized by
the condition

(rn,l'rzes) = 1. {135)

We now write down explicitly equations that determine
the motion of the basis {r,, r,, e;} over the affine sphere,
using (123) and (124) and making the following change of the
parameters u', u%:

Wl = u? = A (Ut o u?),
where A is a constant. In what follows, it will play the part of
a spectral parameter.®® These equations have the form

; r g | )
dud r.ﬂ)ZQJ Tvz), i=1, 2,
£3 €y

where the matrices 2, j = 1, 2, belong to the Lie algebra of
the group SL (3, R ) and are determined by

(136)

(P 14 Age-¢ (p;)ﬂ 9} e
5 R ]
Q= ——tp:‘z‘z Fhe? El_hie-¢ —2A e |,
hee—@ he-© — @,
T2 P1 0] 9, (137)
2t h e L —Aed 2h e
P, - J o
b —(Pé,l + he¢ —(IéQ—k_e-‘F — Zh e |,
;\._9_"( )\.+eim —(.P' 2 ]

£y o 4
ho= (A7)
It is readily verified that the condition of compatibility
for the linear equations (136),

Q1 Q4o Q1= 0, (138)
gives
P, 44— P, o —eF—e 20, (=9
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This equation is the concrete expression in the coordi-
nate system (133} of a general equation in the geometry of
affine spheres,®

OInJ=6(H +J),

where J = 1/2TV* T}, is the Picard invariant.

In Ref. 60, a Lax representation was constructed for Eq.
(139) in 3 3 matrices by a method different from the one
considered here.

It is not possible to lower the dimension of the matrix
equations (136) in the same way as was done for the sine—
Gordon equation®***% by going over to the spinor represen-
tation of the rotation group SO (3), since the group of unimo-
dular affine transformations SL (3, R ) in three-dimensional
affine space does not have matrix representations of dimen-
sion lower than three.

7.LAX REPRESENTATION FOR NONLINEAR EQUATIONS
DESCRIBING A TWO-DIMENSIONAL MINIMAL SURFACE IN
DE SITTER SPACE

We consider here the system of the two nonlinear equa-
tions'®

Q. 11— @, pp=re%c05 04 e, } (140)

B o—0 p=¢sin, e= + 1.

These equations describe a two-dimensional minimal
surface in space—time of constant curvature. Such surfaces
arise, for example, in the theory of a relativistic string in a de
Sitter universe. Setting @ = 0in (140), we obtain the equation

sinhe, e=—1,

B — % 20= { (141)

cosheg, e= |1,
which describes the minimal surface in three-dimensional de
Sitter space—time. Equation (141) is the generalization to the
case of an indefinite metric of the well-known result in differ-
ential geometry on the embedding of a minimal surface in a
three-dimensional space of constant curvature.?’

We obtain a Lax representation for the system (140) by
using the geometrical nature of these equations. A Lax rep-
resentation for these equations was found by a different
method in Ref. 70. We shall show below why it is not possible
to construct a general solution for the system (140) by the
method described in Secs. 24,

De Sitter space—time can be regarded as a hyperboloid
in a pseudo-Euclidean five-dimensional space with coordi-
natesz, u=0,...,4

(zli)ﬁ _ (zl)?“‘;-r‘ (22)2 . (.’53)2 T e (24)2 e SRE, {142)
wherez = -+ 1 for the de Sitter universe of the first kind and

= — | for the de Sitter universe of the second kind.”

Any submanifold of de Sitter space—time can also be
decribed by differential forms 8> by, and Vaf |i> Which
must satisfy Gauss, Peterson—Codazzi, and Ricci equations.
The Peterson—Codazzi (33) and Ricci (34) equations keep the
same form, while the Gauss equation (32) is modified as fol-

lows'":
A

Rijui— 2 o (bo1wbatit—bo1 uba 1 ix) + J7 (Einkn— Eirgas).

=3

(143)
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Equations (33), (34) and (143) are the conditions of compati-
bility of the linear equations

&

Vitii= 2| eolo| iich — gz E152", (144)
0=3
€, 1= —bg g — D] eveoieh, (145)
T
i i k. =1,2 1, 0...=3, 4,

which describe the motion over the surface 2 = 7 (1", %) of
the basis
3

&
2.1y Z)2

21

noou
€3; €1, ZH.

(146)

By virtue of (142}, the radius vector z* (u', 4?) of the surface
itself plays the part of the third normal in this basis.
Asbefore, the condition of minimality of the surface'” is
given by Egs. (43):
gg15 = 0, (147)
Contraction of Eq. (144) with the metric tensor g7 leads
with allowance for (147) to a well-known result in the theory
of minimal surfaces embedded in spaces of constant curva-

ture,”” namely, the action of the Laplace-Beltrami operator
V; V' on the vector z* is determined by the equation

a = 3, 4.

Vi Vik= —2 '};_a 1 (148)

In contrast to (44), this equation cannot be linearized in any
system of curvilinear coordinates #!, #? on the minimal sur-
face. Therefore, it is not possible to construct its general so-
lution or, therefore, to use the method of obtaining general
solutions of the nonlinear equations (33), (34), and (143) de-
scribed in Secs. 2-4. However, on the basis of the geometri-
cal nature of these equations it is possible to construct a Lax
representation for them.

We first show how the system (140) follows from (33),
(34), and (143).

On the minimal surface, we again take a conformally
flat coordinate system,

Bi1 = —Eap = €79, 1o = goy = 0. (149)
in which the minimality conditions (147) become
balin = bgly, o =3, 4 (150)

If we eliminate from the Peterson—Codazzi equations (33)
the torsion vectors y3,;, { = 1, 2, and take into account (150),
we arrive at (61):

&

d

——= 21 (112 b 12)2= 0. (151)
=73
We satisfy these equations if we set
20, (B y 1 = by 22)? - g2, (152)

=3

where g is a constant. Using (144) and (149), we can rewrite
Egs. (152) in the form

[(vizy +gresan )= v, |- g2 (153)

Thus, in the enveloping five-dimensional space we have two
mutually orthogonal vectors related naturally to the coordi-
nates of the minimal surface. They are the vectors
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3

viztli + R? e=vzi and VZZELP {154)

Directing the normal ¢4 along the first of them and e} along
the second, we obtain

baj1a= by 11="by 22=0. (155)
To satisfy the condition (153), we can set
b3|“=qcosﬂ, buig:qsing. (156)

It is now easy to show that the Gauss (143) and Ricci (34)
equations reduce to the system (140), while the Peterson—
Codazzi equations (33) with & = 3, 4 determine the torsion
vector vy, I = 1, 2, in terms of the function &:

We now turn to the derivation of the Lax representation
for the system (140). For this, we construct from the basis
(146) a new orthonormal basise,,a=1,..., 5:

e—ii = ig:-]':

) 2 ) z 9
e =2z €%, e,=iz 0%,

o (158)

e,=ie,, es=Ve—, e,e,=0..

Using Eqgs. (144), (145), and (158), we obtain the follow-

ing equations, which describe the motion of the basis {&, |
over the minimal surface:

e

dud

1, ....5, j=1,2 (159)

Bl
== 2 wley, @, b=
b=1

where @ are 5% 5 matrices belonging to the Lie algebra of

Vi 1=, Vasle= "5 (157)  the group SO (5):
J
e
0 L} Q.5 Iqe(h? c0S — 0 —_ ];RS e¥/2
ety 0 0 —ge¥2sin 0
0, , (160)
ol= | —iqe®? cos % 0 0 —5- 0 *
0 ge®? sin — — 0:)2 0 0
Ve /2 g 8] (
—Te‘l 0 0
0 % Q.4 0 ige®? sin % 0
_*5‘ P, 0 —ge®/? cos% 0 1-%9‘”2
0 8.1 161
w? = 0 ge?’? cos 0 5 0 (161)
—igew/2 sin% 0 —ﬂ;} 0 0
Y
0 —i L ewr2 0 0 0

We now use the fact that the group SO(5) admits a repre-
sentation by 4 X 4 matrices. In this representation, the gener-
ators of SO (5) are given by’

1 &
Iuv:_{:lvu’ 'Vv}! K, V:11 cuey O (162)
where y,, are the well-known Dirac matrices,
VuVo+ VoPu= 2845 1y, v=1, ..., 3. (163)

For what follows,it is convenient to take a representation of
the ¥ matrices in which the matrix 5 = ¥,¥,¥s¥41s diagonal:

we( §) w0 (5o )

—igy
{164)
where o, are the Pauli matrices, k =1, 2, 3.
We can associate Eqgs. (159)in a one-to-one manner with
the following two systems of linear equations, which each
now contain only four equations:

ioy

0

5
allb:? — 7 E ‘wa (YPu¥vlan ¥o= % QLo Vs, i=1, 2.
1, v>1 ( 165)
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Here, ¢, (u', 4% is a four-component function column, and
¥ are 4 x4 matrices of the form

=4, 2

3
j o) ; .
Q=2 M;‘;ﬂi o VuVys i (166)
To express these matrices explicitly, we introduce the nota-
tion

o (T
=\ai 4]’

21 22
where &,,, in their turn, are 2X2 matrices. Using (159)-

(166), we obtain for @/, in Eqgs. (167) the following decompo-
sitions with respect to the matrices o;:

(167)

ay, = Q%0 “—%:‘731 ai, = —iQ*0, — %i" Ty,
@y, = 0y = —i0, 1_;; e/, afy = A3y = — 0y L. e~ /2,
3, = Q0 — %, 903, @y = —iQo —n (03,
(168)
where Q =ge*, 2x =@ +if, e = + 1.
B. M. Barbashov and V. V. Nesterenko 476



The compatibility conditions for the linear equations
(165),

Ql,—@, +1 e =0, (169)

reduce to the system of nonlinear equations (140). To intro-
duce a spectral parameter in (165), it is necessary to go over
to the new variables %', 7%

al + a? = k(@' + u?), (170)
Then Egs. (140) keep their previous form, while A 4 1/41

combinations occur in the matrix elements 2/,. We shall
not perform these elementary transformations here.

gl — @t = A7 (wt — u?).

8. NEW NONLINEAR EQUATION ASSOCIATED WITH THE
SPHERE IN THREE-DIMENSIONAL EUCLIDEAN SPACE

Reading the material of the previous sections, the read-
er might get the impression that to every surface of a particu-
lar type there corresponds a definite nonlinear equation or
system of nonlinear equations. However, this is not so. Dif-
ferent nonlinear equations may correspond to one and the
same surface. On a surface, one can choose different curvi-
linear coordinate systems and, as a result, obtain different
nonlinear equations. Let us consider, for example, the ordi-
nary sphere in three-dimensional space:
r =r (u, u¥).

(171)

If on it we choose the so-called Chebyshev coordinate sys-
tem, %’

r? =1,

ds® = (dvY)? + 2 cos @ dvt di® + (dv?)?, (172)
then the Gauss equation (32) gives the sine—~Gordon equation
),15 = SIN ©. (173)

But if on the sphere we take the conformally flat coordinate
system

ds* = e?® [(du')® + (du?)?], (174)
then from (32) we obtain the Liouville equation (see the Ap-
pendix)

P11+ Prza = —209, (175)

‘We consider on the sphere (171) a curvilinear coordi-
nate system in which the coordinate lines are geodesic el-

lipses and hyperboloids.**™ The square of the line element

in this case has the form
g2 — _(eu)® 7‘ (dut)®

SInZ(6/2) | cost(6/2) ° (176)

In the coordinate system (176), the moving frame {r ,,

r,, e} is orthogonal but not orthonormal:
g o By-2 By-2

= (sm 7) o (cos -2-) s 141, .=0.
Nevertheless, such a basis is convenient for introducing a
spectral parameter in the Lax representation obtained be-
low.

The possibility of choosing the coordinate system (176)
on the sphere is proved in classical courses of differential

geometry.*””* However, the function 8 (¢, ¥*) cannot be ar-
bitrary; it must satisty a certain nonlinear second-order par-
tial differential equation.** This equation is the Gauss equa-

477 Sov. J. Part. Nucl. 15 (5), Sept.-Oct. 1984

tion for the two-dimensional Riemannian manifold of
constant curvature with the metric (176).

The motion of the frame (r , r,, e;} over the sphere is
determined by Eqgs. (28) and (30):

Vit = byje, (177)

i, j, k=1, 2. (178)
We here take into account the fact that in the case of a sphere
the second quadratic form is proportional to the first!>2*;

1]
0563 = —bil‘,j,

1 1 . By-2
by=—g&u=—(sin5)7>
1 1 y-2
b22:._?g22: —F(GOS‘Z—) y (179)
1
b= _?31220:

and the Christoffel symbols for the metric (176) are given by

I‘flz-ﬁ(p.ictqu,I‘},=I‘;‘=-—cp‘zctgqa,l‘;,=——(p_itg3q),
Fi=9.ctg’p, I',=Tj,=9,tg9, I'h=0,ig0,
p=20, (180)

Equations (177) and (178) now take the form

, L) T,
i I, = s, ]21, 2, [181)
€3 €
where the 3 X 3 matrices o are determined by
—®.10189 @,ctg’ep — R (sing)t|
ot=|—0,0tgp o tgp 0 ,|
R 0 0
L(182)
— 9.2t @ tg@ 0
ol=|—9 g0 @,tge  —Rl(cosg)?|,
0 R 0

The condition of compatibility of the linear equations
(181),

0l — 0! = [a? .

(183)

reduces to the following nonlinear equation of hyperbolic
type for the function @(u'; u?):

1 :
(@, 1te? @), 1+ (9.5 ctg? @), . = —5 (sin 29) 7. (184)

Equation (184) is the Gauss equation (32),
31212 R blzbm = bubwz.

where R,,,, is the essential component of the Riemann-
Christoffel curvature tensor for the metric (176). The Peter-
son—Codazzi equations for the sphere are satisfied identical-
ly, so that instead of the three linear compatibility conditions
for the linear system (181) there is the single condition (184).

If we wish to use the matrices @’ (182) to construct a
linear auxiliary spectral problem, which is needed for the
solution of Eq. (184) by the inverse scattering method, we
must introduce in @’ a dependence on the spectral parameter
A. For this, we take into account the fact that the nonlinear
equation (184) is invariant with respect to the transforma-
tions

vi—ht, i=1,2 RB—=iR o9p—q, (185)

where A is a constant. The linear equations (181) are not
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invariant under such substitutions, and as a result the matri-
ces @' come to depend on the spectral parameter A.

Thus, with the nonlinear equation {184) we can associ-
ate the linear spectral problem

2 _oiayy, i=1,2,

dut {186}

where ¢{u!, #?)is a function column with three components,
and the matrices £' (1 ) have the form

—@, 0189 @, cte’e —%(sinm)‘z
LM = g ,ctze 04129 0 ’
(AR)™ 0 0 (187)
—@actgp @t 0
Q@A) =| —o  tgp @,t80 _%(005 P)E .
0 (AR) 0

By means of the gauge transformation

Qi=gQig—gid,g, i=1, 2,

with the matrix g = diag({sin @) ', (cos ¢) ™', 1) one can go
over to a linear spectral problem analogous to (186) with
matrices £ from the Lie algebra of the group SL (3, R):
2'=g, ctg’pX, + R ~'(sing) "' X;, 22 =@, tg'pX,
+ R ~'(cosg ) "' X, where

010 0 0 —% 00 0
Xi:-iOO,Xzzo 0 O,XaiOO Pl

000 At 0 0 oAt O
[XU Xz]=fX31 [Xza X3] =*X11 [Xs, X;]:fXg-

The metric (176) on a surface of constant curvature was
also considered in Ref. 80 with a view to obtaining a new
nonlinear integrable equation. However, because of errorsin
the calculations the equation obtained in Ref. 80 does not
agree with (184).

9. CONCLUSIONS

The foregoing examples show that the classical theory
of minimal surfaces gives a fairly rich series of systems of
nonlinear equations for which a general solution can be con-
structed explicitly. It is important that the method of con-
structing the solution is purely algebraic, and this explains
its exceptional simplicity.

Besides helping us to find explicitly integrable nonlin-
ear equations, the classical theory of surfaces is also helpful
in finding new nonlinear equations that can be investigated
by the inverse scattering method, as was shown in Secs. 6-8.

APPENDIX

We shall show here how it is possible to obtain the gen-
eral solution of the nonlinear Liouville equation on the basis
of the intrinsic geometry of the ordinary sphere in three-
dimensional Euclidean space.** We consider the elliptic
case, i.e., Eq. (175). As was already noted in Sec. 8, if the
conformally flat system of curvilinear coordinates (174) is
chosen on the sphere (171), the function @ (#',4?) will satisfy
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the Liouville equation (175). Stereographic coordinates on
the sphere are the simplest example of a conformally flat
system. These coordinates are defined as follows. The points
of the sphere are projected by straight lines emanating from
the “north’pole onto the plane passing through the equator
of the sphere. A rectangular system of coordinates u' and u*
with origin at the center of the sphere is introduced on the
plane. The stereographic coordinates of a point on thesphere
are the coordinates 1, #” of its projection onto the equatorial
plane. If 8 and ¢ are spherical coordinates, then the stereo-
graphic coordinates u' and u? are related to them by

u‘:et,gi sin «, u2=ctg% cos §. (A1)

2
The line element on the sphere in these coordinates has
the form
4
A+ e
4dzda
AT
where z = u* -+ it%, and the bar denotes the complex conju-
gate. Thus the coordinates u, 4* on the sphere are confor-
mally flat. It follows from comparison of (174) and (A2) that
a particular solution of the Liouville equation (175) is deter-
mined by the expression

ds?=d02|-sin® B dg?= wh)? - (du?)?]

(A.2)

4 4
T WP - (A-3)

(I+1212)°

o?

We now take into account the fact that the conformally
flat form of the metric (A.2) is preserved under the following
transformations of the coordinates !, u*:
z — @ (2},

Wit > @ (@ i) or (A.4)

where @ (z) is an arbitrary analytic function of the complex
variable z satisfying the Cauchy-Riemann conditions

op oD

_a?_a_z=o.
The transformation (A.4) reduces the metric (A.2) to the
form

(A.5)

e B E o
TuFre rRpe
From this there follows directly the general solution of the
Liouville equation (175):

4|2 A7
P .
o = - (A7)

dst (A.6)

In addition, we obtain a remarkable property of the solutions
of Eq. (175):Iff (z),z = u' + iv*, determines a vector solution
of this equation in accordance with

e¥ = (2),

then the relation
e® = [ (@ @) | DI

where @ (z) is an arbitrary analytic function of the variable z,
will also determine a solution of Eq. (175) (see Ref. 75).

The Liouville equation (175) and the sine-Gordon
equation (173) describe the metric of the same surface [the
sphere (171)] but in the different coordinate systems (172)
and (174). It is therefore natural to attempt to go over from
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the conformally flat coordinates (174) to the Chebyshev co-
ordinate grid (172) in order to obtain the general solution of
the sine-Gordon equation (173) by means of the general so-
lution (A7) of the Liouville equation. However, the problem
of finding such a transformation of the parameters

wh=ul (17, 1%, u? = u2 (l, 12

(A.8)

is less simple than the solution of the sine-Gordon equation

itself. Indeed, for the transition from (174) to (172) the func-

tions (A.8) must satisfy the well-known Servant—Bianchi

equations®’;
§92ul

. dub gui
vt gu®

] _ ul o Qul fui
¥ ot gt

Torar T g = (A9)
where I'j, are the Christoffel symbols for the metric (174),

F%gzl—‘:'zj—rzl':' LP2-2 2 [A"IO)

My=—T},=TI%~ [Pél 5

and it is necessary to substitute the general solution (A.7) of
the Liouville equation in (A.9) and (A.10).
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