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A systematic presentation of the path-integral variational approach to polaron theory is given.
The calculation of the energy, effective mass, radius, mobility, electrical conductivity, magnetic
susceptibility, and other characteristics of the polaron is considered, and also the description of its
behavior in static magnetic and electric fields for arbitrary values of the electron—phonon cou-
pling constant and the temperature. All calculations are made in the framework of the variational

principle for the polaron free energy.

INTRODUCTION

The polaron problem is today taken to refer to a large
group of problems relating to the behavior of conduction
electrons in polar crystals. After some well-known simplifi-
cations, " the system of an electron and longitudinal optical
phonons interacting with it can be described by the Pekar—
Frohlich Hamiltonian

H="L-+ 5 ata+ D) QO (k) (ax+a_x)eicr; (1)
k
;9 1/2
QM =(=)" =,
where r is the radius vector of the electron, e is its charge,
p= —id/dr is the operator of the electron quasimomen-

tum, @, , a, arethe operators of creation and annihilation of
longitudinal optical phonons with quasimomentum k,
which takes values in the first Brillouin zone, £2 is the volume
of the system, and ¢, = (¢ ;' — &5 ") (€, and &, are the high-
frequency and static permittivities of the crystal).”

The strength of the interaction is characterized by the
dimensionless parameter a = e’c,/+/2. It is important that
in the general case it is not possible to regard o as a small

parameter in the polaron problem. In ITI-V group semicon-
ductors, the interaction may be weak (@ < 1), but in many

polar dielectrics and semiconductors of the II-VI group it
can be intermediate (@ ~ 1) and strong (e > 1) in ionic crys-
tals. Therefore, in the general case it is necessary to give up
the assumption that the energy spectrum of the carriers is
determined by a weak interaction between them and the field
of an ideal lattice and that the only part played by the lattice
vibrations is the fact that they lead to comparatively rare
transitions between the states of the electrons in the ideal
crystal. In polar crystals, the electron—phonon interaction
leads to a significant renormalization of the electron spec-
trum (polaron effect), and also to a comparatively strong
scattering of the carriers by optical phonons and to a change
in their dispersion law. All this complicates the description
of the electrical and optical properties of polar crystals.
Qualitatively speaking, the polaron is an electron that
moves together with the lattice polarization which it pro-
duces. The polarization is described in terms of additional
excitation of longitudinal optical phonons. The main quasi-

'Here, all quantities are measured in the following units: for masses

m = 1, the effective electron mass in the conduction band; for energy
#im, = 1, where @, is the frequency of the longitudinal optical phonons;
for length, (fi/ma,)'/? = 1,
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particle characteristics of a polaron are its self-energy, effec-
tive mass, lifetime (associated with scattering of the polaron
by optical phonons), and radius. All these characteristics de-
pend on the coupling constant a and the temperature. The
task of theory is to calculate these characteristics, to describe
the thermodynamics of the electron—phonon system and its
kinetic properties and response to external electric and mag-
netic fields, to study the behavior of a polaron in the Cou-
lomb potential of impurities, and so forth. Intimately related
to the polaron problem are such problems as the exciton—
phonon interaction in polar crystals (an electron polaron
bound by the Coulomb potential to a polaron hole) and the
dipolaron problem (two polarons interacting through the
polarization of the lattice). Historically, it so happened that
strong-coupling polaron theory was initially developed by
Landau,’ Pekar,!* Bogolyubov,*® and Tyablikov,> and lat-
er polarons of weak and intermediate coupling were studied
by Frohlich,® Lee, Low and Pines,® Gross,'® and others. The
first attempt to construct a theory valid for all values of o
was made by Feynman in 1955."" The main aim of these
studies was to calculate the energy and effective mass of a
polaron at zero temperature. The further development of
polaron theory was in the direction of consideration of the
thermodynamics and dynamics of polarons, their behavior
in external fields, and also the creation of new methods for
describing the electron—phonon system. Various review pa-
pers and conference proceedings have been devoted to dis-
cussion of the main achievements of polaron theory.'21°

Polaron theory is already a traditional but nevertheless
very topical field in the physics of condensed media. The
increasing interest evinced for it in recent years is due to the
fact that it was only at the end of the sixties and during the
seventies that reliable experimental data on the electrical
and optical properties of polar crystals began to appear. The
most informative experiments are those on cyclotron reso-
nance, optical and magneto-optical measurements, and the
study of electrotransport in strong fields and the behavior of
hot polarons.'*"'” Studies are made of the dependence of the
effective mass on the temperature and strength of an external
magnetic field, the possible existence of a phase transition
from a free to a localized polaron state,? the observation in
the optical spectrum of free polarons of so-called Franck—
Condon and relaxed excited states, and the dynamics of po-
larons in strong electric fields.

The success of the path-integral method in polaron the-

“In this connection, see also Ref. 132.
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ory is due to the following technical features. First, one can
exactly eliminate the phonon variables from the problem,
which is thus reduced to a single-particle problem described
by a nonlocal functional that depends only on the electron
paths. Second, after this important simplification of the
problem it is easy, using Jensen’s inequality, to formulate a
variational method of solution, a functional analog of Bogo-
lyubov’s variational principle for the free energy of quan-
tum-statistical systems. Third, in the language of functionals
itis easy to construct a class of exactly solvable models corre-
sponding to quadratic functionals, and these are used as ap-
proximating models for variational calculations. This makes
it possible to describe in a unified approach polarons of arbi-
trary coupling, and, moreover, in a wide range of & values it
is possible to obtain an estimate for the ground-state energy
that is more accurate than those obtained in the framework
of the other existing approximations. By means of this meth-
od it is possible to calculate almost all the thermodynamic
and dynamic quantities of interest in polaron theory. Of
course, there is no a priori guarantee that a good approxima-
tion for the free energy also approximates well the other po-
laron quantities (in some cases, this is certainly not so), but,
in general, the path-integral variational approach makes it
possible to create a unified picture of the behavior of the
polaron system in a wide range of values of the parameter a,
the temperature, and the frequency and strength of the ex-
ternal fields. We note, however, that these positive features
are not the exclusive advantage of the path-integral method.
Similar results can be obtained (and in some cases were ob-
tained for the first time) by the technique of elimination of
the phonon operators by means of time-ordered pro-
ducts.?>** Moreover, the approach of Refs. 21-23 has a
number of advantages, particularly with regard to the deri-
vation of rigorously justified results and the proofs of some
theorems. Since these questions are fully discussed in Refs.
21-23, we shall not dwell on them here.

The aim of the present review is to give a systematic
exposition of polaron theory in the language of path inte-
grals. Although individual results are discussed and com-
pared with the results of other models and with experimental
data, the main attention is devoted to methodological ques-
tions: how the path-integral representation is obtained for
each quantity, how it is calculated in the framework of the
variational method, and also the existing difficulties of this
approach. In this connection, we discuss in detail some am-
biguities that can be found in the literature in the calculation
of the effective mass and the polaron electrical conductivity.
The exposition is limited to study of free polarons and their
behavior in external homogeneous fields, i.e., the bipolaron,
polaron—impurity, and exciton—phonon interaction prob-
lems are not considered. Application of the path-integral
method to these problems can be found in Refs. 25-32 and in
the review of Ref. 133.

1. POLARON ENERGY
Definitions

The description of an electron—phonon system in the
framework of the Pekar—Frohlich model reduces formally to
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study of the behavior of a nonrelativistic particle of momen-
tum p that interacts with a quantum boson field character-

ized by momentum X, ka,” 4, and energy > &, 4,. The op-
X

erator of the total momentum of the system
P=p 4+ katax
k

commutes with the Hamiltonian (1),° and, therefore, it is an
integral of the motion, forming together with the remaining
quantum numbers, the set of which we denote by %, a com-
plete set for determining the energy eigenvalues Z (5, P} and
eigenvectors |7, P) of the Hamiltonian H. As was shown by
Bogolyubov,® the mean velocity of the particle in the state
|77, P) is determined by the expression

: A E{n, P
v(n, Py={n, P|p|n, P) i%-’—. (2)

The electron coordinates can be eliminated from the Hamil-
tonian by means of a Bogolyubov canonical transformation®:

be = aol®r, bf—afe-ikr; Pop N kbiby,
k
after which the Hamiltonian takes the form
~ 1012 An 12 aoa A ~
=3[P~ kbthe |+ 3 6th+ 3 QR (i +-59. ()
k I k

We consider the situation at zero temperature (7' = 0).

Let |74, P) be the state of lowest energy E (17,, P) for a
small fixed P. The energy F («) and the effective mass m*(c)
of the polaron ground state are determined by

E (g )= (@) + gz + -+ - @
or,® with allowance for (2),
E (ny, P);E(m)ﬁf%m*(a)vbr... (5)

We now consider the system in the state of thermodynamic
equilibrium at the temperature T". The free energy @ (o, 5 ) of
the system 1s determined by the expression
® (o, )= —— InTr e-PH,

where § = 1/kT, and k is Boltzmann’s constant. The po-
laronfreeenergy F («, 8 )is usually determined by subtracting
from @ (a, F) the free energy of the phonon field in the ab-
sence of the particle®™*:

F(a, B)=®(x, B)—5 2 In(l—ef)
or K

Tre 87

1
F(a, B)= —gIn L

’ (6)
where

i
S || P
ph l;[(i e_B) .

The mean energy U (@, £ ) and the energy eigenvalue E (@, 5 )
ofthe polaron can be determined from F (a, 8 ) as follows?*-3:

U (e, s)zﬁ%fm (e, B); } (7)

E (&, B) =5 BF (@ )~
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In the limit of zero temperature,

gim Fle, B) =éim U (e, [3)* Ilm E (o, B) = E (o). (8)

Path-Integral Representation and Variational Method of
Calculation
Representations for the ground-state energy E (@) and
the free energy F (o, ) of a polaron in the form of path inte-
grals were obtained for the first time by Feynman in Ref. 11
and by Osaka in Ref. 33, respectively. There are various
ways of deriving such representations. One of them is based
on the Feynman-Kac formula,**** which makes it possible
towritethematrix elements (r', Q'| exp ( — BH |r, @ ) of the
statistical operator of the system in the form of an integral
with respect to a Wiener measure’®:
i x(B=r' QD=
', Q' et r, 0= | Dx | DQ
x(0)=r QU=
i

cexpf—{ @t x(m), 0 (01},

0
where H [x(7), @ (7)] is the Hamiltonian of the system:

-

Hix, Q=5 x*+ 4 3 (G +ab)
k
FIVZ Q) geetx— 3 1,
- =2 )

T (BI=ay

i

k qh(ﬂ) Ik

QEﬂJ‘!‘ZQ
Q={a}; )

Dqk}
Q(uS:Q

J

From (9}, we obtain for the partition function of the system

Tre—b — 5 Dx S DQ
x(ﬂ)-—x(lﬂ) QU0)=q(P)

exp{ d'r H[x (1), Qf 17)]}

The integrals are taken over all closed paths x(r) of the elec-
tronand g, (7)(0<7<8 ) of the oscillators, and also over all the
initial points x(0) and gy (0). The integration over the paths of
the oscillators can be done by means of general expressions
(Ref. 35

f .
Dqexp { — iT 5 du [q* - Wi+ vq]}
0

g( 0)=u(B)
] BB
exp { 16 H S dudvy (u) v (v) Cw (u.—v)}
_ 00 ,
28h—— [’.WI
where
Wa —-Wx
e e

Cy (-T) =

7 -+ s
PV _q T _ o BwW

3 Translator’s Note. The Russian notation for the trigonometric, inverse
trigonometric, hyperbolic trigonometric functions, etc:, is retained here
and throughout the article in the displayed equations.
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The result has the form

Tre-bil =Zm ﬁ Dxe-8Ix],
(0=xB)
where
. B
S[x]: \ drxz('c) V[x];
' Bt
Vixj=—3] @*(k) | d | do € (1—0) eix0-x@1; (10)
k 0 0
C(T)=Ci(1’)

and in accordance with (6) we obtain for the polaron free
energy

Fla, f)=—F

X(0)=x(B)

Dx e~Slx). (11)

An equivalent expression was obtained for the first time in
Ref. 33. The generalization to the case when the phonon
frequency depends on the wave vector k is obtained by re-
placing C(r — o) by C,, (T — o), where , is the phonon dis-
persion law.

To obtain a representation for the ground-state energy,
we must in accordance with (8) consider the limit f—co.
Then the terms proportional to e ~# do not contribute to
(10). The sum over k in the first Brillouin zone is replaced by
an integral over the complete k space (continuous limit). We
obtain finally

E(0)= — lim %m | DxeSot;
(¥voe X(0)Z=x( )
B (F ]
¢ B . ]
Sa (x)~73 drxz(r)—wj \ d“f‘]_'l x_:'r)—x(u)l :

0 [ ( 1 2)

The funetional guadratures in (11) and (12) cannot be
calculated exactly, and approximate procedures must be de-
veloped for their calculation. Very helpful here was the func-
tional analog of Bogolyubov’s variational method for the
free energy of quantum-statistical systems.?” For the calcu-
lation of E (a) it was formulated in Ref. 11 and was later
generalized to the case of finite temperatures in Ref. 33.

Let §,(x) be a real functional that approximates S (x).
Using Jensen’s inequality, we can readily show that

F o, BYy<CF+ (S (x) — 85 (x))so, (13)
where F; is the free energy of the system described by the
action functional S;(x):

o _[_’3 ln | Dxe-Sim;
x(0)=x(p)
| D (xpe SNy x] (14)
_ x()Ex(B)
(A [xDs, = Dx ¢ 500%)
X0Y=x(fh)

In particular, at zero temperature

E ()< Ey+ ;im%w—sm (15)
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where E, = lim F, is the ground-state energy of the system

described by the action functional Sy(x).
If we choose for S, the action functional of the free par-
ticle,

1

2
—2— dTX (T),

8=

L

then we obtain the result of the second order of perturbation
theory,

E(e)< —a,

which, thus, is an upper bound for the ground-state energy.
If S, is chosen in the form

B B
S(x):%j dex* (x)—h | drﬁ,
0 0

where A is the variational parameter determined from the
condition of a minimum of the right-hand side of the inequa-

lity (15), then the best estimate is given by
Fla)< — 0.098a%(a > 1), whichis close to the value obtained
by Pekar using Ritz’s variational method':
E(a)= —0.1088a>

The difficulties in approximating the action functional
S'[x] by the functional Sy[x] corresponding to motion of a
particle in the field of a classical potential V;(x) are dis-
cussed in detail in Ref. 35. It is found that for & = 6 it is not
possible by any choice of V,(x) to improve the result ob-
tained for V,; = 0. This shows that, except for the case of
very strong coupling, classical approximations do not ap-
proximate the real physical situation well. On the one hand,
it can be seen from the expression (10) that the action S [x] is
translationally invariant, while the potential field, which
acts on the electron at the “time” 7, depends not only on its
position x(7) but also on its previous position, i.e., it is deter-
mined by the propagation with finite velocity of the distur-
bance produced by it in the past. On the other hand, any
classical potential, the potential Fy (x) of an eAternal source,
will confine the electron near the point of minimum of the
potential and depend only on the position of the electron at
the given time. For this reason, it is to be expected that for
very large c, when the perturbation produced by the electron
propagates with very high velocity, the approximation of a
classical potential will be more realistic.

Variational Functional and Linear Polaron Model

If in the expression (10) for S[x] we expand ex-
p {ik[x(7) — x()]] to powers of k of second order, omit the
212
constant term, and make the substitutions z % —
k
C, C(r — g} Cy(r — o), we obtain the functional
B
Se [x]:% ) dt x2 (1)
- 0
B T

+¢ [ as [ doCy (t—o) |x(x)—x(0) (2.  (16)
G
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The functional S,(x) is the action [the analog of S (x) in the
Pekar-Frohlich model] for a system in which the electron is
coupled, not to the lattice, but to some other particle of mass

M by means of a “spring,” i.e., for the model described by the
Hamiltonian

A

Hp—2 + 2o Lhr—r' 2, (17)
where W =k /M and C = MW 3/4. Tt can be seen from the
expression (16) that Sy[x] is translationally invariant, and the
potential acting on the electron is also determined by the
prehistory of its motion, as for the functional § [x]. In addi-
tion, all the path integrals that occur in (13) and (15) for S,
can be calculated explicitly.'"** The optimal values of the
variational parameters C and W are determined as functions
of @ and 3 by the condition of a minimum of the right-hand
side of (13).

An action functional of the form $y[x] for the electron is
also obtained in Bogolyubov’s linear model of electron—
phonon coupling®'~**?® determined by the Hamiltonian

ﬁﬁ%ﬁ”%wz(vhi) 243 Waga + )
k

+ 2 iQp () (k-x) (ax -+ ai); (18)
X

"ZZH“%Z We

|

[

K04 (k) l

’ )

The Hamiltonian fIU, like the Pekar—Frohlich Hamil-
tonian, has the properties of translational invariance. Here,
the part of the total momentum, commuting with the Hamil-
tonian, is played by the operator

Po=p— 3 - Qo (k) (ax+ab).
k

If we denote by Ey(7, Py) and |77, P,) the energy eigenvalues
and eigenfunctions of H,, then for the mean velocity of the
particle in the state |77, P,) we have®®

V(n, Po)=(n, Po| p[m, Poy=-""0"0, (19)

The electron coordinates can be eliminated from the Hamil-
tonian by means of the canonical transformation®'

R LS T AU R RIS TP

,. A k .
Py=p— ) 55 Vo k) (bx+ bi)-
k
Then the Hamiltonian becomes
HBy=n | Byt 3 5 0o () B+ B0) |+ 3 Wikt (20)
k k

It is not difficult to diagonalize ?Iﬂ by canonical transforma-
tions of the phonon operators. The result is**®

A ]3& aoa
Ay=3 W (v—1)+ b+ 3 WCitly 21
k

3
+ R Wy — 1)L,

i=1
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o~ o~
where C ", C, are new phonon creation and annihilation
operators. The operator of the electron momentum can be
expressed in terms of Py, &', E‘k by the formula

1)2

It follows from (19) and (21) that for the linear model the
ground-state energy E, and the effective mass m¥ of the po-
laron are given by

By= 2 W (v—1); my—v2, (23)

p=P,— V2w (vi_1) (ck +éi). (22)

Note that m¥ = 1 + M is the total mass of the two-particle
Feynman model (17). The free energy of the polaron in the
linear model is

Fy (B)

2 3, 1—e PWY
N . i
vEQEM ] 1—e BY

(24)

:%W(vAii)—l—-%ln

Thus, the linear polaron model is an exactly solvable model
of the electron—phonon interaction, manifesting the effects
of the renormalization of the ground-state energy, the effec-
tive mass, and the phonon frequencies. Therefore, if the val-
ues of the parameters v and W are chosen suitably, the linear
model can serve as a good initial approximation for calculat-
ing the equilibrium polaron characteristics.

The expression (16) makes it possible to generalize the
linear model to the case when the electron interacts with a
distribution of oscillators of all possible frequencies. In this

case, the action functional has the form3°*?
R )
8016, xl=—5 S dvx? (v) + V, [G, xI:
0
o B
VolG, x= | aw G (w) [ avx (23)
— 00 0

T
« | doe o0 | x (1) —x ()7,
0

where the function G (W) satisfies the condition
G (—W)==e-BVG (W).
In the special case of the functional (16),

G (W' =Tfrm., [8 (W' — W) — & (W' +W)].

The effective polaron mass for the model (25) has the form?®

m¥ (G)=1-+4 E aw Glf;f) .

—co

Use of the Variational Principle

All the path integrals in (13) and (15) can be expressed in
terms of the correlation function

Ji (v — @) = (@i m-x@lyg (26)

The explicit form of the integral (26) for the functionals (16)
and (25) can be found in Refs. 33 and 41.
In particular, it is possible to calculate E (@) and F (, )
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for different values of @ and 3. For this, it is necessary to find
the optimal values of the parameters v and W as functions of
@ and f3. In the general case, the problem must be solved by
numerical methods, but some limiting cases can be treated
analytically:

a) for zero temperature and weak coupling!

v =1+ 2a/27; W =3; E (a)< — a — a?/81; (27)
b) for zero temperature and strong coupling'!

v="9 _2@n2+0+1; C=05712 W=1; (g
. T3 = 1y,
E@<—5—5 (224 C04+5);

¢) for low temperature (8 > 1) and weak coupling*®

vl RS W3 (1 jqj); }
Flo, < n s —a (1+ &)~ (1+3);
— (29)
d) for low temperature and strong coupling*?
v="SE—2@m2 Ot Wt
Flo p)< gpin g "r— (30)
f.;';‘fu(21nz+5+%)+ (7 j%)

efforB< landayB <1, v=1+40@/B), W=6.50/

B (Ref. 20)

Fla, B)<=; 'ﬁ szgg*a(%)w(l_l_%)_

(31)

E(a, p)=—-Z (%)”E (1 + 0,024ap/2),

Using a computer, Schultz** showed that the values of
E (a)for 3<a< 11 arelower (and therefore better) than all the
estimates previously obtained. All the numerical results and
asymptotic expressions (for « — 0 and @ — « ) for E (@) are
compared in Ref. 45.

The corrections to the results of Ref. 11 with allowance
for the terms of second order in S — S, in the expansion

(et B) =Fot5(S — Sobs,
1 (32)
__Z_ﬁ [(S—So)z)su _(S ‘—’So)??a] + e

were obtained in Refs. 45 and 46. The result of Ref. 46 agrees
with the exact result of fourth-order perturbation the-
ory.*”*® For strong coupling, the results of Refs. 45 and 46
are closer to the best estimate of adiabatic perturbation the-
ory of Pekar, Bogolyubov, and Tyablikov'*:

E (&) = — 01085z — 3/2.
The asymptotic behavior of E (o, ) for # » 1 and & < 1 has
the form™*

ia

E(Q’., ﬁ):'—a—i— 3z prc {33)
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In Refs. 49 and 50, Feynman’s model was generalized to the
case when the action functional has the form

B
Sy lx] = — | drx3(x)

i

+5 3 C,
- n=1

=]

drdoe™ " 0" x (1) —x (o) |2,

= ——n
=L

where C,, C,, W,, W, are variational parameters. Calcula-
tion of the ground-state energy by the variational method
leads to a small improvement of Feynman’s estimate, by
0.08% for @ = 3 and by 0.15% for @ = 5. In the weak-cou-
pling limit the result of the calculations 1is
E (@)< — a — 0.012583a”. Another generalization of Feyn-
man’s model was proposed in Ref. 45. It was analyzed in
detail in Ref. 132. The discontinuities in the derivative E (a)
at a~5.8 and large values of & (see Ref. 132) are interpreted
as a phase transition of the polaron from an unlocalized state
(@ < 5.8) to a localized state (@ > 5.8), and the critical value
a. = 5.8 is associated with the radius of convergence of the
perturbation series, which according to the arguments of
Refs. 51 and 52 must be finite. These discontinuities were
also obtained in Refs. 51-60 and 132, but with values o, ~ 6—
50. In our view, the question of phase transitions with re-
spect to & posed in Ref. 61 has not yet been solved.

The effect of the finiteness of the Brillouin zone was
considered in Ref. 44. In this study, the first Brillouin zone
was replaced by a sphere of radius k, = 27/a, where « is the
lattice constant. The continuous limit corresponds to
ko — oo. Schultz estimated the relative shift of £ («) for
a = 5and 0<a<R,/0.9, where R, = (2Ww) ! is the polaron
radius in Feynman’s model. It was shown that the relative
shift is less than or of the order of 11%. It is assumed that at
very high temperatures the polaron self-energy must vanish
and its effective mass must become the mass of a conduction
electron. This is due to the fact that the thermal motion
breaks up the ion polarization that the electron produces
around itself. However, such a picture 1s not realized in the
calculations given above. In accordance with (31), E(a,
B)— — o asff— 0. In Refs. 62 and 63, this situation was
explained by the fact that the definitions (6) and (7) do not
take into account the changes in the energy of the phonon
subsystem due to the renormalization of the phonon fre-
quencies by the electron—phonoen interaction. According to
this point of view, part of the free energy F («, £ ) and the self-
energy E (@, £ )is to be ascribed, not to the polaron, but to the
phonons, whose frequencies change by an amount dw(k) pro-
portional to 2 ~ ', Of course, the procedure of “dividing” the
interaction energy between the polaron and the phonons is to
a large degree arbitrary, but however we do it, it does not
vanish in the limit 8 — 0 in the framework of the existing
approximate methods of calculating the energy for the Pe-
kar—Frohlich model. When one considers one electron inter-
acting with a macroscopic subsystem, a more natural picture
is one in which the properties of the macroscopic subsystem
are not modified by its interaction with the electron, and the
effect of the interaction leads only to a change in the energies
of the electron states and to transitions between them.
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Note that ¢, must vanish at very high temperatures.
This must lead to an “undressing” of the polaron that, if e is
regarded as constant, is evidently not contained in the Pe-
kar—Frahlich model.

Allowance for the finiteness of the Brillouin zone at
high temperatures has the consequence that the results (31)
are valid under the conditions 8 < 1, @ 8 < 1,8k2%/2> 1.

If we let B tend to zero for fixed k,, we obtain

E(a b= (L))" k2 > 0).

1

This corresponds to the classical value of the polaron energy
determined by the minimum of the functional § [x]:

65 [x] = 0; x (0) = x (P},
the solution of which is x(7) = 0.

2. THE RADIUS OF A POLARON AND THE NUMBER OF
EXCITED PHONONS

Definition of the Radius of a Polaron. The Path-Integral
Representation

In the framework of the Pekar-Frohlich model, the
electron—phonon interaction is regarded as the interaction
between an electron and a polarizable continuum. Let P(r) be
the operator of the polarization of the longitudinal optical
phonons. Then

. v
Hp=e { o T2 (34)
o
where the operator of the density p{r) = — V-ﬁ(r) of the po-

larization charge is given by

: 1 o \MZq b o 4 LTl g 2
o (r)= ”?2 ( ;(Q) kge e "5 ge—= )/ -z—(akTatk)'
* (35)

Tt is well known that this will be a good approximation if the
main contribution to the interaction energy is made by re-
gions of the crystal at large distances from the electron. The
polaron radius is a parameter that makes it possible to estab-
lish a quantitative criterion of applicability of such a descrip-
tion (the polaron radius must be much greater than the lat-
tice constant).

Let p(r) be the mean density of the polarization charge.
The potential energy of the interaction of an electron with
this charge distribution is

v=ef{an L8 (36)

fe| 7

23
and the total charge of the distribution is g* = J d*1p(r).
12

The radius of the polaron can be nominally defined as the
distance R that must separate the electron from the point
charge g* if the potential energy of their interaction is to be
V. It follows that

\‘ d*r 91 E-?
1 __ & ) (37)
Rz, P) i -
a

For the system described by the statistical operator
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exp (— ﬁf[ ), the density p(r) is by definition

[ d0(0 et 00, @ 1e—PF]0, )
p(r)= = - ;
{ a0, @ le=P")0, )

where the statistical operator is given by the expression (9).
After integration over the phonon paths, we arrive at the
result®

B/2
o(r)= %_ S etker S dTC (T) (o= k-3 (M
K b

g* =ecg;
0 - (38)

{ _dnos 1 R
FEHw D | OO |

where C (7} and (e ~**"} ¢ are defined in Sec. 1. Note that if
no allowance is made for the temperature dependence of the
parameter ¢, the total charge g* surrounding the electron is
constant

Polaron Radius in the Linear Model

In the framework of the linear model (18), the interac-
tion between the electron and the phonons is equivalent to
interaction with a fictitious particle of mass M =12 — 1
bound to the electron by a spring. Therefore, for the polaron
radius R, one must here take the distance at which one must
fix the fictitious particle from the electron to make its poten-
tial energy with the electron equal to the mean value of the
potential energy, i.e.,

e Bt (39)
" Tr e_ﬂﬁ¢’
whence?
3 W
Ry =2 cth B2 (40)

In the limit # — w, R5 — 2;} this result was obtained

v
for the first time in Ref. 44. At zero temperature and in the
case of weak coupling, we obtain, taking into account (27),

1

o
HH=W(1—'2—7'), 0’4<<1,
while for a > 1 it follows from (29) that

Ry—ie Y, &34

The value of R, = /3/2Wv was also compared with the lat-
tice constant of various ionic crystals in Ref. 44.

Calculation of the Polaron Radius

To calculate R (a, £) and p(r) in the framework of the
variational method, it is necessary to replace (¢ ~**"); by
(e~ ™*) ¢, in the expression (38). In the path-integral ap-
proximation, we obtain*?
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~— B2
1 /2
8

‘R—m =YV i/ dtC (T) fﬁiﬂ (T);

o_—

I

eegvs
o (r) = {2;)3,-.. S
]

}
¢4
C(v) 12 (x) exp | — |
' )
The values of v and W in (41) can be determined from the
condition of a minimum of the free energy. Thus, it is possi-
ble to study the dependence of the polaron radius and charge
density on the temperature and the coupling constant. Let us
consider some limiting cases*:

a) f=o0; a1l R(a):],’/%(iﬁ_:‘)‘_?);

as o—0 R(a)-»ﬁ(()):—}‘f;

and

p(r)— ?m‘ e\p{—ﬁ};
b) P=o0; a3>1; R(Gt) gg 1/ %T;
cla<l; B> 15 R(a, ﬁ)zl/%(l__:;ili?*%ﬁ :-JE)
d) p<t; el Bt

R, H=VFZ. i Blst koo

R, B)=g==—, it B0, L
It is evident from these expressions that the polaron radius
decreases with increasing value of the coupling parameter &
and the temperature and that at very high temperatures the
condition R > a is not satisfied. The behavior of R (a, 8) for
B < lindicates that at high temperatures the phonon modes
with large wave vector play an important part in the elec-
tron—phonon interaction.

We now consider the calculation of the number of
phonons excited by the interaction and their momentum dis-
tribution. In the absence of the electron—-phonon interaction,
the number of phonons with quasimomentum k is deter-
mined by the Bose—Einstein distribution:
|
—1 "

Ny =
k GE'

The interaction of the electron with the lattice polarization
leads to an additional excitation of optical phonons. We have
Tratae Bl

(@ta) ——=_——_ (42)

Ny = (afay) = N§ + 0Ny —
Tre-BH

To find N, , we consider the somewhat more general Hamil-
tonian

=2 1 S o (k) agie+ 3 Q () (@ +d%y) eior. (43)

k k

Using the Feynman-Hellman theorem, we can write
N, hlis o «S(IJI

bm (k) fom=t  bdu(k

(44)

@ (K)=1"

1 _pEn e . .
where @, = — — InTre #7 is given in accordance with

(6), (10), and (11) by
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1 1 ¥ ;
O=g Il gl | DSt )
k

x (0)=x (B)
where §,[x] is obtained from S[x] by replacing C(r) by
Cy (7)- Differentiating @, with respect to w(k), we obtain

2

=
-~

8Nk=* (k) |

1 Bshr

- [_TC (") —% &

J (el [x (T -x (m)ly
(46)
where 7 = |7, — 7,|. Since (" ") =5=I1) . depends only on

k|, for the momentum distribution density of the excited
phonons we have

=

ny = (1 )3 e A2k 6_1Vk,
o B (47)
m=L2% | ge[<C () — 4 :hj*é;)] (elk-[x (en)—x (ra)ly

i

The total number AN of excited phonons is determined by
integrating n, over all values of k.

The expressions (46) and (47) are exact and make it pos-
sible to determine n, as a function of @ and 5. Note that
ne = \2a/m for a and B. To calculate n; in Feynman’s ap-
proximation, it is necessary to replace (e’ X1} by the
function J (7) (26). Making the calculations, we obtain

- B2 \

2a 3 1 psl |

sy LA Sdf[rc(r)fﬁ-‘ihﬁ‘ﬁfz]e |
av [ 1 fsht .

N — Ve \ dT(TC(T)— 5 ~h W qu('r !

0
We consider some limiting cases. At zero temperature,

|

iy, =P V2 o T W
i
(1 ) e
< e 1
= 20" nl k2 ot
n=l { L (1+W+leﬁ'\‘)
el 1
N 2 .
o~ 2 FT b
(1+ )
~OEY i_ 2 - o 2 _IJ_}.
AN__m{(_) u)[L erf (n)] e** + vl
- |
M=

49
With increasing &, the numbr of short-wave phonons exci(ted)
by the interaction increases. In the limit @ — 0, AN tends to
the well-known value a/2 and as @ — oo, AN — 4a?/37.
With increasing temperature, the distribution function n,
becomes less steep—more and more short-wave phonons are
excited. In the limit 8—0, a/f —0, we have

h, = a2 /m AN — a2 7k /.

3. EFFECTIVE POLARON MASS
Effective Polaron Mass at Zero Temperature

At zero temperature, when the electron—phonon system
is in the state with lowest energy and the number of real
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phonons is zero, the entire energy and the entire momentum
of the system are transported by the polaron. In this case, the
effective polaron mass is determined by (4) or (5). Other defi-
nitions of the effective mass are possible, namely, in terms of
the energy shift of the polaron ground state in a weak mag-
netic field.**° Such “magnetic” masses are considered in
Sec. 4.

To calculate the effective mass of the polaron ground
state in the framework of the path-integral variational ap-
proach, Feynman'' proposed that the energy of a polaron
moving with velocity u can be found by generalizing the
expression (12) to the case when the integral is taken over all

paths x(7) with boundary conditions x(0) =0, x(#) =u .
Thus,
E(u)=E (@) + —mhuz 1 .. =
" (30)
= —lim L \ Dxe’sq} (‘)-
B0 J

XAB)=x ()+up

Approximate calculation of the path integral in (50) leads to
the expression

3/2

3 -
LY
1+ dte— 712 [ T +——

i:: F3E 3 (14_(‘-11\’1)‘]

(51)
When the optimal values of the parameters v and W are
substituted in (51), it is possible to estimate the effective mass
mg over the complete range of values of the parameter a. In
the limiting cases of weak and strong coupling, we obtain

e o |
mF*1+6‘1 31 ok 1;

= (ijgl_)f%- (14+2In2+C), a3 1.

In the leading order in &, these expressions are identical to
the results of perturbation theory (@ < 1) and the adiabatic
approximation (& 3 1). The coefficient of &” in the expres-
sion for m¥ when @ < 1 is 0.024 691. This is close to the
exact value of the fourth order of perturbation theory4748.

m*a) =1+ % +0.023676a>

Numerical calculations in accordance with the expres-
sion (50) fora =3, 5, 7, 9, 11 were made in Ref. 44. Tt was
shown that mg is somewhat larger than the optimal value of
the effective mass of the linear model, m#¥ = 17, but the dif-
ference between these quantities is less than 10% and de-
creases with increasing a.

The determination of the effective mass m¥ in accor-
dance with (50) is intuitively reasonable and leads to general-
ly accepted results in the well-known limiting cases. How-
ever, a priori it is not clear whether the mass m¥ given by (50)
and the effective mass m* determined by the expression (4)
are equal (see also Ref. 70). This question is further aggravat-
ed by the fact that the direct generalization of the definition
(50) to the case of finite temperatures by replacement of the
functional Sz [x] by § [x] (10) leads to an unphysical result for
the effective mass.

In Ref. 20, the effective mass m* was calculated by
means of the asymptotic behavior of the free energy in the
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limit § — oo . We note here that the method of determining
m*(a) using the asymptotic behavior does not make it possi-
ble to find the temperature dependence of the effective po-
laron mass.

The effective mass of the polaron ground state (7= 0)
can also be calculated on the basis of the exact path-integral
representation for the lowest energy of the system for a fixed
value of the total momentum E (5,, P),”""

E (Mg, I’):E(oc)—im——-p-z—){— voo=—1lim -+ InTr e=Bil,

2m* (= Bco P
(52)
where the symbol Tr denotes averaging over the complete set
P

of states of the Hamiltonian (3) for fixed P. The expression
(52) can also be written in the form

E(ny, P)= —lim 3 In | S0 ot R Tr (o-bi-imb) (53

Booo P (2m)?
and leads to the following path-integral representation for
E (7,, P):

P2
2m* (@)

1 B#R .
= — Jim — In | ——= eR-P
po P 5 @

E (g, P)=E(z)+ + o

Dxe” SF™. (54)

X (B)=x(U)+R

An equivalent expression for E (7, P) was obtained for the
first time in Ref. 71. Calculation in accordance with (54) in
the framework of Feynman’s variational method leads to the
expression (51) for the effective mass m*(a).”! Note, how-
ever, that the determination of the effective polaron mass
through expansion of its energy in powers of the total mo-
mentum P does not admit, in our opinion, direct generaliza-
tion to the case of finite temperatures. For T 50, this expan-
sion strictly speaking does not have a meaning. For T" 50, a
definite fraction of the total momentum of the system is
transported by real phonons, and it is impossible to identify
P with the polaron momentum.

In Refs. 49 and 50, the Feynman effective mass (50) was
calculated by means of the proposed or generalized vari-
ational functional. The result differs from (51) by about
0.4% for @ = 3 and by 1% for a = 5. As was shown in Ref.
44, allowance for the finiteness of the Brillouin zone for
a =35 and 0<a<R,/0.9 leads to a change in the effective
mass m¢ by ~4% and increases the difference between mj
and m¥.

Effective Polaron Mass at Finite Temperatures

The temperature dependence of the effective polaron
mass was studied in Refs. 33, 43, 62, 64, and 73-80. As we
have already said, the definitions (50), (51), and (54) do not
admit direct generalization to the case of finite tempera-
tures, and the very question of the definition of the effective
polaron mass at a nonzero temperature is rather conten-
tious. This is due, of course, to the fact that at 7= 0 the
electron interacts with the lattice *““vacuum” (zero-point vi-
brations). For T'#0, real phonons are present and care is
needed to define the characteristics of the polaron in this
situation.®* The standard approach to the calculation of the
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energy, effective mass, and lifetime of quasiparticles at finite
temperatures in terms of the single-electron Green’s func-
tion encounters serious difficulties when applied to the po-
laron problem. On the other hand, the difficulties are asso-
ciated with taking into account the translational invariance
of the system when formulating various approximations.®!
By the Green’s function method it has been possible more or
less to progress in the calculation in the first order of pertur-
bation theory in @. The expansion parameter is not , but &/
(1 — e~#), so that the region of applicability of the resulting
expressions contracts with increasing temperature.

On the other hand, the temperature dependence of the
effective polaron mass is of undoubted physical interest, in
particular in connection with the interpretation of cyclo-
tron-resonance experiments in polar crystals.®*=®! Measure-
ments made in CdTe (Ref. 84) and AgBr (Refs. 85 and 86)
crystals in weak magnetic fields (o, < 1, where o, is the
cyclotron-resonance frequency) show clearly that the cyclo-
tron mass increases with the temperature at low tempera-
tures (€ » 1). Itis not entirely clear®*%°' whether a purely
polaron effect is observed or whether this is a consequence of
the presence of impurities. One way or the other, a detailed
discussion of the different approaches to the definition and
calculation of the effective mass is worthwhile.

The majority of theoretical studies devoted to the calcu-
lation of the effective polaron mass at finite temperatures
can be put into one of the following groups.

A. The effective polaron mass is estimated in terms of
the effective mass of an approximating model [for example,
m@¥ = v* in the case of the model (21)] used to calculate var-
tous physical quantities (the free energy in Ref, 33 or the
electrical-conductivity coefficient in Ref. 75) for optimal val-
ues of the parameters of the model. A shortcoming of such
anapproach is that it is not clear how to calculate the follow-
ing corrections in order to establish whether the mass of the
model is a good approximation to the value of the effective
polaron mass.

B. The effective polaron mass is defined through the
change in the free energy or the self-energy of the polaron in
a weak external field. In Refs. 77 and 78 it was assumed that
in the presence of an electric field of strength E the system is
in the Gibbs state of thermodynamic equilibrium described
by the statistical operator exp { — B (H + eE-r)}. This is a
rather strong simplification of the polaron problem in an
electric field. We note in this connection that investigations
of the exact stationary solution of the Boltzmann equation®?
show that in weak fields the momentum distribution func-
tion differs strongly from the Maxwellian form. This renders
difficult the physical interpretation of the ““inertial mass’ of
the polaron calculated in Refs. 77 and 78. The “magnetic
masses” defined in connection with study of the behavior of
a polaron in a magnetic field are discussed in Sec. 4.67-68

C. The effective polaron mass is defined in terms of the
free energy or mean energy of the system in a mixed state for
a fixed mean value of the total momentum (Refs. 43, 62, 64,
and 73-80). In such an approach, the following question
arises: What fraction of the interaction energy or the total
momentum of the system at finite temperatures belongs to
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the polaron and what fraction belongs to the phonon subsys-
tem? As we have already noted above in connection with the
definition of the polaron energy, the answer to this question
is to a certain degree arbitrary, and this leads to a certain
arbitrariness in the results. Definite expressions for the effec-
tive mass at finite temperatures were obtained in Refs. 43,
62, and 73-80. Most of them predict that M (&, ) — 1inthe
high-temperature limit 8 — 0.°%7>-% In the case of low tem-
peratures, it follows from the results of Refs. 33, 43, and 76
that M (e, B ) increases with the temperature at low tempera-
tures, and in accordance with Refs. 62, 73, and 77-80 the
effective polaron mass decreases monotonically for
0T < 0.

To determine the effective polaron mass, it is necessary
to know the additional energy that the system acquires when
the particle moves with a small but nonzero mean velocity v.
Such is the picture observed in a frame of reference S’ mov-
ing relative to S with velocity — v. In §", the Hamiltonian
H’, the statistical operator p', the free energy @', and the
mean value P’ of the total momentum of the system are given
by®*

H=H—v.P; @’:exp (—Bﬁ’); Q' = —%]nTr{)';
p_Tebe
Tre'

(35)

To find now the polaron free energy F' and the mean

value IT' of the polaron momentum, we must, as in (6), sub-

tract from @ and P’ the contribution of the phonon field in
the absence of interaction in the system §’. We have

(o, By v)=D" (2, B, v)— l
\
{

-ﬁ(ﬁ—\:-’l"!
—lzlni—,:—j—lnn;z—ﬁ_-
B = 1_{\—%‘1; f ph (V) (56)
« k e
Oz, B, v)=P' —3 o=~ (e Bov),
e —1 ]

wherew, = 1 — kev are the frequencies of the phonons in the
system S, shifted by the Doppler effect. It is assumed that v
is sufficiently small for the inequality w;, > 0 to hold in the
first Brillouin zone. The partition function of the phonon
field in the system .S’ has the form

Zon(M=1]

kK l1—e

i
Bog

If we now define the effective polaron mass M(a, 5) by
means of an expansion of F'(a, B, v) in powers of v,

F'(a, B, v)=F (@ B)—5 M(x B)vi—..., (57)

where F (a, B), the free energy, is defined by Eq. (6}, then it
follows from (56) that

I (o, B, v) = M (a, By v + ... (58)
Thus, a change in the velocity of the particle by a small
amount leads to a change in the polaron momentum by the
amount M (e, B )v. This makes it possible to give a definite
physical meaning to the “thermodynamic” mass M (a, ). It
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is to be expected that under the influence of a weak external
force that varies slowly in time compared with the character-
istic time of establishment of thermodynamic equilibrium in
the system the polaron will behave as a quasiparticle of mass
M (a, B} with a certain lifetime 7 (at low temperatures,  is
very large). Such a picture is realized, for example, under the
influence of a weak external electromagnetic field, provided
@ <€ 1(see Sec. 6). Using Eqs. (2), (4), (5), (56), and (57), we can
readily show that®
Lljim M (o, B) = m* (a). (59)
We note that already in Ref. 6 Bogolyubov emphasized that
the effective mass must be defined as the coefficient of v* in
the expression for the energy. For the linear model (18), the
procedure used above leads to the correct value of the effec-
tive mass m¥ = +*. Indeed, it follows from (21), (23), and (24)
that
1 Tre=fHo—v-F)

F(}:wﬁﬁ——]n m
k

=Fy (B)—— mive.  (60)

Representation in the Form of a Path Integral. Variational
Method

In accordance with the definition (57), the calculation of
the effective mass M (a, ) reduces to calculation of F'(a, S,
v), which is the free energy of a polaron moving with velocity
v. Formally, one can introduce an imaginary velocity ¥ = in
and consider the quantity

F(a, B, w)=F(a, B)+5 M (e, Buis...

— B[H—iu.P]
e In Tre

B Z or (iv) (61)

For the example of F(a, B, u) we now illustrate a different
method of obtaining path-integral representations for the
variables of the electron-phonon system. To this end, we
write the Hamiltonian (3) in the form

H = v+ H, + i, (62)

where =P — 3, kb b, Hy=3,bb, H =3,0k)
X (b + by ). Then

Lol

Tre-Bti—iu- P _

o SdWe“*“"‘Sppe"ﬁﬁtr&([3), (63)

a ~ ~

where O (r)= Hire — ‘?""’, b r)=bee 7, b= b o el
By means of the identity

B e .
5(ﬁ):TeXP{—S dt [Hi (™) 4‘%_‘;2(1)”
foe,
dTn2(T)
! Te:(p{—

A
EDne “ 0

a

g (f; (O +m @ @) (64)

L]

| ——

| drnzr)

1
T

=

S Dre
A
and bearing in mind that P commutes with H,, we obtain
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k

where

Wi (n) =Tr [ e -B Ve gy { dT [0 (k) by (v)

+—o(k)6a(r)—-ik-n6;(r>3k(rn}j. (64a)

Using the results of Ref. 93, we can write W, (%) in the form

Wg(m)= i OXP By (m);
ko (64b)
M) = L—ig | dmo),
b
where
T1
i T1 To—T1+ik. j dTn(t)
R =@ {§ s [ ans™ """
b 0
1‘2
t1-T2+ik- ) dan(o)
) o
-+ \dr ; _ .
9 i[; ’ M g

Making now the change n(r) = x(7) of the functional varia-
bles and taking into account the definition (63), we arrive at
the result obtained in Ref. 64:

Fla, B, uy= Dxexp{—S[x, u]},
X(B)y=x(0)+u(B) (65]

1
e In

B
where § [x, u] = %f dr%*(t) + ¥ [x, u] and

o
B f
u]= — Z Q2 (k) \ dt, 5 dr,
k 0 0 (66)
etl—’r-z
FUFIk-1)__¢

Vx,

r e’t_—’[l
L l_e—ﬁtl-—\k-u) +

] ellsx(T1)-x(T2)],
In the limit # — <o, the expressions (65) and (66) lead to
Feynman’s expression (50), i.e.,

lim F(z, p, u)

f-roe

= £ (u).

Then hm M e, B) = m¥E, from which, with allowance for

(59), it follows that mE = m*. For the linear model (18), the
quantity analogous to F(a, 3, u) is determined by the expres-
sion

Hn—-iu . ﬁu)

Tre

¥ EPZ%W)

and it is not difficult to obtain for it the following path-inte-

Fy(B, u)= =F, (ﬁ)+% m3u? (67)
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gral representation®®;

Ry wy=—5n |

x()=x{0) +up

Drge— . 11, (68)

where
P b )
S, [x, ul=— S drx? (1) + Vy [x, u]; l
- I (69)
Vo [x, u]—ﬂ \ dt, 5 dt,Chw (Tl—rz);;(ti);c(rg). !}

0 0

Integrating by parts in (69), we can write V[x, u] in the
form®®

o B T1
Valx, wl=C 3, | dx, 5 d, {o-BWn-W(w1-t)
=0 0 0

X|x (1) — x (1) —upn|?
+ o-BW(n+ 1)+“‘(11—‘52)|X (1;1) —X (1;2} —uﬁ (n4+1) |2}

The last expression can be obtained from (66) in the same
way that the functional S,[x] is obtained from .S [x] in Sec. 1.

Note that the functionals S [x, u] and S,[x, u] are real for
real u. It follows that

{70)

ﬂm&ﬂé%mm+%wmuh&umﬁw

where

Dre~ 5% 9l 4 [x, u]
x(P=x(0)+uf

(4 [x, u])§,= g ST W]

X(P)=x(0)+up

We see that the effective polaron mass is equal to the mass
mg of the linear model plus a correction given by the term
(S [x, u] — Sy[x,u]}5 . Thus, the result of Ref. 33 here corre-
sponds to the zeroth approximation.

In the case of the model (25), when the electron interacts
with a distribution of oscillators of all possible frequencies,
the functional S,[G, x, u] has the form

B
=1 | ave 1,06, x, ul;

SO [G1 X, u]
0
v aw g
VolG. x, ul=2 | TG ) | drlj
-0 D 0

Xdr,e-Wit1-T2)y (71) X (Tz)

and the effective mass of the model is given by*®

dW,.

)fu-f &0,

Dependence of the Effective Polaron Mass on the
Temperature

The calculation of the path integrals in (70) leads to the
expression

F(a, B, u).{_%]n%—(— % u?
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M (1) = fﬁz 7 Gon) (70a)
n=1
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For the effective mass M (@, 3 ) we then obtain
< k0 () e p e
Mo, B =1+ 30| dwe
k 0
20 (1) — Pt
X {T C (1) pTYT—
oy e PHD e
(et —e=) + B (95_1)2} (71)

On the basis of (71), let us consider some limiting cases.
a) The Case of Low Temperatures. For e B &1, weob-
tain in the path-integral approximation*?
/2
S dre~"12
0

[elt-F)+57 ]

Mo, B)=1+

o
3Va
e (72)

The expression (72) is a generalization of Feynman’s result
(51) to the case of low temperatures. Taking into account (29)
and (30), for very low temperatures we have*

3 2 o?
M (e, ﬁ)=1+%+?%+§1—a2+0,235—ﬁ—,
a<<l, >4
do? \2 4ot ~ 9 (73)
M@ =) — 5 (1+2m2+0—5),
a1, f>1.

The expressions (73) show that the effective polaron mass
M (a, B )increases with the temperature at low temperatures.
This dependency is due to the nonparabolicity of the polaron
dispersion law E (15, P).

In Refs. 43, 82, and 94, the relative shift of the effective
polaron mass predicted by (73) is compared with the experi-
mental temperature dependence of the cyclotron masses that
is observed in polar crystals for e # <1 and @, < 1. In
CdTe[a = 0.4 (Ref. 88); #wy,/k = 245 °K (Ref. 83)], the mass
shift in accordance with (73) for a change in the temperature
from 4.2 to 60 °K is 4%, while experimentally it was 5%.%*
In AgBr [a = 1.6 (Ref. 83); #iwy/k = 190 °K (Ref. 83)] arela-
tive mass shift of 5% was observed in the interval from 4.2 to
19.1 °K (Ref. 85), and 2% from 17 to 23 °K.*® The expression
(73) predicts 7 and 2%, respectively. Note that at low tem-
peratures the effective mass is much more sensitive to the
temperature than the polaron self-energy, for which the first
temperature correction is of order a 8 ~* [see Eq. (33)].
Therefore, no shift of the self-energy was observed in optical-

401 Sov. J. Part. Nucl. 15 (4), July-Aug. 1984

absorption experiments in AgBr in the range from 4.2 to
40 °K (the expected shift was about 3 meV,** of the order of
the experimental error).”® If one takes into account the ex-
perimental errors, the influence of impurities, the finite val-
ue of the magnetic field, and the possibility of taking into
account terms of higher order in a and f ~, it may be con-
cluded that the expression (73) explains in principle the tem-
perature dependence of the cyclotron polaron mass. Analyt-
ic expressions for the effective polaron mass for § » 1 were

also obtained in Refs. 67, 73, 74, 77, 79, and 80.
b) The Case of Very High Temperatures. For B < 1,

v — 1 and the expression (71) leads to the result
)]

(73a)

M B =ty () (A (L 3 -

alV B,

where ,F,(a, b, z) is the confluent hypergeometric function.
As usual, two limiting cases can be considered:
k3

) Bcts B>ty M (w, pi— L2 ()"

i) p>t; Bty M p=1+o= ()"
The last expression corresponds to the classical limit. Such
an expression for the effective mass is also obtained by calcu-
lating E (u) in the classical approximation, i.e., when the min-
imum of the functional S is sought on paths satisfying the
conditions

Eq (u):{lﬁim %S [%¢1, ul;
88 [z ¢p, ul=0; x¢] (0) =0, %1 (B)=up-

The solution of the last equation has the form x () = ur.
Note thatin the limit # — 0 the effective mass M («, 5 ) tends,
not to unity, but to its classical value. Here, the discussion of
the “undressing” of the polaron given in Sec. 1 in connection
with the high-temperature behavior of the polaron energy is
valid. Note also that the dependence of M (a, ) on k, for
B < 1 agrees with an increasing importance of short-wave
phonons in this limit, an indication of which is the behavior
of the polaron radius and the distribution of the excited
phonons at high temperatures. Expressions for the effective
polaron massfor 8 < 1 were also obtained in Refs. 67,73, 77,
79, and 80.

(74)

4. EQUILIBRIUM CHARACTERISTICS OF A POLARON IN A
MAGNETIC FIELD

In the presence of a static homogeneous magnetic field
of strength h, the electron—phonon system (1) is described by
the Hamiltonian

A4 g 2 “ A
=3 (p+2 A) + 3 afax + 3 Q (8) (@+ate) e,

k k (75}
where A = é—(hx r) is some potential.

The path-integral method was used in Refs. 65-69 and
96 to study the behavior of a polaron in a magnetic field. Of
greatest interest is the calculation of the polaron susceptibil-
ity,5%7:% the ground-state energy and the free energy of a
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polaron in the magnetic field.****° and the magnetic masses

determined on their basis.®>"% In Ref. 96, Peeters and
Devreese predicted the existence of a phase transition of the
first kind from the localized to the free state of the polaron
under the influence of a sufficiently strong magnetic field.

The point of departure for these calculationsis the path-
integral representation for the free energy of the polaron in
the magnetic field®:

Fla b og=—p T

]

——tm Dxe™ S5 @l

|

*(0)=x(B) }
; l
5 drlz (v )-7:2("5)_5'71(7 ) &y (TH]. J
i}

u‘.u)c

Sx, oJ]=35 [x]+

(76)
Here, S(x) is determined by the expression (10),
@, = eh /c, and it is assumed that the magnetic field h is
directed along the z axis. We note immediately that although
the free energy F (o, 5, @) is a real quantity, the functional
S [x, @] is complex. Therefore, the proof of the variational
principle for the free energy by means of Jensen’s inequality
does not apply to F (e, B, @.). It is clear that the total free
energy — (1/8)InTr e ~#5¥ of the system satisfies Bogolyu-
bov’s inequality,?” but an inequality of the type (13) for F (e,
B, w.) has not yet been proved.
The static susceptibility y (e, £) is defined by

y(a, p)= —2LCB o) .

aw? ©. =0

in conjunction with the use of (76):
B
k(o B)=—§ | dvdo [z, (v) 2, (1) 2, (0) 2, (o)
y . (77)
— {2y (v} 2y (V))g @y (0) 2, (0))].

To calculate y (@, 8) in the quadratic approximation, it is
necessary in (77) toreplace the functional S [x] by S,[x]. Fora
quadratic functional (x,(r)x,(7))s, =0 and the approxi-
mate expression for y (¢, £) is

1w w}
’)(((Z, ﬁ)z"ﬁ' 21 Zﬁu()iu)n) . (78)

For a free particle Z(iw, ) = (i@, )?, and the expression
(78) leads to the well-known result yo.(3)=(1/24) 8. For
the linear model, the susceptibility is

v
&

%o (B) = s+ s (v3— 1) (v-+ 3) oth

+ B(f;; Y csche W.f” : (79)

The low-temperature limit of this expression was obtained
for the first time in Ref. 65. By analogy with the expressions
for the susceptibility of the free particle and the linear model,
the magnetic polaron mass was defined in Ref. 65 by means
of the expression
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i [ 242 B) Y g 242 (e, B)
T il e 0)

For a polaron, Z (i@, ) can be determined from the vari-
ational principle for the free energy by Eq. (71). If to solve
this equation by successive approximation we use a zeroth
approximation, then for Z(iw, ) in the first approximation
we obtain
Bi2
S drC (%) (1—cosw,7) 1% (%),

)
3 V o
If we now substitute this expression in (78) and then in

(80) and bear in mind that the series in (78) converges uni-
formly, we obtain

Zy (i

o0
2,—T
mh—mF—m*W1+ j‘ dit?e

) ~ 1372
l-.c_]_ .VW\; (1—e lV'U‘I:)J

(81)

Vn

We consider the approximate expression for the free
energy of the polaron in the magnetic field:

F(OC, 51 mn:):'F()(OE': ﬁr mc)+'§'(S_SO)S()' {82}

As an approximating functional S,[x, @ ] we take with
allowance for the symmetry of the problem

B
So[x, 0l =5 | dvxt (1)
0
ﬁ

\ dt [z, (7) l'2 (t)— II () 2, (T)]

0

1mc

-+

3 ] B T
+3 | awe, ) {4 | doe=w-9) |2, (1) —z, ()12,
0

i=1 -0 0
(83)
where
G (W) — G (W) =& (W), Gy (W) — &y (B);
Gy (—W)=G; (W)e-tW,

However, it should be noted that it is not clear whether (82) is
an upper bound for the true free energy of the polaron when
w, #0. The expression for the free energy that follows from
(82) and (83) has the form

F(@, B, @)= In gy

Qs
1 < w4 (imn)?
~F 2 7 e 175, Gen T ot
1. g OhZyGen) | 22 (i00) [Z) (i0n)+0})
'ﬁ'z { Z, (ion) Z (10n) - 0308 }
B2
~ 3 02 (k) f axC (1)
k 0
xexp{ =S (K+E) O @+ED @1}, (84
where
Ziy (10,) = (i0,)* {1+ 45° 5 G L
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The expression (84) is identical to the one obtained in Ref. 68,
and for

G (W)=0G, (W’):i—_% (8 (W' —W)—8 (W' +W)]

leads to the result of Ref. 65.

In the case of a weak magnetic field (@, < 1) it to be
expected that the model which leads to the best estimate of
the free energy for w, = 0 also gives a good approximation
for F (a, B, & ). In such a case, expansion of (84) to the second
order in @, leads to the expression®’

2 2
W3 0F

1 20
F (o, B, 0)=F(z, ﬁ)+“’ﬁ“‘§1 In {1 + Zrion }

For finite 8 we readily obtain from this the expression (78)
for the susceptibility.®’

The ground-state energy of the polaron in the weak
magnetic field has the form

E(a, 0.) = Blim Flo, B, 0, = E (@) + AE (a, @),

where AE (@, ». ) in the given approximation is

0RO }
Zp (i0n)

!
AE éfg 5 El In {1 +
For a free particle AE = @_/2, and for the linear model
AE = @_/2v*. By analogy, we can also define one more mag-
netic mass m 4, , which determines the renormalization of the
energy of the first Landau level due to the electron—phonon
interaction®®:

AE — o /2m,.

So far as we know, a proof that m, is equal by definition to
the effective ground-state mass of the polaron has not been
published, though on physical grounds one expects them to
be equal. In Ref. 67, it isshown that in the quadratic approxi-
mation

. Zy (iop)
my=my=lim ———2—
A H Broo (lwn)‘

Then, with allowance for (81},

mp =My =mp=m* (85)

The expression (85) shows that systematic calculation in the
framework of the quadratic approximation with allowance
for the first correction to the one-oscillator Feynman model
leads to equality of all these masses.

In Ref. 96, the ground-state energy of a polaron in an
arbitrary magnetic field was calculated using a functional of
the type (83) with the special choice

c
G, (W)= 1—%_‘__ [6(W—W,)—8(W-+Wil;
—e
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€
Gy (W)mTWW(W—I- W) —8(W+W)l;
W3 (v2 — 3 2 __
CH SRR L (\’4” i H C_l = '—‘—W'L (‘\;'L 9 . (86)

It was assumed by Peeters and Devreese®® that the ex-
pressions they obtained for E (¢, w,_ ) give an upper bound for
the true energy of the polaron ground state in the magnetic
field, and they minimized it numerically with respect to the
parameters W, v, W, v, in the region ¢ >4 and @, > 2.
JE (@, ®.)
———hasa

(24
discontinuity at the point o, (@.)>4.21, and for @, = 2.24
and a, = 4.21 the derivative M is a continuous func-

5 da
tion but M
da?

They found that for w_ > 2.24 the derivative

diverges. From this it is concluded that

forw, >2.24, a >4.21 the system undergoes a phase transi-
tion of the first kind, while the point a, = 4.21, @, = 2.24
corresponds to a phase transition of the second kind. At the
points (@, , @, (@, )) the transverse mass v7 of the model exhib-
its a discontinuity, and this makes it possible to interpret the
phase transition as a transition of the polaron from a bound
state in which the electron together with the phonon cloud
rotates in the plane perpendicular to the magnetic field, to
the free state of lower mass in which the phonon cloud does
not succeed in following the motion of the polaron. Experi-
mentally, such a phase transition must be clearly reflected in
the magneto-optical spectrum of crystals with a sufficiently
strong electron—phonon interaction, for example, for po-
laron holes in CuCl (@ = 4.36) and TeCl (@ = 4.2). Bogolyu-
bov’s linear model for a polaron in a magnetic field was in-
vestigated in detail in Ref. 135. It was shown that for an
isotropic dependence of the parameter of the electron cou-
pling to phonon modes of equal frequency the Hamiltonian
can be diagonalized.

5.POLARON MOBILITY
Kinetic-Equation Method

The problem of electrotransport in pelar crystals with
allowance for the polaron effect has been widely investigated
by various authors in the framework of an approach based
on the Boltzmann equation. There is a detailed review of all
studies up to 1967 in Ref. 13, so that here we shall discuss
only the basic features and difficulties of applying the kinet-
ic-equation method to calculate polaron mobility. A syste-
matic exposition of methods of obtaining kinematic equa-
tions for dynamical systems interacting with a boson field
and their application to the polaron problem are given in
Refs. 21 and 22. A generalization of the Boltzmann equation
for a polaron to the case of an arbitrary electric field was
obtained in Ref. 97. The investigation of exact steady-state
solutions of the Boltzmann equation, the difficulties of the
Maxwell approximation, and linearization with respect to
the electric field are discussed in Refs. 92, 98, and 99.

It is well known that at sufficiently low temperatures
{ B> 1) and low frequencies of the external field (o < 1) the
electrical conductivity in a polar crystal is determined by
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“rare” scattering of carriers by acoustic phonons and impur-
ities. One can then proceed from the concept of the existence
of a quasiparticle (polaron) with dispersion law £(p), its mean
free path being large compared with its de Broglie wave-
length. As a consequence, the behavior of the carriers is de-
scribed by the momentum distribution function W (p, t),
which is determined as the solution of the well-known Boltz-
mann equation with allowance for the quantum-mechanical
nature of the dispersion law of the polarons and the probabil-
ity of their scattering by the acoustic phonons and impuri-
ties. Since the scattering by the acoustic phonons is quasi-
elastic, while the impurity scattering is elastic, it is not
necessary to know the wave function or dispersion law of the
polaron at high velocities. The mobility has the same form as
for electrons in homeopolar crystals, and differs only in the
replacement of the effective electron mass by the effective
polaron mass m*(a).

With increasing temperature, there is an increase in the
contribution of scattering by optical phonons, which be-
comes dominant when f~ 1. The Boltzmann description is
satisfactory if the following conditions are satisfied: a) the
interaction is sufficiently weak and the cross section in a
single-scattering event can be calculated by perturbation
theory in the lowest Born approximation; b) the successive
scattering events (absorption and emission of optical phon-
ons) are sufficiently well separated in time, so that the quan-
tum-mechanical interference between them can be ignored.
The corresponding Boltzmann equation has the form

aw (p, t) W (p, 1)
——=t - 2E (3] %
== v(p, PYW(p, )—v (@', D W(p', t)]. (87)
o
where E(t) is the vector of the external electric field, and
v(p, p)=20Q2(lp—p’|)
Mo 22 14)
XL — =

G B

ef —1

1—e~F +
Such an equation describes electron scattering by optical
phonons, i.e., it does not take into account the polaron effect.
It was derived rigorously in Refs. 21 and 22 for the Frahlich
model in an electric field in the second order of perturbation
theory [terms of order a” and aE(t ) are ignored]. Approxi-
mate solution of the Boltzmann equation'® leads to the fol-
lowing expression for the electron drift mobility:

p= - G (B) (ef— 1) p™"

as B — w,G[ﬁ]ﬁuL‘g)li,andp—)(e/Za}eﬁ;asBﬂO,

G(B)— landu — %e B'%a =7~ "2 Therearevariouspa-

pers (Refs. 4, 44, 100, and 101) in which the Boltzmann de-
scription is generalized to the case of an arbitrary coupling
constant a.

The results of Refs. 4, 100, and 101 predict that the
polaron mobility increases with increasing coupling con-
stant at sufficiently large o. Qualitatively, such a behavior is
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explained'™ by the strong screening of the polaron—phonon
interaction, which for @ > 1 compensates the decrease in the
mobility due to the increase in the effective polaron mass.
It is very difficult to establish clearly the limits of appli-
cability of the Boltzmann approach in the case of intermedi-
ate or strong coupling. It is to be expected that it will hold at
low temperatures, when the collision duration times (which
are of order ) are much less than the relaxation time 7. At
such temperatures, 7 is very large and is determined by other
scattering mechanisms. However, at the temperatures for
which scattering by optical phonons is the main relaxation
mechanism the Boltzmann-equation method is invalid.

Kubo’s Method

In the case when not only perturbation theory but also
the very method of using a Boltzmann equation is invalid,
the polaron mobility can be calculated by means of Kubo’s
general formula

u=~i—eﬂﬁ

dt (v, (0) v; () v, (2) B, (OV, (88)

ot—g

where D, (£ ) is the i-th component of the electron velocity op-
erator in the Heisenberg representation. On the basis of (88),
the calculation of the mobility reduces to determining the
time correlation function of the velocities for a system in the
state of thermodynamic equilibrium:

- . -BAL (07
(D, (0) 0 () - T "1 @i ()
Tre—P4

Osaka'® applied the expression (88) and the path-inte-
gral method to calculate the polaron mobility at low tem-
peratures and an arbitrary coupling constant. He assumed
that: a) the mobility is determined solely by the asymptotic
behavior of the time correlation function (5,(0) d, (¢ )); b) this
asymptotic behavior has the form of an exponential function
of the time. His result agrees with the result of Ref, 100
obtained on the basis of a kinetic equation. A difficulty of
Osaka’s approach is that to make concrete calculations it is
necessary to adopt additional and strong assumptions about
the time dependence of the correlation functions, these evi-
dently being equivalent to assuming the validity of a kinetic
equation of Boltzmann type.

Kubo’s expression (88) was also used in Ref. 104 by
Langreth and Kadanoff to calculate the low-temperature
polaron mobility in the fourth order of perturbation theory.
They expressed the velocity correlation function in terms of
the two-particle Green’s function. The latter was then ex-
panded in a series with respect to single-particle Green’s
functions and the electron—phonon interaction. Their result
has the form

u=2ia(1-—'§~) (eB—1).

Note that for & < 1 Osaka’s formula for the mobility gives a
very good approximation to this expression.

Nonequilibrium Density-Matrix Method

"The most general expression for the polaron mobility at
intermediate values of the coupling constant and the tem-
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perature was obtained in Refs. 39 and 105 on the basis of an
approximate calculation of the nonequilibrium density ma-
trix of the electron-phonon system by the path-integral
method. In Ref. 105, the mobility is obtained from the gen-
eral expression for the polaron electrical conductivity o(w) in
the limit @ — O (@ is the frequency of the external field), and
in Ref. 39 from the expression for the steady velocity v(E) of
an electron in an external constant electric field in the limit
of weak fields. The result of Ref. 105 is

. el fg-"."? y3
YT 3yn shB2
" ‘T cos u dit
e r; -
‘ 21 B vi—1 pWv B (v®—1) cosWwvu -3/2
0 \fc + A +B v e B J
sh 3

(89)
In the limit of very low temperatures, (89) leads to the
expression

!

which differs by the factor 3/2 8 from the expressions of
Refs. 100 and 103. Since the result of Refs. 100 and 103 must
be correct at least in the weak-coupling limit, it can be con-
cluded that (89) leads to an incorrect temperature depen-
dence of the polaron mobility in the limit 5 — o. The rea-
sons for this difference are as yet not entirely clear. In Ref.
105, the discrepancy was attributed to the invalidity of the
employed approximations at @ = 0. On the other hand, as
was noted in Ref. 21, the approximate method used in Ref.
39 is equivalent to the assumption (when o < 1) that the
steady solution of the Boltzmann equation has the form of a
Maxwell distribution with a certain mean velocity, and this
assumption leads to an incorrect expression for the drift mo-
bility at low temperatures. However, obscurity remains be-
cause (89) is obtained by two entirely independent methods.

6. CALCULATION OF POLARON ELECTRICAL
CONDUCTIVITY BY THE PATH-INTEGRAL METHOD FOR THE
DENSITY MATRIX

To overcome the shortcomings of the theory of electro-
transport phenomena in polar crystals based on the Boltz-
mann equation and with the aim of creating a unified theory
of the polaron impedance for arbitrary frequencies, tempera-
tures, and coupling constants, Feynman, Hellwarth, Id-
dings, and Platzman (FHIP)'® calculated the polaron linear
response function by the nonequilibrium density-matrix
method. For the linear response function, they obtained an
exact representation in the form of a double path integral,
which was then approximated in the framework of Feyn-
man’s one-oscillator model. The approach was developed
further in Refs. 41, 75, 102, 106, and 107. The expressions
obtained in this manner for the electrical conductivity make
it possible to describe in a unified manner the polaron effects
in optics, in galvanomagnetic phenomena, in cyclotron reso-
nance, etc. The difficulties of the nonequilibrium density-
matrix method are associated with the presence of a certain
arbitrariness in the determination of the approximate
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expression for the impedance,'%-'%" and this must be re-
solved on the basis of physically reasonable but mathemat-
ically nonrigorous considerations; they are also due to the
fact that the method leads to an incorrect low-temperature
dependence of the polaron drift mobility. An alternative ap-
proach that makes it possible to overcome the first of these
difficulties is discussed below.

Expression for the Conductivity in Terms of the Response
Function

An electron—phonon system in the presence of an exter-
nal homogeneous electric field E(# ) acting along the x axis is
described by the Hamiltonian

H(t)y=L teE )24+ 3 aian+ et 3 Q () [a - aty] eileor,
k k

(90)
The factor e is introduced in order to achieve adiabatic
switching-on of the interaction, and it corresponds to the
limit #, — — o0, and theng — 0.

The nonequilibrium statistical operator (¢ ) of the sys-

tem has the form
o ()=U (E; t, to) p(to) U*(E, 1, 1), (91)

where U (E; t, t,), the unitary operator of time evolution, sat-
isfies the equation

i%DA’(E: £, t)=H (6 U (E; ¢, t,);

t >ty U(E; 1y, t)=1.

Let (x(t )} z be the mean value of the coordinate x of the
electron at time ¢:

(@ (@e=Tr{zp(®)}
The linear response function of the system is given by

Y (1—0) =4 e @ () > 50, L<0<T,

and the conductivity o{w) can be expressed in terms of it by
means of the formula

o (o) = ic*0Y (o); 92)

Y (o) = g dtelovY (1); Y (v) =0 for 1< 0,

where ¥ (w) is the admittance of the system, an analytic func-
tion of @ for Im @ > 0.

To determine the function ¥ (7 — ¢), it is sufficient to
consider the response of the system to an external field
eE (s) = &6 (s — o). Then

Y (1—0)= 5 (= ())s=-

We now consider the generating function
g(& W=Tr{U(E: 1, 1) p(t) U*(E"; 1, L)}, (93)

where

E(s)=80(s— o) +nd (s — 1)
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E(5)=E8(—0)—nd(s 1),

It is readily seen that

fp<to<" Tt

(s =5 2G|y

and for Y (r — o) we then have

Y (r—0)=5 s & & M (94)

E=n==0 ~

Thus, the calculation of the electrical conductivity re-
duces to finding the function g(&, %) in terms of which
Y (r — o) is expressed.

Path-Integral Representation for the Generating Function

To obtain an expression for g(£, #) in the form of a path
integral, we rewrite (93) in the form

2@ M= 5 S 5 S { { dsr dor’ dér" dQ dQ’ dQ”

@ QIUE: 1, ) | v, Q) ', Q19 () 17", Q7
x(r, Q|U(E"; t, t,) | ", Q")*. (95)
Then, using the Feynman-Kac formula for the matrix
elements (r, 0 |U (E; 1, t)|r', @), we obtain

, QU (E: t, t,) |7, Q7
x(t)=r Q=0 t
= 5 Dx 5 DQexp{-*i g diH [T, x(7), Q(r)]}.

Xt)=r" Q=@ t

For ¢ = £, when the electric field has not yet acted [we con-
sider the response of the system to the field
ek (s) = £6 (s — o)] and the electron has not interacted with
the phonons, e — 0 as #, — — oo, it is natural to assume
that the phonon subsystem is in the Gibbs state of thermody-
namic equilibrium at temperature T. The choice of the initial
conditions for the electron is to a certain degree arbitrary,
but the most convenient assumption is that the electron is in

a state with a completely uncertain value of the momentum.
Then

(© 1 e "F| gy

v, Q lp () 1, Q=06 (' —17) e
fde( e ™ F| )

whence
', Q' lp(t) |7, Q7
Q= { g
DQ exp {——2- 2 5 4t [gf (v)-+af (T)]}
P ) k
=§(x" —1r") - B
[ »pe exp{ Ly g dt (g2 (1) + gk r)]f
AN=Q(H kD

The Gaussian path integrals which occur here can be readily
calculated (see Refs. 102 and 105), and the result is

@ @ 1h 157 @) =0 @) [T (32 )
, 1 ’
X exp { — TP [(Qk +gx)?ch p— 2511;9'&]} .
To obtain the final expression for g(£, %) we must now:
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a) integrate over the paths of the oscillators in the ex-
pressionsfor {r, 0 |U(E t,2)|r', Q" yand (x,Q |U (E';t,15)|e",
0 ") by means of expressions of the type (9) (see Refs. 102 and
105);

b) integrate over O, @', and @ " in (95);

c) make the change of variables x(s) = r(r — s).

Then in the limit £, — — o we obtain

I'(De)':l"(oo)

g n= DrDr'ei®r. ), (96)
r{0)=r’{0)
where
=
D(r, x)

- { dt{%— [ (t) — 2 (8)] + E () 2 (t) —E' (1) 2’ )}
0
+V )=V ()40 (x, 1)
V(r)
=i > Q2 (k) 5 di 5 dse=sU+3 [i (£ — g)] elk-[e(D)-r(s)],
k 0 0

U(r, )

——ixem| |

k

di dse—eUFOC [i (1—s)] elk-[x(D)—r()],

of—g

-
(97)
The integral in (96) is normalized in such a way that g(£,
0) = 1. The expression (96) represents a significant simplifi-
cation of the problem compared with (93), since the phonon
variables have been exactly eliminated. The outcome of the
elimination is an effective electron—electron interaction de-
scribed by the functionals ¥ (r), ¥ *(r'), and U (r, r'). The phys-
ical meaning of these terms is discussed in detail in Ref, 70.
In particular, it is shown that U (r, r') is responsible for dissi-
pation.

The expressions (92), (94), (96), and (97) can be readily
generalized to the case when the conduction electron is char-
acterized by a tensor effective mass /%, the system is subject
to a magnetic field h, and the electron interacts with several
branches of the phonon spectrum, each of which is charac-
terized by a dispersion law @, (k). ***!"7>1% The Hamiltonian
of the system in this case has the form

H=F (p++A) = (p+2A) +eB@r

+ D {0, (k) at, wi, «+ Qp (k) [0k, o - "

n, R

.l €T} (9g)

1
A=o(hxr).
Then
0= 1Yy, (w);
P @
Yy (r—o)= %%‘E‘ka—m g(E m) IE=11=0

and g(&,
now have

) is determined by the expression (96), in which we
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Or, v')= | dt {50 mr@—r @-m ¥ o+

(H
+ B (6) =K (1)-r' (1) + 5 [2 (1)-(r (&) x b) —

=2 (1) (1) < W1} AV ()= VE () U (v, ¥);

I
Vir)=i Z 0 (k) \ dt ‘ ds e—elt+s) 3
n k [

X Coonioy [1 (£ — 8)] elk-Tr)—r()1,

Uir, ¥’} =—1 Z Qx (k) Y dt \ dse—et+s)
n, k= ‘6 s
% Congey [1 {E— §)] elk-Ied—re 0],

(99)

Such a representation for the total nonequilibrium statistical
operator (98) of the system {r@ |5(¢ )|r’, Q') was obtained in
Ref. 108 for an arbitrary choice of the initial distribution
PAlto)-

Approximate Expression for the Conductivity

For the approximate calculation of g(£, 77) on the basis
of (96) it is necessary to approximate @ (r, r') by a functional
®,(r, r') for which the path integrals of the type (96) can be
calculated exactly. With allowance for the first correction
(due to the difference between @ and @),

ei® = glPeH@-Py) v Dy [1 - (D — D)]; }
g(& n)xgo (€ M) [+ 1H{P—Dy)o, ],
where

(100)

7{00)=r"(c0)
g (E )= DrDr’ei®yr. £
r(0)=r’(0)
The most general choice of @, corresponds to replacement of
the functionals ¥ (r), ¥ *(r), and U (r, r') in (97) by quadratic
functionals. We have
00 ~
@y (r, ¥) = dt {5 b2 () — " (1)]
]

+E @z (t)—E (@) (1)
£V () = Vi () + Uy (1, ©);

o0 t
Vo)= —i { WG (W) f dt S ds e~ o1+ giW(t=2)
0 0

oo

— oo

X|r (8)—r () 1%

U, (x, ¥)=i \' AWE (W) g dtg ds a—ell+9)glW(i—3)
= 00

x| (t)—r' (s)[*

-’

{101)

The functional @(r, r') corresponds to a system in which the

electron interacts with a distribution of oscillators of all pos- L

sible frequencies.
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For such a choice of @, the path integrals in (100) can
be readily calculated (see Refs. 102 and 105) and the admit-
tance is found to be

Y @)=Y, (o) | 1+28 ],

e (102)

where Zy(W) = Y ; () is the impedance of the model (101):
v P GW
Zy (@)= o [1+4 | dW—WW‘f’_iB],

-3

Zy(0)= — ¥+ Z; (@) + % (w);

¥ (©) = 3210;5 idu(:l—ei“m)lm (€ (—iu) D™ (w)];

8

G ()

D=4 } 4o gy os Ty

(1—eivn),

(103)

The generalization of these expressions to the case of an an-
isotropic crystal in the presence of a magnetic field and inter-
action of the electron with several branches of the phonon
spectrum is not difficult and was done in Refs. 40, 41, 75 and
106.

The expression (102) is an expansion of the admittance.
However, the conductivity o{w) obtained from (92) and (102)
does not exhibit the expected resonance behavior and de-
pends very strongly on the choice of the zeroth approxima-
tion ¥,. As is shown in Ref. 105, from the physical point of
view expansion of the impedance Z () = ¥ ~}{w) is much
more meaningful. From (102),

Z, ()

2 (9)= 107, Wiz, -

Then, if Z,(w)/Z,(@) < 1,

Z (0) =Zy (0) — Z; (0) = 0* — ¥ (o). (104)

It is the expression (104) that is taken as the approxi-
mate expression for the polaron impedance. The conductiv-
ity o{w) = ie’w/Z (w) obtained by means of (104} has the ex-
pected resonance behavior. The first term on the right-hand
side of (104) is the purely inductive term characteristic of a
free particle. The second term takes into account the influ-
ence of the finite lifetime due to the electron—phonon cou-
pling.

In the special case when the approximating functional
@, is taken to be the functional of the linear model (18) [or
Feynman’s one-oscillator model (16)], the function D (u)

takes the form given by Feynman er al.'%:
2
D(u):%{-—iu—l— =

+ Vil | —plWVu__g—Ww(iutB) 4 o—pWvy
W 1_975"("\'

}. (109)

In Ref. 75, an approximating functional @, of a form
somewhat different from (101) was used in a study of the
polaron electrical-conductivity tensor in a magnetic field.

The results of Klyukanov and Pokatilov are valid for all
frequencies and magnetic field strengths, but only for a weak
electron—phonon coupling. In the limit w, — 0 (# — 0) they
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agree with the result of Ref. 105 [if one sets v =1 in that
result (@ < 1)].

Frequency and Temperature Dependence of the Polaron
Conductivity

The expressions {92), (103), and (104) and their general-
ization to the case when a uniform magnetic field acts on the
system*!-73106.107 make it possible to study the behavior of
the polaron conductivity for arbitrary values of the param-
eters a, 3, w, and &. We shall summarize the main informa-
tion obtained from these expressions.

a) Reactive Part of the Impedance. Effective Mass

At zero temperature ( f — o) and @ < 1 it follows from
{103) and (104) that the polaron impedance is a real quantity

and is given by
diet (1 —ch ot) }
a2 ___ -

2oy iﬂ
Vil e 302
[+ e |

Z(m):mz{i——'

(106)

Thus, for @ < 1 and 8 = o, when there are no thermal
phonons that could scatter the polaron and decelerate its
motion, the polaron is accelerated without dissipation under
the influence of the applied field. If there exist phonons with
zero frequency such as long-wavelength acoustic phonons,
the resistivity is also finite at zero temperature. Since only
the interaction of the electron with the longitudinal optical
phonons is taken into account in the Pekar-Froéhlich model,
a polaron resistivity appears at @ = 1. Of course, in a con-
stant field a polaron ultimately acquires sufficient energy to
emit one optical phonon and thus dissipate energy, but this
effect is nonlinear in the field and is not described in linear
response theory. At very low frequencies, the expression
(106) goes over into

Z (o) = —m.*l’_-‘- (ct) @2, (107)

where the effective mass m§(a) is determined by (51). Thus,
at zero temperature and low frequencies of the external field
the polaron behaves like a particle with mass m¥(a).

In the general case of finite temperatures we obtain for
Re Z (@) and Im Z (@) the expressions'®

B
Im Z _ 2awd ShT
m ,(m)—-—S Ve P

]

di cos t cos 0l
X

fwv /2
;) {hﬁ._ B vt |:ch—2—r—cus th}}

B 4 1 Wv sh (BWwv/2)
3
ReZ (@) = 02— =
3Vm
B/2
S dt [t —chaTt] C (7)
X ) . (1_1) L vi—1 1_97Ww__efu’v(ﬁfr)_}_e—ﬂWv 372
B/ W 1—o- BV
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N
4 Qav3 T 2 dt cos t sin wf
= : = =32 -
3yn shp2 ‘(ﬁ] a 8 Vi1 ch ﬁlj’v —cosWvt |/
T EW
sh o)

For a free particle of mass M and lifetime 7 the impedance is

Z (0) = iﬂ::m

-+ Mw?.

Then for the polaron when > landw <€ 1

a

3 $2g-1
Ml o § dt - -
3vVna J t viE— L —wey |32
Vas o [t (1mg ) 4 St
R T ImZ (0) i ®
T*ilfn’ ®Re 7 (@) "‘M}ul_]ff'; ReZ (o)

The expression for M is identical to the expression (72)
for the effective polaron mass at low temperatures. At higher
temperatures, an important contribution is also made by the
sh Baw/2
sinf/2
The corresponding expression for the effective mass is then
identical to the expression obtained in Ref. 75 for the case of
weak coupling. However, with increasing temperature the
lifetime 7 decreases very strongly, and the quasiparticle pic-
ture ceases to hold.

term in the expression for Re Z (w) proportional to

b) Polaron Mobility

The polaron mobility is expressed in terms of Re Z (o)
by 105

sh

S Im Z ()
B 7wa0 e
af®/2 e
T 3eVmshp
. 3‘0 €08 u du
T =3/
0 2 g ch ?“f; —cos Wvi ¢
W+t By

2

At low temperatures ( f — o)

3 e vi—1q
* ZE 2ovd exp { Wv + i3‘} ?
and at high temperatures { # — 0, v — 1)

_ 3Va
8

eﬂlf?
2]

In the weak-coupling limit and for arbitrary temperature,

3e Vmshp/2

where K(z) is a cylindrical function of an imaginary argu-
ment.

As we have already noted, the mobility obtained in Ref.

105 at low temperatures differs by the factor 3/2 /3 from the

generally accepted expression for the low-temperature po-
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laron mobility. The reason is evidently that the expansion
(104) for the impedance is not valid at @ = 0. We note, how-
ever, that the expression (89), which is physically reasonable
for all values of @ and 3, is obtained in two independent ways
and leads to the correct temperature dependence of the mo-
bility as 8 — 0 (u~8 "/2).

¢) Polaron Effects in the Optical Region of the Spectrum

The frequency dependence of the impedance obtained
in Ref. 105 is particularly interesting, since it exhibits a
strong dispersion, the nature of this dispersion depending
primarily on ¢ for frequencies larger than 1. To find the
dispersion at zero temperature, it is convenient to expand the
expression for Im Z(w) in powers of the parameter
R = (v* — 1)/Wv. We then find'”’

2ov3 - -3/2,  nn Rnjn
31/5120“ (=" @ m

n=»{

Im 7 (0) =

X (@ —1—nWv)" %0 (0 — 1 — nWv) e~ Rle-1-nwv) - (108)

where 0 (x) = 1if x>0and 8 (x) =0if x <0, and C ~** are
known numerical coefficients. For fixed frequency o, this
expression is a finite quantity. The first two terms of this sum
were obtained for the first time in Ref. 105. The first thresh-
old in Im Z (@) appears at @ = 1 and corresponds to the ab-
sorption of one quantum of the electromagnetic field with
the emission of one optical phonon. The next threshold ap-
pears at @ = 1 4 W and corresponds to transition of a po-
laron to an excited state of energy E, + Wv with emission of
one optical phonon. The interpretation of the thresholds
that appear at @ = 1 + nWv is similar. We may recall here
that in his variant of strong-coupling theory Pekar' found
that the energy of the lowest czxcited state is 0.1395¢%, and in
Feynman’s theory Wy = 49i =0.1415¢" for @ > 1. In the
T

case of strong coupling, the electron is localized in the polar-
ization well which it creates. The excited states of this well
are not stationary, since after an optical transition the atoms
of the lattice will move to new equilibrium positions. In this
excited state, the electron has a finite lifetime, which in-
creases with increasing a, and the electron relaxes to a differ-
ent excited state corresponding to the new equilibrium posi-
tion of the ions. In the literature, these excited states have
become known as Franck—Condon and relaxed (or self-con-
sistent) states, respectively. The energies, masses, and radii
of the relaxed excited polaron states were calculated in the
strong-coupling limit in Ref. 109. In the interpretation of
Ref. 105, the thresholds in the frequency dependence Im
Z (w) correspond to transitions to Franck—Condon states,
while the relaxed states are not observed. The maxima in Im
Z (w) that appear when @ becomes equal to the energies of
these unstable excited states are broadened by virtue of their
short lifetime against phonon emission. With increasing «,
the number of maxima in Im Z () increases, and the widths
decrease. For not too strong coupling, a<3, the lifetime ef-
fects wash out the threshold structure, and there remains
only the single-phonon peak at w % 1. Thus, if threshold
structure is to be observed in Im Z (@) it is necessary for « to
be of order 5 or more.
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However, as was shown in Refs. 107 and 110, the opti-
cal absorption spectrum of free polarons is determined not
only by the function Im Z (@) but also depends on the reactive
part Re Z (w). Indeed, the coefficient of optical absorption
I' (@) is proportional to Re o(w), which depends on both Re
Z(w)and Im Z (@):

e2o Im Z {0)

[Re Z (0)2+1Im Z (@)]2"

I'(o) ~Reo (w)=

The frequency dependence I” (w) for f = 0 was investigated
in Refs. 107 and 110. In the case @ < 1, analytic calculations
lead to the results of Ref. 111 obtained in perturbation the-
ory, and the absorption spectrum is characterized by a sharp
single-phonon peak at & 2 1.

Numerical calculations for@¢ =1, 3, 5, 6, 7, 11 show
that the structure of I” (@) is more complicated than the fre-
quency dependence of Im Z (w). Sharp peaks at frequencies
o S Wy appear together with broad maxima at @ 2 Wy when
a takes the values 5, 6, 7, 11. They are interpreted as transi-
tions to relaxed and Franck—Condon states, respectively.
Fora » 1, the behavior of I' (w) agrees qualitatively with the
results of Ref. 112. Note that the single-phonon peak pre-
dicted by weak-coupling theory was observed in CdO,""* but
structures associated with excited states of free polarons
have not yet been observed. However, for polarons bound in
a Coulomb potential, transitions to excited states lead to the
appearance of additional lines in the spectrum of light ab-
sorption.' 113

d) Cyclotron Resonance and Galvanomagnelic Phenomena

Generalization of the results of Ref. 105 to the case of an
anisotropic electron interacting with different phonon
modes in the presence of a constant magnetic field h makes it
possible to study cyclotron resonance of polarons and inves-
tigate the behavior of the magnetoresistivity, the Hall mobil-
ity, and other observable quantities. The most general ex-
pressions for the impedance Z(w) were obtained by
Thornber*' and have the form

?(m) =¥m2+%e-h— S dt (1 —elet) Im'S (£):
0

B
k- D(#)-k

Sis (1) =2 3 kejQh (k) Cangy (—it)e ;

(S

D (=4 5 dm—‘_*;i_?(‘“m)%*
Zeo 4y () Zj (@)

(1 __e—iwt);

PG
W Wi—w?—is?

Zy(0) = met+i2 ot h+4ot | dW

s

(109)

where € is the completely antisymmetric tensor of rank 3.

For an optical polaron in the case of an anisotropic con-
duction band and magnetic field directed along the z axis,
the most general choice of G (W) is

Gi; (W) =G; (W) 855 Gy (W) =Gy (W) = Gy (W),
Then the impedance tensor is

C. Rodriguez and V. K. Fedyanin 409



M0 .
Zjy (@, 0 = == (1—iot)i Zy(o, o
= —Zy (0, 0,) =iewFl ;

Zyy=Zyy="1y = Z32: 0,

where
P= 2 M=M,=M,; T=t=1,;
W, = oM 3 = 2= Ly Ty=Ty=T);
1

M; (0, 0 =1——5Tm | dt (1—coswt) S, (&);
0
S =2 3 Q2 (k) KC (—it)
k

xexp{— 5 (K-+k) Dy (1) — + 1D, (1)} ;

. _ Vw2 _Gum .
Zu ((x], (‘)C)_mz{1+4 J aw W I{/2—(o2——i8}'

Z},= — 7% =ine,.

Theresults of Ref. 75 are obtained for G, (W) = 0. The cyclo-
tron resonance frequency is determined by the maximum of
Reo, (@, w. ). If the magnetic field is weak, then w¥* £ 1,and
the frequency dependence of 7, (@, . ) and M, (@, @, ) can be
ignored. Then the maximum is attained at

(0/of)? =1 — 1/(oi1)?

At low temperatures (¢ » 1), @*r, > 1 and the cyclotron
resonance frequency is @*. Then the cyclotron mass is
m, =M, (0¥, w.) and differs from the effective polaron
mass M (a, B (72) only by the dependence on the magnetic
field. However, since w* <o, < 1,

me =M + 0 (02).

At higher temperatures ( S 1), the condition w®r, > 1 is
not satisfied. The cyclotron resonance frequency differs
from ¥, and the cyclotron mass m. is not equal to
M, (0¥, w,). We have

M, (0F, o) 1 ‘
mc—_-W—- W_Ml(o, O){1+W+...}g
oFf <o, < 1.

In contrast to the parameter M| (0, 0), the cyclotron mass m,
is always greater than unity. Therefore, the negative polaron
effect obtained in Ref. 75 [ (0, 0) < 1 for £ 2 1] should not
hold for the eyclotron mass m,_ if one could succeed in ob-
serving cyclotron resonance of polarons at such tempera-
tures.

The magnetoresistivity j(@, ) is determined by the im-
pedance Z (w, w_) through

D i ?(m, ,)

p ()= il_ﬂ}‘—lgm_

Then for the longitudinal, p;;(@.) and transverse, p, (o, ),
magnetoresistivity we have

_ M40, 0) | M, (0, @)
s (90 =3, G, o+ P10 =5 oy -
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In Ref. 41, the behavior of p,; and p, in the case of weak
fields (. < 1) is considered, and it is found that

P33 (@) = po + 1 0%, L (@) = po+1L0F,

where p, is the resistivity in the absence of the magnetic field

1
and ry = ?ri "

In Ref. 75, the behavior of the longitudinal and trans-
verse magnetoresistivity was studied in the case of weak cou-
pling and a strong magnetic field (w, ~ 1). The longitudinal
magnetoresistivity at low temperatures consists of a nonos-
cillating and an oscillating part. The nonoscillating part in-
creases linearly with w, , in agreement with experiment. The
oscillating part is small and has a maximum at o, = 1. Oscil-
lations of the longitudinal magnetoresistivity in stron g fields
are also observed in experiments in polar crystals.''® The
transverse resistivity exhibits resonance oscillations. Be-
cause of the neglect of the dispersion of the optical phonons
and other mechanisms that limit the height of the oscilla-
tions, p, (. ) diverges logarithmically at the points w, =1/
N. The results of Ref. 75 agree with those obtained in Ref,
117 by perturbation theory.

The magnetic-field dependence of the magnetoresisti-
vity is due to the influence of the field on electron scattering
by optical phonons. Since the electron is scattered in all di-
rections, the magnetic field influences the resistivity for an
electron moving both in the direction of the field and perpen-
dicular to it. The conductivity, the reciprocal of the resistiv-
ity, has a further, kinematic dependence on the field:

_ et (0, w) 1 .
91 (0 =37 5, 6 TFore @, o

_ e*15(0, wp)
%53 (@0) = 370, )

The Hall mobility gy is determined by the expression

bg =c| Ry | oy,

where Ry = E,/hj, = p,,/h is the Hall constant. It follows
from the expression for the impedance that

B.__ﬂ_L- . 701]_(0,(1)‘3) {
H= e MO0, 00 105, 0, 0g)

so that the Hall mobility is equal to the drift mobility (@, ) in
the presence of a magnetic field in the framework of this
approximation.

Optimal Choice of the Approximating Functional in
Electrotransport Problems

The approximating functional & (r, r')(101) is complete-
ly determined by the impedance Z(w). Indeed, it follows
from the definition of the function Zy(w) that

Im Z,; (0)

1
& () = 2 q__p-Bo *

On the other hand, the function Z,(w) can be determined
from the variational principle for the free energy of the equi-
librium system. Since Z ; '{w) must be analytic for Im @ > 0,
itis determined by the analytic continuation of Z ; (i, ) to
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the upper half-plane, which is realized by replacing iw, by
@ + ig [see(70a)]. In the case when a magnetic field is present
it can be expected (though it has not been proved) that the
inequality (13) for the free energy holds and makes it possible
to determine the impedance tensor Zo(a)) of the approximat-
ing model.

Of course, there is no @ priori guarantee that the Z(w)
that determines the optimal estimate of the free energy also
leads to a good approximation for the impedance or the po-
laron conductivity. However, the more detailed discussion
of this question in Refs. 118 and 119 showed that there are
good arguments for assuming that the variational principle
for the free energy also leads to a good approximation for the
polaron impedance Z (@), The arguments are associated with
the fact that the approximate expressions (103) and (104) for
the impedance satisfy a fluctuation~dissipation theorem''®
and a number of exact sum rules derived for the Pekar—-Froh-
lich model''®'"? if Z (@) is chosen from the condition of a
minimum for the free energy: Z(iw, ) = Z (iw,, ). Hence, the
optimal estimate for the free energy is obtained by means of
an approximating model whose impedance is equal to the
polaron impedance calculated in the first approximation in
accordance with the expressions (103) and (104). In other
words, the approximate expression for the impedance Z (w)is
the impedance of the model Z,(w) for the optimal choice of
the parameters.

The fluctuation—dissipation theorem relates the Four-
ier transform of the linear response function of the system
for an external perturbation to the time correlation function
associated with the given field of the dynamical quantity. In
the case of the coordinate x,

1 1 {—eoFo F ot
m Z™t (@) = ——5 Be | diel*t([z (¢), = (0)].).
1+4-e 5
Since Z(w) is the exact impedance of some quantum-statisti-
cal model, the fluctuation—dissipation theorem holds for it
exactly. Therefore, the theorem is also satisfied exactly for
Z (w)ifthe correlation function {[x(z ), x(0)]__) is calculated in
the same approximation as the impedance.''®

Note that such a result is also an argument in favor of
the expansion (104) for the impedance, since the impedance
obtained from (102) does not satisfy the fluctuation—dissipa-
tion thearem.'® - -

Indeed, the self-consistency condition Zy(w) = Z (@) is
more general than the variational principle for the free ener-
gy, being applicable even when the inequality (13) cannot be
written down (for example, in the presence of a constant
homogeneous static electric field). By means of the fluctu-
ation—dissipation theorem (for the dynamical variable ) we
can also obtain the following relation between the mean ki-
netic energy of the electron and the absorption coefficient''*:

iy [

In addition, using scale transformations we can prove for the
Pekar—Frohlich Hamiltonian the identity''®

{4-e~Bo w2
= Im AR

(110)

1 _OF (o, B) B)
=—co— 2, (111)
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It follows from (110) and (111) that™®

5 ; B T -pe 2
Fla, )—FO, == | o | T m & do,
1] 0

(112)

The expressions (110)—{112) were obtained for the first time
at zero temperature in Ref. 119. It was also shown there by
means of numerical calculations that the sum rule (112) is
satisfied for the ground-state energy and impedance ob-
tained by Feynman et al.'” up to the numerical error. Such a
resultis of course an argument in favor of the FHIP approxi-
mation for the impedance.

However, as was shown in Ref. 118, the sum rule (112)is
satisfied exactly for the free energy (32) and a whole family of
different expressions for the impedance [including (104)].
Therefore (112) is a rather weak criterion for estimating the
accuracy of an approximation for the impedance.

Alternative Method of Obtaining the Feynman-Hellwarth-
Iddings-Platzman Results134

In the FHIP approach there are difficulties that have
not so far been overcome. The first is that mathematically it
is very complicated, since the nonequilibrium density matrix
is used to calculate the linear response function, and this
leads to the appearance of the double functional integral (96)
over paths defined over an infinite time interval. However,
the same problem can be solved by means of Kubo’s formula
in the framework of equilibrium theory, in which one can use
a simpler one-dimensional integral over paths defined over
thefinite interval [0, 3 ]. A second difficulty is that the transi-
tion from the expression (102) to the expression (104) is
mathematically incorrect and can be justified only by phys-
ical arguments. There is in fact a certain ambiguity in the
derivation in this approach of the expression for the imped-
ance [see (118)]. Finally, a third difficulty is that the expres-
sion for the drift mobility at low temperatures differs by the
factor 3/2 8 from the correct result. The source of this diffi-
culty and a way of overcoming it still remain obscure.

It is known*” that the conductivity o(w) can be obtained
by means of Kubo’s formula

oo ~
e dE 1m g (E)
o (@)= g E Efoiie?’

— o0

(113)

where for simplicity we consider the isotropic case in the
absence of a magnetic field. Here, g, (E ) is the Fourier trans-
form of the two-time retarded commutator Green’s func-
tion:

gr(t—8)=10(t—s) ([‘A’u(f)v ‘J;H () »

and vy (£ ) is the operator of the electron velocity in the Hei-
senberg representation. The function gy (E ) is analytic in the
upper half-plane of the complex variable E and, therefore,
can be obtained by analytic continuation from the points iw,,
(n =1, 2,...). To determine gy (iw, ), we introduce the ther-
mal Green’s function!?°

G(t—o)=

(T{¥u (D) Ve (@) T, 0€10, Pl;
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B
G (0,)= 5 dtelent@ (1),
)

where 9,(7) = ™9™ and T {4 (1B (0)} = 6 (r — o)A (7)
X B (0) + 8 (o — 7)B (0)dr. Tt is well known that

gr(io,) =G o) n=1,2...

so that to find g (w) it is sufficient to calculate G (w,, ).

We now obtain a path-integral representation for
G (r — o). We first express it in terms of operators in the in-
teraction representation:

6 (r—0) — Trle "1 [ @ 016 @)
Tre BH

where ﬁo, ¥7), 6{ B) are determined by Egs. (62). We now
introduce the generating functional

H

Z(y) =Tre -t
8 . N -
Xexp {— 5 dt [Hi(‘l?) —|—%v2(r)-|—iy('r)-v (T)J} .
0
It is readily verified that

1 *Z (¥)

Z(0)=Tre-pf; G(r—o)= — ZO 5 (1y6y(0)
¥

y=0

(114)
On the other hand, Z (y) can be expressed in terms of an
integral with respect to a Wiener measure>®:

B
—% § derm)

Z(y)= | Dxe "0 W, (x+y),

x(0)=0

where
B . . .-
W, (x)=Tre-#d T exp[ — \ dv{H; (t)+ ix (1)-v (T)}J i
0

(

W () = 28 [x (B) — x (0)1 [ Wi (%)
and Wy (x) is determined by (64a). Using (1 14) and (64b) and
integrating by parts, we obtain

G (T—0) =36 (t—0) — (x (1) x (0))s, (115)

where S [x] is determined by the expression (10). It is obvious
that (115) is a simpler mathematical expression than (96).
The generalization of (115) to take into account the effects of
anisotropy, an external magnetic field, phonon dispersion,
and interaction with different branches of the phonon spec-
trum does not present fundamental difficulties.

To obtain the FHIP results by means of (113) and (115),
Wwe must replace S [x] in (115) by S,[x] [see Eq. (25)]. The
approximate expression for G {2, ) obtained after calculation
of the path integral has the form

G(on) =31+ ],

Z, Gon) (116)

where Z(iw, ) is determined by the expression obtained from
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the variational principle for the free energy. An approximate
solution of this equation can be obtained by using the expres-
sion (70a) for @ (7). Then

o

4/2
Zy(iw,) = — ol — L. 5 diC (1) (1 —cos &,1) f~3/2 (1),
i

3 3V=n

(117)

Analytic continuation of (116) and (117) to the upper half-
plane gives

an(@)=3[1—52],

where Z () is determined by (106). Using this expression in
Kubo’s formula (113), we obtain the FHIP result:
ie?w

Z (o) *

o (w) = (118)

The treatment given here is much simpler than in Ref. 105,
and the expression for o(w) is obtained “automatically”
without any additional assumptions. Of course, the diffi-
culty associated with the low-temperature behavior of the
drift mobility still remains. Two approximations were made
in the derivation of (118). The first was in the replacement of
the action S [x] by Sy[x] in the derivation of {116) from (115).
The second was in the use of (117). Since the latter approxi-
mation is exact to powers of order & (for a < 1), it cannot be
the source of the difficulty, which is present already in the
lowest order. On the other hand, one can attempt to take into
account in (115) other terms in the expansion of (x(7)x{0))s
in powers of (§ — S,}:

(X (1)x (0))s = (x (1) X (0)g,

S (% (03 (@) (Sy— ). — (k (5) & (g0 Sy — )M,
+Z Tl (:so-s)s = £ : = 7

n—1

(119)
It is easy to show that the first correction [corresponding to

n=11n (119)] is zero. This is simply a consequence of the
fact that S, was determined by the variational principle for
the free energy. Since (S, — § }s, at small @ is proportional
toa, onecould conclude that (115) is also an exact expression
up to powers of order &. However, this requires further con-
sideration because for a <1 and B> 1 the quantity
(So — 85, is proportional toa B, and the expansion could
be invalid at low temperatures.

The suggestion that the expansion is invalid at low temn-
peratureagrees well with the known fact®#112! that the qua-
dratic approximation always leads to the Maxwell distribu-
tion function for the polaron momentum in a static electric
field, while use of a distribution function of quasi-Maxwel-
lian form in the solution of the stationary Boltzmann equa-
tion leads at low temperatures to the appearance of the addi-
tional factor 3/28 in the expression for the mobility,?1:2?
However, for an electron interacting only with optical phon-
ons, the only relaxation mechanism at low temperatures is
the emission of optical phonons made possible by energy
obtained from the electric field. This process has a strongly
inelastic and anisotropic nature, and therefore the distribu-
tion function in a weak field is strongly non-Maxwellian, 22
At higher temperatures, the momentum distribution for the
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polaron can be well approximated by a Maxwellian distribu-
tion, since the thermal energy of the polaron is always suffi-
cient for the emission of phonons and, possibly, also scatter-
ing of it by the already existing thermal phonons. Therefore,
for weak coupling and high temperatures (5 > 1), the
expression (118) leads to the same temperature dependence
for the drift mobility as the Boltzmann equation.

7.POLARON IN A STRONG ELECTRIC FIELD

The behavior of polarons in strong electric fields is of
great experimental and theoretical interest. Polaron effects
in strong fields (of order 10* V/cm or more) are responsible
for large energy losses of electrons in polar dielectrics'**'**
and lead to a number of specific nonlinear phenomena in
glectrotransport.'>>12>'%7 A satisfactory microscopic de-
scription of these situations requires the development of new
methods to study kinetic phenomena with allowance for
strong electron—phonon coupling, the inelasticity of the in-
dividual scatterings by optical phonons, and the strong in-
terference between them (Refs. 39-41, 121, and 128-131).

It is well known that a Boltzmann equation is valid for
the description of polarons in an electric field only in the case
of weak coupling, relatively weak fields, and low frequen-
cies. The conditions under which the Boltzmann description
is invalid are strikingly illustrated by the example given in
Ref. 39 of the electron energy losses in the dielectric part of a
number of electronic devices (for more details, see Refs. 123
and 124). In the presence of a strong electric field (of the
order of 10° V/cm), the energy lost by electrons over unit
distance reaches values of 0.01-0.06 eV/A. A typical value
for Al,O, (@~2.7) is 0.03 eV/A. Acoustic phonons can
make a contribution of not more than 10~* eV/A, and the
mechanisms of electron—hole pair production do not play a
large part in such fields because the energy gap for these
materials is very large (% 10 eV). Since the energy of the
optical phonons in these compounds is of order 0.05-0.1 eV
[in Al,O, there are longitudinal optical phonons with ener-
gies 0.060, 0.064, and 0.078 eV], to obtain a loss of such an
order in terms of individual phonon emission events it is
necessary to take a mean free path of order 34 A or an
electron mean free time of order 2 10~ 7 sec. If it is borne
in mind that at room temperature phonon absorption is also
important, it can be seen that these parameters are in fact
even larger. It is clear that a consistent description of this
phenomenon in the framework of the Boltzmann approxi-
mation or by means of linear response theory is impossible.

In Ref. 39, Thornber and Feynman developed a new
approach to the study of polaron kinetics in a strong static
electric field. Their aim was to obtain the relation E = E (v)
between the external field E and the velocity v achieved by
the electron (it being assumed that for not too strong fields a
steady state is achieved in which the electron moves with
constant velocity). The approach of Ref. 39 is based on a
balance equation for the total momentum of the system and
uses a Galileo transformation to go over to a frame moving
with the electron. The cxact expressions represented in
terms of path integrals are approximated by a model in
which the electron interacts with a distribution of oscilla-
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tors. The resulting picture is physically reasonable for all
values of @, 5, and E, but the authors point out two difficul-
ties which have so far not yet been overcome.

1. The results obtained on the basis of the balance equa-
tion for the momentum do not agree with the results ob-
tained by starting from the balance equation for the energy.

2. In the weak-field limit, the value obtained for the
mobility is not equal to the mobility obtained on the basis of
the Boltzmann equation (differing, as in Ref. 105, by the
factor 3/2 B).

It was shown later?!-*? that the result of the theories of
Thornber and Feynman can (only in the weak-coupling lim-
it) be obtained from a Boltzmann equation if it is assumed
that its steady solution has the form of a quasi-Maxwellian
distribution. The point is that, on the one hand, the approxi-
mation of the polaron model by a quadratic functional al-
ways leads to a momentum distribution function of quasi-
Maxwellian type,?®*"!2! the effective polaron temperature
being independent, moreover, of the electric field intensity.
At the same time, investigations of the exact solution of the
Boltzmann equation (Refs. 92, 98, 99, and 131) and experi-
mental data on measurement of the polaron drift velocity in
strong electric fields at low temperatures'**>'>~'*7 show
clearly that the momentum distribution function is strongly
non-Maxwellian. Qualitatively, this is due to the fact that at
low temperatures and in strong fields the dominant relaxa-
tion mechanism is the emission of optical phonons, a strong-
ly inelastic and anisotropic process which leads to a specific
behavior of the charge carriers known as streaming motion.
The behavior of the polarons at low temperatures in strong
fields differs from the ordinary behavior of hot electrons,
which can be well described by a Maxwell distribution func-
tion (with some effective temperature and mean velocity) be-
cause for them the dominant scattering mechanism (scatter-
ing by acoustic phonons and other electrons) is almost
isotropic and quasielastic. At higher temperatures (f=~=1), a
polaron can emit optical phonons by drawing on its thermal
energy and it can also absorb the already existing thermal
phonons, so that the nature of the relaxation mechanisms
changes, the level of randomization is sufficient, and it can
be expected that the situation can be more satisfactorily de-
scribed by a quasi-Maxwellian distribution function.

Despite the difficulties mentioned above, the theory de-
veloped in Ref. 39 is as yet the only microscopic theory of
polarons with arbitrary coupling in a strong electric field. It
explains the energy losses of electrons in passing through an
ionic crystal and gives a clear physical picture of the relaxa-
tion processes due to the coupling to the optical phonons.
Therefore, it is of considerable interest to present this ap-
proach in more detail and discuss the essence of the approxi-
mations made in it.

The Balance-Equation Method

A polaron in a constant homogeneous field of strength
E can be described by the Hamiltonian (90) with the particu-
lar choice E (t) = Ee® (t > #,). Suppose thatas 7 — #; — « a
steady state is attained in which the electron moves with
constant velocity v. The equation of motion for the operator
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of the electron momentum
d 8 o e

S p=ilH, p]
leads in a steady state to the condition®®

¢E = S] kRk_

k

It describes the balance between the momentum that the
electron acquires in unit time from the electric field and the
momentum transmitted to the lattice through the coupling
to the phonons:

(120)

Ry —iQ (k) (afe-i%-r — gyeik-ry;

(o= lim Te{o(n)...}.

The quantity R, depends on the parameters a, /3, and E and
is the difference between the number of phonons with mo-
mentum k emitted and absorbed in unit time in the steady
state.

There is an analogous condition for the energy balance
in the system. For this, one can proceed from the identity

A2 =iffr, B =o.

In the steady state,

=il g =0

S By =1, By =0.

Then ([ﬁp,, ; H 1 + {[eEx, H 1) = 0, which leads to the con-
dition

eBo =3 Rui v =(p). (121)

Equation (121) expresses the balance between the energy
that the electron acquires in unit time from the electric field
and the energy transferred to the lattice by the coupling to
the phonons. A path-integral representation for R, was ob-
tained in Ref. 39. It can be written in the form

v -it
B=2Q2 (k) Re [ dre-st { L omik-tr-xco,
-(} 1——67‘3

ait :
—— (elleIr (-t (0)])(1,} ,

-~ (122)

where the functional & is determined by Egs. (97) for
Et)=E'(t)=FEe~“.

With allowance for (122}, the balance conditions (120)
and (121) become

¢E=2Re 3|k (k) | dte—”{e;iii +%}
k 0

X (=i [r (@=r (D)]y o (123)
eFv—2Re Z Qz (&) Eodteﬂ { e—it - it }
K D et P
3¢ ek (¥ (=T @)y . (124)

The expressions (123) and (124) are exact. Their generaliza-
tion to the case when the crystal is anisotropic, the electron
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interacts with several branches of the phonon spectrum, and
the system is subject to an external magnetic field and also an
alternating electric field was obtained in Refs. 40, 41, and
129.

However, as we have already noted, the right-hand
sides of (123) and (124) do not depend explicitly on the veloc-
ity v. Therefore, the expression (123) does not make it possi-
ble to find the relation E(v) without further assumptions
making it possible to transform (at least approximately) the
function R, (e, 5, E) into a function of @, 3, and v. This is the
essence of the approach of Ref. 39 and the approximations
made there.

To obtain the results of Ref. 39, we make a substitution
of the functional variables:

r(t)=R(t)}-vi; o ()=R'(t)+ vt.
From (123) and (124), we obtain

(125)

it —it

¢E — 2Re ) kQ? (k) Eadte“’”[ 3 i—‘:;;ﬁ—J
K ]

ef—1
= ik-vi fp-ik-[R (D-R (0],

00

~ —it eit
eEU:QReg, Q% (k) E dte gi[ie_e‘ﬂ TPt ]

W e 1K-¥i (g-1k-[R(O-R (O],
where

@' (R, R’

=% S dt {% [Re (i)—l:.{'ﬂ (6)] 4 Ee~8t [z (1) —2’ (t)]}
SV Ry —V*(R)+U (R, R');
oo :
VR)=1 3 Q3 (k) \ dt ) dEa=sttra
k 0 i}

XC [i (t—s)] elk-[R(D-R @] +ikv (t-9):

U (R, R)=—i3) Q2(k) 5 dt { dse-et+o
Kk 0 ‘0
(7 [i (1;__-5-)] elk [R () -R (s)]+ikev (i—s)

After this formal change in variables, which does not change
the physical meaning or content of the expressions, the fol-
lowing approximations are made in Ref. 39:

a) the change of variables (125) is interpreted as a transi-
tion to a frame of reference S'' moving with the electron;

b)itis assumed that for an observerin S’ the correlation
function (exp{ — ik-[R(t) — R(0)]} ) 4, which is determined
by the fluctuations of the electron with respect to its mean
path, is the same as for an observer in the system .S in the
absence of the electric field, and then

i TR R DTy, oy fgmdkIE e (O |
{e Yo —{e Mol B=m"=0i

¢) the correlation function (e ~™ItI—rony
can be calculated in the quadratic approximation, i.e., by
replacing the functional @ by @, [see Eq. (101}], i.e.,
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(e=Tk-Ir -1 Oy | g prog— (@1 =YWy |y

This last correlation function is expressed by a Gaussian in-
tegral and is calculated exactly. The result is

R::
i —— Kg (1}
(e_.!\.[r(t)-r(U)]}(DD{ETE,jU:e 2B S
where
. e 1—el®f  q_g-iut 1 1
K10k [aa ) (a7
=gl —wtm ) me me

and Z(w) is determined by (103). In the special case of Feyn-
man’s single-oscillator model, the function K4(r ) is given by

fwv
ch —cos Wi
1) i2 v2—1 2
Kﬂ(t)=F{T+F+ Wv BWv }

9

sh

After these approximations, the expressions (123) and
(124) in the limit £ — O take the final form

i —'k-wuh,,i Ky (1)
E= S ke:(h) | arciine  ° U

(126)
k —o
. 5 . v p kv 2 Kp()r o-it elt -
= 2(k t = —_—— v
= ‘;-' o )_Sm ¢ [1—9“'3 eﬂ——i-]
(127)

Thus, in the framework of the approximations of Ref.
39 the only effect of the external electric field is that under its
influence the electron acquires a certain mean velocity v but
there is no effect on the fluctuations of the electron about its
mean path. Therefore, the effective electron temperature
does not depend on the field strength.

As we have already said, the expression (126) in the
weak-field limit leads to the expression (89) for the drift mo-
bility. Another difficulty of this approach is that the expres-
sions (126) and (127) are not equivalent, leading to the same
results only if K,{¢) does not depend on ¢. Feynman and
Thornber™ prefer the expression (126) because it is physical-
ly reasonable for all values of the parameters e, £, and E,
whereas (127) leads to an expression for the drift mobility
according to which mobility increases with the temperature.
Thus, the approximate solution of the polaron problem in an
electric field obtained in Ref. 39 does not guarantee energy
conservation in the system.

We note also that the transition to the frame S’ through
the change of variables (125) differs from the method used in
Sec. 3 to determine the effective polaron mass. The approxi-
mation of Ref. 39 does not take into account the Doppler
shift of the phonon frequencies for an observer moving with
velocity v. However, the procedure used in Sec. 3 is restrict-
ed to the case of infinitesimally small velocities and needs to
be generalized when it is applied to a problem in which the
electron moves with finite velocity.

Behavior of Polarons in an Electric Field

In Ref. 39, on the basis of (126) and numerical calcula-
tions, Feynman and Thornber obtained a family of curves
E(v)fora=3,5 T7and 8 =20, 10,5, 1,0.1, 0.01, 0.001; this
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family makes it possible to study the complete physical pic-
ture of the polaron energy loss in a strong field. All the re-
sults can be interpreted in terms of the competition between
the mechanisms of absorption and emission of optical phon-
ons by a polaron of mass m¥ = 12,

The main features of their picture are as follows.

a) The energy losses eE (v} over unit distance increase
with v and reach a maximum eE, at a certain threshold ve-
locity vy(a, ). For E > E,, the electron—phonon coupling can
no longer restrain the electron, which is accelerated without
limit under the influence of the electric field. Of course, in a
real crystal there come into play other energy-loss mecha-
nisms that are not taken into account in the Pekar—Frohlich
Hamiltonian and which determine the relaxation in such
fields (for example, interband transitions). For v>v,, the
derivative is dE /dv <0, and this corresponds to an unstable
regime in which v ceases to have the physical meaning of a
steady velocity. The losses at fixed velocity increase mono-
tonically with the temperature and with the coupling param-
eter a.

b) At low temperatures (3 » 1), the velocity v, is ap-
proximately equal to the velocity v, needed for the emission

of an optical phonon: %mgvﬁ = fiw, (v =+ 2/v in our sys-

tem of units). This is a consequence of the fact that forv S v,
and B > 1 the dominant relaxation mechanism is the emis-
sion of optical phonons. With increasing a, the velocity »,
decreases because of the increase in the effective polaron
mass. With increasing temperature, v, increases and differs
appreciably from v, (for 8 < 1, ¥, >+/2 > v,)) because scatter-
ing by thermal phonons begins to play an important part.

¢) For v < v,, there are two regimes—a linear regime in
which the relaxation is determined by scattering by thermal
phonons at low velocities, and a nonlinear, almost tempera-
ture-independent regime in which the losses are determined
by the emission of optical phonons at higher velocities. If
> 2, the polaron goes over very rapidly to this nonlinear
regime, which is characterized by the rapid acquisition of
energy from the electric field and its loss by phonon emis-
sion.

The maximal energy losses for Al,0, were also estimat-
ed in Ref. 39. Feynman and Thornber took the values
fuwy, =0.07 eV, £, =3.1, ¢,=9.0, and m = mp; then
a = 2.7,and at low temperatures eE, = 0.025eV/A, in good
agreement with the experimental value of 0.03 eV/A.'23

InRef. 121, Peeters and Devreese developed an alterna-
tive method of obtaining the results of Ref. 39 by using the
equation of motion for the operators in the Heisenberg rep-
resentation, and they showed explicitly that the momentum
distribution function in the approximation of Ref. 39 has the
form

3/2 i
F(p)= (%) exp { —%(p—V)Z} ,
where f3, , the effective reciprocal temperature, depends on &
and £ and is given by
Bo=pve {4+ (va—1) BTV opn B

Note that 8 /B, — 0 as 8 — oo if v=£1. This means that at

BWv
2
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low temperatures the effective temperature differs strongly
from the lattice temperature even in the case of weak cou-

pling.

Analysis of the experimental data on the mobility in
AgBrand AgClat T'= 4.2 °K and in strong fields shows that
the limiting polaron velocity is v, < 3v/2 /4~1.06.12> The re-
sults of Ref 39 give v,~v,=+2/v=123 for
AgBr(a = 1.6). A comparison was made in Ref. 121, in
which the discrepancy was attributed to the fact that the
nonparabolicity of the polaron dispersion law leads to an
increase in the effective mass with the velocity and that to
takeinto account this effect it is necessary to make allowance
for the dependence of the variational parameters v and Won
the velocity. We note that this can be done on the basis of the
inequality (70) for B = .
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