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The amplitude of elastic proton—proton scattering at high energies is constructed on the basis of
simple quantum-mechanical assumptions and a relativistic relative-coordinate space. Descrip-
tions of (da/dt )(s,t ), o, (s), and p(s) are obtained. The amplitude depends on the energy through a
function R (s), which in accordance with the optical theorem determines the total cross section by
the formula o, (s) = 2R *(s) and can be interpreted as the effective range of the hadron—hadron
interaction. The dependence of the hadron-hadron total cross sections on the quantum numbers
of the colliding particles is investigated. Descriptions are obtained for the total Pp,pp, wT p,and
K 7 p interactions and their asymptotic behavior as 5— 0.

INTRODUCTION
Study of hadron—hadron interactions at high energies is

one of the topical problems of elementary-particle physics.
While the relativistic mechanics of a single particle arose
almost at the same time as the creation of the special theory
of relativity, a relativistic theory of two interacting particles
still does not exist.

In the absence of a consistent theory of strong interac-
tions, it is natural to augment general theoretical ideas with
attempts to solve preliminary problems of the heuristic sys-
tematics of elementary particles' and experimental data on
their interactions.

One of the most important methods for investigating
strong-interaction dynamics is the quasipotential approach
proposed and developed by Logunov and Tavkhelidze.? This
approach and its modifications® have served as the basis for a
number of models of the strong interaction of elementary
particles (see Ref. 4 and the literature quoted there) created
to describe the rich experimental material accumulated dur-
ing the last 15 years with the Serpukhov, CERN ISR, and
Fermilab accelerators.”™ There also exist a number of other
models of hadron-hadron interactions at high energies,'*'3
based on the use of optical analogies in strong-interaction
physics and on assumptions about the analytic properties of
the scattering amplitude and the composite structure of ha-
drons.

Our analysis of hadron—hadron interactions at high en-
ergies is based on the following two hypotheses:

a) the strong interaction of two particles can be de-
scribed by analogy with the quantum-mechanical problem
of an effective particle in an effective field, and the effective
field (quasipotential) depends in general on the energy?;

b) the space of the dynamical variables (the relative mo-

mentum and relative coordinate) is not Euclidean, but rather -

the radius of curvature of the relative-momentum space can
depend on the energy and masses of the two interacting par-
ticles.

In Sec. 1, we make the main assumptions and formulate
the problem. In Sec. 2, we give the basic formulas of the
relativistic Fourier analysis which relates conjugate dynami-
cal variables.

In Sec. 3, we formulate a mathematical model of the
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amplitude in the space of the relativistic relative coordinate
and we solve the inverse problem of finding from experimen-
tal data the number, magnitude, and statistical uncertainty
of the unknown parameters. We obtain analytic expressions
for the amplitude in the spaces of the relative coordinate and
relative momentum. We compare the expressions obtained
for (do/dt )(s,t), o (s), and p(s) with experimental data. We
make a prediction about the behavior of the elastic pp cross
section for the kinematically admissible momenta at higher
energies.

In Sec. 4, we investigate the dependence of the total
cross sections of hadron—hadron interactions on the quan-
tum numbers of the colliding particles at energies /s3> 10
GeV. We predict the behavior of the total proton-hyperon
cross sections and also of some proton—nucleus interactions
at high energies. We investigate the behavior with increasing
energy of some quark sum rules.

In Sec. 5, we obtain a phenomenological deseription of
the total pp, pp, 7T p, and K T p interaction cross sections
from the threshold energies in terms of the effective interac-
tion range. We investigate the asymptotic behavior of the
expressions obtained for the total cross sections of particles
and antiparticles.

In Sec. 6, we give the main results and predictions.

To solve overdetermined systems of nonlinear algebraic
equations we use a method of self-regularized iterative pro-
cesses of the Gauss—Newton type.'®

To obtain graphical information, we used the language
SIGMA"" and the program package HPLOT.'®

1. ASSUMPTIONS AND FORMULATION OF THE PROBLEM

To study a two-particle relativistic system in the frame-
work of the Feynman-Dyson four-fermion formalism, one
can use the completely covariant Bethe-Salpeter equation.'®
Despite its advantages, in this approach there is no clear
physical understanding of the dependence of the wave func-
tion on the relative time of the two particles.

By virtue of its probabilistic interpretation of the wave
function for the two-particle problem, the quasipotential ap-
proach makes it possible to use physically perspicuous quan-
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tum-mechanical analogies. In its ideas, the quasipotential
approach is close to the optical model of the nucleus, the
scattering problem being regarded, not as a two-particle
problem, but as the motion of a nucleon in a field described
by a quasipotential. In the case of strong interactions, a regu-
lar method for constructing the quasipotential does not ex-
ist. Usually, it is constructed phenomenologically on the ba-
sis of general principles,’! a Gaussian potential being taken
as a first approximation.

The ambiguity associated with the continuation of the
amplitude off the mass shell leads to the problem of deter-
mining the mass of the effective particle.*

In nonrelativistic quantum mechanics (see, for exam-
ple, Ref. 21), in which we have the Schrodinger equation and
the method of introducing the interaction is known, the two-
body problem reduces to the problem of one effective parti-
cle in an effective field. A unit representation of the Galileo
group (see Ref. 22 and the references given there) is realized
(up to rotation) on the space of the effective wave function.
The translation group of the relative-momentum space is
isomorphic to the group of Galilean boosts but is not a covar-
iance group of the equation. Reduction of the unitary repre-
sentations of this group to irreducible representations leads
to harmonic analysis*® with a three-dimensional exponen-
tial. This Fourier analysis relates the nonrelativistic relative
coordinate to the nonrelativistic relative momentum. The
group-theoretical analysis of the nonrelativistic hydrogen
atom shows that the three-dimensional plane wave of the
free motion of the effective particle is not the three-dimen-
sional part of the four-dimensional plane wave
expli(Et — p-x)] of the center-of-mass motion but appears on
the decomposition into irreducible representations of the
regular representation of the group of shifts of the relative-
momentum space,? i.e., if the geometry of the relative-mo-
mentum space of the two-particle system is known, then,
following the above-mentioned group-theoretical construc-
tion, one can determine the relative-coordinate space of the
system.”*

Theintegral representation of the elastic-scattering am-
plitude in the form of the Fourier expansion

7(@)= —g | Erexp(—iqn7 (), M

where q is the momentum transfer, can be interpreted as the
Born approximation for the solution of the Schrodinger
equation, and in the case of the Coulomb potential leads to
Rutherford’s well-known expression (see, for example, Ref.
21).

In the papers of Ref. 3, which are based on the Hamil-
tonian formulation of quantum field theory, a variant of the
quasipotential approach to the relativistic two-particle prob-
lem is developed in which three-dimensionality plays an in-
tegral part from the very beginning. All virtual particles are
on their mass shells. By virtue of the three-dimensionality,
one can construct in this approach equations describing two-
particle relativistic systems that have the same form as the
corresponding nonrelativistic Schrodinger and Lippmann—
Schwinger equations. In contrast to the nonrelativistic equa-
tions, all integrations in this case are over a three-dimension-
al Lobachevskii momentum space. This space is realized on

4
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the upper sheet of the hyperboloid

g=(Vm* ¢, q), (2)
i.e., on the mass shell of one relativistic particle. The group
of motions of Lobachevskii space is the Lorentz group. The
decomposition into irreducible representations of the regu-
lar representation of the Lorentz group on the space of func-
tions that are square-integrable on the hyperboloid (2) !
leads to relativistic Fourier analysis.>* A connection appears
between the space of the three-dimensional relative momen-
tum q of the two-particle system and the space of the three-
dimensional relative coordinate r.

In the present paper, following the formulation of the
quasipotential approach in Ref. 3 and the idea of geometriza-
tion of the relativistic two-body problem,?® we assume that
the relative momentum of the effective particle of a two-
hadron relativistic system belongs to the Lobachevskii space
(2), and that the effective mass may depend both on the
masses m1, and m, of the colliding particles and on the ener-
gy? s=(p, + p,), i.e, m = m(m,, m,, s). The relativistic
analog of (1) is the integral representation

m

e
T(s, )= —4 | @1k (m, q, 9T (s, m), 3)

wheret = (p; — ps)* + — q’is the square of the momentum
transfer, and in the spinless case

Elw, r):(l_w ——

) —1-imr
m

where t is interpreted as a relative momentum, and r = rm as
a relative coordinate. Because a relativistic plane wave goes
over when |g| €m into the ordinary three-dimensional expo-
nential exp( — ig-r), power-law behavior of T'(s,t) at large
momentum transfers |7 | goes over into exponential behavior
for /|t | €m, i.e., Eq. (3) makes it possible to describe qualita-
tively the experimentally observed exponential-power-law
behavior of the elastic differential cross section. On the basis
of this property of the integral representation (3), we investi-
gate the possibility of constructing an elastic pp scattering
amplitude? that describes quantitatively all the experimen-
tal data on (do/dt )(s,t ), o, (s), and p(s) for s>10 GeV and
0.0375<|t |<9.75 GeV2?¥

2. RELATIVISTIC FOURIER ANALYSIS

In nonrelativistic quantum mechanics, analysis of a
two-particle stationary system shows that information about
the dynamics of the system is contained in the wave function
of the relative momentum (or coordinate) of the two parti-
cles. A unit representation of the Galileo group® is realized
(up to rotation) on the space of the effective wave function.
Reduction of the unitary representations of the translation
group of the relative-momentum space into irreducible re-
presentations leads to three-dimensional harmonic analysis
with the three-dimensional exponential exp( — iq-r). The ba-

"In Ref. 25, these representations of the Lorentz group were used for the
first time to expand a scattering amplitude.

2n Ref. 27, for example, the effective mass is given by the expression
M =M + @ + /m; + 0 /s, where g is the c.m.s. relative momen-
tum.

*In this paper, we assme fi=c = 1.
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sic formula of nonrelativistic analysis, which connects the
momentum and coordinate representations, has, as is well
known, the form

1 _
— Spp—1qsr\J/
(@)= { dore-ivew ), (4)
If a representation of the group T, of Galilean boosts is given
in the momentum space, i.e.,
T (p) =¥ (p—q),
then T, can be decomposed into irreducible representations
TH whlch act on the coordinate space as follows:
TV (r) =60t W (r).
As is well known, the Heisenberg uncertainty relation
Ar Ap == BI2,
can be obtained as a consequence of (4) and the diagonality of
the coordinate and momentum operators in the p and r re-
presentations, respectively.
Let #7(q) be the relativistic wave function of the effec-
tive particle of a system of two hadrons with mass m, spin S,
spin projection g, and momentum g, this last belonging to a

Lobachevskii space.
A representation of the Lorentz group is given by”

8
T @ = X Dl (V(p, 9) Wi (a(—) )
el

where
GoPo—1q-p

q(H)p:A;’q—( i gq.p)
T ™ matae

P oG+ qalo
qp
— p
T\ g P mpttar |?
q mp  mp-+py

G =V mi+ &, py=V ms+p
The matrix of a Wigner rotation ¥ has the form

V(p, =BaB,By =V"1(q, p),
where
Bp s mp—+p

V 2mp (mptpy)
and
Pt pt—ip
P = phoy = py0y—p-0= pltip? p'—p3 )

The Pauli matrices are

(1 0) (0 1 0 —i 1 0
°=1l\o1)e 10’(i o)‘ 0_1)]
The matrix elements of the rotation representation of weight

S have the form

8 S —w)l y1/2 .
Dﬁ-’(n):(—-——zsi;;!ﬁs_;;,) oxp [i(—p-+v)¢]

KT () (2,
( cos %) Bt (sin §/2)*5-p-v-2k .

“Here, we use the notation of Ref, 29.
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sin 6 cos @
sin 0 sin ¢
cos 0

n = N nt=1,

The decomposition of the representation T, of the Lorentz
group into irreducible representations T for
v= —_8,..5 0<r< o is given by

S co . ]
v (q) = ﬁ S fererar| awef on,a, 0P, |
- v=-=8 0 }
) ) (5) |
¥ ) = 3 g T S 4,0 ¥ (@), J
(5)
where d r = sin fcos 6 dg.
The relativistic plane wave is
& (m, q, 1) =& (m, q, 1) DI (r(—) p),
where
VmifqE—q-ny—t-imr
E(m, q, r})= (—-—m ) =0, (6)

The analog of the Heisenberg uncertainty relation in the
case of zero spin and the Fourier analysis (5) will be the fol-
lowing relation™ between the rapidity and the relativistic
coordinate™

AyAr =

The dynamical Feynman variable—the rapidity—is
given by

o (1 1T 4 130), g

In spherical coordinates, the momentum of the effective par-
ticle can be expressed in terms of the rapidity by

mchx) _—
7= mshyn /)’ =%

In accordance with (6) and (7), we can show that

lim E(m, q, r)=exp (ig-1); (8)
lalgm
. lq]|
lim g=-—""", 9)
Iql&mx m (

Under the integral sign the composition theorem for
relativistic plane waves holds:

[z m, 4, 08 m, p, 1

DT (5, ) § 45 (m, a(—)p, 1D ).

It is well known that in nonrelativistic quantum me-
chanics the Born amplitude is the three-dimensional Fourier
transform of the interaction potential. In the relativistic
case, we know neither the exact equation (together with the
boundary conditions) nor the quasipotential. We therefore
assume that the elastic hadron—hadron scattering amplitude
has the integral representation®

T (s, t) k——5d3r’é{m t, 0T (s, ). (10)

9'For clarity, we have here restored the dimensional constants.
®For simplicity, we here take spin § = 0.
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Then, by virtue of the property (8) of the relativistic plane
wave £ (m,t,r), behavior of the amplitude T (s,r) in the relative
coordinate spacesuch that T (s,# ) has the power-law behavior
~1~ % means that for \/[f[<m this behavior goes over into
the exponential ~e . Thus, the exponential-power-law
behavior of the elastic differential cross section can be ex-
plained by the fact that the local geometry on the hyperbo-
loid is Euclidean geometry. This assertion can be readily
understood on the basis of a mnemonic: The formulas of
nonrelativistic Fourier analysis go over into the relativistic
ones by means of the substitution

Y | VA VR

1.e.,

exp (—bmy)= (l/“%+l 1_%2_)—:),“

—> exp (—b]/——_t) .

V¥ —im

3. AMPLITUDE OF ELASTIC pp SCATTERING
We assume that the integral representation (10} holds
for the elastic pp scattering amplitude. We represent the am-
plitude T (s,7) in the 7 space in the form
ay (s) e
k

=by(shr

T (s, r, 4) (11)

og (5)—r--idr(s) ’
where a,,, b, , ¢, , d, are unknown functions of the energy,
and A is a set of unknown parameters. This choice of T (s,7) is
dictated by the analogy with the quantum mechanics of a
many-electron atom and the exponential-power-law behav-
ior of elastic pp scattering. We note that in the framework of
quantum field theory a similar behavior in r space was ob-
tained for the so-called singular potentials (see Ref. 30).
The expression (10) in the case of the spherical potential
(11) takes the form

(12)

T(s. t, A= _sinilx Sdrrsin (myn) T (s, v, 4),
0

where

Requiring also that the elastic amplitude satisfy the
condition of crossing symmetry, we make the substitution

T T (s, t, A) + T (s, u, A),

where
s+ L4 u = 4m*

To determine the number, magnitude, and statistical
uncertainty of the parameters 4, we must compare the math-
ematical model (12) with experimental data.>~” This leads to
the following overdetermined system of nonlinear algebraic
equations:

do %P T (s, 8, AR,
e R T = e
Ue)gp _ Im7 (s, 0, 4)
t (S) V-s(s-—.c(,)
peXp(s)— ReT (s, O, A)

“ImT (s, , 4)°
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TI’_LBLE I. Energies, momentum transfers, the number of measured
points, and the values of y %, y Zy, and y %

5 (}evz [—=Egal i} | = ly (I}umber 2 2 2

> GeV? GeV? points xs b4 =
95.607 | 0,0375 0.75 18 165.997| 157,456 24,033
133,135 0.0375 0.70 19 [233.193| 189.912 20,208
189.429 | 0.0375 0,70 20 70,688 58.659 5.098
264.491| 0.,0375 0.80 21 180.418| 169.085 19.795
330.171| 0.0375 0.70 17 575.472| 282 .552 19,146
947.56 | 0.825 9.75 57 140,359 | 134,560 57.184
930.25 | 0.875 5.75 56 179.301| 144.760 [103.923
1989.160| 0,875 7.25 59 118,737 117.316 50.961
2737,840 | 0.825 9.75 60 114.552 91.705 45,218
3856.410| 0.825 6.25 58 96.387 60,492 94 .864

where s, = 4m; . This system can be solved by a method of
self-regularized iterative processes of Gauss—Newton type.'®
One minimizes the expression

5 il yexp — ytheor, o

=B )

where y**® and y'*°°" are the left- and right-hand sides of the
equations, respectively, and M is the number of all the equa-
tions. The solution of the system has been investigated in the
following cases:

1.4 =A% (3 2);

2. A = A®* (y Zy), but in this case an additional attempt
was made at more accurate determination of the normaliza-
tions of the differential cross sections, i.e., the number of
parameters was increased by the number of different ener-
gles;

3, A - Asta: 4 Asyst (X 2)_

In the cases when expressions of the type (12) cannot be
integrated analytically, we use the fast integration programs
SFUSIN and SFUCOS.*!

In Table I, we give the energies, momentum transfers,
number of measured points, and values of y %, y 5y, and y
for the determined parameters 4 in the solution of the over-
determined system

WM — ) = g =5.11;
’ 1407
AHM — N) = g5 5= 3.9;
401
WM —N) =gE—05 1.09;
KM — Ny =239, xEpAM — N) gy = 2105
DATA DATA

xzf(ﬂf — N)LIERN_ =1. 15,
DATA

where N is the number of unknown parameters.
For our solution, the mass of the effective particle and
the amplitude have the form

m(s)=ua,R (s), -(13)

R (s) = ap -+ a,/(s/s01)™ +a; 1n (s/501), (14)
where”

501 = (1.81-+ 0.06)GeV” ; (13)

"For the determination of the scale parameter s01, see Sec. 4.

S. B. Drenska and S. S. Mavrodiev 45



TABLE IL Values of the parameters 4, (i = 1,...,23) and their statistical

uncertainties 44, .

de/dt, mb/GeV?

a 0.8 .6 2,4
|t], GeV?

N A AA N A AA
1 0,18531 0.00008 13 3,465 0.002
2 0,913 0,009 14 —942 50 0,02
3 2,858 0.006 15 —8730,92 0,002
4 0,324 0.003 16 —3.290 0.002
5 0,1994 0,0008 17 82.170 0.007
6 12,4489 0.0066 18 445,54 0,02
7 7.8602 0.0003 19 0.4073 0,0009
8 8.2110 0,0005 20 —425 440 0,008
9 | 15.5527 0,0004 21 —224 500 0,02
10 7.1927 0.0005 22 1,402 n.002
11 | 15,4652 0,0003 23 465,114 0.006
12 | 94.3 0.1
; o U (s) V (s)
T(s, r, A)=V's(s—s)) R(s) {W*Fm
I W (s) Z (s) }
R e S AT T
in which

U(s)=apR (s)™ -+ iay,;

V(s)=a,:R (s)"" +ia;;
W (s)=ayR (5)™ +1iay;
Z(s)=ag R (s)™* I iay,.

Accordingly, in the momentum space the amplitude
T'(s,t,4 ) has the form

Ts, 1, A)="20—% k()17 (5)m (5 oxp (— RUY)

+ V (s} sin (RVy) exp(— RVy)
+ W (s) sin (RW,y) exp (— RW %)
-t Z () sin (RZ.y) exp(— RZ_y)},
where
RU = agm (s);
RV = a,m (s);

W, =1/ L (Vartat+ a) m (s

RZ, =]/1/2 (Val, +af, = a2,) m(s).

The values of the parameters 4, (i = 1,...,23) and their
statistical uncertainties A4, are given in Table II.*

The amplitude T (5,2,4 ) describes the experimental data
on the differential and total cross sections of elastic pp scat-
tering and the ratio p(s) at energies y5> 10 GeV and momen-
tum transfers in the interval 0.0375< |7 |<9.75 GeV?. Figures
1-4 give graphs of the experimental data and the resulting
description.

In accordance with the optical theorem and the explicit
form of the amplitude, the behavior of the total cross section
is determined by the function

G; (s) = 2nR® (s). (16)

Therefore, (14) can be interpreted as the effective range of the

¥1n Table I1, we have omitted the dimensions of the parameters, which are
obvious from the analytic expression for the amplitude and from the
chosen normalization for the differential cross section.
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FIG. 1. Description of the experimental Fermilab data on (do/dt)(s,t) at
different energies. For each curve, the corresponding value of (do/dr )is,¢)
is divided by 10"~ ', where n = 1,...,5.

pp interaction. As can be seen from Eq. (13), the mass of the
effective particle is also proportional to R (s):

m (s) = ;R (s).

Since the dependence of the amplitude on the momen-
tum transfer can be expressed in terms of the rapidity trans-
fer, it is readily verified that the amplitude and, accordingly,
the differential cross section satisfy the property of geomet-
rical scaling.®?

In Fig. 5 we give the predictions for the diffraction pic-
ture of the elastic differential cross section at all kinematical-
ly possible momenta and higher energies.

Figure 6 gives the dependence of the real and imaginary
parts of the elastic pp scattering amplitude on # at the ener-
gies 100, 500, and 1000 GeV?2.

If our expression for the differential cross section is rep-
resented in the form

0=t (—+)

then for s— o and fixed — ¢ /5 we obtain

N =1+ RV ().

Thus, it follows from this model for the existing experi-
mental data that:

a) the quark counting rules® are satisfied only for Vs
= 10°-10° GeV,

.,
¥

g=548 GeV?

de/dt, mb/GeV
3
k\!

FIG. 2. Description of the experimental CERN ISR dataon (da/dt )is,t)at
different energies. For each curve, the corresponding value of (da(s,t )/
dt)(s,t) is divided by 10" ', where # = 1,...,5.
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&(5), mb
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# 2p

40
PP

5+

Jo-

25

20 K

15 1 1 1

00 200 1000 2000 10000

5, GeV?

FIG. 3. Experimental data and graphs of the total cross sections a{s) of the
pp.pp, w1 p,and K * p interactions.

b) they hold for J5>10° GeV, but the total cross sections
no longer change with the energy.
For the total cross section in the limit s—c0 we obtain
lim o, (s) = ¢, + ¢, In® (s/s01),
which agrees with the rapid-growth model.'?
The asymptotic behavior of p(s) is determined by
lim p (s) = ¢ (In (s/501))%.°.

§-CO

4. DEPENDENCE OF THE EFFECTIVE RANGE OF SOME
HADRON-HADRON INTERACTIONS ON THE QUANTUM
NUMBERS

It is well known that the hadrons can be classified by
their quantum numbers: mass m1, baryon number b, electric
charge g, isotopic spin 1, its third projection 75, spin J, num-
ber of constituent quarks K, etc. At present, it is not known
whether these quantum numbers are independent. More-
over, in the theory of the electroweak and strong interactions
they are expressed in terms of the quantum numbers of their
constituent quarks.**

Using the dependence (16) of the total pp interaction
cross section on the effective range, we assume that the pa-
rameters of R (s) depend on the quantum numbers of the col-
liding hadrons. We describe the total cross sections for inter-
action of p, p, #*, K * with the proton, neutron, and

-1 ! 1 1 1 1 1
2,0 24 2.8 3.2 36 4.0 44
log[s/1 GeV?]

FIG. 4. Description of the experimental data forp = Re T'(5,0)/Im T (s,0):
black circles, Fermilab; black squares, CERN ISR.
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o
07
7079

Predic-
tions

s=100GeV?

19 71
B 7077
Sy
10 -17
1‘1-1\9

F000

VI T T T T T 17T 1T 11T 1T 11117

A (R 1 1 1 i
a 65 10 1.5 2,0 2,5 3.0

log[ — /1 GeV?]

FIG. 5. Predictions for (do/dt )(s,t ) at different energies.

deuteron at energies s >10 GeV by means of the expression
oy (8) = 2nl® (s, 4, a),
where a is the set of quantum numbers, and 4 is an unknown

set of parameters. For convenience, we rewrite the expres-
sion (14) as
R(s, A, 0)=Ry(A, o)+ Ry (4, a)/(s/Ry(4, a))
T+ Ry(A, @) In(s/R (4, @). (17)
We seek the unknown functions R,(4,a), i = 1,...,5, in the
form of a Taylor series up to the terms quadratic in a with

unknown coefficients 4 for the following set of quantum
numbers:

Mass M = m, + m,.

Baryon number B = b, + &,.

Charge @ =g, +¢-.

Isospin /({4 1) =, + L), + I, + 1).

Isospin projection [y = iy, + 5.

SpinJ(J+ 1) = (J; + L)/, + 7. + 1).

To determine the values of the parameters and their

,statistical uncertainties, we solve by the method of Ref. 16

the following system of nonlinear equations:
of® —oi™(s, 4, a).

The solution leads to the following parametrization for the
effective range R|(s, A,@) and the values of R;(A4,a),

Tlsyr)
80

40

s=1000 GeV*

1 1 |t 6 1
g T 20 I0 40 r

FIG. 6. Imaginary (upper curves) and real (lower curves) parts of the pp
elastic-scattering amplitude as a function of r at different energies.
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TABLEIIL Values of the parameters 4, (i = 1,...,21) of the effective range
and their statistical uncertainties 44, .

N A +AA N I A ' +A4
1 0.7114 (+,0218 12 0.0484 00070
2| —0,2332 00168 13 —0,0708 0.0041
3 (1.0223 (10033 14 —0. 4185 0.0003
4| —0.3757 0,0131 15 0.0332 0,0020
5 2,4898 {,01394 16 0,0025 0,0012
3] U, 1874 0.0039 17 0, 0706 {,0032
T 0.0176 0.0027 18 00,1764 0.0015
3| —0.3814 0.0086 19 0.0055 (,0002
9 0,4077 01,0222 20 —0,0050 0,0005

10 —0,2193 0,0031 21 1.8115 0,0563

11 0,3202 00,0106

i=1,..5%

R(s, 4, &) =R+ Ry/(s/Rs)™ + R, In (s/R,);
Ry=AM +ApJ (J 4 1)+ Ad (T +1) LA, [ S |;
Ry=A;+ 4K+ A4, | B A5 | Q|+ 4 s | +4p | Y M
Ry— Ay, + Ay + AT (T +-10)+ Ay, [Q |+ Ayd (14 1)

+ A s |+ 4371 8 [
Ry=Ap+ ApK + Ay I (1 4-1);
1?5:‘421:

(18)

where Y =p, 4y, is the hypercharge, S =35, +s, is the
strangeness, and K = &, + k. is the number of quarks. These
quantum numbers do not occur in the original set. When the
system is solved, it is found that the numerical equality
A; = — 4; holds in the combinations 4,0 + 4;1;. There-
fore, it is found from the experimental data for the total cross
sections and the considered model of the effective range of
the hadron-hadron interactions that the quantum numbers
Q and I, contribute to the parameters of the effective range
through the hypercharge quantum number: ¥ = 2(Q — L).
The dependence of the parameters on the strangeness quan-
tum number § = ¥ — B is obtained similarly.

In Table III, we give the values of the parameters 4,
(i = 1,...,21) and their statistical uncertainties.”

The value of the scale parameter s01 used in (14) is equal
to the parameter R = A4,; determined here, which is the
same for all processes (i.e., does not depend on the quantum
numbers), and y */(M — N) = 1.11.

In Figs. 3, 7, and 8 we compare the theoretical descrip-
tions with the experimental data.

It is readily verified that the effective range of the ha-
dron-hadron interactions as a function of the quantum
numbers of the colliding hadrons is CPT-invariant:

0y (d, b) = 04 (_‘.11 Z)‘

Our description is consistent with the theorems of
Froissart®>>° and Pomeranchuk.?” And since there is a good
description of the expermental data, it can be asserted on this
basis that the contemporary experimental data indicate the
validity of these theorems.

*'For the dimensions of the parameters 4; ({ = 1,...,21), see the expression
for the effective range.

48 Sov. J. Part. Nucl. 15 (1), Jan.-Feb. 1984

&;,mb
45

15 1 1 !

1000 2000
5, GeV?

FIG. 7. Experimental data and graphs of the total cross sections o, (s) of
pi, pn, T n,and K ¥ n interactions.

00 200 10000

The calculated effective range R (s) makes it possible for
given quantum numbers of the colliding hadrons to predict
the behavior of the total cross sections at high energies, for
example,

a) the total cross sections for the interactions of the
strange particles A, ¥+ , &~ with the proton (Fig. 9);

b) the 7% 7" total cross section (Fig. 9);

c) the total cross sections for scattering of the proton on
the light nuclei T, *He, *He (Fig. 10).

The quantum numbers of the light nuclei are obtained
additively from the quantum numbers of the protons and
neutrons that constitute them.

Our predictions for the hyperon—proton total cross sec-
tions and for the p*He total cross section agree with the pre-
liminary experimental data of Ref. 38. We note that these
predictions have an approximately 10% error corridor,
which is due to the inadequacy of the experimental data for
the antiproton and pion total cross sections at the higher
energies. Since we have a good description of the experimen-
tal data in terms of the effective range, we can check the
quark sum rules at different energies. In Fig. 11 we show the
ratios of the right-hand sides to the left-hand sides as func-
tions of the energy for the quark sum rules obtained in Refs.
5 and 39:

1) 60ay =30gy + 20xy;

2) 60q-p=30x+p =20, +60x-p;

3) Go-pp + Ox-p=0Ap + Bcpn;

4) 40’,-,;+p = 20’;;—-1, - 7/801’(1—;, -+ 3/40171)‘

Gyymb T
i gl
78 - L
~ o
66
S T
42l
K*d
30 1 1 1
100 200 000 2008 10000
5, GeV?

FIG. 8. Experimental data and graphs of the total eross sections o, (s) of
pd, pd, m% d, and K T d interactions.
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FIG. 9. Predictions for the total cross sections o(s) of pp, pA, pT T, and
P= " interactions.

The data on the total cross sections obtained in cosmic-
ray experiments*® confirm the predictions of our descrip-
tion.

5. EFFECTIVE RANGE AND TOTAL CROSS SECTIONS OF
HADRON-HADRON INTERACTIONS FROM THE THRESHOLD
ENERGIES

In this section, we test whether the total hadron—ha-
dron cross sections can be described from the threshold ener-
gies by means of the expression (16). We assume that the
effective range can be represented as a sum of a definite num-
ber of Breit—-Wigner functions and a logarithmic term;

R = 3 et Rl (I, (19)

— P +Ti(s)
Because of the huge amount of experimental material, nu-
merical analysis of the correlation dependences between the
parameters p;, it;, I';, A makes it possible to determine with
high accuracy the uncertainty in the exponent of the loga-
rithmic term.

We determine the unknown functions p; and I, the
values of the unknown parameters, their statistical uncer-
tainty, and the number of Breit—Wigner functions by using
the method of Ref. 16 to solve the system o2*"(s) = 27 R *(s),
where o, (5) are the values of the total interaction cross sec-
tions of p, p, # T , K T with the proton. The number of ex-
perimental points for these processes are, respectively, 143,
131, 500, 326, 254, 144. The solution of the overdetermined

5ﬂmb7
154
118
§2
46
B et
10 b T T 7 L LL0
00 200 1000 2000 10000
5, GeV?

FIG. 10. Predictions for the total cross sections ofs} of the proton on T,
*He, He,and 7+ on 7.
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FIG. 11. Behavior of the quark sum rules (1-4) with increasing energy.

system showed that pZ(s) = sp?, I 2(s) = sI"?, and the num-
ber of structures is n = 7.

Tables IV-VT give the values obtained for the param-
eters and their statistical uncertainties. The quantity R, has
the form

£

Y

7 2
= pi
Ho= 2 1+T2 °
i=1

wherep; and I'; are the values of the parameters of the corre-
sponding process. The asterisk identifies parameters com-
mon to one isotopic multiplet.

Figures 12-17 show the experimental data and the theo-
retical description, and also the effective range and its struc-
ture. It can be seen that our solution gives a good description
of the experimental data. The values of

theor

M b
1 o, (si)—op (si) \2
Xz:M—NZ( % )
i

for nucleons, pions, and kaons are, respectively, 1.133,
1.010, and 1.060, where A; are the experimentally observed
statistical errors.

TABLE IV. Values of the parameters of the effective interaction range
(19) for pp and pp interactions.

Pp (Re=0.9062-0.353)

P Ap 0 Ap r AT

T

0,0259+0.0123 1,88294-0,0081 0,01964-0,0047

0,191740,0857 1.91984-0,0432 0,1115--0,0303
0,27044-0.1171 2.26724-0.0309 0.19841-0,0415
0.27034-0.1150 2,79164-0,0296 0,24313-0,0483
0,346440, 1041 3.8160-:0,0764 0.32624-0,0536
0.631540.1114 6.4937 40,1362 * 0.6457 40,0643 *

0.8842-+0.0882

15.0292-0,3446 *

1.1628-4-0,0342 =

pp (Rg=0.856--0,392)

0.02224-0.0043
0,04194-0.0100
0.2580+0.0551
0.2716+0,2022
0.44274-0.2098
0.5234+-0,1296
0.9221-+0,0637

1.96914-0,0020
2.20554-0,0041
2,360640.,0361
2.92494-0,0619
3.99924-0,1514
6.4937+0,1362 *
15,0292 40,3446 *

# [= 0,2428+0,0023; A= 0,9993+0,0030.

0.0282+-0,0040
0.058620.0078
0.2104--0.0226
0,3051£0, 1056
0.4355-0.0980
0,6157+0,0643 *
1.1628-:0.0312 *

S. B. Drenska and S. S. Mavrodiev

49



TABLE V. Values of the parameters of the effective interaction range (19)

for 7~ p and 7t p interactions.

wp (By=0.696-£0,087)

I Ap W A r AT
0,10734-0,0006 1.22044-0,0003 0.06510,003
0,1188+-0,0012 1,4981--0,000% 0,0952+0,0008

(,03514-0,0005
0.0641-+0,0028
0.25604-0.0166
0.5992+0,0525
0.90554-0.0710

1.68004:0.0003
1.8430-£0.0008
2,1812+0,0039
3,33474-0.0212 *
8.381340,1397 =

0.03322:0,0003
0,0879°£0,0022
0.24230.0087
0.5831-0.0326 *
1,20145-0,0406 *

atp (Ry=0,67240,082)

0.4073£0.0010
0.10144-0,0024
0.067640,0017
0,0906-+0.0008
0.19584-0.0122
1,5863-+-0.0808
0.9176 40,0709

1,22334-0.0003
1,32334-0,0021
1.6700-0, 0007
1.89934-0.0004
2.3490--0,0020
3.334740,0212 *
8.3813-4-0.1397 *

0.04944-0,0003
(.08624-0.0013
0,08314-0.0014
(,08494-0,0005
0.2185-+0,0064
0.5834--0.0326 *
1,20144-1,0406 *

*R=10.181120,0024; A= 0,9996-:0,0043.

On the basis of our description of the experimental data
and the explicit form of the effective range, we can interpret
its structure as follows:

a) the Breit—Wigner components correspond to the con-
tributions of the different interaction channels with subse-
quent increase in the number of produced particles by the
production of particle-antiparticle pairs;

b) the Froissart term corresponds to the transition to a
statistical nature of multiparticle production at energies
above 10-20 GeV.

The exponent 4 of the logarithmic term is determined
with high accuracy. For the proton-proton total cross sec-

TABLE VI. Values of the parameters of the effective interaction range
(19) for K ~p and X *p interactions.

E=p (R,=0,600-£0.140)

Y Ap

M Ap

r AT

0,1038--0,0031
0.04112-0.0024
0.0419£0,0014
0,03240.0011
0.542130.0281
0,56634-0,1093
0,54124-0, 1468

1,48364-0.0015
1,69852-0,0040
1.8146=-0,0006
2,0640-:0,0006
2.33104-0,0092

4.9226--0,01100 *

11,45784-0.3851 *

0,0649--0,0015
0.05282-0,0022
0.0431-0,0040
0.057330,0011
0,433120,0158
0,700620,0943 *
1.17933-0, 1192 *

E*p (Bo=0.53340,167)

0,0083.-0,0054
0,4000-0,0103
0,143540.0298
Q

0,3865-:0,0659
0,49335-0,1109
0.70002-0, 1418

1,52085-0,0014
1,8532-+0.0035
2.1694+0,0126
2.37384-1,8847
2,98794-0,0428
4,922640,1100 *
14,4578+0.3851 *

¥R=0,1941+0,0052; A =0,9998=:0,0036.

0,0978+0,0044
0.124030,0066
0, 19300 ,0207
0.23055-0,8315
0.43223:0,0497
0,7006==0,0943 *
1.17937:0, 1492 *
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FIG. 12. Experimental data and graph of the total cross section ofs) for gp
interactions (upper curve); graph of the effective range
R(s)=Z7_, sp¥/(s ,F + s 2 + R In{s/5,)* of the interaction and its
structure (lower curves).

tion A = 0.999 + 0.003, while for the remaining processes
A =0.999 + 0.004.

In the limit s— oo, the asymptotic behavior of the effec-
tive range has the form

R (s) = Ry -+ R In (s/sy).

From comparison of our description for the total cross
sections at very high energies with their asymptotic behavior
ass—s oo We can estimate the Froissart energy (i.e., the energy
above which Froissart’s theorem holds®>%¢). In Fig. 18 we
compare the behavior of the total cross sections (continuous
curves) with their asymptotic expression up to /s = 10° GeV
(broken curves). It can be seen that for all processes the
asymptotic behavior commences (with 10% error) at the
same energy—the Froissart energy. The value of this energy
lies in the interval 10°~10° GeV or 300-1000 GeV, or 10— 15—
1077 em™

Figure 19 shows the lower error corridor for the total
reaction cross sections of p, 7—, and K ~ with the preton
(continuous curves) and the upper error corridor for the total
cross sections of p, 7, and K * with the proton (broken
curves). It can be seen that our description confirms Pomer-
anchuk’s theorem.®” The contemporary experimental data
and our description are such that one can predict the value of
the Pomeranchuk energy (the energy from which the
theorem of Ref. 37 holds) forp, p, 7 ,and K T interactions
with the proton; this energy is, respectively, of the order 10°,
2% 10% 10° GeV2.

The consistency of our description with the experimen-
tal data can be seen from the fact that for 7T scattering on
the proton the predicted value of the Pomeranchuk energy
agrees with the energy already observed (see Figs. 14 and 15,

s
shued
_ujl |||I(—ﬁ
S
2
) L

T

100 200
s, GeV?

10720

FIG. 13. The same as in Fig. 12 for pp interactions.
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FIG. 16. The same as in Fig. 12 for K ~p interactions.
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FIG. 17. The same as in Fig. 12 for X *p interactions.

FIG. 18. Total cross sections of hadron interactions (continuous curves)
and their asymptotic behavior (broken curves).
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FIG. 19. Lower error corridor for the total cross sections of pp, 7~ p, K ~p

interactions (continuous curves) and upper error corridor for the cross
sections of pp, 7" p, K *p interactions (broken curves).

which show that the experimental error corridors of the two
processes after 200 GeV? have a nonempty intersection).

Equality of the coefficients of the logarithmic term for
particles belonging to the same isotopic multiplet is consis-
tent with the three-quark hadron model.*!

6. BASIC RESULTS AND PREDICTIONS

On the basis of simple quantum-mechanical ideas, rep-
resenting the pp elastic-scattering amplitude in the space of
the relativistic relative coordinate, we have constructed the
elastic-scattering amplitude in a scalar approximation, de-
scribing (do/dt)(s,;t) and o(s) for s>10 GeV and
0.0375< |t |<9.75 GeV?. We have confirmed the properties
of geometrical scaling and the quark counting rules. The
amplitude depends on the energy through the function

R (s) = Ry + Ry/(s/s01)* + R In (s/s01),

which in accordance with the optical theorem and the ex-
plicit form of the amplitude determines the total cross sec-
tion by the relation

03 (s) = 2nR? (s).

The function R (s) is interpreted as the effective range of the
hadron-hadron interaction. As s— o0, our description con-
firms the model of maximal growth of the total cross sec-
tions. The mass of the effective particle is proportional to
R (s).

On the basis of the experimental data on the interaction
of p, p, #= , K T with the proton, neutron, and deuteron in
terms of the effective range, we have obtained the depen-
dence of the hadron—hadron cross sections at energies s3> 10
GeV on the quantum numbers of the colliding hadrons. We
have analyzed the validity of some quark counting rules with
increasing energy. We have obtained a description of the
total cross sections of pp, pp, # * p, K T p interactions from
the threshold energies in the form

o; (5) =2 R2(s),

where
7 2
=3 ___ L R(l 4, (A=0.999 = 0.004).
R{s) g (I/E—Hi)3+sFETH( n 8/5,)%, (A—=10.999 &+ 0.004)
The high-energy asymptotic behavior of this expression

for the pp total interaction cross sections agrees with the
asymptotic behavior of the function that determines the de-
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FIG. 20. Predictions for (do/dt)(s,t) at different energies s and
0.25< |t |<1.75GeV*forelastic ppscattering. The values of (do/dt )(s,t ) for
each curve are multiplied by 10"~ !, where n = 1, 3, 5.

pendence of the elastic hadron—hadron amplitude on the en-
ergy. The form obtained for the effective range makes it pos-
sible to formulate conditions for the onset of asymptotic
behavior in the sense of Froissart’s theorem. The resulting
behavior agrees with Pomeranchuk’s theorem.

On the basis of the resulting elastic pp interaction am-
plitude we have predicted the diffraction picture of the elas-
tic differential cross sections.

The dependence found for the effective range on the
quantum numbers for /s> 10 GeV makes it possible to pre-
dict the behavior of the total hyperon—proton cross section
and the cross sections for proton interactions on light nuclei.
If the resulting dependence of the effective range on the
quantum numbers is used, the behavior of the other hadron—
hadron elastic differential cross sections can be predicted.*?

Figure 20 gives the predictions for (do/dt )(s,¢ ) for elastic
pp scattering. Figure 21 gives the experimental data and
graphs for (do/dz)(s,2) at /s = 10 and 52.8 GeV and for
0.25<t |<1.75 GeV?. On the upper curve we give the predic-
tion of the behavior at s = 540 GeV for elastic pp scatter-
ing. Figure 22 gives the behavior of the total cross sections
for pp and pp interactions for 10<s<10° GeV. The value of
the pp total interaction cross section at /s = 540 GeV calcu-
lated by means of the expressions (16)—(18) is att¢(\/s = 540

L i
925 075 125 175
|#], GeV?

FIG. 21. Experimental data and graphs for (da/dt )(s,t ) at different ener-
gies /s and 0.25< |t|<1.75 GeV? for elastic pp scattering. The prediction

for (do/dt ){s,t) at s = 540 G&V. The values of (do/dt )(s,t ) for each curve
are multiplied by 10' ~ ", where n = 1, 2, 3.
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FIG. 22 Predictions for the total cross sections of pp and pp interactions
for 10<5<10° GeV. It can be seen that they agree with the total cross
section of pp scattering at \s = 540 GeV measured with the SPS Collider.

GeV) =71 4+ 4 mb. The corresponding experimental value
iS43
ooP (V5= 540 GeV) — (66 & T)mb.

We hope that in the coming years data will become
available on proton—meson elastic scattering at energies s
> 10 GeV and squared momentum transfer |z |>10 GeV?,
which will make it possible to find the dependence of the
effective mass on the masses of the colliding particles, and
also to verify the predicted diffraction picture of elastic pp
scattering.
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