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INTRODUCTION

During the last decade, there has been a strong growth
of interest in the theoretical investigation of the pro-
perties of macroscopic two- and many-level systems
interacting with electromagnetic fields. There are
many reasons for this, and the main ones are as fol-
lows. First, the use of powerful sources of coherent
radiation have now made it possible to develop inten-
sively experiments in the field of quantum radio phy-
sics and nonlinear optics. In particular, much atten-
tion is paid to the study of cooperative spontaneous
emission in two-level systems and the nonlinear ef-
fects associated with it. It must be emphasized that
two-level systems may differ strongly from the physi-
cal point of view, being, for example, molecular,
atomic, or nuclear. However, the characteristic be-
havior of such macroscopic systems does not depend
on their particular physical nature, which is primarily
manifested in the conditions under which the field in-
duces in each emitter only one two-level transition and
correlation arises between the emitters. This circum-
stance opens up the possibility of a theoretical descrip-
tion of the processes that take place in such systems on
the basis of a general approach, i.e., makes it possible
to use models with similar mathematical structure for
systems of different physical natures.

Second, the simplest model problem describing a
two-level system in resonant interaction with a radia-
tion field—the so-called Dicke model*—could be solved
exactly in the thermodynamic limit (i.e., in the limit
of an infinite system). It is well known that the number
of exactly solvable model problems of statistical
mechanics is very small, while it is precisely such
problems that, as a rule, have a decisive influence on
the development of theory. Study of even simplified
models of macroscopic two-level systems makes it
possible to construct an adequate description of many
physical processes and to predict a number of basically
new phenomena.

The investigation of cooperative phenomena in macro-
scopic two-level systems began in 1954, when Dicke’s
pioneering paper was published.! The model problem
he proposed is formulated as follows. Suppose a sys-
tem of N two-level emitters, which has volume V, is
situated in a resonator. The Hamiltonian of the sys-
tem is
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and a, are the operators of creation and anni-

hilation of photons with frequency w,, P, is the momen-
tum of the electron bound to the f-th two-level atom, e

is the electron charge, c is the velocity of light, and A
is the purely transverse vector potential of the electro-
magnetic field:

1 2nth | 1/2 o + .
A= 77 ?, T,C (—(;—;—) (aq exp [iqf] +aj exp [—iqf]).

Here, the sum over g is taken with allowance for the
ultraviolet cutoff, and 7, is a polarization unit vector.
Further, in the dipole approximation one usually ig-
nores the term e*/2mc A® because of its smallness??
and restricts the treatment to a two-dimensional state
space for each atom, which corresponds to allowing for
only one two-level transition. This makes it possible
to use quasispin operators to represent the two-level
emitters.»* As a result, after some simplifications an
effective Hamiltonian of the following form is obtained
(the Dicke model):

N
e i =
H= ) hogata;+ ) {~2- hayof + VL:VH (ano'}‘+u5cr;)} N (2)
q o 4

which corresponds to the so-ealled rotating-wave ap-
proximation.? Here, o7}, 0;=1/2(cj+io¥) are Pauli
operators describing the two-level emitters:

of |£) =0, of [Ty =)y, of [ddr=£ |}y,

and A is the quasispin—photon coupling constant, de-
fined by
A= wyd ]/ 280 (3)

w0, ?

where d is the electric dipole moment of the transition,
d=(+|x;|-) and #=V/N is the specific volume.,

An important property of this model problem, first
pointed out by Dicke,! is that it describes a transition
to an excited “super-radiant” state, which is charac-
terized by spontaneous coherent emission with intensity
proportional to N2, This intensity is due to the corre-
lation between the individual emitters. The spontan-
eous super-radiance phenomenon predicted by Dicke'
in 1954 was discovered experimentally only in 1972 in
gaseous HF.* In addition, it proved possible to ob-
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serve a number of similar phenomena—photon echo,?r5
self-induced transparency,? etc., in which, however,
an intensity dependence of the type N 2 is due to exter-
nal reasons (coherent pumping).

The rigorous mathematical investigation of the equil-
ibrium properties of the model problem with the Hamil-
tonian (1) began in 1973.%!3! In particular, it was
shown that when allowance is made for only one reso-
nance mode of the photon field and the strong coupling
condition

A > hay (4)

is satisfied, the system makes an equilibrium phase
transition to a state characterized by spontaneous pol-
arization in the subsystem of the emitters (M system)
amd macroscopic population of the resonance mode of
the field (F system). In numerous subsequent studies
the equilibrium properties of the Dicke model (1) and
its generalizations were investigated (Refs. 8-47).
For this, the method proposed and developed in Refs.
11 and 20, which makes it possible to obtain exact
expressions for the thermodynamic potentials and
equilibrium mean values for the M and F systems,
proved to be very fruitful. Conceptually, this method
takes it origins from Bogolyubov's studies on the
theory of a weakly nonideal Bose gas®*®*" and the ap-
proach associated with the introduction of a so-called
approximating Hamiltonian. %°

In Refs. 3, 19, 26, and 34, the influence of the A®
term on the phase transition to the super-radiant state
was discussed. In Refs. 18 and 51 the analogies that
exist between the phase transition in the Dicke model
and the phenomenon of ferroelectric ordering with con-
densation of a soft phonon mode were discussed. A gen-
eralization of the Dicke model to the case of a many-
level system was proposed by Gilmore.*® The problem
of describing many-photon processes was investigated
in Refs. 53-56. In Ref. 57, the breaking of SU(3) sym-
metry on the super-radiant phase transition was con-
sidered.

As we have already pointed out, the phenomenon of
super-radiance attracts great interest in connection
with the possibility of its practical application—to in-
vert the front of an electromagnetic wave,®® to generate
coherent radiation in single-path resonator-free las-
ers,® ete. In this connection, we must mention espec-
ially the papers of Khokhlov®®® who first proposed the
idea of making lasers that operate in the x-ray and
gamma ranges by using the super-radiance effect in
Mossbauer crystals.

Besides the exact solution to the equilibrium problem
describing the super-radiant phase transition, there is
also undoubted interest in investigating the nonequili-
brium properties of macroscopic two-level systems.
The adequate description of the dynamics of such
systems is of special importance, in particular, in
connection with the determination of the working re-
gime, the choice of the active medium, and estima-
tion of the power of super-radiant lasers, in the first
place for the x-ray and gamma ranges. %:%® The deriva-
tion of an exact kinetic equation for a super-radiant
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system is a very complicated mathematical problem.
In the description of the dynamics of such systems,
numerous simplifying physical assumptions are there-
fore usually made. Such is the approach based on a
Markov master equation and developed by Bonifacio

et al.%%" The dynamics of the photon system with al-
lowance for incoherent pumping was studied on the
basis of Zwanzig's approach® in Refs. 69 and 70.
Willis™ used the Bogolyubov—Krylov method of solu-
tion of nonlinear equations.

Recently, in connection with the investigation of the
polaron problem, an approach has been developed for
the construction of an exact kinetic equation for sys-
tems interacting with a boson thermal bath, ®™ Use of
the deep analogies in the mathematical formulation of
the model problems in polaron theory and in the theory
of super-radiance made it possible to extend the method
to macroscopic two-level M—F systems like the Dicke
model. ™" It proved possible to obtain a number of
important results for the determination of the constant
and collective frequency shifts and the characteristic
relaxation (conversion) times in such systems.

It should be noted that the theoretical investigation
of collective processes in macroscopic super-radiant
M-F systems has developedrecently into an independent
scientific direction occupying an intermediate posi-
tion between statistical mechanics and quantum radio
physies. A very great number of original papers and
a number of reviews and specialized collections have
been devoted to this subject. However, the world liter-
ature does not contain a sufficiently complete survey
of regular methods that enable one to obtain exact re-
sults for model problems in the theory of super-radiant
M-F systems. The present paper is to be regarded
as an attempt to fill this gap.

The paper is arranged as follows. In Sec. 1, we
review the mathematically rigorous methods of solution
of the model Dicke problem in the equilibrium case and
consider some properties of this model and its generali-
zations. Section 2 is devoted to the application of the
Dicke model and its generalizations to the description of
coherent physical systems. In particular, we here
investigate the realization of a strong-coupling condi-
tion of the type (4) in physical systems. Finally, in
Sec. 3 we describe a method for constructing an exact
kinetic equation for super-radiant systems and review
the main results relating to the dynamical properties
of such systems.

1. METHOD OF EXACT INVESTIGATION OF THE
EQUILIBRIUM PROPERTIES OF SUPER-RADIANT
SYSTEMS

1.1. Equilibrium properties of the Dicke model

We here discuss the equilibrium (thermodynamic)
properties of the Dicke model with the Hamiltonian (2).
In 1973, Hepp and Lieb™** showed that the Dicke model
admits an exact solution in the thermodynamiec limit
(N — =), and they described the “ super-radiant” phase
transition. If the strong-coupling condition (4) is satis-
fied, there is simultaneous ordering below the critical

Bogolyubov et al. 608



temperature in the subsystem of two-level atoms and
the photons. The state of the photon subsystem can be
interpreted as a classical coherent state with super-
imposed temperature-dependent “noise”, the photon
mode being macroscopically populated: (a*a) <N (see
Refs. 6, 7, 11, and 16). Simultaneously, the quasi-
spin subsystem of the atoms is also macroscopically
ordered. Above the critical temperature, the ordering
disappears (phase transition of the second kind).

Hepp and Lieb’s work stimulated interest in the
study of various modifications and generalizations of
the Dicke model and similar models in other branches
of statistical physics and solid-state theory and laid the
foundation of a significant development of rigorous
methods of investigation of the equilibrium properties
of such systems.

In the description of the equilibrium properties of
the system, a central part is played by the free-
energy functional f[H],”’ and also various physically
important mean values characterizing the ordering in
the system.

Since the two-level atoms in the Dicke model interact
only with one resonance mode of the photon field, we
shall in what follows consider only the main part of the
Hamiltonian (2), which can be written in the form

H=wata+V N A(aS*+a*8-) -+ eNS?, (5)

where w=1w,, &€="hw,, and
1 N
+ ¢ . X, Y, 2 Xyl 2
5% = 8% 1 isY, §%7 —WZ,"’" : (5a)
E

Hepp and Lieb’s result’™*! for the free energy of the
Dicke model (5) is as follows.?’ We construct for the
Hamiltinian (5) an “approximating” Hamiltonian, re-
placing the photon operators by C numbers (variational
parameters) in accordance with the rule

a

A a* A
W—)MTC, —]/—N—e-—gc*.
As a result, we obtain the Hamiltonian

I ; =y K

H, (C)=eNS*— N -~ (C5*+ C*S7) + N = [C|*. (6)
It can be shown that the free energies f[H] for the origi-
nal system (5) and f[H,(C)] for the approximating sys-
tem are equal in the limit N — o if the parameters C
and C* are chosen using the condition of an absolute
minimum of the expression fy_.[H,(C)].® We denote
the point of the minimum by C,

foo [H A (C)]=abs min {fyew [Hs ©)))- (M
Thus,

DFor a system with Hamiltonian H and temperature ¢ =kT,
where k is Boltzmann’s constant and T is the absolute tem-
perature, we have by definition f [H]=~ (6/N) InTr exp(—H /8),
where N is the number of particles (N—w); Trexp(~H/8)
is the partition function.

2ye present these results here in a form somewhat different
from the original and corresponding to the discussion in
See. 1.2 of this paper.

YFor the description of the thermodynamics and the phase
transition it is in fact only the asymptotic properties in the
limit of an infinitely large system, N—e, that are important,
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lim fy [H] = [Ha (O)]. (8)

Since the approximating Hamiltonian (6) is a linear
form in the Pauli matrices, the free energy FlHL(C)]
can be readily calculated?:5’:

Ve
Y ers s {Cl"‘) "

fIHA(C)]= —81n (Zx:h = +2 2. 9)

The necessary condition for a minimum (3f/2C) gives
an equation for C, C*:

C=(8u, ) C*=(8"u, ©» (10)
or, explicitly,

=t
= s erho (T
|C|=% 1C| h]/ w?

V era 2T i & - (11)
mz

The phase ¢ of the parameter C=|C|e!” here remains
arbitrary. For 8<68;, where

Gcz-;—(arcth%)fl, (12)
Eq. (11) has a nontrivial solution |C|#0, this realizing
an absolute minimum of the free energy (9). For

8 = 6,, the unigue solution of Eq. (11) is trivial: |C|=0,
6>86,. Substututing C=C in (9), we obtain an explicit
expression for the free energy of the Dicke model as
N— . At the level of the free energies, the Hamil-
tonians H(5) and H, (C) are equivalent as N — <,

It is clear from (10) that C*=(S*), . One can show
here too that averaging over H,(C) can be replaced by
averaging over H as N— «, Thus,

G = (8% 1| yosoor (13)

The following relation also holds:
+ " a‘z ‘2 —_
(T u=or (88 m="1 (TP, (14)

Equations (13) and (14) follow from the general results
of Sec. 1.3 [we note that Eq. (13) is not to be under-
stood in the sense of ordinary mean values, but in the
sense of “quasiaverages,” i.e., with allowance for
spontaneous symmetry breaking; for more details,

see Sec. 1.3].

Thus, for 8 <6, ordering occurs in the quasispin sub-
system of the atoms, the ordering being characterized
by the order parameter |C|=[(s% #|. Figure 1 shows the
dependence of |C| on the temperature. As follows from
(14), such ordering is accompanied by the appearance
of a macroscopic number of coherent photons: {(a*a),
xN|C[*. At low temperatures, the system is in the
super-radiant state, which vanishes when 6= 6.

As we have shown, the model Dicke Hamiltonian de-
scribes a phase transition to the super-radiant state

DTranslator’s Note. The Russian notation for the trigono-
metrie, inverse trigonometriec, hyperbolic trigonometric
functions, ete., is retained here and throughout the article
in the displayed equations.

91t is necessary to take into account the formulas

exp(arr)=ch|a|+|9£-sh|a'l, la| =V{@a<a) , Trexplac)=chl|al.
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FIG. 1. Temperature dependence of the order parameter in
the Dicke model.

only if the strong-coupling condition (4) is satisfied.
This presupposes the presence of a high density

p=v"! or a low resonance frequency w,. These condi-
tions may be a serious obstacle to the experimental
realization of such a phase transition in physical sys-
tems. There is therefore much interest in consider-
ing physical situations that lead to a change in the
strong-coupling conditions. Thus, it was pointed out
in Ref. 78 that if one gives up the rotating-wave ap-
proximation, i.e., if one takes into account ¢ counter-
rotating”!® interaction terms of the form a*c* and ac”,
the simple substitution

A A=22

is made in the strong-coupling condition (4). In a more
general case, one can consider a Hamiltonian with
counter-rotating terms of the form?!?

N

\ = = 1

JT S (a0} +a*0F -+ (a0 +a*0})] + - ko
i=t

H=hwat*a +

M=

z
03

o
I
o

Then the condition for the existence of a phase transi-
tion is
A (1-+4p) > hoy,.

We recall that the Dicke model is a simplified ver-
sion of the original Hamiltonian (1). For less radical
simplifications, one should take into account in the
Hamiltonian the additional A? term present in (1). The
influence of this term on the phase transition has
been discussed in a number of papers (Refs. 3, 9, 26,
28, and 34). In connection with the problem of allow-
ing for the A? term, Gilmore and Bowden'® proposed
a canonical transformation to eliminate the term as a
result of renormalization of the parameters of the Ham-
iltonian. Indeed, when the A? term is retained, the
Dicke Hamiltonian (1) must be augmented by the expres-
sion®®

k(a*+a)% (15)

In this case, a transformation of the boson variables of
the form?!®

o chy e"i’shv) a )
(a+)=(e-l'i’ahv chy (a*
with the parameter vy chosen using the condition
thy=—(VF—1)/(VF+1), F=1+4k/ho

makes it possible to eliminate the term (15) from the
Hamiltonian. The resulting renormalization of the
parameters of the Dicke Hamiltonian (for  =0) has
the form

fio—lio’ =ho V' F;
b N = b (P8 FPIR).
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Thus, even when the A? term is taken into account we
arrive at a standard structure of the type (5).

We make some comments about the methods of study-
ing the equilibrium properties of Dicke-type models.
In their original paper, Hepp and Lieb” used a rather
complicated “direct” method which was actually based
on the construction of the complete spectrum of the
Hamiltonian using special properties of the model.
Therefore, new approaches making it possible to obtain
the same physical results were investigated in many
subsequent studies. Almost immediately, Hepp and
Lieb’s thermodynamic results were reproduced by a
simpler method based on the use of Glauber coherent
states by Wang and Hioe® (see also Refs. 130 and 131).
Vertogen and De Vries® based their work on an analysis
of the equations of motion in the approach of C* alge-
bras. In Ref. 13, Brankov, Zagrebnov, and Tonchev
used the technique of approximating Hamiltonians of
N.N. Bogolyubov, Jr.®; Moshchinskii and Fedyanin®
and Popov and Fedotov?™**** used the method of steepest
descent in a functional integral; other methods were al-
so developed.

New methods were proposed by N. N. Bogolyubov,
Jr. and Plechko,!2° who studied from a unified point
of view an entire class of systems including the Dicke
model and its generalizations, and also other related
models as special cases. It was found that many char-
acteristic properties of the Dicke model hold generally
for all systems in which one or several modes of a
boson field interact with some subsystem (“matter»).
These general methods are discussed below in Secs.
1.2 and 1.3. In Sec. 1.4, we briefly discuss some
models related to the standard Dicke model.

1.2. A class of exactly solvable model Hamiltonians
with interaction between matter and a boson field.
Calculation of the free energy

We consider the problem of calculating the free
energy for a generalized class of model systems des-
cribing a subsystem (matter) that is not particularized,
with a finite number of modes of a boson field.!* This
class of systems includes the Dicke model and related
models.

We consider the class of model Hamiltonians of the
form

s £ong
H=73 ouaia,+V N > (Noaily -+ Aia,L})
6=1 a=1
E (16)
+T—N 3 %,LiL,,
d=1
where:

ot and a, are the operators of creation and annihila-
tion of mode o of the boson field; they satisfy the com-
mutation relations

1, a=p;
outi—apou=] o 2 0 (17)

T=T*L,,L; are operator constructions representing
the N-particle “M subsystem” (matter), which is not
particularized; on these constructions there are merely
imposed the following general subsidiary conditions:
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Lo ISKEy, | LT —TL, | <K, }

I Lol — LFL, |<Ky/N, (18)

where ||. .. || denotes the norm of an operator, and X,
K,, K, are certain N-independent constants. These
conditions are not in fact restrictive and hold in con-
crete cases®;

N is the number of particles in the M subsystem. We
shall make our calculations for finite fixed N, going
to the thermodynamic limit, N— «, at the very end;

w, >0 are the frequencies of the boson field; %, >0
are the “coupling constants” in the additional L? inter-
action in the matter subsystem (there is no analog of
this term in the Dicke model (1); such a term appears,
for example, in some superconducting models®).

The Hamiltonian H (16) is defined on the space

FHman=Hu ® Hp, (19)

where %, is the state space of the M subsystem (mat-
ter), and &, is the Fock space of the boson field. It is
clear that the operators of the M subsystem always
commute with {a,, a?}.

The Hamiltonian (16) describes S modes of the boson
field interacting with the M subsystem. Different
specific models are obtained for appropriate choices
of the operators {T, L, L*} of the M subsystem. In
the Dicke model, we have one field mode, S=1, and
T=gNS* L=S", L*=8§*; n=0,

We shall show that the free energy for the Hamiltonian
(16) can be calculated on the basis of the following ap-
proximating Hamiltonian:

Hy(C)=T—N 2 (B (L u)——ﬂ

ga:xu‘l'll f (2]

2. &a |Cal?, (20)

where C, and C} are variational parameters chosen to
ensure an absolute minimum of the free energy
F[H,(C)]. We denote the values of the parameter that
realize the minimum by {C,}:

fn [H 4 (C)] =abs m’i;n fx [Ha (O)] (21)

(we note that the operations of going to the limit N — e
and minimization with respect to {C,} commute). OQur
aim is to prove the relation™

[fx=ee [H 4 ()] = fx [H]| =2 0. (22)

For the proof, we require two fundamental theorems.

1. For all Hermitian operators (Hamiltonians) 11, and
1, the following inequalities hold between the equilibrium
mean values and the free energies (Bogolyubov, 1956):

(U — Uaby, <F (U] — Al < A (A — g (23)

2. The free-energy theorem (N. N. Bogolyubov,
Jr.%0). We introduce an auxiliary Hamiltonian of the

®For example, in the Dicke model we have |5 <
virtue of the additivity [§~,S']_o1 N,

DThe relation (9) is a special case of (22). In Sees. 1.2 and
1.3 we do not dwell on the motives for the steps that are
taken, since they are evident from the analogy with the
Dicke model discussed in Seec. 1.1,

1, and by
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form

o )

H=T—N 3 g.LiL,, 8.0, (24)
a=1

where T, L,, L} satisfy the relations (18); then the

free energies fy[N]and f,[H,(C)] (21) are equal to the
limit N — co;

0 [Ha (O))—Fx [H1 <t ——0, (25)

where gy <N /5 (if desired, the estimate ¢, can be
improved by imposing stronger conditions than (18);
see Ref. 25).

The relations (22) and (25) indicate that the free
energy for the class of systems H (16) is equal in the
limit N — e not only to (21) but also to f[H]; however,
in specific systems f[H] cannot be directly calculated
because of the L? term in (24), and our final aim is to
reduce the problem to the calculation of f[H,(C)] (21).
The Hamiltonian H plays an important auxiliary role.

Equation (22) is proved by the chain of inequalities
(26)

where £, —~0, gy =0, N— «, Here, the indices M and
MXB (and B below) identify the state space on which
the corresponding Hamiltonian acts, and the trace is
taken in the calculation of f[...].

—Un S [H g — f [ H e <F 1H o (D)l — F [H 1< e

The extreme right-hand inequality follows from the
theorem (25). To prove the central inequality, we must
show that

FIH]p<<F[H 5 (€)]ar. (27)
We introduce the auxiliary Hamiltonian
' A:& oz Qe M &
HH(C) E (VN Sy O a)(ﬁ"l‘ﬁca)- (28)

=1

In the inequalities (23) we choose Il,=H and U, =H,(C)
+Hyz(C); calculating I, — U,, we obtain from (23)

fH g —f [Ha (C) + Hp (O)argn
s

— ) %o {(Ls— T

a=|{

) (La. = CQ_))H’A (EH_HB (E)

(29)

5o C8) (La—To) + he)

8
/ a

+E1 <-M( VA Hy @+Hy @
The first term on the right-hand side is here nonposi-
tive, and the second term is equal to zero, since the
mean value with respect to H, (C) + H,(C) factorizes
into the product (.. .)y, 7). . .)y,(s of the mean values
of the corresponding operators, and, obvicusly,
@3/ VN +2%/w, Ch)pyp(cy=0. Thus,

fHluge<f[Ha (C)+ Hy (O)rgs- (30)
Further,

FIHA(C)+ Hy (O)lsgs =1 [Ha (O)ar+7 [Hz (€)]5,
where

FIHg (©)]a i 1n(1#e"3_a)\<‘o. (31)

From this the 1nequal1ty (26) follows.

It remains to prove the left-hand inequality in (26):
— <[ Hluzs—f [Hlp. (32)
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Note that H(16) can be represented in the form
s
H=73 xamaaaaa-irﬁx
ow=1

s

3 a B ) e
|N§1(1 7a) 0a (75 +—W_1q,)(—llfﬁ—ﬁmfttl__wa)),
33
where (32)
s
Hoe TN 3 (et tyyay ) ik (34)

Here, we have introduced the parameter x,, 0<x, s1
and we have separated the auxiliary boson term [the
first in (33)] in order to have the possibility of applying
the inequality (23).

In (23), we choose

8

Ay=H, Uy=H.+ aé 20,05y (35)
Bearing in mind that [see (33)] U, -1,>0, we have
0<f[Hluge—1 [ﬁx'i"uﬁi Zo0,akty |z e (36)
At the same time, it is obvious that
fE+ S 2 Tavoataalugn = - f [+ Lz s | Faati]n
:f[ﬁ,r],,,*;_—?.z In [Vifexp(—xamﬁ)]‘; (37)

=1

8
=iy~ 3 (F9 0.
=1
We now estimate thegdifference betweet_l the free
energies f[H], and f[H,],. Setting Il,=H, Il,=H, in
(23) and using the boundedness of the operators L, and
L, in the norm (18), we obtain

5
0 [l — 1 (1<K} 3 22—l (38)
=1

On the basis of (36)—(38) we have

8
S Zi b | Al 2 z:.wm A0 1
- (1ﬁ1,t (:m K+ +Hing N ]nra) (39)

=]

<f [ Hugn—F (Bl

The right-hand side of (39) does not contain the parame-
ters x,. Therefore, we can choose x, on the left-hand
side at our discretion. We choose x, =1/N for all o.
As a result, we obtain the lower bound (30) for

s
g N K < l2e |*
r=N e A

a=1 (40)

—|— E (Gln ﬁ‘w—‘\?‘) -3 }n\fv s 0.
a=1 e

The inequalities (26) are thus proven.

We have therefore shown that the calculation of the
free energy f[H], .5 for the class of model systems (16)
as N — « reduces to the calculation of the free energy
f[H4(C)ly. The Hamiltonian H,(C) does not contain the
boson operators at all and is linear in the operators
{Lu}. Because of the comparative simplicity of the
structure of H,(C) in concrete systems the free energy
f[H4(C)] can be readily calculated. The necessary con-

612 Sov. J. Part. Nucl. 14(6), Nov.-Dec. 1983

dition for a minimum (3f/8C, =0) gives a system of
equations for determining the parameters {C_}:

Ci = (Ll:)u_\u.)- (41)
Ci = (La)n 0+
We conclude by noting some relations for the mean
values. We introduce the notation
L . /)
e /N We
10,“ P (42)
B =t == L}
> l/ N W

Note that such constructions occur in the representa-
tion (33), from which it can be seen that when the left-
hand side of (36) is written out in more detail the mean
value (B} B,) can be estimated. Finally, we can obtain
the estimate!

s

S 0, (BLBo)ir << (ex - Gn) (1 +0 (%) ) ——0, (43)

N-o0
o=1

whence, using the well-known inequality®®
[ (AB) [2<AA* (BB, (44)

we readily obtain the following asymptotically exact
equations'!;

ata Il 12
(e

/

Lilada| . (45)

We see that the number of quanta of the boson field is
related to the mean values of the L operators, which
usually characterize the ordering in the “matter”
[see Ref. 11 and the discussion in See. 1.4].

1.3. On the calculation of quasiaverages

The relation (22) proves the equivalence of H and
H,(C) in the limit N — = at the level of the free ener-
gies. One can also consider whether H and H,(C) are
equivalent for the calculation of mean values. In
physical models, in particular, one is generally very
interested in the mean values of the operators {L,,L*}.
Since (L )n, 3 =Ca [see (41)], it can be assumed that
{Lpy=C,. This equation does indeed hold, but for
“ quasiaverages” and not for ordinary mean values.

The concept of quasiaverages was introduced by
Bogolyubov,™®° who showed that in systems with de-
generacy some physically important mean values are
identically equal to zero for finite N by virtue of the
symmetry. In such cases, physical meaning attaches
not to the ordinary Gibbs mean values (...}, but to
“quasiaverages” (...}, which are definedas follows
In the Hamiltonian one introduces small symmetry-
breaking terms determined by the parameters {-r
one then calculates the ordinary mean values (...}, ,
goes to the limit N— =, and only then sets {r,}—0:

79,80,

<. p-g=1im llm (oo ditge (46)

T+ Nooo

Thus, quasiaverages are mean values calculated with
allowance for spontaneous symmetry breaking.

In specific cases, the symmetry-breaking terms
(“the sources”) usually have a direct physical mean-
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ing.® However, when one is considering systems that
are not particularized in detail the question of the
choice of the “sources” is not so simple.? Methods
for introducing quasiaverages for the class of Hamil-
tonians (16) were proposed in Ref. 20. Quasiaverages
are defined in accordance with the rule (46) on the
basis of the Hamiltonian

8

+ L o
H=H420 3 on (o520 02) (4 + 25 T), (4)
a=1 3

where {7,} are real small parameters, 7, >0.

Using methods similar to those employed in Sec. 1.2,
we can obtain the estimate
8

a; ' A‘; + Qg o
21 m“[<(WT_m;L“) (]/N +:;_¢L“)>H.g

a=

ag 54 a -
+Ta <( ]/’ﬂfT\7 +7f0;) ( Vaﬁ +Z:_: C“)>H,]g§”- 17,50, Now O
(48)
Proceeding from (48) and the inequality (44), we can
readily obtain relations for the quasiaverages of the
operators L¥*, a?/VN and the parameters C/ of the
following type®°:

<Ly >g=C, }

T i i

<—2 % =220,

IVNI H O 49
_Ja;aa! s ol ( )
1 N IH_ ©F | ulj

etc. In the general case, these relations can be ex-
pressed in the form of the following “rules of substitu-
tion” for calculating unary and binary mean values:

3
]

a 5 A_f —

T e =0 (50)
In Ref. 39, these rules were extended to arbitrary
mean values of the form

<%J%LQL§> (51)

In the calculation of all such mean values, the opera-
tors a#/VN, L# and the parameters C# are modified
in accordance with the rule (50) (at the level of the
quasiaverages).

Note that in the case of the ordinary Dicke model (5)
we have a case of degeneracy. It can be shown that for
finite N at all temperatures {S*)» =0 because of the hid-
den symmetry of the Hamiltonian (5). (This symmetry
is manifested indirectly in that the free energy
FH,(C)] (9) does not depend on the phase of the para-
meter C, and the phase ¢ for C=|C|e'? can be chosen
arbitrarily.) However, at the level of quasiaverages
|(S% |=|C|#0 for 6 <8, as follows from the general
results (49). Note that on the transition to the more
general model (17) (for p #0) the symmetry is lost,
the parameters C, C* are determined uniquely (here
@ =0), and the quasiaverages are equal to the ordinary
mean values.

Note that the symmetry breaking in the Hamiltonian

Vpor example, in isotropic ferromagnets the spontaneous
magnetization should be calculated with the inclusion of a
weak magnetic field, which fixes the direction of the mag-
netization and is removed only after taking the limit N —w«.
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(47) (if it occurs) is actually realized only by the linear
terms 7,C%a_, T c "

" ax a? ‘o a ot

In specific systems, the mean values and quasiaver-
ages of the operators L, usually have the meaning of
“ order parameters” in the matter subsystem. At the
same time, the relations (49) and (50) indicate that the
occurrence of ordering in the matter ((L,)=C, #0) is
necessarily accompanied in all cases by macroscopic
population of the boson modes, for which effectively
a, « VN, dya, <N. This is a universal property and
does not depend on the specific features of the matter
subsystem, 2°

Note also that, as can be seen from the form of the
Hamiltonian H (24), the interaction of the matter with
the boson field leads to an additional effective “attrac-
tion” [the negative L? term in (24)], which facilitates
the ordering.

1.4. Other models. Some remarks

The class of systems considered in Secs. 1.2 and 1.3
includes various modifications of the Dicke model and
some other models.

It includes, for example, the following generalized
variant of the Dicke model (5):

8

H= 73 onghan+

m=1

=

(@m (Amio7 + pms03)

= (52)

i (A 07 -+ p0T)]1+ D) (efof -+ eyo? + ejo3),
=1

1 S
= 2
VN b

>T_..

a special case of which is (17) and also the models in
Sec. 3 [Egs. (72) and (82)]. Other examples are the
Kobayashi model in the theory of ferroelectries with
hydrogen bonds,®+®* the Frohlich model in the theory
of superconductivity,®® models of a ferromagnetic
crystal with phonon instability,?™® the model of the
anomalous ferroelectric transition in proustite
Ag.AsS,,"" etc. We emphasize that the term “super-
radiant phase transition” is here to be understood with
respect to not only dipole—photon systems but also
systems interacting with phonon fields.?* For ex-
ample, in Ref. 24 a crystal with N paramagnetic im-
purity centers with spin S in a constant field H, was
considered. The crystal represents a resonator of
longitudinal acoustic waves with frequency w resonator
for AM =2 transitions in the Zeeman spectrum of the
system (M is the magnetic quantum number). The
Hamiltonian of such a system has the form?**

N
H=ho (aﬁ”ak +%) + 3 B, S3
. el (53)
-LHVL‘T 2 [G (S9) ane'™ 1 —G* (87)2 ate™""1),
=1
where a} and a, are the operators of phonons with wave
vector k, w, is the frequency of the Zeeman splitting,
S; are operators of the spin S, and the terms G(S})* and
G*(S;) represent the spin part of the tensor spin—pho-
non interaction (for more detail, see Ref. 24). Such a
Hamiltonian belongs to the general class considered
in the present section, and it describes a phase transi-
tion. Experimentally, such a transition can be ob-
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served in the pronounced enhancement of the Mandel-
stam-Brillouin scattering near 6.2

As we already noted in Sec. 1.3, a common feature
of such systems is the simultaneous ordering in the
matter and field subsystems. In the models of Refs. 82
and 83, in which the quasispin or fermion subsystem
interacts with the phonons of a erystal lattice, there is
a simultaneous ordering in the matter and a structural
rearrangement in the lattice when the phase transition
occurs.

Various physical models are also discussed in the
following section.

2. GENERALIZATIONS OF THE DICKE MODEL AND
DESCRIPTION OF PHYSICAL SYSTEMS

2.1. The problem of the realization of the strong-
coupling conditions in a many-component system

In the previous section, we already pointed out that
the phase transition to the super-radiant state is pos-
sible only if a strong-coupling condition of the type (4),
which has a physical nature, is satisfied. This can be
a serious obstacle to the realization of such a transition
in definite physical systems. In this connection, it
was argued in Ref. 32 that in a two-component system
fulfillment of the strong-coupling condition for only one
of the components is sufficient for a phase transition
in both components. For a system with an arbitrary
number of components, the problem of the existence of
the super-radiant phase transition was investigated in
Ref. 37.

Following Ref. 37, we consider the system with the
Hamiltonian

Him ) 2 haata; —1—2 sju,-{-—z Z Ayj (o7af +ofa;). (54)

i=1 =1 =1
Here, o;"" =Z,04;", m is the number of modes, n is
the number of components, i.e., the number of “spe-
cies” of two-level emitters (m and » are fixed num-
bers), and the parameters A, are determined in the
usual manner for the Dicke model. It is assumed

that each component consists of the same macroscopic
number N of emitters. In accordance with the method
set forth in the previous section, we make a renormali-
zation of the field operators:

af—at =ai+ mg Mjoli ap > ay=a;+ mi g; A5,

As a result, the effective Hamiltonian (as N — =) of the
M system can be represented in the form (a special
case of the Hamiltonian H from Sec. 1.2)

Z €05 — o aIu;--f%,-;E‘,k l;’i:“ o'oi, jo=k. (55)
The last term in (55) is distinguished, since it de-
scribes the interaction of quasispins of different spe-
cies. An interaction of this kind is encountered in
various problems in the theories of magnetism and
ferroelectricity.®®® In the investigation of systems
with such interaction, one cannot use the standard
variational principle associated with minimization of
the free energy; instead, one must use the more com-

(m, n)
Hiy

614 Sov. J. Part. Nucl. 14(6), Nov.-Dec. 1983

plicated minimax principle introduced in Ref. 90, since
otherwise unphysical results can be obtained.® The
minimax principle was extended to quasispin systems
of fairly general form in Ref. 91. The basic idea of
the approach is as follows. Suppose for simplicity that
the Hamiltonian contains the interaction of particles of
only two species, which are described by the quasi-
spin operators A'Y and A‘®, respectively:

H— —%A“’ A AD E o A‘“, A®)—0
This Hamiltonian can be represented by means of an
identity transformation in the form
P2 (A2 (A2, (56)

where P EA‘“ + A(Z’. The approximating, thermody-
namically equivalent Hamiltonian for (56) is chosen in
the form

Hei

Hy=—>@P—pE+5 3 @AD—n)
=t
the variational parameters £ and 7, being determined
from the condition®.%®

min max Fy, Fy= hm { =0 InTr 9—1{,;9} i
® my N

Note that the order in which the extrema are taken is
here important, 50.%°

In the case of the Hamiltonian (55), the last term can
be represented by analogy with (56) in the form

E 2
o= o k=
Using now the minimax principle, we can readily show

that the Hamiltonian of the M system in (54) is thermo-

dynamically equivalent to the approximating Hamilton-
ian

HP ™ @)= 5 eoi— 3 32 MR (o5t -+ ol — B, (57)

i #,&

lqlm

(1 —8;x) [(07 +0%)* — (a7)* — (k)]

2!

where £,=(0;/N). The parameter £, is related in a
simple way to the spontaneous polarization P, in com-
ponent k: P,oc|£,|. Therefore, the quantities £, can
be regarded as order parameters in the M system.
For the B system, the order parameter characterizing
the population of mode i is 2),,|£,|. The Hamiltonian
(57) is linear in the operators ¢* and can be readily
diagonalized. After simple calculations, we obtain
for the free energy of the M system

Fy=33 "”"”‘ g;gk—ez ln?.ch——
i i,k
where
=Ve+I143
A3 !,1
2{ o §;+Z(1—6m) - n}-

The order parameters £, are solutions of the system®’

Mijhik  th(E;/@) .
A;=A4; 3 i Z—Ejj’ §=1,12. ... " (58)
i, h

It is clear that for any temperature @ =0 we have the
solution
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§|=§2= L

which corresponds to the absence of ordering. We
shall not seek nontrivial solutions. Suppose that at a
definite temperature some §;=¢£; #0, whereas all the
remaining £;,=0. Then instead of (58) we have

L =§n=01

Aijhijg Aijhijy Aijhin  th (Fy/8)
2 -“_hm,- '51. = (2 T .E:i.) 2 fitn; =~ ?
i i ik 2F
In l]‘

Fm/ o35

Since §; #0 by hypothesis,

~ lijlik
2E;=73) e

ik

thads, =1, 2, ..o m

This system admits a nontrivial solution only if the
coupling conditions

Vi k=1, 2, ..., n, &/ArthB;=gu/Arth By, (59)

where B; =73, w\; )\, /Hiw,;, are satisfied. At the same
time, the critical temperature for component j, is

O, =e;,/Ar th Bj,. (60)

Since the conditions (59) do not depend on the choice
of j, (1 < j, <n), it follows by virtue of (60) that the
phase transition occurs at the same critical tempera-
ture in all the components. This is quite clear from
the physical point of view; for the occurrence of spon-
taneous polarization in any of the components leads to
the appearance of an “average field,” in which all the
remaining components are polarized.

In the considered many-component system, the stand-
ard strong-coupling condition (4) is replaced by

n m
Aijhik
2 ﬁmi_>23ﬁ (61)

he=1 i=1

and the conditions (59) must be satisfied simultaneously.

It must be particularly emphasized that the critical
temperature (60) is higher than the corresponding tem-
perature for each component if the latter is regarded
as “pure,” i.e., is treated independently of the oth-
ers (Fig. 2).

Thus, an increase in the number of components (in
the number of species of emitters) in the system can
indeed play the part of an additional ordering factor
and lead to a significant change in the conditions for
the existence of a phase transition.

In crystalline super-radiant systems, the thermal
vibrations of the emitters near the equilibrium posi-

0 & 6 8

FIG. 2. Result of numerical solution of Eq. (30) for a two-
component system. Curves 1’ and 2/ correspond to the ‘“pure”
components,
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tions have a significant influence on the conditions and
nature of the phase transition. Allowance for such
vibrations requires the investigation of Hamiltonians
more general than the standard Dicke model (2). We
now turn to the study of such generalizations.

In connection with generalizations of the Dicke model
which are of interest from the point of view of physical
applications, we also mention the so-called super-
radiant models with trilinear interaction considered
in a number of papers by Kir'yanov and Yarunin, 133,134
The investigated Hamiltonian has the form

N
H =lwa*a + fg {cp? [% o+ I/RF
where ¢, =(ay,B;), 0s0f - naj o, =P, Bj - %B}.B,= by,
i.e., in the system the photon field interacts with lat-
tice oscillators having frequency Q. It is found that in
the case of a Bose lattice (v =1) the threshold value of
the coupling parameter A decreases with increasing

(o%a + a“cr")] tp,} 3

() =% (2 (@fay+ ﬁ?ﬁf)> >
]

which characterizes the average population number of
the lattice (per site). This result suggests that with
increasing number of levels there is a weakening of the
strong-coupling condition analogous to the case con-
sidered here of an increased number of components.

2.2. Models of a macroscopic two-level system in a
crystal

The behavior of super-radiant systems in the pres -
ence of phonon degrees of freedom has often been con-
sidered (see, for example, Refs. 22, 27, and 38 and
the references given in them), Here, we shall con-
sider only three main approaches to the investigation
of this problem.

It is well known that Mandelstam—Brillouin scatter-
ing always occurs in crystals—a plane electromagnetic
wave is diffracted by elastic waves. A modification of
the Dicke model to take into account such scattering was
proposed in Ref. 92. The corresponding Hamiltonian
has the form

A
H =73\ hogaja,+ %ﬁmo N+ D l/_% (aq0} -+ ajor)
f e
. 1 Ay qw + ; 4 (62)
X {1 +— 2 Kbyt K,.b,;)} + 3 hQ,bitby.
k k

Here, b; and b, are the operators of creation and anni-
hilation of a phonon with quasimomentum % and fre-
quency £,. The coefficients K, and K} can be deter-
mined from the expression for the Brillouin energy®:

‘l}‘lle (27) (u;w) p (2y),

where i, is the dipole-moment operators, x; are the
coordinates of emitter f, E(x,) is the transverse elec-
tromagnetic field, u, is the displacement operator

of emitter f, and p(x;) is the mean density. For such
a model when only a finite number of modes for the
boson fields are taken into account it could be shown®?
that the presence of the phonon contribution leads to

a change in the standard form of the strong-coupling
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condition; if the phonon contribution to the energy of
the system is sufficiently large, the phase transition
to the super-radiant state changes from one of the
second to one of the first kind.

Another effect associated with the influence of the
phonons is due to the possible dependence of the coupling
constant A in the Dicke model on the coordinates of
the emitters: A—A(x;). In this connection, we mention
Refs. 22 and 94, which considered a generalization of
the Dicke model for systems with fluctuating dipole—
photon coupling constants \(x;) under fairly weak con-
ditions on the distribution function, a compressible
Dicke model, taking into account classical lattice vibra-
tions, being investigated as an example. Quantum
fluctuations of the “emitters” were investigated in the
approximation of a single phonon mode in Ref. 27 on
the basis of the same approach as in Refs. 22 and 94.
We emphasize that the presence of a dependence A(x;)
can play an important part only when the wavelength
of the electromagnetic field is comparable with the dis-
tance a between neighboring lattice sites (Ref. 22).?
For such a generalization of the Dicke model, it was
shown that the presence of phonon degrees of freedom
can change the strong-coupling condition and the kind
of the phase transition in this case too.??:2":** In addi-
tion, it was shown that strong interaction of the photons
with the elastic vibrations in the crystal can lead to
macroscopic deformation of the lattice, i.e., toa
structural phase transition.

We note that the condition A xa, where A is the wave-
length of the electromagnetic radiation, corresponds to
the x-ray frequency range, whereas the currently exist-
ing sources of coherent electromagnetic radiation have
much larger wavelengths. Indeed, the mean distance
between atoms in solids is a=(3-5)10"® m, whereas
for the optical range, for example, A~10"° m. When

A < a, (63)

the coupling constant A varies very weakly when there
are thermal vibrations of the emitters in the crystal.
Therefore, if the conditions (63) are satisfied it is
necessary to take into account other physical mechanism
coupling the dipole, photon, and phonon subsystems

in the crystal. One such mechanism is the direct elec-
trostatic dipole-dipole interaction. 3%:%5:38

Indeed, a coherent optical wave creates in a crystal
a system of parallel electric dipoles.® The interac-
tion of such dipoles can be written down by analogy with
a ferromagnet®” by means of the operator

D {@yy-ofo7 + Dy 070} | Wypoioi),

11
where & and ¥ are functions of the distance between the

corresponding dipoles:

Qi =0 (|ag—a7 ), Yo =¥ (|25 — zp)]

These functions can be expanded with respect to the
relative displacements of the atoms,3® which makes it
possible to introduce an operator of dipole-phonon in-

DyUsually, a standing electromagnetic wave in a resonator is

considered. The physical system is quasi-one-dimensional,
since phonons with kll¢ play the main part. %
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teraction in the Hamiltonian.

Following Refs. 33, 35, and 38, we consider the
generalization of the Dicke model characterized by the
Hamiltonian

H = H ot + Haphot + Hpnon + Hy + Hyphon: (64)

Here, the operator H,,. describes the resonance mode
of the electromagnetic field,

ekt +
Hynot = hagagay,

the operator H, describes the dipole subsystem,

Ho=—5 hay 3 0+ 3 @ (| 2;—ap | ) 070t
f i

the operator H,., . describes the ordinary interaction

in the Dicke model,

H yphot = # ;E M (o7a} 4 aof)
and the operator H, , describes the free phonon field
in the approximation of a finite number of modes:

lelon o, ; nghb;bk.

To construct the operator Hy_, ., we expand, as as-
sumed above, the function &(-) with respect to the rela-
tive displacements uz=u; — u,,, u;=x,—f. For simpli-
city, we restrict ourselves to the harmonic approxima-
tion

Haphon ===, 6107 3} Ba(f, ) G+,

VN =

where

—i

By (f, f')=B%(f, )= N2 |/ EDRR,

) Tavil (v) (e —eikt’);
M is the mass of an “atom,” 7, is the unit polarization
vector of the phonons, and &(v) is the Fourier trans-
form of the function &(.).

To obtain an exact solution, we now assume that
Of—Ff N=NoUf—1F N

where ¢(-) is a bounded function satisfying certain
special conditions. °:°%:%° In this case, using the
methods set forth in Sec. 2 of the present paper, we
can construct for (64) an effective, thermodynamically
equivalent Hamiltonian of the form

ﬁ:ﬁd*rgphon‘i‘ﬁphuta (65)
where
o Y WS e N
Hy=— 3 G(f, f')ofop 4 5 toy D) of+ ) —WT"]k"]:v
i 2 k
s ~ nVN
Honon = 3 nubiby, b= + *ﬁ}lfh ,
13
&phnt:hm:ﬁ;zo: ga:ae+ l,}é:v £
Here

GU, 1) =g, 1)+ 3 o= Re(uiBa (f, 7'}
1

The complex parameters £ and 1, will be determined
below.

In accordance with the method of approximating Ham-
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iltonians,* the Hamiltonian of the dipole subsystem in
(65) can be replaced by a thermodynamically equivalent
Hamiltonian of the form

H = =T 6(f, I') (oFE+o7E* — &%)
I

1 - N
+5hwy D oi+ ) —M‘;k NaTlk s
f R
in which the parameters £ and 1, are determined from

the self-consistency equations3®

2E
z=E% i (66)

w={5 3 Bulf, f)otoiy =Bz, f
1

e lbiBoe 8 i

where

Ar
A=—-—F Do) B=23 4 3 B, (p)hQ
P k P

E=) (% hoy) "+ (A4 Ba)t a2,

The Gibbs free-energy density corresponding to H {*
iSSS

F(A, B)=(A+Bz) 2+ Br*— O 1n2chg-. (67)

It is readily seen that for fixed @ and 7w, the total
differential of the function (67) can be represented in
the form

dF = —zdA—-Lz24p,

Therefore, x, which is conjugate to the “external
parameter” A, can be regarded as an order parameter
of the dipole subsystem, whereas y=x2/2 is the para-
meter conjugate to the “external” phonon parameter B.

We consider first the case B=0, i.e., we ignore the
phonon contribution. Then Eq. (66), which always has
the trivial solution, will also admit the existence of a
nonvanishing solution, provided the strong-coupling
condition

A > ko, (68)
is satisfied and the temperature satisfies

0 < B; =Fhwy/ln (%}—ﬁzz) .

At the point @5, there is a phase transition of the
second kind to the super-radiant state characterized
by the order parameter x>0 (Fig. 3, curve 1). Note
that allowance for the electrostatic dipole interaction
@ has led to a change in the strong-coupling condition
(68) compared with the standard case (4) and to a
lowering of the critical temperature.

FIG. 3. Temperature dependence of the order parameter for
fixed A> fiwg and different B, The broken curve indicates the
points of the transition of the first kind, and the chain curves
represent unstable solutions.
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Now suppose the parameter A is fixed and B#0. If
B <B,, where

Bo=gyeag [A (BA+ ) + ()], (69)

then the phase transition in the system is of the second
kind, but the curve x(g, B,) lies above the curve

x(o, B,) if B, <B, (Fig. 3, curve 2). Butif B >Bg,

then the nature of the phase transition in the system

is changed. The temperature g,, of the transition of
the first kind is determined from the condition

= Hi
F (04)= —61n 2 chg—g’;’:
(Fig. 3, curve 3), and 94> Og-

For sufficiently large values of B, a phase transition
of the first kind is possible in the system even when the
strong-coupling condition (68) is not satisfied, when a
transition of the second kind is impossible in principle,
The corresponding situation is shown in Fig. 4.

Figure 5 shows the dependence of the order parameter
x on the temperature for fixed B and varying A. It can
be seen that with increasing A the temperature of the
transition of the first kind increases, reaching at
A=A,, which is determined by the condition
B=Bg(4A;), the temperature ¢, after which the transi-
tion becomes one of the second kind when A is in-
creased.

We now consider the Hamiltonian H{®’, After transi-
tion to the diagonal representation, it takes the form

HP =3 ESj+N L 224 N (A+ Ba) s,

4
where }7, S5 is the operator of the difference between
the level populations:
SF= (u*—v?) of — 2uv (o} 4 67),
Et hwg/2 E—hog/2
u=)/ EHRE )/ B

Then
.sz<% 3 8iy=1—2(e*mo 4 1)1,
f

The dependence of S on @ is shown in Fig. 6.

Further, as is readily seen, there is in the system a
coherent quasi-Larmor precession of the quasispins
(mean dipole moments)

8% 18, % €1, §=(0, 0, E}

=
) )
' /

e o e
P e
K.

)
/ :
s s

awirf

7 e

FIG. 4. Temperature dependence of the order parameter for
fixed A <F%wy and different B,

"'=a‘1§1'I‘B°‘2A+ V4AT+8AB | +Bf—-24B i w, .

The broken curve indicates the points of the transition of the
first kind; the ehain curves represent unstable solutions.
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FIG. 5.
fixed B and different %iw,. The broken curve corresponds to
the points of the transition of the first kind, and the chain
curves correspond to unstable solutions.

Temperature dependence of the order parameter for

with frequency E whose temperature dependence is
shown in Fig. 7.

Thus, allowance for the direct electrostatic interac-
tion of the dipoles and the effects associated with the
presence of the phonon subsystem leads to a significant
change in the strong-coupling conditions and in a num-
ber of cases to a change in the type of the transition to
the super-radiant state. In addition, the transition to
the super-radiant state in the considered model can be
accompanied by macroscopic deformation of the lattice,
i.e., by a structural transition. Note that such a de-
formation can in a number of cases be regarded as
analogous to super-radiance (see Sec. 1.3 and Ref. 24).

2.3. The problem of super-radiant generation in
ferroelectrics

We consider one of the possible physical realiza-
tions of the model problem investigated in the previous
subsection. We note first that the interaction describ-
ing ferroelectric ordering in crystals is usually chosen
in a form that agrees with H, in (64) (see, for example,
Ref. 100). Since the parallel ordering of the dipoles
in ferroelectrics arises spontaneously when the temper-
ature is lowered below the Curie point 64, this analogy
suggests that in the system consisting of the ferroelec-
tric resonator and the electromagnetic field super-
radiant condensation of the resonant mode of the elec-
tromagnetic field can take place below gg.**

Following Ref. 46, we consider the simplest quasi-
spin model of a ferroelectric of order—disorder type
interacting with a resonant mode of the electromagnetic
field, and we investigate the possibility of super-radiant
generation in such a system. Suppose the system con-
sists of a resonator ( a crystal of KH,PO, type) and a
standing electromagnetic wave. The Hamiltonian of
such a system has the form?*®

H=Hg + thot + Hiphot- (70)

Here, Hy is the so-called Kobayashi Hamiltonian®:

b
T
I

I
s !

I
|
”

a 9{" 8“' 6
FIG. 6. Temperature dependence of the difference between
the populations. The continuous curve corresponds to a tran-
sition of the second kind.
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=y

|
0 66 6
FIG. 7. Temperature dependence of the frequency of collec-
tive precession. The continuous curve corresponds to a tran-
sition of the second kind.

Hx=1Qbb—e ) o5—2 N T (f, I') o;a;,+71_ﬁ—K 3 03 (b* + b),
i i 1

where 7Q is the energy of an optical phonon, £>0 is
the tunneling integral of a proton in the two-well poten-
tial of the hydrogen bond, J is the parameter of the
ferroelectric interaction, and K is the quasispin-pho-
non coupling constant. The operator H,, describes
the energy of the resonance mode of the electromagnetic
field:

Hynor = hwata.

The operator of the energy of the interaction of the
dipoles with the resonant photon mode has the form

1 +

Hd-Pho‘:=ﬁ D % o (a* +a),

where D is the parameter of the dipole—photon coupling:
D=d} 2nkwp.

Here, p is the density of the medium and d is the elec-
tric dipole moment of the transition between the sym-
metric and antisymmetric states of the proton. Further

fio = Euyy — Egym,

where E_ . is the corresponding energy. Taking into
account the definition of the tunneling integral,'®® we
obtain from this for the frequency of the resonant mode

w = Dall; (1)

As was shown in Ref. 82, the dipole—phonon interac-
tion in the Kobayashi model can be effectively taken in-
to account by a renormalization of the dipole—dipole in-
teraction parameter:

J(f, )= J(f, ') -+ 2K*NhiQ.
Moreover, since (70) is a special case of the Hamilton-
ian (64) of the previous section, it can be replaced in
the thermodynamic limit by an effective Hamiltonian of
the form

E:ﬁphon*'ﬁphol‘*’ﬁd;

Hoppon = 190*8; b=b+K V' NE(HQ);

Hynor = 2ea*a, a=a+D VNE(2e), (72)

Hi=—e3 o—3 S ¥, Mooy,
f ff*

where

¥ I)=J(f, 1)+ 2K2(NRQ)™t 4 2D2 (N . 2¢)"1,
E={N"1 D0}
f

In the effective Hamiltonian (72), each of the subsystems
is defined in such a way that the corresponding state
spaces do not intersect; therefore each of the sub-
systems makes an independent additive contribution

to the total free energy of the system. In accordance
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with the result of the previous section, the condensation
of the resonant photon mode is determined by

P = N-'(ata) = D* (2¢)%E% (713)

A super-radiant state occurs in the system when P >0.
We shall find the conditions under which P> 0. In this
connection we note that it is customary in the theory of
ferroelectricity to use an average-field approximation,
which leads to satisfactory agreement with the exper-
iments.°*1% In accordance with the method of approxi-
mating Hamiltonians,®® this approximation leads to an
exact result for a quasispin system with Hamiltonian
of the type Hy when the kernel f(f, /') describes an in-
teraction of “infinite range.” In the simplest case, it
is sufficient to assume that

¥, f)=%N"1, ¥ =const,
i.e.5
J(f, {') = const-N-1.

Then for the order parameter we readily obtain the
equation

E=YEE th (E6™Y), (74)

where E=Ve2 +#2E2, 1t is readily seen that £ >0, pro-
vided

e<<¥, O<<Og=g/Arth (e}). (74a)

We emphasize that the relation (74a) here plays the part
of the strong-coupling condition (4). If (74a) is satis-
fied, ferroelectric ordering characterized by the order
parameter (74) occurs in the system. By virtue of (73),
this corresponds to macroscopic population of the reso-
nant photon mode. Thus, the occurrence of spontaneous
polarization in a ferroelectric can be regarded as the
obtaining of population inversion by means of purely
thermal pumping. Coherent electromagnetic super-
radiance in such a system can be realized, for ex-
ample, by rapid repolarization of the ferroelectric in
an external classical field. Such an effect has evidently
been observed in BaTiO, single crystals below gg. 1%

A certain analogy can also be made with the lasing
process in paramagnets realized for the first time in
La,Mg,(30,),, - 24H,0(LaMN) crystals with CO* and Ce®
admixtures. 1°¢

Thus, when @ <@g and an external classical field is
abruptly reversed, population inversion occurs in a
ferroelectric of KDP type, i.e., such a system can be
regarded as a laser with thermal pumping. The radia-
tion power in such a system can be estimated by means
of the relation

U= 85—l (75)

where #5= 1/2!&"’ — Etanh(E®™), #,=-¢ctanh(c©™), and
T is the characteristic relaxation time. The problem of
determining 7 will be investigated in detail in the fol-
lowing section.

We note further that in accordance with (71) the radia-
tion frequency is determined by the tunneling integral.
This changes appreciably from one substance to
another. In addition, because of the isotope effect,'®
the radiation frequency must change on deuteration.
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The dependence of the tunneling integral on the mass of
the tunneling particle is determined by the relation!®

e:%{i—-[i —-%(D (2;;20)]-!--%&1) [— (2—522—0)2]}0"‘”,

where

%

Se'ygdy;

o

o (28 | 2
PP=mQy—=—; O(z)= Va

in which m is the mass of the tunneling particle, @, is
the oscillator frequency in one of the minima of the po-
tential of the hydrogen bond, 25 is the distance between
the minima (26 — 3. 5X10™® m for KDP), and D is the
asymmetry parameter (D ~250-350 cm™Y),

In the considered case, there is also coherent quasi-
Larmor precession of the quasispins described by the
equation®®

LB = EW] E=(2e, 0, 2§, ().

The trajectory of the vector £ is determined by the
equations

B4 -8 =C,=const; ek, + —+ ¥& = C, = const;

. ¥ St :
= e @, H=F @), R,

where F(¢,k) is an elliptic integral of the first kind,
and

Vel F—+11 7y }
V(Ce—C) 27 (vree— G +E )/’

=V @+ ¥ (C;F—2C,) (Fig.8).

@ () = arcsin {g, (%)

V Cie2—C3

h=———T—— s
2V OF =iy

Further, using the relations (50) for the phonon opera-
tors, we can readily obtain the following expression for
the deformation of the lattice.

(up) = 2 kE/RQ,
where (u;) is the mean displacement of emitter f.

Our treatment can be readily generalized to ferro-
electrics of types different from KDP.

Since ferroelectrics are characterized by a strong
coupling between the dipole and phonon subsystems,
striction and piezoelectric effects occur in them.

The latter can also be used to create population inver-
sion for o >64.*® On the other hand, the effect of a
short-wave classical field can lead under certain condi-
tions to partial or complete compensation of the stric-
tion effects.*® We now turn to a consideration of this
possibility.

&

FIG. 8. Trajectory of the end of the vector £(¢) determined
by the precession equation.
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2.4. Dicke model on a lattice in an external classical
field

The influence of an external classical field on the
phase transition in the Dicke model was considered by
Gilmore and Bowden.!? In this case, the standard
Dicke Hamiltonian must be augmented by a term of the
form

v (x) (af 4 07), (76)

where v(.) are parameters that introduce the classical
field at the point x;. In Ref. 19, the simplest case
u(x,): v=const was considered and it was shown that
for the order parameter in the M system the trivial
solution is then not realized. More interesting situa-
tions are, however, realized when the emitters are
placed at the sites of a compressible lattice and the
wavelength of the classical field is comparable with
the lattice parameter.*® In this case, the total Hamil-
tonian of the system has the form

H—=hoa*a+ 3 {%kmﬁ}-kl!\f'w (ota+ofa*) +v (x;) {Uf-{-no;)}
7

(77)
+ 3 nQbth,.
q

We restrict our treatment to the case when the system
is a resonator and the field v is a sinusoidal standing
wave with phase ¢ and wave vector k:

v (z5) = v, sin (kxy — @), v = const.
Let u; be the displacement of emitter f: w,=x,—f.
We expand (x;) in the displacements u;:

oo

V(@) =v{f)+ 3

n=1

- (V)" (7).

We restrict ourselves to the approximation linear in

u; and, going over in the usual manner to the second-
quantization representation, we obtain instead of the

last term in (77)

\‘r_”',Z(Uf Faf) 2 [Bq(f)(bq*biq) -B7 (1) (b-g —02)1;

By () —m (2m Q)™ "% 17w, cos (kf — ).
Here, m is the mass of the “emitter,” and T is the
unit polarization vector of the phonon with quasimo-
mentum g. Assuming the presence of strong coupling
between the dipole and phonon subsystems andinstability
of one or several phonon modes at the super-radiant
phase transition, we restrict ourselves in the following
to a finite number of phonon modes. Then, using the
above methods, we obtain for the dipole subsystem in
(77) an equivalent effective Hamiltonian of the form

Hy=T3) {% hoo; 4 v (/) oF
!

AT N

Ba B0
L 5 9ToF +2 2 7y fU;'J'

]

In accordance with the general method of Ref. 50, this
Hamiltonian, in its turn, can be approximated by the
operator

HY = 3, {5 hoot+ v (f) o} — 3 (078* + ofE — E2%)
i

2 ; i, =
— 3 gy Ba () i+ B ()] 03} + 31 28 gy,
q q
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The variational parameters £ and 7, which occur here
are determined from self-consistency equations of the
form

th (1' 8)

&

i

78)
th (E;/©) (
M= —N-! Zb’q(f ) Re z; e

where
E; fi’ (ﬁw] + 4zg3} ,

z=v(f}— ﬁm 3 E 70 lb’q (f)nz + B () nql-

q
Equations (78) make it possible to determine not only
the modulus of the dipole order parameter £, as in
the standard Dicke model, but also the argument
arg £=¥. The solutions of the system (78) depend
strongly on the wavelength and the phase of the classi-
cal field. We shall consider only some characteristic
situations. For simplicity and clarity, we restrict
ourselves to the case when only one mode ©,= of the
phonon field is effective, and we shall assume that
the vector & is collinear with the Ox axis (quasi-one-
dimensional crystal).

Case 1. The wavelength A of the classical field is
equal to the lattice constant ¢ and ¢ =—(7/2) (see Fig.
8a). Then v(f)=v,, B(f)=0. The second equation in
(78) has only the trivial solution n=0. In other words,
for such a choice of the field the system is “insensi-
tive” to small thermal vibrations of the emitters in the

crystal. From the first equation in (78) we have
Ret=¢E.= ______vn——lE_.x,ﬁm th %,
Img_s = ;:(,,E thg; } (79)
= LA (ho)? -+ 4 (vo— APE, /hw)2,

Hence, ImE =0. The dependence of £, on g for dif-
ferent relationships between v, and 3?/#iw is shown in
Fig. 9. For each fixed v, and A2/%w there exist two
solution branches, one of which corresponds to the
case £, >0 (broken curves), and the other to the case
£,<0 (continuous curves). As v,—0, the branches
approach each other, going over for v, =0 into the
ordinary solution for the Dicke model (chain curve).
This situation gives a perspicuous illustration of
Bogolyubov’s concept of quasiaverages,®* according

to which an arbitrarily small perturbation can lead to
a qualitative change in the behavior of the order para-
meter. Investigating the corresponding free energies,
we can show that the solution with £ <0 is absolutely

Bl

FIG. 9. Linear chain of emitters in a classical field with
wavelength a and phase ¢ = —1/2 (a) and temperature depen-
dence of the real order parameter £, (b).
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stable. We note that a similar result was obtained by

Gilmore and Bowden’® for a constant external classical
field.

In the considered case, a phase transition in the
system is absent (for v>0); the state of the system is
characterized by a monotonically decreasing order
parameter | £_|.

Case 2. A=a,¢=nm, n=0,1,... (Fig. 10a). In this
case

v (f) =0, B(f) =wvod (hQ)-4%, A = 2ma~! (2m)~1/2

Equations (78) become

itz A ; th (£/0) |
£= [%E+2Vo Q) (m T‘]*)] SnE } (80)
—aa[ A e 4 7 th(E/©
n=4vod (hQ)~32 [mExi"i"o onn Re -nJ —m(El e
where
1 FX3 7] 5
s ]/(hm)2+4 IE§+4'\?0 ey Be 1]| :

It can be seen from the second equation that 7 =Ren,
Imn=0. Further, comparing the first and second
equation in (80), we find

4
n=4v ng-

We assume that £,#0. In this case we have £,=0 for

v,#0. For £, we have the equation

7 VP ARG o) — o th (o V (T 2WE (o) .

Thus, for © <@, =#w/2 tanh™[(%w)?/222] there arises in
the system an ordering characterized by the purely

imaginary order parameter E=if,, the phonon order
parameter vanishing: n=0.

Now suppose £,#0. In this case, §,=0and

5.V Fo) LA ke - 164 () PE = [ +16v: v ]

X th {5V B+ 4 (72 o T Toved® ()P ES ).

For

0 < 04 = ha/2 Arth {m/z[‘;l_; ol 15\)3“%’:_3]}
there arises in the system an ordering characterized
by the purely real order parameter £= £, Itis clear
that ©, <@¢, and that it is the solution with £ #0 that is
absolutely stable (Fig. 10b). The strong-coupling con-
dition takes the form

22 i 5 A2
o < 4= ,-ISVQW,
g
ﬁ‘&—f*
a
&y &

[ b
g ]

FIG. 10. Linear chain of emitters in a classical field with
wavelength ¢ and phase ¢ =0 (a) and temperature dependence
of the real and imaginary parts of the order parameter & (b).
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i.e., the presence of the external classical field in the
special case A=a and ¢ =0 leads to a significant change
in the condition for a phase transition to the super-
radiant state.

Case 3. A=2a, p=+7/2 (Fig. 11). In this case,

y +1, f=2n+1, n=1, 2 ...,
sin (kf — @) -{ ity

cos(kf — q) =0
whence B(f)=0, i.e., n=0. The first equation in (78)
takes the form

A2 \ th(E, /@) , 1Az . th (£_/8)
EZ(EE'_‘D) 2L, T(‘:&EE'“’") 2R

where

E.=VY (hw)? - 4| vy F A% (ho)™! [

The solutions of this equation agree qualitatively with
those of case 1,

Thus, the presence of the short-wave external classi-
cal field in the system leads to a change in the strong-
coupling condition and to a qualitative change in the be-
havior of the order parameter.

2.5. Calculation of macroscopic characteristics of
nonlinear optical conversion

We must mention one further important example of a
physical system for which the methods considered in
Sec. 1 make it possible to obtain an exact (as N — «)
solution. We are referring to the description of
many-photon processes in many-level systems in con-
nection with the problem of nonlinear optical conversion
of the frequency of coherent electromagnetic radiation
from the infrared range to the region of visible light.
This problem is very important in connection with the
development of devices for visualization and detection
of infrared radiation, which is of undoubted interest
for applied problems of infrared spectroscopy, optical
communication, infrared astronomy, etc.!%® We illu-
strate the process for the example of frequency conver-
sion in sodium vapor, which was recently realized ex-
perimentally. 107108

The scheme of the working levels of the sodium atom
used for the conversion is shown in Fig. 12. The
35-4S transition is a dipole-forbidden transition, and
is therefore excited by two-photon pumping by labora-
tory lasers (photons w, and w,). The frequency of the
45-4 P transition corresponds to a transparency win-
dow of the atmosphere in the infrared range (A, ~1.06
pm). The 4S-4P transition is excited by an external
signal. The 4 P-3S transition emission occurs at the
total frequency, which corresponds to the visible part
of the spectrum,

This process corresponds to conversion of a signal

e
FIG. 11, Linear chain of emitters in a classiecal field with
wavelength 2a and phase ¢= —1/2.
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with fixed frequency. However, such a many-level
system can also be used for infrared spectroscopy.

In this case, the investigated signal plays the part of
one of the photons in exciting the 35-4S transition

(for example, w,), while the 45—4P transition is ex-
cited by pumping from a laboratory laser. The
pumping at the frequency w, must be donebya frequency
tunable laser.'®® In the scheme of this spectroscope,
the frequency of the investigated signal is determined
from the resonance conditions.

We should say that quantum nonlinear frequency con-
version has already been realized experimentally in
numerous gaseous and crystalline media, in particular,
in proustite Ag,AsS,,'* silver thiogalate, mercury
thiogalate, sodium vapor,'?® etc. Important features of
such conversion are the fact that it is instantaneous and
that it has a low noise level. !’

One of the main tasks associated with the description
of the process is the determination of the conversion
efficiency, i.e., the dependence of the intensity of the
radiation field on the intensities of the signal and
pumping fields. This necessarily involves the problem
of describing a many-photon process in a many-level
system. Such processes are usually described either
by means of semiclassical perturbation theory*®’:'°® or
by approximate methods of nonlinear mechanies. L3

On the other hand, to describe m-photon resonance
in a two-level system a microscopic approach was de-
veloped in Refs. 55, 56, 110, and 111 on the basis of
the use of interaction terms of the form

m

g g (o7 iii‘l af+of ilzll a;),

where g is a parameter proportional tothe dipole matrix
element of the m-photon transition in the two-level
atom (see also Ref. 112),

However, to describe the two-photon excitation in the
system shown in Fig. 12, one can use a different de-
vice, namely, in accordance with Salour’s idea® one
can represent the two-photon pumping of the 35-4S
transition as a combination of two single-photon exci-
tations, i.e., one can introduce an intermediate vir-
tual level. We shall then be dealing with an effective
four-level system with four-photon interaction.*® A
model for describng a many-level system was develop-
ed by Gilmore?'%:24 and is characterized by a Hamil-
tonian of the form

N

H= 3 hojahe;+ > > eM;(f)
I<i<ign =1 i
- (81)
+ﬁ 32 AulahEy () +apEli (Nl
Vi f=1 1<i<i<gn

45

Qg

o f

38—

FIG. 12, Scheme of working levels of the sodium atom. The
broken line indicates the virtual level used to describe the
two-photon transition.
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Here, 7 is the number of levels, and the number of
modes is (1), since to each pair of levels there corre-
sponds one mode; the photon operators satisfy commu-
tation relations of the form

1. srisns
Qi =afj, lagi, ail= 80540

The operator E;(f) describes the transition from state
i to state j in emitter f, The operators M and E are
generators of the group SU(r). We emphasize that the
idea of describing the state of systems of n-level emit-
ters by means of representations of the group SU(n)
was proposed by Shelepin. !°

In Ref. 19, generalizations of the model (81) asso-
ciated with allowance for external classical fields and
“classical currents” were considered. The latter are
introduced into the Hamiltonian by means of additional
terms of the form?*®

RV Na*+h*V Na.

We now consider our effective four-level system with
four-photon interaction (Fig. 12). In this case, the
Hamiltonian (81) can be written in the form*

M

Vr

—vi(E (N +EE ) ]}

Here, €, is the energy of the corresponding level, and
the parameters A; are determined by the relation

4
0= hogta,+ 3 oM () +—= @E () +aEi (1)

i=1 i

(82)

Ai=Ae;d; V 2k ?,

where Ag, is the difference between the energies of the
corresponding levels, and d; is the matrix element of
the operator of the dipole moment of the transition.
The parameters v; describe the classical fields,

vi = diis

where #, is the intensity of the corresponding field.
The operators M,(f) and E(f) are, respectively, di-
agonal and step (nondiagonal) generators of the

group SU(4) corresponding to emitter f (Na atom).

The solution to the model problem with the Hamiltonian
(82) can also be found by means of the general method
set forth in Sec. 1 of the present paper. The approxi-
mating, thermodynamically equivalent Hamiltonian for
(82) can be represented in the form

fi= 3 {hodte + 3 e () — (o b tse) B +EE ()]
i f

#
+ N 5o B} (83)
where
Elzﬂi‘f 'ﬁ%"‘;gith

and 1 is the identity operator. The free energy of the
M system in (83) has the form*

22
F®, =2 - EH—0InTre-oe,
where @ is a matrix of the form
e By 0 By
By gz B2 O
0 B, e By
B O By &
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and 8, =-(v; + A} /hiw,£;). The parameters &; are deter-
mined from the condition of minimality of the function
F(o, £), which leads to the system of equations

38 ={ =22 ag" o /®} {2

where ¢, are the roots of the characteristic equation
det(Q - ¢1)=0, which is an algebraic equation of the
fourth degree. Analytic solution of the system of
equations for &, for arbitrary o is not possible.
Therefore, the following calculations must be made on
a computer, which was done in Ref. 43 for numerical
values of the parameters corresponding to the experi-
mental situation for conversion in Na vapor, 107%:108
Analysis of the numerieal solution leads to the conclu-
sion that there exists a dependence of the form

Z Y, a=1, 2, 84,

&y = YEEE s,

where y <w?. Such a dependence agrees well with the
results of the experiments of Refs. 107 and 108. The
nature of the dependence remains the same even when
there is an appreciable change in the intensities of the
pumping and signal fields. For the efficiency of the
conversion of a signal with frequency w, we have

n==| L1212 8o,

which also agrees well with the results of the experi-
ments under near-resonance conditions.

Thus, our study in the present section of “realistic”
examples shows that the methods of exact solution set
forth in Sec. 1 make it possible to obtain an adequate
description for numerous concrete physical phenomena.

We now turn to the consideration of dynamical pro-
cesses in super-radiant systems.

3. DYNAMICAL PROPERTIES OF MACROSCOPIC
TWO-LEVEL SYSTEMS INTERACTING WITH
ELECTROMAGNETIC FIELDS

3.1. Exact kinetic equation for the generalized Dicke
model

As we mentioned in the Introduction, an exact de-
scription of the dynamics of a two-level M—F system
was obtained only comparatively recently™ " through
the extension to such systems of the methods de-
veloped by Bogolyubov™'™ in connection with the in-
vestigation of the polaron problem. Following Ref. 75
we consider a system characterized by a Hamiltonian
of the form

Hy=Hpy + Hp - Hyps
3 1

Hy=73) - hQy0% 4 Ho;
f=1

(84)
Hyp =) honatan;
"

B — ¥

B 1/1_w 3, Mreet {are'™ (o} + poy) +-ate ™™ (07 + po)}.
h, f

Here, H, is the kinetic-energy operator of the emitters,
t is the time, € € R, and the “counter-rotating” terms
with u are introduced, as in Sec. 1, for generality.

We denote by &, the statistical operator of the M—F
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system (84), which satisfies the Liouville equation
ih 5 By =[Hy, T (85)
with the initial conditions of the form

Zy=p (M) Z (F);

—a=Hgpl® ~Hp/®,
2 DR /E%e = (86)
corresponding to the equilibrium state of the field, its
interaction with the M system being assumed to be
switched on at the initial time t=1#,. As is readily
seen from (85) and (86), TrJ,=1.

Following Ref. 75, we introduce the Heisenberg rep-
resentation for the dynamiecal variable u(¢ M, F), which
is given in the Schrédinger representation by

A, My, Fy=U"(t, L) A@, M, YU, &),

where the unitary operator U(¢, t,) is determined by the
equation

ih e U (8, t)=HU (& to); U (o, to)=1.

Let (M) be an operator that acts on the eigenfunc-
tions of the Hamiltonian (84) only as functions of the
variables relating to the M system. The equation of
motion for the operator #(M) in the Heisenberg repre-
sentation can be transfc .aed by the method of elimina-
tion of the boson variables™ to the form
69: (M)

Tr {0 (0200 | inyt [By 5 3 0@, © o) | e (o)}
f

(A1)

1
=Nt N S dv Tr e ont=eeittn { N, 3 6~ [o7 (x) + nof (7))
Rk 1o * 1

x[O (), 3™ (of () +po7 () ] +(1+N,) D e™107 (0
s f f

+ 107 (8), © (M)] 3, €™ [oF (¢) + pof (D1} Do+ N 3 M
f k

i
x [ar Tr cont-vguero 4 4 ) 3} 8%1(61 (1) o7 (1)
A (M, F)

X O (My), 3 e™™ (o7 (1) + po? (£))
i

N[ 3 e (o7 () +pot (), O (M) | ™ (of (1) +07 (1)} Ty
2 :

3necw py (M)=Tr &, u
(M)
o= h0/20

N =5 K ron20)- (87)

Here, p,(M)=Tr,,d, and
Vo = 2nng /Ly,

&=z 2

In a number of cases, it is more convenient to use
the formalism of collective operators of the emit-
ters™:19 instead of the individual quasispin variables
g;. Suppose the vector v corresponds to modes in the
working volume of the resonator;

i
RE =3 oo™ By= 3 0}o™h 0= 306,
Fi

where #, are integers, and II,L_ =V. Then the collec-
tive operators of the emitters can be defined by

N-t }1 el V=v)xy Syu; N1 E ew Gep—epr) 5Hr

Taking into account the obvious relations
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we can reduce Eq. (87) after transition to the collec-
tive variables to the form

ap (M) 3= 1 : ;
Ir Tr {000 200 iyt [ 2 + HQRE + Ho, © (M) | 0 (M)}

=N-13 A 5 dr Tr e '®nl-Peettn

Femdli e

X ANRQS (1) [© (M), Qv (] (1-+ Na) [Qy (1) O (M)] Q5 ()} Ty,

1
BT ) AES dv Tr e“h(=Vget+n
: = o1, P

(88)

kv ty
s {(14 N) Qu (1) [O (M), QF ()] + Ny [Q5 (1), O (M)] Qy (1)} D,
where we have used the notation

Qy(t)=R{(®) ¢ (k—v)+uRy () @ (k+v); 9 (5) =Nt ; i

Equation (87) and the equivalent equation (88) in the
limit {,— - are a generalized kinetic equation for the
dynamical system with the Hamiltonian (84).

We now suppose that

Fp=10><0|; Hy=0, (89)

i.e., at the initial time there is no radiation in the
system and the emitters are rigidily fixed at the sites of
the crystal lattice. We shall also assume that the
distribution of the eigenfrequencies @, of the emitters
is symmetric about some frequency € and does not
depend on the emitter coordinates x,. We denote by
J(Q,) the distribution function of the frequencies and
average exp(if; t) with allowance for the inhomogeneous
Lorentz broadening?:
+oo 11

@2ty =ciat [ oWty (W) aw = ottte—IT
where T is the so-called oscillator lifetime. We note
that usually only the simplest case §, =2 =const is
considered. We assume further that £ =0 and ignore
the rapidly oscillating terms of the type R*R* and R°R".
We shall assume that T >¢>¢ . ~L /c, where c is the
velocity of light,? and we bear in mind that the function
@(k —v) has a sharp peak at k=v. Then Eq. (88) can be
transformed to™

r {o on) 2L 4 1y 20 2 (R, © (M)]py (M) }
(M)

(90)
= DT3RS, © (M)] Bs + T3 [R5, © D] Ri+h.c} D

where
I =yf—iQ%;
! % . OThRGE (k—v) |
w220 § dk e o

0F =8 (2n) 72 | dhhig? (b —v) R
We define the operator

S,= '5‘ 2\ ajoy A=)

Then from (90) we have
Tr {020 200D i@ +@) [0 @), 3 R e (M)
(M) t

— 2 0,10 (M), 8] pi (M)

=4 S s {(Rs, O (M) Bs + RS [0 (M), B5)} 2, (o1)

++ v {1Rs, © ()] RE+R5(0 (M), RY)) D
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Here,
1
Q=5 (H+k)

determines a constant frequency shift—the so-called
Bethe part of the Lamb shift''® whereas

Q,=95+95

determines the collective shift of the frequencies. Note
that in the limit T — + < Eq. (91) is identical to the
Markov master equation of Ref. 116 obtained in the
weak-coupling approximation. The simplest variant

of Eq. (91) was obtained for the single-mode case in
this approximation in Ref. 65. Such an equation de-
scribes collective spontaneous emission.® We empha-
size that Eq. (91), which was established in Ref. 75,

is obtained as a special case of the generalized kinetic
equation (88) in collective variables with the initial
conditions (89) for inhomogeneous Lorentz broadening
and a system of emitters rigidly fixed at the sites of
the crystal lattice. On the basis of the generalized
equation (88) one can also obtain other results of the
theory of super-radiant systems, for example, an
equation for the Bloch angle ¢, which is introduced by
the relation®

].v_l N cos .

Determining the dependence of the radiation intensity
on the time by

I(t)=—2 (B,

we can also readily obtain from (91) Eberly’s equation
for I(¢).!'” We emphasize that the approach to the de-
scription of the dynamics of a two-level macroscopic
M-F system developed in Refs. 75-77 and based on
the use of the exact kinetic equation (87) or (88) is the
most general.

3.2. Relaxation processes in macroscopic two-level
systems

In the investigation of the dynamics of super-radiant
systems, it is very important to have an adequate de-
termination of the characteristic times of conversion
(relaxation to the de-excited state), since this is one of
the determining factors in the choice of the working
medium and the regime and also in estimating the power
of super-radiant lasers®:% (see also Ref. 46). To
this end, the generalized kinetic equation (88) was used
in Ref. 76 to obtain an equation for the single-particle
distribution function!!®:!1®

Wy (p, m) = Tr o (piy M3 - - oy Py, my),
[ CPAP

where p, is the momentum of particle f, and m; is the
index of the “quasispin state.” Following Ref. 76, we
define the function #(M) as #(p,, c2). Such operators
satisfy commutation relations of the form
e""”( =0 (p, _m)kufi
O (py) 8™ = 0"™I0 (p; -+ Bk);
of O (07) = O (67 —1) o7 ;
07O (0f) = O (65 - 1) 0 .

On the other hand, for f#f
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[o7e*™%; O (p,, of)] =0.

With allowance for these commutation relations, the
commutators on the right-hand side of the kinetic
equation (87) can be represented in the form

[ (py, ), Rl ={O(p;, o) —Op;F hk, o F 1}ofe ™. (92)

We now assume that the interaction in H,,, is small,
and we express Rj(7) approximately in terms of R3(¢).
In the “zeroth approximation” ™" we have
%Ufkr);

',t (t) e;i!! (t—T1)

z (1) =y (1) —
of (1) =
For simplicity, we here consider the single-mode case:
Q,=Q.
By means of the operator relation!?:12°

1
eA+B _ gdgBe~ T (4 B

we can now readily obtain

1 Pj(D=[py (=Tk]: (¢-T)
Sl e e e —— )

i [py ()-nk12-piit)
el (0~ —L_"zm—f‘*(t-'!)

For Ri(7), we have

Ri; (r)=$

O-fi (T) e:{;lkx! (6]

[py£hh]*-p}
—_——xhQf (-
;; G t)e*"“f‘”e { o = }( ) (93)
i [ [p; (OFNRE-pF (1)
=2 Q_T {Tx hﬁ} (t-1) O'fi (t) etikxf(!)'
f

Using (92) and (93) to calculate the commutators on the
right-hand side of Eq. (87) and bearing in mind that by
virtue of our assumption that the interaction in H, is
small the terms with factors of the type

;{-|h (xge —-tf:lﬁ CF;
will give only a small contribution after averaging and
summation, we can represent the kinetic equation in the
form

5P¢ (M)

Tr O (p;, 07) N-1 3 [hal? S drTr o' (14 NV,)
(M) "

i — Tik)z
Xexp{T [__(p, 2n: —hQ ](t—'c)}
¥ {0 (ps—hk, 0j—1) —O (p;, 65} oioF
{O (ps : Dy O7)} 0707py (94)

4 N~ Z Iaule s Tr o™ '0
iy

i1 (py+ik)2—
" exp{}—tlr‘aj—z——f-hQJ (tf'r)}
% {O (ps+ hik, o5+ 1)—0O (py, 0))} 6767 py,

where p, =Tr, %, . Since

S =
ofo7 =~ (14-07), ojo} "? (1—oa9),
we have

Tr {O (py, of) o707 pi)

S dp@ (p, m) & (m F = ) Wi(p, m)
Therefore, using the relations (93) and (94), we obtain
an equation for the single-particle distribution function
Wg(p; m):
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3 faro . m 2

— 2R Nt Z 2. a2 [ dp {(1+N,) 6

(rmkngF%) (m_x_

Wi(p, m)

+) Welp+hk, m+-1)

_(1+N,‘)5(amk_ﬁg_%ﬂ’i) ) (m——i—) W, (g, m)

+ No (hmk—ﬁﬂ—“ﬂ;g;ﬂ) 8 (m——) Wy (p+Hhk, m—1)

m)} © (p, m).

Since #(p,m) is an arbitrary function, we obtain from
here the following equation for the single-particle dis-
tribution function:

2m

— N (hoy —hQ + Z—TI ) 5 (o ) Wip, m

= W, (p, m)=2ahN"1 3 M2 {(A+ M) W, (p+-Tik, 1) -
k

(5, =)} (mt-£) 8 10 -0 =g

+ 2RVt 3 a2 INGW (p oty — ) — (L N
k

xW(p, 5)} 8 (m—1) 8 (hmk—hﬂ-i«ME"—‘"‘)
Taking into account the explicit form of the function 2,
and going over from summation over & to integration,
we obtain the final form of the equation for the single-
particle distribution function;

2w (r. —3)
L [ o= {a+ ¥ Wi (p+1k, )
_th,( ﬁ%)} (;,wk_m+ p“—(P+ﬁk)s); e
2 We (P 1)_—5dk—{NkW‘ (p+nk, —1)
— (14 Ny) W, (P,j)}ﬁ(ﬁmﬁ—hg—{-%::_p’)_

Comparing Eq. (95) with the so-called Pauli kinetic-
balance equation (see, for example, Ref. 121), we can
readily show that the probability that an emitter

with momentum p absorbs a photon and goes over to the
state [ +) is

Ty Sdic-(:—kaﬁ (mh—m-q-k-‘gﬂﬂ) !
The probability of transition to the state | -) with emis-
sion of a photon has the form

r==2 5 dk;_k(mzvh)a (ﬁm,,_h9+“°+—§’2’“£),
The corresponding characteristic relaxation times are
defined as

. =T3.

Further, using the well-known property &(ax)=1/

| @| 5(x) of the & function and the relation w,=kc, we
obtain

) (kmh—ﬁQ:FW)

=3 8 (5 =58 7 (w32},

where ¢ is the angle between the vectors 2 and p. Mak-
ing the natural assumption #ZQ «<mc®, we obtain for 7,

H2ped +|3)ik_c__1
ﬁ 2md { }’

eTBhRiC__ 4

where

k. = Q/(c = p/m).
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For nonrelativistic particles (p <mc) we obtain from
this in the case of high temperatures (8 <1/4Q)

T =T =T=—r f,fdc: B.
This expression corresponds to the relaxation time in
a system of uncorrelated emitters.

At low temperatures (3 >>1/78), when the super-
radiant state is realized in the system, we obtain

(96)

This expression for the conversion time 7. agrees well
with the standard estimate for the time corresponding
to the emission maximum in a super-radiant laser, %3

[re— o0, 1. = he¥/4d*Q.

3.3. Estimate of the radiation power in a ferroelectric
super-radiant laser

We now show how relations of the type (96) can be used
to estimate the lasing power in a super-radiant laser.
As an example, we consider the laser effect that
arises on the repolarization of a ferroelectric of KDP
type as considered in Sec. 2.2. As we pointed out,
the radiation power in such a system can be estimated
by means of the relation (75). We now estimate the
conversion time 7 on the right-hand side of (75). Note
that for this we would proceed as in Secs. 3.1 and 3.2
for the system with the Hamiltonian (70). There is,
however, a different way of determining the probability
T. and, therefore, the conversion time T; it is asso-
ciated with the use of the formalism of two-time ther-
mal Green’s functions, which was introduced into sta-
tistical mechanics by Bogolyubov and Tyablikov. 23

For generality, we consider a system characterized
by a Hamiltonian of the form

H =73 hoafa,+iQ 2 of
h

(97)
Z (afo7 + ao})— 2 I (f, ') ofop.

21f1v

Here, the last term descnbes the direct dipole-dipole
interaction. Following Ref. 124, we consider a re-
tarded Green’s function of the form

Gy (8 —t') = woy () | of (')
and write down for it the equation of motion
i 2 Gy (b — 1) =8 (¢ — ') (1—2(n))
- hQCy (- t')‘L—-?—:’T S ePu—y
k (98)

p) Gy (E—1')
»

—2 3\ J(p, 1) ofozon]of)).
=

Here
(ny = (0 (0) 0z (0));
GiP (£ —t") = ({an (t)|oF (')
G (8 - t') = ((an () 0% () 0% (8)]0F (E))).

The equations of motion for the functions G{* and G
are

i Gm t)_zﬁ(tft)(ﬂn (0) o7 (0))

, ; 99
t)-‘.—z—lﬁgcpf(t, t'); ( )

+ RGP (t —
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i LG (£ — ) = 8 (t— ) (ay (0) oF (0) g (O)
P 3 nacsloiy— i = 3, ajanso el

Assuming, as in the previous subsection, that the in-
eraction is weak, and making the decouplings

(ngozlof) = (n) Gpy (E—1");
((Eqﬂhﬂq |o7)) = qh (Vi) Ggf t—1)
{vr) = {(aiar),

we obtain after transition to the E representation
-2 <n>) 8y
-+ ﬁgGgf {E) +— 2 ‘/_ 2 {G‘B (E) .. 2G(z; (E)}

EGy (E)=

+EJ(g, P) Gy (B ZZJ(g. ) (1) Gy (E):

G0 (E) hioyGi (E) —.m 2 pr(b)“F%(ﬂhﬁf);
EGY () =honGi® (E) + 5
Pt
1/’\ i) Gy (E)+ 5 5 {aofny).

From this we find

(B —hQ) Gy (B) =5 (1 —2(n)) By

a2
+4f\ E ﬁfhm Z Gpi (E) = l‘.—hm 2('”6:!1’(‘&)
P
- .'k (n)+(va) 101
+ay ™2 T o Gut (B) e

Z-Hg, p) Gy (E)*2ZJ(H, ) (n) Gy (E).

For a system on a lattice of the type of a ferroelectric
with hydrogen bonds, it is necessary to take into ac-
count the presence of translational invariance, whence

f,’fq)

g,(b)fN-lEe‘“ h DG (B); 8y=N- f“‘

From (101), we now obtain an equahon for the function
G, in the E representation:

(E—hQ) Gy (E) =

E—hoy,

o (1 —2(n) + 2 3 120 g py
Am}+-(ve) ' (102)
2 EL Go (E) +J () (1—2(m) Gy (E),

— liay

where
J(g)= z J(g—p)elE-pa,
P

From Eq. (102), we have

1—2(n)
2~c E—hQ—1J (q) (1—2(m)— M (E) *

Gy (E)=
where the mass operator is
1-4-2 (va)

41‘-’ E E—hop °

For small damping, we obtain from here for the pro-
bability of transition to the state f—) with emission of
a photon

F—n— 2 (142 (va)) 6 (RQ — hiwr — T (g) (1 —2 (m))).

M (E)=

Bearing in mind that
(va) = (r— 1)t

and going over from summation over & to integration,
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we obtain finally the general expression for the pro-
bability of transition to the de-excited state:

Rl

(4T (g) (L —2n))} {142 [eB0RE7 @ 1200 _ g4},

a"c’
In the special case of low temperatures, when the

system goes over into the ferroelectric phase, we
have

Fu'i‘i'ﬁ{i +2@ 2(n))}.

= kel

Accordmgly, for the conversion time as 8 —« we find
T =gy {1+ Tk (4 —2¢mp)} ", (103)

Substituting now (103) in the expression (75), we obtain
for the radiation power the estimate

U=|5 78— Eth (59)

Ltk (eﬂ)| L {t+52 (e (t--2my)}” '
Substituting in (104) the parameters of a specific ferro-
electric crystal of KDP type, we can estimate the ra-
diation power in a fairly wide range of temperatures.

(104)

CONCLUSIONS

We briefly summarize our study in the present paper
of the methods of investigating the equilibrium and dy-
namical properties of macroscopic systems interacting
with boson fields.

We note first that the methods set forth in Sees. 1
and 3 apply for the investigation of a very large class
of model problems. Besides the problems of quan-
tum radio physics considered in the review, we can
mention in this connection the problem of the structural
phase transition in media with magnetic ordering, 3%
the problem of phase transitions of the metal—dielec-
tric type in crystals with phonon instability (see, for
example, Refs. 125 and 126), the problem of a para-
magnetic impurity in crystals,'®” and many others. On
the other hand, these methods make it possible to ob-
tain an adequate description of many concrete physical
phenomena in two-level and many-level systems, in-
cluding conversion of the frequency of infrared radia-
tion upward in nonlinear optical media.

It is characteristic that whereas the first experimen-
tal studies were directed toward the direct observation
of Dicke’s “classical” super-radiance, which results
from the correlation of the emitters in the process of
photon exchange,**:!28:12¢ there have more recently been
active experimental and theoretical investigations of
systems in which the ordering of electric dipoles re-
sulting from thermal phase transitions or other rea-
sons can be used to generate super-radiance. As is
shown by our study here of the process of super-
radiant generation in ferroelectrics of KDP type, the
developed exact methods make it possible to construct
estimates for important physical characteristics of la-
sers with thermal pumping such as the radiation power,
the frequency shift, etec.
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