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INTRODUCTION

The theory of group representations has long been a
powerful tool of modern theoretical physics. Since the
classical work of Weyl, Wigner, and Racah there has
been a steady extension of the classes of physical prob-
lems for whose solution compact groups and Lie alge-
bras of higher than the first rank are used. We can
mention here the well-known applications of irreducible
representations (IRs) of Lie groups of different ranks
for the classification of many-particle states in the shell
models of the atom and the nucleus, and also SU, sym-
metry of the elementary particles.

The assumption that the Hamiltonian has an approxi-
mate symmetry makes it possible to use a basis with
definite transformation properties in the many-particle
Hilbert state space. Irreducible representations of
unitary, orthogonal, and symplectic groups of different
ranks and their subgroups characterize the states of
nuclei in microscopic models (such as the translation-
ally invariant shell model, the model of K harmonics,
and the method of generalized hyperspherical func-
tions) as well as in various models describing collec-
tive excitations (see, for example, Ref. 1-11). The
unitary and other classical Lie groups are also widely
used to describe the coherence properties of many-
level quantum systems (see Refs. 12 and 13), and also
new families of elementary particles (see Refs. 14 and
15).

For effective investigation of quantum systems with
complex symmetry one needs a special mathematical
formalism in order to express the matrix elements of
the tensor operators of the physical quantities in the
corresponding bases of the irreducible representations
(i.e., in the multidimensional state spaces of the physi-
cal systems). Such a formalism (the theory of angular
momentum) has achieved a certain degree of completion
for the rotation group SO, (SU,) of three-dimensional
space (see Refs. 16-18).

The calculation of the matrix elements of tensor oper-
ators acting on irreducible representation spaces of
groups is based on the Wigner—Eckart theorem, which
makes it possible to expand them with respect to the
Clebsch-Gordan (CG) coefficients of the corresponding
groups (see, for example, Refs. 19 and 20). The ex-
pansion coefficients are called submatrix or reduced
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matrix elements. (In the case of simply reducible
groups, one of which is SU,, and also in a number of
other cases, the matrix elements can be expressed as
products of the above quantities. )

In the investigation of the matrix elements of opera-
tors that depend on the variables of several subsystems,
and are also expressed in the form of products of other
operators, there arise naturally the matrices of trans-
formation of the coupling schemes (recoupling matrices)
of the IR bases of the corresponding groups, these be-
ing generalizations of the 3nj coefficients of the theory
of angular momentum and expressible as sums of pro-
ducts of CG coefficients.

Finally, many mathematical calculations can be more
readily performed using the so-called canonical IR
bases with subsequent transformation of the results to
the bases corresponding to physical schemes of reduc-
tion of the group on subgroups. The transformations
between different IR bases of complicated chains of sub-
groups are also realized by coefficients of fractional
parentage, and, in essence, by CG coefficients and re-
coupling matrices. It is therefore expedient to call
the entities of all three types—the CG coefficients, the
elements of the recoupling matrices, and the elements
of the actual matrices of the transformations between
the IR bases—transformation coefficients or Wigner-
Racah functions.

The formal rules of vector addition (coupling)—based
on the unitarity properties of the transformation
coefficients—of the IR bases by CG coefficients, of
coupling of IR bases, and of transformation between IR
bases corresponding to different reduction schemes can
be naturally generalized for the representation spaces
of any compact group and can be combined into the Wig-
ner—Racah (WR) algebra of this group. For the WR
algebras of groups that are not simply reducible, it is
generally necessary to introduce additional matrix
indices to distinguish multiple irreducible representa-
tions in the transformation coefficients.

The mathematical realization of the WR algebras of
specific Lie groups—the explicit construction of the IR
bases corresponding to physical reduction schemes,
and the finding of the explicit form of the CG coefficient
and other transformation coefficients—presents much
more complicated and specific problems, which can

© 1984 American Institute of Physics 563



be solved in the framework of the WR calculus of the
corresponding groups.

The investigations of the mathematically simpler
canonical IR bases of unitary and orthogonal groups
are based on the results of Gel’fand, Tsetlin, and
Graev and were developed further by Biedenharn,
Moshinsky, Vilenkin, Klimyk, and others (see, for
example, Refs. 19 and 20). Various methods of con-
structing noncanonical bases important for physical
applications were proposed by Bargmann, Moshinsky,
Elliott, Sharp and their collaborators, initially for SU,
(see, for example, Refs. 1, 2, and 21), and later for
other Lie groups. Elliott’s scheme for constructing
noncanonical bases was significantly improved by Smir-
nov, Asherova, and Tolstof, who constructed and used
projection operators of irreducible representations of
Lie algebras (see, for example, Ref. 10).

Various methods have been used to construct the CG
coefficients of canonical IR bases of compact Lie groups
more complicated than SU,: the method of generating
invariants®*™’ (significantly advanced by Shelepin and
Karasev), the recursive methods of expression inti-
mately related to it,>*™° the method of integrating over
the group of products of the IR matrices (effectively
realized for the first time by Klimyk and Gavrilik, see
Ref. 29), and the method of Asherova, Smirnov, and
Tolstoi based on the use of projection operators of Lie
algebras, 39732

The theory of other transformation coefficients of the
representation spaces of the higher Lue groups has so
far been developed to a far smaller extent.

The fundamentally greater complexity (compared with
the theory of angular momentum) of the WR calculus of
simple Lie groups of second and higher ranks and, in
particular, the inequivalence of the different construc-
tions of noncanonical IR bases and CG coefficients of
these groups are due to the appearance of multiple ir-
reducible representations of the group or subgroups,
respectively, in the decomposition of the direct pro-
duct of two irreducible representations or on restric-
tion on noncanonical chains of subgroups. The basis
functions of the nonecanonical bases constructed directly
by analytic methods are, as a rule, like the various
transformation coefficients, mutually nonorthogonal
for different values of the index p distinguishing the
states of the multiple irreducible representations. In
fact, initially one can find only linear or bilinear com-
binations of the transformation coefficients (or non-
canonical basis functions) with different values of p
with subsequent separation of orthonormalized coeffi-
cients (or basis functions) by numerical orthogonaliza-
tion, which does not guarantee a common numbering
of the states of multiple irreducible representations,
or by solving an eigenvalue problem for several oper-
ators, which is possible only if one gives up analyticity.

The reason why the many known expressions for the
CG coefficients and isofactors of the higher groups are
rather ineffective is to be sought in the excess of these
expressions. As the expansion coefficients of the linear
combinations we mentioned, one usually obtains trans-
formation coefficients with a rather complicated strue-

564 Sov. J. Part. Nucl. 14(6), Nov.-Dec. 1983

ture, and the entire manifold of states of multiple ir-
reducible representations is realized by variations of
the parameters of these coefficients in a definite region
of power 7, (¥, is the multiplicity of the corresponding
irreducible representation). As will be shown below,
the most convenient algorithms for constructing the WR
functions and the basis functions of the irreducible rep-
resentations are based on a hierarchiral approach. For
different levels of generality of the basis functions or
transformation coefficients, for example, depending

on the IR classes and the appearance of multiple irre-
ducible representations in the corresponding expansions,
one or other method of a combination of them gives the
best result.

On the other hand, a global approach is very impor-
tant in the investigation of the WR calculus of higher
Lie groups and their individual links. Thus, to in-
vestigate the recursive expressions for the CG coeffi-
cients of the unitary groups it is necessary to use
definite recoupling matrices, by means of which one
can not only simplify the orthonormalization of these
CG coefficients but also understand the interrelation
of the recursive expressions (and, accordingly, the
classification of the multiple irreducible representa-
tions in them) and the expressions (and clasification)
obtained by integration over the group or by other
means. Without using special CG coefficients of a non-
canonical basis one cannot explicate the fundamental
duality relation between the different realization of the
noncanonical basis corresponding to the reduction
SU, > S0, presented in the review of Ref. 21. (This re-
lation was not noted in Ref. 21). Finally, investiga-
tion of the WR calculus of a Lie group of definite rank
frequently yields new information about the WR calculus
of a group of lower or higher rank (even in the theory of
angular momentum too), this information sometimes
being unobtainable within the framework of the WR cal-
culus of the latter group.

In fact, there exist between the WR calculi of definite
Lie groups of different ranks and names much deeper
and more varied interrelations than the natural inclu-
sion in them of the WR calculi of the subgroups® or the
expression of certain transformation coefficients (for
example, the recoupling matrices) in accordance with
the rules of the WR algebras in the form of combination
of other WR functions.

By the word “interrelation” in the title of this paper
we understand several aspects of the mutual relation-
ships of the representation spaces. First, it is clear
that the WR algebra realizes some interrelationship be-
tween the IR spaces of a group, transforming one space
into another of the same dimension. Second, as we
shall show, there exist relations of equivalence, pro-

!)'We recall that the CG coefficients of a given group G can
always be expanded with respect to the CG coefficients of
a subgroup G’; we call the expansion coefficients the iso-
factors of the chain GOG'. When the CG coefficients of the
subgroup are not orthonormalized with respect to the indices
of multiple irreducible representations, the indices of the:
multiple irreducible representations of the subgroup appear-
ing in them and in the isofactors of the group are dual.
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portionality, and analytic continuation between the
different transformation coefficients of groups of dif-
ferent ranks and names. Most of these relations are a
consequence of the interrelationships of the represen-
tation spaces of the so-called complementary groups
(these spaces can be constructed simultaneously by a
general procedure). Third, the manifold of realiza-
tions of the spaces of multiple irreducible representa-
tions that are more or less effective in one or other
respect calls for elucidation of their interrelation. The
solution of this problem is greatly simplified by using
the concept of biorthogonal or dual (with respect to the
indices of multiple irreducible representations) sys-
tems of IR bases, and also CG coefficients. The use of
analytic biorthogonal systems leads to further general-
ization of the methods of WR algebras of groups that are
not simply reducible with a certain easing of the prob-
lems of the WR calculus associated with orthogonaliza-
tion.

The present paper is an attempt to generalize these
aspects of the interrelationships of the representation
spaces for the development of analytic methods in the
WR calculus of compact Lie groups, above all to find
optimal expressions for the CG coefficients and other
transformation coefficients of these groups, and also
for the investigation of the properties of noncanonical
bases of irreducible representations.

1. COMPLEMENTARY GROUPS AND
RELATIONSHIPS BETWEEN TRANSFORMATION
COEFFICIENTS OF DIFFERENT GROUPS

It is shown in the books of Weyl®*® and Littlewood®
that the theory of finite-dimensional irreducible repre-
sentations of the general linear group GL(n, C) and its
unitarity subgroup U, is intimately related to the theory
of the representations of the group of permutations
(the symmetric group) S,. Although elementary opera-
tions with tensors were long known (see, for example,
Refs. 35-37) various authors only gradually®*" be-
came convinced of the equivalence of apparently inde-
pendent quantities such as the recoupling matrices of
the irreducible representations of the group U, and the
matrices of transition between different bases of irr-
educible representations of both symmetric (see Ref. 3
36) and unitary groups restricted in accordance with
schemes of the type Sy 58, +Sy. or U,o U, +U,. (N’
+N"=N, n' +n"=n)? respectively. In the monograph
of Ref. 5, the equivalence of the isofactors of the chains
Uy DU XU wand Sy DS, + Sy is proved. On the basis
of the connection between the IR bases of the unitarity
and symmetric groups it is established that not only the
above-mentioned transformation coefficients but also
the isofactors of the semicanonical chains do not depend
on #, provided, of course, their signatures (the set of
Young diagrams of the irreducible representations)
have meaning for the given group U, and its subgroups.
Some interesting results based on the use of the inter-
relation between the bases of the linear and symmetric

?'We use the symbol + if we have in mind a direct sum of Lie
algebras or group matrices. We shall call bases corre-
sponding to maximal embeddings of direct sums of group
matrices semicanonical.
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groups were obtained by Jucys*+4%4 and Sullivan®™47
(see also Refs. 48-51),

Somewhat unexpected was the appearance of 6j coefi-
ficients and CG coefficients of the group SU, with multi-
ple 1/4 parameters of the type of angular momentum
and its projections respectively, as matrices of “tree
transplantation” (transition between different semican-
onical bases) of class-1 irreducible representations of
the orthogonal groups®® (see also Ref. 53) and matrices
of transition between the bases of class-1 irreducible
representations of the unitary groups reduced on dif-
ferent chains of unitary and orthogonal subgroups. 5
These relations between the isofactors, and also be-
tween other transformation coefficients of the ortho-
gonal and symplectic groups,®™"%% ¢ould be understood
and generalized (see Refs. 58 and 59) on the basis of
the concept of complementary groups proposed by Mosh-
insky and Quesne. 59:61

Complementary Groups

Two groups G and G are said to be complementary
with respect to a nontrivial representation of the group
G if in its decomposition every irreducible representa-
tion AXX of the subgroup G x G appears not more than
once for a one-to-one correspondence between the ir-
reducible representations X and A of both subgroups G
and G (cf. Refs. 60 and 58).

This definition is satisfied by the groups U,and U,
with respect to symmetric or antisymmetric irreduci-
ble representations of the group U,,. [In the first case,
the Young diagrams of the irreducible representations
of U, and U, are identical, and a common basis is
realized in the form of a polynomial in boson opera-
tors (cf. Refs. 62-64].” In the second case, the Young
diagrams are conjugate (they can be obtained from one
another by interchanging the rows and columns), and a
basis can be realized by using fermion operators. Ex-
amples of groups that are complementary with respect
to the IRs [3...4,3] and [...4. —1] of the group SO, ,
are the quasispin group SU, and the group Sp,;.,, which
is used in the theory of many-electron atomic shells
(cf. Refs. 37, 60, 67, and 68).

The groups U, and S, are complementary with re-
spect to the space of tensors of rank N of n-dimensional
space. Irreducible tensors simultaneously realize
IR bases of both complementary groups.

Moshinsky and Quesne®® showed that the orthogonal
and the symplectic group [O(n) and Sp(2%)], one of
which is noncompact, are complementary with respect
to the infinite-dimensional irreducible representa-
tions (3...4) and(4...3, 3/2) of the noncompact group
Sp(2kn). The O, (or Sp,,) invariant bilinear forms of
boson creation or annihilation operators are genera-
tors of the complementary groups Sp(2k, R) [or

$)We should mention the result of Holman®® (cf. 64=66), who
succeeded in constructing explicitly a polynomial canonical
basis (and thus any finite~-dimensional irreducible represen-
tation) of the groups GL(n) and U, in the form of a poly-
nomial of boson operators (of elements of group matrices)
with special CG coefficients as expansion coefficients.
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SO*(2k)]. The irreducible representations of class &
(dependent on k parameters) of the group O, corre-
spond to irreducible representations in the discrete
positive series of the group Sp(2k,R), and an irre-
ducible representation of class % of the group Sp,,,
corresponds to an irreducible representation of the
complementary group SO*(2k) (cf. Refs. 61 and 59).
The group U,,, which includes the two subgroups O,,,
and Sp,,,, has the group U, as a complementary group
in the case of an irreducible representation of class k.
It is shown in Ref. 69 that the common subgroup U, —
the interesection of the groups SO,, and Sp,,—has the
pseudounitary group U(k, k), which includes the sub-
groups Sp(2k, R) and SO*(2k), as a complementary group
with respect to infinite-dimensional irreducible repre-
sentations of class 1 of the group U(mk, mk). The basis
states of the mixed tensor irreducible representations
of class k, % of this group U,, are realized as zero-
trace tensors of covariant and contravariant boson
creation operators, and their invariant forms are gen-
erators of the noncompact group U(k, k).

In what follows, we shall use two forms of parame-
trization of basis functions and transformation coeffi-
cients (WR functions) of irreducible representations of
the groups U,, Sp,,. and O,; these are the regular and
the homogeneous forms.*® In the regular form, the
class of each irreducible representation of the group
(and a subgroup of the group) is equal to its rank. In
the case of the homogeneous parametrization of the
complete matrix of transformation coefficients, the IR
classes are added in vector addition; on reduction on the
chains U, > Uyt Uy, 0,204 0., SPynOSPom + 8Py,
U,>0,, U,,D>Sb,, the IR class of each individual sub-
group is equal to the IR class of the group; on reduction
on the chains 0,,, > U, Sp,, D U,, irreducible represen-
tations of class & of the groups O,, and Sp,, are decom-
posed with respect to the irreducible representations
of class &, % of the group U, (cf. Ref. 71). A nonde-
generate homogeneous parametrization appears natur-
ally when the classes of all irreducible representations
do not exceed the ranks of the groups, i.e., as long as
nonstandard Young diagrams cannot appear when the
characters are expanded in accordance with Little-
wood’s rules® (see Refs. 37 and 71). In the degenerate
case, the class of some irreducible representations
may formally exceed the rank of the group. These
irreducible representations are expressd in the form
of nonstandard symbols (see Refs. 37 and 71) with a
sufficient number of zeros adjoined.

Realized in the form of boson polynomials and para-
metrized in the homogeneous form, the basis functions
of the irreducible representations of class k (respec-
tively, k& or k' and k") of complicated chains of sub-
groups, including the standard reductions

Uy 205 Upni D8P3 Opm Sy Sibgm = Uy U XUy ST Y
0n X 0p 204,8pam X SPam D8 Psuy Un 2 U '{- Uy,
0, 204+ One, Spym= Spam + Spom,
(12)

are simultaneously the basis functions of the irreduci-
ble representations of chains, including the reductions
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U, Sp(2k, R), Uy SO*(2k), Sp(2k, Ry U (k, k), )

SO* (2k) U (k, k), Uy +Upe < Uy, ‘

Sp(2k', R):8p (2k", Ry Sp(2k, R), !

SO* (2K') -+ S0* (2k") = SO* (2k), [

Upc U, xU,, Sp(2k, R)< Sp(2k, R)x Sp(2k, R),

SO* (2k) = SO* (2k) x SO* (2k), J

(1b)

parametrized in regular form. It follows from this that
the transformation coefficients that realize the transfor-
mations of the IR bases of the numbered irreducible rep-
resentations of the chains (1a) (including the isofactors
and the recoupling matrices) simultaneously realize the
transformations of the IR bases of the numbered irre-
ducible representations of the chains (1b) of the comple-
mentary groups.

Instead of the correspondence between an irreducible
representation of a compact group and an irreducible
representation of the discrete positive series of the
complementary noncompact group it is expedient to
use the correspondence between the irreducible repre-
sentations with highest weight of these groups:

0, My ... AxOland Sp (2k, R): (2a)

<_?\'];-"g_s esa _12_%, _?\‘Q_%>; (2b)
Spamtillgises hkb)andSO* (2k): [—Ap—m, ..., —A—m];

Uni by .. b)anal: {—h— 2, oy —h— 5} (2¢)

(in the case of covariant tensor irreducible representa-
tions), and

U":{hl_..lkb. “—HRpy eeey — Py} and
Uk, b {=M—gs ooy —h—gs Watg, ..

(in the case of mixed tensor irreducible representa-
tions of the group U,).

ny _(2d)
}

s Bt

The following theorem can now be formulated (cf.
Ref. 59).

THEOREM 1. The transformation coefficients, para-
metrized in homogeneous form, of the representation
spaces numbered by the irreducible representations of
chains of subgroups of the type (1a) can, if the general
conditions of analytic continuation are observed, be ex-
pressed as the analytic continuation of the regularly
parametrized conjugate WR functions numbered by the
irreducible representations of chains of the type (1b)
of compact forms of complementary groups with equi-
valent indices or multiple irreducible representations
and corresponding [in accordance with (2)] parameters
of the irreducible representations. Analytic continua-
tions in the opposite direction is possible only when the
homogeneous WR functions are not degenerate.

Because WR functions of the same kind of Lie groups
of different orders, parametrized in homogeneous form,
can be obtained by analytic continuation of the same
regular WR function of a complementary group,
Theorem 2 holds.

THEOREM 2. Provided the same general conditions
are satisfied, a WR function in homogemeous form is
equal to the analytic continuation of another WR func-
tion of the same type for which the parameters of the
irreducible representation of class k& and the orders of
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the corresponding groups and subgroups are replaced
in such a way that the sum of the parameters of the
irreducible representation and half the order of the
group remains the same, and the indices of multiple
irreducible representations are equivalent.

General Conditions of Analytic Continuation of Trans-
formation Coefficients.

These conditions are also taken into account in the
continuation of the IR signatures (the elements of the
groups of permutations of the IR parameters being
used, see Refs. 72-74). We note first of all that the
WR functions of compact groups depend on discrete
values of the parameters, in the case of finite multi-
plicities of the irreducible representations in the cor-
responding expansions can be expressed in the form of
elementary functions of polynomials in the IR signa-
tures, and are uniquely determined by the boundary
values in a subregion of power equivalent to the region
of indices of the multiple irreducible representations
(see Ref. 29 and the examples in Secs. 3 and 4 of the
present paper).

The WR functions, representedinthe form of factorial
sums (generalized multidimensional hypergeometric
series), can be analytically continued if the number of
terms in the individual sums is bounded by linear
combinations of differences between the lengths of
neighboring rows of the Young diagrams and by the
number of contractions of the corresponding tensors
on reduction or decomposition (i.e., by reductions
in the total number of cells in the Young diagrams).
Linear combinations of these quantities also determine
the asymptotic multiplicity of irreducible representa-
tions, this being equal to the actual multiplicity for
sufficiently large values of the last parameter of each
of the irreducible representations of the chains of
groups listed in (1a) and (1b). The asymptotic multi-
plicities of the irreducible representations for conjugate
reductions depend on the same way on the parameters
related by the substitution (2) and determine the number
of functions that in the different regions of the parame-
ters give the values of the conjugate homogeneous and
regular WR functions with the same index of the multiple
irreducible representations. If the actual multiplicity
of the irreducible representations is less than the asym-
ptotic multiplicity, it is necessary to take into account
the linear dependences that then arise between the pre-
vious boundary values of the WR functions (see Secs.

3 and 4). These dependences are taken into account
automatically when one considers bilinear forms (pair-
wise products summed over the indices of multiple ir-
reducible representations) of WR functions of the same
kind.

A certain care is required for analytic continuation
into the region of degenerate homogeneous WR func-
tions. First, the actual and asymptotic multiplicities
of the irreducible representations can in this case dif-
fer appreciably. Second, there may be complications
due to the appearance of several nonstandard symbols
denoting the same irreducible representations, or due
to discontinuities of the analytic expressions for the
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dimensions of irreducible representations of class m
of the groups 0,, and the appearance of IR signatures
characteristic of §0,,. Therefore, in these cases fac-
tors of the type v2 may appear, and the procedure of
analytic continuation also makes it possible to find WR
functions which depend on the irreducible representa-
tions of the groups SO, and in the main homogeneity re-
gions are equal to the WR functions of the groups 0,.
In general, it is expedient to examine the degenerate
cases separately for each concrete pair of conjugate
WR functions. Nevertheless, the relations of analytic
continuation are also helpful in the degenerate cases,
for example, in the investigation of the WR functions of
the canonical basis and closely related variants of the
semicanonical bases of the irreducible representa-
tions of the groups SO,, O,, and Sp,,. Thus, on the
transition to the canonical basis there appears the IR
parameter § of the subgroup O,, which takes the values
0 or 1, depending on the parity of the difference of the
sums of parameters of the irreducible representations
of the groups O, and O,_,. It is also expedient to retain
this parameter in the case of the reduction SO,=S0,_,,
writing it formally in the form SO,>80,., +S0,. Then
instead of (2a) we establish the correspondence

y =g —z—by. (3

The advantage of the relations of analytic continua-
tion based on Theorem 2 is that the IR signatures of
the subgroups whose order does not change may be
degenerate. It is therefore rather convenient to use
these relations in the case of the canonical basis as
well. In addition, if the orders of the correspond-
ing groups and subgroups differ by even numbers,
Theorem 2 establishes an identity between homogen-
eously parametrized WR functions of groups of dif-
ferent ranks, i.e., makes it possible to compare the
numerical values of these functions.

8043 [6;]and Sp (2k, R):

1
T e

We note that the relations are very helpful when one
is using WR functions of groups of high rank, for ex-
ample, when one is describing the states of many-nuc-
leon systems.

We discuss the behavior of the factorial sums. Some
arguments of the factorials (apart from those that limit
the intervals of summation) may be transformed into
half-integral arguments. In such a case, it is con-
venient to use double factorials. Thus, the expres-
sions for the resulting CG coefficients and the 6j coef-
ficients of the group SU, with multiple 1/4 parameters
(which correspond to Young diagrams of half-integer
numbers) can be readily expressed in double factorials:
All the arguments of the factorials (like the simple fac-
tors of the type of the dimension of the irreducible rep-
resentations of SU,) are multiplied by 2, and the sym-
bol | is replaced by !!, but the exponents of the powers
of (1) are not changed. In the case of a 6j coefficient,
it is necessary to add a factor 2.

Some Examples of the Relations of Analytic Continuation
of the Transformation Coefficients of Various Groups

Information about the WR functions of compact Lie
groups of high rank can be obtained in the case of re-
stricted classes of irreduible representations when

S. J. Alisauskas 567



expressions are known for the conjugate WR functions
of a group of low rank; in particular, this can be done
by using the theory of representations of the groups
SU,, SO,, Sp, (SO;), and SU,.

Because the groups SU, and Sp, are isomorphic, the
elements of the matrix of the transition between the
bases of the symmetric irreducible representation of
the group U,, numbered by the irreducible represen-
tations of the chains U,550,>550,,+50,. and
U,2U,+U,.>S80,+S50,, can be expressed as the
analytic continuation of the CG coefficient of the group
SU, (isofactor of the reduction Sp,> U,):

{ptah |{p+ah L
{APhe (@)r| (L1
(e [l | (L Vel
™ TN o™ 1
I R e e Il Wi i et
BT 1 A2 ol e 4 1 Sle8)2
Lozl g T i wa Bl of
[ +atithin—1 t(p+g—1—k) FL+pn—1 'l
X
T (p—gHl—kbn'—n") 1 (@—p+i—k) 3 (1—R)+3 @ —n) |

(3a)

(cf. Ref. 54). A similar expression can be written down
for the matrix of the transition between bases of an ir-
reducible representation of class 2 of the group U,,, re-
duced on the chains U,,,2 Sp,,, 2 P opr + P omr and Uy,

D Uppe + Uppr D SPapyr+ SPyye (S€€ Ref, 69). For this
purpose, one continues analytically the isofactors of
80,0 U,, these being equal to the ordinary CG coeffi-
cients of SU,,.

The matrices of transformation between different va-
riants of a semicanonical basis of symmetric irreduci-
ble representations of the orthogonal groups are con-
sidered in Refs. 49, 52, 53, 57, and 58 and expressed
in the form of the analytic continuation of 3nj coeffi-
cients with multiple 1/4 parameters. Note that the
matrices of transformation of the types of the semi-
canonical bases of the irreducible representations of
class 2 of the symplectic groups can be expressed by
analytic continuation of the recoupling matrices of the
irreducible representation of S0,, i.e., in terms of
products of pairs of ordinary 3nj coefficients of the
theory of angular momentum.

It follows from Theorem 1 that the isofactors of the
semicanonical and canonical bases, which reduce the
direct product of two symmetric (one-parameter) ir-
reducible representations of the orthogonal groups,
can be expressed by analytic continuation of the isofac-
tors of the canonical basis of an irreducible represen-
tation of the group Sp, (SO,) (see Refs. 55 and 56):

80, L s [LLs) :|
[so,,. L 80, |01 Ukus (LLY LLY)
e 2Ly+n’ 2L{+n'" 2L3+n" 2Li+n"\ T
<_ i& y o > <_‘ S 7 >
2L,+n 2Li4+n\v
<7_'2_4 : _"1T> (4)
2l +n’ 2l+n' 217-+n" 25-+n" £
Arpay W STTSACY 4
2l +n 2l,4-n
e e

In the isofactor of Sp,>SU,XSU, (i.e., Sp,DSp, +5p,),
whose analytic continuation appeared on the right-hand
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side of (4), the irreducible representations of the group
are denoted by (KA), the maximal values of the angular
momenta I and J characterizing the irreducible repre-
sentations of the subgroups SU, and SU, (see Ref. T4).
The index u distinguishes the multiple irreducible rep-
resentations of not only the subgroups SO, + S0, in the
decomposition of the irreducible representations of the
group SO, but also the group Sp, in the decomposition
of the direct product. Some cases of the application of
the relation (4) are discussed in Sec. 2.

Theorem 2 makes it possible to write down a rela-
tion of analytic continuation of the isofactors of a dif-
ferent type:

so,
[SOT.-I

—5 n—>5 —b —5
L+ 25 LA [ L+ 25, L+ 250
. (5)

L, [Lth}]
Ll [LyLy)

805
50,

= s n—5 ., n—=5 ¢ —5 e e
e L A s N A

The relation analogous to (4) between the isofactors
of the semicanonical bases of the symplectic groups and
the isofactors of SO, S0, + SO, makes it possible to ex-
press the special isofactors of the groups Sp,,, which
realize vector addition of the bases of symmetrie ir-
reducible representations, in the form of a product of
two CG coefficients of the group SU, (see Ref. 59), and
to understand their unusual factorization (see Eq. (36)
in Ref. 74).

From Theorem 2 there follow relations between the
isofactors of the chain SU, 5SO, (cf. Ref. 75):

!:SUn Py Pz {fihg} :|
SO0, Ly 1y ©[LyLy]

-

SU(p+5—2 pptg—2{h+5—2 hyt5—2}
= R | n n R i (Ga)
SO (L +5—2 lz—f?72m[L,--4,--E—2, L,!E_zj
[Su,, p {0, —g} {1, 0, —p)
SO, 1 1y o [LL,)
SSHI T e SR ER RS NETE E
- 9
LSOli+5—2 b+5—2 o[Litg—2 Lty—2] |
(6v)

the value of which is due to the fact that the groups SO,
and SU, XSU, are isomorphic and the existence of ex-
pressions for the corresponding isofactors of the super-
multiplet basis. """

Finally, we give an example of a relation that makes
it possible to find a WR function in regular form—the
most general matrix of transition between the canonical
basis of an irreducible representation of Sp, and the
five-dimensional quasispin basis, the bases being num-
bered by the irreducible representations of the sub-
groups Sp, > SU, xS8U, >80,%XS0, and Sp, >U, > U;:

(KA (KA
NIMJIN |'o; VIMy /
—2M—2{0, 2N 4-2{—V¥V —T—2, 0, 0,——V+T+2}:] (7

T80,
. —2/—-2 —2J-2 o[—-2A—2, —2K—-2]

S0,

Here, M;=M +N, V=M —-N. The expression (7) is
used in Ref. 78, and its inverse in Ref. 75. To prove
Eas. (7) and (6b), it is necessary to consider, besides
the pairs of chains of complementary groups of the
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type (1a) and (1b), pairs of the type

Un XUy 2 UpandUpe +-Upe < U (K, K); ]

8
U, > 0,a0dSp (2k, R) = U (k, k). (&)

It should be noted that the simplest phase relations
represented by Egs. (3)-(6) hold only for compara-
tively large values of n (n>4 or 5). The phase relation
for n=2, 3,4 are considered in the quoted papers (in
particular, in Ref, 75).

Groups of Permutations of the Parameters of Irreducible
Representations and Simplification of the Limiting Cases
of Transformation Coefficients

It is well known that the Schur functions, and thus the
characters of the general linear andunitray groups, are
invariant up to the sign under permutations of the para-
meters of the irreducible representations,

Myn —> Mg — I + K, (9)

where k —1, is a permutation of the numbers of the
rows in the Young diagram {m,,,...,m,, ..., m_}. As
is shown in Ref. 79, these substitutions leave invariant
the eigenvalues of the Casimir operators and realize
equivalence transformations for the IR bases. These
transformations form a group isomorphic to the Weyl
group of the Lie algebra and are phase relations that
can be readily established by using the matrix elements
of the infinitesimal operators (see Refs. 72 and 73).

The groups of permutations of the parameters of the
irreducible representations of the groups O, include in
addition to permutations of the type (9) the reflec-
tions

My = —My, — n -+ 2§

(10)

[for the irreducible representations of the groups SO,
for n even, the number of reflections (10) is even], and
the groups of substitutions of the parameters of the
irreducible representations of the groups Sp,, include
in addition to the permutations (9) the reflections

Mim —> —Mpp — 2m + 2i — 2,

(11)

Permutations of the parameters applied to some of
the signatures of the isofactors or other transforma-
tion coefficients make it possible to find relations of
analytic continuation that are an effective means of ex-
tension of the limits of applicability and are also sim-
plifications of the expressions for special cases of the
WR functions. In particular, the parameter permuta-
tions j— - j -1 have long been used in the theory of an-
gular momentum (see Ref. 17), Elementary examples
of the use of permutations of the parameters of irredu-
cible representations of Lie groups of low rank are giv-
en in Refs. 80 and 74. In Secs. 3 and 4 we shall dis-
cuss very important cases of relations of this type used
in Refs. 75, 81, and 82.

We consider one further class of equivalence rela-
tions between the WR functions of different Lie groups
(cf. Refs. 49 and 57). In what follows in this subsection
we shall have in mind only the following WR functions:
the recoupling matrices of the irreducible representa-
tions of the classical Lie groups (including the excep-
tional groups); the isofactors of the semicanonical
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bases of the irreducible representations of the groups
U,, O, and Sp,,; and the matrices of transition be-
tween different semicanonical bases of the irreducible
representations of the groups U,, O,, and Sp,,. Then
the following theorem holds for them.

THEOREM 3. If all the signatures of one of the above
WR functions (possibly after application to some of them
of certain elements of permutation groups) are equal to
the corresponding signatures of a WR function of the
same kind of the group U,, then these functions are
themselves equal. If after the deletion in the signatures
of the WR function of the group U, of the lowest rows
of the Young diagram not permitted for the WR function
of the same kind of the group U, (k<n) there remains
a set of signatures that has meaning for the WR function
of the group U,, then the original WR function is equal
to the product of the WR funection of the group U, ob-
tained after the deletion and the WR function of the
group U, ., with signatures formed from the deleted
parts of the Young diagrams.

The criterion of coincidence of the signatures of a WR
function of any compact group and a unitary group is
equivalent to the requirement that contractions should
not appear on vector addition and reduction on semi-
canonical subgroups.

Examples of relations that are consequences of
Theorem 3 can be found in Refs. 74, 80, and 83.

Proportionality of the Isofactors and Elements of the
Recoupling Matrices of Irreducible Representations of
the Unitary Groups

A consequence of the complementarity of the unitary
and symmetric groups is the relation

[ Ay A A* }

% Vi % PV o pOVE

~[ralBwBuse
W (1) M () B (V) B (ve)) B (2)

X (Ve (AD)s vy (AB); A% mwte (1), vave (vE); A%,

(12)

which was proved in most general form for the first
time in Ref. 48 (see also Ref. 49). On the left-hand
side, we have the isofactor of the semicanonical basis
of an irreducible representation of U,, and on the right
an element of the recoupling matrix of bases of four
irreducible representations of U, (generalization of a
9j coefficient). The irreducible representations of the
group and subgroups are denoted by the Young diagrams
Aiys Beays Vi) Multiple irreducible representations in
the decompositions of the direct products are distin-
guished by supersecripts a;, %, v, w, and multiple ir-
reducible representations of the subgroup U, +U,. are
distinguished by indices a; in front of these irreducible
representations. The proportionality factor is

n
- [T thit-n—an
3 Ly S i={
il [l u—n—it+p?
1<i<isn

(13)

where d, is the dimension of the irreducible repre-
sentation A={n,, k,, ..., hn} of the group S, .

In Refs. 48 and 49, the relations (12) were proved by
the generalized method of Jueys?® of construction of IR
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bases of the unitary groups by means of the projection
operators

Opo= It (1) 3 Din (5) (14)

of the symmetric groups. Here, Dj,(s) is the matrix
element of the irreducible representation A of the group
Sy corresponding to the group element s. As is shown
in Ref. 43, the functions O} F(m) form an orthogonal
basis of the irreducible representation A of the group

U, numbered by the weight m = (m,, my, ..., m,) and cer-
tain classes of indices n for constant p. Here, F(m) is
a component of a tensor of rank N with ordered indices,
and m, is the number of indices equal to k. The func-
tions (see Ref. 49)

n 1 1
(], mal™ MT (1) Oy F (m) (15)
form an orthonormalized semicanonical basis of the
irreducible representation A of the group U, if the in-
dex 7 represents basis characteristics of the comple-
mentary chain of symmetric groups ending with the
invariance subgroup of the tensor F(m), S T Oma
+...+8S_,, the irreducible representations of all S,
being identity representations.

When (15) is used, one first finds certain auxiliary
isofactors and then proves Eq. (12). A relation equi-
valent to (12) was also proved to Sullivan,*® who actually
used a generalization 9f Frobenius's theorem that was
first proved by Burneika. ®

A special case of (12) is the relation between the doub-
ly stretched 9j coefficients and CG coefficients of the
group SU, (Eq. (31.15a) in Ref. 17). Other special
cases are obtained in Refs. 41 and 80.

The relation (12) is used in Ref. 85 in a fractional-
parentage expansion of the wave functions of some
shells in an atom or nucleus. Some other applications
of (12), as well as other cases of proportionality of
isofactors and other transformation coefficients of
representation spaces of different groups, will be dis-
cussed in the following sections.

2. MATRIX ELEMENTS OF POWERS OF GROUP
GENERATORS AND FUNDAMENTAL
TRANSFORMATION COEFFICIENTS

The complexity of the general expressions for the CG
coefficients, isofactors, and other transformations
coefficients of irreducible representations of higher
groups produced a need for various recursion rela-
tions and expressions. The recursion relations esta-
blish linear dependences between WR functions whose
parameters change in small steps. In the case of a re-
cursion expression, a transformation coefficient is
represented as a function of simpler cases (boundary
values) of the same coefficient and some auxiliary WR
functions. In particular, for isofactors there exist two
classes of recursion relations and two classes of recur-
sion expressions. In the first case, only the basis
characteristics of the irreducible representations of
the group change, but not the signatures of the actual
irreducible representations. To construct recursion
relations of such type, one uses infinitesimal opera-
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tors (see Ref. 20, 86, and 87), and to construct recur-
sion expressions of the same class one uses operators
that lower the weight in the form of polynomials of or-
dered infinitesimal operators.3:%™° In the construc-
tion of expressions of this type, and also when one uses
the projection operators of irreducible representations
of Lie algebras in the form of Léwdin and Shapiroe®®2
(in the case of the subgroup SU,), and Asherova, Smir-
nov, and Tolstoi,?0:93:% it is expedient to use submatrix
(reduced matrix) elements of powers and ordered pro-
ducts of infinitesimal operators. The corresponding
matrix elements for the irreducible representations of
the unitary groups are equivalent to the unitarized gen-
eral g functions of Gel'fand and Graev®®; the use of
factorization makes it possible to optimize their ex-
pressions.

The recursion relations (see, for example, Ref. 29)
and expressions (see Refs, 24-28) of the second class
make it possible to change both the basis characteris-
tics and the actual signatures of the irreducible repre-
gentations. The recursion expressions (like the rela-
tions) of this type are constructed by the methods of the
Wigner—Racah algebra in the form of combinations (i.e.,
products summed over the basis characteristics of def-
inite irreducible representations) of simpler isofactors
and elements of the recoupling matrices of the irre-
ducible representations of the subgroups. Necessary
constructive elements of the optimal recursion expres-
sions for the isofactors are fundamental (which reduce
simply, i.e., without multiple irreducible representa-
tions in the decomposition of a direct product; cf. Ref.
24) and closely related WR functions, which can be ex-
pressed in the form of multiple finite series.

The fundamental isofactors and other WR functions
presented in this section are characterized by great
universality and symmetry properties that go beyond
the ordinary permutations of irreducible representa-
tions and relations of contragredience.

Matrix Elements of Powers of Infinitesimal Operators
of the Unitary Groups

The generators of the group U, satisfy the commuta-
tion relations

[Eny Eim] = 851 im — 8 imEipe

Matrix elements of powers of these operators in a non-
unitary basis were found for the first time in Ref. 95,
and submatrix elements of a unitary basis were found
in Refs. 89 and 96. The reduced matrix elements of
the operators

n-1

n=1
- gl —qu B :
n— in =D
: ol i=1 (Ei ) (16)
- =1 =
are equal to each other (see Ref. 89):
A » || & [pldny (W] Sn. ny (A W
<H’ "E -i'_.“l P> TSm0 W) Sa, naa (i) ° (17)
Here, we have used the notation
18 (M) = ﬂ (M—hj—i+J)=18h o (A A);
t<i<i<n
o ol (18)
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180, mwy (A5 ) =087 ncnoy (15 )
min(i+k, n) =li/2
; (hi—pj— 14+ 01
= J=105=-1) di=1(i=D
= 7 min(i-k-1,m) (19)
(wj—hi+i—j—k—1)

i=1(7D  j=1(=-D

(n and m are natural numbers, —m <1 <n). The vanish-
ing parameters ! and % can be omitted, and then the
notation (19) is identical to the expression (19) of Ref.
96). In addition, 2 Sn,min(X; ) =80 1w (A 1);

“mon,mp 5 B)=8, . n(A; 1), To calculate the matrix
element of the operator EZ_, , we also need the special
isofactor of U,., D U,.,

Bop o [pldnoy (W)]M2 Snoy, nes (15 V)
[V 0w ]_ Snop, n—1 (05 W) Snoy, nog (05 v) ° (20)

The matrix elements of the remaining operators (16)
can be expressed by means of the special isofactors
given below.

Isofactors for Vector Addition of the Bases of a General
and a Symmetric Irreducible Representation of the
Group U,

On the reduction of the direct product of two irreduci-
ble representations of a unitary group, one of which is
symmetric or antisymmetric, the resulting irreducible
representations do not occur more than once. Isofactor
of the second type are considered in Ref. 97. The use
of the commutation properties of powers of group gene-
rators made it possible in Ref. 89 to obtain two classes
of expressions for isofactors of the first type. To com-
bine these expressions into a single algorithm, we in-
troduce the notation

/)

4
=a[:J bI:JS Snorg, n-rylhg+hy) (Mars M)

i (21)
x 3 (=)= 100 " 4, (0) f (e M Mes Ry 9)

Miyrag M2yrahe

Mayrans:

W (
n(l) A’(’t)NM

2 &
X Ul 180, nikg) (May; ©) b|.13 15 n= iy (05 M) -
a= =,

Here, X,,, A¢;, 0 are highest weights (of the Young dia-
gram). It is expedient to take the o-independent factor
of the function f in front of the summation sign.

Then the isofactors of the chain U,o U,., can be ex-
pressed as follows:
)

o p A:I (%.o 1,0
=Wnn
[ﬁ q n 2 Bio Ao

A‘lfl.Cl ﬁi.—l )
=W
i (l"-:. o %o, 0 Ta (22a)
(I=1,72. ..., R);
n—1
pp
fo=(=1)T" (p—a)d, (M) dny )]
=1 n
3 (Bt + Ay A, T (22b)
i=1 i=1+1 n (M) dn-
fo=(—1) [l ® 1%,

In the expression (22a) (cf. Refs. 89 and 96), the
lengths of the intervals over which the summation para-

meters o; range are determined by the differences
(23a)

min (e, pg) — max (A4, By),

and in the I-th expression of the type (22b) (cf. Ref. 89)
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they are determined by the differences (i#1)

min (A, B;-;) — max (a;, ).

(23b)

Up to elementary factors, the expressions of both
types have symmetry of Regge type with respect to
permutations of the parameters paired in the brackets.
Depending on the lengths of the intervals, it is expe-
dient to use one of the n+ 1 expressions for the con-
sidered isofactors. Thus, only (22b) for I =u gives an
expression without a sum if the Young diagram pu takes
the maximal value.

Choosing (22b) for I=1 and using the relation (12),
we obtain an expression containing #—1 sums for
special elements of the recoupling matrix of four
irreducible representations of the group U,, three of
which are symmetric (cf. Ref. 65):

(g @) r p—a(p—q+7); AMar(w), g p—q(p);

-W (c‘a.u Ao, 1 j’) (24)
T Bo, -1 Mo, 4 ?
where
L3
7 =(_1)i§2 [ rigldn () dn (B) 1/2
ol (p—ag—+r)! &

The Weyl coefficients of the canonical basis of an
irreducible representation of the group U, , [these
coefficients realize a permutation of the n-th and
(n+1)-th components of the vector space of the group
U,.] can be expressed in thesimplest form as a special

case of this quantity for the choice p=g¢ (cf. Ref. 98).

We note that Eqs. (13.1b), (13.1c), (29.1b), and
(32.18) of Ref. 17 are special cases of Egs. (22a),
(22b), and (25).

Some Other Recoupling Matrices of Irreducible Repre-
sentations of the Groups U,

To construct a semicanonical basis corresponding to
the reduction U, 5 U, _, + U, (cf. the case U,>U,+U, in
Ref. 99), it is expedient to use the projection opera-
tors®®® of the Lie subalgebra of the group U, that trans-
forms the (n-1)-th and n-th coordinates. The corre-
sponding matrix elements of the projection operators
that realize the transformation between the canonical
and semicanonical bases are simultaneously a bilinear
form of the recoupling matrices of three irreducible
representations of U,, the second and the third irreduec-
ible representations being symmetric (cf. Ref. 100):

; (@py (B) Por Mt pups(e); PAY (@p] (1) P} Ml pipl(e); b

fs,), (25)

%, 1 Mo, o
- (
i Bo.o Po.o

where
n e
o i (Pr— &) (B — ! dn (B) d (w) 1/2
fu©@ == (e ) [t Ot Bdn ) )

n
(B1—py+3)! (ey—p{+3)! |
X Me—eter i 2= 2 Gi—w)—e

i=1

This expression and also the expression for bilinear
forms of recoupling matrices obtained in Ref. 82 by
permutation of the parameters of the irreducible repre-
sentations,
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S [0, —ql(B) p» Mew, [0, a1 p (o 00 —gol); *)

% (@ [0, —¢') (1) p's Al 10, —g'] ' [Pgs 0, —gol; oA

o, A,
man(u.‘»( i fml)? (26)
oo Moo
where 4
D
f (u)=(~1)qn ?:l 4[ dn () dn (1) 'JUZ
i (@—q0)! (@' —qo)! (P+ g9 +n—1)! (P’ +go+n—1)!

X (Po+ g+ n—1) = (@— G+ D) (@' — o+ ) (Po-+ g+ n—2— ),
I=(p+ éi (0 — o),

can be used for orthonormalization of the recursion ex-
pressions for the isofactors. Here, [0, —g] and p de-
note, respectively, the contravariant and covariant
symmetric irreducible representations of U,;

[pn, 0, -qo] denotes mixed_tensor irreducible repre-
sentations of the class 1, 1.

Matrix Elements of Powers of Generators of the Group
Sp, (SOy)

Among the ten infinitesimal generators of the group
SO, (Sp,), six are generators of the subgroup SU,XSU,,
and the remainder form a bispinor of rank (3, 3) of the
group SU,XSU, and can be expressed in terms of the
generators of the group SU, (cf. Refs. 87 and 88):

Typ= —Ey— By T..=Ey+ By, }
Ti=Ey—Egy, T i=Ey—Ey.
Powers of these operators are extremal components
of irreducible tensor operators of the group SU,XSU,,
and therefore their matrox elements factorize into two
CG coefficients of the group SU, and a submatrix ele-
ment (see Ref. 88):
< (f?.) (ff\) J=ler+) er+m'
I =) V(@) V(al)) V(E—J, I NV (KT, I', 4)
E(K-+J, 1, NE(K+J, I', A) (28)

x 3 (=) -Ttoti-d (951 1) B2 (KL, & A)
o) i+ e+ T+ =20 V2 (KE—[, i, )V (j—J, i, )V (j—J",i,1')"

(27)

TEa.

Here,

V(abC) =[ (u+b—c)1(a(;i—z"-_c-)i)(f%b-i.«c-{-i)] ]112; (29)
E@b o)=la—b—cl (@a—b+c+1) (@a+b— e+ 1)
X (a4 b+ e+ e, (30)

Applying matrix elements of powers of the generators
T,;;, we can find representations of finite transforma-
tions of one-parameter nilpotent and other subgroups of
the groups Sp(4, C) and SO(5, C) and their real forms
(cf. the case of the group GL(n, C) in Refs. 95 and 20).

Unfortunately, for Sp, one cannot in such a simple
form as (16) for U, write down the nonextremal compo-
nents of the tensor operators of the subgroup SU, XSU,.
Attempts to find matrix elements of general form for
powers of the generators of the orthoginal groups SO,
for n>5 have also not resulted in success (cf. Ref.
101). It should be noted that in the expressions for the
matrix elements of finite transformations of one-para-
meter subgroups of the groups SO, in the form of inte-
grals,'02:193 and also in the expressions given in Refs.
20 and 104, there is no reflection of the symmetry pro-
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perties of these elements of Regge type, which are dis-
cussed in Ref. 101 and make it possible to permute the
parameters of the irreducible representations of the
groups SO, and SO,.,, M, M, ;.,, in the Gel'fand-
Tsetlin schemes.'®® The well-known analytic expres-
sions for the matrix elements of irreducible represen-
tations of finite transformations of the groups SO,

S0,, and SO, are discussed in Ref. 106.

Weight-lowering operators of the group Sp, (SO,) in
the form of polynomials of ordered generators are
given in Ref. 88, where they are used to construct
special isofactors of this group.

Semistrected Isofactors of the Group Sp, (SO;).

These isofactors are necessary constructive elements
of the most general isofactors of this group, but they
also play an important part in the WR calculus of va-
rious compact groups.

Semistretched isofactors of the first kind, whose
parameters satisfy the condition K; + Ay =K, + A,
+K, +A,, are proportional to the 9j coefficients of the
group SU, (Ref. 74):

[(KIAi) (Kol\p) (K3l g)

— (_1yh+ls-I3
B L) ]“ i

X [(2K3—2A5+1) (21, +1) 21, +1) 27, +1) 27, +117*  (31)
% H [(CKa+1)! (2A4)! (2K, 424, 2)1]2/2
3lly o E(Ka+DAq, I, Ja)
Ki_Al Kz—-"\z Ka*As
X { I: Iz Is } .
‘ri Ja “Ts
Here and in what follows, we use the notation

XX

3H1,2X": }1(32 ’ (32)

a

where X, is any function of the parameters with indices
a.

By means of the relation (31) and the above lowering
operators for the weight of the irreducible represen-
tations of the group Sp, (SO,) an optimal expression
was obtained in Ref. 88 for the 9j coefficients in the
form of a triple sum, which was established later in
the framework of the theory of angular momentum in
Ref. 17 (Eq. (32.10)). By analytic continuation of this
formula expressions were found for the first time in
the form of finite triple series for all cases of the iso-
factors of the Lorentz group SL(2,C) (SO(3, 1)) that re-
duce direct products of irreducible unitary representa-
tions of both the principal and the complemntary series
in an SU, (S0,) basis (Ref. 107).%

Semistretched isofactors of the second kind, whose
parameters satisfy the condition K, =K, +K,, can be
expressed in the following form®®:

This result is still optimal after the appearance of Ref. 108,
in which there is a more rigorous derivation of the normali-
zation of the isofactors but the sum is a fourfold one.
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[(KlAl) (K,Ay) (KsAa):I = (—fyhr+h-as
Ly L], Iy,

X [(245-+1) (21 1) (21, +1) (27, +1) 2T, + 1))
% I, , [(2Ka—2A)! 2K+ 1)1 (2K, + 24, -+ 2)1] /2

Ky | Ay Iy T
x| K, Ay Iy T, ) (33)
Ka| Ay I3 Jg_|
where
3
kg Ju Tia Jis | (Ziiai—kﬂ)!
key Jas Jaz Jas |= a!_
| Fs=Fky+%y | jsy Jas Jas lLvUM' iy fat)
XSHI,ZIE (ka+jui1 joz’ jas)v (kufjtzi' juzu jaa)]_l
. (27 )M (
— 4y Gl — 20! (Fai —jag +Jai +54)!
xz 2 1_-[ ( i) 2l (G +Jar— fai—ap))
1, 22, 23 i=1
3 3
*{[3 to—m)—r]1[ 3 Usn—Tin+a)—k |1} (34a)
b=1 “b=1

Ry—dig =g =dpeti : 1 .
e R e T L (kz—lu‘*hz'!‘haﬂ 3”1_2 V(izay j1as faa)
a

sllt, 2E (ka+Jats Jazs 7a8) V (ka—zss Fugr Jaa)
a

(= st+ 23— 35+ 38)! (2] 55— 25)!

x 2
Z15E8 X3 "a”ha—laa—]aa—’-a]l[z (Jsb_lzb)‘FIaa—fsa-—k]-rZ %] !
i=1

1 < ﬁ’ o (_fﬂ—_fgi‘f‘fal'!'flll
(b5 T turdss—3) we)l et T SR = B o
= (34b)

The entity represented by (34) has a higher symmetry
than the isofactors of the group SO,. Permutations of
the last three columns do not change its values, and
permutations of the first two rows give only a phase
factor:

X

3
Z Gyitipg=dgp
(_ 1)i=1 5

The expression (34b), which was obtained in Refs.
55 and 56 from (34a) by permutation of the IR parame-
ters, is less symmetric but simplifies more in certain
limiting cases.

Stretched isofactors of the group SO, (Sp,) with para-
meters satisfying the condition K, =K, +K,, A,=A, + A,
can be calculated in accordance with both (31) and (33).
Application of elements of the group of permutations of
the IR parameters™ also makes it possible to find non-
standard semistretched isofactors with parameters
satisfying definite linear dependences (for example,
Ky— A=K, - A +K,+ A, or A,,=K,+ A,; see Ref. 56).

Isofactors of Symmetric Irreducible Representations of
the Orthogonal Groups

The CG coefficients of the groups SO, in a canonical
basis (for n>5), when the coupled and resulting irre-
ducible representations are symmetric, were first
considered in Refs. 55, 109, and 110. In Refs. 109 and
110, they appear as the expansion coefficients of pro-
ducts of two hyperspherical functions (see Ref. 111,
Chap. 9) with respect to the same functions. The re-
lation (4), a special case of which was used in Ref. 55,
and Eqgs. (33) and (34) make it possible to obtain the
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simplest expressions for normalized special isofactors
of both a semicanonical and a canonical basis of an
irreducible representation of SO,:

[ S0, TR )
So,,.+so ol A E A ;;]
—2 (ty=25-17 3
=(—1) = [(2 Li+n—2) !!]"
i=1
3
X L—U—UN (G — L+ G4 =21 (1 — 1
il;[l G — L= (4 — L+ 1+ M+ (352)
=2 (4 B G n— 412
3 -2z
(—2) " [@14-n"—2425)11)2
R : Hi= G == T =BT =21
zl, 23, 73 i=1
,\[E (Fi+2)+n"—2] 1 [2 (h—li—z)+n —2]1
i=1
-y
=(—4) N+ 1—Dl
(la— 1 — W (la+ 11— U +-n' —2)11 1/2
Xal;[i,z[(la—l'-l-l;—rn o) (Iu+l'+l"+n—-4)ll]
% 2 (E=erl (1a—l:—13*r2’n)1[(ts+la*jx+ﬂ —2+2’-s)“
7,28 gyl 2lgF n—2-L 2211 [£9—13+2 (I — 1) +2 E 7| !l
2
~ 1 ]—I 2 '(2!;—[—"—4—2&5“[
3 : =l —17—23z; I n — 9 9.
(h+le—t—23 5) 1 i=t sl U=l = =20 =T+ — 2211 ?
=
(35b)

where

N I—za (2 +n' —2) (2154 n' —2) (2 +n"— 2) AU+ n"—2) (2Ug+n—2)
GFn—3) (G —3) L]
(n— &1 11151 (Ign— 3)|Juz
w — &0 (" —a)

D (Lilpl5) - 36
Dy (Uigt5) Do (13l15) 7 (36)

W (Ut I — 1)) g — by !
Do (sl = 2 Us— G F Ly Fa—a

G bl Gl g, (37
(h—lg+ g4 n—a (i, + 1y + 13+ 2n—B)IT i

X

X

Li— U — U, Iy + 1y + I3 — are integers.

The expression (35b), obtained by analytic continua-
tion of Eq. (34b), is less symmetric than (35a) but has
stronger and more varied conditions restricting the
sums. One sum vanishes under the condition | + 1/
=lg, and in the stretched case (I, +1,=1 a) all three
sums vanish. In the case of the reductwn 50,0580,
+850,, the condition Iy +1; =1/ is always satlshed and
Eq. (35b) after ehmmatmn of divergences by a passage
to the limit [replacement of the factors that depend on
the parameters n” and 1] in (36) by 1/v2 ] makes it
possible to express the considered isofactor as a dou-
ble sum.

We obtain the isofactors of the canonical basis of the
group SO, after substitution of the parameters §,, 6,, 6,,
which are equal to 0 or 1, in place of 1%, 1”, 1", respec-
tively. From the conditions [, —I{ - 5, =0 mod 2, 8, + 5,

+06,=0 mod 2, it can be seen that the following parame-
ter sets are possible: 6,=0,=08,=0; 6,=8,=1, 5,=0;

6, =0, 0,=0,=1; §,=6,=1, B, _U

In the first three cases directly, and in the fourth
after application of the symmetry property [which can
be seen from (35a)], Eq. (35b) makes it possible to ex-
press all the isofactors of the canonical basis of sym-
metric irreducible representations of the orthogonal
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groups in the form of double sums.®

Neither from (35b) nor (35a) does there follow the
expression proved in Refs. 110 and 55 for the special
isofactor
[Sbn

80p,

by Ly 1 (n—3)I1 1,1 1] 2-7+3 4t
HEEE 2 o
00 0]— Dot | o= (38)

(= 4; in the case n=23 a phase factor appears; cf. Eq.
(15.10) in Ref. 17), which is important for the theory
of hyperspherical functions.

The relation (5) and the methods developed for
Sp, (80,) with allowance for the correspondence between
the parameters of the irreducible representations of
the chains SO, S0, and Sp,>SU,XSU,,

Li=K+ A Ly=K—A L =I1+J,L,=I—J, (39)

made it possible in Ref. 56 to find the most genereal
isofactors of the CG coefficients that realize vector
addition of the canonical bases of the symmetric ir-
reducible representations of the orthogonal groups SO,.

Proportionality of Some Isofactors of the Unitary and
Symplectic Groups to Special Isofactors of the Ortho-
gonal Groups

In Refs. 110 and 112 there is a study of special iso-
factors of the CG coefficients of the groups U,, these
being used as expansion coefficients of products of
hyperspherical functions of the group SU, realized on
the factor space SU,/SU,.,. It is shown in Ref. 113
that such isofactors of the mixed tensor irreducible
representations of the class 1, 1 of the group U, are
proportional to the isofactors of the chain SO,, ©50,,.,
+ S0, represented by (35b). Further, it is shown in
Ref. 69 _that the special isofa::tors corresponding to
U,oU,+U, and SO,,580,,+ 50, .

It is also shown in Ref. 69 that the special isofac-
tors of the irreducible representations of class 2 of
the symplectic groups that correspond to Sp,,, DSP, .
+Sp,,» are proportional to products of the isofactors
of the chain SO,,, ©S0,,, +S0,,. represented by Eq.

(35) and 9j coefficients of the group SU,. In particular,
Eq. (31) is generalized in a definite sense.

3. BIORTHOGONAL SYSTEMS OF CG COEFFICIENTS

As we mentioned in the Introduction, the appearance
of multiple irreducible representations in the decom-
position of a direct product of irreducible representa-
tions of groups that are not simply reducible leads to
nonorthogonality of the analytically constructed CG
coefficients with respect to the indices p. The basic
operations of the Wigner—Racah algebra (including
the decomposition of matrix elements of irreducible
tensor operators in accordance with the Wigner—
Eckart theorem) can be realized analytically if one
knows biorthogonal systems of isofactors of CG coeffi-

5)In particular, there follows from (35b) the simplest expres-
sion [see Eq. (32.14) in Ref. 17] for a 9j coefficient with
two equal rows. [It is necessary there to correct the factor
(2j3+1+2)!] to (2j3+1+2)].]
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{
cients, i.e., sets of dual isofactors satisfying the bior-
thogonality condition

Ay A A TA Py
w Mo o ][ w A h]=63l’5m' (40a)
= [ =
eyl B B PpdLho Be SR
and the completeness condition
}"(l) My ,,7\. My Moy i
P ! ! i 6“'tl)““l ﬁ”l«)”c’z)aﬁ?" (40b)
no CR B fpd LB B gt Y

Duality in the sense of biorthogonality is reflected
naturally in two approaches to CG coefficients. On the
one hand, the fundamental definition of CG coefficients
as elements of the matrix that reduces the direct prod-
uct of two irreducible representations makes it possi-
ble to express the sums over the indices p of products
of pairs of these quantities (bilinear forms) in the form
of integrals over the group of products of elements of
the D matrices of three irreducible representations
(see Ref. 20) or by means of projection operators of
the Lie algebras.?°™ In such a case, individual CG
coefficients can be found by imposing subsidiary condi-
tions.

On the other hand, the alternative definition of CG
coefficients as the coefficients of vector addition of any
basis functions of to irreducible representations and
the use of the explicit form of the representations of
the infinitesimal operators of the group make it pos-
sible to write down recursion relations connecting the
CG coefficients with the same set of parameters of the
irreduecible representations of the group itself and the
index p. The constructed system of difference equa-
tions makes it possible to express any CG coefficient
(with fixed p) in terms of its values in a definite region
of power 7,, and as p varies the boundary conditions of
this region change accordingly.

If as a complete set of nonorthonormalized isofactors
we choose, for example, linearly independent ones
among linear combinations of the isofactors

[Mn May +.-.p7t]= 5 [ﬂu) Moy pll] [lm May M] (41)

i A o
W Mz n o LB max Reaymin o' B Lpey By P

with one-to-one correspondence between the values of
the index p and the set of parameters p’, u' of the auxi-
liary isofactor (the expansion coefficient), the dual
isofactors will satisfy the boundary conditions

[lm Ag T pl] oy (42)

,
K M2 =i Fr

if Ly =Kyman Mz = K@ymine Py 1 take the same values
for which the linear combinations (41) are linearly in-
dependent (cf. the SU, case®®). The symbols + and -
here indicate fixed extremal basis characteristics of
the auxiliary isofactor.® It is readily seen that on the
expansion of the linearly dependent isofactors—bilinear
forms of the type (41)—with respect to a complete sys-
tem there appear as expansion coefficients dual isofac-
tors whose basis characteristics take the values that
appeared in (41) instead of the set Ky mae Hiyains P; K

&)The corresponding signs in Ref. 82 have the opposite mean-

ing; for example, the sign + indicates the state of minimal
weight.
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corresponding to the complete system .,

Isofactors satisfying boundary conditions of the type
(42), i.e., with upper indices of multiple irreducible
representations, are very conveninet (even more so
than orthonormalized ones) when the Wigner—Eckart
theorem is used: To separate submatrix elements or
to find elements of a recoupling matrix with lower
indices of multiple irreducible representations, it is
sufficient to choose the corresponding extremal basis
characteristics in the matrix element or in a combina-
tion of an odd number of CG coefficients of the group,
i.e., the business is almost as simple as in the case
of simply reducible groups, for example, SU, (cf. Egs.
(28.10) and (31.26) of Ref. 17). In this way, all matrix
elements can be decomposed with respect to products
of their values in an exyremal region of power ¥y (7, is
the multiplicity of the irreducible representation), iso-
factors satisfying standard boundary values, and CG
coefficients of a subgroup.

Isofactors of both dual classes for the unitary groups
and of the second class for the group S0, (Sp,) could be
expressed recursively as combinations of simpler (for
the second-rank groups SU, and 50,, fundamentally)
isofactors or linear combinations. Essentially, the
structure of these recursion expressions reflects the
structure of the generating invariants used by Shelepin
and Karasev®:*® as well as operations with tensors pre-
formed in decomposition of a direct product, 3497

Recursion Expressions for Bilinear Forms of Isofac-
tors of the Unitarity Groups

These expressions were considered in Refs. 100, 114,
and 82. As an example, we consider the isofactors that
reduce the direct product of a general ¢ and a two-row
e=[e,&,] irreducible representation, including as a
special case the most general isofactors of the group

SU,:
we "A[a e p;?u]
?1:‘1 23 M'][ﬁ v Pu

= M&]Wsz‘ [ﬁz &y 3] [a &y H'] [l-l' & h] 43)

Tl E—eF )W) 4 s s LB s v AT
X (B 8" (V) s pl, 55 (¥); ).

Without loss of generality, we have chosen in Eq. (43)
an irreducible representation ¢ of the group U, with
Young diagram containing not more than n - 1 rows.
The element of the recoupling matrix of the U, irre-
ducible representation that appears on the left-hand
side is replaced in accordance with (12) by a special
isofactor. On the right-hand side there appears an
element of the recoupling matrix of an irreducible rep-
resentation of the subgroup U,.,, and the individual
isofactors are calculated in accordance with (22).

A complete set of isofactors is realized of the inter-
mediate irreducible representation u’ varies in the re-
gion bounded by the inequalities

n

n— n-1
2 A— Zl T ;1(}-;4.)(&—-2, 3, ..., n—1) (44)
i=k i=k-

i=h

in addition to the natural conditions A; > pj =1,,;, a;,
> u;>a,. Itis these values of p’ that appear on de-
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composition in accordance with Littlewood’s ruleg3437
for the direct product of irreducible representations,
A¥Xg —~a¥, i.e., to each value there corresponds a
separate linearly independent generating invariant.2¢
[The «inversion” of Littlewood’s rules is due to the
effectiveness for the given problem of the relation
(12).]

On the other hand, the same Young diagram u’ char-
acterizes the irreducible representation of the sub-
group U,.,, which is an illustration of the correspond-
ence, established by Biedenharn and his collabora-
tors™ 114 (see Ref. 115), between the indices of multiple
irreducible representations in the decomposition of a
direct product and the basis characteristics of one of
the irreducible representations.

A special case of (43) (see Refs. 100 and 82), like the
corresponding expressions obtained by integration over
the group® or by means of projection operators? 3
gives expressions for nonorthonormalized isofactors
of the group SU, containing six sums each. But for the
separation from (43) of orthonormalized isofactors,

the most convenient formula is derived from (25) and
(12):

“E"l][“ap’“] B0 B0 )
! g A0 A 45
%‘[a g, o g B ”(U‘uo - Tzl ( )
where

ngi "21 n[—][

% [ 2 wi—on]! [[ wi—itn—1y

2 PR g a1 [

fe@=(—1)= & :_:‘;!H&T-H). = B

n-1
[3) (=0 tei—ep+1] !
i=1

General recursion expressions for bilinear forms of
isofactors of the unitary groups are given in Ref. 114,
where there is also established a correspondence
between the indices of multiple irreducible represen-
tations associated with generating invariants®4:25 and the
indices that appear when CG coefficients are construc-
ted by means of integration over the group.2°

Isofactors of the Unitary Groups Satisfying Boundary
Conditions

Such isofactors can be expressed in their most ele-
mentary form as follows (a,=0):

[a [v. 0, —g] ***1a, —hlJ=[a1‘3a —al B —mr

B 18, —rl R p 0 B
< 5 [aré. —al I, —h]] [(ﬁ', = A1 PROSRRT —hl]
5.0, 5 BIO, —) & el Ry e

6| S .0, o - ] -] £ -
5 q](ﬁ [0, —r1(§) % # o+l
V[O’ —r'] [‘Sv —rl

B, 710, —r'1(18, —rD); 5, .- (46)

(A special case of this expression for SU, is obtained
in Ref. 82). In the given case, it is more convenient
to denote some of the irreducible representations as
mixed tensors. Equation (46) holds, provided £ =0.
Almost all the isofactors on the right-hand side can,
with allowance for the symmetry properties, be ex-
pressed in accordance with Eqs. (22), except for one,
which after translation of the parameters to the re-
gion of covariant irreducible representations can be
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replaced in accordance with Eq. (12) by an element of
the recoupling matrix of the irreducible representa-
tions of the subgroup U,.,. The index p is uniquely
correlated with the values taken by the parameters of
the irreducible representation 8’ and the index p’ of the
auxiliary isofactor.

Choosing 4 =2 in (46), one can show that the special
case of the U, isofactor is proportional to an element
of the recoupling matrix of the irreducible representa-
tions of U,., (in particular, the special isofactor of SU,
is proportional to a 6f coefficient of SU,; see Ref. 82):

[a v, 0, —g] "+ "4, —hl]=(_1)w[(q—r)l dnq (B)
B8, —r] I &
n-1
o o1p BiFetr—1—plq12 Sn, n-1 (% B) 47
AJI;[J ] Sn, a1 (@ B) Sn-1, n—1 (B3 B') ( )

(¥y+ut+n—1—7!

X B0, —1(B) % * " FMB, 10, —r) (8, —71); 5, 4 M

where ¥' =2 i3 (B; - Bl)=q—-h+2, (8; - ;). Inpar-
ticular, Eq. (47) is transformed into

85, Bpir

when the irreducible representation [8, —¥] is maximal,
i.e., 6=y, r=0. In this way we can show that the
expressions (46) and (47) satisfy boundary conditions
that are related to (42) by a definite permutation of the
parameters. The expression (47) is valid not only in
the region k = 0 but also in the region A, +¢ > @,. The
expression (47) also has a certain meaning in the re-
gion £ <0, A, +g<a,, in which it can be called a pseu-
doisofactor. A pseudoisofactor is the expansion coef-
ficient of isofactors with respect to their boundary
values in a region of greater power than the multipli-
city of the irreducible representation in the 7, region.
Pseudoisofactors do not play an independent part in the
WR calculus (for example, they cannot be orthonormal-
ized), but they can be used in a generalized Wigner—
Eckart theorem if one knows the boundary values of the
matrix elements in the complete hyperplane of boun-
dary basis characteristics and not only in its minimal
region of power 7, distingusihed by conditions of the
type (44) discussed above. To expand isofactors with
respect to pseudoisofactors, it is necessary to find the
boundary values of the isofactors in the complete hy-
perplane using other considerations. For example,
bilinear forms of isofactors more general than (41)
can be constructed as follows. The first set of iso-
factors of the type (41) is taken to be overcomplete.
Then instead of dual isofactors one takes pseudoiso-
factors, and pairwise products of both quantities are
summed over a complete hyperplane of boundary values
covering a subregion isomorphic to the region of the
indices p. We may point out that the problem of mak-
ing the boundary conditions more precise is rather
common for problems of analytic continuation of WR
functions satisfying boundary conditions.

In the case of SU,, the corresponding boundary iso-
factors are found (see Refs. 82 and 117) using their
symmetry properties. A transformation in the space
of the indices p by triangular matrices makes it pos-
sible to reduce the corresponding boundary isofactors
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to standard form [of the type (42)] and to find the re-
maining (i.e., dependent) boundary values.''” In gen-
eral, it is expedient to choose (from the six possible
types) a type of the boundary conditions such that the
power of the corresponding boundary hyperplane is
equal to 7, or exceeds it minimally. Unfortunately,
for SU, it is already not always possible to make such
a choice of the boundary conditions enabling one to use
the expression (46) transformed using the symmetry
properties of the isofactors. In such a case, one must
use combinations of isofactors of other types. The
obtained expressions are rather cumbersome, and
therefore we note that the problem does not appear as
long as one of the irreducible representations of the
group U, belongs to the class 1, 1, for example, in
Eq. (46) y=p (with allowance for the symmetries, this
case also covers all isofactors of the group SU,).
Equation (26) makes it possible to write down an ex-
pression for the overlap matrices of the isofactors of
the following type (cf. the SU, case in Ref. 117):

[m (P 6' —q By +‘+1] [alP, 0" —q] ®,+, +?\.:[
BT Bip 0, —ql - Blp, 0, —ql o

%o, 0 Mo
=Wnm (ﬁi. T fmz) 1

(48)

where
.H-"Ei o=ty 1 ) d (W n
fma(@)=(—1) = ngl—ini (@;— Ay +n—i)l
n-1
1(p+g+n—2— :
g e LR e
[ (ei—hn+n—ipt i=1
i=1
Equation (48) holds, provided o, =2,.

n

Finally, applying operators of the type (16) (cf. the
SU, case in Ref. 117), we obtain a recursion expres-
sion of a different class for the most general isofac-
tors of the group U,;:

g BN peall 0, -t
I:E' 8 ,‘,!—L]:\l-"max:” En-tn !l/
(et /* | LAV KA
x 5 (el e, ) e B (o)
X (B8 (sw); Pa(p+a)i pmax|Bp (B); 8¢(8); Ppmax)
5 Dy it 49
xl:ﬂ" &’ E'Fmax], S

where

n—-1 n- =
p=FE by 0= F Gi—tk pta= F G-
On the right-hand side of (49), an element of the re-
coupling matrix of the irreducible representations of
the subgroup U, ., has appeared. The special isofactor
on the right-hand side can be calculated using Eq. (47)
or in any other way.

In this way, in the framework of the Wigner—Racah
algebra of the subgroup U,., all isofactors of the group
U, can be expanded with respect to their values in a
definite boundary hyperplane. In Ref. 32, a start was
made on the realization of an analogous program for
bilinear forms of the isofactors.
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Although for the SU, isofactors both Eq. (46) and the
combination of Eqs. (49) and (47) also have six sums
each, these expressions have advantages over (43) and
the other expressions which we have mentioned for bi-
linear forms of isofactors. For example, the special
cases of them needed to construct isofactors of a non-
canonical projection basis have a much simpler form
(see Ref. 82).

Complete Systems of Isofactors of the Group SO, (Sp,)

Such systems are represented in Ref. 118 in the form
of combinations of three simply reaching isofactors that
realize pairwise vector additions of the auxiliary irre-
ducible representations ( k,A, ), (ky2,), (B A,) and the 6j
coefficients of the subgroup SU,. An expression equiva-
lent to the one found in Ref. 119 is obtained when auxil-
iary semistretched isofactors of the first kind are cho-
sen; a second expression is obtained when the auxiliary
isofactors are semistretched isofactors of the second
kind. It can be shown that complete systems of iso-
factors are obtained if one chooses at least one auxi-
liary isofactor of stretched type pr (in the case of ex-
pressions of the second type if A, + A, + A, is not an
integer) the closest (to it) semistretched isofactor is
the first kind.

Isofactors satisfying the boundary conditions can be
expanded by means of triangular matrices (see Ref.
120) with respect to each of the complete systems of
isofactors mentioned above. The boundary region of
basis characteristics has a form not completely analo-
gous to the case of the unitary groups, and is located
in the hyperplane.

II+J1:K1+A13 Ia‘I_'JQEKg‘E‘Aas I:|+J3=K3+As

and is correlated with the region of variation of the
parameters s, s,, s, used to find the multiplicity of the
irreducible representation (K,A;) in the decomposition
of {K,A,) X (K,A,). This multiplicity is equal to the
number of integral solutions of the system of six in-
equalities

{ s,—s,-gK,—.‘\,+K,gA¢—KJ+‘\,; (50)
.s,+s,—s,§2.‘\j L2A;— 24,

(8,20, 5,20, 5,20; i, j, I are permutations of the
numbers 1, 2, 3) subject to the subsidiary conditions of
integrality of A, + A, + A, - 4(s, +s,+s,) and the vanish-
ing of at least one of the numbers 84185, 84

4. DUAL NONCANONICAL BASES

In physical applications of the theory of representa-
tions of Lie groups, especially in nuclear theory, an im-
portant problem is that of constructing noncanonical
bases of representations corresponding to reductions
of the type SU; 5S0,, SU,>S0,, U,cO, (unitary-scheme
model), SU,>SU, X SU, (supermultiplet model),

Spy> U, (five-dimensional quasispin model), SO, S0,
(description of quadrupole excitations), SO,>G,>S0,
(classification of states of the f shell), and the determi-
nation of matrix elements of different operators in
these bases. As we have already said, the correspond-
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ing methods were developed initially for SU; 580, (see
the reviews of Refs. 21 and 81). Different types of
bases, to each of which there correspond different
ways of separating multiple irreducible representations
of the subgroup, i.e., different additional charac-
teristics of the basis states, enable one to desecribe
different model interactions with more or less sim-
plicity (cf. Refs. 121, 122 and 123-126),

The concept of biorthogonal systems makes it possi-
ble to find a certain system in all the diversity of the
noncanonical bases, to find coefficients of expansion
with respect to nonorthogonal systems of functions,
and also to simplfiy the construction of group invariants
and other operations of Wigner—Racah algebras.

A biorthogonal system is formed by two complete sets
of dual functions ¥, a,, of a noncanonical basis charac-
terized by the same purely group sets of indices (i.e.,
irreducible representations of the group and its sub-
group) and satisfying the condition

(a®]bgr) = w0 (51)

where the number of values taken by the indices w and
w’ is equal to the multiplicity of the irreducible repre-
sentation of the subgroup. Then any function in the
same subspace can be expanded in the form

1= 3} (bor|1a®= 3] (a®) bo. (52)

It is readily seen that the matrix elements in the dual
bases are connected by the relations of Hermitian
conjugation.

It can be seen that the metric tensor of the first basis
is identical to the overlapmatrix of the second (dual)
basis. In the presence of functions of both dual bases,
invariants (scalars) of the group can be readily con-
structed by using the operation of complex conjugation
(contragredience):

Zu |ﬂ:l’)* | bauds (53)

where 4 is a set of purely group basis characteristics
of the states of the given irreducible representation of
the group.

The use of dual bases is expedient when one is solv-
ing eigenvalue problems for tensor operators acting on
nonorthonormalized basis functions. If one uses the
matrix elements of an operator between functions of the
same basis, it is necessary to solve a generalized
secular equation with allowance for the overlap integrals
[see, for example, Ref. 112, Egs. (5.2)=(5.5)]. An
ordinary secular equation appears when the operator is
represented by an expansion with respect to funetions
of the same basis on which it acts. In this situation,
Eq. (52) can be used.

It is shown in Ref. 81 that there are dual bases among
the known realizations of a noncanonical basis for the
reduction SU; 5S0O,. We recall the basic properties of
these realizations.

The projection basis, constructed for SU, cS80, for
the first time by Elliott," is characterized by “hidden”
projection of the moment K, which is connected in its
origin to the special form of the functions of the canon-
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ical basis. For SU,DSU,XSU,, the projection basis
was first constructed by Draayer.'*’ The simplest way
of constructing the projection basis for SU, > S0, was
developed by Asherova and Smirnov,'*"+!** who used the
projection operators of the subalgebra SO, in the form
of Refs. 91 and 92. Later, this method was developed
for Sp, o U,,"™®**® for SU,>SU,%XSU,,'**™* and for SO,
250,.%%% Expressions for the coefficients of the ex-
pansion of the projection bases with respect to the
functions of the canonical bases and the overlap inte-
grals are simplified by the use of the matrix elements
of powers of the generators of the groups and the meth-
ods of transformation of standard sums (see Refs. 77,
78, 81, 129, and 131).

One of the advantages of projection bases is that on
the basis of the commutation relations between the pro-
jection and tensor operators (formulated in their most
general form in Ref. 32) one can express rather ele-
gantly the action of the group generators (see Refs. 1,
122, 128, and 130). For example, in the SU; 550, case
we obtain the expansion somewhat simpler than in Refs.
10 and 122:

0 (e s 2L1 [L SNETNITE 2 L
" kLM /T 4 AT (M m MK n K

IO
Mues \
Xl | g ) (54)
where
(A g ] . it 8 ’
bR e =Sk 72 [2h-+p4 84 (L —L) (L' +L+1) |

— 8k, a2 [ —K) (n+ K +2))'7
— 8, -2 [ K) (o — K +2)]"%,

(In this section, we denote the irreducible represen-
tations of the groups SU, by the differences of the
lengths of the Young diagrams.)

Further, to construct the isofactors that realize the
vector addition of functions of a noncanonical (necessa-
rily projection) basis to functions of the projection bas-
is (see Refs. 81, 121, 127, and 133), it is sufficient to
use fairly simple special cases of isofactors of the
canonical basis (including the cases presented in Sec.

3 of the present paper). For example, in Ref, 75 iso-
factors are found for the chain SU,>SU,xSU, that re-
duce the direct product of two symmetric irreducible
representations, namely, the expression for them in
Ref. 66 is simplified to a threefold sum. The rela-
tion (6a) makes it possible to use this expression as
well for calculating the analogous isofactors of the
chain SU, >S0,; in particular, for n=23 one obtains
(apart from the normalization) the expression for the
isofactor E” of Elliott’s basis,” and this demonstrates
the interconnection of the classification of multiple
irreducible representations of the subgroups of SO, in
the irreducible representations of class 2 of the groups
SU,.

Characteristic complications follows from the over-

"™W¥e recall that there exist two variants of the projection basis
for both SU;5S80; and SU,D SU, x SU,, these corresponding
to covariant and contravariant tensors (see Refs. 1, 81,
and 127).
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completeness of the projection bases. Thus, when the
group generators act on the basis, linearly dependent
functions also appear. One of the methods of expanding
the excess functions is based on the use of the commu-
tation relations of powers of the generators (Refs. 10,
128, 130, and 132), but in our view a more universal
method is based on using an auxiliary (so-called
stretched) basis.

A stretched basis for SU;, D50, and SU, > SU, XSU,
was proposed by Sharp ef al.'®*% A stretched basis
of the irreducible representations of SU, >S50, (cf. Ref.
81) can be constructed by vector addition of normalized
symmetric covariant and contravariant tensors by
means of CG coefficients of the subgroup SO, and iso-
factors satisfying the boundary conditions

[(10) (Op) (Aw)s

1,9, (zmzm)L] =8uutzo (lio+ Lo =L+ 9) (55)

in the region [, +L=L+06 (0=00r 1, A+ 4 -L-56=0
mod 2). These isofactors are found to be proportional
to CG coefficients of the group SU, with multiple 1/4
parameters (Egs. (3.7) of Ref. 81), which has a natu-
ral explanation (see Ref. 125) on the basis of the rela-
tion (6b) and the construction of a stretched basis

for SU,>SU,XSU,. Special isofactors reducing the IR
direct product (A00)X(00p)— (A0) in the case of the
last chain are proportional to the CG coefficients of the
group SU, (Ref. 75) and take boundary values in the re-
gion of parameters j, +j,=8 > T proportional to
8,110 d10+ J20=S =K s, J1o—Jz0o=Kr). Therefore, the
functions of the supermultiplet projection basis (num-
bered by the parameters K¢=S, K,) and the super-
multiplet stretched basis (numbered by the parameters
F10 Jao) Of the irreducible representations of the class
1, T of the group SU, differ only in the normalization.
Proceeding from this, it was possible in Ref. 75 to
find isovectors of a supermultiplet basis of SU, reduc-
ing the IR direct product (A +¢,,0,0)X(0,0, p +g)

— (2,0 p), and in Ref. 77 the most general expres-
sion for them was simplified to threefold sums. In the
same way the simplest expressions for isofactors of the
same type corresponding to the reduction SU, >80,
were obtained.

The boundary values of definite isofactors of a pro-
jection basis are the expansion coefficients of the func-
tions of the projection basis of the most general irre-
ducible representations with respect to functions of a
stretched basis and form triangular matrices. In Ref.
134 (see Refs. 21 and 81) for SU, >S50, and in Ref. 130
for SU, >SU,XSU, it was also possible to find the in-
verse matrices, i.e., to expand the stretched basis
with respect to a complete set of functions of the pro-
jection basis. This solved the problem of the expan-
sion of the excess projection functions.

To understand the position of a stretched basis among
the other noncanonical bases, we give an alternative
definition of a polynomial basis.

A polynomial basis for SU; >S0, was proposed by
Bargmann and Moshinsky? (see also Refs. 21, 62, 123,
and 136). The best known may of constructing bases
of this type is in the form of products of elementary
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blocks. By this method one can directly obtain the
basis states of some irreducible representation of s
these being the states of highest weight of a definite
irreducible representation of a subgroup G’ (for ex-
ample, SO, or §0,). Thus, in Ref. 137 this method is
used to construct bases of irreducible representations
of the class 1 for the reduction SO, 5S0., and in Ref.
138 for symmetric irreducible representations of the
group SU, reduced to the maximal subgroup SU,, which
leaves the six-dimensional irreducible representation
of the group SU; irreducible,

If one wished to find polynomial functions of an irre-
ducible representation of a longer chain U, 5G' 5G'’
one can use weight-lowering operators and projection
operators of the subgroup G”, but in a number of
cases it is expedient to use the alternative construc-
tion of a polynomial basis proposed for SU,>80, in
Ref. 81,

We take special matrix elements of finite transfor-
mations of a subgroup of the general linear group.
Suppose the first indices correspond to the states of
highest weight of the canonical basis, while the
second indices are labeled by the irreducible represen-
tations of some noncanonical chain of subgroups. The
products of such matrix elements form the basis of an
irreducible representation of the group whose highest
weight is equal to the sum of the highest weights of the
factors. If we realize vector addition by CG coeffi-
cients of a subgroup (for states of weight higher rela-
tive to the subgroup, this operation is trivial), the ob-
tained states will have the corresponding basis charac-
teristics. Then in this way we obtain in the case
SU; 280,

DY ttaart (§)=§ [(;:z) (?::) (:E)] D3 oL (8)
lio lZﬂ L A0 0] (56)
= E l:m‘ m, .!W:I D.{ma)x. ljomy (E) Din;l.v)&‘. lzgma (g)
my, mg

Among the functions (56) those for which the parame-
ters I,,, l,, satisfy the condition 7,,+1,,=L +6 are
linearly independent. It is readily seen that isofac-
tors satisfying the condition (55) are also expansion
coefficients of the excess functions of the type (56).
Equation (56) also enables us to write down the coeffi-
cients of expansion of our variant of the polynomial
basis (which differs from the one proposed in Ref. 2
by a simple factor) with respect to functions of the
canonical basis:

/ (;\‘P')B (3\'“1') = E l:liu lzn L:I
\Caolao) LM | YT 5 M/ = & | my my M
ip-~ij=const
/B0 | (A0 N\ A0 | (Op)
be st M S8 ; 57)
Moy | g0 5= M/ Nlaghy | i, o Tty (

(A0) (Ow) () [ B B T
X[yiii Yals Y‘T][i my ;_ My ; M]

What we have obtained is identical to a coefficient
of expansion of the functions of the canonical basis with
respect to functions of the stretched basis (see Ref.
21). Thus, we see that the stretched and polynomial
bases can be obtained by mutually invertible transfor-
mations of an orthonormal basis, i.e. these bases
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are dual. The coefficients of expansions of the func-
tions of the polynomial basis with respect to the func-
tions of the stretched basis are integrals of the over-
lapping of the polynomials basis and ean be expressed
as bilinear forms of special isofactors.

A basis equivalent to the polynomial basis can also
be represented in the form of linear combinations of
orthonormalized functions with special isofactors as
coefficients. For example, for the construction one
can use the special isofactors (see Ref. 81)

5 F?H-Ps 0) (u0) Au] [(10) (Op) (ML)J
I, ticsyed [ g

— [kt (ze1+n] E ( gy +attior {L Lo If}(58)

Atpt1 U Ly Iy
o [(MOJ (n0) (09)] [(10) (H0) (A+p, 0)]

LR i ity ol 4 4

Equation (58) (like its generalization, Eq. (3.6) of
Ref. 75, for SU,>SU,XSU,) follows from the unique-
ness of a definite recoupling matrix of the irreducible
representations of SU, (respectively, SU,). The special
cases of (58) for I, + A=L +1, (A=0or 1,A=L-A=0
mod 2), which after rather lengthy transformations can
be expressed without sums (see Ref. 81), form a tri-
angular matrix and are the expansion coefficients of the
projection basis introduced in Ref. 21.

An antistretched basis (see Refs. 21 and 81) can be
constructed by means of isofactors that realize the vec-
tor addition of the bases of the symmetric irreducible
representations (A + u, 0) and (u0) and satisfy special
boundary conditions. The use of this basis and its
contravariant made it possible to find much simpler
expressions for the overlap integrals of the fundamen-
tal bases. 8:78

The isofactors (for definite values of the parameters,
pseudofactors; see Sec. 3) of the antistretched basis
were obtained in Ref. 81 by analytic continuation of the
isofactors of the stretched basis. The use of them and
the boundary bilinear form (58) mentioned above made
it possible to represent the samebilinear form (58) in
a form more convenient for analytic manipulations.
Further application to it of permutations of the parame-
ters of the irreducible representations of the groups
SU, and SO, using the formulas for transformation and
summation of generalized hypergeometric functions of
a common argument made it possible to find optimal
expressions for some other coefficients of mutual ex-
pansion, these being bilinear forms of isofactors, and
ultimately to derive much simpler expressions in the
form of double sums for the overlap matrices and the
metric tensors of the stretched and polynomial bases
(see Refs. 77, 81, and 125).

In Ref. 76, it was found to be effective to make a
formal representation of the overlap integral of the
projection basis in the form

E-| B\ JE"
/ K’/ 2 \K

A /A*| 8\ /B | EX\
l./\l | 10/\lle'/, (59)

where A*, A*, and S, B are pairs of dual bases. Each
of the three sums in (59) (one of them is contained in
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the overlap integral {E'|Z*); see Ref. 76) contains no
more terms than the multiplicity of the irreducible rep-
resentation of the group. It is interesting that it is
simpler to find the blocks in (59) for irreducible repre-
sentations of the class 2 of the group SU, and continue
the obtained expression for SU, 550,.

It should be noted that the projection and polynomial
bases for complementary groups change places. Thus,
by analytic continuation of the matrix elements of the
projection operators of five-dimensional quasispin
(i.e., of the subgroup U, embedded in the group Sp,;
see Refs. 78 and 128) expressions were found in Ref.
75 for bilinear forms of the special isofactors of SU,
SSU,%XSU, and SU,DSP,. In Ref. 75, it was also
shown that polynomial bases for SU,>S0, can be con-
structed by means of projection operators of the com-
plementary group.® On the other hand, it was shown
in Ref. 78 that the expansion coefficients of the five-
dimensional quasispin basis dual to the projection basis
can be found by analytic continuation in accordance
with Eq. (7) of the stretched isofactors of the group
SU,>SU,XSU, obtained in Ref. 77. In this case, the
expression itself was found to be much simpler than in
the case of the projection basis.

The general principles of construction of dual bases
can be formulated as follows. We consider the overlap
integrals between different realizations of noncanonical
bases, these usually having the meaning of boundary
values of bilinear forms of transformation coefficients.
If these integrals form a triangular matrix, one can
usually find the explicit form of the inverse matrix
too, which makes it possible to expand the functions
of a basis dual to one of the bases with respect to the
basis functions of the second of the considered bases.

Thus, the overlap integrals between the projection
and polynomial bases are equivalent to the above-men-
tioned boundary values of the isofactors of the pro-
jection basis as well as to the special values of the
coefficients of expansion of the polynomial basis with
respect to the functions of the canonical basis (for SU,
o550, represented by Eq. (57); see Ref. 81).

The analytic form of the matrices that are the inverse
of the triangular matrices can usually be readily found
if the index p is one-dimensional (see Refs. 81 and 82).%
The author has also considered several examples of
biorthogonal systems with two-dimensional indices of
multiple irreducible representations. 2?13 Thus, us-
ing bases of irreducible representations of SU,>SU,
XSU, in Ref. 130 he found a biorthogonal system formed
by CG coefficients of the group SU, and certain renor-

8t should be noted that it is expedient to use the projection
operators of the algebra of the complementary group of the
subgroup SO, instead of the laborious replacement of simple
boson creation operators by zero-trace operators in the con-
struction of the polynomial basis in the case of a chain of the
type SU,> S0,0G” (cf, the SU;D SO;080; in Ref. 137), since
these projection operators do not depend on the basis char-
acteristics of the given irreducible representation of the sub-
group SO, and do not change them.

9 particular, mutually inverse relations are considered in
Ref. 139.

580 Sov. J. Part. Nucl. 14(6), Nov.-Dec. 1983

malized analytic continuations of them characteristic
of SU(1,1). Generally speaking, the methods of analy-
tic continuation helpful in the investigation of dual
bases are not exhausted by those discussed in the
present review.

CONCLUSIONS

In this review, we have become acquainted with cer-
tain more or less definitive results of the Wigner-
Racah calculus of compact Lie groups that are not
simply reducible. In recent years, it has proved possi-
ble to advance significantly in the investigation of the
interrelations between the representation spaces of all
representations of groups of second and third rank,
and also the spaces of one-parameter and two-parame-
ter irreducible representations of compact Lie groups.
One-dimensional or two-dimensional spaces of indices
of multiple itreduible representations are characteris-
tic of the problems solved in analytic (and, quite often,
optimal) form. In connection with applications to
nuclear theory, investigations of representations of
three-parameter irreducible representations are very
topical. For further advance in this region, the follow-
ing empirical observations may be helpful:

1. Principle of Asymmetry. As a rule, the optimal
(containing the smallest number of sums and the small-
est number of terms in these sums) expressions for the
transformation coefficients (except for the fundamental
isofactors and some other WR functions of the unitary
groups) do not reflect the symmetry of these quantities.
The indices of multiple irreducible representations also
in general do not possess the maximal possible sym-
metry of the isofactors or other transformation coef-
ficients.

2. The Principle of the Consevvation of Dif ficulties.
The simplification of the algorithms for calculating WR
functions satisfying boundary conditions is usually as-
sociated with an impossibility of common algorithms
for all values of the parameters of not only the WR
function but also the overlap integrals, whereas the
bilinear forms of the WR functions and their special
cases representing overlap integrals can be calculated
using a common, albeit very complicated, algorithm.
For example, the expressions for the overlap integrals
of isofactors of the first (difference) type diverge on the
appearance of the parameters characteristic of pseudo-
isofactors, this being due to the degeneracy of the
overlap matrix of the dual isofactors.

From these principles it follows that it is important

~ to take into account as well the ordinary symmetry

properties of the transformation coefficients.

We have not cinsidered methods and problems of
the WR calculus of higher groups such as the graphical
methods of representing complicated transformation
coefficients (recoupling matrices and matrices of trans-
formation of the reduction schemes on subgroups) and
the construction of different complete sets of operators
making it possible to distinguish multiple irreducible
representations. Of great interest too are the questions
of the asymptotic behavior of the WR functions for large
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values of the parameters of the irreducible representa-
tions and ranks of the groups, the position of the ob-
tained results in the theory of special functions, and the
possibilities of analytic continuation and generaliza-
tion of these results for irreducible representations

of the principal (continuous) series of the noncompact
groups.
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