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Possible generalizations of the statistics of identical particles, parastatistics, and the corresponding theories of
parafields are reviewed. The connection between parastatistics and cases of degeneracy of particles with

respect to an internal degree of freedom is discussed, and also the restrictions that are imposed on internal
symmetries if they are given a parafield description. In particular, the difference between the hypotheses of

“three-color” quarks and “paraquarks” is discussed.

PACS numbers: 05.30.Jp, 12.35.Kw

INTRODUCTION

Definition: A generalized statistics of identical par-
ticles is defined as a statistics fov which the number of
particles in a symmetric or antisymmetric state cannot
exceed some given integer p, which is called the ovder
of the statistics. Obviously, if p=1, then this definition
covers ordinary Fermi and Bose statistics. But if p>1,
then one speaks of para-Fermi and para-Bose statistics,
respectively, or simply parastatistics.

The possible existence of statistics of identical par-
ticles intermediate between Fermi and Bose statistics
was discussed long ago'? (see Refs. 3-5 on the behav-
ior of a “paragas™). On this subject, Pauli wrote:
“The fact that quantum mechanics yields move states
than actually occur in nature (and all of them equally
possible) is still a puzzle...” Dirac also noted that:
“Other more complicated kinds of symmetry are possi-
ble mathematically, but do not apply to any known par-
ticles” (Ref. 7, p. 211). Such authoritative statements
emphasize the importance of the problem of the theo-
retical admissibility but at the same time actual ab-
sence of realization in nature of intermediate (or para)
statistics.

Many authors have attempted to prove the impossi-
bility of the existence of parastatistics.®™® Careful
study of these attempts showed®'*°"* that usually they
are based on a formulation of the principle of indis-
tinguishability which is more narrow than is required
by the definition of identity of particles; this is the
case in Refs. 9 and 10 and also in the recent papers of
Refs. 18 and 19. Alternatively, there may be an incor-
rect understanding of the cluster law for paraparti-
cles,'® as was clarified in Ref. 20.

Finally, Haag and collaborators®* proved rigorously
the consistency of parastatistics with the fundamental
axioms of quantum theory. They obtained a classifica-
tion of parastatistics identical to the classification of
Hartle, Stolt, and Taylor,”** whose point of departure
was the cluster properties of the wave functions of
paraparticles. According to this classification, the
various parastatistics are above all divided into finite
and infinite statistics. To an infinite statistics there
correspond arbitrary Young diagrams with respect to
which the indices of the particles are symmetrized
(Fig. 1a). Infinite parastatistics have been little stud-
ied, and it has not yet been established whether there
exists one such statistics® or a set of them.* In what
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follows, we shall not consider them.

Finite parastatistics correspond to Young diagrams
with a limited number of columns for para-Fermi sta-
tistics or rows for para-Bose statistics (Figs. 1b
and 1¢).

It is natural to ask this question: Can parastatistics
of identical particles (first-quantized theory) be associ-
ated with some thoery of a quantized field (second-quan-
tized theory)? It is well known that for ordinary Fermi
and Bose statistics the entire information about the
permutation properties of the wave functions of the par-
ticles is contained in the commutation rules for the par-
ticle creation and annihilation operators.

The only attempt at the direct construction of analo-
gous operators for particles described by multidimen-
sional Young representations was made by Okayama.?®
However, an error in his construction was subsequently
pointed out.?® After this, many authors discussed the
connection between first- and second-quantized theories
of paraparticles (see Refs. 20-22 and 27-31), but they
did not have a constructive program. (Note, however,
the important result of Refs. 20-22 concerning the:
one-to-one correspondence of these theories.)

One can, however, avoid the complicated direct con-
struction of a second-quantized theory in accordance
with a first-quantized theory and solve this problem in-
directly. For this it is necessary to determine the re-
strictions that the creation and annihilation operators
must satisfy and then establish all the schemes of sec-
ond quantization that satisfy these requirements. This
is the approach we shall follow in this review. Funda-
mental in this will be Bogolyubov's method® of direct
quantization of the density matrix, extended in Ref. 33
to the general case of parastatistics. It is found that
the schemes of pavaquantization of fields proposed by
Green®® and Volkov® in a generalization of field quan-
tization are schemes of this kind.

It was established subsequently that there is an inti-
mate connection between paraguantization and the Lie
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FIG. 1. Young diagrams corresponding to parastatistics: a)
infinite; b) para-Fermi statistics; c) para-Bose statistics.

© 1984 American Institute of Physics 520



algebras of the classical orthogonal groups SO(2K) and
SO(2K + 1) and the symplectic group Sp(2K) when the
dimension—the number of all possible single-particle
states—tends to infinity, K~ 26 3642 proved possi-
ble recently to develop a quantization scheme corre-
sponding to the Lie algebras of the unitary groups
SU(2K) and SU(2K + 1).%*% Thus, it has proved possible
to associate a definite scheme of generalized quantiza-
tion with every Lie algebra of the classical groups and
thus to give these schemes a definite mathematical
basis.

Thus, parastatistics and a corresponding theory of
parafields are well founded in the sense of consistency
with the fundamental postulates of quantum theory.
But then why are there in nature no objects that can be
described by such a remarkable theory? The answer
is remarkably simple: In fact, such a theory descvibes
cases of exact degeneracy of particles with vespect to
an internal coovdinate. Moreover, if in nature one en-
counters an exact degeneracy of particles with respect
to some internal coordinate, it is more logical not to
distinguish these particles by an internal index, with
which it is impossible to associate any observable, but
rather to regard such particles as identical but satisfy-
ing a parastatistics whose order is equal to the degen-
eracy number. It may also be expected that such a de-
scription is a first approximation for broken symme-
tries, when a small perturbation lifts the degeneracy.
These conclusions will be illustrated for the examples
of parastatistics of second and third order when used to
describe internal quantum numbers such as isospin and
strangeness.

Further, it is found that the parafield approach to the
description of internal symmetries imposes on them
very stringent restrictions. Strictly speaking, in such
an approach one cannot even speak of internal symme-
tries (parafields do not have indices); one can only
speak of a correspondence between the results of the
theory formulated in the language of parafields and the
results of the theory of ordinary fields satisfying a
definite internal symmetry. It is in these restrictions
that the heuristic value of the parafield approach may
reside. Particularly stringent restrictions arise in the
formulation of the analogs of gauge theories. It is found
that in a parafield theory one can construct a unique
copy of the Yang—Mills Lagrangian, which covresponds
to the gauge symmetry SO(3)! In this connection, we
discuss at the end of the review the difference between
the descriptions of quarks as “three-color” fermions
and as parafermions of third order, and also the possi-
bility of extending the paraquantization scheme with a
view to including in it the color symmetry SU(3).

1. THEOREM ON THE CONNECTION BETWEEN
PARASTATISTICS AND PARAFIELDS

A system of »n particles is completely characterized
by a density matrix p (,,...,k;k{,..., k), a complex

Dp paraquantization scheme is also presented in great detail
in the recently published book: Y. Ohnuki and S, Kamefuchi,
Quantum Field Theory and Parastatistics, University of
Tokyo Press, Springer, Berlin (1982).
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function of 2x variables Bl Bk -, R, and the
time ¢ with real positive-definite diagonal elements.

By &, we here understand a complete set of quantum
numbers characterizing the single-particle state, for
example, the momentum and spin projection of particle
i. For simplicity, we shall assume that the spectrum
of these quantum numbers is discrete.

According to Bogolyubov (Ref. 32, p. 303), the prin-
ciple of indistinguishability of identical particles con-
sists in the requirement of symmetry of the density
matrix with respect to all permutations & of the parti-
cle indices:

o B Yempihyy e vk ke Bl). (1)

(here and in all that follows, we omit the argument £).
Bogolyubov emphasized the correspondence between
this requirement and the symmetry property of the
classical distribution function for identical particles
and called it the “classical symmetry” of the density
matrix in contrast to the more specific “quantum sym-
metry” of wave functions or, which is the same thing,
symmetry of the density matrix with respect to the
“primary” k,,...,k, and “secondary” k!,. . ., k! argu-
ments separately.

For second quantization, it is necessary to define a
space of occupation numbers. However, because of the
absence in the general case of any symmetry of the
density matrix with respect to the primary arguments
alone or with respect to the secondary arguments alone
we cannot introduce occupation numbers for each of
these sets of arguments separately. But this can be
done for the two sets together. One can define the num-
ber n,; of particles occupying the given state k(4 among
all the primary states k,,...,k, and the state > among
all the secondary states %/, .. .yR7. We shall call the
numbers »,, the occupation numbers in the “double
state (k'1), £{9) ” and the space of such numbers the
“space of double occupation numbers.”** We can now
characterize the state of the system by specifying the
density matrix in this space:

Pl aeenkp; Epps e

Tk 3 Hnay=1. (2)
Here, {n,} means the set of numbers n,,,n,,,...,n,,
The diagonal density matrix f {n,,} represents
the probability of finding n,, particles in the state 2®),
7, Particles in the state £, and so forth. For ordin-
ary Fermi and Bose statistics,

s E i

Fng} =7 WHa V). (3)
where
S iy (4)

, ij

Np= S_ Ry Vi

J=1 i=1
and the bar denotes the complex conjugate. (For Fermi
statistics, of course, N, Nj,n;;<1.) In the general
case, (3) does not hold and the specification of the num-
bers (4) does not completely determine the states of the
complete system.

The space of double occupation numbers is a Hilbert
space with the scalar product

o X flugatng @5 (5)

THEf
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Note that the vectors in it are themselves density ma-
trices.*® In it, one can introduce basis vectors with
fixed double numbers:
e e ()
i, §=1 Miftd

One can now define operators of transition of a par-
ticle from one primary state s to another primary
state » without any transitions in the secondary states:

Ny | nij) = 21 [nly (n%g — 8rg -+ 1)142 | nlq 41, Rgg—1). (7
o=

The operator N, =N, is the operator of the total num-
ber of particles in the primary state 7:

N, |nhy= (;2‘1 nl,) | ). (8)

The operator N}, which is the Hermitian-conjugate of
the operator N, in the sense of the scalar product (5),
is identical to N,,:

Ni=N,. (9)
For the commutator of two operators (7) we have

! [1Vij| Nrs] e air-Nis e 6ia“vr.i' (10)

In this relation, we can readily recognize the Lie alge-
bra of the generators of the unitary group SU(K) in the
space of all possible single-particle states with dimen-
sion K =,

Thus, our result is as follows: Ir any genevalization
of quantization compatible with the principle of the in-
distinguishability of identical particles the necessary
conditions for the operators of shifts of the stales ave
(9) and (10). Note that these relations were obtained by
Bogolyubov when quantizing the density matrix in Bose
and Fermi statistics (Ref. 32, p. 333). Our analysis,
based on the introduction of the concept of the space of
double occupation numbers, showed that they must be
satisfied for any generalization of the statistics of
identical particles.®®

We now turn to the direct construction of operators
of creation and annihilation of particles in, for exam-
ple, the state » (in what follows, all the arguments will
apply to the primary states in the density matrix, but
they can be repeated in exactly the same way for the
secondary states). Here, we must formulate a number
of propositions.

PROPOSITION 1. The transition operator N,, can be
vepresented as a product of two operators,

Nyy=a?[b, bjle+cij (11)
wheve a, €, ¢ are numbevrs and the brackels ave de-
fined as

[6F, bjle== bib; - ebbi. (12)
By virtue of (9), the numbers @ and £ must be real and
(13)

Cij=Cji-

The coefficient a is arbitrary, and in all that follows
we shall set a= 2.

PROPOSITION 2. The opevator b, reduces the num-
ber of particles in state i by unity, i.e., we have the
following relation with the particle-number operator:
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N, b = — 8nbs- (14)

1t also follows from this that b} is a creation operator:

[V, b1 =8, (15)

PROPOSITION 3. The nonsingular tvansformations
b= X upshy (01T = 231 u, b3, (16)
which do not change the velations (9), (10), and (14),
are admissible.

Substitution of (16) in (10) leads to a condition of
unitarity of these transformations

.2 quEim = 51,-' (17)
and a condition for the constants:
(18)

2 UymtinCmn = Cj-
m,n

This last condition must be satisfied for arbitrary uni-
tary transformations (17), and therefore its solution
will be

Cmn = csmnv (19)
where ¢ is some real constant. Note that invariance of
the theory with respect to the unitary transformations
(16) was postulated in Ref. 46. We have succeeded in
deriving the unitarity condition of these transformations
from the original relations (10).

Substitution of (11) in (14) gives

[[8%, brles byl = — 28, ;. (20)
Performing on the operators the infinitesimal trans-
formation*

.5;#b,—i-2(urjfij, ar;':—'*b’jr (21)

2

and equating the small quantities of first order in @ on
both sides of (20), we arrive at the fundamental trilin-
ear velation for the creation and annihilation operators:

(8%, byler byl-= — 28,30, (22)
Hermitian conjugation gives

[[BE, bylen BE] = 28,,D,. (23)
Using the identity
({4, Ble, (€. Dlal-=[[[4, Bl., €1, Dl +n1llA, Bl DL, Clypas (24)

we can readily verify that (22) and (23) transform (10)
into an identity, i.e., they are also sufficient conditions
fwith allowance for (11) and (19)].

The expression (11) with unfixed number ¢ had the
most general bilinear form. If one sets ¢ =+1, then
the relations (22) and (23) are transformed into the re-
lations postulated by Green.** For them the following
theorem was proved.

THEOREM 1 (Greenberg and Messiah’). If theve
exists a unique vacuum State |0) such that
b, 10)=0 forall r,
then

babt |0) = pbyr | 0), (26)

(25)

and, fuvther, it follows from the condition of positive
definiteness of the noym of the state vectors in the Fock
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Space constructed over the vector |0) that the numbeyr p
must be a positive integey. It determines the maximal
number of particles in a Symmetvic (e = -1) ov anti-
symmetyric (¢ = +1) state. In other words, Greenberg
and Messiah proved the sufficiency of Green paraquan-
tization for the description of parastatistics of finite or-
der p. The question of the necessity of such quantiza-
tion was studied in Ref. 48, in which the following theo-
rem was proved.

THEOREM 2. If £¢#0, then Jrom the condition of
positive definiteness of the novm of the state vectors in
the Fock space and the vequivement that the number of
barticles in either a symmetvic or an antisymmetric
state cannot exceed a given number p= 2 (the condition
of parastatistics) it follows that £ = -1 and & = +1, re-
spectively.

Thus, if £ #0, then Green paraquantization is also
necessary for the description of parastatistics, and this
establishes a one-to-one connection between parastatis-
tics and Green parafields.

Still uninvestigated is the case € = 0 that we rejected.
For it, the relations (22) and (23) are insufficient (for
example, for the calculation of the norm of state vec-
tors in the Fock space) and must be augmented by some
further relations. For this reason, it is still unclear
what type of statistics this case corresponds to. One,
can only conjecture that it corresponds to the infinite
statistics mentioned in the Introduction, but this conjec-
ture has not been proved at all. For this reason, the
assertion of the necessity of paraquantization cannot be
regarded as definitively proved and must be taken with
reservation for the exception ¢ = 0,

In the Fock space constructed over |0) by the action
on it of all possible polynomials of creation operators

the relations
(Ubry byles Bl =0, [(62, Bt)., b}). =0 (27

for £ =+1 are automatically satisfied, (Here, it is ap-
propriate to recall that for ordinary, for example,
Fermi statistics the relation [b_,5,],= 0 in the Fock
space is a consequence of the relations

“’h by = 61'5-

Other relations can be obtained from (22), (23), and
(27) by using the generalized Jacobi identity

@[l4, Bley Cln= —en[l4, Cloase, Bloam 42 [[B, Clense. Ay (28)

where &, 71, and ¢ are arbitrary nonvanishing numbers.
Thus, setting a¢=n= -1, we obtain

[[brs byley ] = 2€§rjbs qa 25,;55,. (29)

It is convenient to write all the Green relations in a
unified symbolic form. We denote the creation opera-
tors by placing the state symbol as a superscript:

by =br. (30)
We define the tensors
8= — €8, = (UWE (31)

Then all of Green’s relations can be written in the form

J
frp =g =0,
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(B, Baler brl- = 2egpuba -+ 28,1, (32)

it being assumed that any of the indices p, 0, T can be
either a subscript or a superscript. The tensors (31)
have the property

oo = —Efap- (33)
It is readily verified that the ordinary relations
{hpv bﬁ]-s = gpf! (34)

transform Green’s relations (32) into an identity, i.e.,
are a solution of them. However, this is not a unique
solution of Green’s relations, and this emphasizes
once more that Fermi and Bose statistics are not the
only statistics allowed by the principle of indistinguish-
ability of identical particles.

2. RELATIONS FOR PARASTATISTICS OF A GIVEN
ORDER

For parastatistics of a given order p additional com-
mutation relations must be satisfied, these following
from the restrictions imposed on the spectrum of the
particle-number operator in the given state:

J'Vr?"%”);a{’rk"'%r =, (35)
Bracken and Green® proposed a consistent method for
obtaining all such relations. In it, one considers a se-
quence of tensors, symmetric for para-Fermi statistics
(= =1) and antisymmetric for para-Bose statistics
(g #otd):

h=12, hy = bys
B = tgy ba)ee— 202y (36a)
Bpac = [gos Uels —2 (hollor — Ehoye — Itelpa); (36b)
fipu,_\ = l""puh by)e
-2 U‘nugw — el oy — ltyr8pv -+ Nov8sr— ehovBpr+ hivgpa) (360)

+4h (Bpollvv—E8018ov ~+ Epvfar)
etc. The indicated (~g) symmetry of these tensors for
all indices apart from the last two follows from their
sequential construction. The proof for the last two in-
dices is by induction, invoking the Green relations (32).
For parastatistics of order p the tensor of order p+1
must vanish., Thus, the vanishing for p=1 of the.ex-
pression (36a) leads to the ordinary relations (34). For
p= 2 with allowance for (32) we obtain

Rz = bybobe— ebobabiy — 28 pabe — 2gachy = . (37)

Quantization with such commutation relations was con-
sidered for the first time by Green® and Volkov.*® In
Refs. 35 and 49 an analogy between thege relations for
€= -1 and the Kemmer-Duffin algebra was noted. For
p=3,

3 Ptpary = [05Bbs — bbby, byle — 38aa [ber byloe + e8ox [bos byle

— &ov [bay bele— 385 [bp1 by)_e + 8o [bps ble—8rv [bp- o] (38)
+3 (gmgn' —efptfov 1 gp‘.'gm) =0.

These relations were first derived by Kamefuchi and
Takahashi®® and Scharfstein.3°

The relations (37) transform the general Green rela-
tions (32) into identities. Therefore, they are not only
necessary but also sufficient, and in the construction of
parastatistics of second order one can proceed directly
from them. However, already for p = 3 the quadrilinear
relations (38) are necessary but not sufficient. Indeed,

A. B. Govorkov 523



one can verify that they satisfy the ordinary relations
(34), and therefore they describe both the p= 3 and
p=1 cases. To distinguish these cases, it is necessary
and sufficient to set p= 3 in the condition (26).*° But
there is then no need to use (38), since the general re-
lations (32) are sufficient for construction of a theory
with the fixed condition (26). We note that this is suffi-
cient even for the construction of ordinary statistics
when p=1.%"

3. LIE-ALGEBRA APPROACH TO FIELD
QUANTIZATION. UNIQUANTIZATION

Many authors?®:3™2 have noted the intimate connection
between the Green relations (32) and the Lie algebras
of the orthogonal and symplectic groups. Indeed, for
the bilinear combinations

Ago=[0p: Boler Ao =24ap (39)
the commutator is

(Aga, Ar)- =E8peAay+ Zocdpy+ Bovllar + eBovAge. (40)

Here, we have used the identity (24) for ¢ = =1 and
(32). In the algebra (40), it is not difficult to recog-
nize the Lie algebra of the orthogonal group SO(2K) for
¢= -1 and of the symplectic group Sp(2K) for e=+1 in
a four-dimensional space of indices when there are
first K subscripts and then K superscripts and

K=o 20

Instead of (39), one can write out in detail the three-
combinations®®

Nu=';‘['5:- bile= NG (41a)
M= by, byles (41b)
Lyy=Mji=5 bt bl (41c)

and the algebra (40) in the form
[Nijy Nypgle = 8;:Ni5 — 8;sVo (42a)
[Mj, Npglo = 6j:M s + €8;0M s (42b)
IL!';" Nylo = — 855Lir — ed;oLyr (42(:)
Li;, Myl = —eb;,Niy — 83Ny — 8N js — e8:Nji (42d)
[Lyj Legdo = [My; Myl =0. (42e)

The algebra (42a) for the operators N, is the Lie alge-
bra of the unitary group SU(K) and in accordance with
(10) is a consequence of the principle of indistinguish-
ability of identical particles for systems with a constant
number of such particles. To consider systems with a
variable number of particles, we needed to introduce
operators of creation and annihilation of particles, and
then the algebra of bilinear operators (41) was extended
to the Lie algebras SO(2K) and Sp(2K). Thus, the ori-
gins of the Lie-algebra approach to field quantization
are to be found in the very principle of indistinguish-
ability of identical particles.®®

It is natural to consider the possibility of a quantiza-
tion scheme related to the Lie algebra of the unitary
group SU(2K). Such quantization was proposed in Refs.
43 and 44. Below, we briefly present the scheme con-
sidered in Ref. 44 and called “uniquantization.” Uni-
quantization can be constructed in such a way that,
either para-Fermi or para-Bose quantization is a sub-
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algebra of it. In addition to the operators b, satisfying
these subalgebras (32), we introduce a new set of oper-
ators ¢, (c, or ¢"=c;) satisfying the same relations

[[cp! Coles €<]-= zsgptcu 4+ 2gatcp (43)

and the following relations with b,:

[[bps €ales belo=— 4gpﬂcl + 28gpeCo — 2801605 (443)
l{Cp- bgley Crl-= — 4gpub1 + zﬂgptbu = 2gatbp; (44b)
[bgy €ole= —leps bsles (44(:)

[Bg, bole=[cg Cole- (44d)

Note that by virtue of (44d) the operators (39) or (41)
can with equal success be expressed in terms of either
the b or the ¢ operators. Further, we introduce the
bilinear combinations

Ay =5 by Colo = —edny. (45)
For them we have
(46a)
(46b)

{‘&;ﬂ- /Zi‘“]_ = ngTAIT\! = ga':Apv — gpvAoc -+ Egu\'Ap(;
[-me Ayl =— Egp-:-"’i:' YT garj;’w— .-f-’n\'jx'rr 5 Egﬂ\jﬂf‘

These relations complete the subalgebra (40) to the
complete Lie algebra of SU(2K). It is interesting that
in this algebra there is besides the particle-number op-
erator

N=3 (sl b~ F) v

the operator
K
ﬁ:mﬁ % (%, c.]e— const), (48)

which commutes with it and has the properties

[bp +icp, N=b, +ic,;
bbbt =Dk R | (49)

[by—itpy N].= —by—icy. )
The states of particles in such a theory will be charac-
terized not only by their number but also by a certain
“charge” N.

Note also that the relations (44) cannot be satisfied by
the ordinary relations (34) for the b and c¢ operators.
They can be satisfied by the Green—Volkov relations
(37) for the b operators, and the c operators can be
expressed in the form

co==i(—1)" b, (50)

In this case, the operator N in (48) can be expressed
solely in terms of b operators:

T e X

N =SoRTh 21 ([b%, bg]_e -+ const). (51)
One can also show directly that when (37) is satisfied

the commutator and anticommutator of b} and b, com-
mute with one another.

Finally, we note the following. In the case of para-
Fermi statistics ¢ = ~1, and the operators b, them-
selves can be included in the algebra (40) if (39) is
augmented by the operators

A= — sy ﬁh" alog =10, (52)

Then the algebra (40) is extended to the Lie algebra of
SO(2K + 1).% Similarly, the Lie algebra (46) of SU(2K)
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is extended to SU(2K + 1) when it is augmented by the
operators

e 1
Ago=4Agy =75 o (53)
At the same time, the diagonal operator ;loo satisfies
2K
-~ l _~
AUD ey = — z Au;n (54)

M==1
which guarantees the condition for the group to be spe-
cial.

Thus, with the Lie algebras of all the classical
groups we can associate a definite scheme of general-
ized quantization:

80 (2K)

SO Q2K 1) } —para-Fermi quantization, = —1;

Note how para-Bose quantization is distinguished. In
this scheme, the creation and annihilation operators
themselves cannot be included in the Lie algebra of the
group Sp(2K) as can be done for the other schemes by
going over to a space of an odd number of dimensions.
However, it can also be done for para-Bose quantiza-
tion if one goes over to Lie superalgebras. In this
case, the para-Bose algebra is isomorphic to the sim-
ple classical orthosymplectic superalgebra osp(1, 2K) .5

4. PARA-FERMI STATISTICS AND THE THEORY OF
HIGHER SPINS

Thus, in the case of para-Fermi statistics we have
the Lie algebra SO(2K+ 1). It can be rewritten in
terms of rotation operators. For this, we go over to
the self-adjoint operators®

fizjy %(-";‘ —b5); (55a)
Pag= o thy =), J=1. ..., K. (55h)
They satisfy the relations
By Balos Bl = — 6B &P (56)
The indices u, v, % now range over the even set of
values 1,2,...,2K ==, We define the operators
Jio=—Ju =P fo=Juw=0 (57)
Jiw=11B; Pl (58)

Using the identity (24) for e = n= -1 and (56)—(58), we
obtain the algebra

IJII\‘z J-z..‘»_;'- T T ih!.zf\.;_—iﬁ\.;_.ru,, T.‘(‘!:J_J\:—A i ib\k‘iukl (59)
The indices u, v, %, A now range over the odd set of
values 0,1,2,..., 2K ~w=. The algebra (59) is the alge-

bra of the self-adjoint generators J,, of the rotations of
the group SO(2K + 1). In this sense, para-Fermi quan-
tization is equivalent to the Rao—-Bhabha theory of high-
er spins.

Exactly the same construction can be made for uni-
quantization corresponding to the group SU(2K + 1).%4
The operators

_:H:%(q -¢f); (60a)

(60b)

i +
=2) zi'(l"j' i)y

like the f operators, satisfy the relations
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“‘:w :\']—v ;H]g EeET 6&(;_;;\" B ﬁ‘A\':;I (61)
and have with the § operators the relations
“gua 5\-]-, ':?.]_ Fresits g'sllrﬁx = akrﬁu T 62!&‘}\-: (622-)
[[3.»«.: E\-L. 5%]—-= = 26u\-:x = ﬁz‘;_u — 6uu§\'§ (62]3)
[ﬁuv ﬁvL = [;su E\-I-; (620)
[';;u ﬁr]ﬁ =[&, ﬁu]-- (62(’)

Further, we introduce besides (57) and (58) the opera-
tors

To=dra=0u (63)
';;lv: i [E}h ﬁV]—":" ﬁuvgn: f,vp.v (64)
where
- 1
Yoo = b= —gpr 3 [ Bl (85)
A=1
The condition
g 3
“gj Juut+Jg=0 (66)

for being special is guaranteed by (65). Note that the
relations (61) and (62) are satisfied automatically for
£, because they are for the other ). Therefore, in
them the indices n, v, % can be assumed to take the
values 0,1,2,...,2K. Besides (59), we now obtain for
J,, and J,, the relations

(67a)
(67b)

The relations (59) and (67) are the algebra of self-ad-
joint generators of the group SU(2K + 1). It is interest-
ing that the operators N and N defined by (47) and (48)
can be expressed as sums of nondiagonal and diagonal
generators:

I}un f’z?.]- = iaw.-‘rp:'. T iau).-’rw. “*iﬁpx-fw_ —iﬁvj_-fuu;

["m" Ju?.]ﬁ= i‘s\‘u-?;m o iﬁpﬁ.j‘\-x = l‘éux}‘\-l - iﬁvlfuw

K
N =3 Jy; - const; (68)
i=1
{ 2K
Ao } {o--const= — = B} J,, - const.
pe=q

(69)

5. GREEN’S ANSATZ AND INTERNAL SYMMETRIES

Green® found for his relations (32) a simple solu-
tion, which later became known as “Green’s ansatz.”
It is as follows. One considers a set of p ordinary
Fermi or Bose operators having, however, anomalous®
mutual commutation relations:

laz, afle, . =04p8p0s Ean=e(1—28,,),

(70)

where 4,B=1,...,p. Here, we again use the symbolic
notation in which the indices p and ¢ may denote an op-
erator of annihilation a; or creation a* = g7, and the
tensor g, is determined by (31). It is now readily
verified that the sum

=
satisfies Green’s relations (32). Note that this solution
is defined up to arbitrary phase factors in front of the
components. The sums

» P
b, = S exp(iqd)af' b — }: QNP(—ir{A)a;}-’ (72)
A=t A=t
are also solutions of Green’s relations. It is also
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readily verified that

%“J(Ai)“U“’ Bores wioes Bipp, =0 for. w2 p. (73)

where the sum is taken over all permutations £ of the
states 7,,...,7,and n( ) are their parities. Thus,
Green’s ansatz (71) satisfies all the requirements of the
Greenberg—Messiah theorem (see Sec. 2), and there-
fore any other representation of the paraoperators sat-
isfying Green’s relations and these requirements will be
equivalent to it. Therefore, all the representations (72)
are equivalent to it. It is merely to be noted that both
the Greenberg—Messiah theorem itself and this conclu-
sion that all representations of paraoperators are equiv-
alent to Green’s ansatz have been proved only for free
parafields (see Refs. 13, 47, and 54, p. 368).

It would seem that the expression of the paraoperators
in terms of a system of ordinary Fermi or Bose opera-
tors means that paraquantization is equivalent to ordin-
ary quantization in the presence of a certain additional
internal degree of freedom that takes p values. In a
certain sense this is indeed so, but one must clearly
understand the restrictions that the hidden nature of
their parafield representation imposes on the internal
symmetries.

First of all, it must be pointed out that in Green’s
ansatz ('71) the indices of its components are unobserv-
able, since they always occur in a symmetric manner,
and using paraoperators it is impossible to form any
operator that could act on them differently. All that one
can expect is that they are associated with some exact
symmetry, for which it is no longer meaningful to dis-
tinguish internal states. The discovery of such an inter-
nal symmetry in paraquantization will be the subject of
the further exposition. Green’s ansatz will play the part
of a mathematically convenient, but by no means obliga-
tory, formalism.

Discussing the connection between paraquantization
and degeneracy with respect to an internal coordinate,
Greenberg and Messiah*” wrote?’: “Some readers may
suspect that the equation for the b, in terms of the a;'
may introduce (a) some composite structure or (b) de-
generacy into the description of the individual particles
annihilated by the b, (or created by the b;). That (a)
does not occur should be clear since Green’s ansatz is
linear, while in contrast a compound structure would
require a multiplicative relation. Neither does (b) oc-
cur since the state b;| 0) is nondegenerate, in contrast
to a particle with a hidden degree of freedom. We em-
phasize that Green’s ansatz is only a mathematical de-
vice and that the ¢ and a;* by themselves have no
physical significance.” It is not possible to dissent from
the last assertion. However, the claims (a) and (b) are
not entirely accurate. In Refs. 55 and 56 there are ex-
amples for which paraquantization arises because of the
complicated structure of objects, as, for example, for
pairs of nucleons in nuclear shells, and in this case the
index A acquires the clear physical meaning of the pro-
jection of the angular momentum of a nucleon. With re-
gard to (b), it can also be noted that the presence of a

?We have changed the notation for the operators used in Ref.
47 to the notation that we follow in the present review: a==b.
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hidden degree of freedom is expressed, not in the de-
generacy of single-particle states (in the case of degen-
eracy they are indistinguishable), but in the degeneracy
of many-particle states, which is precisely what hap-
pens in paraquantization. Moreover, in the framework
of paraquantization one can construct operators that
have different eigenvalues in these states and thus lift
the degeneracy. In this way, one can seek a corre-
spondence between paraquantization and “horizontal
symmetries” of the type of isospin and SU(3).-%*°

6. PARAFIELDS

For the investigation of the algebraic structure of
paraquantization it was convenient to use a discrete
space of particle states. We now turn to the field for-
mulation in space and time x(x,,%). We consider free
fields of any spin, but we shall write all expressions as
if we were dealing with Dirac fields y(x) and
Wx) = ¥{x)7,. The free fields can be expanded with re-
spect to negative- and positive-frequency solutions:

1 (@) = X bl () = s (2))- (74)

The signs ¥ indicate whether the operator b,, corre-
sponds to particles or antiparticles, and in what follows
we include them in the state index 2. From Green’s
relations (32) there follow the relations for the para-
field:

(08 (), ()es W ()] == 2 4 (), W {3} e ¥ () - 208 (@) ¥ (@)= ¥ (2)-

(75)
By the field ¥ one can here understand the field itself
as well as its adjoint Zp", and the curly brackets on the
right-hand side of (75), the so-called Volkov sym-
bols,? have (-&£) symmetry and the values

(76a)
('76h)

{6 (2), B @))e = (— &) LT (W) % (@))oe == —i8 (£ —p);
{0 (@) @))ee={¥ (2), T ()}e =0,

where S(x) is the singular commutation function corre-
sponding to the given field. The parafield relations for
parastatistics of given order can be formulated similar-
ly. In particular, for parastatistics of second order we
have in accordance with (37)

Y@y W) —ep @y @) =2{ & bWy 6
+2 W v @) ¢ @ (77

Green® postulated the relations (75) and (77). Subse-
quently, they were derived by a number of authors (see
Refs. 35, 50, and 61-63) on the basis of Schwinger’s
variational principle with generalization of the commu-
tation properties of the field variation. In an axiomatic
formulation, they should be replaced by equal-time re-
lations for Heisenberg fields.'®

Green’s ansatz3* ¥ makes it possible to express a
parafield in terms of ordinary fields with anomalous
mutual commutation relations:

P
Pz)= X ¢ (2)
A=

(94 (@), TE )]s, ,= — 8458 (z—y); }
[0 (@), 45 @)le = [ (@), T8 @)y, =0,

(78)

(79)

where € ,,= £(1 = 25,,). Note that the ansatz (78) is de-
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fined up to a phase transformation of each of its com-
ponents. For free fields it follows from the Greenberg-
Messiah theorem that all other representations of the
parafields are equivalent to Green’s ansatz. In the case
of interacting fields, this has not been proved.

Green’s ansatz is convenient for investigating the
local properties of the interactions of parafields,*” 64
but it is not necessary for consistent construction of a
theory of a parafield. McCarthy and Volkov® * demon-
strated the possibility of calculating S-matrix elements
using the paracommutation relations (77) themselves.

All the foregoing treatment given in the discrete
representation can be reproduced in the continuous x
space. In the unipole theory of Ref. 44, one classical
field is associated with two quantum parafields formed
from b and ¢ operators, respectively.

7. THEOREM ON THE CONNECTION BETWEEN
PARAFIELDS AND A DEGENERATE SET OF
ORDINARY FIELDS

Suppose we are given a set of different fields
?51 (E)miaiq ¢m (.I),

some of which may be ordinary Fermi or Bose fields
but among which there are parafields satisfying the
equal-time Green relations (75). The fields may have
diverse natures, i.e., the scalar, spinor, vector, etc.,
and, in addition, for brevity we shall not distinguish the
fields and the adjoint fields ¢ix). The novmal case is
characterized by all Bose fields commuting with all
fields, all Fermi fields commuting with all Bose-like
(Bose and para-Bose) fields and anticommuting with all
Fermi-like (Fermi and para-Fermi) fields, all para-
Bose fields having para-Bose relations with the para-
Bose and para-Fermi fields of given order and commut-
ing with all the remaining fields, and all para-Fermi
fields having para-Fermi relations with the para-Fermi
fields and para-Bose relations with the para-Bose
fields of given order and commuting with all Bose-like
fields and anticommuting with all Fermi-like fields of
other orders.*” It can be shown that this case contains
minimal restrictions, whereas in other, anomalous
cases additional restrictions arise—superselection
rules, 3

Our main assumption will be that of the possibility of
representing any parafield by Green’s ansatz (78) and of
its equivalence to all other representations of the para-
field.®* As we have pointed out, this has not been prov-
ed for Heisenberg parafields, and we adopt it only as a
plausible hypothesis. Further, we shall use the formal-
ism of Wightman functions of parafields, which can now
be expressed in terms of the Wightman functions of the
components of Green’s ansatz:
$m(@alo= X (g (m)... $Am (Tn)he

Av=looooom (80)

=1y .a0s

S CHRE

m" T

Of these we require the fulfillment of the ordinary and
axiomatic formulation of Lorentz invariance and the
spectral condition (see, for example, Ref. 66, p. 682 of
the Russian translation). Then the cluster properties
hold and Araki’s theorem can be used®: If the products
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of the field operators C; and C,; are such that C;and
L(Aa, 1)C,L(Aa, 1) anticommute for a Lorentz dis-
placement along a spacelike vector g for sufficiently
large A, then

1o (Cirls' =10 (81)

In the normal case, there arise just two restrictions,
which are necessary and sufficient for the Wightman
function of the components of Green’s ansatz to be non-
zero: 1) the number of fermionlike fields in it must be
even (this requirement also follows from Lorentz in-
variance); 2) the numbers of components of the para-
fields of given order must have the same parity.

To derive the figst rule, it is necessary to consider
the commutation of two identical field products in re-
gions far from each other. If the number of Fermi-like
fields in them is odd, they anticommute and in accord-
ance with (81) the Wightman functions of them vanish.

To derive the second rule, it is necessary to consid-
er the commutation of two products, the one obtained
from the other by interchanging any two Green com-
ponents, A =B, referring to parafields of the given or-
der. If the parities of the numbers of these components
are different, then the products anticommute, and we
again have (81), and therefore one of the Wightman func-
tions vanishes. But since in the theory of a parafield
all the components enter symmetrically, the other
Wightman function must also vanish (otherwise it will
distinguish the A and B components).3

According to the second rule, one can decompose the
complete space of the vectors

Faam (2)|0) (82)

ot (23) ...

into two orthogonal subspaces containing even and odd
numbers of the fields A and B. One can then define a
Lorentz-invariant Klein operator g(A4, B), which takes
the value +1 on the first of them and —1 on the second.
Obviously, it anticommutes with ¢4(x) and ¢3(x), but
commutes with all the other fields. In addition, it has
the properties

? (4, By=1, ¢* (4, By=q(4, B). (83)
If we now make a Klein transformation®” and define the
new fields

D4 (2) = g (4, B)¢4 (@), OF (z) = 65 (x),

D (z) = g (4, B)¢C (2), etc., {64

then for the fields 4 and &2 the mutual commutation
relations become normal both between them and between
them and the remaining components. Further, one can
decompose into such pairs the remaining components
and make the same transformation for them. For ex-
ample, for fourth order
DA () = g (A, B) 4 (2), DB (z) = $B (a),
D2 (2) =g (C, D)q (4, B) $° (2), D2 (x) =7 (4, B) $° (a). (85)

?One could think that in accordance with the second rule for
the scalar field ¢(x) we shall have {¢*(x)),=0 and, therefore,
{@(x)y=0. In fact, one can have {¢&),=const %0, since the
cluster properties do not apply for a constant value. It is
also obvious that this deviation does not influence the follow—
ing arguments, which apply to many-point Wightman functions.

A. B. Govorkov 6527



In the same way one can reduce to ordinary fields any
set of Green components.

The second rule strongly limits the class of nonvan-
ishing Wightman functions (80) for parafields. Only two
structures are nonzero: these can be expressed in
terms of the Green components and, accordingly, nor-
mal fields in the form

r P
3@ de= 3 (Ot @O (8O
A=1 A=l
i (). . PP (2p)- - Do
P
=, _“21‘”:! Ba,...ap (D1 (T). 0 @IP (2,)- - oo (87)
where €4 . 4, 18 the completely antisymmetric tensor

and these equations are defined up to an overall sign.
These structures can be expressed in terms of para-
fields in the form of corresponding sequences of com-
mutators and anticommutators. The restrictions com-
pletely correspond to the analogous requirements im-
posed on the interaction Hamiltonian of parafields by
the locality condition.*” We needed to use the Wightman
formalism only for the consistent introduction of the
Klein operator.

It is readily seen that the right-hand sides of (86) and
(87) have SO(p) symmetry. If, however, (86) always
contains products of Hermitian-conjugate fields
¢*(x)9y), and (87), conversely, contains either only
the fields ¢4(x) or only the fields ¢{’(x), then these
functions also have SU(p) symmetry. Thus, the follow-
ing theorem holds.

THEOREM. In the case of fulfillment of the condition
(80), Loventz invariance, and the spectval condition any
theory of parafields is equivalent to the theory of p-fold
degenerate sets of ovdinary fields satisfying SO(p)
symmetry in the general case and SU(p) symmetry for
a vestricted choice of the admissible Wightman func-
tions. This theorem was proved in Ref. 68, and then, in
a somewhat different formulation, in Refs. 69 and 70
(see also the review of Ref. 71).

8. IRREDUCIBLE REPRESENTATIONS OF
PARAOPERATORS IN THE SPACE OF GREEN'S
ANSATZ

The Fock space o of Green’s ansatz is obtained by
applying to the vacuum vector 10) all possible polynomi-
als in the operators g, k=1,..., K==, A=1,...,p. It
is reducible with respect to the algebra of the operators
b, and b; defined by the sums (71). We now describe the
procedure for separating irreducible representations of
these operators from the large space.o * 5%

In the space &/ we seek vectors
2, Ay
[l coos e 2 a6 100 (88)
which satisfy the condition

by | kgs « v oy k) =0 forany r. (89)

We shall call these the lowest vectors. They include
the vacuum vector |0) itself. The condition (89) impos-
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es on the coefficients in (88) the restrictions
3 0
E yAtA...,_a,me; l
Ar=1
{

(90)

where ¢ 4, = £(1 — 25 ,;5). From these equations we de-
duce the following properties of the lowest vectors:

bobE | Bgs o eon Ry) = POrs | deyy o o oy By

k) 208 1y o (o1)

-+ 20,4, Is, Koy - o

and a vector symmetric for para-Fermi statistics
(= -1) and antisymmetric for para-Bose statistics
(e = +1) with respect to all states v,,...,7 k.-, %5,

B P b [P ., Py =0, (922)

if

2f - n=p+ 1. (92b)

The last condition, in particular, means that for p= 2
and p = 3 the lowest vectors (2= 0) must possess ¢ sym-
metry (antisymmetric for para-Fermi statistics and
symmetric for para-Bose). In the general case, the
symmetry of the lowest vectors is higher than the sym-
metry of the parastatistics itself: On Fermi (or Bose)
symmetric lowest vectors one can construct para-
Fermi (or para-Bose) statistics of second and third or-
ders; on lowest vectors possessing the symmetry of
parastatistics of second and third orders one can con-
struct parastatistics of fourth, fifth, and sixth, seventh
orders, respectively, etc. In this sense, one can speak
of a series of parastatistics.™

Note that the conditions (89), (91), and (92) com-
pletely determine the properties of the lowest vectors.
One could postulate these or equivalent conditions
without invoking Green’s ansatz.*

The basis vectors of every irreducible representation
can be obtained by applying polynomials in b} to the low-
est vectors with a fixed number of arguments f. Thus,
the Fock representation is constructed on the vacuum
vector. Fock-like representations are constructed on
the remaining lowest vectors. When the lowest vectors
(88) are separated from o, several solutions of the
system (90) may be obtained. Then we shall have sev-
eral equivalent irreducible representations determined
by the same conditions for the lowest vectors.

Let us consider the physical meaning of the lowest
vectors. Although they satisfy (89), they correspond
not to degenerate vacuum states but to states with the
number f of particles in the states k,,...,%k;. Applying
to them the particle-number operator (47), we obtain

by virtue of (89) and (91)
PR T % B S 1)) (93)

Thus, we have no fundamental arguments for reject-
ing all irreducible representations of a para-algebra of
given order except the Fock representation.

From the mathematical point of view, Green’s ansatz
is anaologous in the case of para-Fermi statistics to

A. B. Govorkov 528



representation of the operators of higher spins in the
form of sums of mutually commuting Dirac ¥ matrices.
The described procedure for constructing irreducible
representations of a para-algebra corresponds to the
addition of half spins to a definite spin. It is known that
in this way one can construct any higher spin, but, how-
ever, this does not mean that it must always be regard-
ed as a composite,

Representations of paraoperators directly in matrix
form were obtained for para-Bose operators in Ref. 39
and for para-Fermi operators in Ref. 42,

9. ISOSPIN AND IRREDUCIBLE REPRESENTATIONS
OF PARASTATISTICS OF SECOND ORDER

As a first example, we consider the parastatistics of
second order defined by the relations (37). The para-
operator can be represented as a sum of two commuting

(anticommuting) fermion (boson) operators:
(94)

by =aj-+-aj.

We introduce the auxiliary operator [it also satisfies

(37)]

by = a} — aj. (95)
For b, and b, we have the bilinear relations
bpbo = ebyby, boby = ebgby; } (96)
bpbi = ebgby — 28,6
The lowest vectors have a simple construction®:
Weas ooy k= BEERBEBE, . . 10). (97)

Using (96), we can readily verify that they satisfy the
relations

blkyy ooy by =05 (98)
brb:”“n ceey ‘r"f}:'q'ﬁrsi""lv eiisy k." =
4280, |8, hgy L B+ 28!5,-;¢j|fu'1, A (99)
[fviss Raypoimog Byneavihimlio cos Ry sasson Rionint (100)
b \hgy o oor hp) =ebf |1, gy ooy K (101)
We construct the operators
N = S\ 2 (1bk, byle— 26); (102)
It
qulr,__"—z%[gﬁ. byl (103)
k
I,=1 —_EE%[ET! bylss (104)
&
Iy 3 2 (Bh Byle+ 2e); (105)
[
P=I— I B S\ bbby - I (1~ 1). (106)
k1
By means of (96), we can show that the operators I,
(=1, 2,3) satisfy the isospin algebra
[y L) =‘iejuli. (107)

and the operators N and I* commute with them and with
one another. Every state of the paraparticles can now
be characterized by three quantum numbers: NI
Moreover, the eigenstates I are obtained by symme-
trization with respect to the Young diagrams. The nor-
malized states are given in Table I. Each column in
this table is an irreducible representation of the algebra
of the paraoperators, whose action on it is determined
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TABLE 1. States IN,I,I;,) of paraparticles satisfying para-
statistics of second order.

B B, 2.

10, 0, 0y=]0) A )

i, 172 __1’2)___1_1’:‘ 10y [ —1/2y= =
V2 1
= =—|r)

V2

] 2, 0, n} - —_ —
(b br,—ebr,bE) | 0)
ey o e o
2V 2 (f—ed, )"

j2,1, 0 =
_ bE ebr ) | 0)

12, 1, +1)=
b, | 4)

-
+ed,,, )13

12,1, —1)=
= [ ESTIRSY,
2(1+es, )12

21/ 3(1+es, 12 2(1

Irreducible representations of the algebra of paraoperators

Irreducible representations of isospin

by (37) and the conditions (98)-(101). Obviously, this
action does not take one out of the given column, and
transitions between states belonging to different col-
umns cannot be realized by means of these operators.
The change in the states of the lowest vectors of a given
irreducible representation is realized by means of (99).
For example,

by b1k =2e|r) for r=ky.

It can be shown that in this way we have decomposed
the complete space of Green’s ansatz into irreducible
parts®”:

A=t B udr= B A
fE(0.1,2, ...}

(108)
where.si’1 and o, are the Fock spaces of the representa-
tions of the @' and &® operators, and @B, are the irreduci-
ble representations of the algebra of paraoperators
constructed on the basis of the lowest vectors with num-
ber f of indices. In the given case, equivalent repre-
sentations do not arise.

We note that in each column of an irreducible repre-
sentation there are only two values of I,:

=)
L={ "
(f+-1)2 forodd n.

foreven n,

(109)

where 7 is the number of operators b; acting on the
lowest vector with number f of indices. Thus, degener-
ate states with the same number of particles forming a
given isomultiplet I belong to different irreducible
representations of the algebra of paraoperators.

It must be emphasized that the operators NI, Iy
themselves can be formed in accordance with (102),
(105), and (106) only from the paraoperators b them-
selves. To form the operators I, and [,, it is necessary
to introduce the auxiliary operators . Thus, it may be
concluded that the classification of the states of para-
particles with respect to N, I, I, can be done in the
framework of the algebra of paraoperators itself,
whereas the formulation of the isospin algebra and the
consideration of transitions within isomultiplets re-
quire us to go beyond this algebra.,

The successful classification of the states of para-
particles with respect to the isospin makes one wonder
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whether they could be directly associated with the
states of ordinary fermions or bosons of two species.
Such a transformation can be achieved by means of the
o-matvix vepresentation of paraoperators.”

Suppose p,, p;, n,, n; are operators satisfying ordin-
ary, including normal, mutual commutation relations:
[Prs P:]—ez 6?31 [Prs Psle= [P:: P: J.e=0;
[ny, i3] =6ru [rr, Bgle= [nf, n:]-i =0;

(110)
[Pry PEle=1pF, Rl = [Pry Bsle = IP:- ngle=0.

Paraoperators can be expressed as sums of direct
products of these operators with Pauli matrices,

by=V7Z (0. ® Pr+0: ® Re; } (111)

bt =12 (0+ ® pi-+0-® n3),
and the auxiliary operators

=V2 (0+® pr+0. @ m); } (112)

=V2 (0-® pi+0: ®n}).

where
U+=(0 1) 4 =afﬁ(0 0)
()0 el )
It is readily verified that (111) [like (112)] satisfy the
Green-Volkov relations (37), and together with (112)
the algebra (96).

5:—
b

(113)

The vacuum vector also has a direct-product struc-
ture:

D, = & @ 0), (114)
where |0) is the vacuum vector for the p and # opera-
tors, and £, is chosen in the form

0
§=(1 ) (115)
so that
0.§,=0, U+§a=(; )v 0_0.5, = Eo- (118)

The remaining lowest vectors (97) now have the form
Piy -« PR Dy

By n'xfo;d)o

for even Ty

for odd i SR

Any vector of paraparticles can now be expressed in
terms of the vectors for p and n particles:

2q
1 b B ®h,...k=q
24 TT t cc T Y (2at+d
Ryooihyg
+ o+ + | n¥
RryPry- - -”rﬂ_,PrﬂI‘k. o 'Pﬁtwmﬂ;

T ptpt + ST + .
PR, DY, mr N .nkmﬂmd)n.
a
R e (118)
20 U e T gp2a+t
LI

S L
LR ORI N -/ TR o/ L AL

Nk} 2041
e e i T +
REPrlry e« Pryfr, .. ni, Dy,

Mager

where » is the number of operators b*, and f is the
number of indices of the lowest vector.

The operators (102)-(105) are transformed to

N=3.lin @ (119a)

hi= B Finason s ® (S0 +1 ) 5 (119b)
I

Ig:(_e]z( Fita—eye 4" @ (?%—1%803) § (119(_:)

i
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I,= E(Uif’zfxm-f‘qk) ® 03, (llgd)
k

where .4, is the column

uV,ll - [i:]:

on which there act the isospin matrices

17”) (0 1:2) _(0 -y (1 0)
°“(0 1) "o _’T*_(i;z I 3*(0 —12)

(120)

The presence in I, of the matrix o, indicates that the

p and n particles have isospin 3 and —3% alternately, de-
pending on whether the total number of particles is
even or odd, since

O3t = — Ep 03 (0450 = o+

(121)
It is obvious that such renotation does not play any role.

The new interpretation explains naturally why some
of the state vectors vanish for £ = =1, which was pre-
viously regarded as a paradox of paraquantization.®”-*®
Indeed, for £ = —1 we obtain from (37)

bbbt = — bibibE
and the vector

1 +.
2—br§ brbot|0) = pintpto,@,

vanishes for ¥ ={. But this is necessary to ensure that
two p fermions are not in the same state.

We now go over to the x space with the aim of deter-
mining the symmetry type of the wave functions on the
class of which Green-Volkov quantization is defined.
We do this concretely for parafermions satisfying the
Dirac equation. The general state vector has the form?

|¥) =@+ ... = [dow (zy). ..
N
e faots @ {T €D EF @)
n=i (122)

bk (T(T) {In) T]cln”-rn+h Lk

W WB Dy o ov Tl Bawgs <vus

L >
» Bt Vngy o+ * Vg
xn+f)} )

where N=n+ f, and the integrations are performed
over spacelike surfaces o (Ref. 66, p. 225 of the Russ-
ian translation). The normalization factors are

€2, N—2l) =€ (2l +1, N—21—1)=[2¥ (¥ —})! 1]-12. (123)

The lowest vectors have a form analogous to (97),

(240 -2 2y = B9 (2) T (22) B (23)..- - [0), (124)
and the operators are determined by Green’s ansatz:

P (@) = (@) + ¢ (2) (125a)

¥ (2) = ¥ () — ¥ (2). (125b)

The amplitudes of the vector (122) can be written in the
form

e n (I‘ e
oo : Yot Tatry «- - Lareg
= (2L ) IV G o g [P () - ()1 (1262)
l]f(‘_’l4l._f)('r1- &g e dapety Aglkg oee daprpty
£2 ] Tap
= [22 4 (L f + DY Tapagngs - o oo el ) (2a) - 0 ()W),
(126Db)
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These amplitudes are antisymmetric with respect to the
arguments in one row, but they have no symmetry with
respect to arguments in different rows. (For para-
bosons, antisymmetry is to be replaced by symmetry.)
The equal-time amplitudes (¥,,= x,,= . ..) determine
the probability of finding particles with coordinates
Xi,...,Xy. The symmetry of the wave functions (126)
shows that they describe two species of fermions,
whose arguments are in the even and odd positions®
and are continued as the arguments of the lowest vec-
tors after the semicolon.® By means of the ¢ trang-
formation

‘F(x)=V§ {o_® p(2)+o. ®u(.‘£)}; } (1273.)
V(@) =V2{o, @ p(2) Lo @ n(z);
E(m)=1/§{a+®p(x)-‘—a-®n(z}: } )
(@) =V2{o.® p(2) -0, @ n(2))

one can realize explicitly such a transition to ordinary
fermion fields p(x) and n(x). Below, we shall call them
“nucleons.” We emphasize, however, that the wave
functions (127a) describe identical particles, these
arising as the excitation quanta of the single parafield
{#{x) but in different even—odd internal states. Our ¢
transformation shows merely what theory of fermions
of two species is equivalent to the original theory of
identical parafermions.

We now consider the possibility of formulating differ-
ent interactions in the theory of a parafermion field of
second order. In contrast to an ordinary theory, there
are two independent currents in the given theory:

i (@) =5 [0 (@), Wt @)1= 5 (2) 1up (@) =7 (2) yn (2):  (128)
i (@) = [T (@), @)= (B (&) 9p @) =7 @ pn @} @ 0y (129)
Here and in all that follows we understand in all such
field products the normal product in the sense of sub-
traction of the vacuum expectation values:

(130)

Julz) = ju (2) — (u (@))e
ete.

Both currents (128) and (129) are local, viz., at
points x and y separated by a spacelike interval all the
currents j,(x), j,(y), j.(x), j,(y) commute with one
another [which is a consequence of the relations (7).

The interaction including the current (128) will be the
same for all states of the paraparticles, and it may be
called “strong.” On its basis, one could create a kind
of composite Fermi-Yang model for mesons. The
“electromagnetic interaction” of the parafield with the
electromagnetic field «,(x) contains a combination of
the currents (128) and (129):

7 em (‘TJ -V-{'"(I:) ]:m(l')l (131)
@)= 5 (@) et (@)
= {7 @ nr @ 52 - (@) van (1) @ 1522 (132)

The factors (1+0,)/2 appear because of the formal re-
notation of the charged particles: For odd total num-
ber, the p particles will be charged; for even, the »
particles.

A “weak” interaction can be introduced by assuming
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the existence of one further, “lepton” para-Fermi field
Mx) of second order, having with the “nucleon” field
#x) the Green—Volkov mutual paracommutation reia-
tions (77) (of course, the mutual Volkov symbols for
them vanish). In the o representation, it has the same
form as the original field:

AMr=V2{o_®@ v () +0, @ e(a); }

L&) =V2{0. ® V() +0.® ¢ (2).
At the same time, all the fields p, n, v, and e anticom-
mute with one another. A local weak interaction can
now be written in the form (the ¥ matrices, which are
now unimportant, are omitted)

How (2) =7 (F @@ ¢ () 4 @) +E @) § @)@ p(2)
=p(@)e(@)n(®)v(2) +he,

(133)

(134)

Thus, in the theory of the parafermion field of sec-
ond order we have succeeded not only in classifying all
states of the parafermions with respect to the isospin
but also in formulating local “strong, electromagnetic,
and weak” interactions. Moreover, one need consider
only a single Fock representation, since in a sufficient-
ly large system of particles one can always separate a
subsystem with any values of I and I,

10. STRANGENESS AND PARA-FERMI STATISTICS
OF THIRD ORDER

For the case €= -1 and p = 3 the decomposition of the
large space & of Green’s ansatz into irreducible repre-
sentations of the algebra of the paraoperators leads to
the appearance of equivalent representations:

A=Ay @ iy ® kg = RIS VE (135)

53]
1e40, 1552,
where the factor £+ 1 indicates the number of them,

Using the symmetry properties of the state vectors,
including the lowest vectors, we obtain the symme-
trized states of paraparticles represented by the Young
diagrams in Table I.** In associating these states with
the states of ordinary fermions of three species—
“quarks” p, n, \A—we adopt the following classification.
We shall assume that states belonging to different ir-
reducible representations are states with different

TABLE II. Irreducible representations of para-Fermi statis-
tics of third ovder and quark content of the states of the para-
particles.

o
Ly

23, 30, 4By

LH LLUEEUHU?

»

A

il
B e -
B {

1gr —

Irreducible representations of the parafield

e ——— e

|
|
w B )ﬂ {1 @{ggg
Al pan
it iy et
Apn ‘F ¢ a.rm e
Mg (U U
Isosinglet - Isodoublet Isotriplet Isoquartet

Irreducible representations of SU(3) symmetry
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“strangeness” quantum number. We shall interpret
states of equivalent irreducible representations as dif-
ferent states of one isomultiplet with the same strange-
ness. The states of one irreducible representation can
also be distinguished by means of strangeness if the
vectors corresponding to them have different symme-
tries. In Table II, the quark content is indicated to the
right of the corresponding state. We see that the adopt-
ed classification is identical to the classification of the
physical SU(3) and its isospin subgroup.

In a parafield theory proper without Green’s ansatz
there is no point in considering equivalent representa-
tions. In it, every state in a given irreducible repre-
sentation of the parafield corresponds to an entire iso-
multiplet of ordinary fermions, viz., states in the Fock
space %, correspond to isosinglets, states in2, to iso-
doublets, etc. In other words, we have a classification
of the states with respect to the factor group SU(3)/
SU(2).

It can be shown that from a parafermion field one can
form one fermion operator corresponding to the strange
quark. However, it has the form of an infinite series™:

W () =g b (9 + [ dy a4 () 9 )

S agt* (¥) 9 (%) § () Fagh? (x) (3 () (¥)0) (136)
aght (¥) (9 (9) 09+ -
where
I eI L e s et | (g
HUTT T3 '_121/3’ BT T RyE
| Bedeudiaematbadyy. dale Bisnn 137
az= F +ZV§ 41/5, = Z 41/5 ( )

(For the single-level problem it was shown in Ref. 56
that for any odd order one fermion operator can always
be constructed from parafermion operators, whereas
for any even order this cannot be done.)

Every state in an irreducible representation in Table
II can now be characterized by two quantum numbers:
the total number of particles N or the “baryon charge”
B= N/3 and the “hypercharge”

(138)

In the framework of the theory of the parafield proper
one can formulate only a strong intevaction, which in-
cludes a commutator current of the type (128), and also
an intermediately strong interaction containing the cur-
rent of the fermion operator (136)

Y=B— S d2xht (x) A (x).

W @ =7 (2) nh (2): (139)

and having, like it, the form of an infinite series. To
avoid confusion, we note that our strong interaction has
nothing in common with the strong interaction of quarks
in quantum chromodynamics due to gluon exchange.

Our strong interaction is to be understood rather in the
spirit of the “old” composite models such as the Sakata
model.

If we also attempt to include in the scheme different
isospin states and also interactions that distinguish be-
tween them (of electromagnetic type) or give rise to
transitions between states in different irreducible rep-
resentations (of weak type), then it becomes necesgsary
to enlarge the framework of the parafield theory and to
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regard the large space of Green’s ansatz itself as a
physical space, preserving, however, its parafield
structure in the form of the decomposition into irreduc-
ible representations of the parafield.®-* In this case,
it is necessary to consider the theory of not one but
three parafields

P (@) = kg () +EpD (@) + 9 (2);
Y (2) =T (z) 4 Fp@ (z) 4 p3 (),

where k= exp(27i/3), k= exp(-27i/3).

¥ (2) =0 (2) + 3 (2) + 4 (2);
} (140)

It is possible that the new interpretation of the inter-
nal symmetries based on the generalized algebra of
Green’s ansatz may help in establishing their physical
essence. In this connection, it is appropriate to recall
the analogy with the subspaces in the theory of the addi-
tion of higher spins. The addition of three 3 spins
leads to two equivalent representations with spin % and
one representation with spin 3/2. In the considered
space «7(135) they correspond to two states p and »
from equivalent representations %, and a state A from

Bo-

In Refs. 41 and 72, definite results on the classifica-
tion of states for any order were obtained.

11. PARASTATISTICS AND GAUGE SYMMETRIES

In Secs. 9 and 10, we considered the symmetry of
states of paraparticles belonging to different irreducible
representations. We now consider the symmetry hidden
in a parafield itself and the possibility of constructing a
gauge theory on its basis. We again use Green’s ansatz
(78). However, we have no right to make direct trans-
formations on each of its components (apart from phase
transformations on each of them) because of their mu-
tual anomalous relations (79). Therefore, our approach
will be to construct analogs or “copies” of gauge sym-
metries in the theory of parafields.”™

We consider local Yukawa-type “current x field” in-
teractions:

T ine(2) = ju () Sl (z). (141)

In the theory of a free Dirac parafield there are two in-
dependent conserved currents in the form of a commu-
tator and anticommutator®”-"™;

P

u (2) = [F (@) Tt @)= 3 Fa (@) Vtha (@) (142)
A=1
P

@) = [ @)t @le= 3 Ta @ iz @).

A=B=1

(143)

Above, we assume normal products of the type (130).

It is readily seen that the current (142) is always local,
whereas the locality properties of the current (143) de-
pend on the order of the parafield. It is local for p = 2:

(144)

fn="PVut2+ e,

For p= 3, it has paraboson properties, since it con-
sists of three anticommuting (for spacelike separation)
terms:

ju= E:'\'u‘l'u i ﬁ‘t'\'u‘rs i 'Ez'r’u‘l'a + h.c. {1 45)
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For p=4, it also has these properties:
To= (s + VsTue) + (Frvuts + Ez'\’u’«l“)
T ($o¥uls + bevute) + he.

However, for p=5 it no longer has even definite para-
local properties. d

(146)

The local current (142) can interact only with an or-
dinary boson field, which we call “electromagnetic” and
denote by < (x):

Hem (2) = jy (z) A" (2). (147)
Only for p=3 can one form a local interaction of the
current (143) with a paraboson field #,(x) of third or-
der?”:

3

H@A=g Uil #* @h= T Fule) vbs @ ZE (). (148)
A#=B#C0+A=1
The components of #*(x) satisfy the relations
[£3(2) BEWe, = —i6apD"" (2—y), eap=1—28,5 (149)

and have with the components of ¥(x) mutual relations of
paraboson type:

a(@)s BE@)e,,=[Ta (@) BE5@)e,,=0. (150)

In the remaining cases, we cannot do this without going
beyond the bounds of a consistent theory of parafields,
since interacting parafields must satisfy Green’s mutu-
al trilinear relations and their orders must be equal.®”
(We do not consider the trivial case when such fields
satisfy mutual fermion or boson relations. In this case,
they can, of course, have different orders, but from
them it is no longer possible to construct a local inter-
action.)

Thus, the third order is distinguished, and it is only
in this case that one can expect to be able to construct
a Lagrangian of Yang—Mills type. This can in fact be
done by introducing the nonlinear paraboson field

v (2) = 0By () = 0uF ) () + E [ £ (2). By (D). (151)
It can be rewritten in terms of Green components:
3
Fuv(@ = é};‘h.r:ﬁ. (2); (152)
F iy 0 Fe— 0,81+ ig Aﬂ;‘c# By By (153)
A copy of the Yang—Mills Lagrangian will be™
£ (2) = — 5 [Fur (@), P @ 4+ 152, (700" — m) b (2]
3 3
F3Un@) B @l= — T FATL D T (i,0 )
A=1 A=1
3
ek R Dyheasee, (154)

As=BetCoA=|
A difference from the present Yang—Mills Lagrangian
is in the anomalous relations between the Green com-
ponents. However, as we know from Sec. 7, these re-
lations can be replaced by normal relations without af-
fecting the physical consequences of the theory. For
the free fields, the Klein operator can be expressed in

the explicit form
% =exp{in (Ny-- V) (155)

where N, and N, are the operators of the numbers of
particles with indices 2 and 3, including fermions and
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bosons. We now replace the components of Green’s
ansatz by ordinary fields:

¥y =, ¥y = —if,38, ¥y =y
By =#,%, Bi= —iBLH, By=#3.

(156)
(157)
The relations between ¥, and B#4(A=1,2,3) are nor-
mal, i.e., all the Bose fields commute, and all the Fer-
mi fields anticommute and commute with the Bose
fields. The Lagrangian (154) can be rewritten identical-
ly in the form

£ (@)= —F Fin () + ¥ (@) (ina" —m) ¥ (@

—igB, (o) (¥ () < ¥ (@), (158)
where X denotes the vector product of the vectors
¥ = (¥, ¥y, ¥s) B = (B;, B,, By) (159)
and
Fy,=03,By—0d,B, - gB, X B,. (160)

The Lagrangian (158) is the Yang—Mills Lagrangian of
the gauge symmetry SO(3). We have found that in the
theory of parafields one can formulate only this La-
grangian (an indication of such a possibility can also be
found in Ref. T1) and it is unique!

12. HYPERCOMPLEX REPRESENTATION OF
PARAFIELDS

In the theory of a parafield one can also directly for-
mulate a gauge principle by using, not Green’s ansatz,
but a different, equivalent representation of parafields
by means of hypercomplex numbers,52.75.78

A parafield can be represented in the form of a linear
combination of ordinary Fermi or Bose fields with nor-
mal commutation relations

Y@= 3 ¥ () Hs1)
A=

with coefficients a , that are certain algebraic quanti-

ties—hypernumbers. Green’s relations (75) are satis-

fied if and only if these hypernumbers satisfy the Clif-

ford algebra™

(162)

The numbers «, play the part of Klein operators. Fur-
ther one can require invariance of the theory with re-
spect to local phase transformations of the field (161),

¥ (@) = exp {i¢ (1)) @) exp {—ip (1)}, (163)

where ¢(x) is an arbitrary hypernumber in the Clifford
algebra, introduce a vector gauge hyperboson field, and
obtain a correspond.ng gauge Lagrangian.”™ It is found
that this Lagrangian is a hyperscalar only for p= 2,3, 4,
In the cases p= 2 and 4, the orders of the para-Fermi
and para-Bose fields are not equal, and we are outside
the framework of parafield theory proper. It is only

for p= 3 that, once again, we obtain a consistent theory.
In this case, the algebra of Clifford numbers is isomor-
phic to the algebra of quaternions. Therefore, the gauge
symmetry SO(3) arises in an entirely natural way. We
give this demonstration in more detail.?

loea, @gle = 28,5 o = %A

A Dirac para-Fermi field can be represented by the
sum
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3 3
Y@= 3 Yal@)ea V@) =—2 Ya(@es (164)
where e, are quaternions satisfying the algebra
eqep = — O4p + Eapceas EA = By (165)

and ¥ ,(x) are normal Fermi fields. Further, we re-
quire invariance of the theory with respect to the trans-
formations

¢ (z) = exp {g (@)} § (z) exp {—¢ (@}, (166)
where ¢(x) is an arbitrary phase:
3
w(w)=élwﬂ (x) ea- (a7
We introduce the paraboson vector gauge field
(168)

3
By (@)= Elaﬁem

where BA(x) are normal Bose fields, and we define the
covariant derivative

Dy (z) =0y + 5 Bu (2). (169)
The covariant derivative must always occur in the
commutator with the field on which it acts. Then
D (2), ¢ @] = exp {p (2)} [Dy (2}, ¥ (2))- exp {—¢ (2)}, (170)
if 8,(x) transforms in accordance with the law

By (x) iexP {p ()} By (2) exp{— @ ()} (1 1)

+ 7 exp{9 ()} du exp {—@ (1)}
Thus, we arrive at the gauge Lagrangian
£ (@) = — 5 Fho (@) +5 (B (2), (in,0* —m) b ()] o
L 72
+ 16 @), [Ba (@) Vb (@)1,
where
— 1P o (@) = 0B (2) — 0B (2) + 5 (B (), By (@] (173)

After substitution of (164) and (168) in (172) and (173)
we obtain the Lagrangian (158).

Attempts have been made® to extend the algebra of
quaternions to the algebra of octorions with a view to
including in the theory hyper(para)fields of the SU(3)
gauge symmetry.” The algebra of octonions was spe-
cified in the splif basis

Up= (L+ier)y uf = (1—iey);

1 ' 1 A
un=§~(en+:en+_.,), uﬁ:i-(en—lenﬂ), n=1, 2,3

and had the form

Ww=u, uuy=0; (174a)
gty = Unlll = Un, Vg = Ubn = 0 (174b)
wikm = Blmn”‘:.n umur‘l = — Smalto (1 740}

plus the complex-conjugate relations. The Dirac octoni-
on field was assumed to “transverse,” i.e., to contain
only the units

3

P(x)= Zl g™ () un,

n=

(175)
where ¢"(x) are ordinary fermion Dirac fields. For it,

Ny parafield representation by means of a complex Clifford
algebra is used for this purpose in a recent preprint: O. W.
Greenberg and K. 1. Macrae, “Locally gauge-invariant
formulation of parastatistics,? University of Maryland (1982).
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a Dirac equation was assumed in the form

¢ 3
iy 0" =mp —igyu 2{ (Ma) uns b 76)

n=

where M" are three transverse octonion gauge vector

meson fields (n=1,2, 3):
3 3
ngi Miui=0 or Zl B3 =0

n=

(177)

3

Mi=3 B tn,
m=1

or nine real gauge boson fields B}" with one condition.

The vacuum vector has the form

Q= u,|0), (178)

where |0) is the vacuum for the fermion ¢" and boson
B™ fields from (175) and (177). We see that Eq. (1176)
includes directly the octonion units «}* and it cannot be
written down solely in terms of the fields (175) and
(177).

13. QUARKS: FERMIONS WITH COLOR OR
PARAFERMIONS?

Initially the problem of quark statistics was discussed
in connection with the difficulties of applying the quark
model to baryon spectroscopy. In conflict with the
Pauli principle, it was necessary to place three identi-
cal quarks in a symmetric state. A natural solution of
this problem was first given by Bogolyubov, Strumin-
skii, and Tavkhelidze™ and independently by Han and
Nambu® (see also Refs. 81 and 82) and consisted of the
assumption that there exists for quarks a new internal
quantum number taking three values and with respect to
which the antisymmetrization required by the Pauli
principle can be performed. Subsequently, this quantum
number was called “color” and the color gauge symme-~
try SU(3) was associated with it.*** This now provides
the basis of the dynamical theory of the strong interac-
tions of quarks and gluons—‘‘quantum chromodynam-
ics.” At the present time there are serious grounds for
believing that the color symmetry is perfect and not
broken in any way. Hitherto, we knew of the existence
of two absolutely exact symmetries in nature: the
permutational symmetry of identical particles (the
Pauli principle is absolute) and the U(1) symmetry of
electromagnetic interactions (the law of conservation of
the electric charge). To these there may now be added
a third symmetry—the SU(3) color symmetry.

In this connection, it is appropriate to recall another
solution to the problem of quark statistics, which was
proposed by Greenberg®® and was that para-Fermi
statistics of third order should be applied to quarks.
Initially, this assumption did not at all presuppose the
presence of any internal symmetry. But, as we have
seen, if this approach is developed systematically in
the framework of parafield theory, we arrive at a non-
linear Lagrangian equivalent to the Yang—Mills La-
grangian of SO(3) gauge symmetry. It is exceptionally
interesting that in this theory the third order is dis-
tinguished, which could be the origin of the “three
colors” of the quarks. Further, such a symmetry, con-
tained in the parafield in hidden form, could not be
broken. But it was not SU(3) but only SO(3) symmetry!

What would be changed if the color symmetry of
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quarks were SO(3)? This question was discussed in the
review of Ref. 86 and in Ref. 73. The condition of
asymptotic freedom would in this case restrict the
number of different quarks species to twol One could
reconcile this condition with the experimental discovery
of already five species (“flavors”) of quarks u, d, s, c,
b by arranging them in “generations” (u,d), (c,s),
(b,¢?) and assuming that to each generation there is
coupled just its own triplet of gluons. But then there
would be no interaction of quarks from different gener-
ations transmitted by gluons.

Another problem would be associated with the reality
of SO(3): It would not distinguish quarks from anti-
quarks and its singlets would be not only mesons and
baryons constructed, as usual, from a quark and an
antiquark and three quarks, respectively, but also di-
quarks ¢ and analogs of baryons with one quark re-
placed by an antiquark, g%7, and even bound states qg
of a quark and a gluon. Infrared instability would not
forbid the existence of such objects in the free state.
They would all have fractional charges.

It is rather to be expected that SO(3) is an exact sub-
group of broken SU(3), restored, however, at short
distances.®” In this case, the first difficulty with the
condition of asymptotic freedom is eliminated, since in
asymptotia all the eight gluons are put on an equal foot-
ing. However, there remains the second problem of
the possible existence of diquark and other such states.
It is interesting that this scheme was invoked, without
reference to parastatistics, in Ref. 87 to explain the
persistent observations in Millikan-type experiments®
of residual charges +(1/3)e.

Oae can simply extend the paraquantization scheme,
assuming that the complete large space of Green’s
ansatz is the physical space. Such a scheme will, of
course, be equivalent to a three-dimensional color
space but with the restrictions due to the anomalous
relations between the Green components. Moreover, in
it one can preserve the parafield structure by consid-
ering three mutually coupled parafields (140) instead of
one. As gluon fields one must then consider three com-
plex paraboson vector fields of third order:

Fu@=Fh@)+ Fh @+ B @)
#i (@) =k F} (@) + R () + 3 (@) |

2 179

B (@) = kB (z) + kB (2) + B (2), ) Hae
whose components satisfy the relations

(L (@) BE (W)le,, = —i84pD" (x—p); (150)

[#4(2), BEW)]e, , =[B4F (2), BE (4))e,, =0 |
and with the components of the parafermion fields have
the relations

[?ﬁ (2), IPB{y)]eAB=O (181)

etc., where g,,=1-26,,, and there is also one com-
plex boson field %, (x) that has normal relations with all
fields. The Lagrangian can be written in the form

£ (7)= _% L7 (@), F* ()]s —% Sl (2) ST (z)
F 2 [F @), (iy%0,—m) ¥ (2)]. P
e 4 ]j'i (—i [ B (z), J* (#)]++ he. )+ 1;5 (fu (z) ,55;‘ (r) = h.e.),
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where the tensors of the gluon fields are

Fuv=0uByt e SLBY+ 2 (HiBor B3 — (n=v);  (183)

2y V2
s =0+ 1 :;i (B, B8 () (184)
and the quark currents are
Ju=75 [, pupl + z vs (O s Dbl — 9" Y1) (185)
bl B 5 i 188
‘ru 21/-5 [P, vuy’']l- ( 8 )

If the Klein transformation (156), (157) is performed
on the Green components, the Lagrangian (182) is
transformed into the Yang-Mills Lagrangian of the
gauge SU(3):

8 8
L= =7 D FWP T (1o, Ly 3 Gir*—m) ¥, (187

a=1 a=1

where

8
Fiv=068—03,65+g 3 fiGiGs. (188)
S

b, 1

With the ordinary gluon fields G, there are associated
the components of the complex fields

Bfy = (b 415 1/V/3 and 8, = (b + 1)/ VE;

Ga=0}, =3, G = b

Gh=—8, Gi=b, =8, a=Fk. |
If we set j, = 0, and the fields %4 are assumed to be
imaginary, we return to the Lagrangian (1 54), which is

equivalent to the Yang—Mills Lagrangian of SO(3) sym-
metry.

3
Gh=hy,

(189)

It is interesting that in such a theory all states be-
longing to a non-Fock representation will be dynami-
cally forbidden because of infrared instability (if, of
course, it can be proved at all), since none of them
are singlets. Nonsinglet states in the Fock space will
also be forbidden.

CONCLUSIONS

Qur analysis has shown that;

1. The principle of indistinguishability of identical
particles does not prohibit the existence of parastatis-
tics. From the mathematical point of view, it corre-
sponds to the Lie-algebra approach to the quantization
of fields in which each Lie algebra of the classical
groups is associated with a definite generalized quan-
tization scheme.

2. Irreducible representations of the algebra of para-
operators are constructed in complete analogy with the
theory of composite higher spins. The states in differ-
ent irreducible representations form multiplets of in-
ternal symmetries of the type of isospin SU(2) for p=2,
SU(3)/SU(2) for p=3, etc. The formulation of the sym-
metries themselves requires, however, that we go be-
yond the framework of parafield theory proper and go
over to the large space of Green’s ansatz. It is then
possible to construct a “composite model” of internal
symmetries by analogy with the composite model of
higher spins. The advantages of such an approach to
the description of “horizontal symmetries” have not yet
been elucidated.

A. B. Govorkov %13



3. From the logical point of view, exact degeneracy
should be deseribed by parastatistics and not by the in-
troduction of fictitious internal spaces, unless, of
course, the latter have some dynamical basis of the
type of a composite structure. Here, it may be appro-
priate to make an analogy with second quantization,
which can be regarded as the most consistent way of
describing identical particles as the excitation quanta
of one field, since there is then no need to introduce
indices of identical particles that have no direct mean-
ing.

We have seen that in the formulation of Lagrangians
of Yang-Mills type in parafield theory the third order
is uniquely distinguished, which could provide a basis
for understanding why there are three colors of the
quarks. But the gauge symmetry is then only SO(3)!
Inclusion in the treatment of SU(3) gauge symmetry is
possible only if we go beyond the framework of the
theory of one pavafield and extend it to the theory of
three mutually coupled fields.

It can be concluded from what we have said that so
far the parafield approach has not brought any notice-
able advantages in the description of internal symme-
tries. Nevertheless, the restrictions that arise in such
an approach inspire the hope that its further develop-
ment may cast light on the origin of physical symme-
tries.

It was a great pleasure for me to participate in the
present collection devoted to the memory of my teacher
Yurif Mikhailovich Shirokov, whose favorable attitude to
the study of the problem discussed here of the statistics
of identical particles was for me always an inestimable
support.
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A. M. Baldin, S. B, Gerasimov, V. A. Matveev, V. K.
Mitryushkin, A. N. Tavkhelidze, and D. V. Shirkov for
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