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INTRODUCTION
History

At the end of the sixties, Shirokov made a series of
well-known studies on the finding of finite-dimensional
unitary representations of the general Lorentz group.
On the basis of these studies, he posed the problem of
creating general methods of invariant parametrization
of relativistic matrix elements of local operators of
arbitrary tensor or spinor dimension, specified in the
Heisenberg picture and acting on the states of free par-
ticles. This problem was solved by Shirokov and his
prematurely deceased student A. A. Cheshkov in Ref. 1.

The identity of the laws of nature in all inertial
frames of reference meaas that the states of physical
systems and the processes of their interaction are de-
terminedby parameters that do not depend on the choice
of the frame; they are invariant parameters. From the
group-theoretical point of view, any relativistic pa-
rametrization is the choosing of a representation of the
Poincare group of the class P33y (where s is the spin,
and » the mass) from the direct product of the repre-
sentations with respect to which the state vectors and
the operator itself (or product of operators) transform.
In other words, the matrix element of any operator
can be reduced in such a way that its value is specified
by a finite number of invariant functions, called form
factors.

For the invariant parametrization of a relativistic
matrix element, one can, expanding it in one of the non-
relativistic ways in a kinematically distinguished Lor-
entz frame (in the center-of-mass system, in the Breit
system, etc.), then go over to an arbitrary system (the
laboratory system) by means of an appropriate Lorentz

transformation (boost) DS,
[ %, p, 8, m) = Dime (py 0) | 2, p'y 5, W)

Here, u is the velocity of the Lorentz transformat'ion,
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and D, .(p,u) is the matrix of the relativistic rotation of
the spin s, which has projection m or m’ onto the quan-
tization axis and depends not only on u but also on the
momentum of the particle.

This kinematic effect is known in classical relativity
theory as relativistic top precession. Its existence was
pointed out for the first time by Mgller in 1945. In
1954, this effect was described in relativistic quantum
field theory by Shirokov,? who obtained in explicit form
the rotation matrix for particles with spin 3.

In individual cases, an invariant parametrization can
be implemented in a manifestly covariant form by using
a relativistic generalization of the spin concept® intro-
duced in covariant form by Shirokov in 1951.% It was in
this way that Shirokov and Cheshkov in 1963 parame-
trized the matrix element of an electromagnetic current
diagonal with respect to the mass and spin and found a
third family of form factors different from the charge
and magnetic form factors for a particle with arbitrary
spin.t)

Later, in Refs. 6 and 7, Cheshkov and one of the
present authors discovered and studied classical ana-
logs of these form factors—multipole toroidal distribu-
tions (moments) of coavection currents—and established
their duality to induced electric moments®™? and
Zel’dovich’s anapole.®® An anapole was iatroduced for
the first time in 1957 in connection with the discovery
of parity nonconservation in weak interactions as a third
dipole of an elementary point particle with spin 3 inter-
acting with a current: & ~ao+J°*. The existence of a
third dipole was also pointed out in other studies on
relativistic parametrizations of the electromagnetic
vertex for particles with higher spins (see, for exam-
ple, Ref. 5b). However, it was only in Ref. 5a that

Dyor spins 1/2 and 3/2, such form factors were introduced
earlier in Refs. 5a and 5b, respectively, using bispinor rep-
resentations.
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estimates were made of it, classical analogs pointed
out, and a name—anapole—given to it that has taken
root in the literature. As a consequence of the exis-
tence of the new electroweak parameter, various par-
ity-violating effects were predicted in atomic spectra,
in lepton-hadron scattering, etc. Thus, the problem
of parity violation stimulated interest in the study of
what is actually an intrinsic (nontransition) moment in
the series of induced electric moments.®

Later, in connection with the discovery of CP non-
conservation, the possibilities of measuring a toroidal
quadrupole in electron—dueteron scattering were in-
vestigated,3-1¢

Recently, mechanisms of violation of discrete sym-
metries have been constructed on the basis of unified
gauge theories in the quark-lepton sector. Siace the ex-
istence of intermediate bosons is apparently confirmed
experimentally, the toroidal dipole moment of, say,
the electron is something no more exotic than the
anomalous magnetic moment @/27, as can be seen from
the diagrams (see, for example, Ref. 15). Thus, the
expression “anapole” of an electron or a quark becomes
something entirely familiar to a physicist working in
the field of elementary particles, and anapole contribu-
tions to various effects are discussed in coannection with
ongoing experiments.®:18:17

Recently, as a result of increased experimental ac-
curacy, it has become necessary to take into account
the toroidal-momest contributions to electric dipole
transitions. In Ref. 18, it was showa that the toroidal
contributions can be important in the calculation of
hindered electric transitions in nuclei, which are con-
venient for studying parity nonconservation in wesk
NN iateractions. It has also been found tha! toroidal
transition dipoles of nuclei are associated with the so-
called penetration coefficients in the theory of internal
conversion of nuclear y rays.*®® Experimeital values
nf toroidal dipoles for E1 transitions in some nuclei are
now known,!%®

Appreciable contributions to transition probabilities
are made by toroidal dipoles in strongly bound systems
such as quasinuclear or quarkonium systems. For the
example of a quasinuclear system we recently showed?®
how the toroidal part can be separated from the total
electric moment by means of selection rules.

Thus, the development of the method of parametriza-
tion of the relativistic amplitudes of quantum theory and
the discovery of violations of discrete symmetries have
reacted back on classical electrodynamics, stimulating
a complete investigation of the structure of the multi-
pole expansion of electromagnetic currents. A review
covering both the classical and quantum aspects of the
problem of toroidal moments was published” in 1974.

In the field of classical electrodynamics, the present
authors obtained during 1975—-1976 a number of new ex-
pressions to do with toroidal moments; together with
other investigators, we also found new manifestations
of toroidal moments in the physics of nuclei, particles,
and subparticles. In the present review, an attempt is
made to summarize these results. We hope that our
exposition will help to give a better understanding of the
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cumbersome multipole expansions through the system-
atic interpretation of them in the language of geometri-
cal images, in particular the expressions for toroidal
distributions, and that this will facilitate their use. In
the review it is shown, basically qualitatively, how one
should use the general physical formalism of multipole
parametrizations in different branches of physics, be-
ginning with classical electrodynamics and ending with
the theory of subparticles. The technique of multipole
expansions in both classical and quantum theory with
allowance for toroidal distributions has been developed
in detail in Ref. 7.

The existence of toroidal moments is unavoidable

We recall (see Ref. 7) that the need to introduce
toroidal moments already arises in the framework of
ordinary classical electrodynamics. We shall show how
the existence of toroidal moments can be deduced from
general considerations.

Suppose there is an arbitrary system described by a
charge density p(r,#) and current density j(r,?). We set
ourselves the task of describing the electromagnetic
properties of this system by means of a set of parame-
ters. We choose some complete system of functions,
for example, spherical harmonics, and expand p(r, )
with respect to them. We obtain the well-known series
of multipole moments: the total charge of the system,
the charge dipole, quadrupole, etc.

Each of the components of the current j(r,#) can be
expanded similarly. However, the current conservation
condition 8,j,(r,f) = 0 means that only three compon-
ents of j (r,?) are independent. Indeed, it is well
known (see, for example, Refs. 8 and 10-12) that a
multipole expansion leads to three families of multipole
moments: charge @,,, magnetic M and transverse
electric E,, moments.

im

We now note that the multipole expansion of the cur-
rent density is not a formal mathematical operation; it
has a transparent geometrical meaning. To each multi-
pole moment there corresponds a system of charges or
currents possessing only this moment (at least, in a
first approximation). For example, a planar frame
with current and a charge dipole are described by a
magnetic dipole moment and a charge dipole moment,
respectively. Transverse electric moments also corre-
spond to definite current distributions. Let us attempt
to find geometrical images for them. We consider the
simplest example—a toroidal constant current (see Fig.
1). Such a current has axial symmetry and therefore
must be characterized by a vector pointing along the

FIG. 1.
dipole moment. The simplest model of this is an ordinary
solenoid (with an even number of windings!) bent into a torus.

Poloidal currents on a torus determine the toroidal
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axis of the torus, i.e., by a dipole moment. Since

p=0 for the given configuration, and the magnetic mo-
ments of the windings of the torus close in the symme-
try plane of the torus, both the charge dipole moment
and the magnetic dipole moment of the torus are equal
to zero. Thus, the toroidal current can be character-
ized by the transverse electric dipole moment alone.
However, the transverse electric moments E, are
usually equatedm 12 in the long-wave approximation to
Qm Qm, where the dot denotes differentiation with
respect to the time. At the same time it is assumed
that in the general case equality of the charge and trans-
verse electric moments holds up to relativistic correc-
tions. In reality, everything is more complicated.

Let us consider, for example, the static case (w=0).
Then, if we find the characteristics of a constant ecur-
rent on a torus, using the expression E , = ('Qm, we
automatically obtain zero. Moreover, in the general
case one can directly say that this relation is in princi-
ple invalid even in the long-wave approximation, since
it leaves from the three independent multipole families
Qm» M, and E, only two: @, and M.

Thus, the structure and properties of transverse
electric moments requires detailed study in the frame-
work of classical electrodynamics.

We return to the discussion of currents on a torus
(see Fig. 1). The proposed configuration can be regard-
ed as convection currents of free charges producing a
circular magnetic field, or one can assume that we
have here a solenoid bent into a torus (with an even
number of windings to ensure that there is no compon-
ent of the current “along” the torus, which would lead
to its having a magnetic moment! ). However, one could
regard the currents on the torus as induction currents,
i.e., as produced by magnetization of a medium “with-

» the torus. It is interesting that precisely this “mag-
netic” part of the toroidal moments was already intro-
duced by Blatt and Weisskopf in their study of electro-
magnetic transitions in nuclei and was called induced
electric moments.?** Note that on the basis of the ex-
pressions for the induced electric moments it is rather
difficult to recover the form of the convection part.
Such a problem must be solved by establishing the con-
nection between the relativistic (anapole) parametriza-
tion and the classical toroidal parametrization (see
Refs. 7 and 9 and the commentaries in Sec. 8). In this
review, following the plan of our preceding paper of Ref.
7, we solve the general problem of multipole expansion
in the framework of classical electrodynamics (see
Secs. 1-4), we discuss the properties of a classical
toroidal dipole (Sec. 5), and we point out manifestations
of toroidal form factors in quantum physics (Secs. 6-9).

1. FORMULATION OF THE PROBLEM OF MULTIPOLE
EXPANSION

In the framework of classical electrodynamics, we
consider an arbitrary bounded system described by
charge density p(r,?). We pose the problem of going
over to a description of the electromagnetic properties
of the system by means of a set of parameters. The
practical gain from such a transition arises from the
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possibility of separating one or a few of the most im-
portant parameters determining integrated properties
of the system (for example, in the long-wave approx-
imation or in view of its particular geometrical proper-
ties).

We use the following formal device (see, for exam-
ple, Refs. 21 and 22). In accordance with the definition
of the § function, we rewrite p(r, ) tautologically in the
form

pm={po@né@—nas (1)

and we replace the function o(£ - r) by its formal Taylor
expansion

(—1)t

8(E—0) =2 “r—t...Ead; ... 98(r). (2)

I=0 e

We obtain the expression
p(r, t) 2 - AR 8, ... 8,6 (x), (3)

which represents p(r,?) in the form of a sum of 5-func-
tional charge sources characterized by the parameters

AP0 =[o® k... taa, (4)

where the integration is extended over the complete
space. The quantities A" , are called moments, and
in our case of a function p(£,t) bounded in space they
are defined for all /. In the framework of electrody-
namics, we see that A'°) is the total charge of the sys-
tem, A{") is its charge (Coulomb) dipole, etc. How-
ever, to find the higher irreducible (multipole) mo-
ments—it is more convenient to use them—we must de-
compose the tensors §,...&, with respect to irreducible
representations of the rotation group. Then on the
transformation of AE”' into irreducible tensors further
series of parameters arise in the sum (3): with weight
1=0,

Ainbiny Aiapnbia Opns - - o (5)
with weight I=1,

Aiarburs Agqvenbanbons - - - (6)
etc.

It is not difficult to separate from A(M)(f) the multi-
pole moments of the lowest ranks (/= 0,1, 2), but for
! >2 this task becomes a very laborious procedure, and
it cannot be implemented in general form. Therefore,
for a multipole expansion it is necessary to use directly
a complete set of suitable basis functions such that the
expansion coefficients are irreducible tensors (multi-
pole form factors; for example, in the Fourier-conju-
gate space of wave vectors k). Further, if necessary,
one can go over to 6-type functions (decomposition into
point sources). The numerical coefficients then ob-
tained are the moments and mean radii of the multipole
distributions. In this way one solves the problem of
parametrizing the electromagnetic properties of a sys-
tem described by a given 4-current.

We emphasize that multipole form factors dependent
on the wave number k (the Fourier transforms of the
multipole distributions) must already be introduced in
classical electrodynamics if we wish to deseribe the
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properties of a system fully. The use of only moments
may be insufficient in the presence of high multipoles
even in the long-wave limit, Let us consider, for ex-
ample, the problem of radiation. The radiation intensi-
ty is determined by the value of the form factors for

k= VEK?= w. In the long-wave approximation, we replace
them by their values at 2= 0, i.e., by the moments.
Suppose that for the given system k=0, K= 0 and on-
ly p,;,#0 (here, u, is the magnetic dipole moment,

l;; is the magnetic quadrupole moment, etc.). Then it
is also necessary to consider the mean-square radius
of the magnetic dipole distribution

= 1 & s -
9:=5—5§2[~:-><1]¢d“s, (7

which, in general, has the same order as the octupole
moment . (~e(v/c)a’). Similarly, in a scattering
problem one must take into account not only the charge
quadrupole moment but also the mean-square radius of
the charge.

Generalizing, we can say that the complete parame-
trization of the electromagnetic properties of a system
presupposes two expansions in powers of k: one asso-
ciated with the representation of the charge and current
densities in the form of a set of irreducible tensor func-
tions of %£?, and another associated with expansion of
each of these functions in series in powers of k2. The
multipole parametrization of, for example, the Fourier
transform of the charge density is given in Table I.

In Table I the row with n= 0 reproduces (without co-
efficients) the series expansion of the charge density
with respect to moments. The column corresponding to
each term of this row gives the series of mean 2n-pow-
er radii of the given 2! total distribution (for brevity,
we shall in what follows say simply the radius of given
moment of weight 7). The radius characterizes the de-
gree of spatial diffuseness of this moment. It is readily
seen that for the charge they are defined as

F={o@nede n-120. (8)

The diffuseness of the dipole moment of the system is
characterized by the radii

e e 03E @ one 12 (9

Similar expressions can be written down for all the
other multipole moments.

From the expressions (8), (9) and others like them it
can be established that 4, have the order ea’, and the
mean radii are 72" ~e@®™! (g is the linear dimension of
the system). Generally speaking, Table I is not re-
stricted in either the vertical or the horizontal direc-

TABLE I. Multipole parametrization of the Fourier transform
of the charge density p(%, #).

B -0 1=1 =2

" 4 kg F2q, ‘
“'2:3 '(,.:nr_-i' h;;?&

1
2 k'rd #ri kord
3
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tion. Note that in quantum theory Table I does stop in
the horizontal direction because of the kinematic prop-
erties of the spin, so that the introduction of form fac-
tors in this case has meaning independently of the value
of the dimensionless parameter ka. To avoid confusion,
we mention here that in electromagnetism the concept
of induced moments is also used. Such moments reflect
the influence of an external field on the properties of
the system. We demonstrate this for the example of a
widely used characteristic—the polarizability. If the
configuration of the external electric fields is suffi-
ciently complicated and these fields are strong, they
are capable of stretching (exciting) the charges of the
system, and new dynamic guadrupole characteristics

of the electromagnetic properties of the system arise.
The simplest, the polarizability tensor p,,, determines
the magnitude of the induced dipole d,=p,E, Itenters
the Lagrangian quadratically in the field, since

H= -d,E,= —p ,E E,, whereas the tensor characteristic
of second rank, the ordinary quadrupole, interacts
with the derivative of the field: &= -9,V E,. Thus,
with allowance for nonlinear interactions additional
series of multipole dynamical characteristics of the
system arise.

Thus, we have shown how to characterize the proper-
ties of a spatially distributed system of charges by mul-
tipole moments and their mean 2n-power radii. Note
also that the multipole moment of weight [ is sometimes
called the 27 total moment, since a dipole is a system
of two charges (poles), a quadrupole is a system of
four, etc. However, there is no need to appeal to
charges in the construction of higher multipoles. In the
case when there are no charges, as, for example, in
magnetostatics, and only dipoles exist, all the higher
moments can be constructed from dipoles. This last
remark must be borne in mind in the following pages.

2. EXPANSION OF CURRENT DENSITIES

Suppose a system is described by not only a charge
density but also a current density j(r,f). Just as we ex-
panded the density p(r,#), we can make a multipole ex-
pansion of the spatial components of the current, for
example, of the three scalar functions j(r,?), j(r,t),
jfr,t). We then obtain a further three families of mo-
ments and their radii (three further tables of parame-
ters similar to the one in Table I). In fact, we are in
the framework of electrodynamics and must take into
account the current conservation law?

divi= —p (10)
It is convenient to realize this connection in terms of
the multipole expansion by using Helmholtz’s theorem
(see, for example, Ref. 23, Vol. 1 or Ref. 24). This
states that any vector field (singled-valued, continuous,
and vanishing at infinity) can be decomposed into a sum
of a potential field and a solenoidal field. Using this
theorem, we can represent j in the form

J=i +i., (11)

2)Here and below, the dot above a symbol denotes the time
derivative.
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where j, = Vo, i.e., curl j,=0, and j, = curl {, the vec-
tor f satisfying the condition

divi =0, (12)

Using the decomposition (11), we rewrite the condition
(10) in the form

—p=divi,. (13)

It follows from this, first, that the expansion of the
longitudinal part j, of the current (i.e., the expansion
parameters of the scalar function ¢ introduced above)
is determined by the time derivatives of the multipole
moments and their radii characterizing the charge
density p(r,f); second, with allowance for the relation
(12) there remain two independent components of the
vector f, their expansion determining j,. Since there
are no more connections of the type (10) and (12),* we
conclude that j, is characterized by two families of mo-
ments, which are independent of the charge moments.
Indeed, it is possible to have cases when there are no
charge moments at all, for example, for p=0or p=0,
which does not affect the components of the vector j,.

Obviously, it will now be convenient for us to make a
further decomposition, by means of certain criteria, of
the solenoidal field f into a sum of two fields, each of
them specified by the action of differential operators on
scalar fields. We are helped in this by a theorem given
by Chandrasenkhar in his book of Ref. 25 (see also Ref.
26). The theorem states that any solenoidal field can be
represented as a sum of two vectors,

f(r) = il (r, 8, ¢) + icurl(Ly (r, 0, ¢)), (14)

where L= —i[rxV]. The first vector in (14) describes
the toroidal currents (the currents flowing along the
“parallels” on the torus), and the second the poloidal
currents (those flowing along the “meridians” on the
torus).®) Note that the functions ¥ and x for a fixed
property of f under reflections are one a scalar and the
other a pseudoscalar.

It canbe learned from the book of Ref. 23 (Vol. 2) that
a similar decomposition was already used by Neumann
in problems of mathematical physics; he extended
Helmholtz’s theorem as follows:

i = wo -+ curl (mp(xr)) +curl curl(r »(r)). (15)

We now introduce a definition of current moments simi-
lar to the definition of charge moments:
1)1
B =L ShE; Ek . (16)
Taking into account the properties of longitudinality (13)
and transversality (14) formulated above, we can fur-

ther decompose the tensors B(” . into irreducible ten-
sors, separating the various multipole moments and

8)Note that these constraints are differential; they are trans-
formed into algebraic constraints by going over to the space
of wave vectors k, where §, (k) is in fact collinear with k, and
3 (k) is orthogonal to it, In the coordinate space, accordingly,

= plr’)
Ji=i— v\ e

This can be readily esta.blished by going over to toroidal in-

stead of spherical coordinates.
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radii. Obviously, the tensor BZ) can be decomposed in-
to a symmetric part, which is related by Eq. (13) to

the time derivatives of the charge quadrupole moment
Q,, and the mean-square radius 'rq of the charge, and

an antisymmetric part, which we can characterize by
an axial vector, called the magnetic moment p,. The
definitions of these parameters are well known. The
next tensor, of third rank, B{}) can obviously be re-

iJjk?
duced in accordance with the scheme

@+0)=@+1)+2+1. (17)

It can be seen that the representation of weight I=1 is

extracted twice from B3,

Indeed, the decomposition of the tensor j £,£, can be
written in the form

fl&j&k=%[f£§j§k-§*fk§s§; JiErEs #._(,5 S0 468, + 8,18, )]

1 ' \
— 7 (&bt Bonily)

1 "
k(B Sinhy— 26,5A) 4 5 (5B 4 8,19, + 8,

ih

p). (18)

Here, the expression in the square brackets, which is a
completely symmetric tensor of third rank with the
trace subtracted, is readily seen to determine the time
derivative of the charge octupole moment Q 13k (see Sec.
3); u,, is the magnetic quadrupole moment, equal to
Bo= B Eyt 1,E,, where p = 3e .k ,; 0= 2E (&) + &Y,
determines the time derivative of the mean-square
radius of the dipole; and A, = £ (£]) - £%,. Thus, the
formula for reducing j,£ £, has been realized and we do
indeed find in the decomposition of this tensor two vec-
tor comppnents 6, and A.>) 1t is readily verified that

| 6,d°¢=7*vanishes on the substitution in it of the defini-
tion of the transverse current, and thus it occurs only
in the longitudinal (Coulomb) part of the current, which
is related by the condition of its conservation div j,

= —p to the expansion of the density of the charge dis-
tribution. The quantity [ A, d¢ is neither longitudinal
nor transverse and, therefore, must be decomposed in-
to transverse and longitudinal parts. We now recall
that, with allowance for Egs. (4), (6), and (9), the
mean-square radius must, in accordance with its defin-
ition, occur in the term of the expansion (16) containing
the operator 5, V,V,=A. Therefore, in the decomposi-
tion (18) we can retam the term containing 6, only for
[ and, therefore, the corresponding sums of the
first two combinations must automatically give the
definition of a third transverse vector:

25 168 & — 2827, (19)

The vector part of the reduction (18) now takes a multi-
pole nature:

gOi—g M=

8t + dint; — 36540 (20)

It can be seen directly from its form that the obtained
third vector determines one further (a third) dipole

20,5 -

5)In the recent paper of Friar and Fallieros, *’ the transverse
electric part of the current is decomposed in accordance with
such a prescription. It is asserted that such a decomposition
is convenient for considering the problem of exchange cur-
rents, This appears to us questionable, since #; and A; con-
tain mutually compensating longitudinal parts, as we wrote to
Friar in a private communication.
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moment and cannot be called a mean-square radius,
i.e., a correction for retardation. It is convenient (see
Sec. 3) to introduce the definition of the moment asso-
ciated with 7, as follows:

T3 | B &) —22ia% (21)

It is easy to show that the currents corresponding to
point dipoles, namely, j=dd&(£), which corresponds to
an elementary linear current, and j= curl M&(£), which
corresponds to an elementary induction current (a ring
with circular current compressed to a point), lead on
substitution in the definition (21) to T= 0. The defini-
tion (18) is naturally transformed into an indentity on
the substitution in (18) of the current

i = curl curl TS (§). (22)

If we consider the current j= curl M&(£) on a torus,
this current flows along its parallels. The current (22)
flows on the torus along the meridians (see Fig. 1).

Thus, the geometrical model of T is a torus with
poloidal currents flowing on it. The dipole T is direct-
ed along the axis of axial symmetry of the torus as in-
dicated in Fig. 1.

3. MULTIPOLE EXPANSION OF THE ENERGY OF THE
INTERACTION OF A SYSTEM OF POINT CHARGES
WITH AN EXTERNAL ELECTROMAGNETIC FIELD

We make the multipole expansion directly in the La-
grangian

2= {(1A—pp (23)

of the interaetion with the external field of a system of
point charged particles described by current and charge
densities

j_- E‘“’)O ﬁ“é(!‘w— A))
(g ) 8
ae exp (87 y) O (r): ]} (24)
0= .? e@exp @y) 8 (r). |

Here, £*) is the vector of the charged particle a, and
for simplicity we shall assume 7 _e‘®)=0.

If we expand the exponential in a Taylor series, inte-
grate by parts, and transfer the differentiation to the
potentials A and ¢, then after simple manipulations we
can obtain

L (=)
e E E (;___ (Eljiv)
TR

> [EE @ =220 uB ) 1, (25)

where the fields (and their derivatives) are specified at
the point r= 0 because of the &(r) in the integrand of
(23), and the magnetic dipole moment is p= 5(&x£). In
the expression (25), the terms beginning with the quad-
rupole term have nonvanishing traces. If we want only
the 2’ pole to contribute to the transition 0=, we must
make its trace vanish. In addition, a term with the
magnetic field, beginning with »= 1, contains for each
n terms with opposite parities. Decomposing the pro-
duct (£ - V)(p «H) into symmetric and antisymmetric
parts, separating the dipole terms, and shifting the
sum, we reduce (25) to the form
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$— N] e(cr)["["’)E

3

WeB)

(u)
+2 2 o @ {0 678
o n=0
+2g [E9) (ROB)- (uy) G B))
+ n--2 g(rt.) % }1(“)) curl B} (26)

The first term in the curly brackets corresponds to
charge multipoles, the second, which interacts with B,
corresponds to magnetic multipoles, and both begin
with quadrupoles. The third term, combined with the
time derivatives of the traces of the charge moments,
will lead to toroidal moments. We demonstrate this for
the example n= 0. For simplicity, we shall assume
that E is a purely solenoidal field. For n=0, the last
term in (26) is (we omit the index w)

%é (Exu)curl B “'s 5B ,}]curl B. (27

The octupole electric term is (n= 2)
7 G ViV En- (28)
From it we must subtract the trace, which is equal to

Eubyy) ViV By, (29)

;-; (giajk = Eidin

We subtract it from the octupole and, referring to Sec.
2, we recall that a contribution to the transverse part
of the current will be made by only its last term

1ezaE (30)

= 5%
We transform this term, using the wave equation AE

= E, and we then transfer one derivative with respect to
the time and, using the constraint &= curl B, reduce it
to the form

—1 8 ey B, (31)

Adding (27) and (31), we obtain the dipole toroidal term
in the Lagrangian:

-[ (“:;) 2~EEI curl B. (32)

It follows from its form that the toroidal dipole can in-
teract either with curl B, or with E, or with the exter-
nal current jext,

Applying this method of expansion with respect to
point sources and decomposing the tensors LI I N
into irreducible tensors, we can obtain the following
expressions for the charge and current parts of the en-
ergy W of the interaction of an arbitrary electromag-
netic system with an external electromagnetic field.

For W, we have
W = { PGB = q7 - (dy) @ - Q1 Vi V9 (33)
F_,"T'i\q"(i Qi ViV Vi + (l‘}?v) ApAD ...,

where g = [ pd®£ is the total charge of the system
d= [ ptd®t is the charge dipole moment, @ ;= 3 5 J(E, iE
—(52/3)6”);36135 is the charge quadrupole moment,

Qun = |

is the charge octupole moment, r _(“ and r —(—) are the
mean-square radii of the charge and the dlpole pi)
= [ £pa®t and

Ei€jSn 7-2—-: (&:bn — 5500 — Gk‘Su)JPd s

3

'\ Piodsg, and Ag = —pext |
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Proceeding in the same way, we can obtain an expan-
sion of W in the form”

W = —5 jAdsz—dA —u [VA]

5 Qo (Vid; + 9,40 +77 (VA6

(34)
Qi ViV Ay — 1y Vi [T A

+ PV (VA)L0-T[V[VA]]—...,

where pu=3 [Eé] is the magnetic dipole moment of the
system, u,,= 3{[5.5 BT [.EE f} is the magnetic quadru-
pole moment, T= L{g(gg) 2535} is the toroidal dipole
moment, d= E; r{)= 28(£8) + £2E, etc.

It follows from the expressions of this section and
from (34) that the toroidal dipole moment is the only
characteristic having an interaction energy from which
one can directly measure the displacement current. In
practice, it could be measured on the basis of the
torque of a small toroidal coil placed between the
plates of a capacitor. We may also mention that this
system is an electric motor of a third type (by the first
two, we mean a magnetic dipole rotating in a magnetic
field and an electric dipole rotating in an electric field).

4. DERIVATION OF MULTIPOLE EXPANSIONS IN A
CANONICAL BASIS

Thus, the problem of expanding p(x,¢) and j(x,#) with
respect to multipole moments and their radii has been
reduced to the expansion of three scalar functions
ple), ¥, and . A system of basis functions suitable for
this is provided by the solutions of the scalar wave
equation of Helmholtz:

Py 1 () = fy (kr) ¥ (m).

where ¥,,(n) are ordinary spherical harmonics, and
f{ky) are spherical Bessel functions:

r

Bty (39)

f1(kr) = (2a0)¥2 i 11y (Rr)/ VR (36)
For example, the expansion of the charge density
plr,t) then takes the form

0nl,m
X Py n () Qum (K2, 2) k2 dk. (37
Because of the orthonormality of the functions F,,(r),
the definition of @ ,,{#?,f) follows from this directly.

The expansion of the charge multipole distribution
(the form factor) @,,(%?,#) in a Taylor series in *
gives the 2! total charge moment @,,(0,#) and its mean
2n-power radii »27(0,#). We shall not here give their
definitions or the definitions of the magnetic form fac-
tors M,,(k?,t) [expansion of the function ¢ in (15)] and
the transverse electric form factors E,(k?,1) (expan-
sion of the function ). The derivation and definitions
of these are given in Ref. 7.

Let us consider what happens if we substitute in (37)
the expansion of @,,(k%,¢) in a series in powers of k°.
Bearing in mind that the 7 (k¥) contain sinky and
cosky, the integration over % in (37) does indeed give
an expansion of the density p(r,f) in a series in o-type
functions (point sources), but now on an irreducible
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basis. Thus, the problem of multipole parametrization
has been solved (cf. Sec. 1).

We recall that the transverse electric moments are
the sum of two independent terms (for the explanation
of this fact, see Ref. T),

1) = Qim (0 1) + KTy (2, 1), (38)

where QW(O, t) are associated with the expansion of
Ali,), i.e., the longitudinal-scalar part of the current,
and are determined in the form

E i (K2,

Qum (0 1) =V/%nl [ (0, ) rI=tY iy, () . (39)

We shall not give the definitions of the vector spherical
function Y,,., (n) introduced here, or of the vectors
Y, mn) and Y, . (n). They can be found, for example,
in the books of Ref. 28 and also in Ref. 7. Using Ols-
son’s formulas, which are given in Ref. 28a, we can
readily establish that the vector 'Y, . (n) has re-
markable properties. It is simultaneously longitudinal,

curl 1Y, () = 0, (40a)
and transverse,
div r Y @) = 0, (40b)

i.e., it is degenerate with respect to these properties,
and it is also poloidal, i.e., it can be represented in the
form®

PY o @) = icurl L' Yo (), L= —ilryl (41)

1t is for this reason that in @,,(k? ¢) and in E, (k1)
which contain in their definitions ¥,, , as the lowest
harmonic, the moments @,,(0,¢) are distinguished in
the long-wave limit | k| —O0!

We give the definitions of the toroidal distributions™
and moments (for the derivation, see Ref. 7):
i(2i+1n!

Fne (k% ) =
m (K 1) (— k)2 [/ an @I DU 1,0)
x { dourl [ 1 (k) — i (— i) | Yt () dor: (42a)
4l 2 T
Tin 0, = — g5 B0 hr“{lu R M
“&n . S «
b7, : 20 5 I) @+ 9 S“uﬂ {r+LY fn ()} r.  (42D)

It can be seen from the definition (42b) that j(r,?) is in-
deed contracted with a poloidal vector, while the ex-
pression for T,,(0,#), transformed to the orthogonal
basis, is identical to the definition of T in the form (21).

The toroidal moments T, contribute to the radiation
of EI type, like §,,, but higher by two orders of mag-
nitude with respect to k». The corresponding general
expressions for the vector potential of the radiation are
given in Ref. 7. We note here a very important circum-
stance, namely, by comparing the definitions of
Q,.(0,1) (39) and T,,(0,) (42b) we see that the second
(“redundant”) term in the first definition in (42b) of
the toroidal moments does not permit us to regard
them as mean radii of the charge moments Q,,,,(O,t)l

6)The uniqueness of this nonsingular vector can be proved di-
rectly by solving simultaneously the differential equations
(40a) and (40Db).

UThe second variant of Eq, (35a) in Ref, 7 is incorrect.
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As follows from (38), the toroidal multipole moments
T,,(t) have the form of small corrections as &k~ 0 to the
charge multipole moments @,,(0,#) of the same rank.
However, in contrast to true corrections such as
QUE(#), which vanish if @,,(~?,#) =0, the toroidal mo-
ments, being independent parameters, do not vanish in
this case. Moreover, the toroidal moments are in gen-
eral nonzero if p(r,#) =0 or g(r,#)=0. In other words,
there are systems for which the representative of the
family T,,(¢) is the principal or only term of the multi-
pole expansion (see the Introduction and Ref. 7). There-
fore, multipole expansions'®**'?2 in which one sets
E, (k) = @, (k%) are invalid even in the long-wave ap-
proximation. Treatment of the radiation of such sys-
tems by means of them in the long-wave approximation
does not take into account the radiation effect itself,
The neglect of T,,(t) compared with @,,(¢) is analogous
to the neglect of the higher multipole moments com-
pared with the lower, which, of course, is valid only if
the system has the lower moments.

It can be seen from (38) that the structure of the
transverse electric form factors E,,(k*,#) does not per-
mit their normalization in the usual manner, as mag-
netic and charge form factors in such a way that the
long-wave approximation as & tends to zero gives static
multipole moments.

We also give the well-known definition of the mag-
netic moments:

e TR :
My Oy 8)= ~1 ) i Vit 0¥, myder

=V o § S o, (43)

We shall need it later.

To conclude this section, we must point out that if,
following Ref. 29, we were to restrict ourselves to an
expansion of only div j and curl j with respect to the
regular solutions #'Y,,(n) of the Laplace equation, we
would immediately lose the toroidal moments and the
mean radii of all distributions. The point is that this
system of functions is not closed,

t:‘ Y fa () P8 g () 2= 6 (e — 1), (44)

and, thus, we cannot “expand” &r - r’) with respect to
this basis in the expression (1). Therefore, the asser-
tion made in Ref. 29 that the specification of the mo-
ments is equivalent to specifying the functions p and j

is clearly false. For example, for a spherical capaci-
tor all moments are equal to zero but the mean radii of
the charge distribution are nonzero. Oaly the expansion
of the densities p and j with respect to all moments and
radii—apparently first made in Ref. T—gives the com-
plete parametrization of the electromagnetic 4-current.

We now suppose that the medium contains neither
magnetic nor electric charges, and is described by the
distribution of the macroscopic magnetization Dr, #).
It has been known since Ampére’s time that instead of
IR one can introduce effective currents, known as in-
duction currents, with density

Enlr, O =curlgpr, 6. (c=1). (45)

Note that div joy = 0. This indicates the absence in
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the medium of free magnetic charges and presupposes
that the magnetization of the medium arises, say, as a
result of a distribution of elementary (microscopic)
magnetic dipoles.

What do we obtain if we replace j by jy = curl M in
the definitions of the current multipole moments (,’),,,,
T,m» and M,, [in Eqgs. (39), (42b), and (43)]? First of
all, it is obvious that all the é,m vanish identically by
virtue of the condition (45), since the solenoidal current
makes the integral (39) vanish. We now introduce the
effective density of the magnetization distribution;

—pay=div 0. (46)

If we now substitute jo in (43), we readily see that
after the corresponding integration by parts and the use
of (46) the definition of the magnetic moments M 16118
transformed in its form into the definition of the mo-
ments @,,, in which the substitution p—~ ps is made.
However, this does not lead to a dual-symmetric
scheme of multipole expansions, since div jog #—poy »
and therefore, as in ordinary electrodynamics, M,,= 0.

The situation with regard to T, is curious. Substitut-
ing (45) in the definition (42b), we can readily transform
the latter to the form

l_'a———f)“:’—l; ‘; r l‘?;.,, (Il)ﬁn (r. &) dér. (47)

it - —i)
The form of this expression is identical to the definition
of M,, from the convection currents if in it the substitu-
tion j =M is made. It follows from this, for example,
that

T""’:%\ [} 3r. (48)

It is readily seen that for such an origin the geometrical
image of a toroidal dipole is simply a closed circular
chain consisting of a succession of elementary magnets
one after another. Their internal magnetic field has

the same annular configuration as the field in a sole-
noid bent into a torus. In contrast to T%,, the moments
T4 were already introduced by Blatt and Weisskopf.?
They are usually denoted by the symbol @/, and are
called induced electric moments.**

All these remarks are rather trivial, but they help
the geometrical understanding of the cumbersome, in-
conveniently formulated definitions of multipole form
factors and moments given in books and reviews.

5. ELECTROMAGNETIC PROPERTIES OF STATIC
AND VARIABLE TOROIDAL DIPOLES

Some of the properties of the dipole moment produced
by poloidal currents on a torus are discussed in Ref. 7.
We formulate them briefly here. First of all, a toroidal
dipole does not have external static fields. Indeed, the
magnetic fields of diametrically opposite elementary
annular currents flowing on a torus compensate each
other far from it (i.e., in the point approximation).
Thus, the magnetic field produced by a toroid is entire-
ly concentrated within the “coil” and the toroid can in-
teract only with an external current. If a current line
passes through a point at which there is an elementary
toroidal dipole, the dipole will be oriented along the
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current (or, in an electromagnetic radiation field, along
the displacement currents D).

Since the simplest model of a toroidal dipole is an
ordinary solenoidal coil bent into a torus, we can read-
ily find what is the toroidal dipole moment of a torus
with small radius » and large R on the surface of which
poloidal currents with density j flow. Instead of direct
integration in Eq. (21), we use the analogy with the cal-
culation of the magnetic moment of a thin ring, in which
volume currents of density j flow. By means of the ap-
propriate expressions, taken, for example, from Ref.
30, we can readily show that the magnetic moment of
the closed current is

M = js§ = IS, (49)

where 8 is the vector magnitude of the surface spanned
by the contour of the conductor with section s, and [ is
the linear current flowing through it. Obviously, by
virtue of the geometrical analogy, we can write down a
similar expression for the toroidal dipole moment T of
the toroidal solenoid merely by replacing I in (49) by
the magnetic flux & within the solenoid, i.e.,

(50)

The magnetic field B in the toroidal solenoid can be
readily calculated (see, for example, Ref. 12):

NI,
. B O (51)

T = ®S = BsS.

where R is the large radius of the solenoid, and/, is
the current in its coil. Bearing in mind that NI, =1 is
the total poloidal current on the surface of the solenoid,
s=m?, S=nR? and that the volume of the torus is

V= 272R¥?, we readily find that the static toroidal di-
pole moment of the toroidal coil is

r=1Jv. (52)

This expression could be helpful as an approximation in
macroscopic electrodynamics, for example, to esti-
mate the global interaction of the magnetosphere of a
planet with currents like those in the solar wind, or in
the electrodynamics of neutron stars.

We now consider how the radiation problem is related
to expansion of the current with respect to multipole
moments., We recall that the multipole expansion arose
as a procedure for finding parameters of a system of
charges and currents that determine the radiation field
of the system in the wave (“far”) zone. Because of the
transversality of electromagnetic waves, the vector
potential A(r,?) far from the sources satisfies the sub-
sidiary condition divA = 0. It follows from this in ac-
cordance with (15) that multipole radiation fields® can
be of only two types: electric A%l and magnetic AT,.
They differ in their parity properties under spatial re-
flections. However, a difficulty arises: It would seem
that a transverse field A, should arise only as a result
of the transverse part of the current j,, which is asso-
ciated with the magnetic and, as we have found, toroid-

8)These should not be confused with the multipole moments in
the expansion of a current (for details, see the expansions of
A in Ref. 7 (Secs. 7 and 8) and in the monographs of Refs.
10 and 11).

512 Sov. J. Part. Nucl. 14(5), Sept.-Oct. 1983

al moments. We know, or, rather, have become ac-
customed to the fact that a radiation field also arises
as a result of changes in plr,?), for example, by virtue
of d(#). This problem was solved in its time in classi-
cal electrodynamics in an indirect way by Hertz. In the
Lorentz gauge, —-{=div A, it is assumed that the field
@ is associated with an auxiliary dipole Z (see, for ex-

ample, Refs. 22 and 23):
¢ = div Z (Hertz’s ansatz). (53)

Then the scalar wave equation for ¢ can be rewritten in
the form

(A—Z) o= —p=(A—5) divZ=divj, (54)
and the Lorentz condition leads to the constraint
divA = —g=—div Z. (55)

Using (54) to find div Z in the form of the well-known
wave solution of the scalar equation, and then “cancel-
ing” the operation “div” on both the left- and right-hand
sides, we obtain

{n =)

[R—r]|

Rq
3 (‘“T)
7, (56)

—i{B)=A(R)=5 &

o

Since d in this approximation is the characteristic of a
point dipole situated, say, at the origin,

divd (t—Ro/c) =0, and we have indeed found the vector
potential of the radiation field. This is also indicated by
its decrease as 1/R with the distance.

It follows that in the point (long-wave) limit, which
corresponds to the transition to approximate equality in
(56), the moment d naturally satisfies the properties of
both longitudinality and transversality, since it loses its
dependence on the vector R. Therefore, it can arise as
a result of transition to the long-wave approximation in
the multipole expansions of both j, and j,. This appears
trivially if one goes over to the space of the wave vec-
tors k. Then the conditions of longitudinality and trans-
versality, k-« j(k,#) = 0 and kxj(k,#) = 0, are satisfied
simultaneously when |k| —=0. These, however, are
very crude arguments and are suitable only for a dipole
d. Moreover, this explanation is formal, since in con-
crete problems |k| is fixed and as a small parameter
one can take only a dimensionless quantity, for exam-
ple, k7,, where 7, is the characteristic linear dimen-
sion of the electromagnetic system. Therefore, we
need a genuine relationship between j, and j, in the co-
ordinate space. Such a relationship was already pro-
posed in 1959 in Ref. 31, and the justification and dis-
cussion of it still continues (see, for example, Refs.
32 and 33 and also Ref. 7).

That such a relation must exist follows from the very
meaning of an expansion with respect to moments. We
recall that moments are numerical (tensor) character-
istics of an electromagnetic system that arise when its
geometrical dimensions are reduced to zero and the
magnitudes of its charges and currents are made infin-
ite. At the same time, the densities of the charge and
current distributions tend to infinity [cf. (3)] and the
condition on the boundary of the system T, say j, =0,
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can be satisfied only by equating the components

ir=-—j (57)
in such a way that, as before, j. =0,

The condition (57) leads to equality of the lowest mo-
ments of j, and j, (see, for example, the corresponding
derivations in Refs. 31 or 32), and, thus, time deriva-
tives of the charge moments appear in the expansion of
J,» However, the toroidal moments and mean 2n-power
radii of scalar-longitudinal distributions, which are
sensitive to the details of the structure of the system
within the surface =, are different for j, and j,, since
within the system the condition (57) is not satisfied.

We refer those wishing for more rigorous discussions
of the relation (57) to Refs. 32 and 33.

It is easy to work out what are the properties of a
toroidal dipole antenna. Since it is a closed system,
the electric field (or rather the displacement current
I')) can be separated from it only when there are very
abrupt changes of the current in it. Otherwise a quasi-
steady process is established and the field will be
drawn (return) into the winding of the torus because of
its self-induction.

We obtain the radiation intensity of the toroidal dipole
antenna by means of the expression that determines the
E1 radiation with allowance for the existence of T:

E=d+ oT (c=1). (58)

It is well known that the power (intensity) of the radia-
tion of a charge dipole d (more precisely, of a linear
antenna of length |d| with current I= I, sinwt that de-
creases linearly at its ends; see, for example, Ref. 11,
p. 301 of the Russian translation) in the long-wave ap-
proximation, wd<« 1, is

~ 5 ey (4, (59

Py~ | .d'l'-’ ~ (uigrqr"—‘

where the current I, is related to the change in the ef-
fective charges in the antenna, I,=dg/dt, and A~1/w
is the wavelength emitted by the antenna.

It follows formally from the form of the expressions
(58) and (59) that the radiation power of the toroidal
dipole T can be estimated as follows:

Py~ o?@T? ~ -;—' lo(Rr)2=1, ( Rr? )1’ (60)

E

where we have used (52) for the static moment T. Thus,
a toroidal dipole is in principle a two-parameter an-
tenna, i.e., an antenna that depends on two of its geo-
metrical parameters. We note that a toroidal dipole
could actually be an effective antenna only in the short-
wave regime (for wR > 1) because of the remark with
which we began our discussion of the radiation of T.

The angular distribution of the emitters 4 and T
(which have parallel orientation) is naturally the same.
The exact expressions for the vector potentials of the
radiation by the point sources d and T are given above.
They justify the dependences of P, and P, on the radia-
tion frequency w used in (59) and (60).

We also give here expressions for the field intensities
of the radiation of an arbitrary system, accurate to the
terms in kv, including the toroidal dipole contribution:
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H, =_,;T" {da - Qunna - [Mn], - .(Ji.jknj"h
*;‘.-:r-( . emﬁa-’;-ln;‘rzi}, E=[HXH]‘ R, (61)
and also the expression for the radiation intensity to
terms ~(k7)°:

I (@) - gy Oh— 20 T+ 2 3. (62)

In such form, these expressions were obtained recent-
1y** on the basis of the invariance of the moments with

respect to Galilean displacements of the origin (without
reference to the geometrical image of T,).

If a radiation source is constructed in such a way that
it does not have charge and magnetic dipole and quadru-
pole moments, the dominant radiation of such a source
will be radiation of E1 type generated by its toroidal
dipole moment. A torus with alternating current has
such a property.

6. TOROIDAL MOMENTS AND ELECTROMAGNETIC
TRANSITIONS IN ATOMS

In classical electrodynamics, a definite, geometrical-
ly simple configuration of charges or currents can be
described approximately by a moment of multipolarity
I. The currents of electromagnetic transitions in quan-
tum systems have a rather complicated structure, and
in their multipole expansion all moments usually appear.
Therefore in practical calculations of transition proba-
bilities it is customary to go over to the long-wave ap-
proximation and take into account the contributions of
only the lowest moments.

Since the contributions T,, to transitions of electric
type contain an additional factor (k7)? compared with
the contributions @,,,, the former can be ignored in the
majority of cases. They become important when, for
example, the long-wave approximation becomes a
rough approximation (k¥ < 1). Such is the situation for
x-ray transitions in heavy nuclei. If for simplicity we
consider a 15— 2P transition in a hydrogenlike ion,
then with allowance for the contribution of the toroidal
dipole the transition probability is

Waps ~ 1] (1422020 ) = )2 (14 52, (63)

me*

It can be seen from this that the correction for the
toroidal dipole moment (and its radii) can reach tens of
percent for heavy elements. These corrections become
even more important for transitions to higher levels or
for ionization processes [when 77w is replaced in (63) by
the ionization potential 1], and also for many-photon
ionization processes (when nfiw ~], where » is the num-
ber of quasistationary levels produced in the atom by
an external alternating electric field). Similar correc-
tions must be taken into account in the problem of the
splitting of levels in an intense electric field (Stark ef-
fect in an alternating field). This effect was considered
for the first time by Blokhintsev in 1933,%% and the pos-
sibility of its experimental study appeared only with the
creation of sufficiently powerful single-mode lasers.

It is well known that the additional energy of atoms in
homogeneous electric, E, and magnetic, B, fields,

AW s i S (64)
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AWmag = — M-B, (65)

leads to splitting of spectral lines (Stark and Zeeman
effects). Similarly, the existence of the additional en-
ergy of atoms in a homogeneous external current, which
is

AW = — T (j + D), (66)

also leads to splitting of spectral lines. The expres-
sion (66) contains in addition to the external conduction
current j the external displacement current D, which
interacts with the toroidal dipole moment T like j.

For example, the atoms and ions of a plasma in a
gas-discharge tube interact in this manner with the cur-
rent flowing in the plasma.

As we noted earlier, the contact interaction of an
atom (or ion) with a current in a plasma can in princi-
ple be particularized and then expressed in terms of the
Li¢nard-Wiechert potentials describing the field of the
current carriers. A similar interaction (with the dis-
placement current) arises when atoms or ions enter a
rapidly varying electric field (rapid flight through a
capacitor, powerful high-frequency electromagnetic
field).

A toroidal effect due to the inhomogeneity and nonsta-
tionarity of the field arises almost always with the
Stark and Zeeman effects, although its presence and
magnitude do not depend on the latter.

The splitting of the spectral lines as a result of the
“toroidal” interaction, like the Stark effect, is in gen-
eral an effect of second order in perturbation theory,
and it is only for hydrogen (and hydrogenlike ions) that
there is a first-order effect due to the degeneracy of
the spectrum with respect to the orbital quantum num-
ber. It is interesting to compare the toroidal effect
with the Stark and Zeeman effects for, for example,
the transition from the first excited state of the hydro-
gen atom to the ground state. The splitting of the spec-
tral lines in these cases can be estimated by means of
the expressions

AWea = 3eagk; AWmag = 1,855 AWeyr = Wottof, (67)

where g, is the Bohr radius, and p, is the Bohr mag-
neton. It is not difficult to propose an idea for an ex-
periment to measure the toroidal effect, but the actual
experiments may be difficult, since the effect arises
on the background of the Stark or Zeeman effects.

The splittings due to toroidal moments arise only in
transitions in which the parity changes. If one takes in-
to ac¢count the violation of P invariance due to the pres-
ence of weak interactions, then in the first order in the
constant G a splitting of the terms of all atoms
arises.*® However, because the coupling constant of the
weak interactions is small, this effect is much smaller
than the second-order effects mentioned above (by a
factor a/G).

It should be noted that the corrections from the tran-
sition toroidal moment may be large in, for example,
the calculation of exciton transitions in semiconductors,
in which the electron mass becomes an effective mass
and may be reduced by an order of magnitude or more.
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It is also important to take into account the higher mul-
tipoles when one is finding the influence of the internal
field on the spectra of molecular crystals.*’

To conclude this section, we note that it is the toroid-
al dipole moment that gives the well-known “retarda-
tion correction” (see, for example, Ref. 38) to the
Thomas—Reiche-~Kuhn sum rule. This was pointed out
in Ref. 39. The first correction to the matrix element
of the dipole operator arises if one takes into account
in the expansion of exp(ik¥) not only the unity but also
the term (kv)®. For example, if the photon propagates
along the z axis and is polarized along the y axis, the
retardation corrections to the oscillator strength f, are

Fon=— 22 (45%0n (W)on- (68)

For the ground S state the corrections to the sum of the
oscillator strengths can be found by means of the ex-
pression

R 1 v 1 ary av
E fm: T med (zﬁ ay* )oo= T 15mct (]..2 dr? T‘ir?)ou’ (69)
n

where V(#) is any potential that commutes with the radi-
us vector r. It is known®®**° that it is precisely this
term that interferes destructively with the contribution
of the charge quadrupole. It was shown in Ref. 39 that
the correction (69) arises because of the interference

of the charge and toroidal moments [cf. the interference
term in Eq. (62)]. However, besides the convection part
of the toroidal moment, corrections to the sum rule can
also arise from its induction part. The complete ex-
pression for the operator of the toroidal dipole moment
is given in Ref. 39:

=_:;Lrav+ﬁ{rx(g,ll+%g..c) ] (70)

5 5
It should be pointed out that in some papers the orbital
part of this operator was introduced by analogy with
its “induced” spin part, as, for example, in Ref. 40,
since the general definition (21) of the toroidal dipole
moment was not known. To conclude this section, we
also note that the contribution of the toroidal dipole
moment can be important as well in more complicated
sum rules such as those considered in Ref. 41.

7. CONTRIBUTION OF TOROIDAL MOMENTS TO THE
PROBABILITIES OF ELECTRIC TRANSITIONS IN
NUCLEI

The replacement of E (k®) by kQ (k?), which is fre-
quently practiced in the calculation of nuclear transi-
tions (Siegert’s theorem), may not give the necessary
accuracy in a number of cases. It is then necessary to
take into account the higher terms in the expansion of
E(k?), i.e., in the first place T (%k%). Such a situation
can arise when y transitions in heavy nuclei are con-
sidered.

It is well known that in heavy nuclei the intensities of
some transitions are strongly suppressed by virtue of
structural features that participate in transitions of
states. For example, in the transition '”Lu (£ ¥ -4
the intensity of the E1 multipole is suppressed so much
that the contribution of the multipole next in seniority,
M2, is anomalously large (see, for example, Ref. 42),
being about 20% (calculations®® in Nilsson’s model give
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satisfactory agreement with experiment for the proba-
bility of the moment M,, whereas the probability of the
moment @, in this model exceeds its experimental value
by two orders). It follows from the form of the expres-
sions (61) and (62) and from the comment made after
them that in the calculation of hindered E1 transitions it
is necessary to take into account the contribution of the
moment T,.°) Then the probability of the multipole
transition E1 can be estimated by means of the formula

E{ ~ Q3+ 220,7, + T}, (71)

and the contribution of the last two terms for the tran-
sition in *"*Lu reaches almost 40%.'® Even if the M2
contribution in the transition were only 1%, the contri-
bution of the toroidal part would be about 10%. From
this a rule can be deduced: If in the tables of electro-
magnetic transitions in nuclei there are transitions in
which the M2 contribution is greater than or of order
1%, the contribution associated with the moment Iis
must be taken into account in the calculation of such
transitions. Note, however, that a 7, contribution may
also exist in transitions in which M2 is forbidden by
the selection rules, for example, in the transition
Vel

We note that the toroidal currents of nuclear transi-
tions have in fact long been studied in the phenomenon
of internal conversion of ¥ rays. Indeed, conversion is
based on the interaction of two currents—an electron
current, with known properties, and the studied transi-
tion current of the nucleus. As we already know, it is
the toroidal part of the parametrized current that inter-
acts with the external current, in this case the electron
current. The nuclear penetration parameters intro-
duced in Ref. 19a are essentially identical to our defin-
ition of toroidal moments. Recently, in Ref, 19b,
toroidal transition moments of some nuclei were ex-
tracted from experimental data on internal conversion.
In the units (nuclear magneton) + F they are (in absolute
magnitude) as follows'®®: 4.0% 1.0, 3.050.4, 4.550.5,
2.1¥0.3, 1.6 0.4 for the transitions *""Lu (150 keV),
'Lu (396 keV), *Ta (6.21 keV), 77Hf (321 keV), #pa
(84.3 keV), respectively, and less for other nuclei.
The experimental values of the contributions of the
toroidal distributions to the probability of ¥ emission
are, respectively, (10% 2)%, (-17=% 2)%, (0.20% 0.02)%,
(-18%2)%, (1.950.3)%.

We now recall that the study of hindered transitions
helped to prove the existence of weak nucleon—nucleon
interactions (see, for example, the review of Ref. 43).
The point is that in a hindered transition with regular
(allowed) multipole E1 there is effectively mixed a
small irregular multipole M1 (~G;) due to P-odd nu-
cleon-nucleon interactions. At the same time, as is
well known, the ¥ ray emitted in the transition is cir-
cularly polarized. The coefficient of polarization P,
takes in this case, with allowance for the contribution
of the toroidal moment, the form

9 This conclusion can also be drawn by comparing the more
perspicuous expressions (6) and (7) of Ref. 18 (because of the
similarity of the structure and the same order in k7 of the
operators Ty and A7,).
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P s
e My

1| [ burer, (72)

Q;TA'!TJ
We see that in principle, if Ql and T, have opposite
signs, their relative magnitude will determine the sign
of P,, which determines whether the y ray will have
left- or right-handed circular polarization. In a com-
parison of the experimental values of P, with theoretical
values, only M, in (72) is calculated, while the values
of | M,/E,|* and V|, + kT, |? are usually taken from
(independent) experiments. However, this conceals a
certain danger. One should make a theoretical calcula-
tion of all the moments on the right-hand side of (72).
First, this would make it possible to determine the
theoretical sign of P,. Second, nuclear models for the
calculation of electromagnetic transitions could, for
example, give reasonable agreement with experiment
for moments whose definitions include spin operators
but bad agreement for moments that do not depend on
the spin (Q, ~¥). Therefore, to be sure that in calcu-
lating M, we do not make a mistake in the nuclear part,
we must choose a nuclear model that gives satisfactory
values of |M,/@, + k*I',|® and lél + B3, |2

It follows from the form of the expression E(%?)
= —{w@, + k*T, that in scattering of electrons by nuclei
at small excitations w but large transfers k? a situation
may arise in which it is necessary to take into account
the toroidal moments of the considered transition.

We introduce single-particle operators of an E1
transition in the form

; ' A L.t
E = —io Q, -k T,= —ior - ph? {l%nv-—rx[g’T-i-gz—uJ} (73)

and the single-particle operator of a magnetic quadru-
pole transition

My, = weh® (é’ﬁ"Jl“g‘ g,L) V (r*YEm) (74)

in the standard notation (see, for example, Ref. 8 or
Ref. 38).

Because T, and M, have the same order in k7, the
numerical values of their contributions may be about
the same.

We now note that because of the existence of the
toroidal moments the structure of the electron—nucleus
scattering cross section changes. In the case of a
3/27=1/2* transition, the cross section takes the form

do- doyu s {Qi+ 212 (5 -tan202) (13- 20)}. (79)

It can be seen from (75) that in the given case the tra-
ditional opinion about the possibility of separating the
contributions of the charge and magnetic moments on
the basis of the angular distributions is incorrect. If
we ignore the existence of T, then attempts to estimate
M, from the magnitude of the cross section (75) at large
values of tan®(8/2) would lead to an overestimation of
M, by a factor of about 2. In Ref. 44, there is an analy-
sis of all possibilities (complete experiment) of actually
making a separate measurement of the moments of the
3/2=1/2* transition. Also calculated are all the form
factors of the 3/2°—1/2+ transition of the °Be nucleus
in the framework of the shell model. We note that a
situation analogous to the one we have considered oc-
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curs in the case of electromagnetic decays of particles

with y-ray conversion (for example, N}, ~pee’). The

effect is actually strengthened here because of the large
value of the parameter kv, ~(M yuu= m,) /(M yuut m,).

Naturally, toroidal moments will contribute to giant
electric multipole resonances. Estimates of these con-
tributions were made in the pioneering study of Ref. 45
by means of a hydrodynamic model of the nucleus, in
which it has a torsion modulus to describe the resis-
tance to shear displacements. In such a system, there
are solenoidal toroidal vibrations, giving a toroidal di-
pole resonance in the region of energies (50-70)A/3
MeV. The study of solenoidal and also spin waves in
‘nuclei would be exiremely helpful, for example, for
establishing the isospin structure of nuclear forces.

8. DIPOLE RADIATION OF A COMPOSITE QUANTUM
SYSTEM AND THE POSSIBILITY OF SEPARATING
THE CONTRIBUTIONS OF THE CHARGE AND
TOROIDAL DIPOLE MOMENTS

For a system of two particles with equal masses, for
example, NN or NN, the operators @, T, and M in the
center-of-mass system are described as follows??:
01‘—:"":4;—” (e, —e3) ps |
T=ﬁ;,_(91‘92)%l’—l-ln‘1'r |

N 4 |‘

x [BH (o 0) + B0 (0, — o) -3 B (1, Ly ] (76)

M= Pu[ Ll:—z.- £ (6 +0y) + u';m (0y-—0y) +- glj £ (L, ?Lz)} wly

Here, r=r, ~r, and p= p, - p,/2 are the relative coor-

dinate and momentum; u; and g, are the spin and orbit-
al magnetic moments of particle i, measured in nuclear
magnetons .

To illustrate the possibility of separating the contri-
butions of the charge and toroidal dipole moments, we
consider the specific hadronic system pn (T=1, T,==1),
in which there is a transition of electric type **P,
—~31g,.2° In this case,

ea—e=—6 W T f = — [lp-T

B— Mo =—hp— Pn} &+ &=—1 (1M
Since the operator of the charge dipole does not depend
on the spin [see the expression (76)] in the transition we
consider (a spin-flip transition: S;=1-=5,=0), the
charge dipole automatically drops out. Thus, we have
an E1 transition that takes place solely as a result of
the operator of the toroidal dipole moment. Analyzing
further the spin selection rules, we see that (for the
same reason) the matrix element of the considered
transition also does not contain the radial and orbital
(the operator [rx(L, + L,)]) parts of the toroidal mo-
ment. In addition, in the given case, 5,=1 i8..=0, the
operator of the total spin o, + 0, also drops out. Thus,
in the E1 transition *P, —*'5, (AS = 1) only the operator
0, — 0, survives, i.e., the transition takes place solely
as a result of the spin part of the operator of the toroid-
al moment.

Thus, it follows from this example that the sum rules
(in the given case with respect to the spin) can separate
the contributions of the charge and toroidal moments
(in the very simple example considered, a contribution
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of the charge dipole is simply absent and only part of
the toroidal moment is effective).

The contributions of the toroidal dipole moments to
electric transitions can also be appreciable in systems
of quarkonium type, for example, in E1 transitions in
charmonium: ¥/(3684 MeV) ~ x, + ¥ (3S, =~ °P,). We have
obtained estimates giving simple oscillator functions
giving contributions to the transition probabilities up to
10%. This is evidently a lower bound, since the poten-
tial that confines the ¢ quarks in charmonium binds
them more strongly than the harmonic potential.

The potential mechanism of parity nonconservation

in hadronic. systems makes. it possible to estimate the.. .

corresponding effects in the radiation of a quasinuclear
system. For example, because of the mixing by weak
interactions of an M1 transition with the E1 transition
$p, =318,, which takes place because of the toroidal
dipole, the circular polarization of the photon may
reach P, ~107°,

By means of (76) and parity-violating potentials one
can estimate the nuclear toroidal dipole moment of the
deuteron. The result agrees with the estimate given
in Ref. 9. We note that it is more convenient to use the
expression (76) for the toroidal dipole than the defini-
tion a~ [ 72jd® of the “anapole,” since the contribution
of the longitudinal part of the current is automatically
eliminated in (76), as in (21).

9. TOROIDAL MOMENTS AND VIOLATIONS OF
DISCRETE SYMMETRIES

In relativistic quantum theory, the electromagnetic
properties of a particle are given by the matrix ele-
ments of the operator of the 4-current. These matrix
elements can be represented in terms of a limited num-
ber of form factors—phenomenological invariant func-
tions of scalar variables that do not depend on the ar-
bitrariness in the choice of the coordinate system. In
special frames, this problem can be solved in an im-
plicitly covariant form by means of the formalism of
multipole expansions (see Ref. 7, Part II). Thus, for a
particle with spin s in local field theory there arise
three sets of form factors, including toroidal ones.

The law of transformation of the current operator un-
der spatial and time reflections (P and T) imposes addi-
tional sum rules and restrictions on the form factors
(in the general case, they are formulated in Ref. 7).
Whereas the current in classical electrodynamics can,
in general, have any multipole moment, in the quantum
case (since the operators of the multipole moments are
spin operators) this is not so. For example, the vector
of the dipole moment of a point particle may be directed
solely along the spin. The spin and magnetic dipole
moment are pseudovectors, while the charge and toroid-
al dipole moments are true vectors. Therefore, under
the condition of conservation of spatial parity the parti-
cle can possess only one dipole form factor—the mag-
netic—and its charge and toroidal dipole form factors
are identically equal to zero.

The toroidal form factors have unusual selection
rules with respect to the transformations of the dis-
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crete symmetries, distinguishing them from the charge
and magnetic form factors. For a point particle one
cannot have any charge form factors of odd ranks or any
magnetic form factors of even ranks simultaneously
with respect to both P and T. Toroidal moments of odd
ranks are absent in the presence of P invariance,

while in the presence of T invariance those of even
ranks are absent. If we now remember that weak inter-
actions, which violate P invariance, contribute to the
form factors of particles, all particles with nonzero
spin must in general have small (in magnitude) toroidal
moments of odd ranks. Even toroidal moments may ex-
ist as a manifestation of the mechanism of violation of
T invariance, which has not yet been precisely estab-
lished. Thus, measurement of the toroidal form fac-
tors would be interesting for the study of the nature of
the violation of discrete symmetries. For this reason,
it was proposed in 1965 to make experiments to mea-
sure the toroidal quadrupole moment of the deu-
teron.’*!* However, the experiments following this at
Stanford*® did not achieve the necessary degree of ac-
curacy to discover the expected effect.!®* This experi-
ment should evidently be repeated at the present level
of accuracy in connection with the appearance of indi-
cations of violation of T invariance in nuclear reac-
tions.

As we have already noted, following the discovery of
parity violation in weak interactions in 1957 Zel’dovich
pointed out® that particles with spin $+ must possess not
only a magnetic moment but a further dipole character-
istic. It was called the anapole and introduced into the
electromagnetic current as follows:

Ju s el (py) @756 (g 1 (py), (78)
where

e e s I
ap = (Ve — s §= Pa— P P =py— pay =%y - 2

In addition to this, a form factor is introduced in the
transition (with respect to the parity) current and
called the dipole electric (charge) form factor:

T~ €8 (p2) 5 16D (4 1 () (79)

It is easy to show” that, in general, none of these form
factors corresponds to a definite multipole distribution.
Indeed, in the proper frame (which is determined by the
absence of a Doppler shift and an emitted photon”) the
charge dipole moment found from this current is

d~ 2] 6D 2% G (o) | (80)

It can be seen from (80) that only in the static case
(%, =%y =An= 0) can G'¥(0) be called a charge dipole
moment. However, relativistic form factors are not
actually measured quantities on the mass shell.

We recall that for Dirac particles the following
identity holds:

;2 (Anou\,q\. +aur— R,y;) vy = 0, By=ieuupPvdaYy- ( 81)

It follows from this that an alternative parametrization
can contain in place of g, the vector R,, and, as we
see, it is only for Ax= 0 that these vectors are identi-
cal. It was shown in Ref. 7 that the parametrization
corresponding to a multipole parametrization can be
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made by means of the vector R, like the Sachs multi-
pole parametrization for the case of a vector current

by means of R ¥;. In the proper frame, this parame-
trization has a rather complicated form.?

We restrict ourselves here to a discussion of the
main conclusion of Ref. 7 relating to the properties of
the anapole. In the general case, it is not in fact a
multipole quantity. It belongs to the class of so-called
nonradiating sources,*” for which the Fourier trans-
form of the distribution density in the space of wave
vectors vanishes on the light cone (in this case, be-
cause of the factor ¢2). The fields produced by non-
radiating sources are equal to zero at least in the order
1/7, where # is the distance from the source to the
point of observation. A source corresponding to para-
metrization of the current by means of the vector R,
does not contain such suppressions. Moreover, the
combination d,0,,q,¥;+ TR, in which we retain for the
radiation problem by means of (81) only the radiating
part (d, + anT,)o, has the structure of transverse elec-
tric moments (see Ref. 7).

In modern gauge theories combining electromagnetic
and weak interactions, a toroidal dipole (an anapole)
arises as a radiative correction due to virtual weak in-
teractions. A calculation of the toroidal dipole form
factor of a lepton in the Weinberg—Salam model in the
lowest (third) order of perturbation theory was begun
in Ref. 15a and by our diploma student A. A, Chepkasov.
However, it has not been possible to complete the cal-
culations because of the presence of divergent integrals
in the unitary gauge. The point is that, despite the re-
normalizability of the theory, the divergences from the
triangle diagrams that determine the anapole cancel in
the unitary gauge only together with the divergences
from the diagrams of “box” type. Thus, only estimates
of the scale of magnitude of the anapole were made.'®

In the 't Hooft-Feynman gauge, the contributions of
the triangle diagrams are finite, In Ref. 16, the quark
anapole moment is estimated in the single-loop approx-
imation with logarithmic accuracy (corrections
~aln M%/q®. The finite and power-law contributions
are omitted, and there is no discussion of the gauge in-
variance of the sum of the amplitudes that determine
the magnitude of the anapole. The renormalization-
group formalism is used to find the gluon corrections
to this quantity in the single-loop approximation, which
change the values of G'*(¢? by several times. On the
basis of these calculations, the anapole corrections to
the parity-violating effects in the atomic experiments
of Ref. 9 are estima‘ed in Ref. 16.

Interesting in this situation are attempts to deduce
the anapole moments of leptons and quarks directly
from polarization experiments in electron-nucleon
and electron-deuteron scattering. With fitting of the
experimental values for the asymmetry of inelastic
scattering of longitudinally polarized electrons by un-
polarized targets'™ by the expressions obtained in the
single-photon approximation with allowance for the
electron anapole, the estimate a,= 6 x10™2 is obtained.
The “natural” estimate is a,~Gym?2=2x10"%. The
anapole moments of quarks have been estimated'™ by
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analyzing the asymmetry of deep inelastic scattering
of polarized electrons by unpolarized nucleons in the
framework of the quark-parton model; the result is
a,= -1.4x10™, q,= 0.5%10™* (% and d are the quark
flavors). The presence of the anapole moments of
electrons and quarks must be taken into account in the
analysis of high-energy polarization experiments and
the effects of parity nonconservation in atoms.

CONCLUSIONS

We have listed the physics problems in which the
concept of toroidal moments is used explicitly or im-
plicitly. Note that in problems of classical electro-
magnetism in which the configurations of the fields and
currents can be nearly toroidal the toroidal character-
istics of objects may be helpful for estimating the mag-
nitude of global effects. For example, the configuration
of the fields that sustain the plasmosphere of a pulsar
is evidently similar to that produced in thermonuclear
facilities of the tokamak type. On the basis of this an-
alogy, a theory of the structure and dynamics of a pul-
sar plasmosphere was developed.*® Since from the
point of view of a distant cbserver both a tokamak and
a pulsar plasmosphere are toroids, their global multi-
pole characteristics include toroidal ones. Analogous
parameters can evidently be introduced in the study of
the electrodynamics of toroidal black holes and other
cosmic objects.

Toroidal moments find an application as approxima-
tion parameters in biophysical problems in which the
influence of electromagnetic fields on biological objects
is studied. This is so because toroidal configurations
are conservative systems shielded maximally from
electric and magnetic induction.

In microphysics the most fundamental direction is
the study of the toroidal characteristics of particles and
subparticles in the framework of gauge theories. Here,
transition moments may help to elucidate the “isotope-
spin” structure of the Hamiltonians. Study of the
transition toroidal characteristics of point particles is
helpful for elucidating the mechanisms of violation of
discrete symmetries. Thus, besides the dipole an in-
teresting question is that of the magnitude of the toroid-
al quadrupole of quarkonium, which is determined by
the scale of the violation of CP invariance.

We are grateful to A. M. Baldin, D. Yu. Bardm Ya.
A. Smorodmsku A. T. Filippov, M. P. Chavlelshvm,
and M. I. Shironkov for discussions on various ques-
tions associated with the present subject.
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