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Recent results obtained in the relativistic mechanics of directly interacting point particles are reviewed. A
parametrization-independent formulation of the problem is given in terms of projective tangent spaces and
second-order differential systems. There is a discussion of the relationship between the general space-time
picture and the Hamiltonian approach with constraints, including the theorem on the gauge dependence of
the world lines in the space of canonical coordinates. In the two-particle case noncanonical variables of
position and time are constructed (by perturbation theory) with parametrization-independent trajectories. The
application of the canonical Hamiltonian approach to the two-body problem in the general theory of relativity

is also reviewed.

PACS numbers: 11.80.Cr, 03.30. + p, 04.20.Cv

INTRODUCTION

Although 75 years have passed since the creation of
the special theory of relativity and, simultaneously, the
formulation of the mechanics of one relativistic parti-
cle in an external field, it is only in recent years that
the hitherto disconnected attempts to construct the re-
lativistic mechanics of a system of several directly in-
teracting particles have come to be seen as different
aspects of 2 common consistent picture. For example,
the so-called no-interaction theorem (see, for example,
the collection of Ref. 15, the monograph of Ref. 19,
and the papers of Refs. 12, 16, 20, 26, and 27, in
which the obtained results are discussed from a mod-
ern point of view) has been interpreted by many as an
indication that it is altogether impossible to construct
a relativistic theory of interacting particles without the
participation of a field, which implements the idea of
short-range interaction. although the authors of the
theorem actually pointed out that it leads merely to the
necessity of considering noncanonical coordinates.

Caution is here appropriate. The picture of charged
particles interacting through the electromagnetic field,
which has infinitely many degrees of freedom, is a bet-
ter approximation to reality than the description of the
interaction of such particles by means of an effective
potential. However, there is a class of phenomena (in-
cluding both the bound-state problem and Coulomb scat-
tering) in which radiation effects are negligibly small
and for which one is justified in using a simpler “qua-
sipotential” approach in both the nonrelativistic and the
relativistic case.? (The difference between these two
cases is manifested in the relativistic retardation ef-
fect, which is coded by the energy dependence of the
potential.) Such an approximation can be combined with
exact Lorentz (or Galilean) invariance of the problem.
For more than two centuries we have worked with the

1)The sources of the quasipotential approach can already be
found in studies made in the thirties (see, for example, Ref.
11 and the literature quoted there). However, the systematic
development and application of this method began with Lo-
gunov and Tavkhelidze’ s paper of Ref. 17. Our exposition
in Sec. 2 is related to the variant of this approach given in
Refs. 25 and 35, in which the reader can also find a more
complete bibliography.
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mathematically self-consistent (invariant with respect
to the Galileo group) Newtonian mechanics of a finite
number of point particles. In recent years, there has
been completed the construction of a no less consis-
tent relativistic particle mechanics which can serve,
above all, as a classical basis of all existing calcula-
tions of the fine structure and Lamb shift of the spec-
trum of hydrogenlike atoms and positronium.

1t is not at all simple to follow the history of the
creation of the relativistic mechanics of directly in-
interacting point particles. The number of papers on
this subject—especially in the postwar period—is huge
(see, for example, the bibliography in the Trieste Lec-
tures of Ref. 38; several monographs have already been
devoted to this subject—see, for example, Refs. 2, 14,
and 19). In the forties, this problem occupied Dirac®
and Wheeler and Feynman.# 1In the fifties, it attracted
the attention of Shirokov.2' Papers in the sixties (see,
for example, Ref. 15) put in doubt the applicability of
the canonical Hamiltonian approach to the relativistic
problem of interacting particles. The way out of these
difficulties considered in Sec. 2 (see also Refs. 36-48)
is based on the Hamiltonian formalism with constraints
developed by Dirac et al.*°*® and on the idea of non-
canonical coordinates. Other approaches leading to a
similar result can be found in the papers of Sokolov, 30"
Bel et al.,® Droz-Vincent,® Sazdjian,?”?® and others. '*-3
(In all cases, we cite late papers of the quoted authors,
in which one can find references to their earlier publi-
cations.)

The first section of the present paper contains a
compressed exposition of the parametrization-indepen-
dent formulation of the laws of motion of relativistic
particles developed in Ref. 21. In Sec. 2, we discuss
the connection between this space-time picture and the
theorem?® on the gauge dependence of the world lines in
the space of canonical coordinates and we consider the

2)shirokov’ s contribution to this subject is not exhausted by
his publications of Ref. 29. By his competent and well-
meaning criticism, in particular as leader of the seminar
on quantum field theory at the V. A, Steklov Mathematics
Institute, he supported a number of studies in this direction
and helped in their improvement (including Refs. 20, 30, 31,
and 36, which are discussed below).
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application of the canonical Hamiltonian approach to the
two-body problem in the general theory of relativity.

1. SPACE-TIME FORMULATION OF THE
RELATIVISTIC DYNAMICS OF PARTICLES WITHOUT
A DISTINGUISHED EVOLUTION PARAMETER

A. Some results from differential geometry. The
concept of a differential system

We begin by recalling some concepts from differen-
tial geometry that we shall need later,

Let M be a smooth (C*) real D-dimensional manifold;
a k-dimensional differential system (also called a dis-
tribution) on M(1 <k <D) is defined by specifying for
each xc M a k-dimensional subspace o(x) of the tangent
space T', M satisfying the following condition of smooth-
ness. For every xcM there exists a neighborhood
U>x and k2 smooth vector fields X,,...,X, on U that
span g(y) for any ye U.

A connected immersed?® k-dimensional submanifold S
of the manifold M is called an integral manifold for the
differential system ¢ if for any xS

.8 = o (). (1)

There exists not more than one maximal integral sub-
manifold passing through a given point. The differen-
tial system o is said to be integrable if there exists an
integral manifold of it passing through every point of M.
In accordance with the classical Frobenius theorem a
system o is integrable if and only if it is involutive,
i.e., if for every pair of vector fields X, (x), X,(x)
belonging to ¢ (for x< M) the commutator [x,,X,] also
belongs to 0. The space of all (maximal) integral man-
ifolds of an involutive differential system o defines a
smooth k-dimensional fibration on M.

[We recall that a family & ={S_, a € A} of linearly con-
nected subsets S, of a manifold M is called a k-dimen-
sional (smooth) fibration if

1} efed. astB=S, N8 —3; 2) U 8=

3) for every x €M there exists a chart, i.e., a nei-
ghborhood U> x and a mapping ¢ from U to an open sub-
set of D-dimensional Euclidean space such that the 1i-
nearly connected components of the set @S, N UEFAP))
have the form {(x?, ..., x2)€ @(U); x*'=C**1, .. xD
=CP}]. It follows from the definition of a fibration that
for every sufficiently small neighborhood U~ M , if
SN U=#@, then the linearly connected components
S, N U are k-dimensional submanifolds of M and Sy

31t is here important that the topology of the immersed mani-
fold S == M may differ from the topology of the induced mani-
fold M. As a standard reference on differential geometry
to become acquainted with the concepts employed here we
recommend the following monographs: B. A. Dubrovin,
S. P. Novikov, and A. T. Fomenko, Sovremennaya geome-
triya. Metody i prilozheniya (Modern Geometry. Methods
and Applications), Nauka, Moscow (1979) and S. Kobayashi
and K. Nomizu, Foundations of Differential Geometry, Vol. 1
and 2, Interscience, New York (1963) (Russian translation
published by Nauka, Moscow (1981)).
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(e € A) are immersed submanifolds. Every fibration
defines an involutive differential system such that
o(x)=T,S, for all X8, acA.

The correspondence between involutive differential
systems and fibrations is analogous to the correspon-
dence between vector fields (first-order differential
operators) and flows. In the first case, the fibers (the
analog of a flow trajectory) are determined without
distinguishing an “evolution” parameter. In the consid-
eration of a relativistic system, this is an advantage,
since in this case there is no priviliged choice of the
time parameter. However, classical mechanics (both
relativistic and nonrelativistic) deals with second-
order differential equations. Thus, we need the more
general concept of a second-order differential system
introduced in Refs. 1 and 21. Here we give only a
special case of this concept used in the considered
formulation of relativistic particle dynamics.

B. One-dimensional second-order differential
system. Single-particle dynamics

As a preliminary to the introduction of the concept of
a one-dimensional second-order differential system we
note that every straight line o(x) can be regarded as a
point in the projective space P(T,M). The space of all
smooth sections in the projective tangent bundle
P(TM) =M (with standard fiber P, =P(RP)) is canoni-
cally isomorphic to the space of all one-dimensional
differential systems on M, and we shall use for them
the same notation g.

Let M be a D-dimensional manifold. The section
a: P (TM)— P (TP (TM)) (2)

is called a (one dimensional) second-ovder differential
system on M if

A(o(w) =u for all u€P(TM), (3)

where 7 is the tangent mapping corresponding to the
projection 7 (in the bundle P(TM) % M).

We use the following proposition (see Ref. 21, Theo-
rem 1): Every second-order differential system g on M
defines an integrable (one-dimensional) fibration F, on
P(TM).

Having in mind application to relativistic particle
dynamics, we assume that the manifold M (which we
shall identify with the physical space—time for D =4)
has a local causual structure. This means that there
is given a (smooth) field of cones on the tangent bun-
dle TM (i.e., a light conein every T M) or a confor-
mal class® of pseudo-Riemannian metrics g with signa-
ture (= +...+).

A curve (i.e., a one-dimensional submanifold) on M
is said to be timelike (respectively, isotvopic) if the
tangent vector to it at every point is timelike (respec-
tively, isotropic).

“The metric tensors &uyx) and g, (x) belong to the same con-

formal class if there exists a positive function 2(x) such that
8, (1) =0 (x)g,,(x).
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A single-particle relativistic dynamics is defined as
a one-dimensional differential system o on M whose
integral curves are timelike or isotropic. The dyna-
mics defines a (one-dimensional) phase fibvation
#,={1,, a € A}; through every point of the space P(TM)
there passes a unique fiber f“ whose projection [,
=1(l,) can be identified with the (timelike or isotropic)
world line of the particle. Thus, for the given dif-
ferential system o the world line  is determined by the
initial conditions, i.e., by the point x €M and the di-
rection in T, M [i.e., by the point in P(T,M)].

We shall show that this parametrization-independent
definition includes Newton’s equations for a particle
in an external field.

Let (x*)=(x° x*, x2, x®) be local coordinates on M
and (x*, x”) be the corresponding coordinates in TM.
Assuming X #0 (which is certainly the case for timelike
and luminal velocities), we shall use [x”] as homogen-
eous coordinates of the point in the three-dimensional
fiber of the fiber space P(TM). Letu=(u')= (u!,u?,u’)
be independent local coordinates on P(R?) (=P,), and let
(x*, u'[x*]) =(x*,u') be the corresponding coordinates
in the seven-dimensional “state space” P(TM). (A
possible choice of the functions u’ [x*], equally well
guited for timelike and isotropic world lines, is
u=x/x%=v), and a convenient choice for timelike
velocities is u=x/v=%2= ((¥%?- %*)"*/2%). Similarly,
(x*,4'; [%",w’]) parametrizes an open set in P(TP(TM))
(by points in R”® P(R"). The section o {P(TM)

-~ P(TP(TM))} can be specified in local coordinates by
the formula

o:(z®, u)— (ak, uh (8 (z, w), F (2, u).

It follows from the condition (3) that S must be pro-
portional to the 4-velocity:

S (z, uy=h(z, w)z¥ or o:(ak, ui)— (2%, i [h(z, 0) av, Fi (z, u))).

(4)
Let I be an integral manifold of the system ¢ in
P(TM), so that

T(z, Wi=o(z, u) foral (z, w) €l (5)

To establish the correspondence with the ordinary
treatment of the single-particle problem, we introduce
the “time parameter” T, which specifies a local para-
metrization (x *(7), #* (1)) of the curve I. It follows
from (4) and (5) that

dt ' dt

[dz“ dul ]:[l.’;‘“, Fi. (6)

(It is assumed that the 7-vector on the left-hand side
does not vanish, and equality of the square brackets
means that the corresponding straight lines coincide.)
From (6) there follows an equation of Newtonian type:

m('r}i—f:F" (ui:ui[f;“]). (7)

The factor m(7) depends on the choice of the time para-
meters (and on the definition of the “force” F). In the
special case of timelike motion, taking the proper

time as 7, we can rewrite (7) in the covariant 4-dj-
mensional form
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dut = (8)

m—

where 1+ 1=0=udu/dr=uF (=7, 4" F* =uF - u°F°).

We conclude the discussion of the single-particle dy-
namics with some remarks.

1. The approach we have presented gives only the pos-
sibility of determining the ratio F/m (even after the
choice of the time parameter has been fixed). A mass
m can be defined only if there is an independent defini-
tion of the force F. For example, for a particle with
charge e in an external electromagnetic field
F*¥(x) (=-F"*(x)) we can set

F* (z, u)=eu ™ (z) (for ut=u?—uj= —1). (9)

Then the coefficient m in Eq. (8) defines the mass of
the charged particle. It is also possible to give 2 theo-
retical definition of the mass of a free particle in
terms of the associated representation of the Poincaré
group (see below, Sec. 2C). We emphasize, however,
that only the procedure of “weighting” different parti-
cles in a given force field as described here gives an
experimental value of the mass.

9. One usually considers dynamics in which the type
of the world line does not change: it is either timelike
or isotropic. One says that the velocity of a massive
particle cannot reach the velocity of light during a
finite time interval. A second-order differential sys-
tem parametrized by the proper time 7 ensures fulfill-
ment of this condition if the force F in (8) is bounded.

3. The assumption of a timelike or isotropic nature
of the world lines makes it possible to replace the
state space P(TM) by the space of rays P(7,M), where
T,Mconsists. (locally) of all pairs (x, ¥) for which
x°=|x|, x°>0.

C. N-particle dynamics. Consequences of Poincaré
invariance

Let M be a (4-dimensional) causal manifold (i.e., a
smooth manifold equipped with a local causal struc-
ture as defined in the previous subsection). We define
an N-particle velativistic dynamics by means of the
commutative diagram

(P (TP @M S (P (1)

a

= 7 (10)
PP S MY,

where o is an involutive section, and T, M was defined
in the third remark at the end of the previous subsec-
tion. [We assume that o in the diagram (10) lies in the
domain of definition of the projective tangent mapping
7.] The restriction o, of the differential system o to
P(T, M,), where k is the number of the particle, satis-
fies all the requirements of a single-particle dynamics.
The external force F, acting on particle % will, in gen-
eral, be a function of the coordinates and velocities of
all the particles.

We now turn to the consideration of dynamies with
symmetry.

Let G be a group of transformations of the manifold
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M whose action (V,, ff,;gEG) on the pair

(P(T,M), P(TP(T, M))) is a bundle homomorphism. In
other words, if 7 is a projection in the bundle
P(TP)T,M))~P(T,M), then 7-V,=V,.7. We shall say
that the group G is a symmetry group of the differ-
ential system o (regarded-as a section on the given
bundle) of

(Voo T) 9) =0 (y) forall g€G, yePp (T D). (11)

This concept can be readily transfered to the N-parti-
cle case.

The largest symmetry group that arises in the given
approach is the conformal group, which is locally iso-
morphic to the (connected) pseudo-orthogonal group
S04(D, 2). For a single-particle system, it follows
from conformal symmetry that the particle must move
with the velocity of light (i.e., ¥*=%2-%2=0). The
largest group of space-time symmetry for a particle
with fixed positive mass is the Poincaré group, whose
connected component (including the identity transfor-
mation) will be denoted by (i

We illustrate the consequences of Poincaré invar-
iance for the example of a single-particle system in
D-dimensional space-time, assuming the standard
(affine) action of the group®?' on M, for which the
transformation V, of the manifold P(T, M) has the form

V(a, A)(z, []) > (Az-+a, [Az]). (12)

We consider an open [(2D-1)-dimensional] submanifold
P(T M) of the manifold P(T, M) defined as the set of
pairs (x, [ X ]) for which the 4-velocity ¥ is a positive
timelike vector: x°>|x|. This submanifold is a homo-
geneous space of the group #' with stability subgroup of
a point (“little point”) isomorphic to SO(D —1). For
space—time of dimension D > 2, this little group acts
nontrivially on the acceleration and, therefore, on the
forces, leaving no nonzero (D — 1)-vector invariant.
Therefore, for D = 3 the condition of Poincaré invar-
iance of the single-particle dynamics leads to free mo-
tion (F=0). For D=2, however, the little to free
motion (#=0). For D=2, however, the little group
SO(1) is itself trivial and does not impose any condi-
tions on the force, so that the above argument breaks
down. Indeed, in two-dimensional space—time there
exists a nontrivial Poincaré-invariant single-particle
dynamics. Using the proper time as variable, we can
write down the #' -invariant equation

1t = keyott?, where u? - 1 =0, g9= — €y (=) =1, (13)

Its solution (for the velocity) satisfying the initial con-
dition V=(u/u,), ,=tanha, is®
u® = ch (2 + k1), u = sh (@+k1) (u = ul).

(14a)

The corresponding world line is a branch of the hyper-
bola (with isotropic asymptotes)

(14b)

(s=x6=0)+ 2o (p ot

")Tvanslator’ s Note. The Russian notation for the trigono-
metrie, inverse trigonometric, hyperbolic trigonometric
functions, etc., is retained here and throughout the article
in the displayed equations.
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Note, however, that the system (13) is noninvariant
with respect to spatial reflection. In fact, there does
not exist a nontrivial (smooth) single-particle dynami-
cal system invariant with respect to the orthochronous
Poincaré group#'. (The condition of smoothness is
essential. Without it, for example, the system with
the equation of motion

zl,,:ksuvu“signu, k>0, (15)

is a #'-invariant dynamical system with nonstraight
world lines. )

Returning to higher dimensions of space-time (in-
cluding the real case D =4), we assume that there are
nontrivial Poincaré-invariant N-particle dynamics for
N=2. The basis of this is the circumstance that the
little group of almost all points of the manifold
[P(T,M ) is trivial. (This plausible assertion will be
justified from the point of view of the Hamiltonian for-
malism in Sec. 2C.)

We omit here the discussion of spin (the dynamics of a
particle with spin in an external field was studied re-
cently in Ref. 39%; the phase space of a classical parti-
cle with spin is described in Sec. 3 in the second refer-
ence of Ref. 38).

2. HAMILTONIAN APPROACH WITH CONSTRAINTS

A. Phase space of a relativistic particle in an external
field

In the previous section, we have a general treat-
ment of the space—time formulation of relativistic
particle dynamics. In this connection, we eliminated
all concepts that we do not regard as strictly necessary
for the formulation of the problem.

In contrast, in attempting to construct realistic ex-
amples of systems of relativistic particles one must
use all available means. Especially fruitful in the study
of particle dynamics (both classical and quantum) is the
Hamiltonian formalism in phase space (including system
with constraints).

In the case of one spinless particle (in an external
field) we begin with the 8-dimensional extended phase
space T'=T*M, where M in the general case is a four-
dimensional pseudo-Riemannian manifold, and T*M is
the tangent bundle on M; for given x €M, the elements
TYM are defined as linear functions on the tangent
space T, M (or, equivalently, as 1-forms of the form
Fulx)dx*); T'is a symplectic manifold with canonical
2-form w=dx Adp(=dx" ndp,).

As early as the forties, Dirac® noted that the dyna-
mics of a charged relativistic particle in an external
electromagnetic field A, (in Minkowski space) can be
defined by a Hamiltonian constraint of the form

Hom =5 2+ (p—eAP] 20 ((p— ed) = (p— eA)e— (p0— e A0)2),

(186)
where M(>0) is a Lagrange multiplier associated with
the choice of the time parameter. The symbol of weak

€)Note that the authors of Ref. 39 use the expression “chrono-
metric” (instead of reparametrization) invariance.
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equality =indicates that when the Poisson brackets are
calculated x and p must be regarded as independent
variables; the constraint (16) must be taken into ac-
count only after the differentiations have been per-
formed. For example, the 4-velocity of the particle can
be calculated from the “Hamiltonian” (16) by means of
the standard formula

7 ={z, Hon} = (p — e) (17

(where we have used the canonical commutation rela-
tions {x*,p,}=06%). From the condition ¥°=|x|(or
(x, X) €T, M) there follows the restriction

P —ed®> |p—eA | (18)

on the variables of the phase space [for given A, (x)].
The choice A=1/m of the Lagrange multiplier corre-
sponds to the proper-time variable [which follows from
comparison of (17) and (16)].

As second example, we may mention the motion of a
particle with mass m in an external gravitational field.
In accordance with the general theory of relativity, it
can be described as motion along a geodesic in a pseu-
do-Riemannian space with metric tensor g, (x); this
motion can be specified by means of the Hamiltonian
constraint

Hon=- (% (@) pupe + ¢ R (@) +m?) = 0. (19)

The term R/6 [where R =R(x) is the scalar curvature]
ensures conformal invariance of the limit m =0 (this
term was first introduced by Penrose®® in the context
of quantum theory). The condition —g,, % *X” >0 (which
expresses the fact that the 4-velocity is timelike or
isotropic) leads by virtue of (19) to the inequality
m?+1/6R(x)=0.

In the general case, a single-particle Hamiltonian
dynamics is determined by specifying a seven-dimen-
sional submanifold # —a generalized single-particle
mass shell—in the eight-dimensional (extended) phase
space, which admits the canonical form

Hean =} (p, z) — p* =0, (20)
where h — vm® + p? for vanishing external field.

To establish the correspondence between the (single-
particle) system defined by means of the Hamiltonian
constraint H(p, x) and the second-order differential
system of the type considered in Sec. 1, it is simplest
to introduce the Lagrangian L(x, X¥) by means of the
Legendre transformation

L(z, 2)=pz—H (p» @), (21)

where p=p(x, ¥) is determined from the Hamiltonian
equation ¥ =9H/8p (for the given Lagrange multiplier).
In particular, for the examples (16) and (19) we find

Lem=2£:;'"*“;“ "12+8Az:| Lep= Eu;j.u-f '—% (mz"* "g’) . (22)
If (m®*+1/6R)>0, the Lagrange multiplier can be eli-
minated by using the constraint 8L/2x =0, which leads
to a manifestly reparametrized-invariant Lagrangian:

L= —m V —28 1 edz, Lps=— ]/— (mﬂT%) gortz®,  (23)
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[The Euler-Lagrange equations for L,, are a parame-
trization-independent generalization of Egs. (8) and

9).1

B. Gauge dependence of the world lines of
interacting particles in the space of canonical

coordinates
We turn to the study of a Poincaré-invariant N-parti-

cle system in the framework of the Dirac Hamiltonian
formulation with constraints.’+!%** Following Refs.
20 and 36-38, we begin with the extended phase space
¥ =TIyx...xTy, I,=T*M,, where M, is the (flat)
Minkowski space of the canonical coordinates g; of
particle k. The space I'¥ is equipped with the sym-
plectic form

p
0= ;;_‘1 dgy \dpn (dgx \dpr= dg}: AdDPny) (24)

and the standard diagonal action of the Poincaré group.

The genevalized N-pavticle mass shell is defined as a
TN-dimensional connected Poincaré-invariant submani-
fold  of the space I'Y satisfying the following condi-
tions.

1. In every frame of reference, the surface . canbe
represented locally by N canonical equations of the form

(Fﬁ‘m:hh (Pys - PNy Qa2 - - or QA:—m)*P'I'«:Oi } (25,
Tim = Q1 — qm3 k(l, m)=1, ..., N

so that the total energy is positive:
O<yP°z=|P| for P=p ~... 75 Px- (26)

2. Let Ker(|w|,) be the set of all vectors tangent to.#
for which the restriction to .# of the symplectic form
(24), |w| #, vanishes. If # is defined by the local
equations ¢, =0, 2=1,...,N, then we require that
Ker(|w|.#) be generated by the Liouville operators

e (uqk o w0
e & N ooq og U.ﬂr)'

We assume further that the fibration
Ker (o] ;) (27)

= ly=_

is a (locally trivial) fiber bundle. From this there fol-

lows the consistency condition
N
U] i Ll
(6 G}m0,ie, T (_"F_’L_‘_&_L” =0 (28)

Y VPm YPm YYm

ey
To have a standard scattering theory, we must re-
quire fulfillment of the following condition.

3. Separabilily, or the cluster-decomposition property
means physically that clusters of particles separated by
a large spacelike interval do not interact. In particu-
lar, if the constraints (25) are defined globally, then

lim hy =7 mj i
assad B (29)
where m, is the mass of particle 2. (In fact, one needs
a somewhat stronger asymptotic condition which en-
sures also that the derivatives of k, — Vm; +p; tend to
zero. )

To show that the above definition is nontivial, we
write down a class of two-particle constraints that in-
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cludes realistic interactions & and satisfies condi-
tions 1-3;

(p;,:-%(mi-;-pi)---(])(r, w), k=1, 2, (30)
where

—— 1
w=V —PP=p5-Pa)s 4, =0~ 5 (PO P, g=¢,— a5 r=]q,|;

(31)
we assume that the system (30) can be solved for the
energies p} of the particles and that lim,,,®=0
(limd® /3w =1imd&d/3¥=0). The consistency condition
(28) follows from the equation

a0 A U

{%s, ‘Pz}:*“PT:—' P—= e

q or ag qu =0.

The condition of integrability contained in 2 and the
condition of positivity of the energy (26) impose cer-
tain additional restrictions on the interaction &.

It is not possible to write down simply in a closed
form N-particle (N = 3) interactions. However, their
existence can be established either by Sokolov’'s meth-
od® (using classical wave operators®®—see Sec. 6 of
the second reference in Ref. 38) or by means of the
(local) existence theorem for a system of partial dif-
ferential equations (see Refs. 4 and 28).

The Hamiltonian H of the system of N particles is de-
fined as a linear combination of the constraints @™ with
positive (variable) coefficients (* Lagrange multipliers”).
Thus, every trajectory on the phase space belongs to
some (N-dimensional) fiber F C.# of the bundle (27). A
question arises: under what conditions are the space-
time world lines independent of the choice of the La-
grange multipliers (or, as we shall say, gauge-in-
variant)? The answer to this question is given by the
following negative result, which is formulated for the
example of the two-particle case.

THEOREM.*° Let # be a generalized two-particle
mass shell satisfying the conditions 1 and 2 formulated
above (the separability condition 3 is not needed here).
The projection 7,(F) of every two-dimensional fiber
F "~ M onto the Minkowski space M, of particle &
[74(q,, 13 4, P5) =y, k=1, 2] is a one-dimensional sub-
manifold of M, only if the trajectories in the space of
the variables g} are straight lines.

The precise relationship between this result and the
earlier “no-interaction theorems” is discussed in the
second reference of Ref. 20. A similar result was
obtained (independently) in the framework of the Lagran-
gian approach (see Ref. 12).

C. Noncanonical position \;'ariables with gauge-
invariant world lines

The negative result of the theorem can be circum-
vented by the assumption that the physical position
variables are (noncanonical)” functions of the canon-

DThe idea of using noncanonical coordinates (noncommuting
position operators in the quantum case) to circumvent the
“no-interaction theorems” arose long ago; see, for example,
Refs. 8, 15, 22, and 27 (the literature quoted in them).
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ical coordinates and momenta satisfying
{5, @fn} =0 for k==L (32)

We sketch the construction of the physical coordinates
X, in the two-particle case (cf. Ref. 27).

First, we assume that x, are Lorentz 4-vectors which
can be written in the form

i=qu+anD +byr fopm, k=1, 2, (33)

where P and 7 are unit vectors in the directions of P
and g, (P*=1=-P? g, =97, P=wP), and 7 is the pro-
jection of the relative momentum

2 ma
P = WPy — WPy where p,+p,=1, Hy— M= mqwzmg ’ (34a)

which [for ¢, given by Eq. (30)] satisfies the relation

P1— @ = pP =0, (34b)
onto the plane orthogonal to 7
n=p— pypr, where p,— . (35)

By assumption, the coefficients a, b,, and ¢, can de-
pend only on the Poincaré-invariant variables T
72, w and

= Bgw. (36)
The condition of invariance of the world line
{21 €.} =0 ={z,, ¢} (37)

[for ¢, given by Eq. (30)] leads to the following equa-
tions for the coefficients of the decomposition (33);

(Lp —u—?ﬁ) ap =0, (s—d%—@(r. w)) 3 (38a)

i =[r (a_j,,‘ Lp) + p,]ck; (38b)

n: g (%I—Ln)bk=x®, (E;.; %‘:L)_ (38¢)
Here

Zt:_f-:—’k:f;_’ Pn.zzé(i ﬂ:_"il‘,::ﬂ)v (39)

while L, is the Liouville operator corresponding to the
one-dimensional “Hamiltonian” R =1/2p%+:

Ln:Prﬁi,.fq:’r'g%- (40)
These equations lead to a Cauchy problem with re-
spect to the variable y, and we specify the initial condi-

tions

=0 (41)

ay =b, =¢, =0 for

(in other words, we require that the physical coordinate
coincide with the canonical ones for x =0). We write
down the first few terms in the expansion with respect
to x,, of the (unique) solution of Eqs. (38)-(41):

oo

n @
ax=J b L O = grOip -+ B Dipr (42)
n=1
Ik e g
+ 5 (P2 — B, Pyr) - O (71); (43)
by = wsb (g5 7y pro ), Ba= b (gas 72 pre 3% (44)
€y=—Uat (%4 7y Prv 0B Ca=pe (5 T, Pr. A%,
where
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em {8 (0 - F) L]} o 00 (450)
b )+ pefe - (15 P ) 0 g

o (104 g) ot (1=t ) 55— 7
The existence of a class of interactions  for which the
above expansions converge and the physical coordinates
are well defined is in no doubt, We assume that in this
way one can prove the existence of interacting Poincaré-
and reparametrization-invariant two-particle systems
(in accordance with the general remark made at the end
of Sec. 1C).

D. Gauge invariance of the S matrix

The foregoing analysis shows that although the phy-
sical coordinates x, (in terms of which the world lines
of the particles are gauge-invariant) evidently exist,
we know how to find them only in the framework of per-
turbation theory, and the obtained expressions are too
cumbersome for concrete applications to relativistic
systems. Therefore, it is interesting to find direct
applications of a much simpler original scheme, using
only the canonical variables p and q.

It turns out that although the trajectories in the ¢
space depend on the gauge (i.e., on the choice of the
surface of equal times), the asymptotic properties of
the N-particle motion (for example, the S matrix if it
exists) are gauge-invariant (see Ref. 20). Simplifying
somewhat, we can say that in the case of scattering
the world lines of the particles have straight asymptotic
behavior, and straight lines do not depend on the gauge.
In the two-particle case, there is an elementary proof
of this based on gauge invariance with respect to the
coordinate g, (31), which follows from the equation
{q,, PP}=0 (see Sec. 2E of Ref. 20). We outline here
a more general argument (also given in Ref. 20).
which applies to the N-particle case.

The scattering problem is characterized by a pair of
Hamiltonians: the “free Hamiltonian” H,, which de-
scribes the asymptotic system of noninteracting par-
ticles, and the total Hamiltonian H; those are such that
the classical wave operators

W, =Wy (H, Hy)=s lim eTme” o,
tose (46)

where Lf——_f..;._

exist [the strong limits are defined with respect to the
£, norm in the phase space (see Ref. 32)]. For every
such system there exists a (classical) scattering opera-
tor

S = WEW_. (47
The reparametrization invariance of the wave operators
and of the S matrix follows from (and is essentially
expressed by) the Birman—Kato invariance principle®*:
For every smooth monotonically increasing function
F(E)(F'(£)>0)

W. (H, Hy) = W (F (H), F (H)). (48)

In the two-particle case, gauge invariance of the gpera-
tor S is obtained as a consequence of (48) by setting
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(49a)

Hy=ho— P, hg=V mi+p4-Vmi+ph, H=h—P,

where h=h, + h, is determined from the canonical form
(25) of the constraints (30), and

F(H)=Mpw @) H+ p (P @) Pp (Pp=0
~ {(pP, H} = {pP, H,}).

If the N-particle dynamics for N >3 is defined by means
of the relativistic addition of interactions,*3:*! then for
it one can also prove that the scattering operator is
independent of the choice of the parametrization. And
in the case of finite motion (bound state) the asymptotic
(“adiabatic”) invariance, in the first place the quantum-
mechanical energy levels®:* and the parameters of the
classical ellipse®®® (and its relativistic procession),
also do not depend on the gauge and can be found in the
framework of the canonical Hamiltonian approach (with-
out requiring knowledge of the precise form of the phy-
sical coordinates). We give here only one example of
the (classical) application of the canonical formalism
with constraints: the two-body problem in the general
theory of relativity.®

(49b)

E. Application of the quasipotential approach to the
theory of gravitation

The gravitational interaction of two massive bodies is
the most recent example of a relativistic two-particle
problem that reduces to the study of the motion of one
effective particle in an external field. It takes from
the earlier treatment of relativistic systems in flat
space®™" the concept of the relativistic reduced mass
m,, and the energy E of the effective particle:

w2—m§—m3
2w ?

(50)

My = —m‘{# , E=V mL 18 (w) =

where

B2 (w) = wl—2 (m} -+ m3) w2+ (m§—m3)? {5 1 )

w=V"=P(P=p,+ pa), L.

[b3(w) is the value of the square of the relative momen-
tum (34a) on the mass shell]. Further, our treatment
of the gravitational two-body problem is based on postu-
lating a constraint of the type (19) with m replaced by
m, and p,=—-E. The metric tensor g,, can be calculat-
ed (in a suitable gauge) from the diagram of one-gravi-
ton exchange of the linearized variant of the quantum
theory of gravitation (see Ref. 18). The Hamiltonian
constraint then obtained has the form

He=t[m— (1=2)" i+ (1—3) i+ 35 (ph - gmg ) | =0,

where

r=20uw[1—42 (223 %)], =
A 1‘D.E' b2y E? - (53)
zzau-[1+(87~12F]ﬁJ
(G is the Newtonian gravitational constant). The me-
tric that occurs in the constraint (53) can be regarded
as a relativistic two-particle generalization of the
Schwarzschild metric. The resulting two-particle
motion is a planar motion; the trajectory of the rela-

tive motion can be described in polar coordinates in the
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form

: : ”
LT=1+5[cosn(pﬁ—s%(1—}sin1](p])2J+0 (75-), (54a)
where
22 Vo ave s
=T o0 (T £1)s #=
4ry 122 , Bretrs L
—t e B (1 ) (540)
n=1 ——%’-%—}—;—J(r,—r,).
In the test-body approximation [i.e., for m,m,
<< (m, +m,] and for low velocities [i.e., for
P L ma
o +0(g e ) <1, (55)

where J is the total angular momentum of the system]
Eqs. (54) reproduce the classical result of Einstein,
Infeld, and Hoffmann® (see also Ref. 14). These equa-
tions, obtained in a completely covariant calculation
(without using expansions of the 1/c type) must have an
advantage over the results of other approaches in the
region of weak fields and relativistic velocities.

3. CONCLUSIONS

In conclusion, we discuss some key points.

1. The general space—time description of the motion
of relativistic point particles in terms of a parametri-
zation—independent second-order differential system
of Newtonian type leaves room for a nontrivial Poin-
caré-invariant interaction.

2. The relativistic Hamiltonian approach with con-
straints in the extended phase space makes it possible
to write down realistic two-particle interactions.
However, the world lines of the particles in the space
of canonical coordinates depend on the choice of the
surface of equal times through the corresponding La-
grange multipliers in the Hamiltonian constraint (we
say that they are gauge dependent).

3. The connection between the Hamiltonian approach
and the parametrization-independent space-time formu-
lation (Sec. 1) is established by introducing noncanoni-
cal coordinates and momenta satisfying a system of
partial differential equations (which ensure gauge invar-
fance of the world lines in the physical space). For
suitable initial conditions, the physical coordinates x i3
(in the two-particle case k=1, 2) can be specified in the
form of series in powers of the variable Pg (where
P=p, +p,, g=q,-4,, q, are canonical coordinates),
the coefficients being polynomials in the interaction
function ¢ and its derivatives (they vanish when & =0).

4. Canonical coordinates can be used directly to ob-
tain asymptoic results, whose gauge invariance has
been proved. As an illustration of this fact, we have
considered the two-body problem in the general theory
of relativity, in which not only the parameters of the
nonrelativistic ellipse butalsoits relativistic precession
are independent of the gauge.

We thank A. K. Pogrebkov for reading the draft and
for helpful comments.
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