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INTRODUCTION

Shirokov frequently emphasized that one of the main
mathematical difficulties of relativistic quantum field
thoery is the definition of the correct operation of mul-
tiplication of field operators. In recent years, he con-
cluded that this difficulty could be overcome by the con-
struction of associative algebras of generalized func-
tions of a certain class.! The simplest models that
imitate the quantum -field problems, in particular, the
problem of ultraviolet divergences, are the models of
quantum mechanics described by singular concentrated
(0-functional) potentials. The solution of problems as-
sociated with these potentials then led to the construc-
tion of associative algerbras of generalized functions of
one and three variables and to their subsequent appli-
cation,!™®

The main difficulty in the formulation of such prob-
lems is that the most concentrated potentials do not
define linear operators on a Hilbert space. The prob-
lem in this case consists of giving an operator mean-
ing to the total Hamiltonian H =H,+ V with interaction.
In physics investigations, singular potentials of such
type are, as a rule, specified by means of boundary
conditions, and great efforts are needed to construct
their operator realization, which is frequently alto-
gether absent.

The first mathematical investigation of this prob-
lem, for the example of a particle in the field of a con-
centrated potential in three dimensions, was made in
Ref. 10. The method used there was generalized in
Ref. 11 to the case of the three-body problem with two-
body 6 potentials, which corresponds to the model
constructed in Ref, 12. The scheme for the construc-
tion of Hamiltonians corresponding to & potentials pro-
posed in Refs. 10 and 11 consists of finding self-adjoint
extensions of the kinetic-energy operator H, from a
suitable subspace in the space L, of square-integrable
functions. Additional considerations are invoked to
choose physically acceptable extensions. In the case of
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he Schrodinger equation with singular &

one dimension, the n-particle problem with two-body

0 potentials was solved in Ref. 13. The formulation of
the one-dimensional problem is much simpler than the
many-dimensional one and does not in fact require the
use of the theory of extensions. The approach was de-
veloped further, but from a different point of view—by
means of extensions through the ground state—in Refs.
14 and 15. In Refs. 15 and 16, the problem of regular-
izing 6 Hamiltonians by regular Hamiltonians was in-
vestigated. In Ref., 16 there is a generalization of the
model of Ref. 10 to the case of a particle in the field
of several singular centers.

A different approach to the construction of dynamical
models with & potentials with an algebraic basis and
using the ideas of “nonstandard analysis” was proposed
in Ref. 17. However, it has not yet proved possible to
construct new examples on the basis of this approach,
The construction of a singular dynamics through modi-
fication of the evolution operator is the subject of Ref.
18.

The approach proposed by Shirokov in Refs. 3 and 4
using algebras of generalized functions differs from
preceding approaches in that one does not define a
Hamiltonian operatir on a Space of square-integrable
functions, but rather a pair {{%’H} is constructed in a
self-consistent manner: a Hilbert space 7 (not neces-
sarily L,) and a Hamiltonian H that acts on it. Such an
approach augments the list of models with 6-functional
potentials. In this way it was possible to construct
models with a nontrivial spectral structure. For ex-
ample, models with potentials of the type 6" and AS in
spaces 7'+ L, were realized.*! Such problems can also
be solved by the methods of the theory of extensions that
go beyond the original space. But it is necessary to
answer two questions: Extension to where? And how?
Also nontrivial in this case is the problem of the regu-
larization of singular potentials by regular potentials.

The method of solving quantum-mechanical problems
with 6-functional potentials developed by Shirokov in
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Refs. 3 and 4 is based on the use of associative algebra
of generalized functions that contain functionals such as
the & function and also the elements € =signx in the one-
dimensional case and ¥ =vx? in the three-dimensional.
The construction of these algebras became the solution
of a nontrivial mathematical problem. The definition
of the multiplication of generalized functions encoun-
ters many difficulties. In particular, it is impossible
to retain many of the familiar properties of multiplica-
tion. Schwartz's well-known example'® precludes as-
sociativity in an algebra containing the functionals 8,

x, 1/xED'(RY). A great many studies have been made
of the problem of multiplying generalized functions; in
many of them, the problem of constructing an algebra
was not posed at all, merely the products of some con-
crete pairs of functionals being specified (see, for ex-
ample, Refs. 20 and 21). Such products are defined as
a rule by the regularization of generalized functions by
various ordinary functions, for which multiplication
has a unique meaning.®°®? In this case, the product
frequently depends on the method of regularization that
is employed. Sometimes multiplication is defined for
all generalized functions in a particular class, though
the products obtained in this way are in general not
generalized functions by hyperdistributions, for which
multiplication is not defined (see, for example, Ref.
24). Recently, the formalism of “nonstandard anal-
ysis” has been used to construct products of func-
tionals.?® Similar ideas were used in the construc-
tion of a theory of “asymptotic functions.?®

Many studies use an approach that can be charac-
terized as axiomatic. In it, one specifies in advance
the properties that the algebra to be constructed must
possess, and then multiplication is defined in the al-
gebra without the use of regularization.® ™' The method
used in Shirokov's studies is also axiomatic. The
requirements on the algebra follow directly from phy-
sical properties and, taken together, form a nontrivial
system of axioms that in practice uniquely determine
the algebra. One of the main requirements is asso-
ciativity, which corresponds to the associativity of
the algebra of observables of quantum theory. Another
important requirement, which also has a physical ori-
gin, is the existence of an operation of differentiation.
In addition, it must be possible not only to multiply the
elements of the algebra with one another but also to
multiply by the quantities that describe the state vectors
of the physical system. In the algebra there must also
be defined a bilinear form, which is necessary for de-
fining quantum -mechanical expectation values. On the
other hand, it has proved necessary to give up other
familiar but physically unimportant requirements. Thus
the algebras constructed in Refs. 1 and 2 are not com-
mutative (6 = —&0 in the one-dimensional and 6v = -8
in the three-dimensional case), and the elements of the
algebras are of necessity not the “ordinary” general-
ized functions of the spaces D’or S’ but functionals on a
space of test functions that themselves can have singu-
larities of a definite type at the origin.

The review of Refs. 1-9 presented below divides
naturally into two parts, the first of which contains the
mathematical formalism of associative algebras of
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generalized functions, and the second its application in
quantum-mechanical problems with 6-functional poten-
tials. In the first part, we begin by constructing the
algebras in the one-dimensional (Sec. 1) and three-
dimensional (Sec. 2) cases. Section 3 describes the
construction of an algebra closed with respect to the
operations of differentiation and the taking of the anti-
derivative. In the second part, in Sec. 4, a method

is formulated for solving problems with &-functional
potentials; it is illustated and made more precise on
the basis of examples in the one-dimensional case.

In Sec. 5, the method is used to solve the simplest
three-dimensional problems. This section also con-
siders physically nontrivial problems of motion in the
field of a &-functional potential in the p state and the
interaction of a charged quantum-mechanical particle
with the electromagnetic field in the presence of a
strongly singular potential. Finally, in Sec. 6 the con-
struction of a representation of free solutions for the
Schridinger equation with strongly singular potentials
is described.

1. ASSOCIATIVE ALGEBRA OF GENERALIZED
FUNCTIONS IN THE ONE-DIMENSIONAL CASE

The associative algebra o/ of generalized functions
with differentiation and involution constructed in Ref. 1
and intended for the deseription of 6-functional quan-
tum-mechanical potentials has the following properties.

1. For x#0, the elements of & are infinitely differ-
entiable functions.

2. On « there is defined an associative operation of
multiplication: A, B —AB, this being identical to or-
dinary multiplication whenever the elements of the
algebra are ordinary functions, i.e., at least for
x #0.

3. Ong and ¥ (¥ C « is the subspace characterized
by rapid decrease of the elements ¥(x)E¥ as |x|— )
there is defined a bilinear functional (A, ¥), and

(AB,y)= (4, By, A, B € A, ¢ € V. (1

4. On o there is defined the operation of differentia-
tion 8 =d/dx, which is identical to ordinary differentia-
tion whenever the elements of the algebra are diffe-
rentiable functions. The Leibnitz rule holds:

d dA dB
—(AB)="-B-r A5, (2)
and also the relation

Evy=—(adt (3)
for all A, BEY, YEV.

5. On o there is defined the involution operation
f—f*, which is identical to complex conjugation in the
region in which the elements of the algebra are ordi-
nary functions; it commutes with differentiation and
satisfies the relation

.o = (g ) (4)

(the asterisk denotes the complex conjugate).
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It follows from the listed properties that o cannot
be realized on some subset of ordinary generalized
functions D'(R) or S’(R). Its elements are func-
tionals over the space ¥, of test functions that for
x #0 behave as functions in S(R): They are infinitely
differentiable, and as x — + = decrease faster than
|%|™ for any n>0. In addition, at the origin there ex-
ist the limits ¥ (+0) from the right and the left of all
the derivatives y‘™(x). It is convenient to introduce the
notation

P = 0 (+0) + p™ (— 0))/%
P = (P (+ 0) — ™ (— 0))/2.

The space #; (it forms a subalgebra of &) consists
by definition of functions which differ from YE¥, only
by the behavior at infinity: They are polynomially
bounded together with all their derivatives. On ; and
¥, the following bilinear functional is naturally defined:

(4, t|')-:5d3:A(1')l|‘{z:), A€y, TEY,. (5)

Any element of &/, defines in accordance with (5) a linear
functional on ¥,. In addition, on ¥, for n=0,1,2,...

there are defined the functionals 6 and 6{" (5%,

= s{a)):
(6;"1- ‘I..) == (.f l)rl ,q.;)lb; (6)
(B4, ) = (—1)" g™, (7
whose support is concentrated at the point x=0 (the

concept of support can be readily generalized to the
case of the space ¥}).

By definition,' an arbitrary element of & has the form

M(A) Nid)
X Anb™ ()« X A (2) = Ay () — Ay (2):
n=0

A€ Ap A, A™EC. (8)

Ala)=A, (x) —

Thus, A€ is defined by a function A (x)EA, and two
terminating sequences {A,,..., A,,,,}and {4}, ...,
AV} An arbitrary element of the subalgebra ¥ C o,
which is intended for the description of the state vec-
tors, can be represented in the form

MQp) Noyp)
¥ () = (z) Eo P Bi™ (2) + ,Ee YO () = (2) < o (2):
VEY, P, $EC. (9)

For A€« ;, Y€ ¥, the expression for the bilinear
functional reduces to (5). In the general case, it is de-
termined by

W) = Ay ) = yings By) + Bring: BA, ), (10)

where ,,,, differs from y,,,, only by the sign in one of
" the terms [cf. Ref. 8]:

M N
‘T’sinz - m\_ju P 6™ — ”_Z-o P,
and £ED(R) is a function equal to unity in some neigh-
borhood of the point x=0. For brevity, the symbol
(,) will denote both the bilinear functional on & and ¥
and the action of a functional of & on yE¥,, which
should not lead to confusion.

For x #0, differentiation of elements of & is identical
to ordinary differentiation. For “singular” elements,
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it is given by the relations

r)ﬁ;nl:h;nﬂ)' ()é::n)r,, 6:‘111-”_

(11)
Finally, since any function A(x)e_g{, admits the repre-
sentation

Afr) =4, () +e(@) Ay(x), 4,4 € 1 1 €=, & () = sign z,

it is also necessary to specify differentiation of the
element £(x):

de = 28, j (12)

This equation is rather natural, since it is satisfied on
restriction to S(R)c¥,. At the same time, 6™ acts on
PES(R) as the n-th derivative of the ordinary & func-
tion, so that in what follows we use instead of 8™ the
symbol 5'’, It is easy to show that the rules of differ-
entiation that we have formulated ensure fulfillment of
the property expressed by Eq. (3).

Multiplication is introdcued in the algebra as follows.
The product of functions in o, is identical to the ordi-
nary product. The product of any two 6-functional ele-
ments is by definition equal to zero:

SUgm — (, (13)

Products of the type 6‘”A and 6{"A for ACA, are de-
fined to ensure fulfillment of property 2 [Eq. (1)]. In
particular, it follows from this requirement that

Blmg — g™, (14)
which can be used to denote 5{". Similarly, we can
establish the relations

( {(—1)™ n!
§mpm — (n—m)!
}[ 0, n<<m.

00-m. gy (15)

Finally, it remains to define products of the type
Ab™ for AEd,. Inthe case AEZ,NC*" the elements
A(x) commute with 6

ABM = §my,

However, the element £(x) cannot commute with 5.
1t follows from the requirement of fulfillment of Leib-
nitz’s rule and the relation (12) that
(ee) =1" =0 = 2 (8e + &d),
from which it follows that € and 6 must anticommute:
ed = —Be. (16)
After (n - 1)-fold differentiation of this equation using
(13), we obtain the more general rule of multiplication
g8 = —BMg, (17)

It is easy to show that the algebra is associative and
that Leibnitz’s rule is satisfied.

The involution operation, which satisfies the standard
requirements (A*)*=A, (AA)* =A*A*, (AB)*=B*A* for
A, BEd, NEC, is identical to complex conjugation for
ordinary functions AE#,. The involution of singular
elements is defined by

(B * = gim, (18)
It follows in particular from these rules that

(e6)t = 6Mg = — gb™),
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It can be readily verified directly that the operations of
differentiation and involution commute.

By means of the involution on ¥ and the bilinear func-
tional one can define the sesquilinear form

TP —=>Ct () = QP

The form (, ) is real (Im(¢ *)) =0 for any y E¥) but not
positive definite; in particular,
(8, 8) = 0.

2. ASSOCIATIVE ALGEBRA OF GENERALIZED
FUNCTIONS IN THE THREE-DIMENSIONAL CASE

In Ref. 2, Shirokov constructed an algebra of gene-
ralized functions that is a three-dimensional analog of
the algebra o and will be denoted by «#,. For «,, the
requirements expressed in properties 1-5 in Sec. 1
are generalized to the three-dimensional case and re-
formulated in equivalent form. Instead of the bilinear
functional {A, ¥) a linear functional { %), called a renor-
malized integral and denoted by f dxiy(x), was used.
Property 4, expressed by Eq. (3), is then replaced by
the vanishing of (?y) for any yE¥, (¥, is the three-
dimensionalanalog of the space &), which in the lang-
uage of the “ renormalized integral” corresponds to the
possibility of formal integration by parts:

§ dx @d () ¥ @)= — { axa (x) a1 (9, (19)

where 9; =9/3x;, x=(x,, %,, X,).

The equivalence of the formulations follows from the
fact that, using the presence of the associative opera-
tion of multiplication, one can always construct from
the bilinear functional a linear functional and vice ver-
sa:

G = (1, ), (4, 9) = (4 ), (20)
A€ Az pEWs

In contrast to the one-dimensional case, the algebra
o, was not realized as an algebra of functionals in some
space.? In addition, not all the identities for its ele-
ments were written down. Two restricting rules were
formulated, these being valid for any associative al-
gebra of generalized functions for elements that have
inverses, for example, £(x) in the one-dimensional
algebra and r=|x| in the three-dimensional. First,
the product of such an element with any other nonzero
element cannot be equal to zero (since otherwise as-
sociativity is lost—Schwartz’s well-known example'® is
based on this, for example). Second, differentiation
of the product of an element and its inverse (e€7, ¥¥™)
must give zero. No other connection between the ele-
ments of &/, was decided upon, which is not important
since for applications in quantum mechanics it was
found to be sufficient to take into account elements with
a very small number of singular terms.* %78

The algebra ¢/, was constructed to describe concen-
trated, strongly singular potentials, and it therefore
includes 6-functional elements, and also the element
¥, whose differentiation yields the 6 function. Thus,
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the generators of #, are: 1) infinitely differentiable
functions A, (x); 2) 7; 3) 8(x). All the remaining ele-
ments of the algebra can be obtained from these gene-
rators by means of a finire number of operations of
multiplication, addition, and differentiation. The rela-
tions of the algebra &, are

Hams = (— 1)1{a18} £ 0; (21)

2" = (") z, 7 O; (22)

(@™5) (a78) = 0; (23)

ripk = th; (24)

ar = -l 4 dnza?s, (25)
where m,n=0,1,2...; 1, k=0, £1,2,...;i=1,2,3,

Together, these relations ensure fulfillment of the
equations

8; (1) = 2z, 8y (rr7Y) = (3r) v + 18 (1) = 0.

In addition, it follows from then that
A (rY) = — 4nd + 4nd; (x,)-

The involution in the algebra «, is specified as follows:
(Aem X)) = A (x), (B")* = 3", r* =1,

Hence and from (21) there follows, for example, the
relation

(r)* = ér = —rb.

For the following applications, it was found to be
sufficient to write the general element of the algebra
in the form

AX) =4y (x)+ 3, 0" (F¥ Ay (0) 8 () + 3 07 (21401 (X) 8(x)), (26)

where k and ! are certain integers; as A,(x) one chooses,
as a rule, a function that can be represented in the
form (see Refs. 4, 5, and 8)

Ay (x) = A, (x) + r14, (x).

Here and in (26), A, (%), 4,,,(x), A,(x), A,(x) are infini-
tely differentiable functions, and A,,, and A, are de-
fined only in an arbitrary neighborhood of the point
x=0.

The general form of the renormalized integral
[ dxA(x) is defined as follows [it is assumed that A,(x),
which contributes to A(x), is a function that is integra-
ble at large ¥]. From the complete sum (26), contri-
butions to the renormalized integral are made by only
A,(x) and the term equal to a number multiplied by 5(x):

{ axa (= [ dxa; (0 - a (47400 (0), (21)

where a, is a combinatorial factor, determined by the
form of the coefficient of #* in the expansion of A, (x)
in a Maclaurin series, for example, a,=1. One can
show directly that for this definition of the renormalized
integral the property expressed by Eq. (19) is satis-
fied.

It should be noted that in the constructed algebra o,
the element # is analogous to the element ¢ in /. Both
these elements anticommute with the 6 function. The
& function can be obtained from both by means of dif-

Smirnov et al. 434



ferentiations. Both elements have inverses, and there-
fore their product on any nonvanishing element of the
algebra is not equal to zero.

The sesquilinear form by means of which the quan-
tum-mechanical mean values are expressed is construc-
ted from the linear functional (¢) and the involution in a
natural manner;

(P = g yp) = S ax yH(x) ¥ (x),

so that the expectation value of the operator A(x), which
is a linear combination of operators of multiplication by
elements in«/, and operators of differentiation, can be
written in the form

b A @9 =[x ) 4 0 (x).

It must be borne in mind that in the last two equations
the integrals are understood as rebormalized. As in
the case of the algebra ¢, the form (x, ¥) is not positive
definite, which follows, for example, from the non-
positivity of the functionals ™ for n=3: (+™, ¢) may be
negative for ¢ = 0.

3. ASSOCIATIVE ALGEBRA OF GENERALIZED
FUNCTIONS CLOSED WITH RESPECT TO
DIFFERENTIATION AND TAKING OF THE
ANTIDERIVATIVE

In accordance with (10), any element of the algebra
&/ defines a linear functional on the space ¥, each of
whose elements (9) is specified by a function i, (x) and
two terminating sequences {y,, ..., ¥,.,} and {y!, ...,
$¥®} (this was already noted above in connection with
elements of &/). Besides such functionals on ¥, one
can, for example, define the functionals 1" and niMe.

™, 9 =, M™eg, ) =7, (28)

which have support at the origin and therefore can de-
scribe concentrated singular potentials. It is natural
to pose the problem of constructing an algebra contain-
ing the algebra « and including the elements ). This
problem was posed in Ref. 3 and solved in Ref. 6. In
the solution of this problem, an algebra arises that is
closed not only with respect to the operations introduc-
ed earlier but also with respect to the taking of the an-
tiderivative. It should be noted that & does not have
this property. Init, for example, there is no anti-
derivative of the element £6, since the derivative of
n=n'"" must be equal to 2£5 in accordance with pro-
perty 4 [Eq. (3)].

The construction of an algebra containing £(x),
8™ (x), n(x) is done axiomatically, without definition
of the elements &, 6, 7 as functionals on some space of
test functions, as was done in the case of the algebra
. This is achieved by separating the algebraic and
functional aspects of the problem; namely, for the sym-
bols x, €, 6,7, irrespective of how they are interpreted,
axioms are formulated and on their basis the algebra
%, in which x, €, 6, 7) are generators, is constructed.
Giving these symbols the meaning of functionals on
some space of test functions, we can realize & as an

435 Sov. J. Part. Nucl. 14(5), Sept.-Oct.

algebra of generalized functions (see below).

The axioms that generalize properties 1-4 (see Sec.
1) and the necessary definitions have the following form:
% is a linear associative algebra with unit element over
the field of complex numbers. The operation of dif-
ferentiation @ on ¥ is defined by the relations

dz=1, al=0, de=28, G6=06W, @otm— st
n=2ed, @(fg)=(9f)g+fdg, orf=Araf, } (29)
MEG: f.gEW,. a9 ...
The following identities are satisfied in 9[:
gg=1, zb=06x=0, B™§™M =0,
TE =g, r];_-:: —g;rl1 ne=2zn, m, H:O, 1. } (30)
The involution in the algebra ¥ is defined by
#t=z, et=e, =8, W= —1, }
31
(B =1 (=1, 1, geq. )

The operation of involution commutes with differentia-
tion:

(8" = a (f*). (32)
On the algebra ¥ the bilinear functional (,) is defined,

and it is sufficient to define it only on the elements 1
and 0:

, 8)=1. (33)

The axioms relating involution, differentiation, mul-
tiplication, and the functional have the form

g kY= G, gh) f g hEU; (34)
(}H, g) e (g +‘ f} *. (35)

To write down the axiom for integration by parts, the
analog of the expression f (x) g (x)|%, is defined. For
this, we introduce the functional [?,:

elle=2, 2 |%,2£0, 2e|%,£0, n=0, 1, .... (36)

On the remaining elements of 9 this functional gives
zero. The asiom of integration by parts has the form

(0f, 8= —(f, 3g}+fg |%a. (37)

For example, for 1 and & the expression (37) is writ-
ten as

1=qt, =14, ey =g e|t—a(0, &) =1.

THEOREM 1. Axioms (29)-(37) are satisfied by a
unique algebra %, in which

ed= —8e, dz"=na"', Wn=ny, (4 =ay);
p=1, 2, ey

b= —>06y, (") =pn'nP, (38)

na(r-n i 6‘"‘}1], (In'l'l)' sy rz:z“"fl-

For example, the last equation in (38) can be proved by
means of the calculation

o™ (d) = ™1 d () = "1 (6 + nb)

= g8 =, ., = nit™,

At the same time, 3™(nd) =—2™(8n) = -6y, which is
what we had to prove.

Theorem 1 takes it possible to obtain the functional

on all elements of the algebra % from the axioms (29)-
(31).
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THEOREM 2.
o & =g 2 20 (D=0, (e, B =0, (39)
M =k, " 0H=0, EMM=0, ®, 1)=0 (k==0).

Pyoof. From the chain of equations

(@h, 1y=(a", z')=a"™ |%g—(na™, 2} =2"H |2, —n(z", 1)

it follows that

LS — i - a
L, 2= ™ 2
(n*, &)= -%-('q"a‘) = —%_(kn';‘.'leﬁe) =k ("1, 8).

This recursive equation leads to (n*6)=k!. The re-
maining propositions of the theorem are proved simi-
larly.® From Theorem 2, we readily conclude that each
of the elements of the form

‘Z"'T]nv S(Im'),nn' ez™)", Ba(v.n)"n (40)

is nonzero, since for all m, n=0,1,2,... there exists
an element fE9 such that (f, g) #0, where g is one of
the elements (40). It can be shown that the elements
(40) are not only nonzero but also linearly independent,
and the set of elements of the algebra ¥ is exhausted by
linear combinations of them (for the proof, see Ref. 6).

The constructed algebra of formal symbols x,€,58,7
can be realized as an algebra of functionals on the space
of test functions represented in the form

' b=2 (Ve (2) & (2) Vun (2) 1" (2))

+ 7;-" (wmnﬁ(m)nn ('x.) +E (x} ‘pmﬁa(m,rln (z))' 1‘;“8!1‘ "I-‘ETA E S (Rt)' (41)

Of course, the quantities 6™ and 1" in this expression
are not functions, so that Eq. (41) is to be understood
as the formal expression of the fact that an arbitrary
element of the space of test functions is defined by a
collection of functions and terminating sequences

{tun b {Vants {0t {#™}) (see the analogous remarks
with regard to the space ¥ in Sec. 1).

The relations (29)-(39) are valid in the algebra with
the generators x, £(x), 8(x), n(x), and the algebra &/
with generators x, €, § is a subalgebra of it. These re-
lations show that together with every element the alge-
bra % contains all its derivatives and all its antideriva-
tives, i.e., the algebra is closed with respect to these
operations.

4. APPLICATION OF ASSOCIATIVE ALGEBRAS OF
GENERALIZED FUNCTIONS TO THE
CONSTRUCTION OF ONE-DIMENSIONAL QUANTUM-
MECHANICAL MODELS WITH SINGULAR
POTENTIALS

The algebras of generalized functions &/, %, &/, con-
sidered in Secs. 1-3 can be used to describe strongly
singular concentrated interactions in quantum me-
chanics. In this section, we give a general method for
constructing dynamical schemes corresponding to sin-
gular concentrated interactions; it applies to the motion
of a quantum-mechanical particle on a straight line.

To construct the algebra % of observables of quantum
theor~ with singular potentials, each of the algebras
o . U. o, must be completed by an operator of different-
iation, corresponding, as usual, to the momentum
operator. However, not all local observables can be
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obtained by such a completion. The point is that by
definition an observable is local if for its corresponding
operator A

supp Ay — supp ¥

for all yET.

In the case of the algebra & considered here, this
condition is satisfied by the following operators, which
will be needed subsequently: '

Bon¥ (z) = 8™ (2) 2™,  B™ (z) =e (2) 8" (2) ya"'; }

B (2) = (2) 6™ () ¥, Bt (z) = 6™ (@) 4, (42)

where ¥ (x) is given by the expression (9), and it is also
satisfied by the operators

D onp (2) = 8™ (2) Y, D™ (z) = & (2) 6™ () P,
DT (2) = & (z) 6™ () hn, Db (z) = S™hpt™.

The operators B can be expressed in terms of the ele-
ments of o, for exanple,

By = 8™ (z) (— 1" 6™ (2), ¥, (2)), (43)
which makes it possible to include B in the algebra %.

For the operators D an expression analogous to (43)
holds if a functional n&EX is used; however, the opera-
tors D cannot be expressed in terms of the elements
of the algebra «/. This has the consequences that in-
volution is not defined for the operators D, and there-
fore they cannot be included in the algebra of local ob-
servables %.

The algebra%is an algebra of observables of an in-
definite quantum mechanics, since, as we have already
noted in Sec. 3, the sesquilinear form defined on the
space ¥ does not satisfy thecondition of positive defi-
niteness. To give the theory a direct physical mean-
ing, it is necessary to go over to subspaces of ¢ with
positive metric and to subalgebras of the algebra of ob-
servables % invariant with respect to these subspaces.

The method of arriving at subspaces with definite
metric on which Hamiltonians with singular concen-
trated potentials are defined consists of three stages,
the details of which depend on the dimension of the con-
figuration space and in the case of the algebra & have
the following form. The first stage consists of transi-
tion from the space ¥(9) to one of the subspaces ",
where M,N=1,0.1,... . The values M=f, N=f cor-
respond to the absence in ¢ (x) of singular terms of the
given type, and M # f, N # f indicate the maximally
admissible derivative of the 6 function in the sum (9).
For example, ¥* and ¥’/ consist of elements of the
form

¥ (2) =y (@) + 8 (2) o (44)
P (z) = s (2) + & (@) ha (@) = ¥y (2) (45)
respectively.

The second stage consists of the transition from the
spaces I*¥ to their subspaces with positive-definite
metric. For this transition, it is sufficient to express
the coefficients ¢, and ¢™ on (9) in terms of linear
combinations of the values of the derivatives y{™(0)
and #{(0):
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§ g §
Ym= 2 BT+ 3 b;
2 n=0 n=0 it (46)

M N
V=3 bt + 3 bt
n=0 n=(

When the conditions (46) are imposed, the sesquilinear
form (x, ¥) is positive definite on vectors in ¢4¥ if

bmi:(_l)ngsnﬁ‘ihsn! bnn:(_i)ngan+i}‘un; l
gsn:/>0\ gem:/:'uv h:r: o= hsn: h:n = han;

b= —bpp (—1)"™, ms=n;

IR — _pnm (. q)hem g s ( fyn-m

(47)

We denote the obtained subspace with definite metric
by ¥¥¥. 1t is readily seen that the algebra of observa-
bles % does not leave the set ¥V invariant. Thus, the
operator of differentiation carries the elements out of
this set for all M,N. The algebra of local observables
for the space ¥¥", denoted by %“¥, can be obtained by

+

using the independent operators Py, P,yE% defined by

Ppp =y
MM M X (48)
PM.\“I'z( }: E B+ l E B}::b;
m=({ n=0 m=0 n=0
N M o\ N
=3 3 Bubnt 3 3 Bb) v (49)

me== =0 m=0 n=0

By direct calculation it is readily shown that

(Py + Py )YETYY for any #(x)E¥. By definition, the
algebra %" is the right deal of the algebra % generated
by the idempotent P, + P, and, as one can show, is
exhausted by polynomials in the operators A,+4,, and
d/dx + d,,, which are defined by the relations

(A = Axx)p = Py (Aph) + Py (Apb);
(didz — dyy) § = Py (dp/dz) + Py (dipidz).

(50)
(51)

It should be noted that #¥¥ is not invariant with respect
to involution,

The third stage consists of choosing the candidate for
the part of the Hamiltonian L and the additional restric-
tion of the space ¥4 to the space ¥¥, on which the
corresponding operator L is symmetric, It is convenient
to split this stage into several successive steps.

A. We choose an operator LEZ¥¥ whose expectation
value has an imaginary part that depends only on
(0), PL(0), piM*(0), P *(0).

B. The imaginary part of the expectation value of L
is equated to zero:
(b L) — (y Lp) * =0, (52)

In accordance with the requirement imposed on L, the
left-hand side of (52) is a bilinear form in y{», p™
and w(n)* ¢in)*

s L] ¥

C. The quantities (" in (52) are equated to linear

combinations of y{™ with undetermined coefficients:
Yo =2 @ ¥ (53)
The indices m and n take all the values for which they

are present in (52).

D. When (53) is substituted in (52), a system of equa-
tions for the coefficients a,, is obtained. To each non-
trivial solution of this system there corresponds the
subspace ¥¥#¥ of the space &¥¥ on which the operator L
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is symmetric. Thus, some of the operators L can be
chosen as Hamiltonians of nontrivial models with sin-
gular potentials.

This scheme must be augmented by the following con-
siderations. The completion of the set ¥*¥ with re-
spect to the sesquilinear form on it leads to a Hilbert
space # having the structure of a direct sum of spaces:
H=L,» C'@...®C'. The closure of the operator L
with domain of definition ¥}¥ in the space # leads to a
self-adjoint Hamiltonian on &%, The Hamiltonians ob-
tained by this scheme are parametrized by the admis-
sible sets of quantities of the type {b} and {a}; inequi-
valent dynamical models do not always correspond to
different sets of these quantities. The above method
of constructing quantum models with singular potentials
can be readily generalized to the three-dimensional
case. The resulting models with singular potentials
differ strongly from the models of ordinary quantum
mechanics with regular potentials for the following
reasons.

a) The Hamiltonians corresponding to them cannot
be represented as sums of kinetic- and potential-energy
operators. These last are not defined on the set y¥¥.
Only the total operator L is defined.

b) In the general case, the Hamiltonians are realized
on spaces that differ from spaces of square-integrable
functions. Despite this, such models are entirely ac-
ceptable from both the physical and mathematical points
of view. For them, the axioms of quantum theory are
satisfied and there exists a sensible scattering theory,
which can be formulated mathematically as scattering
theory in a pair of spaces.

The general scheme was used to construct specific
one-dimensional models. 3

Example 1. Particle in the field of a singular poten-
tial of the type 6(x):
pUN _ il (54)
In this case, the metric is positive, and the operators
Ay, dgy in (50), (51) have the form
Agy = 0, dypp = —28 (2) . (55)
As the operator L we choose

Hypp = — (dldz + dy)y. (56)

The explicit action of this operator on the set ¥/ can
be described by

Hupty (2) = =¥ () + 26 (2) o -+ 28" (2) . (57)

The operator H,, is not symmetric on &/, For this
operator, Eq. (53) can be written in the form

Fibe — ¥ —a*s + Y8y = 0. (58)
The relations (53) reduce to
Fo = @Qoolfs + @iy Yo = @y — apps (59)

and when they are substituted in (58) lead to conditions
the coefficients {a}:

ay T — gy, dgy = dg, Gg = afy. (60)

The operator H, is essentially self-adjoint on the set
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¥#f and can be parametrized by virtue of the relations
(60) by four real parameters. The situation in which
a,, #0, a,,=a,,=0 corresponds to what is usually called
the Schridinger equation with potential a,,5(x). This
situation corresponds to the case of the subspace of
even functions ¢ (x)=1 (-x).

The solutions of the Schridinger equation with the
Hamiltonian (57) and boundary conditions (59) cor-
responding to scattering (i.e., reflection and trans-
mission) of a plane wave number % will have the
form

Wy (z) =etex - A (k) e, z<<0, ]

Py (2) = B (k) elhm, >0, (61)

where A(k) and B(k) are complex coefficients deter-
mined by the boundary conditions:
A(k)y = D (k) [ag k? -~ ik (agy+ al) +asol;
B (k) = Dt (k) [ag@io— (1 + aoo) (1 —a3); (62)
D (k) = aggk* + ik (20,049 + Qooge 1) — @40+

In this example, different physically inequivalent sys-
tems correspond to different state of parameters {a}.
It can be seen from (62) that B vanishes for

Gy 0y0—(1 + ago)(1 - a3)=0, i.e., irrespective of the
momentum, complete reflection with a nontrivial
change in the phase of the incident wave will be ob-
served.

Up to a normalization factor, the vectors in ¥/ de-
scribing bound states have the form

Py (x) =exx  for

<< 0;
¥y (z) =e-»x for }

Loy (63)

where the parameter % is related to the binding energy
E by E =-7? and is determined by the equation

ag % 4+ (1 + ageag, + Qy9dpy) # + Q1o = 0. (64)

It can be seen from this equation that the system may
have one, two, ir no bound states at all. It should be
noted that for complex a,, the constant C is complex,
so that the state vector of the lowest nondegenerate
level may be complex. For a,,=0, a;,=a;;<0 there
exist two levels, for which

M, SH, S, (65)

The possibility of a degenerate ground level and com-
plex state vectors for the ground level are unusual
properties of the Hamiltonians H;,. The considered
model is realized in the ordinary Hilbert space L, of
square-integrable functions. The following example
gives a model of a different type.

Example 2. Particle in the field of a singular poten-
tial of the type 6”(x).

In this case ¥*¥ =¢*. The elements of the space ¥%
have the form =y (x)+ 8(x)¢). A general transforma-
tion to a positive-definite form is defined by the rela-
tion ¢, =b%Y, = (g, +1lgo)dy, where gy =0, ¥ =hy,.
The elements of the space &Y therefore have the form
P=1,(x) +b°8(x)Yy, and the sesquilinear form (...) on
the set of these elements is determined by the equation

() = [ et @7 () + 201t © (66)
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Completion with respect to the form (66) leads to the
Hilbert space #=L,® C*, which consists of pairs
{n}={n,H}, hEL,, HEC" with the scalar product
{n}, {W'H=[dxn*(x)n'(x) + 2 g, H*H'.

In accordance with the rules (50) and (51), the opera-
tors Ay and d; have the form

Agsh (x) = 86 (z) Agpy — %% (2) 6 (z) Aosi }

dogp (z) = b6 (2) i — 5°8’ (2) ¥ — 26 (1) Y- (67)

As in Example 1, the Hamiltonian of the system is de-
termined by H,; =— (d/dx + d,,)?, which in expanded
form can be written as

Hopp (@) = —§" (2) — "8 (2) %5 + 28 (1) ¥a (68)
+ 28’ (2) o + B (z) ..

Equation (53) for the operator L =H,, can be solved on
substitution of the relations (54), which in the consid-
ered case have the form

Vo = GogPs -+ Corfa + Qo Ya = @rofs + Qs + alfis. {69)
The solutions are determined by the set of parameters
{a} with the conditions

apy =10, 012=%(5m+b°°*)=gm; I\ (70)

— a* —n* *
Q10 =0y Gog=0gi» Qg3 = —0qgy J

The Hamiltonian H ; is essentially self-adjoint on the
set nI:‘},f as an operator on the space #°and can be para-
metrized by the quantities g,,, ay,, @4, ap.

The solutions of the Schrodinger equation correspond-
ing to scattering are specified by the relations (61),
in which the coefficients A(k) and B(k) can be expres-
sed in accordance with (62) with the substitution a,,
~ ay, - k%g,,. The equation for the bound states is an
equation of the third degree in %:

ap#® - (1 = apoly + @oulro -+ Gnfso®’) ® + Qo — gaxt =0, (T1)

Therefore, there are three bound states in the general
case. Some of them may be on the unphysical sheet
with respect to the energy. It follows from the expres-
sions that we have written down that g, influences the
physics of the model, but k,, does not.

In the light of the approach we have presented, it is
of interest to consider simultaneously regular and sin-
gular potentials.

Example 3. Harmonic oscillator in the field of a sin-
gular potential concentrated at a point. ®

Let ¢% be the set from Example 2. On this set,
there is also defined the operator

Hy = —(dldz + dy))* + x*/4, (72)

which is the Hamiltonian of the considered system. It
is necessary to find its eigenfunctions and eigenvalues.
The solution is sought in the form

P(@)=Dy(—3=), =<0

P(@)=4D, (8), 20, v=E—172. ] (73)
Here, A, is a constant, and D, (x) is a parabolic-cylin-
der function,® which satisfies the Schrodinger equation
for the harmonic oscillator with E=v+%. Substitution
of the functions (73) in the boundary conditions (69) and
(70) gives the equation for the spectrum
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(20— Eun (v -+ 1/2))/T2 (12— v/2) ,
1 ai020 + 200l — Butor (V121 VE/T (12— v T (—v/2)  (T4)
+2a0,/T? (—v/2) =0,

where I'(v) is the gamma function. For the constant 4,
we obtain the expression .
v . I (1/2—v/2) -1
Ay =1—2a,, (1"'”".""'1/‘5”“‘_@) - (75)
For a,,=g,,=0, the set of values v=2kNwkE=0.1,2:, ..
is a solution of Eq. (74); for a,, =0, the set v=2k +1

is. Both these cases correspond to the levels and
eigenfunctions of the unperturbed oscillator.

In the general case, we can calculate the small cor-
rections to the levels of the harmonic oscillator due to
the singularity, assuming v=n+a, |a [«<1. For the
ground state, the correction has the form

e (ay—gy) [26’.0 = ]f/; (2 2aq0a50 + 2,080y — E4030y) (76)
— (8s0—2ay,) (C+21n 2;].

Thus, by means of the developed method it is possi-
ble to construct a diverse family of single-particle
Hamiltonian operators with singular potentials concen-
trated at a point. However, not all Hamiltonians with
singular potentials can be included in the scheme; for
example, ones with potential ad’(x) cannot.

5. APPLICATION OF ASSOCIATIVE ALGEBRAS OF
GENERALIZED FUNCTIONS TO THE
CONSTRUCTION OF THREE-DIMENSIONAL MODELS
WITH SINGULAR POTENTIALS

The general scheme for constructing models with sin-
gular potentials presented in the previous section for
the example of one-dimensional case can be directly
generalized to the three-dimensional case. The Ham-
iltonians are constructed in several Hilbert spaces
successively in three stages. In the three-dimensional
case, the method of Sec. 4 leads to a number of nontri-
vial models with singular concentrated potentials.

Example 1. Particle in the field of a potential of the
type 8(x). The initial space ¥ is a subset of the space
L,(R®). The elements &’ have the form

Yy (x) = s (x) — rlpg (x),r = | x|, (77)

where y,(x) and ¢ (x) are smooth functions that decrease
at infinity. The sesquilinear form on ¥ is positive
definite. In the three dimensional case, it is not pos-
sible to define operators 9, +d,, invariant with respect
to ¥? (Q is a multiple index that replaces the indices M
and N in the one-dimensional case). However, re-
quiring

Yo (x) = @ (1), @ () € C= (RY), (78)

we can construct the invariant operator H, :
Hapy = —Ay (x) — 4ad (x) fa T 79)
+ 8nad (%) Gupe + 410, (@0 () . (

In accordance with the third stage of the general meth-
od, we impose on the set & the condition (53) with
L=H,, i.e., Im(y, H;) =0. By means of the explicit
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form of the elements of the space ¥/(77) and the oper-
ator H, ('79) this condition can be simplified to

Uz (0) % (0) — 42 (0) , (0) = 0, (80)
whose solution is
Ya (O) = s (U}a Gy = a:- (81)

Thus, we have obtained a one-parameter family of sym-
metric operators H; on the subspaces \Inf,,f distinguished
by the boundary condition (81). The closure of these
operators in L,(R®) gives a family of self-adjoint oper-
ators.

Example 1 is equivalent to what is usually called the
Schrddinger equation with the potential ¢b(x). This
equation is treated from the point of view of extension
of the operator -A from the subset of functions that
vanish at x=0 in Ref. 10. Such extensions are equi-
valent to extensions of the operator —d 2/dr? at the
origin to the half-axis (0, + <) and therefore lead to
nontrivial scattering only for the s wave. This ex-
plains the reduction of the parameters compared with
the case (-, ) of Example 1 in Sec. 4. The general-
ization of Example 2 in Sec. 4 to the three-dimensional
case is the following example.

Example 2. Particle in the field of a potential of the
type Ad(x). The original space is ¥°. By definition,
the elements of this space can be represented in the
form

Y= (x) + 8 (x) o, W, €CY, (82)
where ¥, (x) admits the representation (77). A sesqui-
linear form is defined on &° by the rule

) = fdxgt % 9 = 22 O) o — 10, (0). (83)

The transition to the subspace with a definite form is
made by imposing the condition y,=g¥,(0); then

() = | dof (x) 7 (%) + 22 (0) ¥, (0). (84)

The completion of ¥ with respect to the form (84) gen-
erates the Hilbert space #=L,(R*)®C*. As the Hamil-
tonian H invariant with respect to &° we choose the oper-
ator

My —A§ (x) — 4a8 (x) ¢, + 87, (x) Fpp, 85)
— 4ad; (20 (x)) po (x) = gAS (x) P, — g6 (x) Ay,. (
The third stage consists of solving the equation
G 1) = H)* = =4 (3 — i) (86)

: + g (AR, —PpiAy,) - 0.
The linear ansatz ¢, =a i, + @,AY, is a solution of (86)
under the conditions
ay = o (87)
%y = ay, = —(271)'g. (88)
These conditions determine the subspace ¥%. The
closure of the operator H with domain of definition ¥,
in the space S/ defines a self-adjoint operator, the
Hamiltonian of the considered system. The family of

Hamiltonians can be parametrized by the two real par-
ameters o, and g.
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The solution of the Schridinger equation (H - E))=0
corresponding to scattering with energy E =k? and
phase shift &, has the form

P (x) = (kr)~! sin kr cos 8, + (kr)~? cos kr sin &, (39)
4 g8 (x) cos 6.
1t follows from this that
1

|, = cos 65, A\I:'s = —k*cos [\/' P, = —E'Si.ﬂ 6,‘. (90)

Substitution of (89) in the boundary conditions with al-
lowance for (90) gives an expression for the phase shift:
tand, =a,k +gk?/2m. Since the phase shifts of waves
with >0 are equal to zero, the scattering is isotropic,
and the total cross section is given by the expression

4n (ep - gk?/2m)? (91)

TP oy W 11 ol o oy ey
: Lk BT A1k (g - gh*2n)?

In the presence of a bound state with binding energy
E = - %2 the state vector takes the form

P (z) = (w) e — gd (), (92)
and the equation for determining the bound states
(g/27) #® + g + 1 =10 (93)

has third degree and for g=0 goes over into the corre-
sponding equation for the bound states of the model in
Example 1.

Example 3. Quantum &-functional potential acting in
the p state.

This problem differs appreciably from Example 1, as
can be seen from the point of view of the theory of ex-
tensions of symmetric operators. The spectral proper-
ties of the Laplacian on the space L,(R®) are determined
by the properties of the radial operator A, =22+ 2/79,

- 1(I+1)/72 on Ly(R,, v?dv) (R, ={xER?, x=0}).

The operator 4, is unitarily equivalent to the opera-
tor o] =92 -I(1+1)/7? on the space Ly(R,, dr). The
corresponding transformation is given by the rule
@ —re. A specific property of the case [#0 is that
for =1 the operator A, is essentially self-adjoint on
the set CJ(R,),* i.e., has a unique self-adjoint exten-
sion on L,(R,, dr) equal to the operator A;. However,
in such cases one can have nontrivial extensions in a
space with indefinite metric, as was first noted in Ref.
35 for the example of the Lee model.

To obtain such extensions corresponding to a & poten-
tial in the p state, it is necessary to modify the gene-
ral scheme of construction of singular potentials. The
first stage is to choose the original function space ¥;
for the given problem, this is done as follows. Let
¥ (x) be a function that is smooth for x #0 and decreases
rapidly at infinity. Its expansion with respect to spher-
ical harmonics has the form

P (@) = 2 ComYim (0) Ty (7). (94)

Further, it is assumed that the functions ¥,(») for all
1#1 are even, infinitely differentiable functions of 7,
and that for =1 the following representation holds in a
neighborhood of the point »=0:

Yo (7)) = s (1) -+ =g (1), (95)
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where i,(») and §,(#)=¢(#?) are infinitely differentiable
even functions in the neighborhood. The described set
is chosen as the space ¥. Let ¥={C,., ¥;}, X=1D1m Xs}
be a pair of functions in ¥. In accordance with the
rules for constructing the renormalized integral de-
scribed in Sec. 2, there is defined on ¥ the sesquilinear
form

O ) = § o (0 9 ()
= 3 (D DiCim ) Gy [ it (7) ()72
{

m

(96)

The integrals on the right-hand side are made three-
dimensional to simplify integration by parts. The in-
tegral I= fdxrzzp;gbl is not positive definite. It is
this that makes the metric indefinite.

The second stage in the solution of the original
problem must consist of the restriction of the space ¥
to a new space with definite metric. In the given case,
as we have already noted, this cannot be done. In the
three stage, we first construct a Hamiltonian H that
does not take us out of the space ¥. Suppose JE .
Then in a neighborhood of the point x=0

Ay = 1‘21 .; Cim (Y i () ')

+ 3 CinA Y g ) sl + 3 €, A [Y 4 (0) 7200 (97)

Only the last term in this equation contains terms that
do not occur in ¢. The action of the Laplacian in the
last term is given in accordance with the rules of the
algebra in Sec. 2 by

A (xrdg,) = A (-3, () = xr=0 [Ag, (%) — 8gal + 4a 7 (6 (x) a)-

It is now not difficult to write down a Hamiltonian that
does not take us out of ¥:

Hp = — A + 420V [8 (x) al, (98)
where Cn=7,C, ¥, ,(n).

Finally, the space ¥ must be restricted in accor-
dance with the requirement Im(y, H§)=0, which can be
reduced by means of (98) to the form 3 *(0)¥,(0)
= ¥(0)y,(0). This last equation will be satisfied if we
impose on the functions in ¥ the subsidiary condition

P (0) = — 3ap, (0), (99)

where « is an arbitrary real number. To each value of
a there corresponds a set ¥, ¥ on which the operator
H is symmetric.

Solving directly the Schrodinger equation with the
boundary condition (99) for states with =1 and E =k?,
we can obtain the radial eigenfunctions §= i,,(»):

(100)

where J,(x) is a Bessel function, and the p-wave scat-
tering phase shift is related to the constant a by ak®
cotd,=—1. The total cross section in this case is

Pap (1) = (k)= [cos 8xJ 3y (kr) — sin 8,J_3;, (k)]

o = 4nk*®/(1 + K%a®).

(101)

For ¢ <0, there exists one bound state with energy
E =-»2, for which a»®=-1, and the radial eigenfunc-
tion §,(7)=19,,(¥) is expressed by

Py (1) = (321 3} () ™2 K30 (), (102)
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where K, /,(%7) is a Macdonald function. For a >0, it
can be shown that the metric on the subspace generated
by the complete set of eigenfunctions (100) is positive
definite.” For o <0, there is positivity of the metric
for the continuum functions as well. However, for a
bound state this is not the case. Direct calculation
using the renormalization procedure gives

I= fdxrzr,b;';,_ 1« ==1. Thus, the bound state has nega-
tive norm and is physically unacceptable. Therefore
in the considered case the space ¥, must be restricted
to the space ¥4, generated by the vectors P (x) + P, (%)
(¥4, ) orthogonal to 3, , which thereby have definite
metric. Physically, this evidently means that for I =1
a bound state cannot exist in the scattering-length ap-
proximation. It is possible that bound states with posi-
tive norm will exist when allowance is made for the
effective range, i.e., when more singular terms are
added to the potential.

The following example generalizes Example 2 to the
case of the inclusion of an external electromagnetic
field and demonstrates the general method of Sec. 4
when the interaction depends on angular variables.

Example 4. Interaction of a charged particle with an
external electromagnetic field in the presence of a
strongly singular potential.

In what follows, the potentials A(x) and A, (x) of the
electromagnetic field are assumed to be smooth func-
tions of the coordinates with no explicit time depen-
dence. We setc=h=2m=1. In the first stage, we
choose a space ¥ consisting of elements of the form

(103)

such that ,(x) are square-integrable functions, smooth
everywhere apart from the origin; Y, are complex
numbers; and 8, (x)=[1+iex -A(0)]6(x). In the neighbor-
hood of the origin, the functions ¥ 4+(x) admit the repre-
sentation

¥ (x) =y (%) + 64 (x) gy

(104)

where n=x/7; y,(n), ¥,(n), ¢,(n) are sufficiently smooth
functions on the sphere and in R?®, respectively. The
sesquilinear form on ¥ is defined like the form (84):

Yy (X) = rp, (M) - Py (n) -+ 1Y, (x).

) = [ dxghty = (i 8.4 + 73 640 1), (105)

For its complete determination, it is sufficient to
know (...)ontheelements 6 and §,. By definition,

(W, 8) = (4m) | ARy, m) = [y, @)l
Then the form (105) becomes

(09 = [ dxaty — Laliws — ot Walo, (106)

where ¢, (n)=i,(n) - ien-A(0)§,(n). Such a form is not

positive definite.

In the second stage, we make a transition to the
space ¥, — ¥ with positive-definite form

Wy ={p €EF [ = ghpa (Mo, g >0}

The form (...) defines on the space ¥, a scalar pro-
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duct, the completion with respect to it leading to the
Hilbert space ¥

The third stage is the construction of the Hamiltonian
for the posed problem. LetDc ¥, be the set of ele-
ments for which

Pa (1) = Vg, Ps (n) =y, + ienA (0) Y-

In particular, for these elements ¢, =gy,. Suppose, in
addition, A, =(-iV -eA(x)?. A characteristic property
of the region D is that if €D, then the representation
(104) holds for the function [A,%],. On elements of D
there is defined the operator HA specified by

Hap = {[— Ay + edy (X)), + g6, (x)

26 (b At el Yt L)

The operator H* is not symmetric on D. The neces-
sary subset is distinguished by the condition Im(%, Hy)
=0, which can be solved explicitly if we impose the
boundary conditions

Yo = aps — g ) {[Axpla}o, a* = a. (108)

These conditions define a dense subset in D, D_cD, on
which the operator H* is symmetric. The closure of
H” with domain of definition D, in the space # gives the
Hamiltonian of the system. It should be noted that the
stationary Schriddinger equation (H — E))=0 is invariant
with respect to gauge transformations:

Ay~ 4+ Vi }

Y’ = pexp (iey), (108)

where y(x) is an arbitrary smooth function. Indeed,
under such transformations

Vs = 1, exp liey (0)], ¥, — g, exp (iey, (0)),
{lA.pla)o — {IApla}o exp liey (0)],

from which one can readily see the invariance of the
boundary conditions and the Schridinger equation.

The constructed model makes it possible to find the
corrections to the solutions for the model of Example 2
due to the electromagnetic field. For this, it is neces-
sary to determine the Hamiltonian V of the interaction
with the external field, since as yet only the total Ham-
iltonian H* is defined on the space ¥,. Before we de-
fine the operator V, we must note the following circum-
stance. The operator H from Example 2 and the oper-
ator H* must be referred to a common domain of defi-
nition. We subject the operator H with domain of defi-
nition ¥, to a unitary transformation, which we specify
as the operator of multiplication by the function
explie f; dsx-A(x,s)], after which H goes over into a
certain operator H°. The domain of definition of the
operator H° is specified like the domain of definition
D, of H* with replacement of A(x) by V[ [dsx - A(xs)].
By means of the formula3®

1 1
d(x)=W [5 ds xA {xs)] - [\ 5 sdsB (xs}] . (110)
0 o
where B=curlA, it is easy to show that such a replace-
ment does not change the dependence on A of the num-
ber {[a,9],}, in the boundary conditions. Thus, the
domains of definition of H° and HA coincide. The ex-
plicit form of H° is obtained by replacing in (107) the
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potential A(x) by V[ f ds x-A(xs)] and the potential A (x)
by A,(0). This last substitution amounts to reduction
of the spectra of H° and H* to a common origin. One
can subject to this transformation the Hamiltonian HA,
without transforming the Hamiltonian without an exter-
nal field. There is then a transition to a formulation
of the problem without a potential, in which the inter-
action with the magnetic field is nonlocal. Such a form-
ulation of electrodynamics was considered in Ref. 36.
We can now define the Hamiltonian of the interaction
with the external field as V=HA — H° and use perturba-
tion theory in physically justified cases. As an exam-
ple, the first-order corrections to the energies of the
bound states of a particle moving in the field of a
strongly singular potential that are due to an external
homogeneous. magnetic field A,=0, A =-1/2[xxB]
were found in Ref. 8. It is sufficient to consider the
operator V only on spherically symmetric vectors.

In this case V=(e?B3/4)r2sind, x-B=7Bcosf. The
normalized solution of the equation H%) = -#*) has the
form

Ppa = (/2 (v + gu®)]¥? [r~t exp (— wr) — gxb ()],

where n= %(a, g) is determined by Eq. (93). The first
correction to the level —** is given by

meB?

A e T e O
E( = S dX'}.'th'lI»bd T12nE (- gnd) " (111)

6. FREE-SOLUTION REPRESENTATION FOR
SCHRODINGER EQUATIONS WITH STRONGLY
SINGULAR POTENTIALS

A remarkable feature of the considered models
corresponding to concentrated singular potentials is
that one can construct for them a representation in
which the initial Schriodinger equation reduces to a
free equation. The transformation to such a repre-
sentation is not specified by any kernel. However, its
inverse does have a kernel and a simple form. This
last circumstance makes it possible to obtain solutions
of the original equations with singular potentials from
the solutions for the free equations, andit may be help-
ful in a number of problems.

Let H be the Hamiltonian (85) with domain of definition
¥% that characterizes the model from Example 2 in Sec.
5. In general, when the operator H is appliedtovectors
in ¥ it carries them out of this space. Let ¥4, —¥j be
the subspace for which H does not do this: HyETy, if
YE¥y,. It follows from this that the condition (88) must
be satisfied for the elements H "y for any positive inte-
ger n. To obtain the necessary conditions, it is conven-
ient to introduce averaging over the angles:

o () = () [ aoy ().
Then in a neighborhood of the origin we have the rep-
resentation

o (%) = sp (%) + 171, (x); }

Voo (X) =10 (") Yo (X) =0 (7): (112)

where §,,() and y,(») are infinitely differentiable func-
tions. Parametrizing the Hamiltonian H by the quan-

tities g and o, we can rewrite the condition (88) in the
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form

o (M=o = & {rbao (D) — (271) 7€ {FPso (1)) 1o (113)

(the prime denotes differentiation with respect to 7).
Since the radial part of the Laplacian is ¥™9,7, under
the action of the Hamiltonian H the function ¢, goes over
into ¢, and the function {ry,,(r)} into {ry,,(r)}". Hence,
the complete system of conditions imposed on the func-
tions of the space ¥y, will have the form

],y = lofrg,g) ™ — (@) {rfge (" Mg, n = 0,1, 2,0

(114)
The coefficients [¢ 2" (#)],_, and [{r#,,}®""],., can be
expressed in terms of  (x) by means of the renormal-
ized integrals

[{rpao) ™1 —p=§ dx 8 (x) 7~ (xV) ™

[, = | dxB (x) ra™.

The set ¥y, contains the necessary integrals (and sums
in the presence of bound states) over the eigenfunctions
of the operator H and is thus dense in #

Now let ¥y, C¥p, be the subset of elements for which
Y and ¥, are entire functions. Then we can sum the
Taylor series with coefficients from the left- and right-
hand sides of the relation (114), which leads to an ex-
plicit expression for ¢,(7) in terms of ¥,(¥) in the com-
plete space:

Ta (1) = @ {Mfs0 Y — )2 {rs0 O (115)

For the functions 3,(x) and y,,(x), the same expression
can be rewritten in the form

Po (%) = a (1 -+ XV) by (x) — (271)7 g (1 + xV) Ay (). (116)
By means of the relations (115), the functions #(x)
can be uniquely expressed in terms of #,(x). Indeed
for waves with #0 the equations ¢,(»)=1,,(r) hold, and
for waves with I =0 the required expression can be ob-
tained by means of Eqs. (112) and (113). In &yg,, the
inverse transformation is also possible. For waves
with 2#0, ¢, =¢,(¥). For waves with /=0, the coeffi-
cients [y 2" (#)],., can first be expressed in terms of ¥
by means of the renormalized integral (see Sec. 2):

() - Ed.\:é(x) FA™ (1), (117)

After this, the function y,,(¥) is obtained by summation
of the Taylor series

T (1) = X 1" (G ()]0, (20)! (118)
The relations (117) and (118) solve the problem of con-
structing the function ¥,,, given , i.e., the problem
of the transition from ¥(x) to y,(x) for waves with [ =0.
Let ¥y, be the set of functions ¢,(x). The scalar pro-
duct (84) induces a scalar product in ¥y
(tor¥e) = { dxates + 2% (0) . (0), (119)
where it is assumed that the functions x, and i, are ex-
pressed in terms of y, and ;. The formulation of the
original problem expressed in the space ¥y, will be
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called the free-solution representation.

Property 1. The transition from Ty, to Ty, is made
by means of a transformation that includes analytic
continuation from some neighborhood of the origin to
the complete space. In particular, to realize the tran-
sition it is sufficient to have the function ¥ specified in
a neighborhood of the point x=0. But if the function is
specified everywhere except in some neighborhood of
the origin, an analytic continuation of § must also be
made to realize the transition to §,. It is thus clear
that the transformation from ¥y, to ¥4, does not have a
kernel.

Property 2. In the free-solution representation, the
Hamiltonian H becomes free:

H"pl = — Ay, (120)

This is already obvious from the infinite differentia-
bility of the functions and can be readily established
directly. The importance of Property 2 is emphasized
by the name of the representation ¥4,.

Property 3. If for the Hamiltonian H there exist
bound states, then the funections ,(x) desceribing these
states have exponential growth at infinity (the norm
being finite). This property follows from the form of
the solutions for a bound state and will be demonstrated
below.

It follows from the existence of the transition from
Ty, to ¥y, and from Property 2 that the solution of the
original Schrddinger equation

idgp = Hy (121)

with the Hamiltonian (86) describing a nontrivial
strongly singular interaction reduces to the solution of
the free equation. In accordance with Property 3, to
obtain the complete solution we must ensure that the
exponentially growing solutions corresponding to bound
states are not omitted. The complete solution of Eq.
(121) by the method of transition to the free-solution
representation is obtained as follows. In accordance
with Eqgs. (114) and (120), each free solution
exp{-iw,+ik-x}, w,=k? will correspond to the solu-
tion exp(—iw, £)i,(x) of Eq. (121), where

Yn (x) = exp (ikx) + r~'o 4 (2n) ~1gk?] cos kr

122
f‘-gﬁ(x)-k=lkl-( )

The complete solution of Eq. (121) is

¥ (x )= ] dkc exp (—ion) ¥ (3) 5 (K)

+ 2 by (x) exp (—iE,), (123)

where b(k) is an arbitrary function in a space whose

form can be determined more precisely if necessary,
b, are complex numbers, zp,(x) are bound-state func-
tions, and j is the index that labels the bound states.

We should note two properties of the general solution
(123) which are important in that they are preserved

in generalizations.

Property 4. From the form of the Hamiltonian (120)
it is not yet possible to obtain complete information
about the bound-state functions. One can only say that
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the bound-state functions correspond to free solutions
Ys; of the form

Yoy (%) = (wy7) “Lsinh (57), By = — %5,

(124)

To obtain the number of bound states and their energy
values it is also necessary to use the requirement of
finiteness of the norm generated by the form (119).

Property 5. For the complete solution of the Cauchy
problem it is necessary to express b(k) and b ; in terms
of ¥(x,0).

To obtain the phase shifts and bound-state energies,
we go over to the momentum representation for #,(x)
and separate the waves ¥,,(p) with 7=0:

ok (p) = (47)7t 5 dQ,, (2n)2 j dx exp (—ipx) ¥r (x).

The result of the calculations can be represented in the
form

= T 1 —(2m)~1 ik (20 - gk?) 1—(2a)~1 ik (2me - gk?)
Yor (p) = Atk [ E—pr10 & P—kE =10

1. (125)

which is convenient for obtaining the “in” and “out”
limits:

in

¥ (gue) () = lim exp [—i (52— p)¢] fun (p).

Each term in the curly brackets in (125) contributes to
only one of the limits

i ( gur ) (P) = — (2Tk)4 8 (92— 2) [1 F (2t ik 22+ gk, (126)

It follows from this that the phase shift 6, is determined
by

tan §;, = (2a)' k (2na + gh?).

The right-hand sides in (125) and (126) do not contain
poles corresponding to bound states. However, there
must be poles in the § matrix S(k)=(1 +itanb,)/

(1 —itand,). Therefore, the function g,,,(p) must
have zeros with respect to the variable », where
k=in, at the points of the bound states. These zeros
correspond to real bound states for real » >0 and
poles of S in the unphysical region in the remaining
cases. The bound states are described by Egq. (93).

In the considered case, the transition to the free-
solution representation not only gives the general solu-
tion (123) but also makes it possible to obtain solutions
of the scattering and bound-state problems. It is easy
to show that the same can be done for the one-dimen-
sional singular and strongly singular potentials consid-
ered in Sec. 4. A minor difference is that the functions
¥, and P, are expressed by relations of the type (116)
in terms of a new function that satisfies the free equa-
tion.

CONCLUSIONS

In creating Refs. 1-9, Shirokov had in mind the
problem of constructing suitable algebras of generali-
zed functions for use in quantum field theory. There
have remained only a few notes devoted to this prob-
lem, which he apparently regarded as premature.
The most closely related problems were the follow-
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ing®%: 1) construction of new one-dimensional and mul-
tidimensional algebras containing 8, v*, k=0, =1,
+2,..., and also generalized functions of other types,
for example, x* and multidimensional analogs of the
functional 11 (see Sec. 3); 2) the problem of classifying
physically inequivalent models with 6-functional poten-
tials and the connection between the method of asso-
ciative algebras of generalized functions and the meth-
ods of the theory of extensions of symmetric operators;
3) the construction of N-particle models with two-body
6-functional potentials. These problems were the sub-
jects of several investigations by students of Shirokov.
Thus, in Refs. 37 and 38 Tolokonnikov constructed an
associative-commutative algebra generated by ele-
ments of the type 6, x* k=0, +1, +2,..., classified
differential rings containing 8(x), »*, xER",
n=1,2,..., and for odd-dimensional R" constructed
algebras including these elements. An algebra con-
taining the functionals 6 and 7* in the case of arbitrary
dimension d=2, 3, ... is constructed in Ref. 39. In
Ref. 40, a correct model is constructed with a semi-
bounded Hamiltonian on a Hilbert space different from
L, for a system of three particles with 5-functional
potentials. Shirokov’s method of Refs. 1-9 found fur-
ther use in the case of singular noncentral interactions
of spin-1 particles in Ref. 41,
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