Interaction of two particles in an external field
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For two quantum-mechanical particles in an external field a decomposition is obtained for the integral
scattering operator in which all the pole (principal) singularities corresponding to the formation of bound
states in independent subsystems (bound states of the first and of the second particle in the field and of the two
particles) are separated explicitly. For the unknown functions of this decomposition (the components of the
integral scattering operator) a system of integral equations with kernels that have only integrable singularities
is obtained. The connection between the elements of the S matrix and the components of the total scattering
operator is established. The spectral properties of the total Green’s function of the system of two particles in
the field are investigated. A method is proposed for generalizing this spectral analysis to the case of a problem
of three bodies with arbitrary masses; this method makes it possible to describe the bound states and

resonances that arise in the system.

PACS numbers: 03.80. + r, 11.20.Dj, 03.65.Nk

INTRODUCTION

In the present paper, we propose a method for solving
the problem of the scattering of two nonrelativistic par-
ticles in an external field. Investigation of this quan-
tum-mechanical problem is interesting not only because
it has great applied significance in different branches of
nuclear and atomic physics, quantum chemistry, etc.,
but also because this problem is the simplest many-
particle process that possesses all the basic features
of multichannel scattering in problems of N = 3 bodies
when there are bound states embedded in the continuum.

The method of solving the problem of the interaction
of two particles in an external field proposed in the
present paper is based on the theory of the integral
equations for the scattering amplitudes of the particles
in the system. In recent years, this theory has been
developed!’ in both the time-independent and the time-
dependent formulation for the following reasons. Incon-
trast to the traditional method of describing many-particle
problems on the basis of the differential Schrédinger equa-
tion, whenitis first necessary to determine explicitly the
vectors of allasymptotic states of the system, inthe inte-
gralapproachit is sufficient to know the nature of the singu-
larities of the kernel of the scattering operator of the
particles in the momentum representation and to rear-
range the perturbation series (time-dependent or sta-
tionary) into a system of integral equations in such a
way that the known singularities of the total scattering
operator are represented explicitly in the kernels and
free terms of these equations. Here, we have in mind
the poles (principal singularities) corresponding to the
formation of bound subsystems in the complete system
of particles and the 6-function singularities correspond-
ing to the law of conservation of momentum and energy
in the independent subsystems.

Experience shows that such a rearrangement of the
perturbation series (see Refs. 5, 7, 9, 10, 13, and 14)
makes it possible to obtain equations with only dynam-
ical singularities and, therefore, to solve the problem
numerically. The problem we are considering of the
interaction of two particles in an external field is not a
special case of a three-body problem, since the total
scattering operators in these problems have singulari-
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ties of different types. Indeed, in the considered prob-
lem the operator can, first, have poles that correspond
to bound states embedded in the continuum when the in-
teraction between the particles is switched off. Second,
in the problem of two particles in a field, as compared
with the problem of three bodies with finite masses,
there is a new type of unbound process corresponding
to independent scattering of the particles by the exter-
nal field. The scattering operator of this process con-
tains two 6 functions due to the energy conservation
laws for each particle. Further, the singular scatter-
ing amplitudes of the unbound process we have just
mentioned do not separate explicitly on the transition
to the limit of infinite mass of one of the particles in
the free term and in the kernels of the integral equa-
tions of the problem of three bodies with finite masses.

Therefore, to obtain integral equations that admit nu-
merical solution for the problem of two bodies in a field
it is necessary to rearrange perturbation theory by an
appropriate method. In Ref. 6, a system of integral
equations for the two-body problem was derived in the
framework of time-dependent perturbation theory, and
it was shown that the obtained equations are equivalent
to the corresponding equations in stationary perturba-
tion theory.

In the present paper, we consider the equations ob-
tained in time-independent perturbation theory, since
this approach is more traditional in the theory of many-
particle scattering, although the principle of rearrang-
ing the Lippmann-Schwinger equation is taken com-
pletely from the method of rearranging the series of
four-dimensional perturbation theory.

1. HAMILTONIANS AND ASYMPTOTIC STATES OF
THE CHANNELS IN THE PROBLEM OF TWO-
PARTICLE SCATTERING IN AN EXTERNAL FIELD

Formulation of the problem. We formulate here the
conditions under which we solve the problem of the in-
teraction of two quantum-mechanical particles in an ex-
ternal field. We define the Hamiltonian of the problem
in the form

B=Hy+V; Hy=Hj+Hyy V=Vy+ Vot Vip (1)
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Here, the operator H;, denotes the kinetic energy of
particle ¢ with mass m, The operators V, (a=1,2)
are the interaction potentials of particles 1 and 2 with
the external field, and the operator V,, is the potential
of the interaction of particles 1 and 2 with each other.
The properties of these operators in the momentum
representation are given below. We assume that parti-
cles 1 and 2 are nonrelativistic and are described by
momenta p, and p, or, in the coordinate representation
by vectors r; and r,, respectively. Then the potentials
V. (a=1,2) are functions of only r,, while the two-par-
ticle potential V,, is a function of r,,=r, — r,, the vector
of the relative distance between the particles. The
Hamiltonian H acts on the Hilbert space & of functions
square-integrable with respect to the measure dp,dp..

?

The action of the operator H on an arbitrary function
f(p,p,) in & has the form

Hf (mps) = (pi/2my) f (pips) + (p3/2m.) f (pyp.)
+ (¥, + Vs + Vie) f (pyP2)- (2)

The operators V, (@ =1,2,12) in (2) are integral opera-
tors:

Vif (pap2) = \ dqiVy (ps— ay) f (q4p2);

Vaf (pipd) = | detavs (Pa—a2) 7 (pyr);
Viaf (pp2) = 5 dqy, 5 dQyass (Ps2—q42) 6 (F12— Qo) f (442).

(3)

———————

Here, v,(p,) are the Fourier transforms of the func-
tions v (r,) (@=1,2,12); the momenta q,, and Q,, are
defined by

Tia = (Moqy — Myqo)/M; Qe = qu + @25 M =m, 4 m,. (4)

In all that follows, we shall assume that the functions
v.(p,) satisfy the following conditions: 1) reality, »(p)
=u(—-p)*; 2) boundedness and decrease, |v(p) | <¢c
(1+|p[)*®0 (6,>1/2); 3) smoothness, |v(p+h)-u(p)|
sc(1+|p|)™*®|h|go(|h| <1, py>0); 4) smoothness and
boundedness of the derivative,

o @ |<ed +1pnt0 [Flve ) —v ol
<el +1p Dot B p(hI<L, 1o>0).

We now define the Hamiltonians z, (e =1,2,12):

hy=Ho+V,, i=1, 2; ] (5)

Ty =hyz+ V.

The operator A, in (5) has the meaning of the free
Hamiltonian of the internal motion in the subsystem of
particles 1 and 2. Note that the Hamiltonian H, can be
represented in the form

Hy = hoys + Hopas (6)

where Hy,, is the Hamiltonian of the free motion of the
center of mass of the pair of particles 1 and 2, and,
therefore,

Hoyof (p1pa) = (5’:2/2A”)f (p1p2)s
By = mym,/M. (7)

hogaf (P1P2) = (P1y/2142) F (P1p2);

For the class of potentials §) satisfying conditions 1-4,
the following property is proved in Refs. 1-3 and 11.
The discrete spectrum (5) of the operator H and &, (o
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=1,2,12) has only a finite number of negative eigenval-
ues, these being of finite multiplicity. It is this prop-

erty that makes it possible to study the structure of the
singularities of the T matrix of the considered problem.

Conditions 1-4 in the coordinate representation cor-
respond to the fact that the potential »(r) decreases as
»™"¢ with £>0. Therefore, »(r) is a square-integrable
function, and we can define on ¥ the scattering operator
T(z) by means of the relations*®

TEH=V+VG(E)TV;T(2)
=VLVGy(d) T (2), J 3

where G(z)=(z — H)™ is the total Green’s function of the
system (the resolvent of the operator H), G (z)=(z

- H,)™ is the free Green’s function of the system, and
z=E+i0, where E is the energy of the system.

We also define the operators
o (2)=Vo+Valo (5) Vi ta(5)=Vo+Vahoa (2) ta (3), (9)

where g,(z)=(z — h,)™ is the resolvent of the operator
Iy, and go,(2)=(z - Ho:x)-l (@=1, 2) and gq,5(2) =(2 = kg ;)™
and the corresponding free Green’s functions.

System of integral equations for the scattering ampli-
tudes of two particles in an external field. We consider
the Lippmann-Schwinger equation for the scattering op-
erator of the two particles in the field T(z):

TE =V +Ve + Vi) + (Vi Vo V)G (0) T (). (10)

Besides the singularity corresponding to formation of a
bound state of the two particles in the external field at
a negative total energy z € oy, (H), the operator T(z)
must obviously have all the singularities that the scat-
tering operators have in the independent subsystems
possible in the considered case, i.e., in the subsystem
of the two particles in the absence of the field, f,,(z),
and in the subsystem of independent scattering of the
particles by the field, N, ,(z).

We rearrange Eq. (10), separating the above singu-
larities of the operators explicitly. For this, we rep-
resent the operator in the form of two terms:

T (3) =Tz (z2) + Tyo (2), (11)
where

Tia(®) = (Vi + Vo) + (Vi + Vo) G () T () (12)

Tyo (3) = Vys + V1aGy (3) T (3). (13)

The representation (11) makes it possible to obtain as
kernels of the equations all possible scattering opera-
tors of the independent subsystems in the given problem
and, therefore, to separate explicitly all possible sin-
gularities. Indeed, if Eq. (12) is multiplied from the
left by the operator [1 - (V, + V;)]G(z)™ and Eq. (13)
from the left by the operator [1 - V,,G(z)]™, then for
the operators T, ,(z) and T,,(z) we obtain the system of
equations

Ty, 2(2)=Ny o(z)+ Ny, 2(2) Go(z) T2 (2);

T (2) =ty (5) 11y (2) Go (2) T 2 2). (14)

We transform the system (14), separating the ampli-
tudes of the unbound processes. For this, we introduce
the operators L, ,(z) and L,,(z), which are related to
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Tl.z(z) and T, ,(z) by

Lia(@)=T2(2) —Nya(z) ]

Lys (2) = T3 (2) — 112 (2). (15)

Then for L, A2) and L, ,(z) we have the system of equa~-
tions

Ly, 3 (2) =Ny, 2(3) Go(8) tya (z12) + Ny, 2(2) Go (2) Lz (2);

Lz (3) =ty (213) Gy (3) Ny, 5 (3) 4tz (212) Go (2) Ly 2 (2)- (16)

To transform the system (16) in what follows, it is nec-
essary to have a spectral decomposition of the opera-
tors N, ,(z) and £,,(z). The properties of the operator
t,5(2) and of the operators #,(z) and #,(z) defined in (9)
have been well studied in Refs. 4 and 5, and therefore
we give them below without proof.

Properties of the operator £,(z). The conditions 1-4
on the potentials make it possible to represent each of
the operators £,(z) as the sum of a singular function and
a nonsingular function, the singular part of the operator
t,(z) having the pole nature of the singularities that
arise because of the existence of the discrete spectrum
of the Hamiltonian #,. In what follows, we shall assume
that the discrete spectrum o, (%,) of the operator &,
congists of one negative eignevalue of multiplicity one.
Then for £,(2), we have

to (2)= 90 > <@al(E+18) + Lo (2), (17)

where —%2 € Oyqe (o), | @0 = Vo [¢o), and |¢,) is the
elgenfunctwn of the discrete spectrum of k,: % o |¥e

= -2 |9,). The operator ,(2) in (17) does not have sin-
gularities; more precisely, the function i Ap,,phy2)is
a Holder function of its variables.’

We now formulate a number of properties of the scat-
tering wave operators Q3. The operators Q%, which
act on the corresponding Hilbert spaces of the functions
fulpe) (@=1,2,12), are defined as strong limits in the
form

QF =8 — lim exp (k) exp(—ilygl), =1, 2
tFao
l (18)
Qi =58— lim exp (ikat) exp (—ilget). i
1-Foo

For interaction potentials in the class §), the operators
Qt (a=1,2,12) satisfy the condition of asymptotic com-
pleteness. Namely, an arbitrary function f, in the cor-
responding Hilbert space has the representation

fa=8FE+far (19)
where 1t =(Q%)*,, /1= Pyfo; P, is the projector onto the
discrete spectrum of the operator k,: P,= |§p@,|. In
addition, the operators Q% are characterized by the fol-
lowing properties®:

a) the operator Q* is orthogonal to P;:
Q)+ Py=0; (20)
b) the operator Q3 is isometric:

Q)T Qz=1,; (21)

¢) for any bounded function ¢(x), =0 <x <%,

P (he) F =Q¢ (Hoa): =

=4 2 (22)
[ (h:z) Q= Q*‘P (Roga)- J
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Property c) is a consequence of the well-known rela-
tions for the Mgller operators:

hoQE =Q2Hoq, a=1, % }

RS2 = Qi hggo; (23)

d) the operators 9% are related to the operator £,(z)
by

(Do |QF] p&) = 8 (po — &) + (0%/2m,, — p&/2m,, + i0)!
X to (Dur Py PUY2me £ 10) (24)

[for a=12 in (24), m, must be replaced by p,,].

Scattering of two noninteracting subsystems of parti-
cles. To investigate the properties of the operator N, ,,
it is necessary to consider the Hamiltonian

Hyp=h +hy=Hy + TV + Vs (25)
which is defined on &,

For the operators in (25), the folowing commutation
properties are characteristic:

(hy, kgl = 0; [Hgyy Hygl = 0. (26)

As will be seen from what follows, the commutation
properties (26) make it possible to construct in explicit
form the Green’s function G, ,(z)=(z - H, ;)™ and the
corresponding scattering operator Nl'z(z), defined by
means of one of the relations
N 2@ =1+ Vo) +(Vi-+Vo) G o (2) (Vi+Va)s
G1.20)=Go (3)+ Gy () N2 @) Go (); } (27)
Ny 2(3)=(Vi+ Vo) + (Vi + V1) Gy (2) Ny, 2 (3).
The commutation relations (26) have the consequence

that the evolution operator of such a system is equal to

the product of the evolution operators of each of the in-
dependent subsystems:

exp (—iH, , t) = exp (—ikyt) exp (—ik,t). (28)

The system with the Hamiltonian (25) has three scatter-
ing channels, which we shall denote by v (¥=0,1, 2);
they correspond to the channel Hamiltonians H,=H,
+Hy, for y=0,H,=h; +Hy, for y=1, and H,=h,+H, for
y=2. In addition, the system with the Hamiltonian (17)
has a localized state at total energy E=—»f— w3, -7 of
the system, this being the energy of the bound state in
the subsystem with the Hamiltonian k,. In accordance
with (28), the Mgller scattering operator for the chan-
nel y=0 can be represented in the form

Wgf=8— lim exp (il z ) exp (—iHqt)
=85 I:rn Ietpuh f)exp (—iHyl)]
X [exp {lk;;:XP(—'quzt)]fH(p =@y /. (29)
The tensor product in (29) means that
(paP2 | W | DIPD) = (Py Q5] PD) (P2 [R5 PD- (30)

The remaining wave operators Wi and W% correspond-
ing to the channels 1 and 2 are

Wi=Qf ® Py Wi=P,®Q%. (31)

The asymptotic completeness of the wave operators
Q% (i=1, 2) (27) means that any function in & admits a
representation of the form

f=WiE+WifE+WEfE+ far (32)
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=W iy=0, 1, 2); fa=(P, @ Py . (33)

From the properties of the single-channel wave opera-
tors (20)—(23) we deduce the following properties of the
operators Wi (y=0,1, 2):

(WP Wi =Ix 8y (W3)*(Py® Py)=0; }

i (34)
HyoWE=WEH; Hy Wi =W (Ho— )

where i #j, withi,j=1, 2,

The behavior of the operators W% (y=0,1, 2) leads to
the following result.'?

The Green’s function G, ,(E +i7) for the Hamiltonian
H, ,, which is the sum of the commuting Hamiltonians
of the independent subsystems, is

oo

GialEtin= | Sogi(e+iv) @ g (E—etin),

—00

(T >0, 1+ 1, =1), (35)

where g,(z,) is the Green’s function of the independent
subsystem with number 4.

Proof. The relation (35) is equivalent to

Gra(B+inf= | g (e+it) @ g (E—et+ir) f (36)
for any function fin 9. Since the function f has the rep-
resentation (32), for (36) to hold it is sufficient if

Ga(E+i) Wi = | fae—in) @ & (E—e+in) Wi (37)

for y=0,1,2 and
G2 (E+it)(Py @ Py)

= | e le+it) ® g (E—e+im) (P, ® Py). (38)
We consider, for example, the case y=0. Using the
relations (23) and (34), we transform (37) to

WEC,(E +it) = W= \ o Eo (61T ® g (E—e+ity). (39)

—o0

We multiply from the left by (W$)* and, using the fact
that the operator W} is isometric, we obtain a relation
in the momentum representation in the form

1
E - it—pj/2my—pi/2my —

¢ de 1 1
5 —2ni &—p}/2my ity E—e—p§f2my-t-ity? (40)

-0

which, obviously, is an identity by virtue of the residue
theorem. Therefore, the relations (37) and (39) are
satisfied. The case of other y =1, 2 and the relation (38)
are studied similarly, Thus, the representation (35) is
valid.

We now obtain an expression for the scattering oper-
ator Ny ,(z) of two independent subsystems. To this
end, we use the second of the relations (27):

G,z (2) = Gy (2) = Golz) Ny 2 (2) Go (). (41)
Since
8 (z;) = goi () + Zoi (22) i (2) gos (21, i =1, 2, (42)
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combining (35) and (42), we obtain

Gip (B +-it)= g """’"_dzaﬂi [gor(e+ity) - goy (e + iny) &y (e +ivy) goy (e+iTy)]

® (802 (E —e+1iTy) + gop (B — & +17y) by (E —& + iTy) o (E —e + iT0)]
=Ii+12+13+1;- (43)

The operators I, in (43) correspond to the four possible
products in the integrand. As a consequence, from the
relation (40) we can find the expression

L= | Sgn(e+im) @ gun(E—etim)=Go(E+iv).  (44)

—2mi

—o0

By the operators I, and I; we denote the products in
(43) that include one ¢ matrix, For example, for I, we
have

o

I= _\ :d-%gm(?‘ﬁ‘i":) ®

—o0

® 8oz (B —e1-ity) ty (B — &+ ity) 8oz (B — & + i) (45)

Using the relation (42), we transform the integral (45)
to the form

d! : iy 5 . 3
I,= S Tsﬂ-lgm (e+1it) @ [82 (£ —e+iTs) — oo (B —&+iTy)]

=S hde'ﬂl:gul{e""i'ﬁ)®gg(E—E+iT1)—Gu(E+i'[)_ (46)

Further, using the device employed in the proof of (35),
we can readily establish

oo

5 _dTﬂni'gol (e+it)) ® g2 (E—e+ity) =G, (E +iT), (47)

where G,(z)=(z — Hy,, — h,)™. Now, substituting (47) in
(46) and expressing the operator G,(z) in terms of the
scattering matrix £,(z), we obtain

Iy = Gy (E + i1) ty (E — Hoy, + i1) Gy (E + iT) (48)
or, in the momentum representation,

i =Ty _ 8 (py—p9) ta (2, PY, E—pP/2m,+it)
PaPs | 12| PLP3) = =m0 (E— oy — A7 7 (49)

Similarly, for I
Iy = Gy (E — i1) &, (E — Hyy + i1) Gy (E =+ i1). (50)

We transform the remaining integral I, by means of the
identity

gor (& +iT) @ goa (B — & + it,y)
= Gy (E + iT) Igol (8 -+ ity) + goa (B — & -+ ity)l
= [go1 (& -+ iT) + g0z (E — & + i%3)] Gy (E -+ iv) (51)

to the form

L= | S o (e+in) ty(e+ i) fur (e+iT)

® oo (B —e+ito) ta (E—e+iTy) Boa (B —e+1T2)
= Gy (E+11) 7 30 (B + 1) Go (B + i),

where the operator &, ,(E +i7) denotes the integral

o

= - i . %
Fige (E+it) = \ jam[gm (& +4-17,) -+ goa (£ — & +-i7y)]

Xty (e+i%y) ty (E —e& - 1i75) [8oy (6 + iT4) + oz (£ — &+ iTo)],
(T T, >0, T4+ 1, =1). (52)

Substituting the sum of the integrals I, (i=1,2,3,4) in
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(41), we obtain an expression for the operator

Nio (8) = 8 (21) + 85 (32) + F g (), (53)

where z,=z — Hy,, z,=z — Hy,, and the operator %g,(2)
" is defined by (52).

We now turn to the study of the S matrix of the inde-
pendent subsystems: S,g,. The expression for it has
the form

(Syzadwr = (W) Wi (54)

We consider in detail the case y=y’=0. Then

Sie= (W) W, =(Q; @ )" (2 ® Q)

=) @ (;'Q) =8, ® S, (55)
or, in the momentum representation,

(PiPz | Siz2 | PIPE) =5 (P, —p) 8 (p, —p})
cgr= - = )

— 2mid (p, — pj) & (pl, P % +1O) 8 (p%/2m,— p%/2m,)
P5/2mq) 8 (py— DY) 2 (Pay Py PF*/2my - i0)
+(2ni)* 8 (pi/2m, — py*/2m,) 8 (p/2my — pl/2my) by (py, PYy PY/2my + i0)

X ty (P2, P PY/2my + 10). (56)

— 2mid (p3/2my —

The same result (56) follows from the representation of
the S matrix in terms of the operator N, ,(2):
(Pp2| Siz2 | PipY =8 (p1— ) 8 (P2 —p))

— 278 (p}/2m, + p}/2my — Eq) (pip2 | N1 (Bo+i0) | DB, (57)
where E,=p%/2m, + p3?/2m,. Indeed, the terms con-
taining only one { matrix in (56) and (57) are identical,
and therefore it is necessary to prove the equality of the
terms quadratic in . Setting r,=7,=1 in (52), we ob-
tain on the energy shell

(PiPe | F 1z (Bo - 2i7) | DY) = \ e
Xty (py, P} € +i7) & (2, P E—B'FiT)[Wﬁ;#‘];

(p}/2my + PP /2m 4 p3/2my). (58)

Going to the limit +— 0 in (58) and noting that the terms
in the square brackets are equal to & functions,

py/2my =

[ — 2aib (e — p}/2my)] [— 2mi8 (e — p¢*/2m,)],
we obtain after integration over ¢
(PiP: | F 152 (Eo+10) | 1P
= —2aib (p}/2m;— pP/2my) t, (51:52- py/2my +-0)

Xty (;11 ;:v pai2my +i0),  (py/2my—+ py/2my = p§i2m 4+ pit2my).  (59)

Obviously, after multiplication of (59) by —2wi6 (p2/2m,
+p2/2m, - E;) we obtain the quadratic term in (56).
Therefore, the representations (56) and (57) are identi-
cal.

Investigation of the analytic properties of the kernel
of the operator #.(z). It follows from (17) and (52)

that the kernel of the operator 7 4,(2),

PPz | F1g2 (2) | PIPD)

ev

- 5 de ( 1 1

= ) =2ai\e—pim +it, + E—e—pi/2my-I-its )
Ja

oot 2= =0 ey
X [—'é—:lngJ;T: + 1t (po P e+ 1T|)J
s (py) 0 (PY)
* [E—ETMEJ.-m

+ 22 (.;29 .E:v E—e+ iTz) ]

1 1
= ( &e—pi¥/2my+i1y + E—e—p¥/2m,-+ ]T,) (60)
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can be represented in the form

(pip2 | F g2 (3) | PIP3)

91 (p1) g% (7))
= I Fwi—pim, [‘M1 (Pl! P:’ 7) =T”§—P§21'2m1

] A = * 'Eu} e
+ M (P2 P 2) Z_JH‘%%_LM'FM‘S’ (P2 P3s P z)]
93 (P2) L= e g (1)
e (M Gn B ) i e,
G
* (7 Xy i
% + jl[; (Piv p:v p:v z):l

ot
z—+u}

+ M (py, B, 3)
i # (pf
+[,1I‘1‘ (Psp2: PY» z)%

e b ¥ (D Al e
+ M3 (i P ) i+ M3 (0 P BBR 9| (61)
Below, we give a derivation of the spectral decomposi-
tion (61). We transform the singular denominators in

(60) by means of the identity

1/ab = (1/a + 1/b)/(a + b), (62)

where g and b are, for example, £+ %2+i1, and E~-¢

- p2/2m, +ir,, etc. Then if in the first stage we do not
consider the singularities of the Green’s functions
standing to the right of the scattering amplitudes in the
integral (60), for the operator #,4,(z) we obtain a rep-
resentation of the form

F g (2) = il

+R’—-H 1’2(2) +

?‘Wﬁ'g (2) + %5 (2) (63)

or, in matrix form,

@1 (Py) 5 (py, PP, 2)

(P1P2 } F 132 (Z) | plpg T %I— p3/2m,

+ QBT EL A D i (5,5, BB, 2. (64)
The kernels of the operators ¥;(z),i=1,2,3, in (63) are
given as follows:

o

reil o de 1 1
2 =, Y a8 i
'y (py PrPu 3) = 5 —2ni ( E—pi/2my ity | E—e—#3iT, )

-

% £y (pa Pl £-+iT) @ (PY)

1 1 "
X (s—p?if:lmlTi-:l U E—e—pPR/2my-ity ) &

— == £ 1 { )
K (Pas PP '\ 911( E—e—p3/2my+1Ty | E—%j-riTy

%ty (Par Pl E—e+ 1) @} (p})
‘ (65)

1 ‘ )
X ( e—pPRm, it | E—e—plEm, Fit, ) '
K3 (PyP2s nggf z)

e [ e Pl (P, P}, e+iTy) ?e (P2, P} E—e--ity)
- j 2ni e—pi/2my ity
-

f:(Pn P etit)ts (s, PY. E_9+ifz)]
E—e—p3/2my ity

1 ! 1 )
x (s—p?“,ﬂml-:— Tt " E—e—pfemytity | °

The expressions for the kernels % (-, p{p?, z) are trans-
formed in the same way as the expression for

(pip.| Fre2(2) |D{DY). As a result, the decomposition for
kernels of the type % takes the form

i o [ €;g)
‘Ul( » Py 2) 2+ u3—pi%/2my

Ky (- PP 2) =

o)t ()

+M, (- ‘m‘i‘ﬂd’;{w Pip: 2). (66)

The explicit form of the functions Mi(z), which in what

follows we shall call the components of 5, g.(z), will be
given below. In calculating the matrix elements of the
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operators Mi(z), we shall use the following properties
of the function ¥, p°,2).® The function #p,p°, 2) is a
sum of the form

t(p. 7% 2) =V (p—p") +7(p, P", 2), (67)

where

=i —t(p, 4, g%/2m-+i0) ¢ (g, P°. g*/2Zm—il)
T, % )= | dg 2 st e (68)

We consider a typical integral with the function

7B,p’, 2):

RSy Ene e (69)

-

For Imz #0, 7>0, the integral I(z) can be calculated by
means of the representation (69):

h de 1
I(z): S —27i e—1z

o (gt T g2m +i0) ¢ @, B, g2/2m—i0)
i q ‘ e—q?/2m 41T

= 5 dgt (p, ¢, ¢*2m +i0) ¢ (a, P’ ¢2/2m—i0)

t de 1
A~ 5 —27i (e—2) (8-} iT—q%/2m)"* (70)

In this expression, we have changed the order of inte-
gration, which is valid for all finite 7 and Imz. From
(70), we have

(71)

()= [0. Imz<0,}

—2(p, p% z+it), Imz>0.

Calculating by means of (71) the integrals for the ker-
nels of the operators Mj(z), we obtain the result

M (py - )=V, (py—pY) i)

. i de [5 ¢ (pV i — = 3
7+ ":"»,;[Eé,—fi-.[,‘.f-%')fn(pp P?vffm)J

-2

o 1 1

i (&:7[-‘-}3 2m,—i11+ E—e+#j+ita )
— g = &= —U

=1 1(?(—P$)‘7'%'1")

Ty Py P 3 K =1y (D1 PG 2 723

M (pw 3 2)

x
\ de ( 1 \ 1 )
= ) Zoai\e—pim,+in, | E—e—ui—rir,

~00

- = i 1 1 \
~ @y (pl) '-P: (F:) (E T+ ity -+ E—e— pg*2m,- -iTﬂ) (72)

R (T

Yy ]
z—ul—#3

¢, () 01 (9
23— pEj2my— pPF/2m,

G B

oo

. \‘ de t (1. Pl e-+ity) ¢ (P
e 30 (e — pi2my ity) (€ — PR 2my - iTy)

S
o
e S‘ de ( 1 i 1 )
T =2m \e—py/2my ity T E—t+#3+its
o
f (P PO e—-iv) o (89 __ %1 (py, 8. s—pd% 2m,) 6% (PD)
E—e—pP2my ity 2— pi2my— 9 2m,

X

o (9)
—n§— pgf2m, *

e 7 (Eni’?v 3+ ul) — Ty (P DY 2— P3Y/2ms))]

The expressions for the kernels of the operators M:(2)
differ from (72) by replacement of the indices 1 by 2
and vice versa:
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i = = b = g
M2 (g, 0. iz)= @2 (P2 9% (D) | @ (PD) 9 (p1)
1(Pas P, 12) 2+ R+ %} zﬁpl{nfgml;pé’-zmg H
M3 (p2, 2, 3)=ta (P2 P2y 24+ 22);
M3 (Ea, 1—3105.?, Zj= i (pg. BS. 3—pl¥/2my) of (@Y (73)

z—pi/2my— pP?/2m,
f[ Ta (P2 P2 2 %) — T, (ﬁz' P zﬁ{:t_-l) —x?lﬁ’)ﬁm )
The kernels of the operators M{{(z) and M3(z) have a
form analogous to Mi(z) and MX(z) by virtue of the sym-
metry of the expression for (p,p,|.%¢2(2) |p{p2 (60)
with respect to transposition of the “in” and “out”
states:

s (P2) 1 (1, PY, 5—p3/2my)
z— pi/2my— pP¥/2m,

M (pip2s P 2)=

+ 1%y (Prs P 2+ %) — Ty (o, By 2— P3/2my)] % (74)
355, 50 7). 2L Es (Ba. BE. —pi/2my)
M(pipe, B 2) = BB B
Py (Py)

SRS 2 =i =0 pi
+[12 (p2; P ZJ'_RI)_Tl(pg' Pe 3=, )] —fi—pil2my "

Further, the expression for the operator Mj(z) has the
form
M5 (2) = Ay (3) + A, () + 45 () (75)

where
T T de b (Pa. Bl E—e i1 01 (B0) 4 (B) .
1(5)= ) /A1 e—piimy i) (B A+ i) (6 —pPR2my it

v de
4@ = ) —gr
% i (B B e imy) o (o) 0t B .
" —e—piZmetita) (E—e %3 —i1) (E—e—P¥/2mg +im) ' [ (76)

s de 1 1
= — -
Ay (2) = j —2mi (s—pf!ZmlTiT ’ E‘—ar—‘—pij,@m,—i—u'g)
Y
% iy (Pus Pl e+ it) 1o (P2 BY E—2+iT)
~ 1 o 1 )
e (efp?112m1+ir; T E—e—pP2mytitg |’

The integrals A, and A, can be readily calculated by
means of (34):

@, (ps. L 0l Tl)—ml(l'_e. Pl P 1)
3

A4 (-151‘529 1_3:-110;-- z) =1 (El) h (_Pg)

pi—pt?
where
- v ds 7o (P Pl E—etita)
@y (Bos B 010 ) =2 | 3 g e P+ TR
—
o 2m112 (_Ph ng 24+uf) —Ts (Fas _Pg- z—g3/2m,) 3 (77)

—ni—gi/2my

Since 7(p, P , ) is a Holder function of its variables,’ in

the limit 7,, 7,~ 0 the function 4, (p,, p,, P{P3, 2) has in

the region p, = p? a secondary singularity of the form

|py = p2|™, 0<y<1/2. The expression for 4, is ob-

tained from A, by replacement of the indices 1 and 2:

Ay (l—’il_’zt _pﬁ’:- z)

@, (B, Pl PP, Ta) — D (o, B PY, T) |

Pi—pF .

=2 (P) 05 () e
Sy 8
Oy (ps: BY: 05 T2
T (P, P s XD —T (p1, PY, z—gi/2my)
— i —qi/2my i

=2m,

Since the operator #(z) is the sum of two terms, W)=V

+7(2),
Ay (5) = B, (@) + By (@) + By (8) + By (2). (79)
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The term B,(z) in (79) is generated by the product V,V,:

By(2) =V, (p,—p) Va (P.—P})
ke 1 1
( a—pyfmy—py2m; " s— palZmy—pi2m, )' (80)
and B,(z) and B,(z) by the product of the potential and
the operator 7(z):

o

B2(z)=5 —-d;:ri ( o +g - )

e—pi/2my ity —e—p3/2my ity

-

KV (Py— DY) To (P B E—e-tity)

1 " i
il e )

- = zoy [(Ta (P2, DY 2—PY2my) | Ty (Par PY 5—PY/2my)
=Vips pl)[ 2— p}/2my— PP 2m, | s— pY/2m; — pi/2m,

+"2 (P, pd, Z_Pif;;ﬂri:;:z('ﬁ;hpg- :_;p?glpzm‘)]' (81)
The case of B,(z) is treated similarly. Therefore, the
kernels of the operators B,(z) and B,(z) have singulari-
ties of the form (z - p*/2m - p°2/2m)™ and |p - p°|™*.
Finally, the kernel of the operator B,(z) has the form

T s 1 1
B, (z)*ﬂ —omi (a—pf,@ml—i—iTl_}-'E—e-—p§,’2mg-;-ir)

X Ty (Byr P i) (P DY E—eLity)

1 . 1
% (a—pfi,‘2m;+in-:_ E—e—p/2m, T i1, ) : (82)

Separating the singular denominators in (82) by means
of the identity (62), we obtain

DE)-DE) , DEI—DED
G = e = W
DED—DE) , DE)—D 83
+—® T -8 (83)

B, (z)=

where

Ei“"ﬁpf”gmi—irx; & = pi*/2m,—ity; §2=E-—p:1'2m1

+ity; B =E—pyi2my--ity
p— ¥ de oy, Bl e~ ity T (B PY, E—e-+iTy)
D (p/par DP% B) = 5 o sl Bl 5 . (84)

]

In accordance with the lemma on singular integrals,®**

the function D(£) is a Hilder function of its variables in
the region Im £> 0 (Im £ <0). Therefore, the term B,(z)
has the same secondary singularities as B,(z).

We note that all the secondary singularities disappear
when E<0. Indeed, for E<0 and 7— +0 there can only
be secondary singularities of the form [p-p°|™*. We
consider the typical integral that for E <0 generates
this singularity:

Al de Ty (py, pY, £+iTy) To (Py. pY. E—e-Lity)
e 5 —2ni (e—pi/2myrity) (€ — PP 2y i) 7 (85)

oooe

In (85), we substitute 7,(p,, pS, E - € +i,) in the form
(68). Then, proceeding exactly as in the proof of (71),
we obtain

0 Tl
T g de Ty (s Py B H1Ty)
J =2ni (e—pimy—ity) (e—p 2my - iTy)
e
o U g ta(Pas Mo 43/2ma+ i) 2o (g0, PR, 03, 2my—i0)
i ,\l ddg E—e—qi2m,—+it,
il (" da" T (P1s P 5—g3i2my) by Py, Qo §3/2ma+i0) ts (qas PL, g3/2my—in)

d (z— Pi/2m; — q}/2m,) (s — pP2/2my —q3/2m )

(86)

from which it can be clearly seen that for E<0 and 7=0
the integrand in (85) does not have singularities.
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Finally, the kernel of the operator #g,(z) has the
form (61). The components of the operator
Fred2)Miz),i,j=1,2,3, for E>0 and 7=0 have sec-
ondary singularities of the form (z - p/2m, - p}*/2m,)*,
i,j=1,2,i#j, and |p,-p}|™". For E<0and 7=0,
there is a singularity only with respect to the total en-
ergy (z +»Z+ 2™ corresponding to the state of the dis-
crete spectrum of H, ,.

2. INTEGRAL EQUATIONS FOR COMPONENTS OF
THE SCATTERING OPERATOR OF THE SYSTEM OF
TWO PARTICLES IN THE EXTERNAL FIELD

System of integral equations for the components. The
representations for the operators 7,(z) (=1, 2,12) and
Fre:\2) of the form (25) and (61), (63), (66) make it
possible to separate explicitly in the kernels and free
terms of the system (16) the principal singularities and
go over to a system of integral equations containing on-
ly secondary singularities. We first obtain integral
equations for the components of the operator T(z) under
the condition that the total energy E of the system is
not equal to (-7 — »Z). We shall consider the case E
=—nZ~ % later by itself. From the expressions for the
operators #,(z) (@ =1,2,12) and F g,(2) it follows that
the operators L, ,(z) and L,,(z) have representations of
the form

191) L 192) :
Lip(@)=w2(8) + oo e (&) + e it (2);
+xf—Hp, +xf—Hy } (87)

Lua (3) =t () + ey vya 2),

where the operators u, (z),u,,(2),v,(2),v,(2),v,,(2) are
given by

t1,2(2) = [y (30) + B (30) + 983 (2)] Go (2) Ly (210)
4 (20) + B (22) + 83 (2)] Go (2) Ly (a);

i (2) = o (242) Go (2) [ty (2) + 15 (20) + F 132 (2)]
13 (21) Go (2) Ly (2);

vy (2) = [{@e| + 4 (2)] G (2) 15 (212) (88)
+ (2] + &1 (2)] Go (2) Lz (2);

vy (2) = [{Q4] + '3 (2)] Gy (2) 43 (249)

4 Kpy| + 84 (2)] Gy (2) Lyg (2);

Viz (2) = {912 Go (2) [ty (24) + 2 (22) + F 192 (2)]
+{PualGo (2) Ly » (). )

In turn, each of the operators u(z) and »(z) in the ex-
pressions (87) and (88) can be represented in factorized
form. For example, for the operator »,,(z) we have

Vs (2) = f-’):g (2) + 42,45 (2) (Pgo | /(2 + x:g_ Hyp,)
+ @2,1 (2} (@2 | /(21205 — Hog) + 0422 (2) (94 /(2 + 2 — Hgp). (89)

A similar representation exists for the remaining op-
erators of the type u(z) and v(z). We shall call the op-
erators v,(2) (a=1,2,12) and w, 4(2) in (87)-(89), and
also the operators u ,, ,(z) and u,, ,(z) for @=1,2,12
and the operators u’; ,(2),uj,(z) and wf(z), the compo-
nents of the total scattering 7' matrix. From the rep-
resentations (87)-(89), there follow systems of equa-
tions for the components. It is obvious that all these
systems differ in the free terms but have the same ker-
nel. We write down one of the systems, for example,
the one for the components u ;) ,(2),%,,,,(2), W, ,(2) (@
=1,2,12):
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U 2,1 (2) = [2s (39) -+ (20) + 885 (2)]

X Go (3) ten.s () + g 0. (9 5

.1 (2) =12 (202 Go (2) [19) + By (3)] + o (512)
X Go () [ #0,0.0(8) s 02.4(3)

+ i o)

1,0 (8) =[(@al + 9 (2)] Gy 2) [ an.1 (2)

@1 (8) = (@4 + &2 ()] Go (2) [ ws2.1 (2)

+$‘i)gm W24 (f-)] H
@42,1 (2) = (P12] G (2)| @) + {P12] Go (2) By (2)
+{94]Go (2) [u'l.z).l (2) _—‘IWL)—HM Wz, (2)

bl 4
19a)
+ i o 9]

now turn to the study of the integral equations for
components of the total T matrix. We write down,
example, the integral analog of the system (90):

Lg,2),1 (pss -!;1‘ P %)
= db; § P18 Ga—PD Es (1. B 2= £} 2ma)
+8(Pi—P;) tz (Por Py 5—Pi/2my)
i T i 1
s (0P PP D, — i,
X[um.i (El*.l_-"—; ﬂl}%‘M: P z)
Y @1 ((mapy—mapi)/M) 0141 (p{ -+ PS PL 2) ]
I o zi"‘u—ipl"‘l’ﬂ)z/z”
U,y (Prpu Pl 2)
— faa (Pagy PR (/M) P, 2= FFa/2M) 0 (F12—1Y)
2—p§/2my —(P1a *_Pa)' 2my
\ dp! Jln(plq Pi—(my ! M) Pry. 32— F5/2M)
s—pyd t3”T1—(W15—P=) /2my
< [By (pys Pia— Pus P 2) + g1 (01 P2 — Py PY» 2)
F1 (;{)‘33-: (3?1'.:4;;- P 2)
3+ wE—(Pra—pi)¥/2my
1 ‘Fs(ﬁ:*ﬁ)‘"l.l f—Ih' lﬁ~ 1) Vs
E s+ %3—pi2/2m, J :
oy (P P 2)
g dp! g . of (P2) 8 (B —Pi) 9’1 (D1, PiDi2)

z—p,*‘—’mj pi*/2mgy

)([ q,j((mgp.—-qug);ﬂ) w101 (P7 - P4, L, 3)
, 2+ %3y — (pi - pa)/2M
3 Kip—(Pa T P2)*/=

-, , =+ Mapi—m P = &
Ty (P(“T'Pe* LIM"1—p'v Ph Z)J ;
@2 (Par DY 3)

_§ e g GE (0 8 (Pa—pd - s (Bay BIRL, 2)
‘*‘l dp, :l dp, 2— piEilmy— pitiim,

I’qp(m 2Pl — my P (M) 015, (p{-=pi. P 2)
a- wh—(pi - pa)t/2M
- = mapi—mps o \].
+ Uigy (P].'T' Pz ] b ) PL “)J
= = ¢ (pt—(my/ M) P1a) @2 (Fra— )
O (P By 2)= s pU/2my — (P — DY 2my
| dp S Fe)
J O e pit2m — (Fra—pi)A2ms
ped [B (l_'1 5"1“ = l?;s B?’ —7)"*”(1‘2).1(5;- 5_’1‘—'45;‘ P> %)
. (ﬂ'ln‘*}h g, 1(!’ ph 3)
z- i — pii2my

ST (ph) 0.1 (f}:*-l‘h m. 2) J .
2w — (P — Pi)F 2mey

The operator B,(z) in the system (91) has the form
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B, (z)=M3(z)+ z;:;i = M)+ 5 JHQB 7 MG (92)
"B (z¥)=#T(2). - (93)
Analysis of the properties of the integral eguations
for the components of the scattering operator. We
write the system of integral equations (91) for the com-
ponents of the scattering operator of the problem of two
particles in an external field in the matrix form

T (3)=T()+ % (3) 7 (a)s (94)

where 7 (z) is the vector with components u ) ,(2),
Uy5,1(2), w0y 1(2), 0, ,(2), w5 (2). Our task is to investi-
gate the analytic properties of the kernel #(z) of the
system of equations for the components of the total T
matrix, as was done in Ref. 5.

We consider the properties of powers of the kernel
#(z). We write the N-th power of this kernel in the
form

1% @ =T (3) G (2)- (95)

The elements of the matrix £"(z) in the momentum
representation, i.e., the functions (p|2J(z)|p’) [p and
p’ is either one of the momenta p,, p,, P2, #,), OF One
of the sets (p,p,), (Dy2, #12), and similarly for the
primed quantities], have principal singularities with
respect to the momenta p’. Therefore, the system of
equations (94) and the matrices & ¥(z) have meaning on-
ly in terms of the components. It follows from the
property of the kernels of the system (94) that for the
operators 2 ¥ {z) one of the following decompositions
into components holds:

T (2) = (T (o 15 (N izl |

G () = (T Do~ 1T Oy T (96)
o [ézmn (Z}]ﬂ :,V,f:ifl_l‘”ﬂﬂ .

Using the integral representations found above, for
the components we can show that when N= 5,
(p|[@¥ ()] llps) («=0,1,2,12) are Holder functions of
their variables. This means that the system of equa-
tions (94) is 2 Fredholm system. Using the method for
analyzing a Fredholm system of equations of the three-
body problem,’''* we can show that the system of equa-
tions (94) has a unique solution, and the corresponding
system of homogeneous equations for E#—n?—x2and
E g by, (H) has only trivial solutions.

3. CONNECTION BETWEEN THE COMPONENTS OF
THE 7 MATRIX AND THE MOLLER OPERATORS AND
THE ELEMENTS OF THE S MATRIX FOR THE
PROBLEM OF TWO PARTICLES IN AN EXTERNAL
FIELD

The components of the T' matrix constructed in ac-
cordance with the initial channels, Besides the system
of equations for the “out” components of the T matrix
constructed in accordance with the channels in the fi-
nal state of the system, we introduce “in” components
of the T matrix corresponding to the channels in the in-
itial state. These systems must be equivalent to each
other and differ by the operation of Hermitian conjuga-
tion.
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We define the operators T(z) (a=1, 2,12) by

TH @)=V, +VGC(2) Vo, (97)

and then for T'*z) we have the system of equations

T (5) = Ny () + T3 (2) Go (2) N2 (2); }

98
T{g (2) =t (255) -+ Tgr,lz (2) Go (2) £z (2). ( )

The analytic properties of the operators Nl.z(z) and
t,,(2) studied above enable us to write down for the op-
erators 7%*(z) the decompositions
Hy)
} (99)

Since the operators T,(z), for which there exists a de-
composition into components of the form (87), are re-
lated to the operators T'%(z) by

T (2) = 4 (20) 4+t (22) + M (2) + Lo (2) < @yl /(2 + %1 —
+ 51 (2) < ol Mz + %5 — Hoy;
T (2) =tz (242) + Mgz (2) + Laa (2) < @ual /(5 + %3y — Higy)-

T4 (5)="T4q (%), (100)

the components «,(z) and v (2) are related to £,(z) and
N4l2) by

042+ 98, ()] = By (2%); [0 (2) & 9, (] * =1a (2%); !
[1405(2) + 5 ()]* = M0 (); Ul (2) =Lip (2*); wha (8) =y (¥). | (1O1)

In the momentum representation, the operator equa-
tions (101) have the form

CHPL PE Py 2¥)=vi(py DD} %)+ 5 (pyy PIRY, 2);

& (pipy P2y 2%) =vs (P2 PIPY 2)+ K (P PiPe 2);

12 (PIPy P 2%) =045 (P o, PiP:: 2); (102)
iz (PPS PP 2*) =i (PiP2s PIPY 2)+ K5 (Pipas DI 2);

nf-.;(pi‘p':, Piopiar 2%) =uy, (P 2pyos P:P:v z).

It follows that, using the solutions of the system of
equations (91) and the compositions (102), we can con-
struct the “in” components of the T matrix for all z,
except the points of the discrete spectrum of H and the
point corresponding to the localized state of the system.

In the considered problem, we define the space of
asymptotic states H,,, on which the Mgller operators
€% and the S matrices are defined. As before, we shall
assume that the potentials V, (a=1, 2,12) belong to the
class 9 and that the Hamiltonians %, (@ =1, 2,12) have
a discrete spectrum consisting of one simple negative
eigenvalue. In this case, the space H,, is a direct sum
of the form®

Hape=9"DH @ 52 @ G2, (103)

Here, %° is the space of square-integrable functions
F(p,p,) of two variables; ¥ (a=1,2,12) are spaces of
square-integrable functions of one variable. The wave
operator Q*, which maps from H,, to ¥, is defined by

QFf=Q5f + Q7 f + Qi fo+ (104)

Qiafran

where the state fin H,, is equal to {f,,f,, s, fiz}- In ac-
cordance with the results of time-dependent scattering

theory, the wave operators %, which map from %, to
Y, are
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QFlfy= o+ § dby | a6 @2) (Vi+ Vot Vo) Tpomo) fo o)
2% = p?2m, =+ pi/2my = 10; fo (pipe) = (Pepalfo);

QF 119 =171+ § d0i6, (22) (Vy 4+ Vi) Bkad £, (50

f1(p) =il s

Q1) =11a) Wb+ § dDaG (62 (Va + Vi) i) o (ool

105 fa (po) = (pal fos

Qfalf) = b fud+ | APuG (38 (Vi+ V) 4P ) oo (P
2= 2M p— o, £ 105 fi2 (Prz) = (Pral Fra)-

We shall show that the operatdrs Q% can be expressed
in terms of the “in” components of the total T matrix,
We introduce an additional condition: The discrete
spectrum of H lies strictly below all —x2 (a=1,2,12).
The fulfillment of this condition means that for all 2%
(a=1,2,12) the components of the operator T(z) can be

determined uniquely from the system of equations (91).
The case E=-x? - »Z is not considered here.

5 = p}{2my— %} + i0;

(105)

- =p2 sz——x

The fact that oy, (H) lies below all — 2 makes it pos-
sible to prove the following proposition.

The operator £} is related to the operator T(E +0)
and the operators %, with components ¢ (E +1i0), by
means of the relations

(K |95 | fo) =1 (k)

+ §ap, Jap, TEIBRe b Bl (106)
(kg [QF | o =f, (k) s (ko)

+ [ n SRR A (107)
ik |95] fo) = (ki) o (Ke)

+ § ap fallke e )1 00, (108)

& 190, fio) = o (Keo) F (1) + (4P oo (i, Pras 235)

X (25— k3 2m, — K22m )t 15 (Py). (109)
Here, the parameters z% (@=0,1, 2,12) are the same as
in Egs. (105), and the operators ¢,(z) (a=1,2,12) are
defined in (99). By virtue of the conditions imposed on
the discrete spectrum of H, the systems of equations
(91), (94), and (98) are uniquely solvable, and the defi-
nitions (106)—(109) are correct. We shall prove the
equivalence of representations of the form (105) and
(106)—(109) for the Mgller operators.

The equivalence of (105) and (106) for Qf is obvious,
since G(z)V=Gyz)T(z). We now consider Eq. (107).
From the definition for £,(z) of the form (99) we have

(110)

where the operator B,(z) is the same as in (_91) and (92).
In Eq. (110) we set z=2f and calculate &,(%,%,, p,2}) for
zt=p2/2m, = n2+i0:

L(e) = By (2) + Ti (2) Go () | | ¢ >+ By (3)),

G (kiky, py, z5) = (kiko By (z7)] o
-+ (kk, | T80 (28) Gu ()] g2py)
4 (kyko | 718 (255) Go (35) By (25)] po)
=31 (D ks koo 28) -+ (kkﬂ T (z5)] 12p0)

+ (kiko | 713 (35) Go (25) By (7)) o) (111)

Here, we have used (92) and (93) and the definition of
the vector |@) by means of the corresponding wave
function. We calculate the function J(p,, k,k,, 23). In
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accordance with Eq. (65),
Wy (_Pv En T‘zv pi/2my o+ iT—u))

j de ( 1 1
=\ = —— + = -
Femi \ E—erx i1, ' e—pj/im; =ity )

-0

¥ 1y (P kys & ity) 3 (ky) (

1 3 1
e—Ki[2my T ity | E—e—ky/2my = 1T, )
(112)
In (112), we set 7, = 7, and multiply this equation by (z,
- kZ/2m, — kZ/2m,)™ . Noting that in the limit -0

( 1 " 1 )
E—e—-uxitit ' e—pjf2m; + it

o 1 ) 1
"( e—p}2myiv | pjjmi—e £ It )

=it PR el :
e - F 2aib (e — i 2m),
we obtain
G (ko py. 25) _ tutky, pa, P2y 2 00) s (ko)
zli—kfﬂmI—ki:: dmy pif2Zmy—k{/2m, £ i0

. ik 1718 ()1 Wi
where {k|¢*)=6 (k- p) +( p*/2m - k*/2m £10)™¢ (k, p, p*/
2m +10). We now transform the integral term in the ex-
pression (105) for Q;. For all Imz+#0, we have

G (5) = Grs (5) + G (3) VisBy 0 (3), (114)
whence
G (&) (Vi Vi) Ipaa)
== goy (p1/2my = 10) £ (p3/2my 2= i0)| ppa) + G (35) Via| pifa)
+ G (35) Vingoy (P} 20y £ 10) 2y (p3/2m = 10) [ pya)
=goy (p} 2m, = i0) ¢ (p3/2m; 2= 10)] Py )a)
— G (z%) TR (zE) DbiEpa)- (115)

Comparing (113) and (115), we conclude that the repre-

sentation (107) of 2} in terms of the component g,(z})

is valid. The proof of (108) for the operator Q% is sim-

ilar. It remains to investigate the representation for
i2- We consider the equation

(118)

where T1Yz) is determined from the system (98). Com-
bining (97) and (116), we arrive at the proof of (109).

Lia (z5)| Pi2) = Tlin 2 (51:2) Gy (353)E‘P133§12)v

Elements of the ¥ matrix in the problem of two parti-
cles in a field. We now establish the connection be-
tween the components of the T' matrix and the elements
S,p of the S matrix. We write the components in the
form

L () =05.(2) + Tl o (2)
e 142}

o " [Py
By, o (8) it

] e e T W ¢ A Z. .
T Tm—Hu Py Pl L

(117)

We shall show that the elements S, of the S matrix
can be expressed in terms of the components £ 4(2) (a,
B=1,2,13) by means of the relations

(Pa |8apl pp) = aaﬂa (Pe—PB)

— 2nid (B, — Eg) Lo, p (Pa Pp: Ep = 0). (118)

where E, +i0=2z}, and similarly for z;. If the final re-
action channel corresponds to breakup, i.e., the chan-
nel Hamiltonian is H, and a=0, then

{piP2 |Sup| Pt'l)

= — 28 (pj/2m, -+ py/2my — Ep) Lg (P1P2s Py £ == i0). (119)

We note that in (118) and (119) we have pj=#/,,p,~ %12
for a,B=12,
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Equations (118) and (119) are proved in the same way
as Egs. (106)-(109). Indeed, in accordance with Ref, 8,

2 2
(psp2 |Sonl P) = — 2ai (- + L1 — Ep)

2m, 2my

% (pipa 17" (Ep +10)| %ph), (120)
where the operator T%(z) is defined in the form
T () =VPL VG (2) VE; VBV —V,. (121)
Since G(z)=Gy(2) + G(2)VG(z),
G (2) VB = G, (z) T (2). (122)

From this equation, and also from comparison of Egs.
(105), (121), and (107)-(109) we obtain the required re-
sult, since

(P2 | T (5) | 'poph) = Lo (PiP2s PPy 2H)- (123)

We now prove the validity of (118). As in the previous
case, for a,B8(a,B=12) p, and pj are #,, and Z#{,.
The matrix elements of S, , for a,B=1, 2,12 have the
form?®

{Pa |Su,ﬂl pé) Eauﬂ (Pa_Pé)

— 20118 (Eq — Eg) (PaVe | 7% (35)] $oph (124)

where T*(z)=V*+V°G(z)V®. To calculate the compo-
nents &, 4,(z) we use Eqgs. (117), (123), (62), and (63)
and the decomposition of the operators T ,(z) into com-
ponents., For the operators T%(z) we have a represen-
tation of the form

T () =VP L VG () VP =VP - [Ty 2 () + T ()1 G (2) VP, (125)

and therefore for the components of T%(z) we obtain
Cia. (P sz Phs 28) = (912F 12 | Go (25) VP| Dppid
(9P 2 1Go () (Vi V2) € (5) VPl iupp);
L8 (Po PRy 28) = (@ay |Go (s5) VP| $pph)
+(apy |Go (2B) VG (ah) V| pi)
+ Py 19F () Ga (25) V™| womp) + (o 18 (28) Go (:H)V 16 V" | 4. (127)

(126)

The expression (126) on the energy shell reduces to
(128)

The expression (127) for E,=p?/2m, - »Z admits in ac-
cordance with (112) and (113) a representation of the
form

cxz. (s Phs 28) = {12z | Tl:‘.ﬁ(zm i‘i?ﬂpé)-

Li. 8 (Por fs Ep 2 i0) = (b — o | VP VoG () VP | epid,  (129)

where (k[¢7)=0 (k—p) +(p*/2m - k*/2m - 10)™¢ (k, p, p*/
2m - i0). The relation (129) is a well-known variant of
the expression of the scattering amplitude with a dis-
torted wave of particle 1 separated in the final state.®
This completes the proof of the validity of the repre-
sentations (118) and (119).

4. BOUND STATES AND RESONANCES IN THE
SYSTEM OF TWO PARTICLES IN AN EXTERNAL
FIELD AND IN A SYSTEM OF THREE PARTICLES OF
FINITE MASS

Bound states and resonances in the system of two
particles in an external field. Hitherto, we have as-
sumed throughout that the energy of the system is not
equal to the energy —E, of the state of the discrete
spectrum of the Hamiltonian H, ,. We now consider the
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case when E is near ~E,, and estimate the influence of
the states in oy,,.(H, ;) on the properties of the spec-
trum of the operator H and, therefore, on the proper-
ties of the operator T(z). To make the investigation
more general, we shall assume that the sets oy,.(%;)
and oy, (%,) contain n,>1 and n>1 elements, some of
the values (—-%{ - %3) € gy, (H,, ;) belonging to the con-
tinuum of the system o(H)=(Z,=). Here, T is defined
as follows'®:

S=min{—=xi}, a=1,2, 12, (130)
where the minimum is calculated over all states of the
discrete spectrum of the Hamiltonians &, k,, ki, , (5).

To describe the influence of the states in o,,,,(H, ;) on
the spectrum of H, we use the Lippmann-Schwinger
equation relating the Green’s functions G(z)=(z - H)™
and G, ,(z)=(z —Hl'z)'1 of the operators H and H, ,, re-
spectively:

G (@) =Gy, (2) + Gz (2) Via G (2. (131)

We represent the Green’s function G, ,(z) in the form

(z)_M_H; 2 (3), (132)

where we have separated the contribution of the state in
Ua,,c(Hl ») With energy —E, and wave function [{, ,>
|¢‘z |¢z> The operator G1 J2) in (132) is given by

Gy,2(5) = MG, 5 (2), (133)
where
M=1—-—AA=|9,> <y, I (134)

The operators M and A in (134) are orthogonal projec-

tors, so that M=M*=M?and A=A*=A> Proceeding

from the representation of the kernel of Eq. (131) in the

form of the two terms (132), we write G(z) as follows:
G (z) =G, (2) + G2 (2); i
Gy (sy =L bial (44 v,6 (@) l (135)
Gy (2)=Gy,2(2) [1+ VG (2))-

From (135), we obtain a system of equations for G,(z)

and G,(z):

61 @) = L2 | (1176, () + VG (9 } Pl

Gy (2) =Gy, 2(2) [1 4 ViaGy (2) 4 ViaGa (2)].
Assuming the existence of the operator

R@=[1—C\1(2) Vel Gy 2 (2), (137)
we find from (136) a representation of the form

Gy (5) = R (5) + R (s) V13 G, (2) (138)
and

Gy ()= 1.9 gy (bu 2 | [+ ViR (). (139)
The function b(z) in (139) has the form

b @) = s | Vie + Via R () Ve [ 10 (140)

Summing (138) and (139), we obtain an expression for
G(z) in terms of R(z):

G(z) = 11 + R (z) Vgl 1tha,e } (1,0 [l 4+ ViR @) + E,
" — b))+ R (). (141)
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It follows from this that

tpra | G (&) | 9y,3) = 41z + Eq = b (3)]. (142)

We now analyze the conditions under which the operator
R(z) exists. It follows from (137) that the operator R(z)
is the solution of an equation of the form

R(2)=Gy,2(0) 4G5 (3) Viull (2) (143)

defined in the subspace M¥ (¥ is the Hilbert state space
of the system), and, therefore,

@M — MEM) R (z) = M (2 — Hy,0) 1&12 @
4 Gra (2) VigR (@) — MVyy MR (2) = M (2 — Hy,0) Gy
s [M - MV, R (z)] — MVy, MR (2) = M?
+ MV, \m (2) — MV, MR (2) = M.

Hence

R(z) (M — MHM)-]. (144)

Thus, the operator R(z) is the resolvent of the operator
MHM in the subspace of M and, therefore, exists.'”

The representation (140) of b(z) in terms of the resol-
vent of a self-adjoint operator makes it possible to con-
clude that b(E +i0) has a negative imaginary part, This
result can be obtained from the spectral decomposition
of the operator R(E +i0) by applying the Sochocki formu-
la:

Imb(E+i0)=—af (2| Vil "0 (E—E)<0,  (145)
where |zpa) is a complete set of etgenfunctmns of the

Hamiltonian MHM, i.e., 33 |¢¢>(¢a | =

It follows from (141) that the existence of the dis-
crete spectrum of the Hamiltonian H, , leads to the ap-
pearance in the total Green’s function of the system of
a term with the characteristic factor [z + E, - b(2)]™.

A similar result holds for the scattering matrix T(z).
We analyze the dependence of the spectral properties
of H on the behavior of this factor. It follows from
(141) that the vanishing of the factor z + E, - b(2) or of
the real part of this factor at certain values z2=E+i0
signifies the existence of a bound state or resonance in
the system with the Hamiltonian H. We consider some
cases.

Case 1. Discrete spectrum of the operator H. Sup-
pose the equation

E-+Ey—b(E+i0)=0 (146)

has a root E, satisfying the condition E;<Z. In this
case E,d o,(H), and, therefore, b(E) in some neighbor-
hood of the point E, is real. It follows from the Hilbert
identity for the resolvent of a self-adjoint operator that
b(z) satisfies

b(z)—b (@) = (G — 2) <WPrs | ViR (31) R (3) Vi [ 9100, (147)

Setting z, =z and z,=E, in (147), we find that in a neigh-
borhood of the point E, the Green’s functions G(z) be-

have as follows:
(z— Eg™ 1+ Oz | VieR (2) R (Ed) Vial [4n,2)- (148)

Since the quantity in the square brackets in (148) exists
for z=E, and is equal to 1+a?, where a is some real
number, the function G(z) has at z=E, a simple pole of
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the form (z — E,)™. This means that E,c o, (H), i.e.,
the point E, is the energy of the bound state of the sys-
tem with the Hamiltonian H, i.e., E, is an eigenvalue
of the operator H. In accordance with (141), the corre-
sponding wave eigenfunction has the form

[¥a > = (1 + @) 12U + R (Ey) Vi) |y, > (149)

In (149), we have written out explicitly the normaliza-
tion of the function [¢,). One can show that |y,) is in-
deed an eigenfunction of the Hamiltonian H of the sys-
tem with energy E, by means of the following substitu-
tion in the Schrodinger equation:

0+ P (Eg—H) [$g>= (Eg— Hip) 11 + BR(Eg) Vigl 910>
—(1+a®) PV |Ya> = (Ba + Eo) |43, >
+ (Eqa — Hy) Gy g (Ea) [M + MV, R(EQ)] Vg [, >
= (1 +a®# Vi, |9a > = (Eq + Eo) | 1,0 >
T A =1 ><¥ra 1) Vil + R(EQ) Vi) |9y, >
— (0 +a)PVy, | ba>=[Eg+ Eyg — b (EQ)] | 2> = 0. (150)
It can be seen from the foregoing that in the neighbor-
hood of the point E, the first term in (141) is the contri-
bution to the spectral decomposition of the function G(z)
corresponding to the bound state of the system with en-
ergy E, and eigenfunction |y, of the form (149).

Case 2. Resonances in the case of small V,, in the
system of two particles in an external field.

Suppose the potential V,, is small, i.e., V,,=BV{,,
where 8 is a small parameter. In this case, the factor
[z +E,—b(2)]™ can be written approximately in the form

(E — Ep + iT/2), (151)
where
En=—Eo+ P Wy | Vi P12) En > 325
I'=—2Imb(— E, +i0)>=0. (152)

Therefore, in this situation we have an ordinary Breit—
Wigner resonance.

Case 3. Resonances in the system of two particles in
an external field for arbitrary V,,.

Suppose the equation

E -~ Ey— Reb (E +i0) =0 (153)

has a root E; such that E;,>%. Then in the neighbor-
hood of the point E; the argument can be expressed by
[E+E,—-b(E +i0)]™ and changes abruptly by = and,
therefore, E, is the energy of a resonance state of the
system.®'® To describe the shape of the resonance
curve, we assume that the imaginary part of the func-
tion b(E +i0) varies slowly in the neighborhood of the
point E,. Writing the real part of the function b(E +i0)
in the neighborhood of the point Ej in the form

Re (b (E + i0) — b (Ep + i0)] = (E — Eg) A (E) (154)
and setting A(E)=A(Eg)=-X,, we obtain

[E + E, — b (E+i0)t = (1 + )7 [E — Ep+iTx/2l,  (155)
where I'y is defined by the expression

Tp = T (ER)/(1 + 4o); T (Eg) = — 2Im b (Ep + i0). (156)

For small V,,, the function A(E) has second order in the
parameter 8, and Egs. (155) and (156) go over into (151)
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and (152). It must be emphasized that the shape of the
resonance curve (155) holds only when the function I'(E)
varies slowly in the neighborhood of the point of reso-
nance. This condition is violated when the point E, is
near to = or to one of the —«2 defining the threshold
energies in the system. In this case, the shape of the
resonance may differ strongly from (155), and (156)
becomes invalid. In addition, in the derivation of Eq.
(155) it was assumed that the function b(E +1i0) has a
continuous first derivative. This assumption is justi-
fied, since in the class of potentials ) the components
of the operator A(z)=V,,+ V,,R(z)V,, are continuous
functions of E for E#—-n,. '

In accordance with (140) and (147), the half-width of
the resonance can be represented in the form

I'=b(Eg — i0) — b (Ep -+ i0)

=111T02h (a2 | VieR (E — i7) B (E + i) Vi |0 ). (157)

Using the results of Refs. 5 and 17, we can show that
the function T, defined in the form (157), is an additive
quantity with respect to all threshold singularities that
lie above the point E,. Therefore,

D=l =T Fak Dy, (158)

where I'; are the partial half-widths of decay through
channel i.

Reduction of the three-particle Hamiltonian. The
analysis of the properties of the system of two particles
in a field proposed above can be used to describe the
bound states and resonances in a system of three parti-
cles interacting with one another through short-range
potentials. For this, it is necessary to reduce the
three-particle potential to the form of the Hamiltonian
of two particles in an external field, using, for exam-
ple, the method proposed in Ref.26. The essence of
the transformation is as follows.

The Hamiltonian H of the system of three particles
with finite masses in the momentum representation in
the variables p,, has the form®

H=Hy+V; Ho=p},/20s+ D3/2las + PraDas/Ms} }

(159)
V=Vi+ Vo Vi

In (159), H, is the kinetic-energy operator if we take as
independent variables the momenta p,, and p,, of the
relative motion, V,, is the interaction potential of pair
ij, and the kernel of the operator V;; can also be ex-
pressed by means of the variables p,, and Pas-> Writing
(159) in the form

L]

Hiy=5——+V;;(riss

H=H 3+ Hyy -+ (Vig -+ PrPasimg); T

(160)
we find that the Hamiltonian of the three-particle sys-
tem differs from the Hamiltonian of the two-particle
system in the force field by the presence of the term
DPys/Pas/ms. This term is equal to zero when the mass
of the third particle is equal to infinity.

We apply to the operator H a unitary transformation

of the form exp(iX), where
X @ (P13 Tag = Paa T1a)s

(161)

and the parameter « is given by the expression®
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th 20 = 2py5pa,/lmy(pys + )

= 2,0/ (22 + my) < L (162)

Then the coordinates and momenta of the particle trans-
form as follows:

ry;=exp (iX) rjzexp (—iX) =rcha+ryshe;
ry;=exp (iX) rogexp (—iX)=rscha-t+ryzshe;

P;: == exp (iX) pys exp (—iX) =pischa—pyssho; (163)
Pis =0xPp (iX) pyzexp(—iX) =pyzcha—pyzsha; T
rj, = exp (iX) ryp exp(—iX) = exp (—a) rp,. )
Further, the transformed Hamiltonian
Hy = exp (iX) Hexp ( — iX) (164)
has the form
Hyx = (ky + V) + (by + Vo) + Vi, + W (165)
Here, we have used the notation
i'l - PEat2l*;a§ ky=poo/2ni Vi=Via(rg); Vo= Vas(ry);
[y2 ==V o (exp (— &) ryn);
Wl-: [1":; Er,gpc(h ::r.:t'i r.';);h &) — Vg (rya)] (166)

4+ [Vaa (raach e+ 143 sh o) — Vg (ra9)]

The reduced masses jf, and pl, in (166) are given by

J,-:% oh5a+!—:—sh2a+%(ch a—sh a)?;
g 3 ) (167)
]11'_.:?:- ch?a 4 %shﬂa—}—r (ch & —sh @),
1t follows from (165) and (166) that the operator Hy
has the form of the Hamiltonian of a system of two par-
ticles in an external field in which the many-particle
force W is present. The Hamiltonian of the independent

subsystems in this case has the form
Hxys =hx+hxe hxy =k + V.

(168)

For the system with the Hamiltonian Hy (165), the chan-
nel Hamiltonians are

Hyy=ky+ke+ Vi Hyg=Eoy;

Hyy=ki+ ks + Vo Hxo@y=Eqg; ] (169)
Hypp=kyt kot Vig; Hxp@u=Epp; i

Hyg=Fky+ ko Hyxo@o=Eq,. J

To each asymptotic state of the original Hamiltonian H
(159) there corresponds an asymptotic state of the Ham-
iltonian H; described by one of the states ¢,, ¢,, ¢, ¢,
(169), and for the corresponding scattering states we
have the following relations'®;

WE (E) = exp (—iX) ¥z (E), (170)

where ¥ (E) is the wave function of channel « for the
Hamiltonian H; ¥y (E) is the wave function of the same
channel for the Hamiltonian Hy corresponding to the
asymptotic state ¢,. It follows from (170) that the ele-
ments of the S matrix for the systems with the Hamil-
tonians H and Hy are equal:

Sop= (W (Ee) | 15 (B = (Yo (E) | ¥ip (B =8xa,p.  (171)

We characterize the spectral properties of the Hamil-
tonians of the internal motion in the channels (169),
i.e., the Hamiltonians hy,, hyx,, and hy,, where the last
has the form

By = piyi20y+ Vg (eXp (—o) rpp);
Ba = Maltra/ (s Beadi  Prz = (Prsbtye— Poalya)/(Pia -+ Hias)-

} (172)
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We begin with the operator hy, =k, + V;. We note that
the interaction potential ¥, has not changed under this
unitary transformation, but there has been a formal
change in the reduced mass of the particles (1 and 3) in
the considered channel. Indeed, for u;; we have the re-
lation

s = paa (1 A/ 4+ (172) (1 — pya/pag) Al > pys (173)

where A=cosh2a~-1>0. Therefore, under the given
unitary transformation there has been an effective in-
crease in the mass of the channel by 8>1 times, which
is equivalent to an increase by 8 times in the force of
the potential V,. The upshot is that the Hamiltonian hy,
has the form 7, +pAV,. If the potential V, were attrac-
tive in at least some region of the coordinate space,
then in accordance with Ref. 16 the eigenvalues E(B) of
the Hamiltonian h,+ BV decrease monotonically, and
their number increases monotonically with increasing
parameter B. The case of the operator hy, is treated
similarly. It follows from the foregoing that the Ham-
iltonian Hy, , can have a discrete spectrum even if in
the original Hamiltonian the potentials V,; and V,, in
channels 13 and 23 do not form bound states.

The spectrum in channel 12 is determined from the
equation

(174)

The reduced mass !, of channel 12 in (172) is equal to
exp(-2a)p,,. By the change of variables rj,
=exp(—o)r;,, Eq. (174) can be reduced to the form

2
hxp@i= —%x12Psp.

Ryotpiz (Fi2) = — ¥ 12945 (ri2),

whence »Z,=n%,,, i.e., the spectrum in channel 12 is
not changed by the considered unitary transformation.
With this we conclude the brief review of the properties
of the unitary transformation (164) that reduces the
three-body problem to the problem of two particles in a
force field.

Resonances and bound states in the three-body sys-
tem. The unitary transformation described above
makes it possible to extend the obtained results to the
case of the three-body problem.

Suppose the Hamiltonian H (159) is such that on reduc-
tion with respect to one of the particles the Hamilton-
ian Hy, , has a nonempty discrete spectrum, and let

|#x1,2 be one of the states of 0y,.(Hxy,») With energy
—-E,. Then, repeating the arguments that led us to
(141), we find that in the considered system there exist
states of the discrete spectrum and resonances, which
are determined by the roots of the equation

E = —E, + Re b (E + i0), (175)
where
b(z) ’_S'lirﬂn. 2| Ux+UxBx (8)Ux | ¥y 003
Ux=Vu+W; Ry(2)=0@Mx—MxHMy) " My; } (176)
My=1—Ayx; Ax=]¥xy,2{Pxi,2l-

Equation (176) contains the resolvent Ry(z), which cor-
responds to the Hamiltonian MzH My, this including a
many-particle force. To give meaning to the formal
expression for Ry(z), we apply to this operator the in-
verse transformation exp(-iX). We denote
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A = exp (— iX) Ay exp (iX); M = exp (—iX) My exp (iX). (177)

Obviously, A and M are orthogonal projectors. Then
from the identity for R,(z) of the form

(Mx — MxHxMy) Ry (3) = My (178)
we obtain

(zM — MHM) exp (—iX) Ry (2) exp (iX) = M, :
whence
exp (—iX) Rx (z) exp (iX) = R (z) = (zM — MHM)-* M. (179)

From the last equation, we conclude that the resolvents
R,(z) and R(z) exist, and for b(z) we have an expression
of the form

b(z) = Wpa | U+ UR @)U [iy,e) (180)
where
| Wy, 22 =exp (—iX) | Pxy, 20
U=exp(—iX)Uyxexp(iX)
(181)

=V (ria) +[Via (ria) —Vi(rgeh o —rysh a)] I
+ [Vas (res) — (Vaareachoc— ;:3 sha)]. J'

Further, since the Hamiltonian Hy differs from the ord-
inary Hamiltonian of a system of two particles in an ex-
ternal field by the replacement of V,, by 712+ W, we ob-
tain from (141) the following representation for the re-
solvent of the operator HyG(z):

Gy l2)= [1+Rx(x)Ux] | ‘zljf}zg.,)fpbx(;')g | [i+UxRx(z)]+Rx ). (182)

Since
G (z) = exp (—iX) Gy exp (iX),

we find from (182) that the Green’s function of the orig-
inal Hamiltonian H of the three-body problem (159) has
the form

G@E) ={1+ R @)U 0) (1 |11 + UR @z + E,

—b ()] - R (). (183)

We denote by ¥ the point at which the continuum o (H)
=(Z,*) of the Hamiltonian H begins:

Z=min{—x&), a=12, 13, 23,
@

and —»2 are the energies of the bound states in the
channels, i.e., =2 € 0y,.(7,).

If the equation

E = —Ey + Re b (E + i0) (184)

has a root E, such that E,<Z, then the point E, is the
energy of a bound state in the system. Indeed, in this
case the function b(E) exists and is real in some neigh-
borhood of the point E,, and the Green’s function G(z)
(183) has in this neighborhood a simple pole of the form
(z=E,)™. It follows from Ref. 5 that E, 0, (H), and
the corresponding wave function |§bd) has the form

[fa= = (1 + a7+ R (Eq) Ul |4y, >, (185)

where a®= (), ,|UR(E)R(E)U |9, ;). The fact that |y,
satisfies the equation H |¢,)=E,|1,) can be verified by
direct calculation in complete analogy with (150). Note
that by virtue of the definition (181) the function |4, ,)
satisfies the equation
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[Eb + Hy + Vi (riz ch @ — ryg sh )

+ Vg (ras ¢h &0 — 113 sh @)l 5 (ry3 155) = 0. (186)

By a change of variables of the form
rp = rzcha —ryshe; ry =rychae —r;sha
Eq. (186) is transformed to the equation
By — Ar/200, — Argf2p13 + Vi (r1) + Vg (r)] b,z (2 1) = O-

Hence, the function y, ,(r,4, r,;) is given by
V1,2 (Fys, Tos) == Y xy (Tyo Ch & — ryy sh @) Py, (rys ¢h @ — 1y3 8h o).
(187)
The roots of Eq. (184) lying above the point Z de-
scribe the resonance states in the three-body system.

On the number of bound states and resonances in the
three-particle system. We shall analyze the conditions
under which the equation

E -+ Ey,—Reb(E+i0) =0 (188)
has solutions. We recall that for the function
f@) =2z+E;—b(z) (189)

there exists a representation in terms of the Green’s
function G(z) of the original Hamiltonian of the form

(190)

~+R (3 P, g UR 1
G(z)z“ -R () U] 1;{-;;:&;{:}” (2 + ]+R(‘,,').

Hence, by virtue of the properties of the operator R(z),

Wre |G () | = [z + Eg — b ()], (191)
and Eq. (188) reduces to the form
Re [(f;,5 | G (£ + 10) |y 001t = 0. (192)

We now show that Eqs. (188) and (192) reproduce all the
points of o,,,.(H) whose eigenvectors are nonorthogonal
to |¢y,,). If the Hamiltonian H has a bound state with
energy E, and wave function |¢,) such that ¢, ,|¢,)=0,
then E, is a root of Eq. (192), since the matrix element
@y,2|G(E +i0) |9, ,) tends to infinity as E~E,. As was
established earlier, the function

[ha>=C + R (Eq) Ul [¥5) (193)

is an eigenfunction for H. If the function [, is to be
square-integrable, it is necessary that E,<Z and that
the resolvent R(z) should exist for z=E,. The condition
E,<Z means that the system does not have bound states
embedded in the continuum. The existence of the re-
solvent R(z) at the point E, under the condition on

(4,2 | can be established by means of the expression
for R(z) in terms of G(z) obtained from (190):

RE) =G @) — 6@ |¥e=><te |G &) Gy |G 1 h) (194)

It follows from (194) that R(E,) is nonsingular for E,
<Z, and |l <,

Thus, Eq. (188) does indeed reproduce all the states
of the discrete spectrum that are nonorthogonal to
|4,,,). Now suppose that all [¢,) are orthogonal to |y, ;)

or 0y..(H). We rewrite Eq. (192) in the form
Re s | G (E -+ i0) |4) = 0. (195)

Expanding |{, ,) with respect to the eigenfunctions of
the operator H,
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190,00= 3 | dEoCa (Ba) | ¥a (Eab, (196)
we reduce Eq. (195) to the form
S o | B, LB o, (197)

In (196) and (197) we have borne in mind that all the
|4 are orthogonal to |y, ,) or, which in the given case
is equivalent to the condition on o, (H), are absent.
The function

© (B)= 3 9 | dEq | Ca(Ea) 1ME—Eo)

is a continuous function of E. For E<Z, the function
®(E) is strictly negative, and for sufficiently large pos-
itive E the function &(E) is strictly positive, since the
functions C_(E,) decrease rapidly with increasing E,.
By continuity, Eq. (197) has a root, and it lies in the
continuum. Therefore, in the system there exists at
least one resonance.

Summarizing the results obtained above, we find that
if the Hamiltonian H is such that the corresponding
Hamiltonian H, , or Hy, , has a discrete spectrum, then
each state in oy,.(H, 5) or oy, (Hy, ;) generates either
a bound state in oy, (H) or a resonance. This fact can
be expressed by the inequality

Np+ Ny=1, (198)

where N, is the number of states in oy, (H), and Ny is
the number of resonances described by Eq. (1). If the

number of these equations is equal to N [here, N is the
number of states in oy, (H, ;) O 04, (Hx, 0)], then

Ny + N> N. (199)

We now apply the inequalities (198) and (199) to sys-
tems of three nucleons. To be specific, we consider the
pnn system. Since the interaction potentials between
nucleons depend on the spins, it is necessary to consid-
er two cases corresponding to the different spin con-
figurations in the system of three nucleons.

Case 1. S=3/2,

Suppose the spin of the pun system of three nucleons
is 3/2. In this case, making a reduction with respect
to the photon, we obtain

H_\‘s.a=K1TKz+le:n+ V::m (200)

where V%, is the triplet nucleon—-nucleon potential.
Since V%, had a bound state in the channels 13 and 23 in
the original Hamiltonian H, it follows from the results
given above that the Hamiltonians hy, =K, + V},, liy,
=K,+V},, and Hy, , have discrete spectra. Therefore,
for $=3/2 Eq. (199) has at least one root. Since the
spin of the bound state in the pun system, i.e., —H°, is
equal to 1/2, this root must correspond to a resonance.

Case 2. S=1/2,

If the spin of the pnn system is 1/2, then after a uni-
tary transformation of the form (193) we obtain two
types of Hamiltonian Hy, ,:

(201)
(202)

Hiy, o= K 4 Ky + Von+ Vins
Hit o= K+ Ky Vg +- VS,
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The Hamiltonians Hy, ,and Hy, , have a nonempty
discrete spectrum, or there exists a bound state of the
Hamiltonian k5 =K+ V°. As we pointed out above, as a
result of the transformation (193) states of the dis-
crete spectrum of 1% exist if they do for the Hamilton-
ian -A/2u + BV, where B= p/,/u,,=cosh2a=v4/3.
From this point of view, all phenomenological singlet
nucleon—nucleon potentials, which we shall assume are
charge-independent, can be divided into two classes.
Potentials in the first class are such that when the
strength of the potential is increased by f=v4/3 times
they do not transform a virtual state into a bound state.
In this class, for example, we have the potential in the
form of a rectangular well with parameters R=2.583 F,
V,=102 276 x0.8893/R* MeV used in Ref. 19 to seek
resonances in the system of three neutrons. Potentials
in the second class are such that the Hamiltonian —a/
2u+BVS has a bound state. To this class there belongs
the Yamaguchi potential

V (k, K0 = — (A/2u) (B + k%) (B2 - ko) -1

with parameters A%=0.291 F°, 8°=1.4487 F™*. Asis
well known, the condition for the existence of bound
state in the Yamaguchi potential is

a VA B—p>0. (203)
The inequality (203) is not satisfied for the sets of pa-
rameters (A%, 8°) but is satisfied for the set (V4/3A%,
B8%).

Thus, potentials in the second class, in contrast to
potentials in the first, lead to the existence of a dis-
crete spectrum of the Hamiltonians (201) and (202),
and, therefore, in this case the condition Ny +N,= 2
holds.

The results of our treatment can be formulated as
follows: In the approximation of the three-body prob-
lem with two-body interactions in the pnn system of
three nucleons three nucleons there always exists at
least one resonance with §=3/2, The same is true of
the ppn system. If the singlet potential V'fm belongs to
the second class, then in the state with S=1/2 the pun
and ppn systems also have at least one resonance
state, or, more precisely, Ny +N,> 2, and there exists
a resonance in the system of three neutrons. But if the
real nucleon—nucleon potential (in the state S=0) be-
longs to the first class, then there is no equation (188),
and the question of the existence of a resonance in the
three-nucleon system remains open. Thus, our method
makes it possible to establish sufficient conditions for
the existence of bound states and resonances in a sys-
tem of three particles and two particles in a force field.
This condition consists of the existence of a discrete
spectrum of the Hamiltonians Hy, ,and H, ,, and the
reduction for Hy, , can be made with respect to any of
the particles.

On scattering theory for particles whose interaction
has a long-range nature. In a number of cases, the de-
seription of the interaction of several particles re-
quires one to take into account not only short- but also
long-range forces. It is well known that the direct gen-
eralization of the results of scattering theory to these
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processes is not valid and that they must be analyzed
differently. In the present section, we shall propose
one of the methods of describing systems of scattering
particles with long-range forces; it is based on the
time-dependent theory proposed by Dollard® and de-
veloped in Refs. 16, 21, and 25.

Following Refs. 20-25, we define the channel wave
operators in the form

Qi = 8§ — lim exp (iH1) Uy p (2). (204)
{Foo

Here, H is the energy operator of the system defined in

the space ¥=%*(R*¥%), U, p(#) is the evolution operator

of the system in the channel @,

Uap (t) =exp [ —iH,t —igZ ()] P,; (205)

H,=H,,+V, is the energy operator in the channel «,
P,= |9,)W, |, where |¢,) is the wave function of the
bound state of the fragments in channel @, and

H, |$aPa)=E, |Ua Do’ [P’ is the wave function of free
motion of the fragments in the channel a. The behavior
of the function ¢%(f) as {- ¥« was considered in Refs.
16 and 22 and for the Coulomb potential it is

O3 () 7z signt 0, (Pa)In | £]. (206)

Here, Em are the momentum operators of the relative
motion of the bound fragments in channel @ and in the
momentum representation 7,(p,) is defined by
Ne (Pa) = 2 wa

v Pyy
where (y,v) is the pair of fragments in channel «; z,
and z, are the charges of the fragments; u,, and p,, are
the reduced mass and the momentum of the relative
motion of the fragments (v, ). As is shown in Ref. 16,
for the operators %, we have

(207)

(Qip)* Qp=P.; HQUp=UpH..

In the considered method of analysis of systems with
long-range potentials, we can obtain from the condition
(204) an equation for the wave function of the system
and an expression for the elements of the S matrix, We
define the wave function of the system, in which the ac-
tion develops from channel , in the form

|4 (Eq = i0) = lim exp(iH) exp[—iflat—i93 O] Vo P (208)
In accordance with the arguments given in Ref. 16
(Chap. 11), we shall assume that the function ¢;(?) is
continuous, has a piecewise continuous derivative, and
¢%(0)=0. Then from (208) we have

t
|2 (B % 10)) — i | dsexp[iH,S +ige (S)]
0
g (s)
ds

X{HfHa— exp(—iHs) | P (Eq £i0)} —= | o Pu}.  (209)

Since the integral in (209) converges in the norm, by
introducing a cutoff factor in the integrand and noting
that the functions |¢,(E)) are eigenfunctions for H, we
obtain the result

[ (B 210)) =

| Voo Po) -+ [IK TV —iK 3] | V8 (Eq & 10, (210)

where
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Kf=lim | drexp(—ugt+igs ()]; -
b

e=0

(211)

0

K3y ==1lim Il dtexp[ —uzt -+ igs ()]

-0

!
dqa o |
)

ua:I(Ea‘Ha.ila)ZlGa (E, = ig). (212)
Integrating by parts the expression for the operator
Ki,, we arrive at the following relation between K%,
and K3 :

Kio= Go(Eq %

i0) [1+iK3a] = [1+ K5l Gy (B, £10).  (213)

Further, combining Eq. (210) and the relation (213), we
obtain the required equation of Lippmann-Schwinger
type:

|18 (Eq % 10)) = | i)+ G (B = i0) V™ | g (B £10)),  (214)
where

| Yap) =D (Pa) | $as Pa)=lim 1 +iK5u (Eq = ie)]™ | far Pa)

=lim [ug (e) K1a (Ea £ i€)™ | Yoo Pa)- (215)

g0
In the absence of long-range forces between the frag-
ments moving in channel @, Eq. (214) is the ordinary
Lippmann~Schwinger equation, since V§=0 and K% =0.

We now find the expression for the elements of the
multichannel S matrix in the case of long-range forces.
From Eq. (214) and the well-known resolvent identity

G(2) =G, (5)+ 6o (2) VG (2)

we have
| 92 (g = 10)) =1+ G (E, == 10) V*] | 4, Pa) @3 (Po); (216)
| V8 (Eq +10)) = | P (Ex —i0)) [DF (p)] 1 DF (po)
+[G (B, +i0) — G (B, —i0)] V* | %o, Pa) D (Pa)- (217)

Since for the elements of the S matrix there is a rep-

resentation of the form
(Pa | Sep | Pp) = (Yo (Eo—10) | g (£p+10)), (218)

substituting (216) and (217) in (218), and also assuming
that a# B, we obtain

1 1 y
(Po| Sap | Pa} = (Eﬁ—EmTi[)iEﬁ—Ea—i“) tgﬂ (Per P E, +i0)
— —20i8 (£ — Ep) t2s (o P B +10), (219)

where

t2 (Par Pp B +10) = [Pz (po)1* (Pa | T2 (Eo +10) | pg) DF (pp)
=lim 1+ 1K 3o By + 1) (py | Tip (B + i) | pp)
g+

X [ +iK3p (By 4 ig)] (220)
The operator T2(z) in (220) is defined by
T2 (2)= (b | VP + V26 (2) VP | ). (221)

In the case of Coulomb interaction between the parti-
cles we must define the function &3(p,) in order to
write down Eq. (214) and the expression (218). For
this, we choose the function ¢;(f) in the form

0, [y

signing (pe)In|t], (L[ =1, L

oz () = [

where 7, is defined by Eq. (207). We consider, for ex-
ample, the function &,(p,). In accordance with (215),

Komarov et al. 153



it is expressed by an integral of the form

I(p)=p S dtexp[—'pt+i¢a(t)]=1—exp(—p)+E(—i,;f;}f1“—“”.
] D

(223)
Following Ref. 27, we let the modulus of the parameter
p in (223) tend to zero, and then

I(p)——> p~"aT (1 +in,). (224)

lp|—~0
Hence, for the function &% (p,) we have a representation
of the form

D7 (pa) = (F ie)™"= exp [ — (/2) ng (P /T (1 £ ). (225)

Substituting the expression (225) in Eq. (215) and the
relation (220), we obtain the following results for the
description of the scattering of Coulomb particles:
[ (Eq = i0)) = (= ie)'"a exp‘I‘_(i“:f)iE:)(Pu” | Par Da)
+Go (Eq £i0)Vy | ﬂ’i (Ey £10));
tep (Dos Dps Eo £ 10) = F 4 (po) Fa(pp)
X Iin:; (* ie) T MaPa) T%0 (p,, ppe £+ ig) (= T
Fcr. (Pu.) =exp [ - (ﬂ:l’2) Nea (pu)]r"r (1$ i"]a.)-

These results for Coulomb scattering agree with the
results obtained by other methods in Refs. 28 and 29.

DAn exposition of various aspects of integral equations in the
theory of many-particle scattering can be found, for example,
in Refs. 1~10,

DTpanslator’s Note. The Russian notation for the trigonome-
tric, inverse trigonometric, hyperbolic trigonometric func-
tions, ete., is retained here and throughout the article in the
displayed equations.
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