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INTRODUCTION

It should be said at the start that it was the computer
that, about 25 years ago, created the Fermi-Pasta-
Ulam problem and then discovered solitons. As a re-
sult of a numerical experiment on the dynamics of non-
linear waves of the Korteweg-de Vries equation (KdV
equation) there appeared the concept of solitons (Za-
busky) as solitary waves that emerge from an interac-
tion without changing their shape or velocity. Some-
what earlier, similar effects had been discovered in the
framework of the sine-Gordon equation in the experi-
ments of Perring and Skyrme, though for very differ-
ent objects.

It is interesting to note that “two-soliton” solutions
(bions) were found analytically ten years earlier
(Seager et al.). In 1970, Qoyama and Saitd discovered
solitons on the Toda lattice, thereby approaching the
Fermi-Pasta-Ulam problem. Finally, in 1971 solitons
were found in the framework of the Schrodinger equa-
tion with cubic nonlinearity (S3) (Yajima and Outi). All
references can be found in the review of Scott et al.'
and below in the text.

As a result, the computer, having laid the foundations
of an entirely new direction in the theory of nonlinear
partial differential equations, withdrew to the back-
ground. There began the period of discovery and inves-
tigation of completely integrable Hamiltonian systems
and the related inverse scattering method, Hirota’s
method, and the method of Bicklund transformations.
The development and formalization of this method,
which took the form of an international “competition,”
showed that integrable equations can be generated in an
almost unlimited number. As a result, it came to seem
that, if not all, at least the majority of Lagrangian sys-
tems are completely integrable.

" The first conflict with such views was again the
achievement of the computer. In 1974 there was discov-
ered at Dubna an inelastic interaction of Langmuir soli-

tons in a plasma and also for solitons of the “improved”

variants of the Boussinesq, KdV, Higgs, and Klein-
Gordon equations.? It was found that something like a
“small” change of the equation is sufficient to make it
nonintegrable. Moreover, it was found that certain
specific properties of integrability disappear on the
transition from flat (x, ) geometry to spherically (or
cylindrically) symmetryc (7, f) geometry.

There arose the concept of nearly integrable systems,
for which completely integrable equations can be taken
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as a zeroth approximation and an investigation con-
structed in terms of the deviation from complete inte-
grability. Moreover, the deviation from a completely
integrable equation plays the part of the coupling con-
stant of modern theories.

The investigation is “simplest” when such a deviation
can be separated in the form of a right-hand side with a
small parameter. Then the method of successive ap-
proximation can be used. We emphasize that such an
approach must be used with all possible care, since it
can lead to “solutions” that do not satisfy the original
equation.

In addition, even in this case it is possible to have
soliton solutions fundamentally different from the well-
known solutions of completely integrable eguations.
Sometimes, it is not possible to separate such deviation
in a pure form [for example, for the Boussinesq (Bq)
equation ¢ is replaced by ¢,,,,], and the proximity of
the Higgs and Klein-Gordon equations to the sine-Gor-
don (SG) equation is even more nontrivial.

We emphasize here that numerical experiments are
now one of the most powerful tools for investigating
Hamiltonian systems; this applies especially to the
question of whether a given system is integrable. The
elastic interaction of solitons makes it possible to an-
swer this question in the affirmative (we recall the
KdV, S3, and SG equations). The discovery of inelas-
ticity of the interaction of solitons renders the search
for the consequences of integrability, in particular
many -soliton formulas, pointless.'!’ Nevertheless, the
idea of proximity of an investigated system to an inte-
grable system did help in the discovery of pulsating
solitons —bions —both in flat (x, f) geometry and in
spherically symmetric (v, ) geometry in the framework
of the Klein-Gordon, Higgs, and SG equations. Note
that whereas in the flat case one can still find an ap-
proximate analytic solution for pulsons (pulsating soli-
tons) in (7, ) geometry, the very discovery as well as
the investigation of the properties of pulsons are entire-
ly associated with computers (hitherto, the standard
analytic methods have been without effect; the absence
of a small parameter and the essential nonlinearity
were to blame).?

The transformation of the “physical” system describ-
ing the interaction of Langmuir (plasma) and ion-acous-
tic waves in a plasma from a “strongly nonintegrable”

DThis assertion is true for systems with internal symmetry
not higher than SU (2).
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system at low velocities of the colliding solitons (which
may coalesce) into a completely integrable system in
the limit »~ 1 was first followed on a computer. It is
here worth noting that in the nonlinear description of
ion-acoustic waves (for example, by means of the
Boussinesq equation) the integrability disappears. A
system of two integrable equations was found to be non-
integrable.

As a result of the work of many investigators in the
whole world the properties of solitons in a flat (x, f)
world have been fairly well studied. The time came for
the transition to more realistic and complicated multi-
dimensional worlds. This transition—as one could
have expected —was nontrivial.

On the transition from one to several spatial variables
the question of soliton stability moved to the fore [in
the flat (x, ) case, it was only in the case of the Klein-
Gordon and Boussinesq eguations that unstable solitons
were found]. In recent years, many studies, especially
in plasma theory, have been devoted to the investigation
of the stability of planar (x,¢) solitons in the direction
perpendicular to their motion. We note here that the
solitons of two well-known integrable equations, the
KdV and 83 equations, were found to be opposites in
this sense: The KdV solitons are stable, which ulti-
mately made it possible to solve the two-dimensional
problem; the S3 solitons are unstable, which indicated
once more the existence of the collapse of Langmuir
waves in a plasma.

In 1963-1964, Derrick and Hobart proved the follow-
ing theorem: In a space of more than one dimension,
there do not exist stable stationary solitonlike solutions
in the framework of ordinary relativistically invariant
nonlinear theories (without internal symmetries and dif-
ferential interactions).

Here, we must define what we shall understand by the
expression soliton in a non-one-dimensional space.
Our definition of a soliton is suggested by the well-
known concept of a quasiparticle solution®: A soliton is
a solution of some nonlinear hyperbolic equation that
possesses finite energy, momentum, “charge,” and the

“correct” asymptotic behavior at infinity.

The Derrick-Hobart theorem actually states that the
Hamiltonian of a system in the stationary case, H[g]
=const, considered as a functional of the field defines
a surface that cannot be a valley; it is either a hill or,
in the best case, a saddle in the functional space.
Therefore, to stabilize the system additional con-
straints (integrals of the motion) are required. Two
ways are possible:

1) to look for conservation laws associated with non-
trivial topology of the solution (Faddeev, Polyakov,
’t Hooft, and others);

2) to go over to theories with internal global or local
gauge symmetries.

Here, we shall not be concerned with the first ap-

YHere, we must note the difference between a soliton, which
is a solution of a hyperholic equation, and an instanton,
which is a solution of an elliptic equation.
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proach. In the second case, the soliton ensures that
the Hamiltonian has a conditional extremum, which may
lead to stability of the soliton. Stability questions, and
also the static properties of solitons, have already been
studied in the framework of various scalar and also
with the inclusion of color spinor (quark) fields (see
Refs. 2 and 3).

Soliton dynamics in multidimensional worlds is as yet
entirely the domain of the computer. Thus, the com-
puter has discovered pulsons —bions in a spherical
three-dimensional space—and has studied their proper-
ties. But this is only the first step, The real dynam-
iecs, in which the particular properties of solitons are
fully manifested, is in their interaction. There have
already been several studies of the interaction dynam-
ics of two-dimensional®’ solitons. The obtained results
are very impressive and, which is particularly impor-
tant, the investigations have a very broad geographical
spread (England, Poland, the Soviet Union, the United
States,Japan). Below, we shall consider these investi-
gations in more detail.

In the present review, we consider mainly the quali-
tatively new nonlinear phenomena that have been discov-
ered and studied by means of the computer, We have
here the finding of localized solutions of nonintegrable
nonlinear wave equations (especially in more than two
spatial dimensions), and also the investigation of their
stability and interaction dynamics.

We study these phenomena by taking the examples of
the simplest models that arise in the various branches
of modern physics, from optics and hydrodynamics to
field theory and elementary particles.

As we have already said, the currently widely known
concept of a soliton arose from the interaction of soli-
tary waves in the framework of the KdV equation. Be-
low, we shall adopt a wider definition, i.e., by a soliton
we shall understand a solitary wave propagating in a
nearly integrable system, this being especially appro-
priate in view of the fact that in recent years completely
integrable systems with nontrivial dynamies (interac-
tion) of solitons have been discovered and investigated.
We have in mind the studies of Calogero and de Gas-
peris (boomerons and so forth), V. E. Zakharov, and
A. V. Mikhailov (decoupled solitons). Even for such
systems, the old definition is not suitable.

In non-one-dimensional geometries our definition will
be 'very close to the concept of a particlelike solution,
which is well known to specialists in field theory.

We consider the properties of planar solitons, i.e.,
solitons with a plane wave front, We investigate their
form, stability, and interaction, and also bound states
of solitons. We investigate non-one-dimensional soli-
tons. We study their stability, the dynamics of their
formation and interaction, and bound states (reso-
nances). In conclusion, we discuss some new direc-
tions of further development that are now appearing.

M Three-dimensional solitons are evidently as yet too compli-
cated for computers.
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1. PLANAR SOLITONS

Equations and the Applications. One of the first equa-
tions whose solutions were investigated numerically and
revealed soliton properties was the KdV equation,
which we write in the following “general” form:

Pt + Pz COPx + Prre = 0. (1)

So far, it has been established that for y=1 and 2 this
equation is completely integrable, and its solitons in-
teract elastically. For y=3, Eq. (1) loses this prop-
erty, though it remains very “close” to an integrable
equation.* Solitonlike solutions of (1) can be readily ob-
tained"):

o Av 2/v
vu=(Anch [V 3 S =) } (2)
v=2ad¥/[(v+1) (v+2)] + 1.

Equation (1) describes a wide spectrum of physical
phenomena in systems in which small oscillations have
an acoustic spectrum, i.e., w(k)—~k as k—0. However,
it has an unpleasant feature—the nonlinear waves can
move only in the direction of the positive x axis, hence
the epithet “right” KdV. Indeed, in the derivation of the
KdV equation the symmetric operator 8} — 82 is replaced
by (8, —8,)(8, +8,)= —28,(8,+8,).>) The Boussinesq equa-
tion (1872)

(81— 0% — %) g — d29* =0, (3)

is free of this defect and by means of the above proce-
dure, one integration, and a change of variables can be
readily reduced to the form

(@: + 8. + ) 9 + 9,9* = const.

When solutions bounded in space, i.e., solutions with
finite energy, are considered, this equation is identi-
cal to the right KdV equation, since the constant is
equal to zero on this class of solutions.

Equation (3) is also integrable,® and for it Hirota ob-
tained many -soliton formulas,*” which were used to cal-
culate the interaction of the solitons.

Further, we must mention the nonlinear Schrddinger
equation

i+ Pux T B IO =0 (4)
or, in more general form,
ihs + Yux + @ (19 DY = 0. (5)

Solitonlike solutions of (4) have a form similar to (2):

ve=duoxp {i[ (7 + 7 i)

+—g— (m—vt)—ﬂﬂ]}sech2’”[%-AK’2]/ vg-fz (.r—ut_:i:o)]. (6)

For p=2, Eq. (4), or S3, is completely integrable,®
and its envelope solitary waves are true solitons. For
other values of p, the solutions of (4) are only quasi-

) Tyanslator’s Note. The Russian notation for the trigono-
metric, inverse trigonometric, hyperbolic trigonometric
functions, etc., is retained here and throughout the article
in the displayed equations.

5)The equation for waves moving to the left, the “left” KdV
equation, can be written down similarly.
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solitons. Equations (4) and (5) also describe a large
class of physical phenomena in systems in which the
spectrum of small oscillations has a gap A and a dis-
persion quadratic in .

The reader can find details about the physical appli-
cations of these equations together with the relativisti-
cally invariant Klein-Gordon equation

(O Fm)p+po@(|9)=0; O =6t—0F (7)
and the sine-Gordon equation

Og +sing =0 (8)
in the reviews of Refs. 1, 2, and 7-11.

In plasma theory one also encounters Eq. (5), in
which &( |¢ |) satisfies one of the following equations:

O =32 (|9]?) (9)
[Zakharov approximation (1972, Ref. 12)],

Oy — O + B (D) + aPppe = — (| P (10)
[Nishikawa-Hojo-Mima-Ikezi approximation (1974, Ref,
13)], and

o — ﬂ {LI)E)I.T R m(Dxxxx = (¢ F):x - (11)
(approximation obtained by the present author in 1974 in
Ref. 14).

The solitonlike solutions have the form

o -Adexp i r%-z—fltfﬁ 1 sech r--i.l'..-i—(:l:fyi_--.ﬁr") :

(i (oo [ P

-2

oy _].1 |¢s,‘:z; yi= -[_Uz; Q 102/4_-}1143_/3
for the system (5), (9), and

o Aexpli(—2z—Qt—9)} thEsech:
(i (e-su-0)) o

gV TR (z—vt—ay);

D, = Gh sechzE; A2=48h%; Q=v%/4 -4

for the systems (5), (10), and (5), (11) with

A= (—320 ey, P =32 ==&

It follows from (10) that the system (5),(9) gives a fair-
ly good description of slow, v <1, solitons. In the re-
gion -1, it is necessary to use the approximation (10)
or (11).

Apart from the equations mentioned above and sys-
tems of them, there frequently arises in nonlinear op-
tics an equation that is a multiple of the sine-Gordon
equation:

o= 3, Zsin (29), (1)
m=1

which reduces to the ordinary SG equation for n=1.

Solitonlike solutions of this equation were investigated
numerically in detail in Ref. 18, and for n=2 [the so-
called double sine-Gordon (DSG) equation] in Refs. 19
and 20.

We give two further equations frequently encountered
in the literature:

Pt + P2+ P'Px — Przs = 0, (15)

for y=1; it was proposed by Petegrine® for the de-
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scription of tidal waves®”:

13

o113 24%( ) (v+2), (16)

qs:{.’iserh(% (v+1)(v=2)~ 24212 (:r—vtf—:ro))}wv:

and the Benjamin-Ono equation®*®
P gl ﬁq:q:x i H(pxx = Oa (17)
where H is the Hilbert operator,

1
N

Hf(x)=

et

p{ L0 g

used to describe internal waves in layered fluids.
As was shown in Refs. 17 and 24, its solution
Ts = (23) e/l -+ o* (& — wt)?] (18)
is a true soliton.

Some variants of the above equations and equations
that reduce to them will be considered below.

In conclusion, we note that a large number of equa-
tions possessing soliton (and quasisoliton) solutions
arise in classical and quantum two-dimensional (x, )
field theories. In these theories, the fields are invari-
ant with respect to the Lorentz (or Poincar€) group, and
also with respect to a certain internal (isotopic) sym-

metry group, and satisfy various commutation relations.

Almost all the results have been obtained here by
means of analytic methods of investigation: spectral
transformation (inverse scattering technique), field-
theoretical and group-theoretical methods, and also the
methods of differential geometry.

In this field, computer experiments are only beginning
to make their first timid steps.

Dynamics of the formation and interaction of planar
solitons. This question has been most fully and system-
atically studied in the framework of completely inte-
grable equations, for which it is frequently possible to
solve the Cauchy problem analytically by means of the
inverse method.”’ We mention once more that the in-
vestigations in this direction were initiated by computer
experiments on the Fermi-Pasta-Ulam problem and
solitons of the KdV, sine-Gordon, and S3 equations.

We recall that, by analogy with mechanics, an equation
is said to be integrable if it possesses an infinite set of
(additive) integrals of the motion. These integrals are
constructed from powers of the field function and its
derivatives and must be in involution. The first results
obtained in the investigation of completely integrable
systems led to the conclusion that in their framework
the interaction of solitary waves reduces solely to a
shift in position and phase, the shape and velocity of the
waves being left unchanged. It is this that explains the
name “soliton” as a stable object like a particle, This

)Tt should be noted that in my review of Ref. 2 there is an un-
fortunate mistake on p. 17. The reference should be to
Peregrine’s paper and not Lee’s review.

")During recent years, a huge number of papers (more than
600) have been published on this question. There are also
very extensive reviews (Refs. 1, 4, 7, and 25) and a book
(Ref. 15).
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was the case as long as fields with symmetry group not
higher than U(1) were considered.

The inclusion of higher symmetries, for example,
SU(2), led to the discovery in 1976 of very original ob-
jects, namely, solitons that come back again, and were
called “boomerons,” and solitons whose center of grav-
ity oscillates about a certain position, “trappons,”®
Finally, at the beginning of 1978, there appeared a pa-
per in which it was shown that in the framework of an
integrable system (model of the principal chiral field)
on the group SU(N) it is possible to have decay and mu-
tual transformation of solitons when N= 3.* It was
thus shown that the original definition of the soliton
concept is too narrow even for the set of integrable
systems. We note that beginning in 1976 there were
discovered and investigated, in addition to the well-
known sine-Gordon equation, several completely inte-
grable field-theoretical models. These include in par-
ticular the massive Thirring model® [classical spinor
field with self-interaction y"¥(yy,9)], the complex gen-
eralization of the sine-Gordon equation,® and various
others.*

We now turn to numerical experiments on soliton dy -
namics. Apart from the many-soliton formulas, the
dynamics of the formation of solitons from arbitrary
initial packets even in integrable systems is known only
asymptotically as {—=, this being the case a fortiori in
the framework of the perturbed equations.

First, some words about methods of numerical inves-
tigation. In the review paper “Numerical investigations
of solitons” at the Oxford Symposium on Nonlinear (So-
liton) Structure and Dynamics in the Condensed State
(June, 1978),* Eilbeck noted that in the field of partial
differential equations numerical analysis had remained
as much an art as a science. For any given equation,
the question of the “best” numerical method is the most
complicated. This is due to numerous factors, in par-
ticular, the required accuracy of the calculations, lim-
itation of time and computer memory (power), word
length, etc. Moreover, it is very rare to find in the
literature a comparison of the numerical algorithms of
different authors and a thorough investigation of each
given algorithm. This applies especially to nonlinear
equations. Thus, a vast amount of work is needed both
on the theoretical investigation of the employed methods
and on the analysis of their practical application. Be-
low, we shall only briefly dwell on the methods of cal-
culation.

Usually, two main approaches are employed to reduce
the problem to a finite number of parameters: approx-
imation of functions and approximation of difference
schemes.

In the first case, the exact solution y(x,?) is approxi-
mated by means of an approximate expression defined
on a finite subspace, for example,

y(@ )=y @ )= 2 Cr Oy (@) (19)

where y,(x) are basis functions chosen in a certain way
(for more detail, see Ref. 31 and the literature quoted
there).
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It is more common to use the second approach in the
investigation of partial differential equations, i.e., the
exact solution y(x,#) is approximated by a set of values
y5, defined at the sites of a rectangular grid on the x¢
plane (or in the xyt cube) with step # and 7, respective-
ly, i.e., x,=hm,t,=7n. Different schemes are used to
determine the time derivatives —explicit and implicit.
There is an entire science associated with such a meth-
od (we here refer only to Ref. 32). Nevertheless, for
the investigation of nonlinear partial differential equa-
tions ready-made prescriptions still do not exist. We
merely note that the quality of the calculation some-
times depends strongly on the form of approximation of
the nonlinear term, namely, on whether its values are
taken at the points x,,, i.e., F(y7), in the form of a
half-sum at symmetric points, i.e., F(:[y%., +y".])
with respect to x or F (3] y™*+y"™]) with respect to ¢,
ete.™

We emphasize in conclusion that all the employed
methods must satisfy and condition of stability, i.e.,
|9(Xpms ) = 9% | < N as n~<. This condition together with
the condition of accuracy of the approximation usually
imposes restrictions on the relationship between the
steps k and t and on their values. Also very promising
is the approach in which one uses a Fourier expansion
of the unknown solution with respect to the coordinate,
with subsequent solution of the ordinary differential
equations by means of known difference (leap-frog)
schemes, After an inverse Fourier transformation (one
usually employs the algorithm of the so-called fast Fou-
vier lransformation™) the required result is obtained.
We mention here only three papers in which this method
has been successfully used: Refs. 34-36. Sometimes,
a modified mixture of these approaches is used.

As we have already noted, some of the first nonlinear
equations whose numerical investigation revealed un-
usual properties were the Korteweg-de Vries equation,
the sine-Gordon equation, and the finite-difference an-
alog of the Boussinesq equation (or nonlinear string)
(Fermi-Pasta-Ulam, 1955):

Yl d12 = f (Y1 — Ym) = F (Um — Ume1)s (20)

where f(y)=y+ ay® or f(y)=y +By>.*»

As was subsequently found, the Fermi-Pasta-Ulam
problem is intimately related to the proximity of the
considered system to an integrable system and, hence,
to solitons (see, for example, Ref. 1). Therefore, in
what follows we shall restrict ourselves to discussing
the properties of solitons.

From the point of view of numerical experiments, the
dynamics of the formation of solitons and solitonlike
solutions from identical initial conditions ¢, is virtually
the same in the framework of the KdV equation and in
Egs. (1) and (13), which are close to it. Depending on
the integral [.2¢dx, there are formed one, two, etc.,
solitons and a certain oscillator tail. It was this prop-
erty of equations of the KdV type together with the same

B Equation (20) can be reduced for f(y)=y +ay®+y® and by
transition fo the continuum analog, #— 0, to the KdV or
Boussinesq equation (see, for example, Ref. 7).
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form of the dispersion as 2- 0 which led to the idea that
they are all integrable. As a result, many efforts of
analytic and computational nature were expended in vain
to prove this fact. The decay of the initial condition in-
to solitons is a characteristic feature of any quasi-in-
tegrable system.

The picture changes qualitatively for the interaction
of solitons. The KdV and modified KdV solitons, being
true solitons, only undergo a shift in their position,*
whereas the solitons of the remaining KdV-like equa-
tions, i.e., Eq. (1) for y#1 and 2 and (13), interact in-
elastically (see Refs. 35 and 38). The inelasticity of
the interaction is usually small, but increases with in-
creasing p, and for y=4 becomes manifest. This can
also be very clearly followed in the example of Eq. (13)
for p=1 and 2. The equation

Pt Pz 9Py — Paay = 0, (21)

which is also sometimes called the PBBM or RLW
equation,®’ was apparently one of the first to destroy the
illusion of integravility. A difference scheme for it was
investigated by Eilbeck and McGuire*® and by Abdulloev,
Bogolubsky, and the present author.?®

It is well known that in the numerical integration of
the KdV equation one encounters a fairly stringent rela-
tionship between the steps of the grid in the f and x di-
rections: 7<ch®, or, more precisely, r/h®
«1/(4 +h*|@,| or /K< 1/|2 = h%p,|) (for more detail,
see Ref, 31). It may be said that it is no easy task to
reveal fine details in the numerical investigation of the
KdV equation. For the investigation of the RLW equa-
tion (21) the situation is better, and the condition of
stability of the difference schemes becomes 1<k (Ref.
38).!9 Nevertheless, in this case too there are awk-
ward problems. For example, after the exact (analytic)
single-soliton solution

By Aeh 2 {jf A/[2(2A+ 3)] (x— [1 + (2/3) A) t — x4)} (22)

has been fed into the computer, it undergoes a slight
(at the level of fractions of a percent) change —the so-
liton “breathes” and even appears to radiate weakly
during a short time, after which the picture stabilizes.
By virtue of this property of the RLW equation, which
was not understood by the authors of Ref. 38, it was
necessary to invent a fairly complicated computational
procedure to reveal a subtle effect such as inelasticity
of the soliton interaction. Here, it should be said that
encouragement for the authors of Ref. 38 was given by
the results obtained by analogous modification of the
Boussinesq equation (6).

As we have already noted above, the interaction of
solitons in the framework of the Boussinesq equation
has been investigated numerically only by means of the
two-soliton formula.*? Direct calculations on the basis

1n the first case, the name derives from the initials of the
surnames of the authors: Peregrine,” Benjamin, Bona, and
Mahony®; in the second case, it corresponds to the name
regularized long-wave equation.’!

1005t is possible that the name of the equation is associated
with this property. This equation was also used to simulate
tsunamis 4
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FIG. 1.

of the Boussinesq equation are virtually impossible be-
cause of the instability of the linear spectrum’ w®

=k*1 -%?. This forced us to modify the equation in
such a way as to make the linear spectrum agree in the
limit £~ 0 with the Boussinesq spectrum but at the
same time be stable. Ion-acoustic waves in a plasma
have such a spectrum, w®=k*1+%?%), which corresponds
to the equation

(T —aio}) g —dig2- 0,

which we proposed should be called the improved Bous-
sinesq (IBq) equation.'"’

As a result of the numerical experiment of Ref. 44 it
was shown that the IBq solitons interact inelastically
(Fig. 1). The computational algorithm was also dis-
cussed in Ref. 44. Despite the undoubted similarity of
the IBq and RLW equations, the degree of inelasticity
when their solitons interact is very different. This is
due to the fact that the RLW solitons overhaul each
other, whereas the IBq solitons can have head-on colli-
sions. Numerical investigation of the latter is prefer-
able by virtue of their symmetry (economy of memory).
In reality, as was already noted in 1975 in Refs. 45 and
46, head-on collisions of solitons lead in the frame-
work of various equations to larger inelasticity in in-
teractions at the same soliton amplitudes than is the
case for single-direction collisions. Therefore, it is
predominantly head-on collisions that are responsible
for ergodization in a nonintegrable system (for ion-
acoustic waves in a plasma® and for Langmuir waves®®).

As a result of numerical experiments on KdV-like
equations, it was found that the inelasticity of the inter-
action of quasisolitons increases with increasing am-
plitude of the quasisolitons and increasing degree of
nonlinearity »>1 in the equation [for Eq. (19) with y=2,
4, see, for example, Ref. 35]. Bona, Pritchard, and
Scott"” developed a very refined computational algor-
ithm,* which enabled them to study in detail the inter-
action dynamics of RLW solitons. Their results agree
with the results obtained earlier.*®*® A typical picture
of the interaction of large-amplitude solitons is shown
in Fig. 2.%

Sometimes, complex modifications of the KdV equa-
tion are considered (see, for example, Refs. 35 and
49)'2)

Y+ | |B1Px + Prxx = 0;
Yo+ (1 Fde + Paze = 0.

(23)
(24)

11)we note that it was also known to Boussinesq.*?
2)Equations of this kind arise, for example, in plasma
'[‘.heory.5IJ
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The first of these equations is integrable, as was
shown by Hirota® in 1972 by means of the inverse
method. As was illustrated in Refs. 35 and 49, the sec-
ond is nonintegrable, and the decay of an initial condi-
tion and the interaction of the quasisolitons have a rath-
er complicated inelastic nature.

We mention one further KdV-like equation, which is
usually called the Benjamin-Ono equation. It is Eq.
(17):

and it is used to describe waves in a layered fluid (in-
ternal waves).?® The numerical experiments of Meiss
and Pereira®® revealed a soliton nature of the behavior
of the traveling waves (“lorentzians™) of the form

¢ = (23) W/ {l + [v (@ — v1)]?}

in collisions and in the decay of an initial packet (many -
soliton solutions were found by Joseph®3),*®?

Numerical investigations of soliton phenomena in the
framework of the nonlinear Schrddinger equation with a
self-consistent potential were made for the first time
by Yajima and Outi in 1971.5* They found that the en-
velope solitary waves of the Schrédinger equation with
cubic nonlinearity, equation 53, interact elastically
with one another. This fact was explained by Zakharov
and Shabat,?*® who showed that equation S3 describes
an integrable system, and the solutions of (6) for y=2
are true envelope solitons. Here, we shall merely note
that the time of formation of an S3 soliton (or solitons)
from an initial packet depends strongly on the form of
the packet and can be very long if solitons of sufficient-
ly small amplitude are formed during the decay of the
initial condition. In one of the first experiments®® it did
not prove possible to observe the formation of a soliton
from an initial packet of Gaussian form. A possible ex-
planation of this fact (and its difference from KdV-like
equations) was given in Ref. 2, Fig. 3a shows the max-
imal amplitude ¢, of a packet as a function of the
time.

The fact that an initial packet does not decay into

19)The problem was completely solved in Ref. 24, in which the
integrability of Eq. (17) as a limiting case of a “nonlinear
intermediate long-wave equation” was proved.
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solitons for such a long time can be attributed to the
formation from the packet of a bound state of solitons —
a bion (for more details, see below). The solution of
the initial-value problem, i.e., the investigation of the
decay of various initial packets in the framework of
equation S3 by means of the inverse scattering tech-
nique, and also numerical experiments, are described
in detail by Satsuma and Yajima.®"

For what follows, we introduce some additional con-
cepts, which are well known from classical field theory
and, in application to soliton phenomena, are described
in detail in Ref. 2. Here, we shall merely give a brief
summary:

1) the overwhelming majority of the equations that ad-
mit soliton or solitonlike solutions can be obtained as
the solution of some extremal problem;

2) this means, by virtue of Noether’s theorem, that
certain conservation laws will correspond to the sym-
metries of the Lagrangian; in particular, there are
conservation laws for the “particle number” (charge),
the energy, the momentum, the angular momentum of
the field, and so forth.

We now turn to the nonlinear Schrddinger equation. It
is used in different fields of physics. Besides the well-
known applications in plasma physics and nonlinear op-
tics, we also mention here the theory of waves on deep
water, density waves in spiral galaxies, one-dimen-
sional spin systems, and the theory of excitons in one-
dimensional molecular chains and biopolymers. Ques-
tions relating to the derivation of Schridinger equa-
tions, their limits of applicability, and so forth can be
found in Refs. 58-60.

The nonlinear Schrddinger equation has been most
fully investigated (including numerically) in connection
with the description of Langmuir (plasma) waves and
turbulence in plasmas, Therefore, we shall here dwell
briefly on the investigation of Langmuir solitons (in
other fields of physics in which equations of such type
are encountered it is frequently sufficient to change
merely the terminology and notation).

Thus, equation S3,
e+ Ve + @ [ LY =0, (25)

has a countable set of inte_érals_' of the motion and is
completely integrable. In the theory of Langmuir tur-
bulence, it arises as the “quasistatic limit” in the
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framework of Zakharov’s system (a>0)

iy + Pox — QP = 0; ' (26)
OP == a3 |pi* (27)
in the limit 8}® — 0 (here, ¥ is the complex amplitude
of the Langmuir high-frequency field, and & is the low-
frequency variation of the plasma density).

The initial-value problem in the framework of this
system was, like the interaction of two colliding soli-
tons, investigated for the first time in Ref. 56. In nu-
merical experiments, it was found that identical initial
packets behave quite differently in the framework of
equation S3 and in the system (26)~(27). In Figs, 3a and
3b we give for comparison the results of such calcula-
tions; Fig. 3a corresponds to the dynamics of an S3
packet, and Fig. 3b (Ref. 61) to Zakharov’s system. In
the second case, the process of formation of the quasi-
soliton takes place fairly rapidly, and the excess ener-
gy and momentum are carried away by & density waves.
A similar situation is observed when quasisolitons in-
teract. The quasisolitons of the system (26)—(27) ex-
hibit a rich picture of interactions between themselves
and acoustic pulses of various shapes. These effects
were studied in great detail in Refs. 46, 61, and 34.

In Refs. 46 and 61, elementary interaction events of
solitons and acoustic pulses were simulated numerical-
ly in the framework of the system (26)—(27). On the
basis of this work, an approximate kinetic equation for
the solitons was written down in Ref. 46 and its solu-
tion, which describes the distribution of the solitons
with respect to their width, was obtained.'*’ It also
follows from the results of Ref. 61 that for given am-
plitude of the colliding solitons the inelasticity of their
interaction is smaller, the larger their relative veloc-
ity Av. In the limit aAv =2 (Av=v, —v,, v, = —v,~ 1), the
inelasticity becomes negligibly small. This result sug-
gested to the two Japanese theoreticians Yajima and
Oikawa that the transonic system (26)—(27) could be
completely integrable, and this they proved brilliantly
in Ref. 63. For this, it is necessary to go over from
Eq. (27) to its right or left unidirectional variant, i.e.,
to make the substitution O~ —28/8x(8, +8,) and inte-
grate over x. Setting the constant of integration equal
to zero by virtue of the soliton conditions at infinity,
we obtain

@+ ) @ = —a, [} I (28)

The system (26), (28) was found to be integrable,®
Thus, we here encounter a very interesting fact: A
certain system can, when a physical parameter is var-
ied (in the considered case, the soliton velocity), be
transformed from a strongly nonintegrable system (at
small ») to a nearly integrable system (v-1), so that
by means of a very simple approximation an integrable
analog of it can be obtained.!® There is something
similar in the case of non-one-dimensional solitons as

18Note that in these studies no investigation was made into
the influence of the phase relations on the interaction of the
solitons,

15)We emphasize that the original system (26)—(27) also re-
mains nonintegrable in the regionv — 1.
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well. In the calculations in the framework of the sys-
tem (26)—(27), a check was made on the conservation of
the quantities

Si= | lvi2az;

Sp= | (i (hwE—w) + 200} da; (29)

So= | {1oelz+@ppi2 44 @24 L w2} sy

D + u, =0, (30)
which are, respectively, the particle number, the mo-
mentum, and the energy of the system. In accordance
with the conjecture made in Ref. 64, for this system
there exists only one, N=n -2=1, exact soliton solution
(n is the number of conservation laws).

In Ref. 34, a detailed and systematic analysis of soli-
ton phenomena as applied to plasma theory was made,
namely, in the framework of the system (26)—(27), its
modifications with allowance for Landau damping of the
Langmuir and ion-acoustic waves, and also in the
framework of the model of particles of finite size. We
compare the results for different plasma parameters
and soliton amplitudes and velocities.

A detailed comparison of the various codes used in the
calculations can be found, for example, in the original
papers of Ref. 66. We note here also that a major nu-
merical investigation of Langmuir turbulence in a plas-
ma in the presence of a pump field or an electromagnet-
ic field was made by Californian groups (see, for ex-
ample, Ref. 67).

To end our discussion of “Schrodinger” quasisolitons,
we mention here a very interesting, and in one sense
paradoxical, result. As we already know, transonic
solitons in the limit (1 - v® —m,/m, must be described
by the system (5), (10), or (11).

In Ref, 68, an attempt was made to investigate the in-
teraction of two colliding two-hump solitons in the
framework of the system consisting of the Schrédinger
and IBq equations:

P+ Pre— D =0; ( O —-g— ('f§()f) B — a2 (D2) = 82 (] 9]2).

It can be seen from the results in Fig. 4 that, in con-
trast to the solitons of Zakharov’s system, the two-
hump transonic solitons interact strongly with each
other as well as with the acoustic pulses.

The IBq equation is not integrable, and it was there-
fore very interesting to investigate the unidirectional
interaction of solitons in the framework of the Nishi-
dawa-Hojo-Mima-Ikezi system [Eqgs. (10) and (5)].
Without the terms f($2%), and a®,,,, this system not only
goes over into the integrable Yajima-Oikawa system,
but Eq. (10), like Eq. (28) without the right-hand side,
is also integrable. Is the Nishikawa-Hojo-Mima-Ikezi
system, which consists of two coupled integrable equa-
tions, integrable? The results of Ref. 68 appear to
give a disappointing answer to this question, but a final
answer has still not yet been obtained.

If in Eq. (20) the function f(y,) is substituted in the
form
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j(yn) = eXP Yn» (31)

we arrive at an integrable system —the Toda chain.®® In
Ref. 69, it was also shown that the system

;Tyn =Yn (Ynr1—Yn=1) (32)
is integrable.

Systems of the form (32) arise in definite approxima--
tions in the study of the structure of the spectra of
Langmuir oscillations in a weakly turbulent plasma, the
interaction of populations in biology (predator-prey ap-
proximation), induced Compton scattering, and many
other induced effects.

Equation (32) was obtained from an integro-differen-
tial equation of the form

a0

iy (z, )=y (z, 1) 5 de'W (2, z')y (&', 1), (33)
0

when the kernel W(x,x’)= -W(x’,x), which is propor-
tional to the transition probability density, has reso-
nance denominators corresponding to certain decay
processes. Thus, for Langmuir spectra we have the
processes [—1+s, for photons {—{+] or i~{+s, etc.
At the same time, the kernel W(x,x’) degenerates into
Wlx,x') = Wo[8(x —x' + %) - 8(x =%’ = )], and Eq. (33) in-
to (32).

If the decay processes are forbidden by the conserva-
tion 1aws_ w, + wy# Wy, By +R,=ky, the kernel W(x,x’) for
induced scattering of Langmuir and electromagnetic
waves by plasma particles takes the form

W (z, z'):%G(zgz') = I/I?A %exp [———(zzf’)i ] (34)
(see, for example, Refs. 71 and 72, where expressions
for W,, A, and x in terms of the plasma parameters
can also be found).

It was shown in Ref. 69 that Eq. (32) with the boundary
conditions y,— const, n—+= has the KdV equation as its
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continuum analog. Therefore, the decay of the initial
condition y,(0) will proceed in accordance with the
well-known KdV scheme.

By means of numerical experiments, Montes and his
collaborators showed that Eg. (33) with the kernel (34)
describes a system close to an integrable (KdV?) sys-
tem. In Ref. 72, Montes investigated the problem of
the decay of an initial condition (spectrum) y(x,0) and
showed that from a “narrow” packet &x < A one quasi-
soliton is formed after a stage of satellite transforma-
tion has been passed through.'®’

A “proad” initial spectrum (6x> A) decays into a set
of quasisolitons distributed in accordance with their.
amplitude (or, which is the same thing, velocity). In
Ref. 74, Montes et al. showed that the previously found
solutions are indeed quasisolitons, as was the case for
the RLW equation.

We note here that if solitons of not too different ampli-
tudes approach each other, their interaction recalls
satellite transfer, i.e., they remain well separated,
which is similar to the interaction of KdV solitons. In
triple interaction of quasisolitons, the departure from
integrability is very appreciable, and a fourth soliton of
small amplitude is produced; this process is shown in
Fig. 5.7* Similar experiments were made by a different
French group, who investigated the interaction of quasi-
solitons in the framework of perturbed variants of Eq.
(32),

d i L .
25 Yn = Yn Wnss—Yn-t) + 0 (Unss + Yny — 20,) (Ref. 75),

and the KdV equation (KdV-Burgers equation),

Yo+ 6 (¥ + Yaxx = Wlae (Ref. 76).

In these cases, as one would expect, the departure from
integrability is manifested in the appearance of oscil-
lator tails in the process of evolution of the quasisoli-
tons and during their interaction and is illustrated in
Figs. 6 and 7 (see the section on structural stability of
solitons).

The formation and interaction of planar solitons in the
16)We note that for spherically symmetric packets this result

was obtained earlier in Ref. 73, though its proper signifi-
cance was not recognized there.
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framework of nonlinear relativistically invariant equa-
tions were studied in Refs. 20 and 78-80. A discussion
of possible difference schemes for investigating such
equations can be found in Ref. 31.

Usually, the investigated equation has the form
Oy = F (y), (35)

where F(y) is either a polynomial?*"®%° or a series of
sines,'®!%2078 1t ig interesting to note here that Eq.
(35) has an infinite set of conservation laws if

L FW=F ()
(see, for example, Ref. 81) or F(y)=expy +exp(-2y)."

In contrast to the nonrelativistic equations considered
above; equations of the form (35) have not only bell
solitons but also kink solitons, i.e., solutions repre-
senting the transition from one asymptotic state to
another that is not equal to the first.!”’

The very wide physical applications of the so-called
sine-Gordon equation are well known. A large number
of original studies and several reviews have been de-
voted to them. We mention here only two of the stud-
ies: Refs. 10 and 82. It was in the framework of this
first confirmation was obtained of the existence of
quasisolitons in real physical systems 100 years after
the observations of Scott-Russell. We are referring to
the self-induced transparency that occurs when ultra-
short laser pulses propagate through a two-level sys-
tem,'®’ the “quantization” of the magnetic flux in a Jo-
sephson transmission line, ete.

Since the sine-Gordon equation -Oy=siny is
completely integrable,® we shall not dwell here on the
investigation of the properties of its solutions. We
merely mention that, as for the KdV and S3 equations,
an arbitrary initial pulse decays in the framework of
the sine-Gordon equation into a set of solitons. Fre-
quently, it is more convenient to follow, not the func-
tion y(x,¢) itself, but its derivatives y, or y,. There
are beautiful films taken by an English soliton group
which demonstrate different types of interaction of soli-
tons and quasisolitons and also their bound states (bi-
ons) (some of them were shown at the soliton symposia

DKinklike solutions can also appear in the framework of the
83 equation (25) for o <0,

18)Note that self-induced transparency, like KdV and Fermi-
Pasta—Ulam solitons, “was discovered from an analysis of
numerical solutions of the equations which describe optical
pulse propagation” (Lamb in the review of Ref, 62, which
can be recommended for beginners in the study of this
phenomenon).
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in 1977 and 1979 in Poland and in 1980 in Crete). Fig-
ure 8 (Ref. 31) shows the interaction of two bions.

Much computational work was done by a Manchester
group investigating solutions of multiple sine-Gordon
equations. In particular, the double sine-Gordon (DSG)

Oy = TFlsin y = (1/2) & sin y/2],

which arises in the investigation of self-induced trans-
parency in systems with double degeneracy, was stud-
ied in Refs. 18, 20, and 84.'" The authors were able
to show that the double sine-Gordon equation describes
a system that is very nearly integrable: Initial pulses
decay under certain conditions into a set of solitons
whose interaction is virtually elastic at sufficiently
high velocities »>0.4. When v <0.4, the inelasticity
becomes appreciable, and when »=0.1 a kink-antikink
bound state (bion) is formed.?°

Thus, in these studies, despite the existing pessi-
mistic predictions, it was shown that in the framework
of a multiple sine-Gordon equation there also exist
quasisoliton solutions, decay of an initial pulse into
them, and, as a consequence, self-induced transpar-
ency. We emphasize that we here again encounter syn-
ergetic use of the computer in theoretical investiga-
tions leading to qualitatively new conclusions.

Equation (35) with
—yy (k) (36)
y—y° (54), (37)
or the so-called phi -four theory (¢*), has been investi-
gated fairly fully for both real and complex func-
tions.?® 7% Eqguations (35) with right-hand side (36)
and (37) can be obtained from a Lagrangian in which
the potential U(y) is a polynomial of fourth degree.

Fy)=

We also investigated quasisoliton solutions in a more
general formulation when

U(y)ex Ei C.y" (see Ref. 2, p. 50).
These studies revealed in all clarity the inelasticity

of the ¢* interaction of quasisolitons, which leads to the

19In Ref. 18, the breakup of an initial pulse into quasisolitons
was also investigated in the framework of the triple sine-
Gordon equation.
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possibility of formation of long-lived bound states of
them.

The equation of the ¢? theory has as quasisoliton so-
lutions kinks and antikinks,

¥, t)= =+ th "(1“—11"—.1'0) p=(1—p2)" 12,

between which the interaction is attractive.

The equation of the ¢} theory, like the S3 equation,
can have sech and tanh quasisolitons as solutions; the
sech solutions are stable only for a complex function y
=alx) exp(—iwt) when w>2""/2, The inelasticity of the
interaction of these quasisolitons is smaller, the higher
their relative velocity.

In conclusion, we note that the computer investigation
of the ¢? quasisolitons apparently gave the first indica-
tion of their instability.

Bound states of solitons. Very interesting objects
that arise in the theory of solitons are their bound
states. If one soliton or quasisoliton can be regarded
as a certain bound state of an infinite (in the classical
case) number of constituents,? it is natural to expect
that the solitons themselves can form hound states.

Such states were apparently described for the first
time in Ref. 77, in which a bisoliton solution (kink-an-
tikink) was found analytically for the sine-Gordon equa-
tion (below, as in Ref. 2, we shall, following Caudrey,
Eilbeck, and Gibbon,* call such solutions beions). The
solution has the form

qu=4arctg{} T w*— 1 sech 2’ sin (" + )}, (38)
where £'=yV1 —wi(x —vt —x,), L7 =ywlox = 1),y %=1 =14

In the frame in which »=0, this solution is a solitary
oscillating hump. In the laboratory system, in which
v#0, there is high-frequency filling of the hump (as in
the case of the sclitons of the S3 equation) associated
with the appearance of an x dependence in the argument
of the sine. Before we study in detail the structure and
dynamics of the bound states of solitons in the frame-
work of the nonlinear Klein-Gordon equation

O¢ = F{(q) (39)

we shall say a few words about the possibility of such
solutions in KdV-like models. To the best of my know-
ledge, bound states have not so far been found in KdV -
like models. That they do not exist for the integrable
KdV and modified KdV equations follows directly from
the solution of the inverse scattering problem, since
only one soliton corresponds to each discrete level.
With regard to nonintegrable KdV -like equations, the
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numerical investigations into the interaction of the so-
litons so far made have not given positive results.
Nevertheless, the question of the existence of bound
states in the framework of nonintegrable KdV-like
equations can be regarded as open, especially for com-
plex functions and high nonlinearities p.

The bion solution (38) has two characteristic features
that distinguish it from such solutions in nonintegrable
systems and in a space of more than one dimension.
First, the state described by it cannot be obtained as a
result of interaction of kinks and antikinks, since it fol-
lows from the integrability of the sine-Gordon equation
that radiation is not produced when solitons interact.
Second, because there is no radiation, the lifetime of
the bion (38) is infinite. Finally, the interaction of
sine-Gordon bions is elastic, which is very clearly
demonstrated by Fig. 8 (Ref. 31).

Recently, papers have been published which draw at-
tention to the great importance that solutions of bion
type can have in different one-dimensional physical
models of the condensed state. Here, we mention only
Refs. 11 and 85-87. It is necessary to emphasize the
important difference between kink-soliton solutions and
their bound states, namely, bions (and, as we shall see
below, quasibions, or pulsons) have, like envelope so-
litons, an internal oscillator (“rotational”) degree of
freedom, and, as a consequence, their rest mass M,
=2MvV1 - w? in the classical limit varies continuously
from O to 2M as a function of w, which recalls S3 soli-
tons. (Here, M=8 is the rest mass of a kink or anti-
kink in dimensionless variables.) The analogy between
SG bions and envelope solitons of the S3 equation is
much deeper than might appear at the first glance, as
was noted in Refs. 86a and 86¢c. Indeed, at small am-
plitudes 1/w?-1<«1, tan™x=x and (38) goes over to
accuracy O(x) into the corresponding expression for a
Klein-Gordon envelope soliton, ¢,=2V2 Im . or
Re i, depending on the phase 8, and for v <1 we ob-
tain an appropriately transformed 83 soliton, iLe., ¢,
= 2V 2 Re i, exp( -if).

This feature of bions has the consequence that (as in
systems described by the Schridinger and Klein-Gor-
don equations) application of an external field to the
system can result in an effect in which energy is ac-
cumulated in bion excitations even when the amplitude
of the external field is below the threshold for the pro-
duction of a kink-antikink pair, i.e., E < 2M (for en-
velope solitons, see Ref. 46). As a result, the discov-
ery of long-lived bound states of solitons and the inves-
tigation of their properties is one of the most important
branches of soliton theory (this applies particularly to
non-one-dimensional models; see below). For nonin-
tegrable models with polynomial or logarithmic La-
grangians (in particular, the ¢* theory) and also the
multiple sine-Gordon equation, exact analytic solutions
describing bound states have not been obtained. Here,
as in the study of the interaction dynamics of solitons,
numerical experiments are basic.

Indications of the possible existence of bound states
were already obtained in the early numerical investi-
gations of the dynamics of initial packets in the frame-
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work of the 83 equation. In Refs. 56 and 57, evolution
of the initial packet yielded a solution that very strong-
ly resembles a bound state from the point of view of
modern conceptions. It is possible that this is respon-
sible for the very long time of existence of nonlinear
oscillations of the amplitude in the center of the packet
(see Fig. 3a)."® In Ref. 54, a study was also made of the
decay of an initial Gaussian packet, and the formation
of three humps was followed, though, as Yajima and
Outi noted, the calculation time was insufficient to an-
swer unambiguously the question of whether solitons
were formed from the humps or whether the system was
in a quasiperiodic regime for a certain time. In Ref.
57, a study was made of the formation of the S3 bion

Py = 4 exp (—it2) [ch 3z = 3 ch x exp (—4i ?)] (ch 4

— 4 ch 2z — 3 cos 4t)

from the initial packet ,=2sechx. Unfortunately, only
the initial stage in the evolution of the packet was pre-
sented.

A bion was found beyond all doubt in the numerical in-
vestigation of the interaction of kinks in the Higgs mod-
el (¢* theory) made by Kudryavtsev.”® These results
were later confirmed in Refs. 2, 20, and 80.

We consider them in more detail. In the numerical
experiment in Ref. 79, a study was made of the interac-
tion of kinks and antikinks for the equation

(O—1-—¢)¢g=0. (40)

An initial state describing a kink and antikink that ap-
proach each other from infinity,

@z, 0)=th = (2 — 2)) —th —— (z —z,) — I.
( b4 ; L% (41)
@ (x, 0)= — ‘\L'___) L-[seclﬂ%(r—wn)—jsech! ]“,.5 (x - xn)_i.

leads with exponential accuracy [« exp(-4x,)] to a solu-
tion of Eq. (40) in the form

A

¢=1h

= (x —vt—xg) — th T“T) (x—vt+xq)— 1.

Feeding it into the computer, we obtain the following
picture of the interaction.?®’ The final state is found to
depend on the velocity v of the colliding quasisolitons.
If the velocity v is greater than a certain critical v,
the kink and antikink repel each other, losing a certain
fraction of their kinetic energy on radiation. This
fraction is smaller, the larger v>v,,, so that in the
relativistic region v -1 the collision becomes quasi-
elastic. For v<w,, the interaction picture changes
qualitatively,®’ and a solution that oscillates in time
and describes the bound state of a kink and antikink is
formed. The mass defect, which is AM=2E,-M,, is
radiated in the form of linear waves in a vacuum dis-
tinguished by the initial conditions. The energy E, of a
kink or antikink can be estimated in accordance with
the standard formula

20Below, we summarize the results of all the papers just
quoted,

M Ref. 20, a certain small “resonance” region Av near
v & 0.3>v, 0.2 in which bound states are also formed was
discovered. This effect, which is not yet inderstood, must
lead to the appearance of short-lived bions that decay into
kinks and antikinks (“resonances”).
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By = % \ [‘{-?'i' WH%(G—W] dx =2}—JQVEHW,
and the mass M, of the resulting bion is less than the
mass 2M, of two kinks, As a result of numerical ex-
periments, we obtain v, of order 0.2+0,01.%° After a
brief relaxation, the oscillations of the field ¢(0,#) in
the bion take on an exceptional regularity, remarkably
similar to the graph of the dependence of the amplitude
#(0,1) in the S3 experiment (see Fig. 3a). In contrast to
the S3 equation, Eq. (40) is nonintegrable, and there-
fore the bion formed by the collision of the kinks con-
tinues to radiate small-amplitude waves, losing its en-
ergy. The lifetime of a large-amplitude bion is very
appreciable, T=2-10%/w,* increasing with decreasing
amplitude.

These results showed that the existence of bound
states is not a privilege of the integrable S3 and SG
equations but that they can be formed by the interaction

of quasisolitons in the framework of other equations too.

It can be assumed that nearly integrable systems
must have solutions describing long-lived bound states,
This conjecture was also verified in numerical experi-
ments. In Ref. 80, a bound state of two kinks and one
antikink was found for Eq. (40); it was called a #riton.
In Ref. 20, a bion was found in the framework of the
DSG equation (v,.=0.1). The pulsations of the field in a
triton are entirely regular and are accompanied by ap-
preciable radiation, so that its lifetime is shorter than
a bion’s and is of the order of hundreds of periods of
oscillations at the main frequency; the decay rate with
respect to the energy is 6,=(3+0.1) X1072 Finally, we
‘note that a triton is formed as a result of a triple colli-
sion of kinks, and therefore the probability of its oc-
currence is much lower than that of a bion, and accord-
ingly the contribution of such states to various physical
processes is small. This cannot be said of the bion
states, whose contribution may be decisive in the con-
sideration of an “ideal gas” of kinks at low temperature
Ty< Ty =Mw? =(2V2/3)-0.2°=0.04 for the ¢? theory.
The temperature T, can be regarded as the Curie point
for a phase transition that takes place with a change in
the topology. This transition can also be interpreted as
a transition from a gas of “charged” particles, ie.,
kinks (and antikinks), to a gas of “neutral dipoles,”
i.e., bions.*

In this connection, it becomes very important to study
the structure and dynamics of bions, their formation,
stability, and interaction in the framework of different
models. Particularly interesting here could be the for-
mation of stable, i.e., long-lived, bound states from
unstable quasisolitons. There are already the first in-
dications of such a possibility.

Stability of solitons. First, we shall define what we

22)'I‘hus, at low temperatures the statistics of a system, for
example, in the model of Krumhansl and Schrieffer ,8” can be
determined by bion excitations. This means that the excita-
tion frequency must be determined by the temperature by
meang of the approximate formula w =~v2[1 — @/32)7°]
=/2[l - (T/201,)"].
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understand by stability of solitonlike solutions. As we
have already said above, such solutions describe ex-

" tremal properties of a certain nonlinear system. One

can speak of two types of stability of a considered sys-
tem: 1) with respect to perturbation of the initial data;
2) with respect to perturbation of the evolution equation
that governs the behavior of the system (structural sta-
bility).

In the first case, the question has been investigated
fairly fully, There exist various methods and ap-
proaches, linear and nonlinear. In the linear approxi-
mation, the stability problem usually reduces to study
of the eigenvalue spectrum of a linearized evolution
equation; in the nonlinear approach, to the investigation
of-Lyapunov inequalities (see, for example, Refs. 1, 2,
and 89).

In recent years, there have been many studies of
structural stability in the framework of various evolu-
tion equations for different forms of perturbation. At-
tempts were made to construct a general theory of per-
turbation of solitons by means of Green’s functions and
spectral transformation, i.e., by transition from the
configuration space (x,#) to the space of the scattering
data, on the basis of the well-known two-time formal-
ism.?”% However, the developed method was suitable
only for a fairly restricted class of perturbation func-
tionals.®® Despite the entirely impressive results ob-
tained in this direction, one cannot regard the investi-
gations as completed, especially in the case of the
structural stability of systems that are nearly integra-
ble.

We mention here that there exist rigorous results on
the structural stability of Hamiltonian systems with a
finite number of degrees of freedom, namely, there is
the so-called Kolmogorov-Arnol’d-Moser theorem.

The main assertion of this theorem is that when a per-
turbation is included in an integrable system the great-
er part (finite in measure) of the structure of its phase
space is preserved if the conditions of linear indepen-
dence (irrationality) of the frequencies of the unper-
turbed system are satisfied. This means that in the
case of small perturbations most of the solutions re-
main quasiperiodic functions of the normal coordinates
(action,angle). However, the remaining part of the
structure of the phase space, where the conditions of
the theorem are not satisfied, is broken up, and the
phase trajectories of the system can wander over the
whole of this part, filling it densely (so-called Arnol’d
diffusion). Thus, some of the orbits (quasiperiodic so-
lutions) of the unperturbed system become unstable and
wander over the entire accessible region of the phase
space. The stability or instability of a state of the per-
turbed system depends on the region of phase space in
which the unperturbed system is situated (for more de-
tail, see Ref. 98). The question of the applicability of
this result fo infinite systems is open. Particularly
complicated is the question of the stability of the mo-
tion of an integrable system under the influence of a
non-Hamiltonian perturbation.

From the point of view of computational science, two
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problems can be investigated in the framework of a
single approach—the initial-value problem. In the first
case, one studies the evolution described by the unper-
turbed evolution equation of a perturbed or unperturbed
(the computer itself introduced perturbations) initial
state, which is specified in the form of the soliton soli-
ton solution whose stability is being investigated.

In the second case, the evolution of an analogous in-
itial state is subject to the perturbed equation. In both
cases, the investigated solutions can depend on some
slow time as on a parameter. In the first case, we
shall understand by “stable solutions” those for which
the initial perturbations do not grow with the time dur-
ing the evolution of the initial state. Note that in ac-
cordance with this definition we must also regard as
“stable” weakly radiating solitonlike solutions that do
not break up under the influence of initial perturbations.

By “structurally stable solutions” it is natural to un-
derstand solutions that preserve their form for a fairly
long time. The meaning of fairly long is determined by
the time scale of the physical processes taking place in
the considered system. We note here that some of the
unperturbed solutions will be broken up in this case
very rapidly and can be replaced by entirely new types
of solution, especially for perturbations of non-Hamil-
tonian type.

We give below some examples of numerical investiga-
tions in both directions. The choice of the examples is
to a large degree arbitrary and makes no pretence to
completeness.

In the flat (x, ) case, the majority of the investigated
systems have stable soliton or solitonlike solutions at
least with respect to perturbations that do not change
the symmetry of the system, i.e., depend on x and £.%’
The stability (longitudinal) of true solitons follows, as
a rule, from integrability of the corresponding S3,
KdV, modified KdV, and SG equations (see, for exam-
ple, Ref. 6). A unique, but very instructive, counter-
example was given by Berryman in Ref. 99. He con-
sidered the longitudinal stability of solitons in the
Boussinesq model and showed that these solitons are
unstable with respect to infinitesimal perturbations of
plane-wave type. And although this instability evidently
arises because of the “pband” dispersion w?=k*1 - 2?) of
the Boussinesq equation, this example shows that one
must exercise a certain caution with regard to the es-
tablished opinion that integrability of a system neces-
sarily entails stability of the soliton and, in particular,
many -soliton solutions.

Indeed, a second counter example concerns the insta-
bility of a bound state of two solitons (a bion) in the
framework of the entirely respectable (in the sense of
the dispersion) 83 equation. As was found by Satsuma
and Yajima® in a numerical experiment, the bion

ch 34z+4-3ch Az exp (4iA%)
ch4Az—4 ch 2Ar+ 3 cos A%t

¢ (2, 1) =44 exp (i—-‘g—-t)

®)We shall say that such perturbations are longitudinal, in
contrast to transverse perturbations which break the initial
symmetry and depend, for example, on x, v, and {.
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decays into its constituent solitons under the influence
of an initial perturbation with asymmetric imaginary
part.®)

Unstable solitonlike solutions appear in the frame-
work of the nonlinear Klein-Gordon equation. For the
equation of the ¢} theory of the field F(¢)=(1 - |¢|?)¢
the possible instability of solitonlike solutions was al-
ready pointed out by Zastavenko in Ref. 100, in which
he also determined the instability region for complex
solutions of the form @ =x(x) exp(-i wf),0< w?*<1/2. In
the computer investigation of such solutions the insta-
bility is manifested very clearly, especially in the limit
w=-0, i.e., in the case of a real field function. Even
for the very small perturbations introduced by the com-
puter, the solitonlike solutions break up during times of
the order of a few units, usually leading to a singularity
of x.

For Lagrangian equations describing complex fields
there exists in addition to the ordinary energy-momen-
tum conservation laws (and angular momentum when d
= 2) a further “charge” conservation law, (d/d)@=0,
the charge for scalar fields being given by

0=—1 | (4fv— ¥ dx. (42)
Using the variational principle and this equation, one
can prove a theorem (@ theorem) that formulates suffi-
cient conditions for stability of scalar complex soliton-
like solutions (see Ref. 2, p. 94, and also Ref. 3). The
stability region of these solutions is determined by the
inequality
j T~ 0. (43)

We apply, for example, this condition to the complex
Schrodinger and Klein-Gordon equations with nonlinear-
ity of the form ¢ |¢ |" (see, for example, Ref. 101):

g+ Gaa+ 4 My =0; (1) }

(@+Dy—[g¥g 0. () Lt
In the first case, it is not the charge @ but the normal-
ization of the wave function ¢ that is conserved,

Edz_j lp|dr=dS/dt =0, (45)

and instead of (43) we have dS/dw<0, with w<0.%’
After the substitution ¢(x, f) = x(x) exp(~-i wf), we obtain
from (44)

N - L —a (1)
— fxxT WY — =0 z“"{ 1—aw? (2) (46)

One can verify that the conditions for applicability of
the @ theorem for Eq. (46) are satisfied. It remains to
find the dependence of @ and S on w. We find the de-
pendence by means of the scale transformation x - »™¢,
X— »?/¥n, under which (46) takes a form that is free of
Wi =N +N=1""'=0. Therefore §=Jx%dx

%)We emphasize that the S3 bion does not have a mass defect,
i.e., Ey=Eg, *Eg,, so that in perturbed 83 systems it is
unstable, The fact that a bion is formed from an initial
packet and lives for a long time (! ?) in the framework of the
83 equation is surprising rather than part of a pattern and
can probably be attributed to higher integrals.

%)The condition w<0 is necessary for the existence of
solitonlike solutions (cf. p. 33 of Ref. 2),
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=y @)/ f n2dE = M&-U)/uc(v) and Q= wS=wn (4~v)/uc(y)_
Calculating dS/dw= -dS/d»* and dQ/dw, we find the
corresponding stability regions:

(1) v << 4, w=—u»*— arbitrary;

2 1>e>vi
Thus, in both cases stable solitonlike solutions exist
for p<4.

A more interesting situation arises in the investiga-
tion of transverse stability of solitons and solitonlike
solutions. Here, we in fact make a transition to three-
dimensional systems (two spatial and a time coordi-
nate). Depending on the form of the physical system,
this transition may vary, The transformation of the
KdV-like equations (1) usually leads to a “generalized”
Kadomtsev-Petviashvili equation:

G [ {0+ D) 0e T Crnaa T 04 5,/ 2= 0.

For equations of Schrodinger and Klein-Gordon type,
the operator 82 may be replaced by 8}= 87+ 82 or 82=22
=82 j.e

A Shaay

(i~ g =F (q) (47)
or
(01— ¢ =T (q). (48)

From the point of view of computational science, the
most thorough and systematic study has been made of
the stability of planar solitons in plasma physics de-
scribed by the Schridinger equation with a self-consis-
tent potential®*: 02103,

Vg g —vWg —Dg) =0 2O =V |¢ %
Vixg=0¢= {00}k (49)
for @, > ¢,, i8,¢,+0%p,+ |¢,|*0,=0, and also'*%'®
19y —a%q 2 |q|2q =0. (50)

Omitting the details of the physical formulation of the
problems, which can be found in Refs. 34 and 102-104
and in the following section, we describe qualitatively
the behavior of planar solitons under transverse per-
turbations in the framework of these equations.

It is found that planar solitons are unstable in both
cases. Moreover, numerous investigations in recent
years (including numerical investigations) have shown
that two forms of planar solitons have transverse sta-
bility —the KdV and SG solitons —as does one form of
solitonlike solution—the kinks of the Higgs equation (¢!
theory). Of these, only the KdV soliton is not topologi-
cal, All the remaining nontopological (bell-shaped)
solitons and solitonlike solutions, including the Schro-
dinger and Klein-Gordon examples, are unstable,

Finally, we say a few words about structural stability
of solitons and solitonlike solutions (soliton perturba-
tion theory). As we have already said, despite the con-
siderable amount of work already done in this direction,
this problem is still far from full clarification in both
the practical and conceptual aspects for systems with
infinitely many degrees of freedom. Here, I merely
give references to papers with which I am acquainted
and also, as an example, brief results of some numer-
ical investigations.
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Naturally, among the first investigations in this di-
rection were those of KdV and S3 solitons with allow -
ance for the effects of weak linear®'% and nonlinear®
dissipation. In Ref. 90, Bogolyubov’s two-time formal-
ism was used to obtain equations describing the varia-
tion in time of the parameters of KdV solitons under the
assumption that their shape (functional dependence)
does not change for different models of the damping.®’
In Refs. 65 and 105, a numerical investigation was
made of the influence of dissipation on S3 solitons.

These first investigations already showed that the be-
havior of a soliton, namely, the preservation of its
shape through a balance of the effects of dispersion and
nonlinearity, depends very strongly on the form of the
perturbing term. This was brought out particularly
clearly in Ref. 106, in which Pereira studied the behav-
ior of S3 solitons under the influence of power-law
damping of the form y« &k? (¢ is the wave number). He
succeeded in showing that only for =2, which is re-
lated to the scaling properties of the S3 equation, does
the soliton have virtually no change of shape with the
time. In the remaining cases when b # 2 the evolution of
the soliton is accompanied by a change of shape, which
is greater, the larger is the coefficient € in the damping
term.

Thus, for b=4, 3, and 2 the inequalities €< 0.01,
0.03, and 0.2 must be satisfied if the change in the
shape of the soliton is to be negligible. For the KdV
equation, the situation is even more complicated. Even
in the case of weak perturbations of the KdV or 83
equations the solitons usually acquire tails (see, for
example, Refs. 75, 76, 107, and 65) or they may alto-
gether change their shape.®'®” We consider in more
detail the very interesting results obtained in this di-
rection by the Japanese group in Ref. 65. They studied
the influence of nonlinear damping on the dynamiecs of
the S3 solitons of sech and tanh types, i.e., they studied
the initial-value problem

. . 1 P T Rk ;
F(g, e)=iq,+ 5 Gt alplterepP | 1LDE gprn0;  (51)

P (z, 0)=f(x) (52)

(e isa constaht, and a=+1).

The function f(x) was chosen in the form of a soliton,
a bound state of two solitons, or a periodic wave. For
a=1, the modulation instability results in the forma-
tion of sech solitons, while for a= -1 the soliton solu-
tions of F(¢,0)=0 are kinks of tanh type.

As the numerical investigations showed, the presence
of the integral term (the perturbation) in(51) leads to
very important qualitative effects, namely, for one
soliton f(x)=A sech(Ax) to its motion in the positive di-
rection of the x axis and to the appearance of a tail on
the trailing edge (Fig. 9), though these effects are
smaller, the smaller £; for the soliton bound state f(x)
= 2A sech Ax the perturbation leads to its decay into the
constituent solitons. Evidently, this effect is associ-

#®)subsequently, this method was also widely used in other

studies (see, for example, Ref. 94).
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ated with the asymmetry with respect to x of the per-
turbation in (51). In fact, an analogous decay of a
bound state was observed earlier® even in the frame-
work of the unperturbed integrable S3 equation follow-
ing superposition on a bion of an initial perturbation
with asymmetric imaginary part (unfortunately, the
amplitude of the perturbation was large).

Nonlinear Landau damping has a even stronger
influence on kind solitons (a=-1), ¢,
= A tanh(Ax) exp[i(vx — wf)]. Depending on the direction
of motion of the kink, its amplitude either decreases (v
>0).

Accordingly, the periodic waves ¢(x,0)=1+Acos mx
decay asymmetrically into a series of: 1) damped sech
solitons for a=1; 2) growing tanh solitons for a= -1.

Another series of studies that we must consider here
was devoted to the structural stability of SG solitons
and was made by a Cornell group in Refs. 85a and 92
(theory) and Ref. 108 (numerical experiment). In this
series, the following initial-value problem was studied:

Qe+ (x)sing-AF (2)=0; q(x. 0) f(2). (53)

Here, the dependence of the eigenfrequency w, of the
system on x can simulate the presence in the system of
impurities (inhomogeneities), and also macroscopic
structure of the system (lamination and so forth). The
last term in (53) simulates the external influences
(fields, currents, etc.). In Refs. 85a and 92 it was pre-
dicted analytically, and in Ref. 108 confirmed numeri-
cally that the SG kink solitons behave in the presence of
sufficiently small perturbations like Newtonian particles
with internal structure in external fields, namely, they
can be accelerated (or decelerated), can radiate, and
slightly change their structure, which is accompanied
by transition radiation; they may be trapped in a cer-
tain region of space and then ejected from it by the re-
moval of one of the barriers. The appearance of radia-
tion in the model (53), and also in its discrete analog
even when 8w,/8x =0, must strongly influence the
structure and, especially, the dynamics of bound states,
i.e., bions, their formation, lifetime, and decay. All
these results are very interesting (and I would even say
impressive) from the point of view of applications in
solid-state physics. Here, we should also mention Ref.
109.

In conclusion, we note that work in this direction con-
tinues very actively and, although there are still many
complicated problems to be solved, it may be hoped
that in the next years a fairly good understanding of the
problems of stability (especially structural) of solitons
will be achieved. This will make it possible to turn to
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a systematic experimental study of soliton phenomena
a different branches of physics. .

2. NON-ONE-DIMENSIONAL SOLITONS

Stability of planar solitons. In systems of more than
one spatial dimension, it is possible to have solitons
with different symmetries: plane, cylindrical, spheri-
cal, etc. The simplest and most natural generaliza-
tions of one-dimensional solitons are planar solitons,
for which the field function ¢ depends only on the coor-
dinate in the direction of their motion, for example, the
z axis, so that their wave front is parallel to the xoy
plane. It is readily seen that such solitons are indeed
particular solutions of the corresponding multidimen-
sional equations by virtue of 8, ¢ =8, =0.

Naturally, the question of the stability of such solu-
tions in the presence of transverse (i.e., dependent on
x and y) perturbations arises. From our point of view,
this means that it is necessary to solve the initial-value
problem

Mg]=0;
[¢] ] (54)

§=0q,(z, 0)+b¢ (r, z, 0).

where M is the nonlinear differential operator corre-
sponding to a particular nonlinear partial differential
equation, ¢z,0) is a solution of this equation in the
form of a planar soliton, and d¢(r,,z,0) is a perturba-
tion. It was in such a formulation that a solution was
found to the problem of the transverse stability of pla-
nar Langmuir solitons and the collapse of Langmuir
waves in a series of analytic and computational stud-
ies. 3119109 1 this case, the operator M is determined
by the system of equations (49). We illustrate the re-
sults of these investigations by taking the example of
Ref. 34. In their calculations, Pereira, Sudan, and
Denavit used a two-dimensional algorithm based on
Fourier transformation of the system (49) in the pres-
ence of periodic boundary conditions with respect to y
and z and a spatial grid of 32 X32 points.

The initial function ¢, the electric field intensity,
was chosen in the form of a planar soliton solution, and
on the potential &, the particle-number density, the
perturbations

D (3, y, 0) = —(242 sech® Az) (1 + 2e cos k,y)

were imposed, so that neither the electric field nor the
derivative &, was perturbed at the initial time. As one
would expect, the planar soliton is unstable for a suffi-
ciently large amplitude or for long wavelengths [ = 2n/
k, of the perturbation. The stability region of the pla-
nar soliton is determined by the relation 2,z oA,
where « is a numerical coefficient, of order unit in the
experiments of Ref. 34. After passing through the short
stage of matched adjustment of the electric field, the
unstable solitons enter the collapse stage, in which the
amplitude ¢ increases unboundedly (at least in the case
of the considered model). Figure 10 shows the succes-
sive stages in the development of the instability of a
planar soliton at rest for I,=16, A=2, v=0, and £=0.1
(Ref. 34) (similar results were also obtained in Ref.
103). Pereira, Sudan, and Denavit also found a connec-
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tion between the group velocity of a moving soliton and
the local energy density |cp |2 that arises in transient
processes of the type of collapse or Landau damping. *’

The second example concerns the evolution of a pla-
nar soliton in the framework of the “asymmetric” 53
equation

g+ &g =g - 0.

Equations of this type and also somewhat more compli-
cated equations, for example,

: i 9 . - . "
2ig - B == ¢ |g|* ~3qh,; A —3a, 19|,

are encountered in the study of nonlinear two-dimen-
sional waves in a plasma'®®'' and surface waves on
water of finite depth.''*+*'2 The second of these equa-
tions, as was shown by Anker and Freeman,''? is integ-
rable, and in its framework one can have the coales-
cence and decay of solitons if the usual decay conditions
ky+ky,+k;=0, w + w,+ w;=0 are satisfied. Unfortunate-
ly, the question of the stability of the soliton solutions
remains open (we recall Berryman’s instructive les-
son).

Planar solitons of the first equations were investi-
gated in the framework of the initial-value problem (54)
in Ref. 104 by means of the code described in Ref. 34
and above. It was shown that planar solitons of the
form ¢,=V2 sechz are stable with respect to perturba-
tions even in z, which agrees with the results of Refs.

M Note that they also investigated the influence of Landau
damping and a pump field on collapse and showed that in the
two-dimensional case the birth and death of solitons is
periodic in nature.
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2, 102, and 104, but are unstable with respect to per-
turbations odd in z of the type

8q (z, y, t) = a (9, ¢4) cos (ky) (a = 0.1).

The initial linear stage in the development of this in-
stability agrees well with the theoretical predictions of
Yajima'®? and has characteristic exponential growth.
When the amplitude of the perturbation reaches half the
unperturbed value, the instability goes over into the
nonlinear regime shown in Fig. 11. It can be seen from
these figures that the instability leads to the breakup of
the soliton into pieces and to dissipation of the energy
originally stored in the soliton, so that, in contrast to
the preceding case, it can be called anticollapse.

Unfortunately, the conditions of the experiment (the
influence of neighboring periods) did not make it possi-
ble to establish uniquely whether some nonlinear quasi-
steady state of soliton type is established or whether
the energy is dispersed throughout the space entirely
uniformly (see Ref. 2, p. 74).

The planar sech solitons of the relativistic Klein-
Gordon equation are also subject to similar forms of
transverse instability. We note here that so far there
has been no regorous investigation of the stability of
bell solitons of bion type for the Higgs (¢2) and sine-
Gordon equations.®’ The Higgs and SG kinks, like the
bell solitons of the Kadomtsev-Petviashvili equation,
are stable. ¥

It should be noted that, like infinite charged or cur-
rent planes in electrodynamics, planar solitons have
infinite energy, charge, etc. In this connection, in
spaces of more than one dimension it is natural to re-
gard as solitonlike solutions only field configurations
that have finite values of the considered quantities,

)The considerations pointing to equivalence of SG bions and

33 solitons discussed above suggest that the former may
also be unstable,
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i.e., particlelike solutions. For such solutions, it is
possible to formulate a theorem on the stability of
quasisolitons (Derrick-Hobart theorem). A Hamilton-
ian system does not have stable steady quasisoliton so-
lutions in a space of more than one dimension if the po-
tential does not depend on the derivatives of the field
functions.''*''** For systems with an isotopic symme-
try group, this theorem can be transformed into a @
theorem,? which states that the quasisoliton solution
@,=R(r) exp(—iwt) is stable when dQ/dw<0 (and unsta-
ble otherwise), where @ is the conserved quantity de-
termined by the internal symmetry group. Thus, in the
simplest case of U(1) symmetry group.

0=— | (slo—0*e)d’

(D is the dimension of space).

For spinor fields, I am not aware of the existence of
general propositions such as the Derrick-Hobart theo-
rem or the @ theorem.

Below, we consider the properties of quasisolitons in
two- and three-dimensional spaces, taking a number of
concrete examples. We emphasize here that, as in the
case of the discovery of the KdV solitons themselves,
almost all the main results were obtained by means of
the computer.

Collapse of Higgs bubbles. There has recently been a
strong increase in interest in the study of nonlinear
field theories and their applications in elementary-par-
ticle physics. It is possible that this is due to the suc-
cesses of models based on the theory of gauge fields
and also the significant increase in the mathematical
understanding of the structure of the investigated ob-
jects, Whatever the truth, the number of publications
has increased exponentially from the middle of the sev-
enties, which indicates the youth and promise of this
direction. The basis for constructing extended quantum
objects is usually provided by particlelike (or quasiso-
liton) solutions of nonlinear classical field equations
(bags, solitons, strings). This makes it possible to sim-
ulate and study the structure of elementary particles
and not regard them as given, as in ordinary linear
quantum field theory. In this connection, one of the
main tasks of this direction is to study the structure of
particlelike solutions at the classical level. As we have
already seen above, in two-dimensional space-time the
understanding of such structures has advanced very far
as a result, on the one hand, of the development of
powerful methods of analytic investigation based on
spectral transformation®’ and, on the other, of numer-
ous and fruitful numerical studies.

At the same time, the detailed study of particlelike
solutions in multidimensional spaces is in fact only just
beginning, although the first investigations in this di-
rection appeared more than two decades ago. At the
present time, the main contribution in this direction is
made by numerical investigations. We describe here
only the results obtained in the study of particlelike so-

) Following Calogero,!!® this is the name we give to the
inverse scattering method.
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lutions in the framework of the nonlinear Klein-Gordon
and Schrodinger equations.

One of the best known early soliton models of a had-
ron, the so-called SLAC bag,''® took the form of a
Higgs wall within which quarks are “glued.” Tn this
connection, interest in the behavior of a Higgs wall in
three-dimensional space has arisen. The study of this
phenomenon by means of the computer led to the dis-
covery of previously unknown objects, which have been
called pulsons.

We consider the initial-value problem

(B =1+ gy u= (85)
7 (r, 0) = th [(F — Ro)/V 2. (56)

The function (56) is a fixed kink solution of Eq. (55) in
the flat (x, ¢) case. Using the expressions

E=4a S e dry & = (r¥2) {yf -+ xF -+ (2 —1)/2},

we can readily calculate the field energy of a formation
of the form (56), which is a spherically symmetric bub-
ble. The entire energy Eo R} of this bubble is concen-

trated in a shell of thickness ar=V2.

We shall assume that at the initial time R,>1. Since
the bubble tends to decrease its potential energy, and at
the initial time potential energy is all it has by virtue of
v=0, it begins to collapse, as under the influence of
surface tension. In Ref. 117 (see also Ref. 2) an equa-
tion describing this collapse process for R,> 1 was ob-
tained:

B+ [1— () ] =0
together with the solution R,=R,, cn(V2/Ry,#,1/2),
where cn is the elliptic cosine with modulus k*= 3.

Introduction of a problem (55)~(56) into the computer
shows that in the initial stage the behavior of the bubble
is indeed well described by the above formula. Appre-
ciable deviations begin in the region R,=1. During the
collapse of the bubble, its potential energy is trans-
formed into kinetic energy, so that near the center the
collapse process is replaced by an expansion process
(the bubble is “reflected” from the center), and some of
the energy is lost on radiation. When it attains a dia-
meter somewhat less than the initial diameter (due to the
loss through radiation), the bubble again begins to col-
lapse, etc. Its behavior is very similar to that of a
pendulum in the presence of friction. The number of
oscillations depends on the energy loss through radia-
tion. Bogolyubskii and the present author made a ser-
ies of numerical experiments for different values of
R,.''® We found that a few (usually 2-5) pulsations are
sufficient for most of the energy of the bubble to be ra-
diated to infinity. In the same series of experiments
we found that bubbles with sufficiently large initial di-
ameter end their lives by giving birth to certain new
long-lived formations. Bubbles with small diameters
disappear entirely. A second series of calculations was

made with a view to studying the behavior of the bubbles
@ (r) = 4 arctg [exp (r — Rp)l, Ry > 1, (57)

in the framework of the sine-Gordon equation. Because
of the integrability of the sine-Gordon equation in two-
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dimensional space-time, we assumed that the lifetime
of the bubbles (57) would be very long. The results of
the calculations refuted this expectation. The radiation
accompanying collapse of the bubble was very appreci-
able and the picture overall is qualitatively similar to
that described above. Thus, in these experiments the
integrability of the sine-Gordon equation in the (x,#)
world was in no way manifested in the real four-dimen-
sional space-time.

Pulsons. Their formation, stability, and interaction.
As we have seen above, in a flat (x, ) world there exist
long-lived bound states of solitons in the framework of
the Klein-Gordon equation, i.e., bions. It is natural to
consider whether there exist analogs of bions in two-
and three-dimensional spaces. In accordance with the
Derrick-Hobart theorem, stable stationary solitons do
not exist for the sine-Gordon and ¢; theories. In the in-
vestigations made at Dubna in the framework of the ¢}
theory stable oscillator solutions were not found. The
situation changes on the transition to the sine-Gordon
and ¢’ theories.

As we have already noted, the evolution of Higgs and
sine-Gordon bubbles of sufficiently large diameter (or,
which is the same thing, sufficient mass) results in the
formation of a concentration of field energy at the cen-
ter of the bubbles. The radial distribution of the field
in the concentration has the form of a bell, and the field
function oscillates about the vacuum value fixed by the
boundary conditions. In the experiments we have de-
scribed,''? these values were x'(¢,)= -1 for the ¢ the-
ory and ggg(f,«)=0 for the sine-Gordon equation.

Such concentrations of energy, called pulsons, arose
for fairly arbitrary initial conditions, provided x(0,0)
>C,21,¢(0,0)>C,= 2m.

The radiation from the pulsons was found to be slight,
so that their lifetime is farily long—of the order of
thousands of oscillation periods (we recall the Higgs
bions in a flat world). These results were confirmed
later by a group at the Institute of Theoretical and Ex-
perimental Physics at Moscow'® for pulsons of the ¢?
theory and by a Danish group'® for SG pulsons.

For a multivacuum sine-Gordon theory heavy pulsons,
which have no analogs in a flat world, were found in
Ref. 121. Their amplitudes lie in the range ¢(0,?)
€ (37,47). Inthe range (27, 3w), these pulsons become
stable and rapidly go over into the 27 pulsons described
above. Finally, we note that the pulsons described
above are stable with respect to azimuthal perturba-
tions.'*?

One could imagine that rotation of a weakly asymmet-
ric Higgs bubble could delay its collapse and signifi-
cantly extend its lifetime (so far as I know, this idea
was put forward independently by Kudryatsev and
Scott). Our preliminary investigations have not yet led
to a positive result in the x,y,{ case.

Interaction of pulsons. Above, we have considered
the dynamical properties of pulsons relating to their
formation and stability. However, this is only the first
step. The real dynamics—in which the particular
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properties of solitons are fully manifested—is their in-
teraction.

Therefore, we consider the results on the collision of
two-dimensional cylindrically symmetric (in the rest
frame) pulsons of the Klein-Gordon equation (¢* theory)
obtained at Dubna.'?? In a series of calculations, a
study was made of the head-on collision of two unstable
Klein-Gordon pulsons of the form

T (2, g, 1) = Af [y V ¥ (=00 + 72 cos [V T—uly, (t—v,2)],

where v, is the velocity of pulson i in units of the veloc-
ity of light, v,=-v,=v=0.2, 0.3, 0.4, 0.6, ¥i=(1 -2?)
=(1-2})", and the function f(#) in the pulson rest frame
is the solution of the boundary-value problem

" B —f 4 = 0; £, (0) = f (00) = 0.

The collision time was taken to be shorter than the time
required for the development of the instability. The be-
havior of the pulsons recalls the behavior of one-di-
mensional 1s solitons or Higgs kinks. If the velocity of
the pulsons exceeds a certain critical value v,,=0.3,
they emerge from the interaction and only then “decay”
in accordance with the dissipative (spreading) or singu-
lar (collapse) mode. For v <0.3, the pulsons coalesce,
subsequently collapsing. A remarkable fact is that for
v > v, the number of unstable quasiparticles is con-
served in the interaction, and they live about as long as
in the free state. And this despite the fact that the col-
lision of the pulsons introduces a large, albeit self-
consistent, perturbation of order unity for each of them.
Here, already in the three-dimensional world we have
become witnesses of the manifestation of “soliton”
properties (as understood by Zabusky and Kruskal) by
unstable pulsons.

Cylindrically symmetric @ solitons and their interac-
tions. Nonrelativistic models. We now turn to the
study of the dynamical properties of stable @ solitons in
models with the simplest internal symmetry U(1). As
we have already noted, stable nontopological solitons
exist only in theories with internal symmetry. Natu-
rally, the investigations were commenced with the sim-
plest models (U(1) symmetry), and then ever higher
symmetries were included, some of which could be
spontaneously broken.

We note here that by gradually making the models
more complicated and choosing the parameters approp-
riately Lee and Friedberg® succeeded in describing with
satisfactory accuracy (relative to the experimental
data) properties of nucleons such as the relative mag-
netic moments of the proton and neutron, the ratio of
the B-decay constants (axial and vector), and the mean-
square electromagnetic radius of the proton.

If the static properties of solitons are amenable to
analytic investigation in the framework of even compli-
cated models, the interaction of non-one-dimensional
solitons has as yet proved possible only by means of the
computer. Here too it is natural to advance in the in-
vestigation from simple to complicated models.

The simplest models, whose study was the subject of
several papers in 1977-1979, were nonrelativistic mod-
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els described by the Schrodinger equation with various
forms of nonlinearity. We have here the very impres-
sive films of Tappert showing the interaction of cylin-
drical solitons in the framework of the Schridinger
equation with exponential nonlinearity,

ipe + Arp + ¢ (1 —exp [—a | ¢ Fl)a =0,

simulating the behavior of packets of Langmuir waves
near stationary states.

In the second study,?® an investigation was made of the
collision of eylindrically symmetric gaussons (in the
terminology of Ref. 36) in the framework of the equation

g + (A/2 + 0 Inla® [@ P e =0, (58)

where a and b are constants and D is the dimension of
space.

This equation has an exact one-soliton solution—a
gausson of the form

Hexp{—b(x—vi—xy)%); 1
©=0vY2+2Db[1— In (da/) 7)),

O (x, £) = (A/V 1)""* exp {i [— 0t + vx +- o

} (59)
where v is the velocity of the gausson and 9, is its in-
itial phase.

In the cylindrically symmetric geometry, we obtain
@ (r, t)== (Al 7)exp {i [— ot —vr-- O] exp{—b(r—vi—r,)2} (60)

and w=v%2+4b[1 —In(Aa/VT)]. For A=eV7/a, we
have the particular solution w=2?/2, which was used in
the investigations of Ref. 36. The procedure of the nu-
merical calculation consisted of the formal solution of
(58) with neglect of the time dependence of ¢(r,?) in the
argument of the logarithm in connection with the small-
ness of the time step 6¢:

@z, y, t -+ 8t) = exp {—ibbtIn | ¢ (z, y, 1) [}
X exp (—i 8tA/2) ¢ (z, ¥, 1).

Further, in each step a Fourier transformation was
used, so that

exp (— idtA,,/2) — exp [i (A% -+ &3) 61/2].

The inverse transformation yielded the function
F(x,y,t+0f)=exp(-ibta,/2)¢(x,y,t), which it is suffi-
cient to multiply by exp{-i®tb1n|¢(x,y,)|* to obtain
the required solution on the neighboring time layer. A
(128 X 128) -point spatial grid was used and the numeri-
cal values a=e and b=400 of the constants were taken,
so that |¢ |®~1 and Ar=0.035. The time step was at
=~(0.002. At the initial time two identical gaussons mov-
ing toward each other with impact parameter (relative
angular momentum = 2zp) equal or not equal to zero
were specified. The numerical experiments showed
that there exists a certain resonance region with re-
spect to the energy (or velocity) of the colliding soli-
tons, AE_,, in which a third gausson can be produced
as a result of the collision if the difference between the
initial phases of the gaussons differs from 7 (Fig. 12).
If 69,, =7, the gaussons repel one another in the reso-
nance region as well if [=0 (Fig. 12e). However, for [
#0 and 89,, =7 we see that there is overlapping of the
gaussons, and their scattering takes place as if there
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were an attractive force between them (there is even a
time lag as the gaussons move apart; cf. Figs. 12e and
12f). In the figures, we have plotted the function |¢ |2,
and the lines correspond to geodesics with values 0.1,
0.4, 0.7, and 1.1 of the initial height of the gausson.
These results show, first, that the interactions of two-
dimensional gaussons with I=0 and one-dimensional
gaussons are qualitatively the same. In both cases,
there is a resonance region with respect to the energy
in which a third gausson can be produced. OQutside this
region, the interaction is quasielastic and depends
strongly on the phase difference of the colliding gaus-
sons, becoming quasielastic as 9~ 7 even in the reso-
nance region.

The presence of angular momentum is effectively
equivalent to the appearance of an additional phase dif-
ference—as if 89# 7 at the collision time. We empha-
size that only the phase difference acquired by the soli-
tons up to the collision time is important. This differ-
ence may depend on the differences between the veloci-
ties and amplitudes of the solitons. In the considered
case of Schrodinger gaussons 69=069,,; for 83 solitons
09=L/2/v, +v (A2~ A?) + 69, , etc.

in»

The question naturally arises of whether bound states
of solitons are possible in the investigated model (58).
Although they were not found in Ref, 36, the matter
cannot be regarded as settled, since, as we have al-
ready seen [see Eq. (59)], the interaction of only “un-
charged” gaussons, for which w=0 when »=0, was in-
vestigated.

In Ref. 123 there was a discussion of the more gen-
eral solutions of gausson type that also exist in the
framework of the Klein-Gordon equation with nonlinear-
ity of the form (58). In accordance with Ref. 123a, be-
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sides real (stationary in the rest frame) and complex
(charged) gaussons of the type (59) there can exist
stable nonradiating gaussons of pulsating type (G pul-
sons). Hitherto, all the pulsons known to us, except the
SG and 83 bions in the (x,#) world, were radiating, al-
beit weakly, quasisolitons. Although the stability of
real and complex G pulsons was not rigorously proved,
it was confirmed in the numerical experiments. More-
over, it was found that the radiation from an excited G
pulson is very little.!®" In this sense, the model with
the nonlinearity ¢ In|¢ |® is as yet unique and has fea-
tures similar to the integrable [sine-Gordon in the (x,8)
world] models.

In Ref. 124 the scattering of « particles by one anoth-
er is investigated in the framework of time-dependent
Hartree-Fock theory. Rather convincing arguments are
given for reducing the three-dimensional model to a
two-dimensional model described by the nonrelativistic
(Schrédinger) ¢* - a ¢® model:

iqy =+ Ang + aq + by g P —cg | g [P =0, (61)

where @, b, and c are constants, and ¢(x,y,?) is the
single-particle wave function.

The reader can find details about the physical formu-
lation of the problem and the limits of applicability of
the developed theory in Ref. 124 and the literature
quoted there. Head-on collisions of two identical cylin-
drically symmetric quasisolitons were studied on the
basis of (61) at different energies (v, = —v,=v) and dif-
ferent impact parameters p or, which is the same
thing, angular momenta . The constants a, b, and ¢
were chosen experimentally on the basis of the binding
energy and the mean-square radius of the « particle.

In the numerical experiments, it was found that there
is a fairly narrow resonance region of impact param-
eters in which the inelasticity of the soliton interaction
increases strongly, i.e., there are increases in the ex-
citation energy E_ =K, - K, (K; and K are the ki-
netic energies of the solitons before and after the colli-
sion, respectively), the delay time 7, (the difference
between the kinematic times of the interacting and non-
interacting solitons), and the deflection angle 9.

With decreasing energy of the colliding solitons, K,
« p® the resonance region expands, and for a certain
value of K, bound states appear in the center of the
resonance region (7,~«).

Ecms. MeV

FIG. 13. I is the region of quasielastic scattering of the
solitons (o particles); II is the region of strongly inelastic
scattering; I1I is the region of formation of bound states.
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FIG, 14,

Figure 13 shows schematically the regions in which
there is elastic scattering, strongly inelastic scatter-
ing, and the formation of bound states in the K, ,I
plane. An example of weakly inelastic interaction of
solitons is given in Fig. 14,

Multidimensional solitons and their interactions.
Relativistic theory. Below, we discuss some proper-
ties of solitonlike solutions that from our point of view
are nontrivial. Particular attention will be paid to their
dynamic characteristics. We shall see that even in the
framework of fairly simple models of nonlinear classi-
cal field theory such solutions can have not only non-
trivial but, at the first glance, striking properties very
reminiscent of those of complex real objects.

As we have already noted, one of the possibilities of
obtaining stable solitonlike solutions is to introduce a
certain isotopic symmetry group of the Lagrangian and
the conservation laws associated with it. We discuss
the properties of models with the simplest U(1) group,
which leads to a conservation law for the “isocharge”
Q. The conservation of @ means that there are re-
strictions on the possible forms of perturbations,
namely, 6Q[¢]=0, which leads to the stability condition
w/QdQ/dw<0 for the solitonlike solutions. It is obvi-
ous that real stationary field configurations cannot sat-
isfy this condition and will be unstable. These.conclu-
sions were confirmed earlier in numerical experi-
ments of various groups.

At the present time, only one nonlinear relativistical-
ly invariant model is known that is integrable in three-
dimensional space-time. It is deseribed by a self-dual-
ity equation in a 4-space with metric (2, 2) when the po-
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tentials do not depend on one of the coordinates. In it,
there is no interaction of solitons. Therefore, particu-
lar interest attaches to a computer study of the dynami-
cal properties of two-dimensional (2, 1) and then also
three-dimensional (3, 1) well-localized solutions for
diffevent field-theory models. The use of the qualita-
tive properties of these solutions obtained by the com-
puter may suggest ways of further study by analytic
(possibly approximate) methods.

We consider two models of classical field theory with
an interaction potential in the Lagrangian®®’:

U=—In(l+|¢P)—(m—1)|¢f (62)
and

U=—|gPn(el). (63)

It is readily seen that these models are fundamentally
different in the following sense: In the limit ¢ =0, the
first goes over with accuracy O(|¢ |?) into the ordinary
free theory, since U~ -m?|¢|?, but the second model
contains constituents with infinite mass, since In( |(p |2)
= -2 a5 ¢-0. This means that in the framework of the
first model it is possible under certain conditions to
have decay of a solution into constituents with the ra-
diation of linear waves. In the second case, such decay
is impossible (is forbidden by the conservation laws),
and all possible field configurations consist solely of
nonlinear solutions; models of the second type are
sometimes called confining models. As a result, in the
framework of the first model the solitonlike solutions
can decay, whereas in the framework of the second in-
stability of the solitonlike solutions is manifested in the
form of their collapse. The second model is also inter-
esting in that in it solitonlike solutions can be found in
explicit form for any dimension D. Moreover, it fol-
lows from the @ theorem that irrespective of D stable
U(1)-symmetric solitonlike solutions of the form ¢
=(r) exp(—iwt) exist for w>w,=2"/2 In this sense,
the model In( |cp i") is dimensionally invariant and dif-
fers qualitatively from the model (62), for which w,,
depends strongly on D and m. Figure 15 shows the re-
gions of existence and stability of the solitonlike solu-
tions and the corresponding dependences @(w) for the
model (62).

Hypothesis: The nature of the interaction of solitons
in collisions is determined by the dispersion depen-
dence @(w) and not by the type of the model (irrespec-
tive of the nature of the instability —decay or collapse).

This hypothesis was verified in a series of numerical
experiments.'® In the calculations two parameters
were varied—the velocity v of the relative motion of
the quasisolitons and their charge @. In both cases,
four types of interaction were found:

1) elastic and quasielastic interaction of quasisoli-
tons;

2) decay (collapse) of quasisolitons after interaction;

30 For the @4 theory when D >1 stable solitonlike solutions do
not exist even in systems with an isogroup.
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3) decay (collapse) through a short-lived bound state
(resonance)?'’;

4) a long-lived bound state of two quasisolitons, a bi-
on, which indicates that in reality there is a model-in-
dependent nature of soliton interaction, at least in the
framework of the considered models.

The two central types of interaction are possibly only
in the region dQ/dw=0. This gives grounds for assum-
ing that such forms of interaction will also be present
in models whose Lagrangians admit higher symmetry
groups, provided the dependence of the corresponding
“isocharge” (“isospin,” etc.) has extremal points like
the considered models.

A more detailed investigation of the interaction of
quasisolitons showed'® that it also depends on the im-
pact parameter p or, which is the same thing, the an-
gular momentum [ and the initial phase difference A9.
The numerical experiments showed that:

a) there exists a certain resonance region with re-
spect to the angular momentum [ in which the inelas-
ticity of the interaction of the quasisolitons increases
sharply (see also Ref. 124);

b) a purely antisymmetric initial field configuration,
A9=m+2mn, leads to elastic repulsion of the solitons.

As we have already noted, stationary configurations
of real fields cannot be stable, i.e., real quasisolitons
do not exist. Moreover, it is not in all systems with
internal isosymmetry and not in all cases that stable
quasisolitons will exist. Such solutions can arise in
systems in which the surfaces of constant energy in the
functional space can have conditional or local minima.
The following question arises naturally: In such sys-
tems, do there exist nonstationary stable configurations
of real fields? In such a case, the nonstationarity
plays the part of a stabilizing factor like the dependence
exp(-iwt) in the case of the U(1) group.*?

This conjecture was verified in the series of numeri-
cal experiments in the framework of the model (62)
made at Dubna.'®® The results obtained in these exper-
iments seemed at the first glance to be paradoxical.
Placing, for example, unstable solitonlike objects suf-

)We recall the strange resonances in the (1, 1)-dimensional
Higgs model (p2).

®2)We recall here Kapitsa’s problem of a pendulum with a
rocking point of suspension.
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ficiently close to each other —so that the kinematic time
of their interaction was shorter than the decay time of
each of them (Fig. 16a)—we found that if the quasisoli-
tons approached each other at sufficiently low velocities
they formed a bound state, i.e., a two-dimensional bi-
on. The amplitude at the center of the bion oscillated
regularly, decreasing only very slightly during the cal-
culation (of several oscillation periods: see Fig. 16b).
Further study showed that similar objects can arise
from a sufficiently heavy single-soliton initial state.
The behavior in time and the form of the discovered
bions agree qualitatively with those of the pulsons de-
scribed above (Fig. 17). This showed that the existence
of pulsons is not a privilege of systems with a degener-
ate vacuum as in the case of the Higgs and sine-Gordon
field equations, in which the field function oscillates
between two adjacent vacua. We note that similar pul-
sons also arise naturally in the framework of the sys-
tem (63).

This confirmed the hypothesis that in models with a
sufficiently complicated constant-energy surface that
admit the existence of stable charged solitons there ex-
ist long-lived (stable) pulsons, i.e., quasiperiodic so-
lutions.**’

This hypothesis enables us to consider all the results
so far obtained on the interaction of quasisolitons from
a common point of view. In the considered models
there exist, besides the stable (and unstable) charged
(@+#0) quasisolitons, stable (and unstable) charged (@
#0) and uncharged (@=0) pulsons. This means that for
definite parameters of the quasisolitons (both charged
and uncharged) the evolution of their interaction either
ends with the formation of a corresponding pulson
(bound state) or passes through a pulson phase (reso-
nance) before the development of instability (decay).

From this point of view, the appearance of a stable
pulson as a result of the collision of two unstable quasi-
solitons ceases to be paradoxical. Pulsons like those
described above were found in the numerical experi-
ments of Ref. 127 in a space of dimension (1,1) in col-
lisions of charged quasisolitons with different total
“isocharges” (@=2Q,, @,=Q,and @=@,+Q,=0,@,
=-@,). Inthe first case, we evidently have the forma-
tion of a charged pulson, since @, d9/dt+0 (see Fig. 2
in Ref. 127); in the second case, the formation of an
uncharged pulson: @ -0 (see p. 383 of Ref. 127). The
region of initial conditions for the formation of an un-
charged pulson is much narrower.

Finally, pulsons were also detected in Ref. 124, but
in the framework of the Schridinger equation with non-
linearity of the form ¢® — ag®. Do non-one-dimensional

8 This conjecture was made earlier in Ref. 126.

VAl Sov. J. Part. Nucl. 13(1), Jan-Feb. 1983

% max

m=0.6
1 1 L 1

0 20 %0 60 80 t

afmax
m=(0.5
07

[} 20 0 60 80 t

Frmax m=0.3
001
| 1 1
0 0 40 60 80 ¢

FIG. 17,

pulsons exist in the framework of the Schrédinger equa-
tion with other forms of nonlinearity? In the numeri-
cal experiments made by the Polish group*® non-one-
dimensional pulsons were not found, at least in the case
of the gausson model. A possible explanation of the
stability of the discovered pulsons by means of a cer-
fain adiabatic invariant can be found in Ref. 126. We
note also that stable bound states formed by unstable
constituents have already been long known in nuclear
physics (the deuteron). As in our case, this state
bears little resemblance to a bound state of two classi-
cal objects of the Earth-Moon, binary-star, ete., type.
On the formation of the bound state, the constituents
that make up the system lose their individuality.

A few words about the method used in the calcula-
tions. In Ref. 124, a 25 X 25 grid was used in the two-
dimensional calculations, a difference scheme of fourth
order (step equal to 0.8) was used for the integration
with respect to x and y, and the integration with respect
to  was made by means of a prediction-correction
method of fifth order of accuracy with step a¢=0.15.
The calculations were made with an IBM 370/165. The
computing time for one variant with given K, and I was
about 15 min. A three-dimensional calculation with 15
points in the perpendicular direction took 15 times
longer, i.e., about 4 h. However, the authors of Ref.
124, referring to Flocard, assert that they can improve
the technique of integration with respect to the time and
reduce the computing time by almost an order of mag-
nitude. It then becomes realistic to investigate three-
dimensional interactions with the same degree of sym-
metry, i.e., head-on collisions of identical solitons
with initial phases equal in modulus.

In Ref. 125, a single-soliton solution §(») was first
found with given accuracy and then approximated by a
set of Gaussian exponentials (mixed method; see
above):

b )~ 3o exp{p; 0 —8.%

Choosing a;, 8,,,, it is possible to approximate ()
for n=3 in such a way that for all w

max Lﬂ: (r)—z a; exp {B; (r—9,)2}| Q0.0USE (0).

By a Lorentz transformation, a moving soliton is ob-
tained:
3
P (@ ¥, 1) ;ﬂaﬂp B: (VP z—ot> L2 —8,)3

o exp{—ioy (t—uva)).
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The collision of these solitons was studied by means
of a symmetric difference scheme of second order with
respect to x, y, and £. The time step was at=0.1, and
the step ax=Ay was chosen in the interval 0.1-0.4, de-
pending on the parameter w. At the points =0,1,2,...
the field energy density was calculated:

FH=le P+ 1P+ lg P+~ |gpP.

The accuracy of the calculations was tested by means
of the relation

dEldt=0, E— g S dz dy,
and the maximum of
er = (Ey — E)IE,

did not exceed 0.01; here E,=E({=0) and E;=E({=T).
The calculations were made with a BESM-6 computer
(for more details, see Ref. 125).

CONCLUSIONS

In our exposition, the main attention has been concen-
trated on the mathematical rather than the physical as-
pects of soliton theory, and we have emphasized the
priority of the computer in the discovery of the various
unusual properties of solitons. This was done deliber-
ately, since the length of the paper does not permit a
sufficiently full review of the applications of this theory
in the different fields of physics (and I have not set my-
self such a task). It is sufficient to say that a number
of review papers and even books have already been pub-
lished in which these applications are treated. We
mention here the reviews of Rajaraman,'*® Coleman,'®
Lee,"*® Rebbi,'* Faddeev and Korepin,'*? and Wadati,
Matsumoto, and Umezawa'** on solitons in particle
physics and the reviews of Bishop,'! Ichikawa,® Davy-
dov,% Scott and Luzader,®® Maki,'*® and Wadati'*” on
solitons in the theory of the condensed state, plasmas,
and biology. Finally, there has recently been a growth
in the number of publications on the experimental con-
firmation of the existence of solitons, especially in the
physics of the condensed state, where solitons have
made it possible to predict phenomena subsequently
discovered (see Ref. 135 and the popular article of Bul-
lough'®), We can say with confidence that at the pres-
ent time this direction continues to develop successfully
in both its mathematical and physical aspects.

In two-dimensional space-time new powerful methods
of investigation of integrable systems based on spectral
transformation and the group-theoretical, algebraic,
and geometrical approaches have already been devel-
oped and are still being developed. The obtained re-
sults are very impressive.'**® For nonintegrable sys-
tems, the methods of numerical investigations are con-
stantly being improved, and an adequate soliton pertur-
bation theory is also being steadily developed.¢:*¢

Studies on the dynamics of non-one-dimensional soli-
tons have only just begun, but the already existing data
offer hope that in the near future we shall witness new
and possibly unexpected discoveries in this field, in
which numerical investigations will not yield their lead-
ing role.
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We note that the obtained results are of undoubted in-
terest from the point of view of physical applications.
The discovered resonances are used to interpret exper-
iments with nuclear molecules.'*® The existence of
multidimensional pulsons may cast light on the proper-
ties of the soft mode in structural phase transitions,'*®
and also a long Josephson transmission line.!*® This
list could be continued.

In conclusion, we emphasize that the idea of the im-
portance or even the necessity of investigations in this
field begins to penetrate into ever wider groups of the
scientific community, as can be seen from the follow-
ing predictions: *. ..we must take into account all pos-
sible ways by which the list of elementary particles
that arise from the equations of quantum field theory
can be extended. Here, of course, we have ordinary
bound states and Goldstone bosons and fermions —there
may also be solitons (such as monopoles) and other
particlelike solutions and bound states including them.”
And further: “in any quantum field theory we must un-
derstand the extent to which all these objects could
masquerade at present energies as elementary parti-
cles,”—Gell-Mann in Ref. 141. And even terser: *...if
supergravity or some similar future theory is correct,
then there must be only an indirect relation between the
elementary fields of the theory and the particles that
appear to us today to be elementary. If the known fer-
mions behave, for a given handedness, like a complex
spinor representation of SO,,,, or E;, then the relation
is not even that of a composite model. All or most of
the familiar particles would have to correspond to par-
ticle-like solutions of the fundamental equations, with a
different algebraic behavior from that of the fundamen-
tal fields.” (Gell-Mann, Ramond, and Slansky in Ref.
142.) Similar ideas were also often put forward earlier
by Faddeev.

In this connection, it is appropriate to recall the
aphorism: “...nature is complicated and nonlinear
equations are complicated, and therefore nature should
be simulated by means of nonlinear equations. . .,”
which can be found in Ref. 143 by Wheeler. Indeed, as
we have seen above, the dynamics of even simple non-
linear systems is very rich, varied, and sometimes
unexpected.
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