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The symmetry properties of Maxwell’s equations for the electromagnetic field and also of the Dirac and
Kemmer-Duffin-Petiau equations are analyzed. In the framework of a “non-Lie” approach it is shown that,
besides the well-known invariance with respect to the conformal group and the Heaviside-Larmor-Rainich
transformations, Maxwell’s equations have an additional symmetry with respect to the group U(2) e U(2) and
with respect to the 23-dimensional Lie algebra A4 ,;. The transformations of the additional symmetry are given
by nonlocal (integro-differential) operators. The symmetry of the Dirac equation in the class of differential
and integro-differential transformations is investigated. It is shown that this equation is invariant with respect
to an 18-parameter group, which includes the Poincaré group as a subgroup. A 28-parameter invariance
group of the Kemmer-Duffin-Petiau equation is found. Finite transformations of the conformal group for a
massless field with arbitrary spin are obtained. The explicit form of conformal transformations for the

electromagnetic field and also for the Dirac and Weyl fields is given.
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The physieal nature of a quantity is subject to its mathematical form. . .

. Mathematics loves symmietry above all.
J. C. Maxwell

Using pure thought, Maxwell robbed nature of secreis that only an entire generation later could be proved in ingen-

ious and laborious experiments.

INTRODUCTION

The investigation of the symmetry of Maxwell’s
equations has a long and glorious history. It was by
study of the symmetry of these equations that Lorentz,
Poincaré, and Einstein obtained the fundamental for-
mulas of relativistic mechanics and electrodynamics,
and the subsequent generalization of the principle of
relativistic invariance to all the laws of physics played
a truly revolutionary role in modern natural science.

It was found that the classical results of Lorentz,
Poincaré, Einstein, Bateman, and Cunningham do not
exhaust all the symmetry properties of Maxwell's
equations. In Refs. 15-27, new invariance groups of
these equations and also of the Dirac, Kemmer-Duf-
fin-Petiau, and other equations of relativistic physics
were found. A feature of the new symmetry groups of
the relativistic equations is that they include nonlocal
(nonpoint) transformations of the dependent and inde-
pendent variables and therefore in principle cannot be
obtained in the classical approach of Lie. The book of
Ref. 64 by the present authors is devoted to a detailed
analysis of nonlocal symmetries.

In the present paper, which is essentially a review of
our Refs. 15-35 and uses a unified algebraic approach,
we obtain the classical results on the symmetry of
Maxwell's equations and also establish some symmetry
properties of these equations [the additional invariance
with respect to the group U(2)® U(2) and the 23-dimen-

D)This paper commemorates the 150th anniversary of the
birth of James Clark Maxwell (1831-1879).
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sional Lie algebra A,.] that were not known until recen-
tly [1974 (Ref. 16), 1978 (Refs. 28, 31, and 32)].

shall also analyze the symmetry properties of the Di-
rac and the Kemmer-Duffin-Petiau equations and find
explicitly the conformal transformations for massless
fields with arbitrary spin.

1. Before we turn to a brief exposition of the results
and the basic ideas of our approach, we shall briefly
review the history of the study of the symmetry of Max-
well’s equations.

The modern form of Maxwell’s equations was given by
Hertz and Heaviside. In 1893, Heaviside,! having ex-
pressed them in symmetric form, noted that they are
invariant under the substitution

E >H, H-—E, (1)

where E and H are the intensity vectors of the electric
and magnetic fields. Larmor? and Rainich® generalized
this symmetry to the family of one- parameter transfor-
mations of the form

E —-E cos0 + Hsin® H —Hcosd —E sin 6. (2)

At the end of the last century, the eminent Norwegian
mathematician Lie created the mathematical founda-
tions of the science of the symmetry of differential
equations. Without attempting the general problem of
investigating the group properties of differential equa-
tions, Lorentz,* Poincaré,®® and Einstein” obtained one
of the most fundamental results in this field, which was
destined to play a revolutionary role in physics. Name-
ly, Lorentz, who was not acquainted with Lie's theory,
found linear transformations of the coordinates and the
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time (and corresponding transformations for E and H)
that leave Maxwell’s equations for the electromagnetic
field in the absence of charges invariant.

Poincaré and, independently of him, Einstein showed
that in the presence of charges and currents Maxwell’s
equations are invariant with respect to the same trans-
formations if the current and charge densities are
transformed appropriately. Poincaré established for
the first time and studied in detail one of the most im-
portant properties of such transformations—their group
structure. We emphasize that it was on the basis of the
analysis of the symmetry properties of Maxwell's equa-
tions by Lorentz, Poincaré, and Einstein that the foun-
dations of relativistic theory were laid.

In 1909, Bateman® and Cunningham® showed that Max-
well’s equations are invariant with respect to nonlinear
conformal transformations which can be represented as
the product of the inversion transformation

zy =1y = xl(mat), u, A=0, 1, 2, 3, . (3)

the shift transformation xj, —~x, =x, - d,, and the sec-
ondary inversion x, - x,' =x,/(xyx"*). Cunningham®
found in explicit form linear transformations of the
vectors E and H that together with (3) leave Maxwell’s

equations invariant.

The conformal transformations together with the
Lorentz transformations and dilatations form the 15-
parameter conformal group C(1,3). As was shown by
Bateman,® this group is the maximal point symmetry
group of Maxwell’s equations with currents and
charges. The group of conformal transformations in
4-space R, was also studied by Lie. ™

During the last two decades, the basic ideas and
methods of classical group-theoretical analysis of dif-
ferential equations have been significantly developed by
Ovsyannikov and his students. '™ Comparatively re-
cently, the Lie-Ovsyannikov algorithm was used in a
group analysis of Maxwell’s equations for the electro-
magnetic field in vacuum.?® This showed that the max-
imal local invariance group of such equations is the
16-parameter group C(1,3)® H, where H is the one-
parameter subgroup of the Heaviside-Larmor-Rainich
transformations (2).

2. The above history could create the impression
that the symmetry properties of Maxwell's equations
have been completely studied and that there is no hope
of obtaining any new result in this field. In fact, this is
not the case, since Maxwell’s equations have a hidden
(nongeometrical) symmetry that is not related to local
coordinate transformations, 16:28:31

As was noted in Refs. 15-35, Lie’s infinitesimal
method by no means enables one to find all the sym-
metries that a particular system of differential equa-
tions possesses. A well-known example of a “non-Lie”
symmetry is the invariance of the Schriédinger equation
for the hydrogen atom with respect to the group 0(4),
which was first discovered by Fock. *¢

To see what invariance groups of differential equa--
tions can and cannot be found in the classical Lie-
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Ovsyannikov approach, we consider an arbitrary li-,
near differential equation

L (z,didz) ¥ (z) = 0, (4)

where i is some linear operator, and ¥ is a vector
function with components {‘1’1» [ ZH }, xeR,. In
the Lie-Ovsyannikov approach, the infinitesimal oper-
ators of the invariance group of Eq. (9) are sought in

" the form of first-order differential operators

Qu=Bile, Mo+ h (e V) 5y (5)

where £f(x,¥) and 0% (x, ¥) are unknown functions found
by requiring the operators (5) to satisfy the condition
for invariance of Eq. (4):

1O Y () =0. (8)

If we require that the operators (5) form a basis of a
finite-dimensional Lie algebra, the functions £§(x, ¥)
and 71} (x, ¥) must satisfy certain additional conditions,
which follow from the relations

lém éﬂ]ﬁifABchCs (7

where f, 5. are structure constants. We shall call a set
of operators satisfying the conditions (6) and (7) an in-
variance algebra of Eq. (4).

It is obvious that the Lie-Ovsyannikov approach does
not enable one to find all possible invariance algebras
of a given differential equation, since it imposes a
priovi on the basis elements of the algebra the re-
quirement that they belong to the class of first-order
differential operators.?’ It is clear from what we have
said that the formulation of the problem of investigat-
ing the algebraic properties of differential equations
can be signifif:antty generalized by extending the class
of operators @, satisfying (6) and (7). For example,
one can seek an invariance algebra of a differential
equation in the class of second-order differential oper-
ators or even integro-differential operators. It was in
this way that many new invariance algebras of the
Dirac,’s™® Maxwell,'8:28:31:32 and many other equations
of quantum mechanics'®™® were found. Such invariance
algebras, which are called nongeometrical below,
correspond to nonlocal transformations of the depen-
dent and independent variables and therefore do not
generate local Lie groups.

We shall not here be concerned with the large group
of problems associated with dynamical symmetry of
physical systems, which have been fairly fully studied
in the literature (see, for example, Refs. 38-40),
Malkin and Man’ko’s book*! is devoted to the physical
aspects of dynamical symmetry.

3. The main and most difficult question that arises in
connection with the nongeometrical approach to the in-
vestigation of the symmetry properties of differential
equations is that of finding a method of calculating
constructively the operators @, which form an invar-

A1t should be noted that the Lie-Ovsyannikov approach was
significantly developed by Anderson and }Slaraglr:nov"'T by
means of Lie-Bicklund transformations.
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iance algebra of a given differential equation. Gen-
eralizing the results of specific calculations of invar-
iance algebras of the equations of quantum mechanics,
one can formulate the following algorithm for finding
the explicit form of such operators®**3; 1) the sys-
tem of differential equations is reduced by means of a
nondegenerate transformation to a canonical diagonal
form, i.e., the system of differential equations is de-
coupled to the maximum possible extent into independent
subsystems; 2) the invariance algebra of the transform-
ed equation is found; 3) if the operators @, satisfy the
relations (7), one can find what representation of the
Lie algebra these operators realize on the solution set
of the investigated equation; 4) by means of the inverse
transformation, one can find the explicit form of the
basis elements of the invariance algebra of the original
equation; 5) the finite transformations

¥ (z) =¥ (z) = exp (iQ40,4) ¥ (2), (8)

where 6, are the transformation parameters, can be
calculated from the obtained representation of the in-
variance algebra.

The algorithm is based on one of the most fruitful and
effective ideas in the theory of differential equations—
transformation of the independent and dependent vari-
ables. We give a more detailed description of the
first step of the algorithm.

An important role in the realization of the algorithm
will be played by the concept of the symbol of the oper-
ator f,(x, 9/0x), which can be defined by means of
Fourier transformation (for more detail about symbols,
see, for example, Ref. 42):

L (2, 0/oz) ¥ (2)=@2n)-2 | Loz, pexp(ix-p ¥ (p)dp, (9)
D“.pl

where & = CJ(R"), ¥ =F¥(x) is the Fourier transform
of ¥(x), F is the unitary Fourier operator that maps a
vector in the Hilbert space H to H; ¥(p)c H; D(p) is
the domain of integration; x-p=g""x, p, =8, P,
+gx Pyt ... 8V Ppey; and g*Y is the metric
tensor of the Riemannian space R,.

The connection between the operator L(x, 3/2x) and
its symbol L(x, p) is given by

LA(:::. dlax) = F'L (z, p) F; (10)

L (z, p) = FL (z, d/6z) F™". (11)

Equations (10) and (11) indicate a way of realizing the
first step of the algorithm. Indeed, if Eq. (4) is such
that the symbol of the operator L(x, 3/dx) is a matrix
with variable coefficients, and this is the case for an
absolute majority of the equations of mathematical phy-
sics, then the problem of decoupling the system (4) in-
to the largest possible number of decoupled equations
reduces to transforming the matrix L(x, p) given by (11)
to diagonal or Jordan form. In the general case, such
diagonalization is a fairly complicated problem, but
if the vector function ¥(x) does not have too many com-
ponents, the difficulties are purely technical in nature.
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It should be said that as a rule the complete realiza-
tion of the above algorithm for specific equations of
physics and mechanics is not a simple mathematical
problem. What we have said also applies fully to the
Lie-Ovsyannikov algorithm.

1. DIFFERENT FORMULATIONS OF MAXWELL'S
EQUATIONS

We give here the basic formulations of Maxwell's
equations for the electromagnetic field in vacuum and
in the presence of currents and charges. All these
formulations are mathematically equivalent, but each
of them may be the most convenient for solving a
particular physical problem. In addition, the dif-
ferent forms of Maxwell’s equations open up a path to
entirely different generalizations of these equations.

Maxwell’ s equation in vector notation. Maxwell’s
equations for the electromagnetic field in vacuum have
the form

p X E = idH/dt;
pPE =0; (12b)

where p,=-id/0x,, a=1,2,3; E=E({,x) and H=H(¢, x)
are the vectors of the electric and magnetic field inten-
sities. We use the Heaviside system of units, in which
h=ie=1,

p ¥ H = —idE/a;
pH=0,

(12a)

In the presence of currents and charges, the system
of Maxwell’s equations takes the form

(13a)
(13b)

where j=(j,, j) is the 4-vector of the electric current,
and the electromagnetic coupling constant is taken equal
to unity.

idE‘dt = —p x H — ij;
i0H/dt = p X E;

pE = —ij;
p-H =0,

The expression of Maxwell’s equations in the form
(12) or (13) was already proposed by Hertz and Heavi-
side. The use of vector notation makes Egs. (12) and
(183) fairly compact and elegant. However, the formu-
lations (12) and (13) are not manifestly relativistically
invariant. Examining Eqs. (12) and (13), it is not at
all easy to guess that these equations could be inter-
preted as the equations for massless particles with
helicity A=+1. Finally, equations in the form (12) or
(13) cannot be directly generalized to the case of par-
ticles with arbitrary (different from +1) values of the
helicity. The form of Egs. (12) and (13) is also not
particularly convenient for investigating their sym-
metry properties. Therefore, we give below other
formulations of Maxwell’s equations free of these
shortcomings.

Maxwell’ s equations in operator form. To investigate
the symmetry properties of Maxwell’ s equations, it is
convenient to represent the system (12) as the result
of the application of certain linear operators to the
vector function

¢ (t, x) =column of (B, E,, Es, Hy, Hy Hy), (14)
where E, and H, are the components of the vectors of
the electric and magnetic field intensities.
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By the symbols S,(a=1,2,3) and o, (1 =0,1, 2, 3) we
denote the matrices

. (S‘a 0) (1 f))
S, = § mp=]. g
0 S, 6 1
0_(6 1)_ . i(é _1)_ 05(1 0)_
RSO /A VIR VAR VY (15)
00 O 00 i 0 —i0
-§'l=(00 —iJ; fs'z:( 000); S‘ss(i 00),
0i 0 —ioo/  \o oo
where 0 and 1 are the three-row square null and unit

matrices. Using the notation (15), we can write Egs.
(12a) in the Schrddinger form

Lo (t,x) =0; L, —idldt+ 6.8 p. (16)
With regard to Eqs. (12b), they can also be written
in the operator form

Ligt, x) =0, (17
where Eg is any of the three operators

Lg = (Bap — Ss8a) Py ab=1,2,3. - (18)

Here and below, 6§, is the Kronecker delta symbol, and
summation from 1 to 3 is understood over repeated La-
tin indices.

Thus, Egs. (12) can be represented in the form of
the Schrédinger equation (16) for the six-component
real function (14) and the subsidiary condition (17),
which, as will be shown below, reduces the number of
independent components of the function (14) to four. It
is the formulation (16)-(17) that we shall mainly use
below to investigate the symmetry properties of Max-
well’s equations.

We consider here one further form of Egs. (12), in
which we use a three-component complex vector func-
tion:

Y, H,—iE, .
‘pz(wz)_(yz-nmg). (19)
v, Hy—iE,
In the notation of (15) and (19), Eqs. (12) can be re-
written as
(20a)
(20b)

Equation (20b), written down component by component,
reduces to the following condition for the function (19):

{ i ;i’w-fﬁ\v; A=8.p;

(Pa—8-pS,) ¥ =0.

- pr¥=0, (21)
where & =(¥,, ¥,, ¥,).

The formulation of Maxwell’s equations in the form
of (20a) and (21) was first proposed by Majorana (see
Ref. 43).® This formulation is very convenient for the
corpuscular interpretation of Eqs. (12) (see Sec. 5 be-
low).

Maxwell’ s equations in Dirac form. We now consider
a different formulation of Eqs. (12), which was the

NSuch a formulation (but in component rather than matrix
form) was used much earlier by Bateman and Zimmermann.5®
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first obtained by Borgardt, ** and subsequently by -
Lomont* and Moses.** We denote by a,, a,, and o,
the four-row matrices

0—-1 00 00 —1 0
1 0 00 Joo o0 —1
“=Ho o o01)F =40 0o o
0 0—10 01 0 0
0 00 —1
0 01 0
“~Neo—-1p n]” (22)
1 00 o0

and by x(¢, x) the following four-component function with
first component identically equal to zero:

0
E,—ill,

. 23

Ey—il, (23)
E,—iH,

%(t x)=

Using the notation (22), (23), we can write Eqs. (12)
in the form

(i;a_,’—ﬁ-a-p))":O. (24)

Indeed, writing out (12) and (22)-(24) in components and
remembering that E and H are real, we arrive at iden-
tical systems of equations.

The matrices o, (22) satisfy the Clifford-Dirac alge-
bra

Clallp + Cptty = 28,4. (25)

It should be emphasized, however, that even in the
case when x(f,x) is an arbitrary function Eq. (24) is
not equivalent to the Dirac equation with m =0, and
therefore the description Maxwell’s equations in Divac
form is very conditional.

The main advantage of writing Maxwell’s equations in
the form (22)-(24) is that this formulation can be read-
ily generalized to the case of a relativistic massless
field of arbitrary spin. However, Egs. (22)-(24) are
not invariant with respect to spatial inversion and, in
addition, the condition of vanishing of the first com-
ponent of the function y (¢, x) (23) is not very attractive
from a purely esthetic point of view.

Following Refs. 47 and 48, we give one further form-
ulation of Eqs. (12), in which, as in (15)—(17), we use
a real vector function, which this time has eight com-
ponents:
¥ =column of (H,, H,, Hj, ¢, £y, E;, E; ¢,). (26)
Equations (12) can be represented in the form of the
following system for the function (26):
frl‘F-’:O; I:IiTJJPH; ] (27)
LW —0; Ly=ry,pnSa.8o, ]
where v, and S_, are 8 X8 matrices:

07 . 0 B D
welpa) mmmilr_l)e se=(3g))
70 0 —a, 0 Sy

~ ~ 0
Snu =1 (~ Soﬂ) 3 §ab = iauchM{}c = Eabe ° 0 H

0

"SDa 0 0

28
5 (28)
000
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0 and 1 are the null and unit 4x4 matrices, and g, and
S, are the matrices (22) and (15).

Substituting (26) and (28) in (27) and writing out the ob-
tained system component by component, we arrive at
Eqgs. (12) for E and H and the following conditions for
¢, and @,:

2
Pa¢1=W‘P1:Pa‘Fa=—:;' G2=0, (29)

from which we conclude that ¢, and ¢, are constants
which, without loss of generality, we can assume are
Zero.

Maxwell’s equations in the form (26)—(28) also admit
the most direct generalization to the case of fields with
arbitrary spin*™* and, in contrast to (22) and (23), are
invariant with respect to spatial inversion (see Sec. 2).

Equations in the Kemmer-Duffin-Petiau form. In all
the above formulations, Maxwell’s equations were ex-
pressed as the result of applying two (or four) linear
operators to a certain vector function. However,

(ﬁu])u—r ﬁ‘/) L {)‘ (30)

where g, are the 10-row Kemmer-Duffin-Petiau ma-
trices, which satisfy the algebra

BusBr. -+ BrBub = s+ 8uiBi (31)
B =82 Bs=E,.cB.B,B,B8,/4!, and g, is the metric ten-
sor: g,,=diag(l,-1,-1,-1).

We shall show that Eqgs. (12) can indeed be represen-
ted in the form (30)-(31). Choosing B, and ¥ in the
form

o

=
!

—

0 oo 0 &
L L B R b L
1.6 G0 68, 00
00 00 i 00
G =100
E':;'—=i,1. O:‘EO;
6 ddo
0 000 (32)

where §a are the matrices (15),

i 0
A .—(0); xqﬁ(?); As—-(‘)). (33)
I 0/ y 0 A

0 and 1 are the null and unit 3X3 matrices, and 0 are
null matrices of appropriate dimension, we arrive at
the system of equations

i0A /0t + i04,/0x, = —i nEy;
idEdt = —p x H;

#«H = curl A;
p-E=0, (34)
from which Eqgs. (12) for E and H follow directly.

Maxwell’s equations were apparently first written in
the form (30)-(31) by Fedorov (Ref. 49; see also Refs.
50 and 51).
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We now turn to Maxwell’s equations with currents and
charges, Egs. (13), and show that they can be expressed
in the form of a system of two equations of the type
(30). We denote by ¥(f,x) a ten-component function of
the form

E

e
Il

=column of (E,, E;, E3, Hy, Hy, Hs, iy, jor Iz Jo)e (35)
Jo

Then Egs. (13) can be written in the form of the sys-
tem

L¥=0; Ly=(1—p)Bup"+1); }

o : (36)
LW =0; Ly=pup"Ps,

where 8, and B, are the matrices (32). Substituting (32)
and (35) in (36), we arrive at Egs. (13).

The formulation of Maxwell’s equations in the form
(35)-(36) is in many respects more convenient than the
usual notation for these equations in the vector form
(13). In particular, Egs. (36) are manifestly invariant
with respect to the Poincaré group (see Sec. 2).

We note also that the system of equations (13) can be
written in the form of a single equation of the type (30),
where g, are 16xX16 matrices satisfying the algebra
(29). Such matrices can be chosen in the form5?

Bu=(vi+7v3)/2. (37

where {y.} and {yi} are two mutually commuting sets
of Dirac matrices:

s o A .
1’“?\- e T 2guw

e ¥31=0, a=1, 2.
If now the matrix g in (30) is chosen in the form
B=B3-+ (L7l (v] — v3)/dn, (38)

Egs. (30), (37), and (38) are equivalent to the system
(13) of Maxwell’s equations with currents and charges.

There are other formulations of Maxwell’s equations
(for example, using the 4-potential A,), on which we
shall not dwell here.

2. RELATIVISTIC AND CONFORMAL INVARIANCE
OF MAXWELL'S EQUATIONS

We describe here the invariance algebra of Maxwell's
equations in the class of first-order differential opera-
tors and find explicitly the finite transformations. We
also obtain the explicit form of conformal transforma-
tions for a massless field with arbitrary spin.

Definition of the invariance algebra. We turn to an
investigation of the symmetry properties of Maxwell’s
equations. We proceed from the formulation of these
equations given by (36). We also consider the somewhat
more general system given by Egs. (31) and (36), where
¥(t,%) is an arbitrary complex function and 8, are
arbitrary [not necessarily identical to (32)] 10-row
matrices satisfying the Kemmer-Duffin- Petiau algebra.

We denote by {@,}(A4=1,2,..., N,N<=) a set of li-

V. |. Fushchich and A. G. Nikitin 5



near operators that are defined on-a set everywhere
dense in the space of the 10-component square-inte-
grable functions ¥ (t,x) and form a finite-dimensional
Lie algebra.

Definition 1. Equations (36) are invariant with re-
spect to the algebra {Q,} if the operators @, satisfy
the conditions

i, 0A1=f}1fl+gz’1[:z; 1 (39)
[Ls, Qal=7ALi+ &ALy, |
where 1, gi, fi, g3 are certain operators defined
on the set of solutions of Egs. (36), and the symbol [A, B ]
denotes the commutator: [A,B]=AB — BA.

For if (39) is satisfied, the transformation & —Q,¥
carries a solution of Eq. (23) into another solution.

Thus, the problem of describing the invariance alge-
bra of Maxwell’s equations reduces to finding the lar-
gest possible class of operators @, satisfying the condi-
tions (39). Note that Definition 1 does not contain any
requirements concerning the general form of the oper-
ators @, —they could, for example, be differential
operators including derivatives of order higher than
the first and also integro-differential operators. This
is the fundamental difference between our formulation
of the problem and the classical Lie-Ovsyannikov ap-
proach, in which the infinitesimal operators of the in-
variance group of a differential equation, which ob-
viously form the invariance algebra of the given equa-
tion, always belong to the class of first-order differ-
ential operators.

Invariance algebra of Maxwell’s equations in the class
of first-order differential operators. We consider the
problem of finding the invariance algebra of Egs. (36)
in the class of first-order differential operators; this
consists of finding all possible operators of the form

Qu = By (t, ) + Ch (t, ) dldz, + D, (¢, x) olot (40)

that satisfy the conditions (39) and form a finite-di-
mensional Lie algebra. In Eq. (40), C}(#,%) and

D, (t,x) are infinitely differentiable functions, and

B, (t,x) are 10X 10 matrices whose elements are also
infinitely differentiable.

Theovem 1. The invariance algebra of Eqs. (36) in
the class of first-order differential operators is the 15-
dimensional Lie algebra whose basis elements are
given by

Py = py=igud/izy; Juyy=aupy—avpu+ Spyi D=z pt+ik;
K, =2z,D—zavp, 4 28,.z", (41)
where
Suv=1(Bubv—B:Pu); k=pup"=3—pi. (42)

Proof. Using the relations

_ Bi=Bs (1—B2)B.=hupl, (43)
which follow from the algebra (31), we can verify di-
.rectly that the operators (36) and (41) satisfy the con-
ditions

6 Sov. J. Part. Nucl. 14(1), Jan.-Feb. 1983

[Pur Lol =1Juws Lal=1D, Lal= (K, La]=0, a=1, 2, (44)

which are identical to (39) when g§ = f$=0.

Using (31), we can readily show that the operators
(41) form a 15-dimensional Lie algebra, since they
satisfy the commutation relations

[Py Pl =0; [Juv, Prl=1i (guiPu—gunPs) 1
[Ju\h Tl =1 (ngw T ng.n. — gvi,-fuo = g;va.'v.); ‘

| K;l=i(gwLly—gukKy); (45)
Ky P = —2i(guD+ )i [Ky KJJ=0;
[D, PJ=—iP [D, K,)=iK,; [Ju. D]=0.

Thus, the operators (41) do indeed form the invariance
algebra of Maxwell's equations. This proves the
theorem.

The relations (45) define the Lie algebra of the con-
formal group C(1,3). This algebra contains the Poin-
caré subalgebra generated by the operators P, and J .
and given by the relation (45a).

Covollary 1. Each equation of (36) is separately in-
variant with respect to the algebra C(1, 3).

This follows directly from the fact that in accor-
dance with (44) the operator L, from the first equa-
tion of (36) and the operator L, from the second com-
mute with all basis elements of the algebra C(1, 3) giv-
en by (41).

Corollary 2. Maxwell's equations for the electro-
magnetic field in vacuum are invariant with respect to
the algebra C(1, 3).

Indeed, Maxwell's equations without currents and
charges, given by Egs. (12), can be represented in the
form of the system (36) with subsidiary condition

L= (1—pH) F=0 (46)

imposed on its solution set [here, the matrices B, must
have the form (32)]. But the matrix L, commutes with

the generators (41) and, therefore, Eq. (46), like (36),

is invariant with respect to the algebra C(1, 3)..

It follows from the symmetry of Eqs. (36) with re-
spect to the algebra (41) that these equations are also
invariant with respect to the set of transformations

¥ —>exp (iQ0,)%, 4=1,2, ..., 15 (47)

where @, is an arbitrary operator of the set (41), and
g, are real parameters. We obtain below in explicit
form all transformations of the type (47), which form a
representation of the conformal group. As was already
shown by Bateman,® the conformal group is the maxi-
mal local group of transformations of the variables x
and ¢ that leave invariant Maxwell's equations with cur-
rents and charges.

Invariance of the equations for the electromagnetic
field in vacuum with respect to the algebra C(1, 3)® H.
It was shown above that Eqgs. (36) and (46) are invariant
with respect to the 15-dimensional algebra C(1, 3). It
can be shown that the invariance algebra of these equa-
tions in the class of first-order differential operators
can be extended to a 16-dimensional Lie group, as is
established in the following theorem.
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Theovem 2. The system of equations (36) and (46) is
invariant with respect to the 16-dimensional Lie algebra
whose basis elements are given by Eqs. (41) and (48):

F = f’s- (48)

Proof. Using Egs. (43), we obtain for il and f,z from
(36) and for L from (46) the relations [L,.8,]==L,,
(L,.8,)=L1,-L,-B.L,, [L,,B,]=0, fromwhichit follows
directly that the operator (41) satisfies the invariance
condition of Eqs. (36) and (46). The operator F given
by (48) commutes with all the operators (41). This
means that the operators (41) and (48) form the alge-
bra C(1,3)@® H, where H consists of the single element
(48). By virtue of Corollary 2 to Theorem 1, this al-
gebra is an invariance algebra of Eqs. (36) and (46).
The theorem is proved. :

As we shall see below, the operator (48) generates
the Heaviside-Larmor-Rainich transformations (2). In
Ref. 13, it is shown that the algebra C(1,3)& H is the
maximal invariance algebra of Maxwell’s equations for
the electromagnetic field in vacuum. In Sec. 3, we
shall find new invariance algebras of Maxwell's equa-
tions whose basis elements are nonlocal (intergro-
differential) operators.

Remark. All the formulations of Maxwell's equa-
tions for the electromagnetic field in vacuum consider-
ed in Sec. 1 are also invariant with respect to the al-
gebra C(1,3). The basis elements of this invariance
algebra belong in all cases to the class of first-order
differential operators and are given by Egs. (41), in
which

{ th:EabrSc

Bty « T M QT (49a)
{ Sub L Egbcsc for (20)’ (49b)
S =18,
- for  (23), (24), (49¢)

and, finally, S, has the form (28) for (27). Here, §,,
S,. and §,, are the matrices (15) and (28). At the
same time, Eqs. (16), (17), and (27) are invariant with
respect to the larger algebra C(1,3)&H, where H con-
sists of a single element F, equal to g, for Eqs. (16)
and (17) and y,y,7%,¥, for Egs. (27), whereas for Eqs.
(20) and (23), (24) the maximal invariance algebra in
the class of linear first-order differential operators is
Cl1,:3).

Transformations of discrete symmetries. The Lie
algebras considered above are the maximal invariance
algebras of Maxwell's equations in the class of first-
order differential operators, but, as we shall see be-
low, they do not exhaust all the symmetry properties of
these equations. A well-known example of a symmetry
not included by the invariance algebras considered
above is the invariance of Maxwell’s equations with re-
spect to the discrete transformations

XxX—=X; [—1;
E(t, x)—> —E(t,—x); H(t, x)—>H(, —x); } (50a)
it x)=>—i —x); jolt, x) = Jo(t, —x);
X=X, I—=>—1;
E(t, x) ~E(—¢, x); H(t, x) >—H(—¢, x); } (50b)
i(t, )>—i(—t x) Jolt, x)=jo(—1, x);

2 ) Sov. J. Part. Nucl. 14(1) Jan.-Feb. 1983

X—>X, (=05

E(t, x)—E* (¢, x); H(t, x)—>H*(t, x); }
i(t, x)—=i*(t, x);  Jo(t, X)—>jb (¢, x).
The transformations (50) are called spatial inversion P,
time reversal T, and charge conjugation C. '

(50¢)

Using the notation (32) and (35), we can rewrite the
transformations (50) in the form

V(r, x)— P (L, x)=(1—28) ¥ (t, —x);
F(t, x)— TP (1, x)=(1+2B3 (1283 (1 + 269 ¥ (—t, x); (51)
¥ (1, x)—>c¥F (¢, x)="T* (1, x).

Using the relations (31), we can readily show that the
transformations (51) leave Egs. (46) invariant, since

[P, L) =[P, Lyl = IT, Lyl = (T, L) = [C, L) = (€, Lyl =0,

where 1'1 and iz are the operators (36); the symbol
|A, B], denotes the anticommutator, [A,B],=AB + BA.
The operators (51) satisfy the following commutation
relations together with the generators (41) of the
group C(1, 3):

[P, Pyl =[P, Pi=[P, Jap] =[P, Jpa]- =0;

[T, Pols=I[T, Pl =IT, Josl =IT, Joile =05 y

(€, Pule—=[C. Jygle=0;

[P, Dl =[P, Ko=[P, Kol+=0;

(7. D)= [T. K, =T, K.]=0; [C, D]-=[C, K,]-=0;

[P T)=1P; €)=|T, C}=0, Fr=P2=(2=1,

(52)

The commutation and anticommutation relations (52)
can serve as an abstract definition of the operators P,
T, and C. We see that Maxwell’s equations are in-
variant with respect to the set of operators {P,,J,,,
D,K,, P, T,C} forming the algebra (52), which is not
a Lie algebra.

Explicit form of the transformations of the confor-
mal group for E, H, j, and j,. We find now in explicit
form a representation of the conformal group realized
on the solution set of Maxwell’s equations with currents
and charges, i.e., we calculate finite transformations
of the coordinates and time, the vectors E and H, and
the current 4-vector generated by the generators (41).

A representation of the conformal group on the solu-
tion set of the system (36) is realized by operators of
the form

U=-exp(iQ, E}A-}, A=12, ..., 15, (53)

where @, are the generators of (36), 6, are arbitrary

real parameters, and summation from 1 to 15 over the
repeated index A is understood. Since the generators

(38) form a finite-dimensional Lie algebra, the opera-
tor (51) can always be represented in the form

U = U,UUU, Uy,

where
U, =exp (iPya*) =exp (ipya®), n=0, 1, 2, 3;
Uz =exp (iJan); “rn =&, bc"rbc'IZ;

Uy = exp (i g51a); (54)

U, =exp (iK,b¥),

U, = exp (iDh);

and a,, 6,, \,, b, are real parameters. Therefore, to
determine the explicit form of the finite transforma-
tions of the conformal group it is sufficient to specify
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the action of the operator (54).

The transformations of the vectors E and H and of
the 4-vector j=(j,j,) generated by the operators (54)
are well known. The transformations of the Poincaré
group generated by U,, U,, and U, were already found
by Lorentz, Poincaré, and Einstein; the dilation trans-
formations realized by the operator D were described
foranarbitrary fieldby Weyl, and, finally, the strictly
conformal transformations generated by the operators
K, were described by Cunningham.® However, so far
as we know the explicit form of conformal transforma-
tions for E and H has been nowhere given, although in
Ref. 53 there is a very complicated formula for trans-
forming the electromagnetic field tensor.

Here, we write out explicitly the transformations of
the conformal group for E, H, and j, and we also give
below the proof of these formulas and establish the
transformation law for a conformally invariant field of
arbitrary spin.

The conformal transformations for the independent
variables x and ¢ are given by?’

X—X'—=x—a; } (553)
t—t' =t—ay;

" . s 100.x(1— 2
x—x"=x¢050—0x xsin0/6--00.x (1 —cos 0)/6% I (55b)
"=t

x—>X"=x chh— At shA/A 4k (h-x) (ch A —1)/A% } (55¢)
t—+t"=tchA—x-hshi/k;

T, T = exp (— ko) Ty (55d)

T, — .'L‘x = (2, + bz 2¥)/(1 + 2bya¥ +- bvbv-"?.zl)v ( 556)

where 6=(6F + 63 +63)/%, A=(A% + 23+ A2,

The transformations (55a)—(55¢) conserve the quad-
ratic form x2-x? and form the group P(1, 3), which is
called the Poincaré group. Equations (55d) and (55e)
define scale and strictly conformal transformations,
which together with (55a)=(55¢c) form the conformal
group C(1,3). The operators (54) realize a represen-
tation of this group on the solution set of Egs. (36)
and generate the following transformations of the fune-
tion F(¢, x):

(¢, x)— V' (£, x)= U,':i} (£, x) = t’f’(t’. x'); (56a)
T (1, x) =P (£, x) =U,¥ (t, x)=exp (iS-0) ¥ (¢, x")

= [14iS-0sin 6/0+ (S.6)2 (cos B —1)/02F (27, x"); (56b)

(1, x) = ¥ (1, ) =UF (1, x) = exp (iSoeha) ¥ (27, x7)
=[14iS0ehe shA/A 4 (Spaha)? (1 —chd)A2] F (¢, x");  (56e)
(1, x> PV (1, ) =UT (¢, x)=exp (—khg) T ("7, x');  (56d)

G (¢, x) > T (2, x) = [gB2+ 9% (1 —B)]

X[+ 2iSunb"2VY (bW — 1) — 2 (S, 822 T (¢, xY),  (56e)

where S, =¢&,,,5,,/2, ¢ =1-2b"%s) +b,b"*{x", and S,
and k are the matrices (42). Substituting in (56) the ex-
pressions (35) for the function &(¢,x) and (32) for the
matrices 8,, we obtain conformal transformations for
the intensity vectors of the electric and magnetic fields

YTyanslator's Note. The Russian notation for the trigono-
metrie, inverse trigonometric, hyperbolic trigonometric
functions, ete., is retained here and throughout the article
in the displayed equations.
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and for the 4-vector of the electric current in the form

E—E=E H-H=H; j—ji=jus (57a)
E—E"=Ecos0—8x Esin0/6+0(08.E) (1 —cos 8)/62;
H—H" =Hcos0—0x Hsin0/0 +48 (8-H) (1 —cos 0)/62, (57b)
j—i"=jicos®—8 x jsin6/6 40 (8-§) (1 —cos 0)/0%;
Jo=>is=Jo
E—E"=EchA—4&x HshA/A 4+ A (h-E) (1—chA)/a2;
H—H"=Hchh+Ax Esha/h+5(h.H) (1 —ch))/Az
jo " == j— Mg sh A/A —h (h-§) (1 —ch A)/A2; (57c)
Jo—is =JochA—A-jshA/h;

E—E"Y=exp(—2h)E; H—H" =oxp(—2k) H;
iu_"jflv"”exp(_‘s;vu)fu; (57d)
E—EY=g[(bz"*—1)2E
+ (0"zy —1) (Box < H—2y b H+4bx"V.E—x"b-E)
+bxxV(zYb-H—bxV.-H-+b-xV x E)
+ (bzy —byx¥) (b-xV « H—a}b-E + byxV-E)];
V,—,— i \‘_ 2

H—HY —q["z) —1)2H (57€)

- (B2 — 1) (z0 b x E—byxV x E+bx¥-H—x"b-H)
+bx xV (b-xV x H+ bxV-E—z,b-E)

+ (bzY —xVby) (boxV-H—z¥b-H—b-xV < E)];

Ja= i = @2 {in — 2 [by (1 — 227 B") + 2l bob"] ap j*

+2(zy — byre V) bt

In Egs. (57), we have for brevity omitted the argu-
ments of the functions E, H, and j,.

The relations (55) and (57) give the explicit form of
transformations of the conformal group for the elec-
tric and magnetie field intensity vectors and the cur-
rent 4-vector. These relations simplify appreciably if
a restriction is made to single-parameter transforma-
tions, when only one of the parameters in (57) is non-
zero. Thus, settingb=0 and b,=b in (57e), we ob-
tain

EV (L, %) = q[(bt—12E—t2xx.E--2h (bt —1)x < H]; |
HY (I, X) = ¢ [(bt—1)2H —t2xx . H— 20 (bt — 1) x < E|; [ (58)

(2, %) = G100 -+ 2xx - §b2 — 20 (1 — bt) xj);
iy (£ %) = @2 [§o—2b (1 —bt) x-], j
where

¢ =1 —2bt + Bz 2v; T, = (2, — bayx¥8,,)/q.

Integration of representations of the conformal alge-
bra corresponding to arbitrary spin. We shall prove
Eqgs. (57), which give the finite transformations of the
conformal group. Simultaneously, we shall solve the
more general problem of obtaining in explicit form the
group of transformations generated by the generators
(46), where S,, are arbitrary matrices satisfying the
algebra 0(1, 3):

[Sm-v Sp}.] =1 (gui.Svp = gvaui- b gunS\"-"_'ng.Sllp)' (59)
The generators (41) have the form
Qs =" (2) /02, +Cy (2), A=1,2, ..., 15, (60)

where 7j(x) are functions of x = (x,, x,, x,, %;), and C, (x)
are matrices whose elements may also depend on x.
The operators (59) generate finite transformations of
the conformal group of the form

¥ (2) > ¥ (),

where ¥(x) are vector functions forming the linear
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representation space of the group C(1, 3). The explicit
form of these transformations can be obtained by in-
tegrating the Lie equations®

/80, = (') Tpi T lo=0 = T} (61)
W00, =Ca () ¥ W om0=Y, (62)

where 8, are the transformation parameters.

Each of Eqs. (61)-(62) determines a system of ordi-
nary differential equations with given initial condition,
i.e., a Cauchy problem with a unique solution. We
shall find this solution for the case when the operators
@, (60) are the generators of the strictly conformal
transformations K, (41), since the transformations
generated by the remaining generators of the conformal
group, i.e., P,. J,,, and D (41), are well known.

Theovem 3. The finite transformations generated by
K, (41), where S,, are matrices that realize an arbi-
trary representation of the algebra O(1, 3) (59), and %
is an arbitrary number, are given by

¥ (2) > ¥ (2) = " exp {21, va" aretg [ay,/(by,z — 1)]/a, } ¥ (2); (63)

2y = 2 = (T — By By 2524 (1 — 22, B — by, B0y 2P), (64)
where
=1 —2by 0t g bl ay, = by, ¥ Tod — 2,20 (65)

the index p, takes one fixed value; b,, is the transfor-
mation parameter.

Proof. By direct verification we can readily show
that the transformations (63) and (64) satisfy the Lie
equations (61) and (62). Indeed, comparing the genera-
tors K, (41) with (60), we obtain

Cu () = — 2ka, — 282" W () = 222" — B2, (66)

Using (66), we rewrite the Lie equations (61) and (62)
for the case of strictly conformal transformations in
the form

daydby, = 2z e — 232, 0 2y F,,un=p = (67)
oW by, = 2 (iSyaa’™ — kay,); (68a)
¥ o, =0 =Y. (68b)

It is readily seen that the transformation (64) satisfies
Egs. (67). We see that a solution of Eqs. (68) is given
by Eq. (63). Differentiating (63) with respect to b,
and taking into account the readily verified identities

L (28 b2 aretg [ay, (Bugbe — 1))/ @} = 2iSya¥;
Ha

d

. -
i el

we obtain Eq. (68a). Setting b,,=0 in (63), we arrive
at the initial condition (68b).

Thus, the transformations (63) and (64) do indeed
satisfy the equations and initial conditions (67), (68)
and, by virtue of the uniqueness of the solution of the
Cauchy problem, give the unique solution of the Lie
equations for the conformal transformations generated
by K, (41). The theorem is proved.

Using the fact that the generators K, form an Abel-
ian subalgebra, we can readily find from (63) and (64)
the general form of the strictly conformal transfor-

9 Sov. J. Part. Nucl. 14(1), Jan.-Feb. 1983

mations:
W (z) > W' (2') = ¢" exp {208,,0"2" arctg [a/(byzt — 1)]/a} ¥ (z), (69)
where

a=[bbe — (ba")2]W @ =1—2b,a8+bb z,a¥; (70)

x, is given by Eq. (55e).

Equations (55e) and (70) give the explicit form of the
conformal transformations for an arbitrary represen-
tation of the group C(1, 3) generated by generators of
the form (41). Given some definite finite-dimensional
representation of the algebra (59), the exponential in
(69) can readily be represented in the form of a poly-
nomial in powers of the matrix S, b*x*. For the case
when the matrices 5, have the form (42), Eq. (69)
reduces to (56e). But if the matrices S,, form the
representation D(0, 1/2) of the algebra O(1, 3),

Sap = Eapc0/2;  Sou = 104/2,

where g, are the Pauli matrices and 2 =3/2, which
corresponds to a representation of the conformal alge-
bra realized on the solution set of the Weyl equation,
then Eq. (69) takes the form

¥(z)—= ¥ (z')
= (1 —2b, 2 + bybVz,24) [buat — 1 40 (zgb — bx +ix x b)] W (z), (T1)

where ¥(x) is a two-component Weyl spinor. For the
solution set of the massless Dirac equation, to which
there corresponds the matrices S,,=i[y,,v,]/4, where
v, are the Dirac matrices, we obtain from (69) the con-
formal transformations in the form

¥ (z) =¥ (z")
= (1 —2b,ab + by z ah) (buat — 1 + ip,p,ba) ¥ (2), (72)
where ¥(x) is a four-component Dirac bispinor.

Note that Eq. (69) is also valid if 2 is not a number
but an arbitrary matrix that commutes with § .

3. NONGEOMETRICAL SYMMETRY OF MAXWELL'S
EQUATIONS

We consider here the hidden (nongeometrical?4:30)
symmetry of Maxwell’s equations, which cannot be
found by the classical Lie-Ovsyannikov approach. By
means of a non-Lie method of investigation of the sym-
metry properties of differential equations (see Refs.
24, 28, 30, and 32) it has been shown that these equa-
tions have not only conformal invariance but also an
additional symmetry with respect to an eight-dimension-
al Lie algebra isomorphic to the algebra U(2)® U(2),
and also with respect to the 23-dimensional algebra A4,,,
which includes the coordinates, P(1, 3) and U(2)® U(2).

Invariance with respect to the algebra A,. We con-
sider the problem of finding invariance algebras of
Maxwell's equations for the electromagnetic field in
vacuum in the class of integro-differential operators.
We proceed from the formulation of these equations
given by (14)-(18). Following the first step of the
algorithm outlined briefly in the Introduction, we go
over from Eqgs. (16) and (17) to equations in the
momentum space:
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Ly (f, p) = 0; (73a)

Ly (£, p) = 03 (73Db)
where ¢(t, p) is the Fourier transform of the vector
function (14):

ot B = @n) { dzg (1, x) exp (—ip-x); (74)

L, = id/ot + 0,S-p;
Ly =p, — 8-p5y,

and p=(p,, p,,b,), where p,, p,, and p, are independent
variables.

From the condition that the function ¢(/, X) be real,
we find that ¢(¢, p) must satisfy

o* (&, p) = @ (, —p)- (75)

The invariance condition (39) in terms of the opera-
tors (73) takes the form

[Ly, Qal=faLy+ gaLlai [La, Qul=faL,+ ghla, (76)

where L, and L, are the operators (73), @, are the
symbols of the basis elements of the invariance algebra
of the original system (16)—(17), and fi, gi, 72, g2
are 6X6 matrices, in the general case dependent on p,
and x,, ©=0,1,2,3.

We consider the problem of describing all possible
(up to equivalence) operators @, =@, (p) satisfying the
conditions (76). We require that these operators should
not carry (74) out of the class of functions satisfying the
condition (75). This requirement can be written in the
form

Qi(p) = Qa(—p) (77)

Theovem 4.28:34:32 Naxwell's equations (16)—(17) are
invariant with respect to the 8-dimensional Lie algebra
A,, whose basis elements belong to the class of integro-
differential operators. The symbols of these basis
elements have the form

Q,=0;8-pD/p; Qy=1i0y; Q3= —0S-pD/p; Q.= ,(,,D;} (78)
5 =8-p/p; Qe= —o03D; Qr=1I: Qz=ioc,S-p/p,

where

D=| g; (P3P} + PipE — PEPY) (1 —S3) + PupapsSaSypel

— ppypaps [1— (8- p)2/p?]} 671 (79)
8=[p} (pi— P22+ ph (Pi— P2+ ph (pt— P21/ V 2;
o, and S, are the matrices (15). The operators (78)
satisfy the algebra
[Om Qb] = *[Qsﬂu Qa*h] - *?uhcod
[Osd-m Ob] :sulmOa-(—m a, b, e=1,2, 3 (80)
[07; 0al=[Qs: Gu}=0; A=1,8; wuvy'8;

which is isomorphic to the Lie algebra of the group
U2)® U(2).

Proof. The validity of the theorem is most readily
seen by direct verification. For this, it is sufficient
to use the identities

Do, =0,D; DS-p=—S.pD; D(S.p)*=Dp4

D2S.p=8-p; L,S-p=0; [D, Ly]=(D~+ ppspapat™) Ls,
from which the relations (76) and (80) follow. The
same identities (81) can be readily verified by writing

the matrices D and S- p in the explicit form [see (15)
and (79)]

} (81)

10 Sov. J. Part. Nucl. 14(1), Jan.-Feb. 1983

D= Dy+Dy; Dy=[(8-p)* p>—11 pp,paps67Y
(82)

b, 0 Sp 0
Dlz(ﬁl " ); S-p=( X om )’

0 D, 0 S.p

where 0 are square three-row null matrices, and

. [T—2piP5 piPapl PsPaPs 1
D=\ pppi  [—2pip; pipeps | 674

P1PaDs P?P:»P.! f*ngPi (83)

- 0 —pa s
f=rips+pivi+pipsi S.p=i|l pa 0 —p|.
— Pz Py 0 [

Since S+pD,=D;S+ p=0 in accordance with (82) and
(83), verification of the relations (81) reduces to mul-
tiplication of the matrices D, and S-p, D, S'p, and L,.
It can also be seen from (78) and (82) that the operators
Q, satisfy (77). The theorem is proved.

Thus, we have found a new invariance algebra of
Maxwell’s equations, its basis elements being the
operators (78). These operators are defined on the
set of vectors ¢(¢, p), which are the Fourier trans-
forms of the solutions of Maxwell’s equations (16) and
(17). Each matrix @, (78) can be associated with an
integral operator éA defined on the space of the func-
tions ¢@(t,x) (14):

Qaw (%)= @21 | @*pQas (t, p) exp (ip-x)

= (2a)"8 J d3pd3r’ Q. (t, x’) exp [ip- (x —x")]. (84)

The integral operators (84) satisfy the invariance
condition of Eqs. (16) and (17) and form a Lie algebra
isomorphic to U(2) @ U(2). In contrast to the basis ele-
ments of the conformal algebra, these operators gene-
rate nonlocal transformations of the function (¢, x) (14)
and, hence, of the electric and magnetic field vectors.
Therefore, the invariance algebra of Maxwell's equa-
tions found here cannot in principle be obtained in the
classical Lie-Ovsyannikov approach.

We emphasize that symmetry with respect to the al-
gebra A, is not a specific property of Maxwell's equa-
tions in the form (16)—(17), but it can be established for
any formulation of these equations. The validity of
such an assertion is demonstrated below, where we
find the symmetry transformations generated by the
algebra A, directly in terms of the electric and mag-
netic field intensities.

Finite transformations of the vectors E and H gene-
rated by the nongeometrical invariance algebra. We
shall give a different proof of Theorem 4, from which
it follows that the invariance algebra of Maxwell’s
equations found above is in a certain sense maximally
large. The basic idea of the proof is to transform Eq.
(73) to an equivalent diagonal form for which the
theorem is obvious.

The operators L, and L, in (73) do not commute with
one another and therefore cannot be diagonalized sim-
ultaneously. To avoid this difficulty, we consider in-
stead of L, the operator L,:

Ly=LLy=p*— (S'p)% L, = p; + i8p5 — iSypy, (85)

V. I. Fushchich and A. G. Nikitin 10



which commutes with L,. It follows from (73b) and (85)
that L,=p™L,L,. It follows that if L, satisfies the con-
ditions

(L3, Qal = ALy + 4L, (86)
then for L, the relations (76) hold with
= [Q4, Lalp?] Ly + LogiLy/p. (87)

If the matrix L, satisfies (76), then for L, (85) Eq. (86)
is satisfied, and the first equation of (76) can be rewrit-
ten in the form

[Ly, Qal=T4L, *RAL:;- (88)

fa=Lofi4/p; gh=

where g} =g4L,/p. Therefore, the invariance condi-
tion (776) is equivalent to the conditions (86) and (88)
imposed on L, (73a) and L, (85).

To diagonalize L, and L,, we use the operator

W =UUUU,, (89)
where

U, —exp(— P.DS.pa/2)=P_—P.DS-p; \

Us = exp {—i€aseSa (P — po) arctg [p/(py + pz = ps)1/2pk;

Us=expli(S:— 8y n/4) 25 ) (90)

U= 1 —=1(8:5s+ 8.8+ 1—SHI/V 2;

P Po=(1F 0a)i2.
As a result of simple calculations, we obtain

a4 —TI)p,  (91)

P=P/p; P Ups—pa* - (P2—pa)+ (Pa—

WLW: = L, = id'd 4 Typ; WLW*
where T, is the diagonal matrix
Ty = —1(8,5: + 8.8 8 = diag {{, —1, 0, 1, —1, 0). (92)

After the transformation (91), the invariance condi-
tions (86) and (88) take the form
[L;, Qal= (L}, Qal=f4L;+ gidL; (93)
Using (91) and (92), we can readily find the general
form of the matrix @,(p) satisfying the conditions (93):

(aOOcOO‘.
0»00d0

'lL’ [ ~l L’.
ALy Bal;

+F(p) L, (94)

where F(p) is an arbitrary 6X 6 matrix whose elements
depend on p; a, b, ...,h are arbitrary functions of p.
At the same time, by v1rtue of (73b), (85), and (91) we
can, without loss of generality, set F(p)=0.

Thus, there are altogether eight linearly independent
matrices that satisfy the conditions (93). We choose
these matrices in the form

Qéﬂl = ir@;: Q; = —1;

where the matrices o, and T, are given by Egs. (15)
and (92), and 1 is the unit matrix. By means of the
operator (89), we obtain the explicit form of these ma-
trices on the solution set of the original system (73):
Q, =W'Q, W, where @, are the operators (78). Theo-
rem 4 is proved.

Qy = —ily, (95)

Qs = iog;

Our proof admits a simple generalization to the case
of the equations for massless fields of arbitrary spin
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when, for example, these equations are formulated as
in Refs. 47 and 48.

It follows from our results that Maxwell’s equations
(73) are invariant with respect to the eight-parameter
transformations

¢t p)— ¢ (& p) = exp (Q404) ¢ (&, P (96)

where 6, are arbitrary real parameters. Using the re-
lations (73), we can rewrite Eq. (96) in the form

A4=1,2,3,8;
A=4,5, 6, 7. } 9%

Qasinby) @ (L, p),
-Qash0,) 9 (t, p),

Substituting in (97) the explicit form of the operators
Q, (78) and using for the components of the function
@(t, p) the notation

- (cos O, +
{(cheA

@ (£, p) = column of (£, Bg, By, Hy, sy Ha), (98)

where IE and f-I are the Fourier transforms of the com-
ponents of the electrlc and magnetic field vectors, we
obtain the transformation law for E and H in the form

b
a

— E 0080, + iggpeDpDeakasin By; ]{

o ) ~ (99a)
Ho— H 088, — ieqneppDea 4 8in By J
f‘ f cueﬂg—ﬁ sin 0s; 1
} H cos 0, —Eusm 0,; J (99b)
E,—E,cos8;— i gpepoDeall 4 8in B33
5w e (99¢)
H oy, c08 0, — e g ppDealasin 03 )
E,— E,ch0,—Dg,fT,sh8,; ]r (994)
Hao— Hach0,—D,,E,shoy; )
E En ch@; — is,,i,f,r‘Jl,fc sh8;; l
ﬁﬂwﬁu ch Bﬁ—,—isﬂbcﬁbﬁ, ch8,; | (99e)
B, — F, ch 05— DgyiT, sh 0g; ]{
s ~ (99f)
ff,— H,ch0+DyyEysh 6y ) :
Eo—Eoexp0; H,— Hgexp0y; (99¢)
E‘ — E cos B3+ wabcp,,H sin Og; } (99h)
Hn — H,cos03— li-:abcpg,Ec sin 0.

The equations of (99b) give the Heaviside-Larmor-
Rainich transformations.!™ The remaining relations
(99), which extend the transformations (99b) to the
eight-parameter group A,, which is locally isomorphic
to U(2)®@ U(2), correspond to nonlocal (integral) trans-
formations of the vectors E({, x) and H(¢, x), which have
the form

E(t, x)=(21)"** { aspE exp (ip-);
H(t, x)=(2q)"** \ d“pﬁexp(ip-x). (100)

The transformations (99a)—-(99¢) and (99h) ‘conserve
the bilinear form

§ j @5z (E2 + H2), (101)

which is associated with the energy of the electromag-
netic field. The remaining transformations (99d)-(99g)
do not conserve (101). However, there exists a posi-
tive-indefinite bilinear form that is invariant with re-
spect to all the transformations (99):

(90, 02) = § #pi (¢ P) 02Da (s, )

=(2n)7% 3 d3p diz d®2' g+ (t, x) o, Deg (¢, x’)exp [ip-(x—x")]. (102)
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Thus, Maxwell’s equations for the electromagnetic
field in vacuum are not only invariant with respect to
the well-known conformal group but are also invariant
with respect to the eight-parameter group of integral
transformations (99). Apart from the substitution 6,
—~10,, b=4,5,6,7, the transformations (99) are identi-
cal to the ones obtained in Refs. 28, 31, and 32. Note
that the symmetry of Eqs. (73) with respect to the
transformations (99) can be readily verified directly.

Invariance with respect to the 23-dimensional Lie
algebra. We have shown above that there exist two
sets of operators, {P,,J,,, D,K,} (41), (49a) and
{Q.1 (78), which form invariance algebras of Max-
well’s equations. However, as is readily seen, the
operators (41), (49a), and ('78) do not together form a
closed algebra. We prove here a theorem that esta-
blishes symmetry of Maxwell’s equations with respect
to a 23-dimensional Lie algebra that includes the sub-
algebras C(1,3) and A,. This unification of the alge-
bras C(1, 3) and A, can be realized if the basis ele-
ments of the conformal algebra are specified in the
class of integral operators.

Theovem 5. Equations (73) are invariant with re-
spect to the 23-dimensional Lie algebra whose basis
elements are given by Egqs. (78) and (103):

J;.w =i (ILPV = I;rpu);
D=i(z,pr—i); K,=1i(2z,D—zya'™p,),

Pu=1pyi (103)

where x, =W'id/op,W, x;=t¢, and W is the operator
(89).

Pyoof. The propositions of the theorem become al-
most obvious in the representation in which the oper-
ators L, (73a) and L, (85) have the diagonal form (91),
(92). In such a representation, the operators (78) take
the form (95), and for the operators (103) we obtain the
expressions

Pu=ipy; Juw=i(zupy—avpu); D'=i(z,p*-+-i);
Kjp=1(2x,D" — z:x¥py), } (104)
where x, =i9/8pu; B,= WB,W?', B, is an arbitrary oper-
ator from (103). By direct verification we see that the
operators L] and L [(91), (92)] and the generators (78)

and (104) satisfy the invariance conditions (86) and (88):

[L, Pul=I[Ly, Jawl=I[L}, Q4]=0; ]
Ly, Joal= —ip,p™2Li+ipap™'QLy;  [Ly, D']=iLy;
(LiKol= —2{[zo+ (x-p—i) Q;p7'] L;—(x-p—i) p~'L3};
L, K:z] = —,2{(’f“ +Q;$?Pe.0"’) Li—xopap 2Ly} (105)
[L;; Pul = [L:u Lop]=[Ls QA] =0;
[Li Joal= —2papop™Ly; [L; D']= —2L3
L3 Kjl=—2[2z—(x-p-+p-x) pop 2| L; [Li, Ki)
= —2[22,+i2p,D'p™ — (x-p+p-x) pap™*] L.

The operators (104) belong to the algebra C(1, 3),
since they satisfy the commutation relations (45). In
addition, these operators commute with the matrices
Q4 (95), which, in their turn, form a representation of
the algebra A, (80). We therefore conclude that the
operators (95) and (104) form a basis of the algebra
C(1,3)@A,. The theorem is proved.

With each operator (78) and (103) defined in the space
of the functions ¢(Z, p) (74) we can associate an integral
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transformation in the space H of functions ¢(t, x) (14):

9 (t %) = ¢ (5, X)=(22)2 | d*p &’ exp (iG,8,)

X @ (£, x)exp [ip-(x—x")], (106)

where G, is one of the operators (78) and (103), 6, is
a transformation parameter, ¢ =1,2,...,23. The
transformations (106) leave Maxwell’s equations (16)
and (17) invariant and form a representation of the
group C(1,3)» A,.

Thus, we have obtained a 23-parameter symmetry
group of Maxwell's equations for the electromagnetic
field in vacuum, this including C(1, 3) and A, as sub-
groups. Since the transformations (106) are nonlocal
the corresponding invariance group cannot in principle
be found in the Lie-Ovsyannikov approach,!*"!¢ in which
the infinitesimal operators belong to the class of first-
order differential operators and generate point trans-
formations.

Symmetry with respect to transformations that do not
change the time. Since the creation of the special
theory of relativity, it has been assumed that the
Lorentz transformations (55a)—(56¢c) are the only
symmetry transformations of Maxwell’s equations that
can be associated with transition to a new inertial frame
of reference. Therefore, the very posing of the ques-
tion of the existence of transformations of solutions of
Maxwell’s equations that form a representation of the
Poincaré group but do not change the time might appear
rather unexpected. However, the posing of such a
question is entirely justified, and such transformations
do indeed exist.®?%% Namely, there exist transfor-
mations of the form

t>t'=t; x—x"=0(x, & kg o0y Ayl (1073)
’ dE #*E z i
E—>E=g(E, H‘ﬂa, Tt e A,,lg,...,lw),'
> 9 aH #°E
H—oH =h [E, H, o5 B Sogm v (107b)
cor by By oees Ay

where A, are real parameters that realize a represen-
tation of the group P(1, 3) and leave Maxwell's equations
invariant,

It is shown in Refs. 15-17 and 29 that the Schro-
dinger-Klein-Gordon-Fock equation and other rela-
tivistic equations are also invariant with respect to
transformations of the form (107a) as well as with re-
spect to the transformations of the independent vari-
ables of the Lorentz group. In other words, all rela-
tivistic equations have dual symmetry. 2?

Here, we consider the formulation of Maxwell’s
equations given by (23) and (24). The symmetry of
Eds. (23) and (24) also has a dual nature, since the
generators (41), (49b), and (28) of the Poincaré group
on the solution set of these equations can also be rep-
resented in the form

Py=H=—a-p;

P,=p,= —idldz,;
“ ! } (108)
Jab=$upb_xbpu+sab§ Jou:"'pa_qu_:‘Suaa

where @, and §,,,, are the matrices (22) and (28). The
operators (108), like (41), (49c), and (28), satisfy the
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conditions of invariance of Eqs. (22)-(24) and the com-
mutation relations (45a), i.e., they form an invariance
algebra of Maxwell’s equations. However, in contrast
to the generators (41) and (49c), the operators (108)
commute with £, i.e., they generate transformations of
the Poincaré group that do not change the time.

We shall find in explicit form the transformation
group generated by the operators (108). Formally,
they can be written as

Y W= WY; W = exp (i0,0,), (109)

where @, are the generators (108), 6, are real para-
meters, and ¥ is the vector function (23).

We restrict ourselves to the case when @, are iden-
tical to the generators J,, (108) [the calculation of the
explicit form of the transformations generated by the
remaining generators P, and J,, does not present dif-
ficulties; cf. (56a) and (56b)]. The generators J,, given
by Egs. (108) cannot be represented in the form of
sums of commuting quantities with one a numerical
matrix and the other expressible in terms of first-or-
der differential operators. Although the operator

(110)

can always be represented in the form of a finite series
in powers of spin matrices, the explicit calculation of
this series is a rather difficult problem.

W = exp (iJpab,), a=1, 2, 3,

We transform the operator (110) to a form that does
not contain matrices in the argument of the exponential.
We use the identity

o, = AP = A_P_. (111)
where
P.=(xHp)2 A.=1i(p.F 2.p — Soa) 00 (112)
The operators (112) satisfy the relations
PiP_=P.; P.P== P=P.=0; P_A-P-—(
P-A.P.=0; A.P.A.P.=ALP_, } (113)

and, using them, we can readily obtain the following
expression for the operator (110):

exp (iJy,0,) =exp (AP - A_P_) =exp (A.P,)
xexp(AP)= (1+4.P, g AIP, o)
% (1¢A-Pﬁ-‘—%AEP*—_- < ) =lexp(4y) P+ P

¥ [exp(A) P.+P,]=exp(A:) Py +exp(4)P..  (114)
But the calculation of the exponentials of the operators
A, and A_ (112) is not difficult, since A, consist of two
commuting terms, one of which can be expressed in
terms of spin matrices. Indeed,

exp (A.) = exp li (pa F Tap + Sqa) 64]

= exp [i (fp, T z.p)] exp (i8,.0,), (115)

where the last exponential can be written in the form of
a finite sum in powers of the matrices §,,6,:

exp (iSpa8,) = N (8) = 1 + iS,,8, sh 8/8 + (S440,)% (1 — ch 0)/62,

(116)
where 6 = (62 + 62 + 62)1/2

Substituting (115) and (116) in (114), we obtain
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W = exp (i/y8a) = N (8) [exp (iB4) P+ - exp (iB) .1, (117)
where we have introduced the notation
By = (fp. F zop) Ba.
Similarly, we can calculate the inverse operator
W=l = N (—8) [exp (—iB.) P -+ exp (—iB_) P_]. (118)

Equations (116)-(118) give the required representa-
tion of the operators W; it does not contain spin matrices
in the argument of the exponential. Using (116)—(118),
we can readily find explicitly the transformation law of
the function ¥ (¢, p) in the momentum space:

W, pp—¥ (L p) = WYE p)=N@O)[¥s (L p)+¥_(,p"), (119)

where

Pa = p,ch® —06,psh0/0 -+ 0,0,p, (cho — 1)/6%
P& = pach B - 0.p sh 0/0 + 0,8,p, (ch & — 1)/6% ¥ — P, . (120)
To the transformations (119) there correspond non-
local (integral) transformations of the function (23):

Vo, x) ¥ (6, x) = N (0) 2m)-2 g'dap exp (ipx)
* [We (6 p) +W_ (8, p")], (121)
where N(9), &,(f,p), p’, and p” are given by Egs. (116)
and (120). The transformations (121) together with

(56a) and (56b) form a representation of the group
P(1,3) but they leave the time invariant, ¢’ = Wiw*=14¢.

Non-Lie symmetry of Maxwell’ s equations in a con-
ducting medium. We investigate here the nongeometri-

cal symmetry of Maxwell’s equations in a conducting
medium:

idE'dt = —p <« H + icE; i6H/dt =p x E; )
p =, | a2

where o is the conductivity. We shall show that Eqgs.
(122), like Egs. (12) for the electromagnetic field in
vacuum, are invariant with respect to the algebra A,.

Using the notation (14) and (15), we write the system
(122) in the form i

L (0 X) = 07 Ly = 10/t + 0,S-p + (/) (1 + o) o3 (123)
L (t, x)=0; L,=p, —S-pSs, (124)

Finding an invariance algebra of Eqs. (123) and (124)
means determining a set of operators {Q,} that form a
finite-dimensional Lie algebra and satisfy the in-
variance conditions (39). Since here we shall seek an
invariance algebra in the class of integro-differential
operators, we go over from (123) and (124) to the equi-
valent system of equations in the momentum represen-
tation:

Lt p)=0; L, =18/t + a,8-p + (i/2) (1 + a3) o;
Lot p)=0; L; =p —8-pS,,

where (¢, p) is the Fourier transform of ¢(t, %), and
P, are the independent variables, —w<p, <o,

(125)

Theovem 6. Equations (125) are invariant with re-
spect to the algebra A,. Its basis elements on the solu-
tion set of Eqs. (125) are given by

Qi=08-pD; Qu=ikS-p/|k|; Qy=iha,D/| k |; }

: (126)
Qsra=ikQu/| k15 Q=h/|k]; Qu=1,
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where ¢,, S,, and D are the matrices (6), (103), and
(104), and

P=p/p; h=0;8-p+(i/2)0;
h=VR=((S p)r—o/4]'*
= (p2— a2/4) 3 (S-p)2 -+ (1/2) o [1 — (S-p)3].

(127)

Proof. As we did above [see (85)—(88)], we consider
instead of (125) the system of equations
Lg(t, p)=0;
L;tv (t, p)=0; } (128)
Ly=1—(S-p),
where L, is the operator from (125).

The investigation of the symmetry properties of the
system (128) is a simpler problem because the opera-
tors L, and L, commute. At the same time, as can be
shown in complete analogy with (85)—-(88), the invar-
iance algebras of Eqs. (125) and (128) are identical.

Using the identities (81) and taking into account the
anticommutativity of the Pauli matrices, we can readily
show that the operators (126) satisfy the invariance con-
ditions (86) and (88) of Eqs. (128) and the commutation
relations (80), i.e., they form the invariance algebra
A, of the system (128) and, hence, the system (125).
The theorem is proved.

Thus, Maxwell’s equations for the electromagnetic
field in a conducting medium have the same nongeo-
metrical invariance algebra as the corresponding equa-
tions in the absence of currents and charges. It also
follows from Theorem 6 that the system (125) is in-
variant with respect to a group of transformations of
the form (96), where @, are the operators (126).

To conclude the section, we note that the nongeo-
metrical approach to the investigation of the symmetry
of Maxwell's equations was used not only in our papers
of Refs. 15—25 but also in Refs. 55 and 56. The ap-
proach can also be effective in an investigation of the
group properties of the new formulation of electrody-
namics proposed in Refs. 57 and 58.

4. SYMMETRY OF THE DIRAC AND THE KEMMER-
DUFFIN-PETIAU EQUATIONS

This section is basically devoted to investigation of
the symmetry of the Dirac equation

LY (t, x)=(yp*—m) ¥ (t, x)=0, (129)

where ®(¢,x) is a four-component wave function, and Yii
are 4x4 matrices satisfying the algebra

YuVe + Po¥u= 28w (130)

Following Refs. 15-18, 19, 27, and 31, we establish
invariance algebras of Eq. (129) in the class of differ-
ential and integro-differential operators. We consider
separately the case m =0 and show that the symmetry
of the Dirac equation for massless particles is deter-
mined by the same 23-dimensional Lie algebra as the
symmetry of Maxwell’s equations.

We shall also investigate the symmetry of the Kem-
mer-Duffin-Petiau equation.

Invariance algebra of the Dirac equation in the class
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of differential operators. It is well known that Eq.
(129) is invariant with respect to the Poincaré group.
The generators of this group on the solution set of Eq.
(129) have the form

Py=pyi Juv=2vpu—2vpu+ Suv, (131)

where S,,=(i/4)(v,¥, - ¥,¥,). The operators (131) com-
mute with L in (129) and satisfy the commutation rela-
tions (45a), i.e., they form an invariance algebra of Eq.
(129). It is shown in Refs. 14 and 59 that the Lie alge-
bra spanned by the basis elements (131) is the maximal
invariance algebra of the Dirac equation in the class of
first-order differential operators.

However, the invariance with respect to the algebra
(131) does not exhaust all the symmetry properties of
the Dirac equation. If we extend the class of operators
belonging to the invariance algebra, we can prove the
following theorem. !8:12

Theorem 7. The Dirac equation (129) is invariant
with respect to the algebra A; over the field of real
numbers. The basis elements of this algebra on the
solution set of Egs. (129) are given by

Zyy = (1/2) [vu, Yol (i/m) (1 —iys) (YuPv— VePu)s
y } (132)

=1 V5 — (ifm) (1 — i) yup"
where y, =y ¥,¥5¥s, and 1 is the unit matrix.

Proof. The theorem is most readily proved by direct

verification. Using the relations (130), we obtain
Zuv, L1--(i/m) (vape—vopa) Ly [Ey, L] =05
(S, L1= —Qi/m) yevupL; (2 Sl (Zay Sul=0;p  (1383)
[Zavr Ziol = 2i (GuoZon + B Zpe — BuaZvo — BvoZyn)s

from which it can be seen that the operators (132)
satisfy the invariance condition of Eq. (129) and form
an 8-dimensional Lie algebra isomorphic to the alge-
bra A, (80). This isomorphism is established by the
relations

Zan+tanlla  Boa Quras Zo+0pn Zi+ Qs

Over the field of the real numbers all the elements of
the algebra A, given by (132) are linearly independent.
To see this, it is sufficient to subject the operators
(132) to the transformation

s = i = VEV = (1/2) [vs ok
o uv i (n
SR (1)
where
V=exp[—(1—ivs) vap*/2m] =1 — (1 — iy;) pp*/2m. (135)

The theorem is proved.

We note that (132) do not form a basis of the Lie al-
gebra over the field of complex numbers, since

(Bap — 184pe20l) ¥ = (2 —IZ,) ¥ = 0, (136)

where ¥ is an arbitrary solution of Eq. (129).

Thus, the Dirac equation has the same nongeometrical
invariance algebra as the system (12) of Maxwell’s
equations. Although the operators (132) include deriva-
tives with respect to the independent variables of order
not higher than the first, they do not generate local
transformations of the wave function ¥(f,x). If we use
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the notation of Ovsyannikov,'*:!? the generators (132)
can be classified as second-order differential operators,
including derivatives of the form 2*/9x,0¥,,.

It follows from the foregoing theorem that the Dirac
equation is invariant with respect to the eight-para-
meter group of transformations

W — (€08 B, — Vo sin 0,0)

4 (1/m) sin 8y, (1 — iy;) (v, 0¥/02;, —
— (ch B, — Vo7, sh o) ¥

+ (1/m) sh 8y, (1 — iys) (yo 0W/z, — 1o 0W/0uy);

W (ch 6, +iy; sh0,) W+ (1/m)sh 6, (1 —iy,)

NP 0¥z, W — exp(ify) ¥,

v, 0¥ /dzx,);
(137)

where 6,, 6,, and 6,, are arbitrary real parameters.
The transformations (137) are unitary in the indefi-
nite metric

(¥y, ¥o)= idsx‘l“",‘a'*}’ (138)

Thus, the Dirac equation is not only invariant with
respect to the Poincaré group but also has an additional
symmetry with respect to the transformations (137),
which form a representation of the group U(2)® U(2).
The main difference between the transformations (137)
and the Lorentz transformations for the bispinor ¥ is
that in the first case the transformed function depends
not only on & (and on the transformation parameters)
but also on the derivatives d¢/2x,.

The question arises of whether it is possible to com-
bine the symmetry group of the Dirac equation given
by the transformations (137) with the Poincaré group.
This is in fact possible, since the operators (131) and
(132) form an 18-dimensional Lie algebra.

Theorem 8. The Dirac equation (129) is invariant with
respect to an 18-dimensional Lie algebra whose basis
elements are given by Eqs. (131) and (132). These
operators satisfy the commutation relations (45a), (133),
and the commutation relations

[Pu, Ei.a] = IPMED.I = [Jl-l‘-" En] =0;

: ¥
=1 (BuoZa + EvaZuo — EuiZvo

vy Ziol I

s gvuzul)-

(139)

Proof. The proof reduces to verifying the validity of
the relations (139), which can be readily done by using
the relations (130).

From what we have proved above, we conclude that
the Dirac equation is invariant with respect to the 18-
parameter transformation group of the form (11). This
group is isomorphic to the group P(1, 3)® U(2)® U(2) and
includes the inhomogeneous Lorentz transformations
for the bispinor ¥(x), and also the transformations
whose explicit form is given in (137).

Invariance algebra of the Dirac equation in the class
of integro-differential operators. We now show that in
the class of nonlocal (integro-differential) transforma-
tions the symmetry of the Dirac equation is even high-
er. Namely, we have the following theorem, 16:18,19

Theovem 9. The Dirac equation (129) is invariant
with respect to the algebra A, over the field of complex
numbers. The basis elements of the invariance algebra

15 Sov. J. Part. Nucl. 14(1), Jan.-Feb. 1983

belong to the class of integro- differential operators and
are given by

V) (1 — iy, H/E)/2m; |

‘,.7(1 2)1\’1“ ?\]+(aupw } (140)

F,=1; E,=H/E,
where

E=Y =V FFm. (141)

Instead of the proof, we give the explicit form of the
operator that diagonalizes Eq. (129) and simultaneously
transforms the operators (140) to a representation in
which they do not depend on p,:

H = ygvap, -+ vomt;

V = exp liS50pa arth (p/E)/pl X exp [y.p, aretg (p/m)ipl. (142)
Using the operator (142), we obtain
Su=V Ea,,l = (1/2) yave; Se=VE T =y
Sa=V znaV Y= (i/2) Ys¥ai (143)

A o VoLV =i(d/dt)—y,E

where L is the Dirac operator (129). In the represen-
tation (143), the propositions of the theorem become
obvious.

The operators (143), in contrast to (132), define a
basis of the Lie algebra over the field of complex num-
bers. It therefore follows from Theorem 9 that Eq.
(129) is invariant with respect to a 16-parameter Lie
group including transformations of the form

W =exp (iZuf) U5 ¥ =exp (i2,0,) ¥, (144)

where 6, b G =0L +102, w=1,2; 0%, &0,
e, e are real parameters Subst1tut1ng (140) in (144)
and taking into account the fact that the square of any

of the operators (140) is equal to the identity operator,

we obtain the transformations (144) in the form

p =0, + 16

¥ — ¥’ = (cos Bl Ya¥s Sin 6,,,,) L'

+ 3] (L —ieps) sin 8,y (v 0¥ /dz, — v, AV /az,)/m;
£

¥ — ¥" = (ch 8y — vovs sh 85) ¥

+2) '>“‘ (1 —iey;) sh By, (vo 38z, — vy Y/ 020)/m:

(145)
¥ ¥"=ch§,¥+ 3 esh 6,¥% YU —exp (if) ¥,

where ¥°=(1/2) (1 - €H/E)¥, € =+1; §,, and §_ are
complex parameters. The transformations (145) form
a group that is locally isomorphic to the group
GL(2,C)® GL(2,C).

The operators (140), in contrast to (132), do not form
a closed algebra together with the generators (131) of
the Poincaré group. However, on the solution set of
Eq. (129) the generators (131) can also be represented
in the form

Py=H; —i0/9x,;
Jat = 2Py — 0Py + Sans

P,=p,=

(146)

Ton =10s— [#ay H1:42. }

The operators (140) and (146) satisfy the commutation
relations (45a), (133), and (139) and, therefore, define
a basis of the algebra P(1, 3)@ U(2) o U(2).

Symmetry of the eight-component Dirac equation. We
consider the eight-component Dirac equation

LU, x)=0; L=T,pr—m, (147)
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where I',(1=0,1,2,3) are 8x8 matrices that together
with T, Ty, Ty satisfy the Clifford algebra.

Choosing I', and ¥ in the form

r 4(“‘ 0)- lfrfr(qr T LN L
L (VR = \ge )’ =Y,

where y, are the four-row Dirac matrices, and ¥ is a
four-component wave function, we obtain from (147) a
system of equations identical to the Dirac equation (129)
and the equation that is the adjoint of (129). In the gen-
eral case, when I', are arbitrary 88 matrices satisfy-
ing the Clifford algebra Eq. (147) admits very different
interpretations, including that of an equation of motion
for particles with spin 1 (see Refs. 45, 47, and 48) and
3/2 (Ref. 60).

As a result of the increase in the number of compo-
nents of the wave function, Eq. (147) has a higher sym-
metry than the Dirac equation (129). Apart from the
almost obvious invariance with respect to the Poincaré
group, whose generators are given by Egs. (131), in
which S, = (i/4)[T,,T,], Eq. (147) has a hidden nongeo-
metrical symmetry described by the following theorem.

(148)

Theovem 10. The eight-component Dirac equation
(147) is invariant with respect to a 16-dimensional Lie
algebra defined over the field of complex numbers. The
basis elements of this algebra belong to the class of
differential operators and are given by

=i, T2+ (14iTs) (Fppi—Tipn)/m; }
S,=1, 1, n=0,1, ..., 5. (149)

The proof repeats almost literally the proof of Theo-
rem 7. We emphasize that by definition

a
dxg,q

P3+a€r(tl X)=—i ‘ﬁ(h x)=0,

and therefore those of the generators (149) for which
I, n>3 reduce on the set of functions ¥(¢, x) to numeri-
cal matrices.

The generators Z,, and I, satisfy the commutation
relations

[zmm Em'n.‘] = 2i (gmn'zﬂm' s gnm‘zmn’ - gmm'y-'ﬂn‘

— EnnZmm?)s  [Zoy gl = 0. (150)

The algebra (150) is isomorphic to the algebra O(1, 5)
@T,~GL(4), where T, is the one-dimensional subalge-
bra realized by the unit matrix.

The operators (149) form a closed algebra together
with the generators of the Poincaré group, since
[Puy Zmnl =05 [Juv, E,m’n'lio',
lJu\n 2m‘7~]=i(guvzm'v‘—g\-kzm'u); } (151)
[Jp\n Elp] =i (gapzvk+gvkzup_ gulzvp_ vpzu?.)v
where m, n=0,1,...,6; 3<m’, n’ <6; u,v,p, A =3. It
follows from this in particular that Eq. (147) is inva-
riant with respect to a 26~dimensional group of trans-
formations that includes the inhomogeneous Lorentz
group and transformations of the form

X (Dp8¥/6z; —T10¥/8zy) sin By y/m, Kk, 15=0;

¥ ¥ = (cos 0y — T3 T; sin 0)) ¥ 1 (1 + iTy) ‘
¥ 7 — (ch 8y, — Tyl sh 85,) W1 (1 +iTy) ]

(152)
X (T @Y /0y — Ty d¥/0z,) sh Ogp/m;

¥ ¥ — exp (i6), ¥,

16

where 8, 8,, 8,, are arbitrary parameters. For k,
1>3 Eqs. (152) define matrix transformations bf the
function ¥ (¢, x).

In complete analogy with the results of the pre-
vious subsection, we can show that Eq. (147) is in-
variant with respect to a 42-dimensional Lie algebra
isomorphic to P(1,3)®GL(4,C)®GL(4,C). The basis
elements of this algebra belong to the class of integro-
differential operators and are given by Egs. (131), in
which S,,=i[T,, T,]/4, and by
Zhy=i(Th, T2+ (Tupy—Tapy) (1 iTefl/E)/m; } (153)
Toep s =ZmZpZy=1; L= H/E,

where H=0I'T, p,+Tym,k,1=0,1,2,3,4,5.

Symmetry of the Dirac equation for a massless parti-
cle. We now consider the Dirac equation in the special
case when the parameter m, the mass of the particle,
is equal to zero.

It is well known that the Dirac equation for m =0 is
invariant with respect to the 16-dimensional conformal
algebra. Here, we show that the symmetry of this
equation is higher. If we extend the class of operators
to which the basis elements of the invariance algebra
belong, including in it integro-differential operators,
we can prove the following proposition.

Theovem 1. The Dirac equation (129) for m =0 is
invariant with respect to a 23-dimensional Lie algebra
isomorphic to the algebra C(1,3)®A,. The basis ele-
ments of this invariance algebra belong to the class of
integro-differential operators and are given by

Py= py=1dldt; Py = po= —10/02y; Sy = Zapy— ZoPu+ Sar
J oo = ZoPa— TaPo -+ iH (1 —iys) Ya¥eps/ 202 + (1/2) Zgq.

D- —I“pll_e_ i;

Ky=(—zsav+J 0 Sapp™ + p7%) Py

+ 2 [y + (1 —8y0) (1 — o) Swp Pup™'1 D3

Zoe = Vi (Pa+ VoSaePu) Py Zo=1;

Z,=iH/p; Zop = 1Z8apcZoes

(154)

where

H=vyepa; p=V H*=(pi+ p}+ P

We outline the proof.
tion

Qa — Qa = WQ, W

By means of the transforma-

L L = WLW-, W ¥ =WV,

where @, is an arbitrary generator in the set defined by
Eqs. (154), and

W=W1l=1[1+ v,+ (1 = ?o) eabcsuhﬁzl;

L = vyol = i0/6t — H;  p.=polps (155)

we reduce Eq. (129) (for m =0) and the operators (154)
to the form
L'Y" =0; L' =id/ot —ivysp; Pu=2Py3)
r’Jb=Job; J;)R = J«"nPa—-fuPn‘f‘Saa; J
D'=D; K, =2z,D—z.x"py;
By =28u=ilv, /&% E=1; =1,

(156)
(157)
The operators (157) satisfy the commutation relations

(45a), (133), and (151) and the conditions of invariance
of Eq. (156):
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L', Pyl=[L', Jiy]=1L" Zpl=I[L", Zal=0; )
(L', KJl=2i[z,+ (2.pa—1) iysp1 L';

[Llu K:I]:—ZI' (‘zu 2 iza‘fsPa"P) L';

L, D)=il", (L, Tl =vspal’

(158)

From this we conclude that the operators (154) form an
invariance algebra of Eq. (129) with m =0 that is iso-
morphic to C(1, 3) B A,.

Thus, the Dirac equation for a massless particle is
invariant with respect to a 23-dimensional Lie algebra
including the subalgebras C(1, 3) and A,. As we have
shown above, Maxwell’s equations (12) have the same
symmetry. It can be shown (using, for example, the
method proposed in Refs. 47 and 48) that all relativistic
equations for massless fields invariant with respect to
the transformations P, T, and C have this symmetry.

Symmetry of the Kemmer-Duffin-Petiau equation.
We consider now the Kemmer-Duffin-Petiau equation

(Bupt—m) ¥ (¢, x)=0. (159)

where ¥ is a ten-component wave function, and g, are
10x10 matrices satisfying the algebra

ﬂuﬂ\-ﬁ}. 5 ﬂ'i’.ﬁ\'ﬁp. == | (guvﬂ?. * é’w.ﬂu}- (160)

It is well known that Eq. (159) is invariant with re-
spect to the Poincaré group. The generators of this
group on the solution set of Eq. (159) have the form
given by Eqs. (131), in which S,,=i(B,8,-B,B,). It
can be shown that Eq. (159) also has a hidden (nongeo-
metrical) symmetry, this being larger than in the case
of the Dirac equation.

Theovem 12. Equation (159) is invariant with respect
to an 18-dimensional Lie algebra defined over the field
of real numbers. The basis elements of this algebra
belong to the class of differential operators and are
given by

Al =CoiCuns Tg = 8aq:CopCusl2, @ b;
A8 =2/3—Cle; A= e04L0aCacl0~-CooCrci (a, b, €)

is a cyclic permutation of (1, 2, 3); (161)
T {8 _:[.0 = gancCoaCrel4; a, b, ¢, d=1, 2, 3,

where
Cyuv = Suv -+ (@upy—aypy)im; Sy
= 1B Bsli au:S&uTiSSuv S&u:iﬁu; (162)
S:‘m =i [|3.'u ﬂu]; ﬁi = Bu\-puﬁuﬁ\-ﬂpﬂaﬂ; 113

Proof. Using the fact that the matrices 8, and 8,
satisfy the Kemmer-Duffin-Petiau algebra (160), and
the matrices S,,(k,1=0,1,...,5) satisfy the algebra
0(1, 5), we obtain

(Cuws Ll = FiovLi Ty =1(L+2m) (Bups—Bop)/ms. (163)

From (163) we conclude that the operators C,, [and,
therefore, also A%, A%, A, A, (161)] satisfy the condi-
tion of invariance of Eq. (159).

The operators (161) satisfy the commutation rela-
tions
(4o, 431 =[4,, A5]=[4,, A1=14,, Af]=[4,, A,]=0;
[Ab, Af)= —[AY, A= ifffedhs (40, AN =ifkl A,

} (164)
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where a,b,c,d, k,1=1,2,3; f&  are the structure con-
stants of the group SU(3) in the Okubo basis.

Equations (164) can be directly verified. This is
most readily done by means of a preliminary transfor-
mation x, — VA, V™, where V=explia, p*/m] and
c,,—~C,,=VC,V"'=i[g,,8,]. The theorem is proved.

Thus, besides the symmetry with respect to the al-
gebra P(1, 3), the Kemmer-Duffin-Petiau equation (159)
is also invariant with respect to the 18-dimensional Lie
algebra whose basis elements are given by Egs. (161).
It follows that the Kemmer-Duffin-Petiau equation is in-
variant with respect to transformations of the form

W W —exp (i4202) W3 W —W" —exp (id,0,) ¥; }

s e~ 165
V¥ =exp (14300) ¥; W— VIV =exp (i4,0,) ¥, Gl

where 62, 8%, 6,, 8, are real parameters. In accordance
with (164), the transformations (165) form an 18-para-

meter Lie group that is locally isomorphic to U(3)
® U(3).

The operators (164) together with the generators of
the Poincaré group form a closed 28-dimensional Lie
algebra. This follows from the relations

(166)

Thus, the Kemmer-Duffin-Petiau equation is invariant
with respect to a 28-dimensional Lie group that includes
the inhomogeneous Lorentz transformations and the
transformations (165). The transformations (165) can
be readily found in explicit form, since the correspond-
ing exponentials reduce to polynomials of (A%6%)",

PRV, (A,8,), (A8, n=0,1,2:

exp (1420%) = 1 — (cos 0% — 1) (4B)2 + i sin (0%)4L;
exp (i4582) =1+ (ch 8% —1) (A%)2 + sh (6% 4%;
exp (1448,) = exp (i0,); exp (id40,) =1

+(ch By—1) A2 sh(B,)4,.

[Pus Ci0] =0; [Juva Ciol =1 (guocv}. I gv}.cpc* Eu?.cvo — BvaCu)-

(167)

It is easy to show that the general transformation of
the function ¥(x), including the Lorentz transformations
and (165), has the form

W (2) > W' (2') = A ¢ (2)+ BY (") + €, 22 4 p,,, 22

axy daudry
i G (x) W (z)
+ Euwa dxydryie, +Funo dzydrydz) 05 * (168)

where A, B, C,, D,,, E,\, F,,,; are numerical ma-
trices.

Nongeometrical symmetry of the Dirac and Kemmer-
Duffin-Petiau equations for particles interacting with
an external field, Hitherto, in this section we have in-
vestigated the nongeometrical symmetry of the Dirac
and Kemmer-Duffin-Petiau equations for noninteracting
particles. It can be shown that the introduction of
minimal coupling leads in the general case to a restric-
tion of the nongeometrical symmetry of the equations
of motion. However, for some classes of external
fields the symmetry remains. In addition, the equa-
tions describing anomalous couplings of Pauli type have
nongeometrical symmetry.

Here, we give without proof some of the results ob-
tained in Refs. 25 and 27 relating to the symmetry of
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the equations of motion for interacting particles.

Theorem 13. The Dirac equation with Pauli-type in-
teraction

LY =0; L=y,m*+(i/4m) > (1—iys) puveFuy + m, (169)

where 7, =p, —eA,, F,,=-i[r,,m,], and 4, is the vec-
tor potential of the electromagnetic field, is invariant
with respect to the algebra A,. The explicit form of the
basis elements of this algebra can be obtained from
(132) by means of the substitution p, —n,. Thus, Eq.
(169) has the same nongeometrical symmetry as the
Dirac equation (129) for a noninteracting particle.

Theovem 14. The Dirac equation for a particle in a
homogeneous magnetic field.

¥ = ff‘{f; H= YoVaTla + Yol (170)
where
Ty = Pgi Tz = Py Wy = pp — €4, (1, T,);

My = pp — €4, (z1, ),

is invariant with respect to the algebra A,. Its basis
elements are given by the integro-differential opera-
tors

Bia=iVsVoVaTa! | VoVaTal; Zas=ivs (vam -+ pa)/(p5 -+ m2)1/2;

B =120 ZoumleareBocH2IH]; Zo=t; Z=itg). | (1TD)

Note that an analogous result is valid for the Dirac
equation describing the motion of a particle in a con-
stant electric field.

We now consider the generalized Kemmer-Duffin-
Petiau equation describing the motion of a particle with
spin 1, charge e, and anomalous moment ¢ in the ho-
mogeneous magnetic field H= (0,0, H):

[Bunt + m + (eg/4m) Sy FH] ¥ =0, (172)

where

Tg=Po; Wy =Py—eHxs; Mp=ps; My=py; Sy FW¥=28,H.

Theorem 15. Equation (172) has six linearly inde-
pendent integrals of the motion associated with the non-
geometrical symmetry. For g=1, Eq. (172) is in-
variant with respect to a 10-dimensional Lie algebra
including the subalgebra 0(4).

Because they are cumbersome, we shall not give here
the explicit form of the basis elements listed in the in-
variance-algebra theorem (see Refs. 25 and 27).

5. CONSERVATION LAWS

It is well known that the symmetry of Maxwell’s equa-
tions with respect to the Poincaré group results in the
existence of various integral combinations of the elec-
tric and magnetic field intensity vectors that are con-
served in time. In this section, we consider the new
quantities that arise in addition to the classical conser-
vation laws (for the energy, momentum, and angular
momentum of the electromagnetic field) as a conse-
quence of the symmetry of Maxwell's equations with
respect to the algebra A;. We also consider the new
integrals of the motion for the Dirac field associated
with the nongeometrical symmetry of the Dirac equa-
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tion.

Classical integrals of the motion of the electromag-
netic field,
the electromagnetic field in vacuum that the following
quantities are conserved in time:

&= { aw (e my2; (173a)

F= 5 &2E % H; (173b)
z:jdazx % (E x H); (173¢c)
A= | E2lE x H—x (B4 H2)/2], (173d)

and these determine the energy, momentum, angular
momentum, and center of energy of the field.

The existence of the classical integrals of the motion
listed in (173) follows from the symmetry of Maxwell's
equations with respect to the Poincaré group. Pro-
ceeding from the Lagrangian formulation of these equa-
tions and using Noether’s theorem, one can show that
the conservation of the energy (173a) and the momentum
(173b) follows directly from the invariance of the La-
grangian with respect to displacements with respect to
the time and spatial coordinates, that the conservation
of the angular momentum is a consequence of the in-
variance of the Lagrangian with respect to spatial ro-
tations, and, finally, that the conservation of the center
of energy follows from the invariance with respect to
Lorentz transformations.

It is natural to ask what conserved quantities are as-
sociated with the symmetry of Maxwell’s equations with
respect to the nongeometrical transformations. To
answer this question, it is impossible to use Noether’s
theorem, since the nongeometrical transformations
(99) and (100) have a nonlocal nature. Therefore, it is
necessary to use a different method to find the con-
served quantities, and this consists of calculating the
mean values of the basis elements of the invariance al-
gebra in a corresponding scalar product. We shall
show how in such an approach it is possible to obtain
the classical integrals of the motion (173).

We proceed from the formulation (73) of Maxwell's
equations in the momentum space. The generators of
the Poincaré group on the solution set of Egs. (73) are
given by

Py=—0;8-p=H; P=pa
} (174)

Jo= —i(px 5=

L)
7 )a'J.'Su.: Jﬂa=tpn_le’

where p, are independent variables, —w« <p, <%, and o,
and S, are the matrices (15). The operators (174) are
Hermitian with respect to the indefinite scalar product

(@0 )= | @p; (t, ) (120 42 ¢, p), (175)

where ¢, (, p) are arbitrary square-integrable solutions
of Egs. (73).

From the invariance of Eqs. (73) with respect to the
algebra (174) there follows the conservation in time of
the mean values of the operators P, and J,, in the me-
tric (175):
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d
F(Qa)ﬂo-

where
Qu)=(2. Qaw)= | @p4* (t, p) (/25 Qus (¢, ), (176)
in which @, is any of the generators (174). Substituting

in (1776) the expressions (174) for the generators of the
group P(1, 3) and using for the vector function ¢(¢, p)
the notation (98), we obtain after simple calculations

(Pyy=8; (Po) =i (Jay=a; (Jood = Fas (177)

where 7, #,, %,, and ¥, are integrals of the motion
(173).

We give the proof of the first equation of (177). Sub-
stituting in (1'76) the expression (174) for the genera-
tor @, =P, =H and bearing in mind that ik @ =Ppp, we
find

(Poy=(&, Iq)= | dpg" (¢, p) ¢ (t, p)'2. (178)

Substituting in (178) the expression (98) for the vec-

tor function ¢(t, p) and using (75), we obtain
(o= @B, —p-E. p+HE —pHE P12 (179)

Expressing E(f, p) and H(¢, p) by means of Fourier
transformation in terms of E(¢, x) and H(f, x) and inte-
grating over p by means of the relation

| @pexp tip-x) = (2038 (x).

we arrive at the expression

(Py= | %z [E2(t. x)— B2 (t, 32, (180)
All the remaining relations (173) and (177) can be

proved similarly.

Integrals of the motion that follow from the nongeo-
metrical symmetry of Maxwell’s equations. The clas-
sical integrals of the motion for the electromagnetic
field can be represented as the mean values (in the
quantum-mechanical sense) of the basis elements of
the algebra P(1,3). One can calculate similarly the
new integrals of the motion associated with the non-
geometrical symmetry of Maxwell’s equations consid-
ered in Sec. 3.

We shall find the conserved quantities corresponding
to the basis elements of the algebra A,. The operators
(78) commute with L, from Eq. (73a), and the following
integrals are conserved in time:

@a)= | @pe (¢, p) MQa0 (1, B)/2p, (181)
where M is an arbitrary operator defined on the solu-
tion set of Eqs. (73), and @, are the operators (78).

We restrict ourselves to the choice M =ﬁ/p. In this
case, (181) determines the mean values of the opera-
tors (78) in the same metric in which the generators of
the Poincaré group are given [see (173), (176), and
(17101,
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We shall calculate successively the mean values of
all the operators (78). To obtain real quantities, we

multiply @, (78) by i and denote iQ, =q,. Choosing
A=3, @, =iQ,=-0,, we obtain
@@= - S @pg* (¢, p) (1/20%) o9 (¢, p)
= —~S d*po” (t, p)S-py (¢, p)/2p2. (182)

Substituting in (182) the explicit form (15) of the ma-
trices S, and the expression (98) for the function ¢(t, p),
we arrive at the formula
(Qa) 1\ dpp-[E*(t, p) ~ E(t, p)=H*(t, p) < H(t, p1/2p% (183)
If we require that E and H satisfy the condition of
reality, then in accordance with (183) and ('75)
@)~ i [ d@*pp-(E(t, —p) < E(t, )~ H(@, —p)<HE, pl. (184)
Thus, from the invariance of Maxwell's equations with
respect to the Heaviside-Larmor-Rainich transforma-
tions the conservation in time of the integral (184) fol-
lows.

We now find the mean value of the operator @, (73):
0, \ @pqit, pyosDy (t, p)2p. (185)

Using the explicit form (82)—(83) of the matrix D and
also (73) and (98), we obtain

f PaDs (Paés— PzH.z) ] ‘ E,
PiPs (ﬂi]:}l —Pnffa) E,
¥t = Dg - Dp— gy | PP PP, g | B
— PP (PsE3— paky) Hy
— Pups (P1Ey— p3Es) : H,
*PiPz(Pzéz—P:él) )
(186)

where 5 and f are the functions (79) and (83), and
H,=08H,/0t, E,=0E,/8t. Substituting in (185) the ex-
pression (98) for ¢*({, p), and also the explicit form (15)
of the matrix o, and (186) of the function ¢’(¢, p), we ob-
tain

@ = [ ap {f[B* (& p).H(t p—E* (& p)E(& p)]
+ 3 PRI B Hot, W) — EX(t, p)-Eo(t0) ]}/ 200

n

(187)

If we now impose on E(f, p) and H({, p) the reality con-
ditions (75), the integral (187) takes the form
@)= | @p{f[E@ »-E@ —p—HE p)-BE —P) -
+ 3 PEE ¢ B Eolt, —p)—Ha (6, p) Hat, —p) |} [20p. (188)
Simglarly, we find that
@v={ap[fEe, —p)-H B

+ X PiE, (t,—p) - Hat, p)]}/5p;
_w (189)
Qo= @*p[E(t, —p)-E(t,
(00 = (@5 = (@ = (@ =0.

Equations (189) are valid only for the vectors E(¢, p)
and H(¢, p) that satisfy the condition (75). For com-

p)+H(t, —p)-H(t, p)l/2p;
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plex E and H, the integrals (Q,)(B=4,5, 6,7) are not
equal to zero but define certain conserved quantities,
whose explicit form is not given here.

Equations (184), (188), and (189) determine integral
combinations of the Fourier transforms of the compo-
nents of the electric and magnetic field vectors that are
conserved in time by virtue of Maxwell's equations. By
means of a Fourier transformation, these conserved
quantities can be expressed in terms of E(f, x) and
H(t,x). Thus, for (g, we obtain

(a‘,} = (2m)™2 \ d¥x d32" d3p (6p)!

« {_fE(r, x)-H(t, x')- 2]) E,(t. x) i, (t, x')exp [ip- (x—x' )]}
(190)

In contrast to the classical integrals of the motion (173),
the conserved quantity (190) depends not only on the
electromagnetic field but also, roughly speaking, on an
infinite number of derivatives 3E/ox,, 39H/d8x,, 9°E/
0x,9x,, 82H/9x,0x,.

Proceeding from the invariance algebra of Maxwell's
equations giver by the relations (78), we can also con-
struct integrals of the motion that depend on a finite
number of derivatives. We use the nonuniqueness in
the definition of the operator M in (181) and choose

HS, A= R
M=1{gp A—38; (191)
H, A-—38,
where H and 5 are given by (174) and (79). Proceed-

ing further by analogy with (181)-(190), we obtain the
conserved quantities

@y = j dspgt (t, p) H6Q,q (¢, p)/2p

2Eq PH,  0E. afi, \,
2 tda (uaz“ 913 Gzq Oigq )’ (1923.)
P
©= | &peit, p) 18 Q0 t, D20
: a*E, 4*E, a?H, a*H,
= 2 .\daI( ax} t:‘).-rg T Il’}.rf_
ol 2
olly oty _ ok, ok, )2, (192b)
dzg  dxg dxg  dry
@0’ = | @y (t, p) HpQsop (¢, p)/2p
- Sd-";r (E(t, x)-H(t, x)—E( x)-H( )12 (192c)
@' = | d*pot (t, p) HQup (¢, p)/2p = {doz (B2 H9y2.  (192d)

Thus, apart from the classical integrals of the motion
(192), it follows from Maxwell’s equations that the
thiree further independent integral quantities given by
(192a)-(192¢) are conserved in time [with regard to
(192d), this integral is identical to (173a)]. The ques-
tion of the physical interpretation of the quantities
(192a)-(192¢) as yet remains open.

We note also that the conservation laws for the quan-
tities (192a)-(192c) can be formulated by means of the
continuity equation

puit=0, (193)
where

fi=@'Bag; b= ¢'0aSy By
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B .(a=1,2,3) are differential operators commuting with
L,=id/at-H= io/ot+0,8+p (12a),

By= —Do,; By=— Doy, By=S5.p, (194)

where

D= 3} [(p,fp?.epupc—pbp:}(lf )+ p1D2P3S a8 ubc)-

A

as=b
Because the operators (194) commute with L, (12a),
Eqgs. (193) follow directly from (12).

Conservation laws for the Dirac field. We now find
conserved quantities associated with the nongeometrical
symmetry of the Dirac equation.

With any Hermitian operator @ defined on the solu-
tion set of the Dirac equation (129) we can associate the
current 4-vector

.’3 = ﬁvnoqf!

where §=9%,. Itis easy to show that if the operator @
satisfies the invariance condition of the Dirac equation
(129), then the continuity equation (193) holds for the
current (195), so that by virtue of Gauss’s theorem the
following integral is conserved in time:

(195)

1= { dsa¥y,0¥ — [ aszwiow. (196)
Choosing as {Q} the generators of the Poincaré

group, we obtain from here conservation laws for the

energy, momentum, angular momentum, and center

of energy of the electron-positron field,

It is now appropriate to ask what new conserved quan-
tities can be associated with the basis elements of the
nongeometrical invariance algebra of the Dirac equation
given by (132). Since (136) is satisfied on the solu-
tion set of the Dirac equation, it is sufficient to con-
sider only four of the eight operators (132), for ex-
ample, Z,, and Z, (¢, b=1,2, 3).

Since the operators Z,,(132) are non-Hermitian, we
consider the conserved quantities corresponding to the
invariant operators

Z=ME,; 5, =3, (197)

where
M = (H + 28-p)im; H = YgYapa + Yom;
So =i€apcPpye/2.

The operator M is uniquely determined (up to a factor
proportional to the unit matrix) by the requirements
that the operators (197) be Hermitian and satisfy the
condition of invariance of the Dirac equation.

Substituting (19'7) in (196), we obtain

= (1/4) €apeZpe = 1985 + (1 — iv5)pa/2m; }

Co=2/2=(8-p+ H/2)im, —;
and the current corresponding to (196):
i ,,ir,,ucnq'r .—ﬁf\vuvoé,ﬁ{’ —i [Py, (1 —iy;) a%/a,
— (0W102,) i (1~ iys) W)/ him; (199)

=Ty, Co¥ = — i (Py,S,a¥/dz,
— (0¥ /02,) 1.8 +- (8%/0t) v, /2 — Ty, (6%/01)/2)/2m,
L "

By virtue of the Dirac equation (129) and the fact that
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C,(198) commutes with the operator i8/8f - H, the cur-
rents j' (199) satisfy the continuity equation (193), from
which, in particular, there follows the conservation in

time of the integral quantities

=\ azj= | e2F8,¥—i{ e ¥ (1—iv,) 0¥z,

— (0¥ dxg) (1 — iys) W)/4m. (200)

In contrast to the spin vector of the Dirac field, which
is obtained using the Lagrangian formalism and Noe-
ther’s theorem, the integral combinations (200) include
derivatives of the bispinor and are conserved in time.

Note that the operators (198) can be represented in
the form

Cu = Su. |_ pl-l“i‘

where the operators S, are equal to the covariant Frad-
kin-Good spin operators. ®
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